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Chaos propagation in mean field networks of FitzHugh-Nagumo
neurons

Laetitia Colombani* Pierre Le Bris’

Abstract

In this article, we are interested in the behavior of a fully connected network of N neurons, where N tends
to infinity. We assume that neurons follow the stochastic FitzHugh-Nagumo model, whose specificity is the
non-linearity with a cubic term. We prove a result of uniform in time propagation of chaos of this model in
a mean-field framework. We also exhibit explicit bounds. We use a coupling method initially suggested by
A. Eberle [Ebel6]], and recently extended by [DEGZ20], known as the reflection coupling. We simultaneously
construct a solution of the NV particles system and /N independent copies of the non-linear McKean-Vlasov limit
such that, by considering an appropriate semimetrics that takes into account the various possible behaviors of the
processes, the two solutions tend to get closer together as NV increases, uniformly in time. The reflection coupling
allows us to deal with the non-convexity of the underlying potential in the dynamics of the quantities defining
our network, and show independence at the limit for the system in mean field interaction with sufficiently small
Lipschitz continuous interactions.

1 Introduction

1.1 Understanding the model

Understanding the brain activity is both a complex and important challenge in current research. Of course, interests
are plentiful: characterizing brain functions, understanding structures and links between them and figuring out
some phenomena - such as cyclic heartbeat. A way of modeling this activity is by considering a very large number
of individual neurons with interactions. Since the number of neurons in a human brain is around 10!, and even
"small" parts of the brain are thus constituted of very large number of them, such a strategy can be considered
coherent.

The main quantity we study is the membrane potential of the nerve cells: it can "easily" be observed and its
modification characterizes a synapse (an interaction between neurons). Neurons regulate their electrical potential.
In general, without interaction, the potential evolves with time but has quite small changes. Incoming potentials
from other neurons are usually what make the neuron fire, i.e. send potential to other neurons. We will here focus
on an homogeneous network of neurons and consider mean-field interactions. This way, each neuron will interact
with every other one, as it can be the case in small regions of the brain. The parameters of the model will be
considered the same for each neuron.

A classical model was introduced by Hodgkin and Huxley [HHS52] using experimental data of the activity of
the giant squid axon. It describes the ion exchanges K+, Na™ and Cl~ through the membrane and their effects on
the potential. A simplification of this model is the FitzHugh-Nagumo model, which reduces the dimension: from
four-dimensional model (for one neuron) with Hodgkin-Huxley equations, we obtain a two-dimensional model.
It’s a compromise between the biological accuracy and the mathematical simplicity.
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The deterministic FitzHugh-Nagumo model for one neuron (or one particle) is given by the following equations:

dXt == (Xt - (Xt)g - Ct - O[)dt
dCy = (’}’Xt - Cy+ ,B)dt,

where X is the potential membrane and C' is a recovery variable, called the adaptation variable. The parameters ~y
and [ are positive constants that determine the duration of an excitation and the position of the equilibrium point
of this system. Finally oo € R is the magnitude of a stimulus current (an entrance current in the system). Note that
the variable C'isn’t a physical quantity, and is used to allow X to mimic the behavior of the potential. This variable
C has linear dynamics and provides a slower negative feedback.

This deterministic model has been largely studied. In Chapter 7 of [Thil3]], Thieullen describes the behavior of
the solution of one deterministic FitzZHugh-Nagumo system. She also extends the result in the case of a stochastic
FitzHugh-Nagumo system: she considers a noise on the dynamics of X.

In fact, noise can be introduced in both equations to model different types of randomness : when the noise is in
the first equation (dynamics of X) with a standard deviation ox > 0, it models a noisy presynaptic current. When
it is in the second equation (dynamics of C') with a standard deviation o > 0, it describes a noisy conductance
dynamic (a noise in the chemical behavior). In general, noise in this model is additive. Various mathematical
questions can be studied. Some authors choose to focus on the properties of the natural macroscopic limit of the
model as N — oo when it is clearly defined (see system (1.2))), when others work on properties of the particles
system for fixed N. These models can be quite complicated to study mathematically. The main objectives are to
characterize the behavior of these models when the number of neurons N tends to +oco in a mean-field limit, and
to prove whether or not there exists an equilibrium, a stationary behavior, when ¢ tends to +o0o. The question of
the synchronization of neurons can also be studied, since it is a phenomenon observed in different contexts, such
as the generation of respiratory rhythm or complex neurological functionalities.

In [TRWO3], the authors work on the determination of firing time. They consider a stochastic FitzHugh-
Nagumo model for one neuron, with Brownian noise on X, obtain approximation of firing times and compare them
with numerical simulations.

Even if the majority of authors consider a noise only on one equation of the model, some study stochastic
models with two noises. Berglund and Landon describe the behavior of the deterministic FitzHugh-Nagumo model
for one neuron in [BL12], and consider the stochastic model, with noise on both equations, to work on the behavior
of the interspike interval and the distribution of oscillations of the solution.

In [TBSST13]], Tatchim Bemmo, Siewe Siewe and Tchawoua focus on a quite different stochastic model by
considering additive noise 1 on the dynamics of X, and multiplicative noise £ on the dynamics of C, both defined as
sinusoidal function of correlated Brownian motions. They choose to avoid Gaussian noises since it is an unbounded
noise. They also consider a deterministic and periodic entrance signal in the first equation. They observe abrupt
transitions of the potential membrane X when the intensity of the noise is gradually changed.

In general, a lot of authors focus on a noise on only one variable. In [LS18]], Leén and Samson consider a
FitzHugh-Nagumo model with a noise on C' but not on X, i.e. cx = 0, and study the properties of the equations
for one neuron. In particular, they focus on hypoellipticity of the model, the existence and uniqueness of an invari-
ant probability and a mixing property by establishing a link between the model and the class of stochastic damping
Hamiltonian systems. They also consider neuronal modeling questions and study the generation of spikes in func-
tion of parameters of the model. On the contrary, the article [Udal9] focuses on stochastic FitzHugh-Nagumo
model with noise in the dynamics of X, and o = 0. They study one neuron in a periodically forced regime.
This study relies on the theory of Markovian Random Dynamical System. The model is driven by a cosinus sig-
nal, and Uda studies the spike rate and compares it with the probability of two-points motion of membrane potential.

As said above, we consider mean-field interactions. These interactions are described by two functions K'x and
K¢, applied on the difference between two states ((X},C}) — (X7, C})). In particular, this type of interaction



models electrical synapses, which are a sort of synapses.

In their article [BFFT12], Baladron, Fasoli, Faugeras and Touboul study FitzHugh-Nagumo and Hodgkin-

Huxley models with mean-field interaction, only on X. They consider more general interactions, not only applied
on the difference between two states, modeling chemical synapses and electrical synapses. For the FitzHugh-
Nagumo model, they consider a noise on X, and prove propagation of chaos, i.e. the convergence of the law of
k neurons towards the law of k£ independent solutions of the mean-field equations. This article is completed and
clarified by the work of Bossy, Faugeras and Talay in [BEFO19].
Mischler, Quininao and Touboul consider a FitzHugh-Nagumo model in [MQT16]], with a linear interaction on X,
and a noise only on X, i.e. o¢ = 0 and K x () = Az. The drift on X is not exactly the same as in the model above,
but remains similar as it is a cubic function of X. They work on the properties of a solution of the McKean-Vlasov
evolution PDE associated to this model and obtain the uniqueness of a global weak solution. Furthermore, they
prove that there exists at least one stationary solution, and when the interaction is small, the stationary solution is
unique and exponentially stable. They also exhibit numerical results with open problems, like attractive periodic
solution in time. In a similar framework, Lucon and Poquet study the macroscopic limit of this mean-field model in
[LP21]], and in particular the periodicity of such a system. They analyze the influence of both noise and interaction
on the emergence of periodic behavior, and prove the existence of periodic solution, exponentially attractive, when
the parameters satisfy some assumptions and the drift is "small" enough with respect to interaction and noise. Their
approach relies on a slow-fast analysis and Floquet theory.

This model can be complexified, by considering non mean-field interaction. In particular, Bayrak, Hovel and
Vuksanovié¢ work on a stochastic FitzHugh-Nagumo model with a network interaction in [BHV21]]. Their type of
interaction take into account a connectivity coefficient between two neurons, and a propagation velocity.

Other authors choose to complexify the model by considering stochastic FitzHugh-Nagumo with a spatial
model. A second spatial derivative of X is added in the dynamics of X . Various authors study the behavior of such
a model, and explore the notion of random attractors [LW10], [Li21]], [LL19] and [LX21] .

Various authors also study numerical schemes for the interacting particles system in the stochastic model. In
[RS22], the authors adapt Euler-Maruyama scheme to approximate solution of the particles system.

1.2 Framework and results

Combining noise and interaction, we work specifically on the following equations, for 1 < i < N, where N is the
number of neurons:

{ dxpN = (xPN — (XN - opN —aydt + & SN Kx (20N - ZPN) + oxdBY 0

Ao = (XN — PN + Byt + & S Ke(Z)N - ZPY) + ocdBy©,

where we denote by Z} the couple (X 1.C¥) to simplify the notations.

We assume (BZ’X)i and (BZ’C)i to be independent Brownian motions. Here, we consider two Brownian noises
BX and B, one on each equation, and thus assume that each neuron has its own independent noises, and that
there is no environmental (or shared) noise.

We also assume K x and K¢ to be Lipschitz continuous and respectively denote their Lipschitz constants by
Lx and L¢.

The goal of this article is to describe the behavior of this network as the number /N of neurons tends to infinity.

To describe its behavior, we consider the R2-valued process (Z;)i>0 = (X¢, Ct)1>0 evolving according to the
following non-linear stochastic differential equation of McKean-Vlasov type

{ dXy = (Xy — (X))? = Gy — a)dt + Kx * fir(Zy)dt + 0,dB¥ (1.2)

dét = (’YXt - ét + ﬂ)dt + KC * ﬂt(Zt)dt + O'CdBtC,



where ji; = Law(Z;) is the law at time ¢ of the process (X;, Cy), and * denotes the operation of convolution, i.e.

Kx * jig(u) = /KX(u — ) e (dv).

To some extent, (I.1])) can be seen as an approximation of (I.2)) in which the operation of convolution is applied to
the empirical measure fi; emp = % Zf\i 10 Zi» and what We wish to prove is that, indeed, the law MgV of the network

(1.1) converges in some sense to m@N (i.e the law of the solution of tensorized N times) as NV tends to infinity.
This phenomenon has been stated under the name propagation of chaos -an idea motivated by M. Kac [Kac56l-
as it amounts to saying that, as the number of particle increases in the system, two particles will become "more
and more" independent, converging towards a tensorized law. The notion of "propagation" refers to the fact that
proving such convergence at time 0 is sufficient to prove it at a later time .

In order to prove the convergence of y" to m@N , we follow the coupling method described in a recent work
by one of the authors in [[GLMZ21], the result of which cannot be applied directly here. This method has been put
forward by Eberle, following earlier works by Lindvall and Rogers [LR86]]. Before recalling the method, let us
also mention the recent work [Sch22], which uses a coupling approach adapted to a well-chosen distance.

We consider ri = |X? — XN + 6|Ci — €Y | with § > 0, a constant not yet specified.

A natural distance between probability measures is the Wasserstein distance, linked to the theory of optimal
transport. For . and v two probability measures on R, we denote

= if E(IX-Y|R)"” 1.
Wylov) = it (X - Y|p)", (13)
where || - ||, denotes the usual LP distance on RY. It is thus defined as the minimum over all possible choices of

a pair (X,Y’), such that X is distributed according to p and Y according to v, of the expectation of the distance
between X and Y. The basic idea behind a coupling method is then that an upper bound on the Wasserstein
distance between p and v is given by the construction of any pair of random variables distributed according to
these probability measures. Thus, instead of considering the minimum over all possible coupling, we construct
simultaneously two solutions of (I.I) and (I.2)) that will tend to get closer together as the number of neurons
increases.

Have (X/, C}), for i between 1 and N, be N independent copies of a solution of (I.2) driven by some indepen-

dent Brownian motions (BZ’X)QO and (BZ’C)@(). A coupling of (X7,C;) and (XE’N, CZ’N) then follows from a

coupling of the Brownian motions B and B.

The first natural choice, popularized by Sznitman [Szn91l]], is the synchronous coupling and consists in choosing
B = B. By doing so, when considering the time evolution of Z — Z"¥ = (Xi — X}, Ci — ¢, the noise
cancels out. The contraction of a distance between the processes can then only be induced by the deterministic
drift, as in [BGM10], and this usually only holds under rather restrictive conditions (in particular the drift should be
strongly convex). Nevertheless, in our case, the calculation of the evolution of Xf — XZ N and C’g’ — C’Z a (see later)
shows that there is still some deterministic contraction when X} — X Z N
coupling in the vicinity of this subspace.

Outside of this subspace, we use the noise to get the processes closer together. In the direction orthogonal to
the contracting space we consider B = — B, as this maximizes the variance of the noise. This yields the reflection
coupling. Notice however at this stage that, because of the symmetry of the noise, there is a priori no reason r?
should decrease rather than increase. This invites us to consider f (%), with f a concave function, so that a random
decrease has more effect than a random increase of the same value. We will define the function f later.

Finally we construct a Lyapunov function H to take into account the trend of each process to come back to
some compact set of R?. We are then led to the study of a suitable distance between the two processes, which will
be of the form p; := 4 ZZ]\LI FOD + eH(ZE) + eH(Z™YN)), where ¢ > 0. This quantity controls the usual L*
and L? distances between the two systems, and is interesting as, when 7! is small, f(r?) tends to decrease either
because of the deterministic drift or the reflection coupling, and when 7{ is big, the Lyapunov functions H will

= 0. We can therefore use a synchronous
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tend to decrease. We thus show that Ep; decays exponentially fast. This leads to several constraints on d, € and on
the parameters involved in the definition of f, and we have to prove that it is possible to meet all these conditions
simultaneously. In reality, the quantity p; considered will be a slight twist of the one given above (see (2.23)) so as
to take into account the non linearity of the process.

As explained, this method requires some noise in the direction orthogonal to the naturally contracting subspace.
This means, in the description of the method above, that one should have ox > 0 (so that we can use a reflection
coupling to bring X} and X, N closer together). In the case ox = 0 and o¢ > 0, a modification of the calculations
is necessary. We describe this case and the resulting modifications of the computations in Appendix [B]

Assumption 1. Let Lx 4, and Lo maz be two universal constants
/
Lx(|lz = 2'[l1)

ILx € [0, Lx.maz), V2,2 € R? |Kx(2) — Kx(2')]
Ke Le(llz = 2'lh)

dL¢ € [0, Lomax), V2, 2’ € R? |Ko(2) — ("]
Kx(0,0) = 0 and Kc(0,0) = 0

<
<

These constants L x ;4. and L¢ e, might seem at first glance off putting as they are not given. When we
prove non uniform in time propagation of chaos, these constants can be chosen to be +0c. When we prove uniform
in time propagation of chaos however, Lx 4z and L¢ maq are a priori bounds : Theorem @ below will be true
for Lx and L sufficiently small. The condition Ly < Lx maee and Lo < L mae are therefore not restrictive
conditions, and are useful in proving some parameters are independent of Ly and Lc. Lemma [2.2] below shows
that one can for instance consider L x ;mqzx = 4 and Lo jmae = %

Before any result on propagation of chaos, we prove that both systems (I.1)) and (I.2)) have well-defined solu-
tions:

Proposition 1.1. Let Kx and K¢ satisfy Assumptions (I} with Lx ymar = 00 and L mae = 00. There exists a
unique strong solution for system (1.1)) and a unique strong solution for system (1.2)).

We denote W, and W, the usual L' and L? Wasserstein distances defined in (T.3).

Theorem 1. [Non uniform in time propagation of chaos| Let K x and K ¢ satisfy Assumptions with Lx maz = 00
and L¢ ez = 00. There exist explicit C1,Co > 0, such that for all probability measures jio on R? with finite
second moment,

k
W ( k,N7 —®k) g C ngt ,
T\He 5 My 1 TN
forall k € N, where ,uf’N is the marginal distribution at time t of the first k neurons ((th, Ch), .oy (XF, C'tk)) of
an N particles system (I1)) with initial distribution (110)®~, while [i; is a solution of (1.2)) with initial distribution

Ho-

This first theorem is in accordance with the theorem from [[KNRS20], and explicits the dependency in . Since
its proof is rather quick, and provides a good entry point into coupling methods, we give it in Subsection[I.4]

Our main result consist in removing the time dependency in the previous upperbound. This uniform in time
propagation of chaos however requires stronger assumptions on the interaction kernels.

Theorem 2. [Uniform in time propagation of chaos] Let Cipit czp > 0 and a > 0. There is an explicit K > 0 such
that, for all Kx and K¢ satisfying Assumptions |l|with Lx, Lc < c, there exist explicit By, By > 0, such that
for all probability measures jig on R? satisfying Euo (ea(‘XH'CD) < Cinit,exp »
-~ k LN ok k
Wi (N i) < Bio=, WE (N ) < Ba—=,
T\ He s My 1 JN 2 \ Mg s My 2 JN

forall k € N, where ,uf’N is the marginal distribution at time t of the first k neurons (X}, C}), ..., (XF,CF)) of
an N particles system (1)) with initial distribution (110)®", while [i; is a solution of (1.2)) with initial distribution
Ho-



As previously mentioned, this work follows the method described in [GLM21]]. Beyond the result of uniform
in time propagation of chaos for the FitzZHugh-Nagumo model, which is in itself an interesting result, the present
work is also a testament to the robustness of the coupling method.

The reader will find an index containing all notations, constants and parameters for reference at the end of
the document.

1.3 Existence of solutions

First of all, we prove Proposition|[I.1] i.e existence of strong solutions of systems (I.1]) and (I.2), under Assumption
and with begin with (I.T).
Let’s denote, for K € R,

—-K3 ife<-K
gr(r) =< a3 ifr e [-K, K]
K3 ifx > K.

gk is locally Lipschitz and is bounded.

Thus, it’s well known (see Chapter 3 [IW89]) that the following system (under Assumption [I)

{ dx N = (XN — g (XY — PN — a)dt + % S0l Kx (2N = 28Y) + oxdBp* (14

dC’N (VXN =PV 4+ Byt + £ S Ke(Z)Y - ZPY) + ocdBy©,
for 1 <4 < N, have strong and unique solution.
In consequence, for a fixed K € R, there exists strong solution of system (T.1)) until time T = sup{¢, Vi, Vs <
t, X} < K and C} < K}, and the solution coincide with the solution of the system with g.

We have the following Proposition:

Proposition 1.2. If, for each i < N, E(|Xg™|2) < 400 and B(|CEN [2) < 400, then for all t > 0 there exists
Ci < oo such that, for eachi < N:

E (]XZ’N|2 + yc;?NP) <c. (1.5)

The proof relies on the Lyapunov function defined in the next Section, and is given in Appendix[A.2]
Then, by denoting 75, the explosion time of a solution of system (I.1)

Tno = inf{t,3i,YA > 0,3 > 0,Vs € (t —e,t), X0V > Aor OV > A}
we deduce V¢t € RT P(T, < t) = 0 and P(T,, < t) = 0. Eventually, there exists unique and strong solution for

system (I.1).

The existence and uniqueness of a solution of (I.2) is known from the Theorem 3.3 from [RST19]. We only
have to prove that the Assumptions 3.2 [RST19] are verified. We define, for all t € RT, 2 = (z,¢) € R? and for
all probability distribution v with a finite variance:

r—12°—c—a+ Kx *v(2) ox
b(t,z,y)—< vt — e+ B+ Ko s v(2) ) and a(t,z,y)—(ac>.

o is a constant function, so it clearly satisfies the various conditions.
Fort € RT, 2,2’ in R?, and v a probability measure:

(z—2,b(t,z,v) = b(t, 2, v)) =(z —2') (x —2') — (2° —2") — (¢ — &) + Kx *v(z) — Kx *v(2'))



+(c—d)(v(@—2a") = (c— )+ Ko xv(z) — Ko xv())
—(z—2)? —(z— 2@ +a2' + )+ (v - 1D)(c— )z —2") = (c=)?
+(Kx *v(z) — Kx xv(2)) + (Ko *v(2) — Ko * v(2)).

Since 22 + xa’ + 2’2 > 0, the second term is non-positive. Ky and K¢ are Lipschitz function, so the last line is
clearly bounded by ||z — 2’||3 up to a multiplicative constant. Then, there exists a constant L such that

<Z - Z/7b<t7Z7V> - b(tv Zlv V)> < LH’Z - ZIH%

Since Kx and K¢ are Lipschitz function, we also have, for all probability distribution v and v’ with a finite
variance,
Hb(tv 2, V) - b(tv 2, V/)HQ < LWQ(”? V/)'

Eventually, since b is Locally Lipschitz with polynomial growth, each Assumption is satisfied and Theorem 3.3
[RST19] can be applied. Note that we could also apply Proposition 2.19 from [LS14] : assumptions are the same,
and it gives a result for interaction depending on a spatial position.

To complete the Proposition[1.2] we also give the following
Proposition 1.3. [fE(|Xo|?) < 400 and E(|Co|?) < +o0, then there exists Co 1 and Cp o such that:
E (|X:* + |Cif?) < Co1e0. (1.6)

The proof is very similar with Proposition[I.2]and is in Appendix

1.4 Quick result : non uniform in time propagation of chaos

We start by proving Theorem[I] a non uniform in time propagation of chaos, as it highlights the basic strategy behind
a coupling argument. Some of the following expressmns will be used in the proof of Theorem! in Sectlon Bl
We consider a synchronous coupling between (Z;’ Ny, and (ZH)i, ie. B ; and By’ B . We have

dX;N = (XpN — (XpNY - oY —a)dt + & L Kx(Z) — Z])dt + o,dBy Y
dc”V (v XpN = PN + Byt + & SN Ke(Z — Z])dt + o.d By

and

dX} = (X} — (X)® — Ci — a)dt + Kx * [iy(Z})dt + 0,dBI™*
dCi = (vXi — Ci + B)dt + K¢ * jig(Z!)dt + 0.dBI"
with fi; the law of Z}. The method is the following :
* we compute the time evolution of Eri = E (]XZ’N — X{| + |C’f’N - C_'§|) using Ito’s formula,

« we control the difference between the drifts 3, > i K (Z} — Zg ) and K * ji;(Z}) using some form of law

of large number. This is where the convergence rate v/ N appears,

* and we conclude using Gronwall’s lemma.

Time evolution : We have,

N
i i i i i, i i, i 1 1 7
dx™ = X9 = | N = X)) = () = (X)) = (Y = O + D Kx (2] = 2]) — Ko+ jul(Z)) | dt.



We denote

sign(x) = { El if z # 0,

0 otherwise,

and obtain, using Ito’s formula,

i, N i . i,N i i,N 7 Vi i, N %
a|X} = Xj| = (sign(x)™ = XN - XJ) — sign(xX} —X»((Xt P t>3)

—sign(X; " = X[(C — ) +sign(XpY - X) Z Kx(Z} - 2]) = Kx « u(Z]) | dt
< [ 1x = X = | (N = (XD + | - ¢+ ZKX Z{ — 7)) = Kx x u(Z])| | dt.
(1.7)
Similarly,
N
O = ) = (A = X - (Y =€) %Z ~ KexulZ)) | d.

and we obtain

dep™ — ¢l < | XY - X

N
. . 1 . < _.
— PN - Cil + N Y Ko(Zj — Z]) — Ko« u(Z))| | dt.  (1.8)
j=1
Thus, denoting r! = | XY — Xi| + |tV — ¢
dr < (<1 +7)\Xf’N - Xil - \(X:"W - <X§>3\

N
1 X . _ .
i=1

Difference of the drifts : Let us now consider these last two terms

N .
Z — K * [u(Z;)
ZKX (Zi — ZKX (Zi — ZKX — Kx * i(ZD)].

The first sum can be decomposed, using Assumption 1]

N N
1 A . . Ly
N E Kx(Z{ — z]) — Kx(Z} - Z]) <7N E 1] — —Z)h
=1 j=1



N
LX . .
<=3 (120 = Zilh + 12 - 21
J=1
R L A
SLsz—i—WXZri.
j=1
Similarly, we obtain
Loen ;|1 & - _
ZKC (Z} - Z]) — Ko« u(Z])| < Lerf+ ==Y i+ | =Y _Kc(Zi - Z]) — Ko u(Z})| .

Hence, we get

N
; i, i i, i i 1 j
dri < | L+ XN = X = (XY —( t>3‘+(LX+LC) rit =y

N <
7=1
N N
Z — Kx * u(Z)| + iZKC(ZZ'—Z) Ko * i (Z))| | dt
4 ) 1 N
<| (A +~)ri+ (Lx + Lo) rt‘+NZr§
j=1
ZKX 70— 7)) — Kx = u(Z) ZKC 70— 7)) — Ko+ i (ZD)| | dt.

By considering the expectation, since E(ri ) = E(r}) for each j, by exchangeability of the particles, we have

N
dE(r}) < | (1 +~+2Lx + 2Lo)E( Z — Kx * i (Z})

ZKC (ZP = Z)) — Ko s (ZD)|| | dt.

Now, we bound the interaction part. We begin with K x. By Cauchy-Schwarz, we can write
2\ 1/2

Z Kx(ZI — 7)) — Kx « (Z})|| <E ZKX (ZF — 7)) — Kx * iy (Z))

We notice that (ZJ ); are i.i.d with law fi;. Let’s denote Z; a generic random variable of law ji; independent
of Z}. What is more, Kx * fir(Z}) = [ Kx(Z} — 2)jit(dz) = E[Kx(Z} — Z;)| Z}]. Hence

2

1 . o N 1 S
E|[E ﬁZKx(ZZ—ZZ)—KX*m(ZZ) Z =R [ Var ﬁZKX(ZtZ_Zg)‘ZtZ
JF#i o
1 .



1.2 . _.
< NfIE(Var(HZZ—ZtHl’ZZD.

Since

E|Var (12 - Z21|21)| <E [E (12 - Z3|2})| <E [E (21200 + 21 2:113|Z}) | < 4BA1Z2ID),

we obtain

2

4L5
E(E(| =72 Ex(Zi—2]) - Ex*mu(Z ‘Zt <

J#z

E([|Z¢]1%)-

_ . _ _. |2
We now want to control E (‘]{, Zjvzl Kx(Z} —Z]) — Kx * ﬁt(Z;)‘ > . We decompose it with
1Y 4 , , i
Elly ZlKX(ZtZ — Z]) — Kx * u(Zy)
]:

2
N-1

N-1 1 s

2

N —1\? 1 N o _. 2
§2< )E S RZ - 2 - K 2] | 4 (K s i ZD)P)

(1.9)

N N—1¢ N2
7=1
Since
_. 2 _. _ -, _
B (s + mlZ0)7) =E (|E (Kx(Z - 2012)[*) < 252 (5 (12 - Z0R1Z)) < AIE(ZIR)
we obtain
N 2 2
_ N —1\" 4L% 4L% 8L%
B Z ~rxem@) | (M) wEIZID + EE(ZID <
and finally
8L2, 1/2
ZKX (Zi = 20) - Ex«u(Z)|| < EUZI7))
Similarly, we have
N i 1/2
8L2
Z - Kerm(z)|| < (SER0ZID)

Finally,
' ‘ 1 - 1/2
dE(r{) < | (1+~+2Lx + 2L¢)E(r}) + 1/8L% + 8LE (NE(thH%)) dt.

10
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Then using Proposition[1.3] we obtain

\/8L% + 8L%/2Cy; et

VN

dE(r)) < | (14~ +2Lx + 2Lo)E(r)) +
Conclusion : We have thus obtained

2 2
d E(T§)+\/16(LX+LC)001 1 _ 6%00’2'5
N 1+v+2Lx +2Lc — =32

16(L4 + LZ)C 1
<(1+~v+2Lx +2Lc) [ E(r )\/ (Ex + L¢)Cou m—ezCoat ) gt
N 14+~+2Lx +2Lc — =32
and Gronwall’s lemma yields
2 2
E(Ti)_i_\/lG(LX +L2)Coa 1 ACoat
N 1+~v+2Lx +2Lc —
, 16(L3 + L%)Coa 1
< e(1+’Y+2Lx+2LC)t E(f,«a) + \/ X N c aa |

thus

E(ri) < Cre“?t —
Let jio a measure on R2, ;¥ the marginal distribution at time ¢ of the first & neurons (Z},...,ZF) of an
N particles system (T.T)) with initial distribution (10)®*V, and fi; is a solution of (T.2) with initial distribution
Ho-

‘We obtain for Wasserstein 1 distance

Wi, %) =inf {E[|1 29— ZO). By = ™ By = i)

k
. ; kN _
<inf {E ZT;] ’P(ZZ’N)i = [ ,I[D(—) — M?k}
=1
<kE(r})
§01€C2t

Hence Theorem

2 Preliminaries

2.1 Notations

For h : R2V — R, for all (2;)1<i<n = (%, ¢;)1<i<n € RV, the generator of (1)) is

LVh(z1, .., 2 ZﬁNh

11



where

: 1
E”Nh(zl, wzZN) = | @ — xf’ —c¢i—a+ N ZKX(ZZ- —zj) | Onh
j=1
1 N
| wi—at B+ ZlKC(Zi —2j) | Oc;h
]:
m 85747:21]1 + c ac27/ C'L

For h : R? — R, for all z = (z,y) € R?, the generator of (T.2)) for a given distribution y is
Luh(z,c)=(z— 2% —c—a+ Kx *u(2)) 0zh + (y& — e+ B+ K¢ * u(2)) Och
03 2 9L
+ 78mh + 78@}1

In particular, we notice that for fixed (2;)1<i<n € (R2)N, if we consider the empirical measure { Hemp = % > ; 02}
we have for all h : R2 — R and z € R?,

2 2
h(z) = (7= 7 = 2= a4+ Kx * ftamp(2)) Duh + (13 = €+ B+ K¢ % pomp(2)) 0eh + Z- 0% + Z-0%h

Q |

N N
1 1
NE x(Z—zj) | Ozh+ 7§J—E+B+NE Kco(Z —zj) | Och

2
g U
+ Emagxh + fafch.

In this case, if we consider Z = z; for a specific 7 and we denote k' : (21, .., zy) — h(z;), then

N
1
Euemph(zi) = | x; — xf —c —a+ N z; Kx(zi — zj) | Ozh
]:
N 2 2
1 Ox 52 O¢ o2
+ | vzi—c+ B8+ N Kc(zi — zj) | Och + ?@mh + ?Qxh
j=1
= Ei’Nﬁi(zl, C ey ZN)-
2.2 First Lyapunov function
Let H : R? — R be defined by
1 1
H(z)=H(z,c) = va —i—ﬁx—l—Qc + ae + Hy, (2.1)
with
2
Hy 5* + a?
Y

where 7, § and « are the parameters of the system (I.T].

Lemma 2.1. We have

12



(i) Forall x,c € R, we have H(z,c) > %xQ + % >0,
(i) Forall x,c € R, we have H(z,c) > m (vz + B)* + (c+ a)?),

(iii) Forall 6 > 0 there is Cy i > 0 such that for all x,2’, c,c € R, we have
(le = a'| +8le = ¢1)* < Crr (H(w.c) + H(a', ),
(iv) A direct consequence of the previous point is that for all B € R, A > 0 and 6 > 0, there is R > 0 such that,
forz,2’, ¢, € Rsatisfying |z — 2’| + 8|c — ¢'| > R, we have H(z, c) + H(z', ") > 8B, An explicit value
o 1280(1+402)B
of R is given by R = WM

The first two points are consequences of direct calculations. The last two points are proved in Appendix [A.1]

Lemma 2.2 (Lyapunov’s property of H). H, defined in (2.1), is a Lyapunov function. In fact, let A € R such that

Lx 1 A
— + L 24— <1 —— 2.2
X, c(+8> o 22)

then there exists B > 0 such that for all (Z,¢) € R?, for all probability distribution 1. on R?,

L,H(Z) < B+ (axLx + BxLc) (Eu(|X])? — 22) + (acLx + BeLe) (Eu(|C))? — &) —AH(2).  (2.3)

Moreover, for all (z;)1<i<N € R2N, by denoting H : (21, ..., 2n) — H(2),
2
. 1 X
LNH a1, 2n) <B A+ (axLx + fxLe) | | 55 2 lojl | —af
j=1
2
1
+(acLx +foLe) | | 2_lal | —c | —AH(z), (2.4)
j=1

with 1 17 1 1 1
_y. 1t _ i _ -4
OZX—2+2, 6X 2,@0 161 ﬁc’ 2+32

We refer to Appendix [A.2]for the proof of this lemma and of the following Proposition.

Proposition 2.1. We have

1 o i N 1 iN
N (N ;Zl:H (Zt )) <B-\ (N ;:1 H (Zt )) , 2.5)
A direct consequence of (2.3) is

t
EH (Z}) <EH (Z;) + / (B—\EH (Z1)) ds, (2.6)
0

and a consequence of (2.9) is
1 X . 1 & . t 1 .
(N S EH (ZZ’N)> < (N S EH (ZgN)> n / (B ~ A+ >_EH (ZQN)> ds. @2.7)
i=1 i=1 0 i=1

12 B
From (2.7) we obtain bounds on the moments of ‘XZ ’N‘ and ‘CZ M7, and from 2.6 Propositionon the second
moments of X/ and C?. The proof is given is Appendix It also yields the following result

13



Lemma 2.3. Provided the interaction kernels satisfy

Lx 1
X o2+ 2) <1,
3 + L ( + 8)
and that (| Xo|?) < +oo and E(|Co|?) < +oo0, then there exists Cinit. 2 such that for all t > 0:
E (|X¢? +|Cel?) < Cinit,o-

From now on, we consider A > 0 satisfying (2.2) (and use the a priori bounds Lx 45 and L¢ ey to ensure
the existence of such a \).

2.3 Modification of the function

Let Cinit,exp > 0, @ > 0 and consider an initial measure i on R? which satisfies Euo (ea(‘X |+|C‘)) < Cinit,exp-
For technical reasons, we need a greater restoring force by the Lyapunov function than the one given in
Lemmal|2.2] We thus modify it in order to obtain estimates such as (2.13)) and (2.19) below.
Let a > 0, such that a < @/ (4v/2max (y/7,1)). This choice of a is only necessary for further Propositions
and Lemmas, in Section[3]

Let us consider for all z € R2,
. H(z) 92 2
H(z)= /0 exp (av/u) du — exp <a\/H(z)) (a\/H(z) - 1) + ok (2.8)

Direct calculations yield the following technical lemma.

Lemma 2.4. We have, for all = € R?
H(z)exp (aVH(z)) > H(z) >exp (aVH(z)) - % exp <<122> - 1) , (2.9)
% H(z)exp (a\/m> 2Fexp <a H( z)) (e —2), (2.10)

H(Z) >H(2) 2.11)

IV
I\/

We may calculate, using Lemma [2.T]and Equation (2.3))
L, (IEI) =exp <a\/>> L, H+
=e VH) L uH +

s (VH) 0t + 0

<exp (aVH) (B + (axLx + BxLe) Eu(1X])? + (acLx + BoLe) Eu(|C))? — AH)

+ %max (02, 0%) max (v,1) aV'H exp (a\/ﬁ)

exp( \/E> 020, H|* + |o.0.H|?)
(<

exp(a H) (02 (ya+8)* + 02 (c+ a)’)

1 2 ;2 2 2
<exp (a\ﬁ) ( ( max (7. 02)/\max (1) + (axLx + BxLc) Eu(|X])?
+(acLx + BoLo) EL(|C))? — ;\H> , (2.12)

where for this last inequality we used Young’s inequality

1
5 max (02,02) max (v, 1) aVH < H

(3 max (02, 02) max (v, 1))2 a’
2\ '

14



Notice that (2.12) ensures that this new Lyapunov function also tends to bring back particle which ventured at
infinity, and at an even greater rate. This new rate H exp(v/ H) however comes at a cost : the initial condition
must have a finite exponential moment, and no longer just have a finite second moment. First, by Lemma

E(X¢)? + E(C;)? < Cinit2- Furthermore, the function h +— exp (a\/ﬁ) (B - %h) is bounded from above for
h > 0. We therefore obtain from (2.12) the existence of B such that

£, (1(20) <B - <H (1) exp <a H (2;))) 2.13)

S (z) <B - B <H (1) exp (a H (2;’))) (2.14)
and %Ef[ (Z)) <B - %EFI (Z)), (2.15)

where for this last inequality, we used (2.9). While 2.13) and (2.14) will be useful in ensuring a sufficient restoring
force, Equation (2.15)) give us a uniform in time bound on EH (ZL?), provided we have an initial bound. These
inequalities are to be understood in the sense of SDEs, where (2.15]) should for instance be rigorously written

EA (Z)) < EA (Z) + /Ot (B g (Z;)) ds.

Now, for the system of particle, we have, using (Z.12), Vi, Vx;,v; € RY,

2

N
LNH (z) <exp (a\/H (z@)> B+ (axLx + BxLc) %Z |z;]
i=1

N
1
+ (acLx + pcLc) NE |Cj| -
J=1

Summing over i € {1, .., N}, we may calculate

? exp {a Zi ex
(axLer,@’XLc)i(ZJN—AlfW) g: P( F> _1,\6§:H p](vx/i)

i=1 =1

A [ o H () exp (a H(zj)) % a
%<Z N p3 N

2,J=1 =1
<0. (2.16)

)_n

Here, we used Lemma the fact that Va, y > 0 zeV¥ + yeV? — zeV® — yev¥ = (eV® — eV¥)(y — ) < 0 and
assumed

YA
(axLx + BxLc) < 674
Likewise,
N 2 N N , .
SN e exp a\/H(zZ) i\ H (z;)exp (av/H (%)
(ozoLx-l-ﬁcLo)Z( =1 Z < >—162 ](V )go, (2.17)
j=1 i=1 i=1
provided

(acLx + BcLe) <

15



There is therefore a constant, which for the sake of clarity we will also denote B (as we may take the maximum of
the previous constants), such that we get

PN 2
iN T iN ~ Z;V=1 ’Xg ‘ i, N
LNA(ZNY <B + (axLyx + BxLe) | 220 1) exp [ a H(Zt’ )

N
N ey ‘

+ (acLx + BclLe) (W) exp (a H (ZZN)>
_ 2 H (zg"N ) exp <a H (Zt“" ) (2.18)
oy (L iﬁ(zw) <B_2 (L S H(ZN)exp | ayH (ZW> (2.19)

N =1 ' B 4 N =1 ' ' ‘
and
1 & A1 Y
N tr ¢ i N 5 A1 0 i N

L (N;H(Zt )) <B-7 (N;H(Zt ) (2.20)

Once again, (2.18)) and (2.19) will be useful in ensuring a sufficient restoring force, and (2.20) yields a uniform in
time bound on the expectation of H(Z/""), since E (% Zjvzl E[(ZZ’N)) =FE (I:I(ZZ’N)> by exchangeability of
the particles.

2.4 Parameters

We start by fixing the values of some parameters. The somewhat intricate expressions in this section are dictated
by the computations arising in the proofs later on. They are somewhat roughly chosen and far from optimal as we
only wish to convey the fact that every constant is explicit.

Recall « X Bx, ac and B¢ given in Lemman a > 0 1is fixed from the last Subsection and the definition of
H, and A and B are obtained from the same Subsection.

We consider the following parameters

Assumption 2. Given any n > 4 and 6 > 0, consider the following set of parameters

1+ Ly maz 12808
=(1+ )1_LCW Ry )\min(%l)’R V' 1+ 62Ry,

Cra _16< (’era (5+ ) 2 max (7, 1)) <exp <“22> - 1) + /2max (7, 1) <\ﬁ+;> (62))
Cra=4 <’y+ <a (6 + g) + 2a* <ﬁ+ ;)) 2max (v, 1))

) 2B An—4
¢ =min )
n " 160 n

1+ Lx
)

— Lo —

1 1 ,
2<1+ )mln<\FR )eXp< Ao 2(1+57+LXmaa:+5LCmaz+(Cfl+cf2) )R>}7

c 1
:%7 Qbmm = exp ( Ao 2 (1 + 57 + LXmam + 5LCma:p + (ecfl +Cf2) )R2)

1 2 16(1+52) 1 2 16(1 + 62)
Cr= min (6, 1) Gmin max (emin (v, 1) ) » G2 min (62, 1) Gpin fax (emin (v,1)’
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o (1t (1))
C, = max | 1, — max -1 .
Omin € Y

We define f as follows

rAR
ﬂm=[; 6()g(s)ds, 2.21)

T

1
o(r) =exp (—40_2 (1 +6v+Lx +6Lc+ (eCp1+Cyp) U:%«) 7"2> ’

s

2(s) = [ otw)du,
o) =1~ 2 [ ()00 as

Assume furthermore that Lx and Lc, the Lipschitz constants, satisfy

Lx < min LL < and Lo < min A Aa ¢
X = 128C.° 512¢C,’ 2C; ¢ = 1285C.° 512¢0C..° 26C,
YA A
L Lo < — L Lo < —
axLx + Bx ¢ = 198 and acLx + foLlc < 128’
Lx 1 A
X ool 2+= 1-Z.
3 + c< +8> < 5

Notice how the bounds on Lx and L depend on c. This is one of the reasons why we use the a priori bounds
Lx € [0, Lx maz] and Le € [0, Le maz] given in Assumption: they allow us to bound ¢ and ¢ independently of
L¢ and Ly. We are thus able to begin by choosing an acceptable values for those parameters, before then giving
upper bounds on Lx and L¢.

We quickly mention that the constants C;, C2 and C, above come from Lemma later. We gather some
properties required in the calculations of the proof of Theorem [2]in the following lemma. Again, these properties
are the ones motivating the choice of parameters

Lemma 2.5. The set of parameters given in Assumption 2] satisfy

* fisC?on (0, R) suchthat f/, (0) = Land f' (R) > 0, and constant on R, 00). Moreover, f is non-negative,
non-decreasing and concave, and for all s > (),

min (s, R) f* (R) < f(s) <min (s, f (R)) < min (s, R).

e Forallr € [0, R), ¢(r) > ¢min and g(1r) > %

e We have the conditions

1
2f'(R) >exp <Zw2 (14674 Lx +0Lc + (eCp1 + Cyo) 02) R2> ;

T

~ 1+ Lx . fl(r)r
2¢c4+4eB<|1—- Lo —

i (1t - ) i 0
80eB

e
11 RE 1 Le

<6 and e<1.

The proof of this lemma is done in Appendix[A.3]
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2.5 Control of the usual distances
As explained previously, we consider a modified semimetrics. For z = (z,¢) € R? and 2’ = (2/,¢) € R?, define
r(z,2) =r(z,c,2',c) = |v — 2| + S|e = |, (2.22)

and let p((2;, 2j)1<j<n) be defined as follows:

N
/ 1 / 7 /
p ((zj,zj)lngN) =5 Zf (r (2, 2))) G ((Zj,Zj)j) , (2.23)
i=1
where for eachi € {1,..., N},
. ~ ~ € N ~ € N ~
G' (2, %)) = 1+ eH (z) + eH (%) + 5 ;H () + ;H (<) . (2.24)

An immediate corollary of the definition and properties of H is that p is a quantity on R*" which controls the usual
L' and L2 distances.

Lemma 2.6. The constants C1,Co,C, > 0, given in Assumption |2, are such that for all z = (z,¢) € R? and
2 = (2',c) € R?

(i) ||z=2||1 <Cif (r(z,2") (1 + eH(2) + eﬁ(z’))

(i) ||z — 2|3 < Caof (1 (2,2")) (1 + €H(2) + eﬁ[(z’))

(iii) ||z — 2|1 < Cof(r(z, ")) (1 +e/H(Z) + e,/H(z/))

The proof of this lemma is postponed to Appendix

3 Proof of Theorem 2]in the case ox > 0

Let £ > 0 be a parameter destined to vanish, and let ¢y : RT — RT and ¢ : RT — R* be two Lipschitz
continuous functions such that
Vo, k(@) + pp(r) =1
ore(x) =1ifE <z <R

Pre(x) :(Jifxggoer}H_g,

Intuitively, (. represents the region of space in which we consider a reflection coupling, and . the one in which
we consider a synchronous coupling. We thus simultaneously construct the following solutions

ax;N = (XN = (N - Y — eyt + & SN Ke(Z - 7t
T02Psc (|XZ’N - Xﬂ) dBZ’SC’X + 02 Pre (’XZ’N _ X;,) dBZ‘,rc,X
dCyN = (XN — PN+ Bdt + & SN Ko(Zi — Z])dt + 0cd B©
and
dX{ = (X} — (X])? = Cf — e)dt + Kx * jir(Z{)dt
+02Psc (IXZ’N - Xﬂ) dB Y — 04 re (!XZ’N _ X§|> dBireX
dC} = (vX] — C} + B)dt + K¢ * fu(Z])dt + o.dBy© |

Notice that we consider a symmetric coupling on the dynamics of C.
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3.1 Main proof and results

Proposition 3.1. We denote 1} = r(Zf’N,Z,f) and G = Gi((Zf’N)j, ( 75)]) For all ¢ € R, for each i €
{1,..., N}, we have o ‘ ‘
d(e® f(r1)GY) < e Kjdt + dM;, (3.1

where M} is a continuous local martingale and K} can be written as
Ki=Ki+I"+ 1"+ 1" (3.2)
We define K, Itl’i, Itz’i, ItS’i and It4’i as followed:
=i [2cf(0) + g.00) (2020 (10 - 1))
+ (98 + L + 6Le) | XN = Ki| = 1(XPN)? = (X% + (1 + Ly + dLe = )| = ]

2 N wi\? i
+ (eCra +Cr2) 05pre <|Xt —th) n)}

A A Py P
7 D, 7 2, N ’T/ 7] x N
+ef(ry) 43—16H(Zt)—EH(Z ) — ﬁZH( g)—ﬁZH(Zg )| (3.3)
j=1 j=1
: S o 1 X . _
I =Gif'(r}) Z Kx(Z] = Z]) — Kx * i(Z})| | +0Gf'(r}) N > Ko(Zi - Z]) - Ko« u(Z]
j=1
(3.4)
21 _Gz z Zuzﬁ _ZjHl +5Glf z Z|yzj7 Zng

-l (rGE - ef0) | H(ZD oo (o H(Zz>)+gH<ZZN>exp( iz

—ef () 16)\]\7§:H( Z7) exp <a H(Z] )) 16NZH (Z )exp< H(Zg’N)> , (3.5)

Jj=1

, . EN—l |Xg’N‘ ’ ]
and It?”Z zef(ri) (OéXLX +/BXLC) (J_> exp (a H(Z?N)>

N
N eV .
+ (acLx + BcLco) (W) exp (CL H(ZZ’N)>
—%H(Z ) exp <a H(ZZ’N)> 16NZH ZJN)exp< H(th’N)> . (3.6)

We need a control on E(G?), which is a consequence of Lyapunov’s properties on H and the initial assumption
of the Theorem[2] A proof is given in Appendix

Lemma 3.1. There exists Cq,1 and Cg 2, such that for each i < N, for allt > 0, we have

E(G}) < Ca1 and E[(G})?] < Cgo.
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Each of the terms given in Proposition will be controlled in a different way. The following lemmas sum-
marize it. The first term, Ktz, contains the various behaviors we have previously identified : we deal with it either
through a synchronous coupling (when the deterministic drift is contracting), or through a reflection coupling (no-
tice the second derivative f” which will provide contraction provided f is sufficiently concave). Finally, notice the
effect of Lyapunov function H which yields a restoring force.

Lemma 3.2. For eachi < N, forallt > 0,

_ 1+L :
EK§§§<2—|—57+LX+5LC—LC— +5 X>JEG;. (3.7)

The interaction term & K x (2] —Z"™)— K x+j1,(Z{) can be decomposed into + K x (Z] — Z}) — Kx * jiy(Z})
and & > [KX(Zg’N - ZZ’N) - KX(th - Z;)} . The first part, which is in I}, is dealt with using some form of
law of large number in a similar way as what has been done in the proof of Theorem I}

Lemma 3.3. Foreachi < N, forallt > 0,

E(Itl,’b) <4 t,2 G72

< N (Lx + Lo), (3.8)

where Cg 2 is defined in Lemma 3.1|and Cips 2 is defined in Lemma

L t2 ' contains the leftovers of this decomposition and some of the additional terms of the Lyapunov function.

Lemma 3.4. Forallt > 0,
1L .
v d <o (3.9)
=1

Finally, IE " deals with the non linearity appearing in the dynamics of the Lyapunov function, and will be non
positive for values of Lx and L¢ sufficiently small. It is also here we justify adding the last two terms in (2.24)).

Lemma 3.5. For eachi < N, forallt > 0,
I <o. (3.10)

Proof of Theorem|[2] With these four Lemmas, we can calculate

1 & 1 & 1 & 1 & 1 &
i i 1, 2,i 3,

= > EK; _NZEKZ + NZEQ + ¥ Y R+ v > EI

i=1 i=1 i=1 i=1 i=1
N
1 1+ LX i mzt 2CG 2

<— 2+ L 0Lc — Lo — EG] + 4 L L
I R L Z\/ (Lx + L)

1+ L anc
§§<2+57+LX+5LC—LC— X) ZEGH—M/ t]erQ(LXJrLC)

Since by Lemma we have L S°N  EGi < Cg 1,we obtain

N

1 )

~ D EK! <€A+ (Lx + Lc)
=1

o=
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where A and B are constants. o
For all initial couplings such that Ep ((Z(J), Z)1<j< N) < o0, by taking the expectation of (3.I) along a
sequence of increasing localizing stopping times, we have thanks to Fatou’s lemma

e“E (/J ((th, Zg)lSjSN>> <E (P ((237 ZghgjgN)) +EA /Ot e“ds + (Lx + Lc)\/‘% /Ot e“ds

<E (P ((237 Zé)lgjgN)) + §A€th_ ! + (Lx + LC)\/BNeCtC_ !
We obtain
E (p ((Zf, th)léjSN>) <E (p ((ZS, ZS)lSjSN)) e+ % (1—e)+ (Lx +CLC)B \/1N (1-e).

By using the exchangeability of the particles, we have E (p ((th, Zg)lgjgN)) =E (% Zf\il f(r%)Gf‘:) =
E (% Sk f(r%)G%) for all £ € N. Then
k . . ..
E (Z f(ré)Gz> = kE (p (4, Zhsen) )
i=1

Let 19 a measure on R2, 1" the marginal distribution at time ¢ of the first & neurons (X}, C}), ..., (X}, CF))
of an N particles system (T.1)) with initial distribution (1)®?", and fi; is a solution of (T.2)) with initial distribution

tto- This implies E <p ((Zg , Zg)lg j<n ) ) = 0. By Lemma , we obtain for Wasserstein 1 distance

Wi(u™, 5F%) =inf {E[Hz(k) — ZW|1), Py = N Py = ﬁ?k}
k . —_ .
= inf {E 12N = Zs
=1
k . .
<inf {clﬂ-z [Z fr)G

i=1

%

) _ kN p _ _ -®k
’P(Z:’N) = Wy aP(Zg)i_:U’t }

_ _ N p _ _ -QFk
’P(ZZ’N)z‘ = [y aP(Zg)i = [y }

) S kN ~
< inf {kClE (p <(Zg, th)lﬁjSN>> ’P(ZE’N)i = Uy ’P(Z& = M?k}
AkC L Lco)BCy k
5 1 (1 _ e_ct) + ( x + C) 1 (1 _ 6_Ct)
c c VN
By taking the limit as £ — O uniformly in time, we obtain the desired result. The same lemma and the same type
of calculations yield the result for Wasserstein 2

<

VN e

kN —
WQ(/’Lt 7“?k)2 S

3.2 Proof of the decomposition

Proof of Proposition[3.1} First, we need to calculate d(e f(r¢)G?), where we recall

= XN = X aler - G
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and

N N
Gl—1+6H(Zt)+eHZZN+€Z ZjN + Z
j=1 7=1

Z\m

We have already calculated (X" — X{) and d| X" — X{| in the case of symmetric coupling in Subsection
in (I.7). Here, we need to use Ito’s formula and usual convergence lemmas (see Lemma 7 of [DEGZ20])) to take
care of the Brownian term. We obtain

AXE — Xl =AKdi + 2sign(X]N — X)asre (1X0 = Xi1) aBfe,

with
AF <X = X = (XN - (P + [ - ¢l + Z ~ K+ il Z))]
Likewise, as it has already been calculated in (1.8]) in Subsection|I.4]
djciN — ¢l = ACdt, (3.11)
with
AS < o ’XZ’N ~ Xi| - oY — i ZKC Zi— Z0) — Ko« (21|

Now we have

drf = (A +8AF) dt + 2sign(X; ™ = X)owgre (1X7 - Xi) B
and we deduce with the Ito’s formula

. P R AN oi\)2
df(r) = £ (rf)drf + 30) (2000 (10 = X)) .
Finally, for ¢ > 0,
d(e” f(r})) = ce® f(r{)dt + e df (r}).

Then, by Ito’s formula,

%ng (CWH( N+ LNA(Z) )) dt

+ oo (10 = i) (0:01(2)™) - 0,H(2))) aBi™
(

=
=
|
=
~—
/N
P
T
N
5 2
_l_
(o5}
=
N
N
QL
o)
&
b

N
+ ]17]2; (Qﬁﬁ(zf) + LNH(ZgyN)> dt
N
+ i\a;j;@rc (’th’N — Xg|) (axH(th’N) — 9, H( ’g)) dBJ e, X



_l_
2|

Psc (\X}N _XJ|> (6 H(ZN) + 0, H(ZJ)) dBiseX

<
Il
—

_l_
=]

(a H(ZIN) + 0.H( )) dBC.

<
Il
-

We finally get
(e f(r})G}) =Gid(e f(r})) + e f(r})dG,
1 i i i, v g 7 r7( 7% c 7
+ 2 (1 + N) 02re (\X;N - Xt]> sign(X — X7) (aTH(Zt’N) - aTH(Zt)) et (rf)dt.

Now, we need to use the following Lemma, proven in Appendix[A.5] to have a more tractable expression:

Lemma 3.6. We have the upper bound
2 <1+ le> o2 (167 - Xt|) sign( XN = XD (0. 8(Z}") - 0,H(Z)))
< (Cy1 +Cpp) :c‘Prc <|X1N - Xt‘) 7”1‘: fﬁ
Eventually, by denoting the terms in B}, dB1*“X dBf’C, ... as the local martingale dM}, we obtain
d(e” f(r))GY) <Giee® f(ry)dt + e Gy f () (A" +0A7) dt

e G 1 00) (200 (160~ X01) )
t9 t zPre t t

et o) | (La (ZH) + £NF(ZPN) ) de +

N
% > (Lmﬁ(Z{) + LNﬁ(Zg’N)> dt
j=1

. —.\2 . . .
(eCra +Cra) o2 (130 = K1) riGiet ' (rf)at
+ dM;.

We use (2.13) to bound EMH (Zi) and (Z18) to bound LN H (Z} ‘M), The interaction terms in AX and A¢ are
decomposed and we define I as follows

. . , 1 : . , A , 1 Y , 4 .
L' =G ) | | X Ex(Zi = Z]) = Kx = u(Z))| | +8Gif (ri) | |5 D_ Ke(Zi = Z]) — Ko+ u(Z))

N 4 N 4
j=1 7j=1

The second part of the decomposition is grouped in It2 " with compensating terms, and in particular Lyapunov
functions, which appears with the use of (2.13)) and (2.18)), to control the sum:

N
i i i L ) vJ , ~j i i [ Le , J 2 ~J
I =Gif' () | & Z!X” X1 =) | e [ S [ 1Y - x|+ 1o - o)
=1
- A A i
- ef G - D | 7 exo (/12D ) + 12 exo (/12 |

— e (el @ngz@em(aﬁ )+ 16NZH @)oo/ 12
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We gather the expectations terms, obtained with (2.18)), in If’ * and we keep a fraction of Lyapunov function to
control it:

. A NP :
I = ef(rf) | (axLx + BxLo) (Z:'> exp ( H<ZZ’N>>

N
el A -
+ (acLx + BcLe) (j_N> exp <a H(ZZN)>
A iN iN e JN iN
— 1 H(Z ) exp (a/ H(Z™) —m—NZH(Zt Yexp | a\/H(Z™N)
j=1

Finally, we define K  with the leftovers. It will, in particular, give the constraints on f which explain its choice.
i i i Loy i 2 N oir)
Ky =Gy|2¢f(ry) + if (r) 20500 (1 X7 — X{|
+ 0D (498 + Ly +0Le) XN = K| = |(XPY)? = (X% + (1+ Ly + 3L — )| = )
2 WN i\
+(eCra +Cr2) oo (!Xt’ - th) 7})}

) S U U PR A .
+ef(ry) 4B—T6H(ZZ)—T6H(ZZ’N)—7ZH( t])_izH(ZtLN)

3.3 Controls of I, I and I}

Proof of Lemma[3.5] Since we assume

4 A A
— L Lo) < — d 4 L Lo < —
ﬁy(ax x + Bx c)_32 an (acLx + Bc C)_32,

and since
H(th’N) exp <a H(ZZ’N)> < H(ZZ’N) exp <a H(ZZ’N)> + H(Z Y exp <a H(Zg’N)>

we obtain

N 5N 2 N 1 ~dN | 2
(axLx + BxLc) (Zﬂ&e!) exp <a H(Zf’N)) + (acLx + BeLe) (ZFlNCt> exp (a H(Z;VN)>

N
A A : : :
— —— | NH(Z)exp (a\/H(Z;™) ) + > H(Z]Y)exp (ay/H(ZPY) ) | <0.
16N o
Then, for each i < N, and for all £ > 0, I} < 0. O
Proof of Lemma([3.4) We prove the non-positivity of 3 sz\; 1 I?". First, since f’ (r{) <1, we have

1L (1 N 1 &
o S N o
NZ /' (r)) G 12 = 2] <%z S 12" - Z G,
i=1 j=1 ij=1
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g}éj 12 ~ Zilh + g S IZN il (& (2)+az")

2,7=1

and, using Lemma[2.6] (i)
1 - 1
N o 1 o
C1ZY -z <Y s
i=1 i=1

and with Lemma [2.6] (iii)

SS 12— 20 (7 (7) + )

2,j=1

<cC, Zfrt <1+6\/H zpN +6\/H Z)( (Z])+H(Z]N))

ij=1
<c, Zfrt ( (ZJ)+H(ZJN))+<;C Zfrt <\/H ZiN +\/H Zz)<ﬁ<Zf)+FI(Z§’N)>.

Using (2.9) from Lemma[2.4] we obtain for the first sum:

C. Zfrt ( (ZJ)+H ZJN)<c Zfrt < exp( H(ZJ))+H(ZJ )exp<a H(Zf’N)>>.

With (2.10) from the same Lemma, we obtain for the second sum:

a5 0 (VT ) 0 (7)o

i,7=1

<2 3 sy (Vo) @) fn (2o (i (21) ) o f (2% oo (i (7)) )

i,j=1

Since for all (y1, 92,93, y4) € (R*)4, we have
(Y1 + y2) (y3e™ + yae®™) < 2 (yie™ + y3e™ + e +yje™)
we obtain for this last sum

2eacz i £ <\/H(Z§,N)+\/H(Zti)> ( H (2]) exp <a H(Z{)) +\/mexp <a H(ZZ"N)>>

t,j=1

<4262i§1 o) (#z) e (/120 ) + HZ oo (a0 (Z)) )
466 Uzlfrt ( H(Z}) exp< H(Zg')>+H(Z£’N)exp (a H(th’N)))

4eC sz ri) (H )exp< H(Z§)> +H(Z7N)exp (a H(ZZ’N)>>

466 Z f@rd (H (7)) exp< H(th)> + H(ZP") exp (a H(th’N)>>'

i,j=1
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Then, by reconsidering the first expression:

N
1 o , .
<Nf’ () G 21120 = Zil)
j=1

= fj FriGE+ e fj o) (m(zhesw (/12D ) + 1z e (/1Y) )
W a NS (HE e (/1)) + HE e (/1Y)

This way, by Assumption 2]since

+ g:lf(r;') <H(th)exp (a H(Zﬁ)) + H(ZPY) exp (am»
2,)=
A

c A 8C,
LxC <S 20Lx<2 and L <X
xGsg, 2lx s and Lyem = <@
we get
1N (1 N
7 7 j,N ~3
NZ Nf,(rt) tZHZtJ Al
=1 7j=1
1 ¢ N € A N
7 7 7 ~7 ~7 i, N i,IN
<yare LIGH s 3 1 (HE) e (/12D + HE o (/1)) )
i=1 2,7=1
€ A N

iy 2700 (e (/12D + H(Z)exw (/2 )

€ A N

e 2 00 (B e (0/H2)) + HE e (/12 ) )

,j=1

and we finally obtain "half" the result

7=1
el & el & A
AVYal 7 7 4 i, N i,N
-G DG - 5 S |z e (ay/HZ) ) + N e (ay/EZY) )
i=1 i=1
N N N
el A - p A
~5N Zf(ri) [16N ZH(Z{)eXp <a\/H(Zg)) + 6N ZH(Z]’ ) exp (a H(ZgN)>] <0
i=1 j=1 j=1
Likewise, by Assumption 2] since
c A 8C, A
L < -, 2C.Lc < — L < —,
50(:’1_2, C,o 0_64 and 506(1_64
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we obtain the second "half"

1 & Lo [&
. . c N 5
NZ5G§JN(T§) N ZHZIZ — Z}|h
i=1 j=1

N N
cl N iy | A =i A 0N N
- S IONG - S0 e |t e (a/H(Z) ) + o HE N e (o HE))]
i=1 i=1
el & il il
i =] N N
=5 0D | S @ e (/1D ) + 15 S @ e (/2N ) | <0
i=1 j=1 j=1
Eventually, we have proved Zf\;l It2 <. O
Proof of Lemma[3.3] Since f'(r) < 1, we have by Cauchy-Schwarz
E if’(ri) ZKX Zt — Kx * Nt(Zt)
oy 1/2
. 1/2 1 N — . — .
<E(GIP)" B | | S Kx(Z - Z]) ~ Kx + m(Z)

Jj=1

By Lemma(3.1] we have for each i < N, forall t > 0, E[(G})?] < Cg».

Moreover, we notice that (ZJ) are i.i.d with law fi;. Let’s denote Z; a generic random variable of law ji;
independent of Z{. The calculus of the right term of the product has already be done in Subsection and we
have (1.9):

2

. . 8L2 _
E (|~ Ex(Z - Z]) - Kx = u(Z}) NXE(HZtH) (1 ZI13).-

A similar calculation yields
2
1 Y I .
Elly ZlKC(ZZ — Z}) — Kc * u(Zy)
J:

By Lemma E (\Xt\z + \C_'t\Q) < Cinit,2- In particular,

8LZ

< ZER(|Z1R).

E(1Z:13) = E ([1%:] +Cil]*) < 2B (1K + 1Cef?) < it

Thus

&=
Q
il
=

=z =

M) =

KX(ZZ - Zg) — Kx * ﬂt(ZZ/) < LXC1/2 V 2Cinit 2\/>

<.
Il
-

and likewise

2 \

N
Z — Ko * ,ut(Z ) < Lccl/2\/ 2C;init 2\/
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3.4 Contraction in various regions of space

The goal of this section is to prove the Lemma i.e show that for each ¢ < N, for all t > 0, we have the following
control

EG:.

. 1+L
EK§§§<2+5V+LX+5LC—LC—+X>

Recall
=i [2es ) + "0 (202 (130 - 1))
+ 70D (98 + L + L) XN = K| = |(XPY)? = (X% + (1+ Ly + Lo — )| - )
+ (eCr1 + Cra) 05pre (’XZ’N - Xti|>2 Ti)}

N
+ef(rh) 4B—%f](2t)—1%H(ZZN) Az‘ﬁ](‘g)_)‘zﬁ(zgw) ,

which is a quantity that contains every term we have not yet dealt with. To prove Lemma [3.2] we divide for each
i € {1,..., N} the space into three regions

Reg! = {(Zti, Z,f’N) s.t. | X] — XZ’N| > ¢andr] < R} ,
Regy = { (21, 27" st |X] = X}V < gand v} < Ry},
Regl = {(Zf, ZPNystorl > R} ,

where R was given in Lemma|[2.1] and consider

N N
1 -1 . . .
N2 EKi =52 1 (= (Ritgeg:) +E (Kilgeg,) + 5 (Kilgey ) )
1=

34.1 Regionl:¢ < |X/" — X!/ and 7 < R.
In this region of space, since o (| X;"" — X?|) = 1, we have
Kilgeg: =IReg! (Gi [2cf (rf) + 202" (r}) + f'(rf) (eCpa + Cpa) o
£+ 78 + L + L) XY — X
—Gif (r)(6 = 1= Lx = 6Le)|Cy™ = Ci| = Gif ()| (™) — (X))
- A AP WRELA M
+ef (r)AB — ef () | {cH(ZD) + [ H(ZY) + 1o ; (Z) + 16N Z H(Z) :

and since H (z) > 0, |XZ’N Xi|<ri, 6> 1+LX (by Assumptloniii)) and 1 < G% we have
K’]lReg <IReg! Gi [(2c +4€B) f(r}) + 202" (ri) + f'(r}) (1 + 0y + Lx + 6Lc + (eCpq + Cp2) 02) r;} .

Using the definition f given in we get
202 f"(r}) + f'(r}) (1+ 6y + Lx + Lo + (eCpa + Cra) 02)
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=202/ (r))g(rf) + 2070(r)) g’ (r}) + &(r})g(r) (1 + 67 + Lx + 6Lc + (eCp1 + Cr2) 07) 7t
= 2Ug2c¢(7"t)g (rt> = —(2c+ 453)‘1’(7“%)-

Thus

(2c + 4eB) f(r}) + 202 f"(r}) + f'(r}) (L + 6y + Lx + 0Lc + (eCp1 + Cpo) 02) 14
= (2¢ + 4€B) f(r}) — (2¢ + 4eB)®(r?) (3.12)
<0.

Eventually, in this region of space

3.4.2 Region2:|X" — Xi| < £ and 7} < R.
In this region, we can write f(} as
~ . . . . —.\2 ) . .
KilReg: =IReg Gi |20/ () + o (X0 = Xi1) " [202 () + (eCra + Cp) o2rif ()]
+ £0}) (1476 + Lx +6Le) XN = K| = (5 -1 = Lx — L)l = €l )|

i i i, N Vi
]lReg’Gf( )| (X, )3_( t)3‘
N N
AR i ) A 1 A A / A ]N
—|—]1Reg226f(7"t)4B - ef(rt)]lReg; 16H(Z )+ 16H 16N Z:: 16N 2:: (z

Since ri = | X}V — Xi| 4+ 6|CIN — Ci| and | XN — X| < & we have |CPN — Ci| > (ri — £)/6. Since
1+ L

o> 1 L)c(’ we obtain
- . . . . _.\2 . . .
Kileg Slgeg Gi|2ef(r]) + o (X0 = X1) (2025 (1)) + (eCra + Cpz) o2rif ()]
+ f’(?’é) ((1 +~v6+ Lx + 5Lc)f — (5 —60Lo—1— Lx)rt (; §) }
+ ef (1) 1Ry 45
. _.\2 . . . .
<pre (1X0N = Xil) Gilpeg: [2028"(r]) + (Cpt + Cro) o2rif (1))
ipl i 1+ Lx
+]1Regith (Tt)f 1+"}/(5+Lx+(5Lc+1—Lc— 5
2
; NPT iprg i 1+L
+ ]lReg;Gt ((20 +4eB) f(ry) — i f'(r}) <1 —Le — 5 X)) .
By (3.12),
202 f"(rf) + (Cpa + Cp2) oari f'(rf) = —(2¢ + 4eB)®(ry) — f'(r{)r{ (1 + 67 + Lx + L) <0,
and by Lemma[2.5]

!
%+ 4eB < (1—LC— 1+5LX) min Frr
rel0
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we obtain

- oy 1+ Ly
KillReg; SlReg;Gif’(ri)g [1 +95+ Lx +6Lc+1— Lo — ] :

J

Finally, since f'(r) <1,

1+ Lx ;
EKZ]le §<2+6’y+Lx+5Lc Lc — 5 >IEG§

34.3 Region3:7! > R.

In this region of space f’ = f” = 0 and f is constant, and we therefore have

N N
e [ -~ _. L 1 -
Kilpeg =1 () Igeg: |20Gi +4¢B — T | H(Z) + H(Zy™) + 5 > H(Z)) + Z H(Z™)

Since G% = 1+ eH(Z}) + ef[(ZZ’N) + % Z;VZI f[(Zg’N) + % SN | H(Z]) by definition (Z.24), we can write

N N
. . . A o . - i N 1 . 1 - PN

j=1 j=1

Since ¢ < A/32 from Assumption 2] we obtain

fffﬂReg; < Fr)IRegi cg! [20 +4eB — ¢ <1A6 — 20> (H(Z}) + H(ZZ’N))} :

We have chosen R such that, for z, 2’ satisfying » > R, we have H(z) + H(z') > 80% by Lemma (iv).
Therefore

_ . ~ A B
7 . 1 . _ J—
Kilgegt <f(r)IRegt (20 +4eB—¢ <16 20> 80 A)

c (1 + 80?) — eB>

1 eB A 80eB
e< 2 2 X
T 214808 1607 4 0B

Lemma 2.5]and more specifically the inequality

yields the desired result: K'ti]lRe gi <0.
3

A Various technical lemmas

A.1 OnLemmal2.1]
Lemma A.1. Forall z = (v,c), 2 = (2/,) € RY, denoting r(z,2') = |z — 2’| + d|c — €|

16(1 + 62)

N2
<
r(z4)" < min (7,1)

(H(z)+ H(z") , (A.1)
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1280(1 + 6)B

, th
Amin(y,1) e

so that, in particular, for any constant B > 0, if r(z,2') > R =

NH(z) + AH (') > 80B.
Proof. We have H(z) > Z2? + < > Lmin (v,1) (22 + ¢?). Thus

r(z,2') = (Jo — 2| + 8]c — c’|)2
<2z — 2/ |* + 26°%|c — |2
<42? + 42" + 462 + 46%?
<4(1 4 6B (2 4 ) + 4(1 + 62) (2 + ¢?)
(1+6?%)

<16
~ min(y,1)

(H(z) + H(z'))

A.2 Proof of Lyapunov’s property of H and its consequences
Lyapunov’s property

Proof of Lemma[2.2] We write the proof for (2.3)), as it also yields (2.4) by considering  to be the empirical
measure. We notice

O.H=c+a«a and 0.H =~yx+ [,

SO
o2 o2
L, H(2) =0,H(2)(x — %) + 0, H(2) Kx * ju(2) — cO-H(2) + 0. H(2) K¢ * pu(2) + ;’7 + ?C
o2 o?
(v + B)(w — 2%) = clc+ ) + (v + B)Kx * pl2) + (c+ a) Ko * pu(z) + £ 4

First, we focus on interaction terms. We have
Ko < [ (e = )ln(ae)
< [ Bxlsl+ 1 luas)

Hence,

(v + B)Kx * p(z) <Lx(v|z| + B) (|| + lef + Eu(1X]) + Eu(|C1))
<Lx (ylz* +7lolle] + y12[Eu (| X]) + |2 |Eu(IC]) + Blz| + Ble] + BEL(X]) + BEL(C]))

and using Young’s inequality ab < %aQ + ibQ (oo = 16 when we separate = term and c term, and o = 1 otherwise
on the various terms we get

C
(v + B)Ex * )<Lx<vl$l2+8v |z|2+’3'2+| 2 2B, X1+ 892 + U0
B2 e, e B2 ) Bu(lC)?
+ 8+ s TE.(xD? 882+ )
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1 3 cl? 1 E. (IC)2

Likewise
(e ke s o) <t (10 + Tiaf + 1 (34 2) +EXIPT + 50007 (5 +55) )

The idea is to bound AH () + £, H(z), by distinguishing 3 types of terms: we isolate terms in E,(|C|)? —
E,(|X )2 — 22, and we group polynomials terms. Then, we notice the polynomial is upper bounded by a constant
A. Thus

2

2
AH(2) + L, H(z) — "LQ” - %

)\< ya +5$+;CQ+OZC+HQ> + (yz + B)(x — %) — c(c + a)

+ (yx + B)Kx * pu(2) + (¢ + o) Ko * p(2)
< (AHp +178°Lx + 170*L¢) — va* — Ba® + (1 + \) B

+ <(1 + %)7 +Lx (1427 +167°) + 17Lc> @’
(2 20(os 1) (D)
+ (524 224 38) a2 - @)
<ng +-Lx + 17Lc> (Eu(1X])? = 2?)
Provided
%+LC (2+;> <1—g,

there is A > 0 such that

A
—yat =B + (1+ \)Bz + ((1 + 507+ Lx (1427 +1677) + 17LC) z*

+<L80+LC(2+;>—(1—;))02—(1—/\)ac§A.

L,H(2) < B+ (axLx + BxLc) (Eu(|X|)? — 2°) + (acLx + BeLe) (Eu(|C))? — &%) — AH(2).

Hence the result:

First consequences

Proof of Proposition[2.1] Inequality (2:3) simply relies on the sum of (2:4) for each i and the fact that £7-V (H <th ’N) > =
0 for i # j:

e (i (&) <y e (i ()
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=
i~
Nﬁ‘
=

L N 2 ‘
SNZ B+ (axLx + fxLc) ( ) —(XZ’N>2

k=1
1 & i
+ (OchX + ,Bch) (N Z |Cva ) — \H (ZZyN)
k=1
L
iN
gB—ANZH<Zt )
i=1
- . . 1N N2 1N [ \2 N N
e last inequality uses the fact that ( 5 > .0, [wil )] — % 2im1(¥:)” < Oforall (y;)1<i<y € RY. O

Bounds on the second moments of processes We can now prove the uniform in bounds on the second moments
N N e =
of X;, Cy, X} and C} from 2.3) and (2.4).

Proof of Proposition[l.2] Kx and K¢ are Lipschitz with constants Ly and Lo respectlvely We do not assume
any bound on these constants. We assume for each i < N, E(\XZ M2y < 400 and E(|Cy N12) < +00. We have

(5w (7)) A S H (2 et e (LS (26Y) ) ar v an
T () o o (e (3 3 (7)) v
=1 i=1 i=1
where M, is a local martingale. Using (2.4))
Y N N
i\ H (ng ) = Aydt + dM,,
i=1
where A; < Be*. Let 7, be an increasing sequence of localizing stopping times converging to oo for M;
A IV N 1 Y N tATh
E| > H (ZZ;\T”) <E( Y H (Zg ) +E (/0 Be)‘sds>
i=1 i=1
N AAT,
1 N E (eM™) —1
E( > 8 (")) +B——"—

1 & iN eM—1 1
IE(N;H(ZO >>+Bmax<)\,|)\|>,

where the maximum on this last inequality depends on the sign of A. By Fatou’s lemma, we obtain

At 1 N N e/\t/\'rn N N
1, —_ 3 M 1,
eV N g 1 H (Zt ) =K hnrgloréf N E H (Ztmn>
1=

=1

)\t/\‘rn
<nmiaes (73 (42,))
i 1iﬂ(zw) e (CL L)
N & 0 AT

Hence the various bounds on E <\XZ’N]2> and E (]Cz’NP), since by Lemma(i) we have

) . 1 . ) . ) 3
EH (ZZ’N> > %E (\XZ’N\Z) +4E (\CZ’N\2> and EH (ZS’N> <E <‘X5’N’2) +E (’CSVN’Q) gt
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These bounds are uniform in time provided A > 0, i.e LTX + Lo (2 + %) < 1. O

Proof of Proposition[I.3|and Lemma[2.3] The proof are done in exactly the same fashion as the proof of Proposi-

tion[I.2]above using (2.3).

O
A.3 Proof of Lemma
We now prove that there are constants ¢, € and ¢ such that
. o2 R -1
c+ 2B 375” (/ @(s)qb(s)—lds) (A.2)
0
~ 1+ L !
%+ 4eB < (1 CLe— T X) min 20 (A.3)
o rejo,r] f(r)
80eB
1+ 55
1+ Lx
4] AS
> e (A.5)
* Since forallu > 0,0 < ¢ (u) < 1,wehave 0 < @ (s) = [J ¢ (u)du < s,i.e s/P (s) > 1. Therefore
ro (r
Vs int 6(r)=0(R).

n n
TGI}O,R} P (’I“) " r€l0,R)
It is thus sufficient for (A.3]) to have

~ 1 1+ L
2¢+4eB < 5 <1LC +5 X) ¢ (R)
* We have
1
o (r) < exp <— 2r2>
So
o'} T2
CI>(7")</O exp (—4 2)dr ouV/T
Then

fo(r) R
L G <oV R gy

It is thus sufficient for (A.2)) that

27 R

* The various conditions involving c invite us to consider 2¢ B = nc. Then

c+26B <

% A 40nc
<——F— <<= c< ——
1601 4 SO;B ~ 160 A 4 40nc
-
4\ 4 160nc

<= C<LL_4
— 160 n

C

— 1< (since ¢ > 0)
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* We choose to write
1+ LX,maz 1+ LX

1- LC’,max 1- LC’

5= (1+9)
* Let us assume, for simplicity, that ¢ < 1. It is sufficient for this later condition to have
2B

c< —.
n

* The appearance of ¢ (R) suggests we should try to minimize it. We recall
1
o(r) =exp < 1o 2 (1 +6v+Lx+6Lc+ (Cp1+Cyrp)o ) 2>
1
Zexp( 1o? (14+0v+ Lx +0Lc + (Cga + Cy2) 02) 2) .

It is therefore sufficient for (A.2)) to have

1 o, 1 1
2 5y + Lx + 6L R?
1+772fR (42( + 67+ Lx +6Lc + (Cp1 +Cr2) 02) )v
and for (A.3)) to have

<—|(1—-L¢o— 1 L L .
_2(1+77)< C B )eXp< 42( +0y+Lx+96 C+(Cf1+Cf2) )R)

* Finally, we bound L x and L¢ by either O or L x 4. and L¢ maq, to obtain bounds on ¢ independent of L x
and L.

A.4 Proof of Lemma 2.6

Let z, 2/ € R

Proof of control of the ! distance : We have

1
lz — 2|+ 8lc—(|) = ———r(z,2).

/ / /
_ = |x — — <
=2l = o= '] + |e - ] < G

! (
min (J, 1)
If r(z,2") <1 < R, we have, using Lemma

L )
@) S R S Sme@)

<1 +€eH(z) + eﬁ(z’)) .
If r(z,2") > 1, we have, using (A1)

r(z,2) <r(z,2')?

16(1+52)

61’11111 cmin(7,1) (eH(z) + eH(Z"))

16(1+52) f(r) ,

< i (o1 () (O )+ eH ()
1601+ [() o
S cmin (1) 09 (L HE) + ().

Thus

Iz = 2"l <

1 (16(1 +6?)
max | ——————=

1 / ) -
min (5, 1) ¢(R)g(R) cmin (v,1) 1) fr(z,2) (1 +eH(z) +eH(z )) .
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Proof of control of the L2 distance : We have
r(z,2')% = (Jz — 2| + b — c’|)2 > |z —2'|> + 62|c — ¢|? > min (1, 62) (Jz — 7?4 |e—?).

If r(z,2") > 1, we have, using (A1)

r(z, 2)’ <€1§1(11n+f2)) (eH () + eH ("))
_16(1+6%) f(r) ,
Semin (1) f) A FHE)
16(1+06%)  f(r) 7 ()
S emin (1) o(R)g(E) (1+eH(z)—|—eH(z)).

If r(z,2') <1 < R, we have, using Lemma[2.5]

N2 / f(T) f(?‘) 7 7.
r(z,2") Sr(z’z)gf’_(R)SMR)g(R) <1+€H(Z)+€H(Z)>.

Thus

A
-
&
N
-
&

N

1 1 16(1 + 62
o -3 < e v

min (62,1) ¢(R)g(R) emin (y,1)’ 1> fr(z2))

Proof of the second control of the L' distance : We have, if (z,2') <1< R

N J() f(r) ;
r(z,2") < (R < S(R)a(R) (1+e\/H(z)+e\/H(z)).

and, if r(z, 2’) > 1, recall Lemma2.1]

4 ! !
Iz — 2|1 \/ H(z \/VH(Z)+\/4H(Z)+¢4H(Z)

<4 max <\/3 1) <\/H(z) + \/H(Z’))

gémax <\/§, 1) Qb(}é;;zR) (1 +eV/H(z) + 6\/H(Z/)) )

and thus

= 2y < qﬁ(R)lg(R) max (1, % max <\fy 1>> Fr(z,2)) (14 eV/H(E) + e /H ).

Independence with respect to Lx and Lc  The a priori bounds Lx € [0, Lx yq42] and Lo € [0, L maq] allow
us to bound ¢(R) independently of Lo and Lx by ¢min (and we also use g(R) > %), thus giving us constant Cy,
Cy and C, independent of Lo and Lx.

A.5 Proof of Lemmas[3.1land

Proof of Lemma (3.1} Let’s prove there exists an uniform in time bound on E(G?) and E[(G%)?]. First, let’s recall
the definition of G from(2.24):

N N
Gz—l—i—EH(Zl)—i—EH - Z N_



The idea is to bound the different expectation in terms of the expectation at time ¢ = (. Since E(e&(‘XO‘HCO')) is
finite, we know that for each k € N, E(\Xg\ ) and E(|Co|*) are also finite. We deduce that for each k € N, for
each j < N, E[H(Z])*] and E[H(ZJ’N )¥] are finite.

In fact, to bound uniformly in time the first moment, we only have to bound E(H(Z! ) and E(H (Z7)) for
each j < N. Let’s begin with Z7. By (2.13)), we have

d L e N Ta
La i (2)] <5 e i (2)]
dt 4

By using Itd’s formula on e/ 1H (Zg ) and the bound above, we obtain

[ (@)] < v (o[ ()] - )
<o (2[5 (#)]. 7 ).

By (2.9), in Lemma[2.4] we deduce the following inequality and we apply Cauchy-Schwarz

i (2) o o/ ()
_ 21172 .

<E [H (%) ] E [exp <2a, [ H (Zg))

N2
We already know E [H (Zé) ] is bounded. Now, it is enough to prove that there exist C' such that for all z € R?

E|f(2Z)] <E

1/2
(A.6)

exp <2a\/H(z)) < C x ellzlHlel),

In fact, from the definition of H in (2.I), we have

2
2¢/H(z) :\@\/7 w+§ + (c+ )2 + Hy

<V2y|r+ = ‘+\f|c+oz|+\/Ho
<V29lz] + V2 + 51“C’

where C'is a constant independent of z. Finally, since max (ay/27, av/2) < @, we have

exp <2a\/H(z)) < € x el

Then, E [exp (2@, [H <Zg))] is bounded and we deduce E(H (Z/)) is bounded for each j < N and all ¢ > 0.

The same calculations can be done for Z7 N By (2:20), we have



In particular,

o (vie)] =

and we can use the same method as above.

N1 N N
L NZH(Z{ )

Finally, we have proved that for each j < N, E(H (Zg N)) and E(H (Zf )) are bounded uniformly in time .
Thus, E(G?) is bounded uniformly in time (and in V).

To bound the second moment of Gi, we have to bound each type of the following expectations: E[H (Z/"™)H (Z>™)],
E[H(zWN )H(Zm)] E[H(Zjl)H(ij)] E[H(Z}"V)2] and E[H (Z!)?]. By Cauchy-Schwarz, it is in fact enough
to bound E[H (ZI™)2] and E[H (Z7)?].

First, by the definition of H in (2.8),
~ 2
H(z)* = <a2 exp (avH(z)) ( ) >
22 2
§2¥ exp <2a\/H(z)> ( ) —4
8 8
Sg exp (2a\/H(z)> (2a2H( )+ 2) +
As for the first moment, the study of th s very similar to the one of th . Here, we only focus on the second one.

To bound E[H (Z/)2], by Cauchy-Schwarz, it is sufficient to bound E {exp <4a H(Z! ))} and E [H (Z) )2} .

The latter has already been bounded uniformly in time, and the former can be obtained by the same calculations as
previously, replacing a by 4a (and thus assuming @ > 4v/2a max(,/7, 1), which we do).
Finally, we deduce E ((G})?) is bounded uniformly in time. O

Proof of Lemma[3.6] Using 0, H (z) = yx + 3, we have

0, H(Z™N) - 0,H(Z})

| (4 ) exp (/12N — 0524 8) e (w1020

<exp (a H(Zf’N)) + exp <a H( ‘;’)))
exp (a H(ZZ’N)> — exp (a H(Z;’)) ‘ :

< ”YXZ’N — X}

+ |vX{ + B

By Lemma (ii), we have H(z) > % min (%, 1) (yx + 5)2. By the mean value theorem, for all y; < 75 in R,
— e™2| < alyr — ya|(e™r + e™2).

there exists y3 € [y1, yo] such that: e®¥1 —e®2 = q(y;—y2)e™¥s.

Thus
o (a/1(Z)) - o0 (a2 )|

38

VX + 8]




2HZZ ‘\/H 7z \/H

mln

<ay/2max (7,1 )H ZNy H(Z})

Then by the definition of H we get

<exp( (Z“V)> + exp <a H(Z;’)))
<exp < H(Z) >)+exp ( H(Zg'))).

, _ 1 , . . . 1 . _ . _.
H(Zy™) = H(Z)| = \27 (™) = (X)) + BN = X+ 5 ((C0Y)? = (€)?) +a(ciY = )
1 1
<37 xXPN - XX L X 4 g XN - X 50”\7—0’ CiN 4 Gl +a|CtN — .
Now, by Lemma (i), we have H(z) > 22 + 1% and since ’XZ”N — Xi| < riand|CPN — Ci| < 71/6, we get

XN - X <;’y XN+ X] +B> < <\ﬁ (\/WZNH\/@) +6>
and
8- (e i) = (VT +0)
Thus
(2N~ 1(Z)| < (8+5) ri+ (W+ (15> ri <m+ \/?Zt)) |
Finally,

0:1(2,™) = 0. 11(Z))
<yr! <exp (a H(Z,f’N)> + exp <a H(Z;‘)))
+ ay/2max (7,1) (/3 n %) s <exp (a H(ZZ’N)> + exp <a H(Zg’)))
+avBmas 0,0 (vi+ 3 ) vt (VG + 12 (o0 (0/HED) + e (w020 ) )
< (7 +ay/2max (1,1) (5 + %)) (exp <a H(Zf’N)> +exp (a H(Zf)»
+ ariy/2max (v, 1) (ﬁ—i— i) <2mexp (a H(ZZ’N)> + zmexp (a H(Zg’))) .

Now, we can finally use Lemma[2.4] and more precisely (2.9) and (2.10), we obtain

0:H(2,") = 0. H(Z})
<rf (1+avBman (1) (54 5)) (8" + 12 + 5 (o0 (5 ) -1))
+ ari/2max (7v,1) (ﬁ + (15> <2al€[(ZZ’N) + %(e —2)+2aH(Z}) + %(e - 2))
<ri (A(ZPY) + 1(Z))) [’y +ay/2max(7,1) (8+ 5 ) +20%y/2max (3,1) (ﬁ - (15)}
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i a\\ 4
+ 7y [(7+a\/2max(7,1) (5+ g>) o) <exp ( 5 > - 1) +44/2max (v, 1 <f+ > e— 2)] .
We denote by Cy 1 and Cy o (given in Lemma the following constants
o 4
i = -Bm (o5)) g (o () 1) e avmsi (v75) 2]
Cio=4 [fy + ay/2max (v, 1) (B + %) + 2a%/2 max (v,1) (\Fy—k (5)]
By the definition of G and since G > 1, we obtain

~ . . Wal o
|81:H(ZZ7N) _ 81:H(ZZ)| S ,,,,71;7 ) + 'I”’L 7 s

and eventually

L H(Z,Y) - 0,H(Z))

1 4 N2
2e (1 + N> UaQJSDrc <|XE’N - X“)

. —_.\2 . .
< (Cpi +Cra) o2 (IXIN = Xi) riG

B Proof of Theorem [2]in the case cx = 0 and oo > 0

We quickly explain in this section how we may also deal with the case o x = 0 and o¢ > 0. Recall how the choice

of the coupling method was motivated by the observation in (1.8) that the difference of potentials ‘CZ N _ il was

naturally contracting when ‘XZ N _ )_(f‘ was close to 0. This lead us to using a reflection coupling on the Brownian

motions acting on the potential X, to bring the difference close to 0, and it was thus necessary for o x to be positive
(oc however did not hold any importance). In the case ox = 0, we then have to assume oc¢c > 0, and we do a
change of variable, motivated by the following observation. We have, when ox = 0

d(X} - X) = ((X; = X)) = (XD)° = (X)) = (C} = C)) dt + ZKX (Zi = Z}) — Kx = p(Z]) | dt,
= (2(X] — X)) — (G} = C) — (X = X) — (X])* — ( Z)3)) dt
N
lej;f(x(zg —7Z}) — Kx * p(Z}) | dt.
Thus
d|X; — Xj| = (sign(X] — X7) (2(X; = X}) = (G} = O))) = [(X7)* = (X)*| = X7 = X{]) dt

+ sign(X] — X}) Z Kx(Zi — 7)) — Kx = p(Z}) | dt.

The quantity | X} — X}| is therefore naturally contracting when |[2(X; — X}) — (C¢ — Cf)] is close to 0. Thanks
to the presence of a Brownian motion in the stochastic differential equations defining the potential C, we can now
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use a reflection coupling to have |2(X} — X}) — (C{ — C})| go to 0. Consider the following coupling

dX! = (Xi— (X})3 — i — a)dt + & 2 Kx(Zi — Z])dt
dC} = (YX} — Ci + B)dt + % X)) Ke(Zf — Z])dt + ocpe (120X} — X}) — (Cf — C})[) dBy*°
+oepre (12X} — Xi) — (Cf = C))|) dBy™
(B.1)
and
dXi = (Xi — (X3 = Ci — a)dt + Kx * p(Z)dt
dC} = (yXi — Ci + B)dt + Kc * p(Z{)dt + oppse (12(X} — X)) — (C} — C))|) dB}*°

Serse ire, : (B.2)
—oepre (12(X] — X}) — (C} — C))|) dBj™

p=L(X},C)

and for 6 > 0, the following modified distance ri = §| X} — X{| + |2(X} — X}) — (C{ — C})|. Like previously, we
consider a modified semimetric of the form & Y f(r{)G%, and similar calculations yield

(e f(r{)G}) < e Kidt + dM},
where M is a continuous local martingale and
K=K + 1"+ 1"+ I}".
We define K7, ", I>", I}" and I}*" as follows:

=G| [QCf(Ti) +2f"(r})oler (12(X) — X}) — (Cf — cZ‘)I)2
+1/(r) (|2(X] = X)) = (C} = CD| (6 + 1) = |(X})? — (X])P[(6 - 2)
+XF = X (=044 Lx(6+2)+ Lo) + |Cl = C{|(Lx (6 4+ 2) + L)
Tt

(
)]

. . . — . 2
tolowe (12(X] — X{) — (C] = C)|)” (eCp1 +Cy)

) N
—i—ef(rg) 4B —

I =Gy f'(r}) | (6 +2)

J=1

A
8 N
. . . [ 1 X . _. 1 X . _.
1 =Gif i) |6 +2) | | S Kx(Zi = 2) ~ KxsmZ)| | + [ | S0 KelZi - 21) - Kox (7))

7j=1

N
L . L
];f SO - X+ 10PN - g) + C Z|X’N X+ |ciN — ¢y
(

el - ef01) | H(ZD e o H(Zti))—k)\H 2o (/27 )

=z

—ef(r}) 32NZH (Z]) exp( H(Z,f)) 32NZH ZJN)exp< H(th’N)> :

o XN -
I =ef(r) | (axLx + BxLc) (ZJZIJ‘V”) exp (a H(ZZ’N>>

N 1o 2 .
+ (acLx + BcLc) (W) exp <a H(ZZ’N)>
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N
A iN i,N A 3N JN
_EH(Zt ) exp (a H(Z, )) —16N;H(Zt ) exp <a H(Z])™)

We then have the additional constraint of § > 2 (so that the coefficient appearing in front of |(X7)* — (X{)?| in
the expression of K} is non positive). Otherwise, we deal with the various terms exactly as previously, through the
choice of a sufficiently concave function f and a law of large numbers, and by considering the regions of space

Regi = {(Z/, Z}") st [2(X] = X)) = (C} - C})| = ¢ and v} < R},
Reg) = {(Zf, Zti’N) st |2(X) — X9 — (Cf = C})| < Eand rt < Rl} ,

Reg} = {(Z}, ZZ’N) s.torl > R} .

Acknowledgements

Laetitia Colombani is a PhD student under the supervision of Patrick Cattiaux and Manon Costa, and Pierre Le
Bris is a PhD student under the supervision of Arnaud Guillin and Pierre Monmarché. The authors would like to
thank them, as well as Samir Salem, for their help throughout the redaction of the present article.

This work has been (partially) supported by the Project EFI ANR-17-CE40-0030 of the French National Re-
search Agency.

Index

Throughout this article, we define many parameters and constants. For the sake of clarity, we list the main ones
here so as to give the reader an index to refer to.

* X,C,Z: X and C are the processes we consider (see (I.1)) and (1.2))) and we often refer to Z = (X, C),
LRNTIES Law(Zt) . the density of the non linear limit (see (1.2)),
* «a,B,v,0x,00c: parameters of the problem (see (I.1)),

* Kx,Kc,Lx,Lc, Lxmaz, Loymar © Kx (resp. K¢) is an Lipschitz continuous interaction kernel, with
Lipschitz constant Lx € [0, Lx maz) (tesp. Lo € [0, L magz)), as given in Assumption |1} In the case of
uniform in time propagation of chaos, the inequalities L x and L must satisfy are listed in Assumption

* W, : the usual Wasserstein distance associated to the L distance (see (1.3))),

* a, a, Cinitexp :  constants used to give an exponential initial moment to the problem (see the assumptions
of Theorem 2 and Section [2.3)),

e\, B, B,H, H,ax,ac, Bx,Bc:  H (resp. H)isa Lyapunov functions given in 2.1) (resp. (2.8)). Its
main property involves parameters A and B (resp. A and B), as can for instance be seen in (2.3)) (resp. (2.13)).
ax,ac, Bx and B¢ are intermediate constants given in Lemma([2.2]

* ¢: acontraction rate (see Assumption [2),

7, f,9,0,2,G,p,0,R,€,Cs1,Cpo:  f (see (2.21)) is a concave function, the definition of which involves
g, ¢, ® (see Assumption[2). Function G (see (2.24)) is then used to define p (see (2.23)), the semimetrics we
consider in the end. All those notations thus refer to the modified distance we consider. These functions will
be applied to r a modification of the usual L' distance (see equation (2.22)). Then, parameters 6, R, €, Cs 1,
and Cy o are used to define such functions (see Assumption for some explicit values),
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* Ry, min :  intermediate constants (see Assumption ,

* Cinit,2 :  uniform in time bound on the second moment of the processes (see Lemma 2.3),
¢ C1, Co, Cy - constants used to quantify the control our modify distance has over the usual L' and L2

distance (see Lemma [2.6] for the control and Assumption [2]for explicit values),

* Grey Pse, & dre and ¢y, are two Lipschitz continuous functions used to define the coupling method, and
their definitions involve a parameter £ which converges to 0 in the end (see the beginning of Section [3)),

° CT',H .

used to explicit the control of the Lyapunov function H over the distance r (see Lemma 2.1]),
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