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Abstract

We study the boundary stabilization of one-dimensional cross-diffusion systems in a moving domain.
We show first exponential stabilization and then finite-time stabilization in arbitrary small-time of the
linearized system around uniform equilibria, provided the system has an entropic structure with a sym-
metric mobility matrix. One example of such systems are the equations describing a Physical Vapor
Deposition (PVD) process. This stabilization is achieved with respect to both the volume fractions and
the thickness of the domain. The feedback control is derived using the backstepping technique, adapted to
the context of a time-dependent domain. In particular, the norm of the backward backstepping transform
is carefully estimated with respect to time.

Keywords— Cross-diffusion systems, Parabolic PDEs, Feedback stabilization, Boundary control, Exponential sta-
bility, Backstepping

1 Introduction

Cross-diffusion systems naturally arise in diffusion models of multi-species mixtures in a wide variety of applications:
tumor growth, population dynamics, materials science etc., see for example Chapter 4 of [34] for an introduction to
these systems. Let n > 1 so that the number of species in the system of interest is n+ 1, d € N* the spatial dimension
and Q C R? the bounded spatial domain occupied by the mixture. Such a cross-diffusion system then models the
evolution of u;(t, ) for all 0 < i < n, where u;(t,z) denotes the local concentration or volume fraction of the i
species in the mixture at a time ¢ > 0 and point x € Q. Setting u := (ug, - - - ,un)T7 a typical cross-diffusion system
reads as follows (together with appropriate initial and boundary conditions):

8t — dive (Z (@) vma) =0 for (t,2) €R: x Q, (1.1)

for some matrix-valued application A : RMTL 5 ROVEDX (1), Significant advances in the understanding of the
mathematical structure of these systems have been achieved in the last ten years. Indeed, it has been understood
in the seminal works [12] [35] 86, [33] that many of these systems have an entropic structure, which enables to obtain
appropriate estimates in order to prove the existence of weak solutions to systems of the form .

These systems arise in particular in materials science, in order to model atomic diffusion within solids. Indeed,
hydrodynamic limits of some stochastic lattice hopping models [42] read as cross-diffusion systems of the form .
Our work here is mainly based on the study initiated in [6], where the authors considered a one-dimensional cross-
diffusion system defined in a moving boundary domain in order to model a Physical Vapor Deposition process (PVD)
used for the fabrication of thin film layers in the photovoltaic industry. The process can be described as follows: a
wafer is introduced in a hot chamber where chemical elements are injected under gaseous form. As the latter deposit
on the substrate, a heterogeneous solid layer grows upon it. Because of the high temperature conditions, diffusion
occurs in the bulk until the wafer is taken out and the system is frozen.

In this model, the solid layer is composed of n + 1 different chemical species and occupies a domain of the form
(0,e(t)) C Ry, where e(t) > 0 denotes the thickness of the film. For all 0 < i < n, let ¢; € L (R%) be a non-
negative function so that ¢;(t) represents the flux of atoms of species i absorbed at the surface of the film layer at
time t. The evolution of the thickness of the film is determined by the fluxes (¢:)o<i<n and reads as:



e(t) :eo+/0 ;@(s)ds, (1.2)

where eg > 0 denotes the initial thickness of the film. The local volume fractions of the different species

uo(t, ), ..., un(t,z) are naturally expected to satisfy the following constraints:
VO<i<n, ui(t,z) >0and Y u;(t,z) =1. (1.3)
j=0

These constraints (1.3) allows one to equivalently express uo as 1 — Y., u;. As a consequence, the whole system

can be equivalently rewritten using the unknown vector u := (u1,... ,un)T, More precisely, denoting by ¢ the
vector-valued function (¢1,...,¢,)7, the cross-diffusion system in the solid layer reads:
Oru — 0z (A(u)dzu) =0, for (t,z) € U {t} x (0,e(t)) =:U.,
ter?
(A(u)0zu)(t,0) =0, for t € R, (1.4)
(A(u)0zu)(t, e(t)) + € (H)u(t, e(t)) = (1), for t € R,
u(071‘) = UO(:L’), T e (Oa 60)7

for some matrix-valued application A : R™ — R™*™ which is called the diffusion matriz of the system, and some
initial condition u® € L((0, eo), D) where the set of constraints D is defined below in (2.I)). The boundary conditions
express that the system is isolated at = 0 but that there is an incoming (vector-valued) flux ¢(t) at © = e(t) where
the extra term e’ (t)u(t, e(t)) accounts for the growth of the layer.

The main motivation of the authors of [6] for the study of such a system was ultimately to be able to control
the gaseous fluxes (¢o, ..., dn) injected during the PVD process in order to reach target composition profiles. The
global existence of weak solutions to system was shown by adapting the boundedness-by-entropy method [33].
The authors also proved existence of solutions to an optimization problem related to the control of the fluxes and
long-time asymptotics of the volume fraction profiles in the case of constant external fluxes (i.e. when the system
is in open-loop). However, it is not clear whether the corresponding asymptotic profiles are exponentially stable in
open-loop, and whether one could use a better flux control ¢ to improve their stability remains an open question.
The main difficulty lies in the expansion of the domain with time and the coupling between u(t) and e(t). When
the domain is fixed, results concerning the exponential convergence to equilibrium of solutions to were already
proven for several diffusion matrices A (see [14] [35] [48] [I]) and in particular recently for the PVD cross-diffusion
matrix [2§].

This work is concerned with the stabilization of the linearized version of around uniform equilibrium states
(precisely defined in Sections 7 under appropriate assumptions on the cross-diffusion matrix A. These
assumptions build on the usual entropic structure conditions stated in [33] [6] to address the nonlinear problem,
together with an additional symmetry assumption on the mobility matrixz of the system at the state considered. In
particular, the PVD model in [6] satisfies these conditions around any such state. In this paper, we show that we
can obtain finite-time stabilization of the linearized system, with a feedback control derived using the backstepping
technique inspired from [21].

First introduced in [I3} [38] [45] for finite dimensional systems, the backstepping approach was later used and adapted
for PDE in [I6] [7, @) [43] 40]. It consists in transforming the original system, hard to stabilize, into a simpler target
system, using an isomorphism. The main difficulty is then to show the existence of such an isomorphism. The usual
backstepping approach for PDE, presented in [40], searches for isomorphisms under the form of a Volterra transform
of the second kind (see (4.3])), which are conveniently always invertible, among other advantages. Some attempt to
introduce a generalized backstepping approach which does not necessarily rely on Volterra transforms have also been
introduced in |20} 17, 27, [49] [50, [I8], 26]. The Volterra approach has been used in many areas and for many systems
in the last decades including parabolic equations (see for instance [5 2], 24]), hyperbolic system (see for instance
[39, [46] [3, 2 291 [30] [19]), etc. However, no result exists on diffusion system of the form where the domain
extends with time (in a way that is not compensated in the dynamics). The reason is that this situation brings new
difficulties, in particular the backstepping transform has to depend on time and one has to make sure that this does
not jeopardize the exponential stability (resp. the finite time stability). Indeed, when applying the transformation
backward to obtain the exponential stability of the original system, the cost of the estimate depends on the norm of
the backstepping transform and of the norm of its inverse, which depends itself on time (see ) If this norm
goes to infinity exponentially fast, it could be that the original system is not exponentially stable, let alone finite-time



stable, even though the target system is. One can still note [31] [32] where the authors also consider a backstepping
approach applied to a parabolic equation in a time-dependent domain. However, their situation is different thanks
to their dynamics, and in both cases they do not consider the norm of the inverse of the backstepping transform.
Concerning parabolic equations with time-dependent coefficients, one can also note the work by Smyshlyaev and
Krstic [44] which considers a heat equation with a time-dependent reactivity and the work by Kerschbaum and
Deutscher [37] where the authors consider the exponential stability of a system of parabolic equations with a diagonal
diffusion and a time-dependent reactivity. In both cases the difficulty lies in the existence of a time-dependent kernel
for the transform and is dealt by converting the kernel equations into an integral equation, using fixed point and
successive approximations. We do not use such a method here as we aim for a more generic method that could be
applied to more complicated systems and steady-states, and that can allow estimates such as that are so crucial
to reach finite time stabilization.

The outline of the paper is the following: we first recall the main mathematical properties of the moving boundary
cross-diffusion system introduced in [6] in Section [2| and present the linearized version of this system we focus on in
this work. Our main theoretical results are gathered in Section[3] The description of the backstepping transformation
we consider here is given in Section [l] Proofs of our results are gathered in Section [5} Additional details and some
technical calculations are added in the Appendices.

2 Preliminaries

The aim of this section is to recall the main mathematical properties of the system studied in [6] and to introduce
the linearized version of this system we focus on in this work. In Section [2-I] we recall the assumptions needed on
the diffusion matrix A for the associated cross-diffusion system to have an entropic structure and state the additional
assumptions required by the stabilization analysis presented in this work. Mathematical properties of system -
are discussed in Section Finally, the linearized version of system — which we will focus on in this
article is introduced in Section 2.3

Notations: Let us first introduce some useful notation. For any continuous non-decreasing positive function € :
Rt — R and any T > 0, we define the sets Uz := UteRjr{t} x (0,é(t)) and UL := Use(o,m{t} x (0,€(t)), the
time-space moving domains we consider in this paper. For any 0 < 7T < 400, any 1 < p,q < 00, any k € Z, we denote
by [L”((O7 T), Wk‘q)] 5 the set of measurable functions f from UZ to R such that respectively: if p < oo

T 1/p
([ WOy naqot)  <oc,
0

sup || f(O)llwr.a(0,60)) < 00
0<t<T

and if p = oo,

These quantities define norms, naturally denoted by || - ||[ , which in turn induce a Banach structure.

LP((0,T),Wha)]
We generalize this notation for functions defined in more general time intervals (¢1,t2) for 0 < ¢; < to < T. The sets
[LE .((0,T), Wk’q)]é are defined similarly. The space [C°((0,T), Lp)]é is defined as the set of functions f : U — R

loc

such that the function (0,T) x (0,1) 3 (¢, ) — f(t,z€(t)) belongs to C°((0,T); L*(0, 1)).

2.1 Entropic structure of the nonlinear system

We detail in this section the assumptions needed on the diffusion matrix A to get existence of a weak solution to
the nonlinear cross-diffusion system — and introduce some additional notations. These assumptions coincide
with the requirements highlighted in [33, 6] for system (L.2))-(T.4) to have an entropic structure. We refer to [33} 23]
for more details about the entropic structure of cross-diffusion systems, and to [15] for a discussion about necessary
and sufficient conditions for a cross-diffusion system to admit such a structure.

Let D C R™ be defined by

D= {(ul,--- Jun) € (RL)™, iu < 1} c (0,1)". (2.1)

Note that a solution u to — satisfies the constraints if and only if u(t,z) € D, for all t € R% and all
z € (0,e(t)). Note also that, in view of , the strict inequalities in imply that the n + 1 volume fractions
are positive. The following set of assumptions on the diffusion matrix A allows guaranteeing that the corresponding
cross-diffusion system enjoys a favorable entropic structure.

Assumptions:



(HO) A € C°(D,R™*™);
(H1) there exists a bounded from below strictly convex function h € C°(D) such that h € C*(D,R), such that its
derivative Dh : D — R™ is invertible in R™ and such that (the symmetric part of) the matrix D?h(u)A(u) is

positive semi-definite for all u € D;

T

(H2) moreover, there exists a > 0, and for all 1 < i < n, there exists 1 > m; > 0, such that for all z = (21, ,2,)" €

R™ and u = (u1,--- ,un)T €D,

2" D*h(u)A(u)z > Z ul™i 222
i=1

The interested reader may consult [33] 6, [12], let us briefly comment on these assumptions here. A function h such
that (H1) and (H2) hold is called an entropy density of the cross-diffusion system. The associated entropy functional
£ is then defined by
- { L=(Q;D) — R
) U — E(u) = fQ h(u(zx)) dz,

and for all u € L>(Q; D), we identify the differential DE(u) with its Euclidean gradient which is equal to the function
Dh(u).

The first equation of system (1.4]) can then be formally rewritten under the following form:

Oyu — divy (M(u)V,DE(u)) =0, for (t,z) € Ue = | J {t} x (0,e(t)), (2.2)

*
tETR{+

where M : D — R™*" is the so-called mobility matriz of the system and is defined for all u € D by
M(u) == A(u)(D*h(u)) ™" (2.3)

From formulation and under assumption (H1), one can check that £ is a Lyapunov functional of the system,
which justifies the term “entropy functional”. The fact that DA is invertible allows one to work with the so-called
entropic variables w := Dh(u) and to automatically get a solution u € D compatible with the constraints. Finally,
under assumption (H2), (the symmetric part of) the mobility matrix M (u) is even positive definite, so that the
formulation is even coercive and one can derive gradient estimates. In physical applications, this entropic
structure has a thermodynamic interpretation and in particular the entropic variables w are strongly linked to the
notion of chemical potential (see Appendix A in [33]).

Remark 1. One particular example of diffusion matriz A is studied in [6] for the PVD model used in photovoltaics
applications. This diffusion matriz is defined as follows: for all u := (ui)i<i<n € R", A(u) = (Ai;(u)),<; j<,, € R™*™
where

V1i<i<n, Ai(u) = Z (Kij — Kio)u; + Kio,

1<j#i<n (2.4)

V1 S 7 75] S n, Aij(u) = —(Kij — Klo)’u,l
where, for all 0 < i # j < n, the positive real numbers K;; satisfy Kij = Kj; > 0 and represent the cross-diffusion
coefficients of atoms of type i with atoms of type j. Note that A(u) is not a symmetric matriz in general. It is proved
in [6] that the diffusion matriz defined by satisfies assumptions (H0)-(H1)-(H2), with m; = § for all1 <i<n
and with the function h being defined as the classical Boltzmann entropy density:

D — R

wi= (uiicicn — h(u) = 3 uilogui + (1— pu)log(1 — pa), (2:5)
=1

where for all uw = (ui)1<i<n € R", py := Y o u;. Furthermore, the mobility matriz associated to (2.4) and (2.5) is
given for u € D as M(u) = (M;;(u))1<i,j<n, where:

V1<i<n, M”(u) = Z Kij’u,»;u]' + Kioui(l — pu),

1<j#i<n
V1 S 7 7& ] S n, sz(u) = —Kijuiuj.

Note that M(u) is always a symmetric matriz.



2.2 Main mathematical properties of the nonlinear model

The aim of this section is to recall the main mathematical properties of the nonlinear model (1.2))-(1.4) and highlight
the open questions on the control and stabilization of this system that are of interest here.

It was proved in [6] that there exists at least one weak solution to system (1.2)-(1.4) satisfying the constraints (1.3
in the following sense:

Theorem 1 (Theorem 2 of [6]). Assume A satisfies assumptions (H0)-(H1)-(H2) and let h : D — R be the associated
function so that (H1) and (H2) are satisfied. Let us assume that u® € L*((0,e0); D) satisfies w® := (Dh)(u") €
L>((0,e0); R™). Let us also assume that (¢o, -+, ¢n) € Lis.(RG;RYTY). Then, there exists a weak solution u with
initial condition u® to (1.2)-(1.4) such that for almost all (t,x) € Ue, u(t,z) € D, and

uw€ [Lie(RE; HY"],  and O € [Li (RY; (HY))"],

In the case when the fluxes (¢:)o<i<n are constant in time, it is legitimate to wonder if the volume fraction profiles
(ui)o<i<n will converge to some constant profiles, and if yes, at which rate. The following result was proved in [6]
under the assumption that the entropy density h of the system is given by (2.5).

Proposition 1 (Proposition 1 of [6]). Let us assume that the assumptions of Theorem || hold together with the
following ones:

(T1) for all 0 < i < n, there exists ¢; > 0 so that ¢;(t) = ¢;, for all t € Ry ;

(T2) the entropy density h can be chosen so that for all u € D, h(u) is defined by .

Let us define

vi=> &, (2.6)
1=0

and for all0 <1i < n,

N
= 2.7
°i = (2.7)
so that @ := (s )1<i<n € D. Then, there exists a constant C > 0 such that for almost all t > 0,
) 1 _ C
VI<i<n, —lluilt,)—=Wllrioew) <

e(t) RV

and

1 i c
50) (1 = pucey) = o[ 11 g2y < VST

where €(t) is the thickness at time t of the layer, given by
t n

e(t) = e +/ > ¢i(s)ds = + o, (2.8)
0 =0

for some value of the initial thickness of the layer ey > 0.

Let us make a few comments about this result.
e In this specific case, the thickness of the boundary layer €(t) grows linearly with constant speed .
e Proposition [I| does not state that the quantity [lu;(t,-) — WillL1(0z¢)) goes to 0 as ¢ goes to infinity, it only
enables to guarantee the existence of a constant C' > 0 such that

V>0, |ui(t,) —Wllpoze) < CVt.

Proposition [I] still states that the rescaled volume fraction profiles converge to constants in the long-time limit.
More precisely, denoting by v(t, y) := u(t,&(t)y) for all t > 0 and y € (0,1) and by v; the i'" component of v
for 1 <7 < n, it holds that

C
t+1

. _ 1
Vi<i<n, it ) = @illpion = =0)

=0 lui(t, ) = @l L1050y < (2.9)

o In the case of constant fluxes (¢,)o<i<n, i.e. when the thickness of the film at all time ¢ > 0 is equal to €(t), and
when the initial condition u° is equal to 7, it can be easily checked that the function u defined by u(t,z) = u
for all t > 0 and z € (0,€(t)) is a solution to system (L.2)-(L.4). Therefore, we use the denomination “target
state of (L.4)” to refer to a couple (@, Ry >t — &(t)).



The preceding remarks provided the main source of motivation for this work about the stabilization of system —
(T.4). Assuming that the initial condition u° at time ¢t = 0 is chosen as a small perturbation of @, of the form
u? =7+ 6u®, and that the initial thickness of the film eg at time ¢ = 0 is a small perturbation of the initial thickness
€0, i.e. ep = €o + dep, does there exist a set of feedback fluxes (¢i)0§i§n such that for a time ¢ large enough, the
volume fraction profiles u(t) and thickness of the system e(t) converge to @ and €(¢) in a stronger norm than the
average L' norm used in ? In other words, can the system be stabilized around the target state (u,e) and at
which rate 7 Can exponential stability or finite-time stability be achieved, i.e. can the system be stabilized at a rate
much better than the one provided by the strategy which would consist in keeping the fluxes ¢; constant and equal

to ¢; as considered in Proposition |1] ?

This work can be seen as an important first step in this direction. Indeed, we provide answers on the stabilization of
a linearized version of the system (|1.2))-(1.4]). From this result, we expect to be able to obtain the local stabilization
of the original nonlinear system in a future work.

2.3 Linearized system and control variables

The aim of this section is to introduce the linearized system which is the main focus of this paper, together with an
appropriate change of control variables that enables to decouple the control analysis of the volume fractions and the
thickness of the domain.

Recall that we consider small perturbations (6u0, deo) at t = 0 around the initial condition @ given by and initial
thickness €. Assuming that the imposed fluxes on the system are of the form ¢;(t) = ¢, + d¢;(t) for all 0 < i < n
and t > 0, we wish to investigate the linearized dynamic of (du(t,-), de(t)) which can be seen as first-order corrections
of (u(t,) —,e(t) —e(t)), where € is given by (2.8). Recall also the notation for the growth speed of the layer €.

Then, the first order correction of the thickness reads, for all ¢ > 0:
t n n
Se(t) = / S 6n(s)ds + deo, and  6¢'(t) = 3 6u(t). (2.10)
0 =0 i=0

In addition, the first-order corrections of the system (1.4) around the target state (u,€) yields the following system,
the solution of which is du, for given 6u’, ¢ := (8¢1,--- ,5¢,)T and d¢o:

drou — A(W)d2,0u = 0, for (t,x) € Us,
A(w)0z0u(t, e(t)) + vou(t,e(t)) = (), for t € R, 2.11)
A(w)0z0u(t,0) = 0, for t € R, '
6u(0,z) = 0u’(x), for z € (0,e0).
where for any ¢t > 0,
§(t) == dp(t) — de’ (t)u € R™. (2.12)

Remark that the solution du to system only depends on the n independent control variables denoted by
01 = (6¢i)1<i<n. Therefore, since we originally had n + 1 control variables (6¢:);c{o,..,n}, it remains an extra degree
of freedom. This degree of freedom ought to be designed exclusively for the stabilization of the thickness de. We
make this explicit by defining a new control variable as for any ¢ > 0:

50(t) == i S5éi(t), (2.13)

such that for any ¢t > 0:
t
de(t) = / 00(s)ds + deq (2.14)
0

Now we claim that the change of control variables (d¢o, . ..,0¢n) — (00,01, ...,01¢n), defined according to (2.12))
and (2.13)) is invertible. Indeed, it can be checked that for any ¢ > 0,

dp(t) = o9 (t) + 00(t)a,

and
n

S(t) = 80(t) — S (9 (1) + 00(t))
i=1
This new choice of control variables (66, §1) is more convenient for our analysis since we can now completely decouple
the control analysis of the thickness and of the volume fractions respectively, as will be made clear in Section



3 Stabilization of the linearized system: main results

The aim of this section is to present the main results of this work, which focuses on the stabilization of the linearized
system -. In Section we introduce the precise notions of weak solutions and stability considered here.
In Section [3.2) are stated our main theoretical results, and we decompose the problem into n scalar problems. Finally,
in Section [d] we detail our backstepping strategy to stabilize the scalar problem.

3.1 Main definitions

We first need to specify the notion of solution to system we will consider here. In the following, we are
interested in the stabilization with the spatial L? norm, so defining an appropriate notion of weak solution in L? for
L? initial data is needed for our analysis to hold. In our case, anticipating slightly on the next section, the fluxes will
be defined as a closed-loop feedback of the form

o0p(t) = W(t, ou(t)), (3.1)

where du(t) = du(t, -) is the solution function at time ¢ defined in the space domain (0,€(t)) and where the application
¥ is decomposed into a non-local integral part and a local multiplication operator at z = €(¢) (recall the expression
of €(t)). More precisely, the application ¥ will be of the following form: for almost all ¢ > 0 and all z €
H(0,2(t)",

U(t, z) := Hpi(t)z + Hi(t)z, (3.2)

where the family of operators (Hni(t)):>0 and (H;(t))+>0 will be required to satisfy the following properties (in fact,
these conditions are necessary to give a meaning to our definition of weak solution, see Definition |1 below):

Properties of operators:

(P1) for almost all ¢ > 0, H,,;(t) is a continuous linear application from L?(0,&(t))" to R™;

(P2) for all T > 0, and all z € [L*((0,T), (LQ))”]E7 the application (0,T) 3 t — H,(t)z(t) belongs to L*(0,T)".
Moreover, there exists a constant C'(T') > 0 such that

||Hnl(')z(')”[L2((0,T),(L2))n} SC(T)HZH[LQ((O,T),(LQ))”]E;

(P3) for almost all ¢ > 0, the operator H;(t) : H*(0,&(t))™ — R™ is defined as follows:
Vz e H'(0,e(t)", Hi(t)z := Ki(t)z(e(t))

where K; € Lj;, (Rj_; R”X") is a locally bounded matrix-valued application.

Using the particular form of fluxes highlighted above, a weak solution can be defined by testing (2.11)) against regular
test functions that satisfy dual boundary conditions (see Deﬁnition below and Appendix for details). We obtain
the following definition:

Definition 1 (Weak solution in L?). Let 6u’ € L*(0,2). Let (Hni(t))i>0 and (Hi(t))i>0 be two families of operators
satisfying (P1)-(P2)-(P3). A function du € [C°(R, L2)"]g such that 9;0u € [L*(Ry; (Hl)')]E is said to be a L*-weak
solution to (2.11)) with fluxes §vp defined by (3.1)-(3.2) if, for any T > 0, it satisfies:

T e(t)
/ / Su(t, z) - [&w(t, z) + A@) 7%, u(t, x)] dadt
0 0

+ /Oeo ou’ () - v(0, x)dx +/ (Hoi (t)6u(t)) - v(t,e(t))dt = 0,

0
for any test function v that satisfies:
e ve [(L?((0,7); H?))"]_n[c°([0,T],L*)"]_,
dww e [(L*((0,T); L))" ],
v(T,-) =0,
A@)T0,0(t,0) =0, for almost all t € (0,T),
K (t)To(t,e(t)) — A@) T o,v(t,(t)) = 0, for almost all t € (0,T).



Remark 2. One may wonder why the assumption on the time derivative is needed. In fact, we will use this assumption
to ensure uniqueness in this class of solutions (see the proof of Corollary based on the backstepping transformation,).
Nevertheless, it is likely that any L* solution to satisfies this assumption. This would amount to prove a
reqularity result for (or equivalently a uniqueness result in the class of L? solutions) that we do not provide in
this work. (see however Lemma mn Appendix@ about the homogeneous problem,)

Similarly, the control of the thickness 6 will also be defined as a closed-loop feedback of the form
00(t) = O(t, de(t)) (3.3)
where the application © will be chosen so that © € Ll ( X CO(]R)).

Let us now give precise definitions for the different notions of stabilization we consider in the present work. We start
with the notion of exponential stabilization:

Definition 2 (Exponential stabilization in L?). Let u > 0. A target state (U, ) of (I.4) is said to be p-exponentially
stabilizable in L? if there exist constants Cg, ., Cz, > 0 such that:

a) There exist families of operators (Hpni(t))i>o0 and (Hi(t))i>o0 satisfying properties (P1)-(P2)-(P3), such that,

for any perturbation du® € L*(0,@0), the linearized system (2.11) with the fluzes defined by [B.1)-(3.2) has a
unique L? weak solution du in the sense of Definition || and this solution satisfies:

l6w(t) | L2021y < Ca,ue_“t||5uo||L2<o,eo>7 for allt > 0.
b) There exists a function © € Li. (Ri;CO(R)) such that, for any perturbation deq € R, de is well-defined by
(2.14) with 00 defined by (3.3)) and satisfies:
|6e(t)| < Cs e |deo]|, for allt > 0. (3.4)

Let us also give a definition of finite time stabilization:

Definition 3 (Finite time stabilization in L?). Let T > 0. A target state (u,€) of ([.4) is said to be stabilizable in

finite time T in L? if:
a) There exist families of operators (Hni(t))i>o0 and (Hi(t))i>o0 satisfying properties (P1)-(P2)-(P3), such that,
for any perturbation du® € L*(0,%), the linearized system (2.11)) with the fluzes defined by (3.1)-(3-2) has a

unique L? weak solution Su in the sense of Definition |l and this solution satisfies:

i) (stability) For any e > 0, there exists vy, > 0 such that if |0u®||12(02,) < vu then for all t > 0:
l6u() | L2020y < €

it) (convergence)
lou()lL2(0,2¢e)) = 0 ast — T

b) There exists a function © € Li,. ((0,T);C°(R)) such that, for any perturbation deq € R, Se is well-defined by
(2.14) with 60 defined by (3.3) and satisfies:

i) (stability) For any € > 0, there exists ve > 0 such that if |deo| < ve then for all t > 0:

[5e(t)] < e.

1) (convergence)
de(t)y >0 ast—T .

3.2 Main results

Let us summarize our assumptions here. Let (u,€) be a target state of (1.4) (in the sense of the discussion in
Section [2.2) such that:

Assumptions:
(Al) w € D (which implies that for all 1 <¢<n, w; >0and 1 —pg=1—3 1, u > 0);

(A2) The diffusion matrix application A satisfies assumptions (HO0)-(H1)-(H2). Besides, the mobility matrix appli-
cation M defined by ([2.3) is such that M (w) is symmetric.



Let us emphasize here that, in particular, the diffusion matrix A defined by (2.4) in Remark [I| satisfies assumption
(A2). The additional requirement that M (%) is symmetric enables to guarantee that the matrix A(u) is diagonalizable
with positive eigenvalues:

Lemma 1. Assume that T satisfies (A1) and that the diffusion matriz A satisfies (A2). Then it holds that A(u) is
diagonalizable with positive eigenvalues.

Proof. From (2.3)), it holds that A(@) = M (%)H (%) with H(@) := D?h(u@). The matrices M (@) and H (@) are both
symmetric positive definite, which implies that H (ﬂ)l/ 2 is well-defined and

Am) = M@)H () = H@) " Y*H@)"*M (u)H @) *H@)"/>.

Therefore A(%) is similar to the symmetric real matrix H(z)'/?M (u)H (w)/? that is clearly positive definite. Hence
the result. O

The result of Lemma 1 enables us to decompose system into n scalar problems as follows. One can write
A(@) = Q™ (w)2(7)Q(T@), where the coefficients of the diagonal matrix (@) are the positive eigenvalues (o1, ..., 0n)
of A(T). As a consequence, denoting by z := Q(%@)du, by z; the i*" component of z for 1 < i < n and by 2° := Q(w)du’,
system boils down to the following set of n uncoupled scalar equations: for all 1 <1i < n,

Orzi — aiaizzi =0, for (t,x) € Us,
0i0u2i (1, €(t)) + Tzi(t, €(t)) = 6' (t), for t € R, (3.5)
0i(0:2:)(t,0) = 0, for t € R, ’

z(0,z) = 22(z), for z € (0,%),

where we have introduced the following change of coordinates of the feedback: for all t > 0, 39 (t) := (Q(@W)%(t)).
We are now in position to state our main results.

Theorem 2. Let u > 0. Let (u,€) be a target state and assume that assumptions (A1)-(A2) are satisfied. Then,
(T, €) is p-exponentially stabilizable in L? in the sense of Definition @ More precisely, let us introduce the following
functions and operators:

e foranyt>0 and w € R, O(t,w) = —pw;
o foranyt>0,1<i<n, zc H'(0,8(t)) and X >0,
Hf,k(t)z = ok (e(t),e(t))=(e(t)),
) e(t) ) )
Hya(t)z = / [0:0:k" (e(t), y) + kS (€(2), y)] 2(y)dy,
0
where k¢ is the unique solution to ([A.15) given below with o = o;. We also define for allt > 0, A > 0 and
z = (Zi)lgign S Hl(O,E(t))”,
Hia(0)z = Q@) (Hia(®=)

Hua(t)2 = Q@) (Hua(t)z)

1<i<n

Then, there exists A > 0 large enough such that (©, (HyA(t))i>o0, (Hni,A(t))e>0) satisfy the conditions of Defini-
tion[4

Elaborating on this result, we can even obtain finite time stabilization.

Theorem 3. Let (u,e) be a target state and assume that assumptions (A1)-(A2) are satisfied. Then, it is stabilizable
in any finite time T > 0 in L* in the sense of Definition @

In Appendix [D] we show why the common approach which consists in directly using a basic quadratic Lyapunov
function would fail to show the exponential stability in this case. This motivates our use of the backstepping
approach, described in Section [4



4 Backstepping approach

The proof of Theorem [2| and Theorem [3] relies on the use of a backstepping transformation, in conjunction with the
fact that system (2.11)) can be decomposed into n scalar uncoupled problems of the form (3.5). Thus, we will need
to collect intermediate results on the resulting scalar equations, which is the object of the present section.

From now on, let 71 > 0 and let us denote by U.g,T1 = Ute(n’ﬂ_m){t} X (0,€(71)), where € is defined in (2.8). Note
that Ugo = Ue. Let us now fix o, A > 0 and consider the following auxiliary scalar problem:

0,( — 002, =0, for (t,z) € Ug.ry,
00:CX (L, e(t)) + ¢ (L, e(t) = oY% (t),  for t € (11, +00), (41)
00:¢x(t,0) =0, for ¢t € (11, +00), )
K (r,2) =¢7™ (x), for z € (0,€(m1)),

for some ¢ € L?(0, €(71)) and where 51% will be defined later in . In partlcular the solution (3 to with
7 =0,0 =0 05 = 0" and (™" = z) can be identified with z; the solutlon to

4.1 Backstepping transformation

In a nutshell, the general idea of backstepping is to map the original problem to a target problem for which
exponential or finite-time stability can be proven more easily, and to get the stability result using the reverse trans-
formation. The backstepping approach usually consists in using a “spatially-causal” kernel transformation 7y, that
reads, for any (¢,x) € Us,+,:
gx(t @) := (TY ) (X, ), (4.2)
where for all t > 0, all £ € L2(0,2(t)),
(TX Ot ) = (TX¢X (1) (@),

and Ty, is a Volterra transform of the second kind from L*(0,e(t)) to itself

Ve e (0,2(0), (T7:8)(x) = () — / "1 (652, )€ () d, (4.3)

where kS is the solution to the kernel problem (4.15) which will be introduced below and is a real-valued function
defined in the triangular domain

Dy = {(z,y) € (R+)*, O0<y<z<elt)}. (4.4)

One of the expected difficulty is that the domain of the problem depends on time and therefore 7 and the kernel
kS a priori depend on the time . However, an interesting feature of our problem, that we comment about below in
Section [4.4] and Appendix |g is that the kernel kS actually does not depend on the time t in the sense that it can be
chosen as the restriction to D; of a time-independent function kernel k" “° defined in a domain

Do :={(z,y) € (R4)?*, 0<y< z}, (4.5)

namely k5 (t) = k3"*°|p, for any t > 0. Naturally, it holds that for all 0 <t < ¢', Dy C Dy C Ds. To alleviate the
notations, in the following we will use a slight abuse of notation and denote k3 by kf.

Consequently, we have:
V(t,x) € U§7 (ﬂaw)(t7 12) = (ﬂitw(t)) (x) = w(t7 x) - / kg(x7 y)w(t7 y)dy7
0

for any w € [C°([0,400), L*(0,1))] .

The main advantage of the transformation 7y, is that, thanks to the triangular structure, it is always invertible
provided that k{|p, € L*(D;) for all 0 < ¢t < T (see Lemma below). The inverse transformation has then the same
form and writes as follows (see Lemma: for any w € [C°([0, +00), L*(0, 1))]€, let us denote by

V(t,x) € Us, (TY™w)(t @) = (T3, w(t))(x) = w(t,z) +/ (@, y)w(t,y)dy.
0
where for all ¢t > 0 and all ¢ € L?(0,(t)),

vz € (0,e(t)), (TU mvﬁ) / 13 (z,9)€(y)dy, (4.6)
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with [{ solution to the inverse kernel problem below. Similarly to kS, I is expected to depend on ¢ but can
be chosen as the restriction to D, of a fixed kernel > defined in D. In the following we use again the same slight
abuse of notation and denote I3 by I5.

We will then see that the following identity holds: for any ¢ > 71 and z € (0,2(%))

G (t2) = (T g)(t,2) = (T 50 (@), (4.7)

Formally, the strategy to identify the set of equations satisfied by kS and I is to differentiate (4.2)) in time in space
and to write that (Y and g5 must satisfy respectively the initial problem (4.1)) and the target problem (4.8]) in order
to obtain a set of necessary conditions on the kernels k§ and I (see (4.15)-(4.16) below).

4.2 Target problem
We consider the following target problem:
0:g% — 002,93 + Ag3 =0, for (t,x) € Us.ry,
00,93 (t, (1)) + g3 (1, €(t)) = 0, for t € (11, 400),
00zg5(t,0) =0, for t € (11, +00),
g3 (1, 2) = g3 (z), for z € (0,e(m1)),

(4.8)

that is similar to the original problem (4.1])) but with homogeneous boundary conditions, an additional damping term
Ag% and an initial condition g™ € L?(0,&(1)).

We introduce here a notion of weak L? solution to . To this aim, we introduce the set D' of test functions
v : Ug,r; — R satisfying:

(i) ve [(L*((n,T); H?))]_ N [CO([n, T), L*)]

) O € [(L? ((11,T); L?))]
(iii) v(T,-) =0,

) 00;v(t,0) =0, for almost all ¢t € (71,7,
(v) 00zv(t,e(t)) =0, for almost all ¢t € (11,T).

e’

ii

—

e

(iv

Definition 4. Let g3 € L*(0,€(r1)). A function g3 € [C°([T1,+00), LQ)]€ such that 8yg3 € [L*((11,400); (H')")]
is said to be a L*-weak solution of @.8) if, for any T > T, it satisfies:

e

T re(t) e(71)
a8 (g3, v) == / / 93 (t,z) [Ow(t, ) + 002,0(t, x) — M(t,x)] dedt + / 93 (@)v(r, z)de =0,  (4.9)
T1 0 0

for any test function v € D',

Problem (4.8) is actually exponentially stable with decay rate A, that can be chosen arbitrarily large here (see
Appendix (B)):

Proposition 2 (Well-posedness and exponential stability of the target equation). Let 71 > 0, o,A > 0 and g7 €
L?(0,2(71)). Then, there exists a unique weak L* solution g5 € C°([r1,+00), L?(0,8(t))) to [@.8) in the sense of
Definition[}), and it holds that, for any t > 71:

o —A(t—T o,T
lgx (Dl L2020 < € =163 "L20,2(m))- (4.10)

4.3 Expression of the feedback and weak solution

Let us first explain here how we can derive an expression for the feedback control 5. Assume for now kS and (¥
are smooth and differentiate (4.2)) with respect to = at = €(¢). One finds:

B (t)
9gX (t,€(t)) = 02CX (¢, (1)) — kX (e(t), e(t))CX (¢, e(t)) */ 92k (€(t), y)CX (¢, y)dy.
0
Then, combining with (4.2]) and considering the second equation of (4.8)), namely 00,45 (¢,e(t)) + g3 (t,€(t)) = 0 and

the boundary condition at = €(¢) in (4.1)), one must impose the following expression of the feedback, which depends
on the kernel k§: for all t > 74,
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2(t)
SPX (t) := ok (e(t), e(t))CX (¢, (1)) +/0 [00:kx(e(t),y) + vka(e(t), )] (X (L, y)dy. (4.11)
Let us already remark that this feedback is of the form
oYX (t) = HA(8)CX(8) + Hua(8)CEX (1), (4.12)

where, for any ¢t > 0 and & € H'(0,&(t)), the operators are given by

2(t)
HA(D)E = / (00 kS (2(1), y) + TR (2(), )] €(y)dy,
HEA ()€ = ok (2(1), 2(0)E((D)).

Assuming now that the feedback is of the form (#.12)), we can give a rigorous definition of weak-L? solutions to problem
(4.1) provided that the family of operators (Hy; 5 (t)):>0 and (H{ x(t)):>0 satisfy properties (P1’)-(P2’)-(P3’) below,
which are scalar versions of properties (P1)-(P2)-(P3).

(4.13)

Scalar properties of operators:

(P1) for almost all ¢ > 0, Hy, \(t) is a continuous linear application from L?(0,2(t)) to R;
(P2) for all T > 0, and all z € [LQ((O,T),LQ)]? the application (0,7) > t — Hg, 5(t)z(t) belongs to L*(0,T).
Moreover, there exists a constant C = C(T, o, A) > 0 such that

HHZM(')Z(')H[L?((O,T),L?)]E S C”Z”[L?((OvT)’LQ)]

(P3) for almost all ¢ > 0, the operator Hf,(t) : H'(0,2(t)) — R is defined as follows:
vz e H'(0,e(1)), Hix()z:= K[\(t)z(e(t)
where K7y € Li,. (R}).

We are then in a position to give the definition of weak-L? solutions to , by analogy with Definition |1} To this

aim, we introduce the set D™ of test functions w : Ug -, — R satisfying:

(i) we [(L*((n,T); H?))] N [CO([ri, T, L)),

(i) duw € [(L? (11, T); L?))]

(iii) w(T,-) =0,

c0zw(t,0) = 0, for almost all ¢ € (71, T),
)

(v) Ki(t)w(t,e(t)) — c0,w(t,e(t)) =0, for almost all ¢t € (1,T).

&’

_ D D

(iv

Definition 5 (Weak solution in L? to (@.1)). Let ¢ € L?(0,e(r1)). Let (HZA(t))e>0 and (H{\(t))e>o0 be
two families of operators satisfying (P1’)-(P2’)-(P8’). A function (3 € [C’O([7'1,—|—oo),L2)]F such that 0.5 €
[LQ((Tl, +00); (Hl)')]E is said to be a L*-weak solution to {&.1)) with fluzes 6¢5 defined by [@.12)) if, for any T > 71,

it satisfies:

. T re(t)
alnl(gf\f7 ’I,U) = / /0 CK (1‘:7 :L‘) [8tw(t7 w) + a@fzw(t, l')] dxdt

. (4.14)

e(T1)
+/0 . (x)w(7'1739)d55+/ (Hot(£)CS (8))w(t, (t))dt = 0,

T1

for any test function w € D™,
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4.4 Kernel definition and properties

Now that we have an a priori expression for the feedback (4.11)), it remains to derive the full problems satisfied by
the kernels kS and (. We consider the following problems (recall the definitions of the triangular domains (4.4]) and

@3)): .
aﬁmkf\r(may) - aguki(may) = ;ki(m,y) (l’,y) € DO<>7
aykf(x,O) =0 x € (Oa +OO)7 (415)

E(z,2) = ——=x z € (0, 4+00),

o [eg >\ [eg
Cﬁzl)\(%y) - ajylk(xvy) = —;l)\(l‘7y) (Z7y) € DOO?
Ayl (z,0) =0 z € (0,00), (4.16)
(

B(z,z) = ——=x z € (0,00),
with the notation %f(:c, x) = Oz f(x,z) + Oy f(x, ). It appears that the two problems are related through
kS = —1%,. (4.17)

It is rigorously justified below in Lemmas [3] and [4] that these kernels indeed meet our expectations. Let us however
comment here about the derivation of these kernel problems:

e First, the derivation is done in Appendix [C] assuming that the kernels depend on ¢. In order to explicit the
time dependence, one needs to rescale the kernel, which leads to a dynamical boundary problem set in a
fixed domain (see (C.5))). Searching for solutions with separate variables, as in , one finds the stationary
equations .

e Second, one remarks that any solution to the obtained problem in D is in fact a solution to the same problem
set in D, for any 0 < t < T, thanks to the structure of the boundary conditions. Therefore, it suffices to look

for a solution in Do, hence (4.15)-(4.16]).

Thanks to the structure of the backstepping transformation, we can connect the stability of the two problems: let
g3 be the solution to (4.8]) in the sense of Proposition |2} Then, assuming that (4.16) has a solution, the function (¥
defined by (4.7) can be shown to be a solution to (4.1) (see Lemma [4| below) and it holds that for all ¢ > 71,
NOlzze0) < Mzz) 19X L2 0,20)) < z2on) €97 2020
EX@l < (L1l ) gl @l < (L1 )e Mgl
o o —A(t—7 o,T
< (1 +iSl2o,)) (1 + Hk)\”L?(DTl)) e AN L2 0 2 -

Hence, to get the desired stability, the remaining key point of the analysis is the control of [|I§||z2(p,) with respect
to time. For this, we study the following problem, for o € R,

(4.18)

aixko‘(x, y) — E)gyka(:c,y) =ak(z,y) (z,y) € Do,
Oyk®(x,0) =0 x € (0,00), (4.19)

ka(x,m):—%x x € (0,00),

of which (4.15)) and (4.16|) are instances. We consider the following definition of weak solution to (4.19):

Definition 6. A function k® : Do — R is said to be a weak solution to (4.19) if and only if the two following
conditions are satisfied:

(i) the function k* : (0,400)? = R defined such that

k- (z,y) = o

—a E(z,y)  if (x,y) € Do :i={0 <y <z < o0},
-3z otherwise

is such that, for any L > 0, the function kj = Ea'[O,L]Z is such that ki, € C°([0,L], H*(0,L)), d.k7 €
C°([0, L], L*(0, L)) and 8..kr € C°([0, L], H*(0,L)");
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(ii) for all L > 0 and for all v,w € H*(0, L),

_ /OL </z Ak (z, y)v(y) dy) dpw(zx) de 4+ w(L) /OL 9:k% (L, y)v(y) dy

0

+f ’ [ ok oot dyuta) ds

—af " ([ # e ar) w) ds

+ %/OLU(x)w(ac) da.

Well-posedness and estimates for (4.15) and (4.16]) are achieved in the following proposition, which is proven in
Section E11

Proposition 3. Let 0 > 0. For any A > 0, there exists a unique weak solution kS (resp. 1S) (in the sense of
Definition @ to the kernel problem (4.15) (resp. (4.16)). Moreover, there exist Ao > 0 and constants C,c > 0
independent of o such that, for any A > Ao, t > 0 and x € (0,2(¢)):

/ (K (@, 9) 2 + VRS (2, 9)[2) dy < Ce VAT, (4.20)
(0]

z )\ * cel
[ s @nE +9sE@nR) < (3) . (1.21)
0

Remark 3. An immediate consequence of [E.20)-([@-21)) is that for any t >0, kS|p, € H (Dy), I§|p, € H (D;) and

||k§||i11(pt) < Ce IV, (4.22)
A 2
o2 ce
1B () < C (;) 70, (4.23)

Remark 4. It was shown in ([{1)], Lemma 3.2) that the kernel solutions obtained in Proposition@ are more reqular,
namely C?. The proof is based on an integral reformulation and a series representation formula. We have chosen to
adopt a weak framework here since on the one hand, it is an appropriate framework to derive estimates —4.23
and on the other hand, it shows that our strategy can be extended to equations with space-dependent coefficients [21).

4.5 Main auxiliary results
Next, we check that the kernels defined as solutions to (4.15)-(4.16]) indeed map (4.1]) to (4.8) through the transfor-

mation 7y and the other way around. In fact, we need to check that the formal computations performed for the
derivation of the kernel problems can be adapted to the case when we have to consider weak L? solutions in the sense
of Definitions [l and @l

We start by stating in Lemma [2 that for all \,c > 0 and ¢t > 0, the transformation 7, : L*(0,e(t)) — L*(0,&(t))
associated to the unique kernel solution to is one-to-one, and that it can be inverted from L?(0,&(t)) to its
image, with inverse given by T;’fnv. The proof of Lemma [2|in the case of Dirichlet boundary conditions is provided
in [2I] (Lemma 4). We omit the proof here, which is very similar. We also refer to [41] for the invertibility of the
transformation with Neumann boundary conditions (Lemma 3.3).

Lemma 2. Let \,0 >0 and t > 0. Then, A‘i’tinv oTY, =Ty 0 ;’tinv =1d 2(0,51))-

Then in Lemma we check that this transformation indeed transforms (4.1]) into (4.8) when the boundary term §1)§
in (4.1) is defined in (4.12))-(4.13).

Lemma 3. Let o > 0, let A > N\, where A\, is defined in Proposition@ 71>0and ()™ € LQ(O,E(Tl)). Let kS be the
unique weak solution to in the sense of Definition |6l Assume that (5 is a weak-L? solution to (&.1)) in the sense
of Deﬁm’tion@ where H y and Hy, ) are defined by (4.13) and 6 by . For allt > 11, define g3 () := Ty (5 (t)
where Ty, is defined by . Then g% is the unique weak L* solution to in the sense of Deﬁmtion with

o, T1 __ 9,71

(e
9Ix - 7;,71 A
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The objective of Lemma [4] is to state the following point: let g3 be the solution to the target problem, then (Y :=
T g is a solution to the original problem.

Lemma 4. Let o > 0, let A\ > Ao where Ao is defined in Proposition@ 71> 0 and g7 € L? (0,e(m1)). Let IS be the
unique weak solution to (4.16). Let g3 be the unique 71)eak-L2 solution to (4.8]) in the sense of Proposition @
For all t > 71, define (S (t) := T " g% (t) where T{™ is defined in (A.6). Then, (x is a weak-L? solution to (@.1))

with ¢ = T g%, 89S defined by @12) and (H7x(t)):z0, (HY (1)):20 defined by (ET3).

The proofs of Lemmas [3| and E| are postponed to Section Lemma E| together with Propositions 2| and |3 yield
the existence of at least one weak-L? solution to for any ¢{"™ € L*(0,&(m1)) provided that A > X, and this
solution satisfies the stability estimat. Lemmas 2| and [4] yield uniqueness of this solution. As a consequence,
the feedback control stabilizes (4.1) exponentially with an arbitrary decay provided A is chosen large enough.
The object of Corollary [I]is to summarize these points.

Corollary 1. Let 0 >0, 71 > 0, A > )\, where A\, is defined in Proposition@ and ('™ € LQ(O,E(ﬁ)). Then, there
exists a unique weak-L* solution to problem (A1) in the sense of Deﬁmtion@ with ¢S defined by and operators
(HpyA(t))t>7 and (H{\(t))i>r, defined by Moreover, there exist constants C,c > 0 independent of A\, o and
t such that this solution satisfies, for any t > 71:

o A 2 ce(r AN/ o+tce(t)—A(t—T o, T
IXOlz2 020 =€ <1+ (;) >€ (TOVA/THEOZAETTO | L2 0 27 ))- (4.24)
Proof. Existence and estimate : Let kS and [§ be the kernels defined in Proposition Since kS|p,, € L?*(D,,), one
can define g3'™ = T (7™ € L?((0,e(r1))). Then by Proposition [2| there exists a unique weak-L? solution g5 to

([£8) with initial condition g{'™, and this solution satisfies (£.10). Since, for any t > 71, I|p, € L?*(D:), one can
define (3 (t) := ’7';”;5‘“"9‘; (t) and by Lemma it defines a solution to (4.1) associated to operators (H;; x(t))¢>r, and

(Hf \(t))t>r,. Moreover, estimate ([£:24) follows from the definition of 7,7™" together with the estimates ({.10) and
@21):

1SS L2 (0,20 < (1 + 1S L2(py)) (1 + Hki‘(Tl)||L2<DT1>) e M 7 l2(0,2(m )

2
1+ (i) eww) (14 QYR A2 Lo i,

IN

g

- M\ o) /A o) A
< a (1 + (;> > ece(‘rl) A/o+ce(t)—A(t 7'1)”4;',7'1 HLZ(O,E(TI))
Uniqueness : take two weak-L? solutions to (4.1) ¢ and C2. Then by Lemma it holds:

T (G —G2) =0,

but Lemma [2] yields:
G = Ca.

5 Proofs
5.1 Proof of Proposition

We begin by proving a few preliminary lemmas. In the following, the variable x should be interpreted as the time
variable of a wave equation.

Lemma 5. Let « € R, L > 0 and f € L*((0,L)?). Then, there exists a unique solution K € C°([0, L], H'(0,L)) such
that 9, K € C°([0, L], L*(0, L)) and 9., K € L*((0,L), (H*(0,L))") solution to the equation
)

BMK(x,y)foyK(m,y CKK(Q?,y)+f(ZC,y), fOT’ (x7y) € (07L)27

0yK(z,0) = 0yK(z,L) =0, for z € (0,L), (5.1)
K(Ovy):693K(07y) :()7 forye (07L),
in the sense that, for allv € H'(0,L), for almost all x € (0, L),
L L L
Ors K @), 0) sy oy + [ K@) dy=a [ Koy + [ f@pewd. (62
0 0 0
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Moreover, there exists a constant C' > 0 independent of o and L such that for almost any z € (0, L),
v 2 2 2\ Cmax([a]}/2, 1)L 42
(K (z,y)|" + VK (z,9)|") dy < (1 + L%)e + OV Iz g0,0)2) (5.3)
0

where [a]4+ := max(a, 0) denotes the positive part of c.

Proof. The existence and uniqueness of a solution K to problem (5.1) in the sense of (5.2) such that K €
c°([o,L],H'(0,L)), 9.K € C°[0,L],L*(0,L)) and 0..K € L*((0,L),(H'(0,L))’) is a direct consequence
of [II][Theorem 10.14,p.345]. Let us now prove estimate (5.3).

Step 1 (smooth f): Let us first assume that f satisfies the additional regularity constraint 0, f € L*((0,L)?).

Then differentiating the equation with respect to z as in the proof of [25][Theorem 5,p.389], it can be checked that

Oz K € L®((0, L), L*(0,L)), 0. K € L*°((0,L), H'(0, L)) and K € L>((0, L), H*(0, L)). In particular, for almost all
€ (0,L), 8zuK(z,-) € L*(0,L), 8. K (x,-) € H*(0,L) and K (z,-) € H*(0, L).

Taking v = 0, K (x,-) as a test function in yields that for almost all x € (0, L),

L L
(Ovc K (2,), 0 K (, ')>H1(0,L)',H1(0,L) Jr/ Oy K (x, )02y K (z,y) dy = a/ K(z,y)0:. K (x,y) dy
0 0

L
+/ f(x,9)0: K(x,y) dy.
0

This yields, using the Aubin-Lions theorem, that

s ([ (ke - okal) i) = 54 ([ ikora) + [ e kena. 60

Now, using the fact that 9,K(0,y) = 0 (since K(0,y) = 0 for almost all y € (0,L)) and the fact that
f(@,9)0:K(z,y) < (f(z,y)* + 0.K(z,y)*) and integrating (5.4) between 0 and z, we obtain that for almost all
z € (0,L):

L L x L
[ 1oK@ 410,k dy <o [ 1K@t [0 ][00 + 10,550 dyds+ 152000
0 0 0 0

(5.5)
Case 1: If a <0, an immediate Gronwall argument yields that for almost all x € (0, L):

L
/o [10:K (2,9)> + 0, K (z,y) ] dy < "1 f11Z2(0.002) < €7 I1F 72 ((0,0)2)- (5.6)

Case 2: If a > 0, we perform a change of variables: let us define, for all & € (0, 041/2L)7
K(&,y) = K(a "#,y),

such that .
0K (2,y) = ofl/z(?zK(ofl/Qﬁ, y)-

Then for all & € (0,a/2L), rewrite (5.5) with = o~ /2% as
L L
/ (105 (a2, )| + 10, K (@™ %2, y) | dy < a/ K (a7 i, y)|dy
0 0
<,
0

Performing the change of variable § = a'/2s in the double integral on the right-hand side, and dividing everything
by «, one gets

I

—1/2

T L
/ [10:K (s,9)|* + 10, K (s,9)[%] dyds + | £]1720.)2)-
0

2 .
&CK(x,y)’ + a

N 2 L, 2
3yK(i‘7y)‘ ]dyé/o ‘K(i‘,y)‘ dy+

N

+a_1“f||2LZ((o,L)2)-

“ 2
0. K(5,y)] +a" (5.7)

~ 2
8, K (3, y)‘ ] dy d3
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Let us define for almost all # € (0, a'/2L)

-

The previous estimate can be equivalently rewritten as: for almost all & € (0, a'/ ’L)

2

0K (&, y)| +a ! dy.

‘ 2

ayf((@,y)ﬂ dy and Va (&) = /OL ‘R’(:ﬁ,y)

V(@) £ V(@) + a2 [ Vi ds ol
0
Notice also that .
Vi) =2 [ 0@ K @y £ 23(@) V@)V < V3 (3) + Va(a),
0
so that

Vi(&) + Vi (&) §3V2(:E)+20fl/2/ Vi(s)ds 4+ 27| f||3 2.
0

We are now in the position to use a Gronwall-type argument. Set g(&) := foj Vi(s)ds+ V2(Z). The previous estimate
then reads as: for almost any & € (0,a'/?L)

9'(#) < Cag(#) + Dal fIIZ2-
with
Cl := max(3,2a~ /),
D, = 2071,

Therefore, i
9(#) < Da f|| 222",

Now rewrite (5.7) in terms of Vi, Va: for almost any & € (0,'/?L)

- [

L
o~ / (10K (&, 9 + [0,K (&, 9)[] dy = Vi ()
0
< max(1,a?)g(@) +a || f]3

<a YIf3- (1 + 2max(1, ofl/?)geecaf)

’ 2

+a 8,K (3, )| dy < Va(#) + o~ V2 / Vi(s)ds + a Y| |2
0

Thus,

_ /
<a 'fl32 (1 + Qmax(al/Q, l)Lemax(so‘1 2’2)L)

<o Ml (14 2max(al?, 1)L ) en o0

< Oz_1||f||ize3 max(Sal/z,Q)L.
We thus finally obtain that for almost all z € (0, L)
r 2 2 2 max(6al/24)L
| 10K @) +10,K @ )] dy < ] ee ML, (5.3)
0
Therefore, combining (5.6) and (5.8) we have proven so far that, for a € R,

L max|( | 1/2
/0 [|azK($,y)|2 + |8yK(557y)‘2] dy < e (ol ’1)L||f||i2((o,L)2)~ (5-9)

Thanks to the null initial conditions (z = 0) it holds for almost any (z,y) € (0, L)?

K(z,y) = /Oz 0:K(z,y)dz < ﬁ\//o |0-K (z,y)|?dz

17



Integrate over y € (0, L) the square of this inequality: for almost any x € (0, L)

L L L 1/2
/0 |K(xay)|2dy S L/O /O |61K(Z,y)|2dyd2 S L260 ( ]+ 7l)L||f“i2((0’l/)2),

where we used (5.9)) for the last inequality. Hence the result when f is a smooth function.

Step 2 (approximation): Let us now turn to the case when f € L*((0, L)?). Then, there exists a sequence (fy)nen
of functions in C2°((0, L)) such that ||fn — fllz2((0,1)2) 2% 0. Let us denote by K, the unique solution of
with f = f, for all n € N. By standard results on the wave equation (see [25][Theorem 5,p.410]), there exists a
constant C' > 0 independent of n such that for all n € N

||Kn - K||L°°((0,L),H1(O,L)) + Ha"cKn - aZKHLx((O,L),L?(O,L)) < Can - f||L2((O,L))~

Thus, passing to the limit n — 400 in the inequality
v 2 2 2\ _Cmax([a]Y/2,1)L 2
(I (2, )" + [VEn (2, y)]") dy < (1 + L7)e 7l 0,0)2)
0

which holds for almost all z € (0, L) yields the desired result.

O
Lemma 6. In the framework of Lemma@ assume in addition that in (5.1)),
Supp f C Dy = {(z,y) € (0,L)*, 0<y <z < L}.
Then it holds that
K(z,y) =0 a.e in (0,L)° \ Dr. (5.10)
Proof. Consider the restriction of the H' energy: for almost any z € (0, L),
— 1 t 2 2 2
B@) =5 | (K'@y) + (0.K) (2,y) + (0,K)"(,y)) dy.

Assume first that f is smooth in the sense that 9, f € L?((0, L)?).
Then, the function E is absolutely continuous, and it holds that

E'(z) =/ [0: K (z,y)K(2,y) + 0z K(2,y)0: K (2, y) + 02y KOy K (x,y)] dy
1

-5 (KQ(x,x) + (0. K)?(z, x) + (8yK)2(x,:r)) .

Integrating by parts the last term yields
L L
/ (Ouy K (z,y)0y K (z,y))dy = —/ 0: K (z,y)0yy K (z,y) dy — 02 K (x, ©)0y K (z, z).
Using the fact that K is a solution of , and that Supp f C D = {0 < y < z < L}, we obtain:
L
E'@) = (a+1) [ 0K o) Koy - 3K w.2) = 5 (0K ,3) + (0,K)(w,2) + 20, K (2,2)0, K (2.2))
L
<(a+ 1)/ Ou K (2, y) K (z,y)dy

= f(a+1)/ azK(x,y)/ ayK(m,s)dsdy+(oc+1)K(m,L)/ 0K (x,y)dy.

The Cauchy-Schwarz inequality enables to bound the first term by 2|a + 1|(L — x)E(x) and the second term by
|+ 1||K (z, L)|VI — #(2E(x))'/2. Then, we use the one-dimensional Sobolev inequality on y — K (z,y) to deal with

K(z, L):
) ([ ke oorenn)
) E(z)"/2.

|K (z, L)| < V2max (\/L —x
< 2max (\/L —x, \/L%

18



Finally, we obtain that there exists C' > 0 such that for almost all z € (0, L),
E'(z) < Cla+ 1|max(1, L — z)E(x),

and since E(0) = 0 a Gronwall argument yields that E(z) = 0 for all z € [0, L]. Hence (5.10)) holds.
Lastly, reasoning as in Step 2 of the proof of Lemma [5] by a density argument, we can easily check that the result
holds true for arbitrary f € L*((0, L)?). O

We are now in position to prove Proposition [3]

Proof of Proposition[3 Let us begin to prove that there exists a unique weak solution ¥ to (4.19) in the sense of
Definition [} for any o € R. Let L > 0.
Ezistence: Denote by K“(z,y) := k%(x,y) + 5 for all (x,y) € Dr. Then, it holds that K is solution to
2
02K (2,y) = 03, K° (2.9) = K (2.y) = o (,y) € Dr,
Oy K*(z,0) =0 z € (0,L),
K®%(z,z) =0 z € (0,L),

(5.11)

and it is equivalent to solve one problem or the other. Now, using Lemmas [f] and [B] we obtain that the restriction
of the unique weak solution K = K* to (5.1)) with f(x,y) = f“(x,y) = =S 21p,(z,y) to Dy, is a solution K to
(5.11). Besides, from Lemma, @ it holds that K = 0 in (0, L)? \ Dr. In particular, it holds that K satisfies the weak
formulation: for almost all z € (0, L) and all v € H'(0, L),

(Ore K (@), 0) s 0.0 0.0+ [ 9K 2,)0,0(0) dy

0
v Q@
—a [ (K@y) - So) o) dy.
0

As a consequence, for all w € H'(0, L), it holds that

L L x
/ <‘9sz($7')»U>H1(0,L)/,H1(0,L)w(1’) dl""/ / Oy K (1, y)0yv(y) dy w(z) dx
0 o Jo

= a/OL (/Ow (K(m,y) — %x) v(y) dy) w(z) dz.

(5.12)

Using the fact that
L L L
[ @) oy e == [ [ oK@, v ) o.ute) do
0 0 0
L
Full) [ 0K (L)) dy
0

— w(0) / 9. K (0,y)v(y) dy,

together with the fact that
0:K(0,y) =0
we obtain that
L L L
[ k@ oo = [ [ oK@ i) o) o

+w(L) / 0. K (L y)u(y) dy,

__ /0 " ( / 0. K (2, 9)o(y) dy) dpw() do

L 0
+w(L)/O 0:K(L,y)v(y) dy.
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Combining the previous equality with (5.12]) gives

- /OL (/Oz 0 Kv(y) dy) Orw(zx) dx + w(L) /OL 0x K (L, y)v(y) dy

N / : / "0, K (2,1)0,0(y) dyw(z) do

_ a/OL </0 (Kw.9) ~ 22) oly) dy> w(z) da.

Finally, since k* = K — Sz in D, we obtain that k* is solution to the following weak formulation: for all v,w €
H'(0,L),

- /OL </18 k*(z, y)v(y )dy) Ozw(z)dx 4+ w(L) /L 92k (L, y)v(y) dy

0

+

L
/0 " 0,k% (2, )0, () dyw(z) da

0

—a O (/0 kK (z dy) w(z) de

/( o ) wla)do + Su(L )/OLv<y>dy
a/OL( K (z dy> w(z) de

iy

where the last equality follows from integration by parts in the x variable. We thus obtain the existence of a weak
solution to (4.19)) in the sense of Definition @

M\Q

c\o\

Uniqueness: Let us now prove the uniqueness of the solution for this problem. Assume there exist two solutions kf
and k% and denote by ko= k5 — kS their difference. Then k satisfies the homogeneous equation associated to .
Since k has null trace on the diagonal x = y, it can be extended by 0 to the square (0, L)Q. But then one can check
that it satisfies the assumptions of Lemmawithout source term. Hence k = 0. Uniqueness is proved.

Estimates: Furthermore, Lemma [5| yields the following estimate for almost all = € (0, L)

E e o max ([« 1/2 a
/0 (IR (@, m)” + VK" (@,9)?) dy < (1+ L) ™ CREDE 220 o,
This yields that for almost all = € (0, L),
/0 (1K (@,)* + VK (@,9)[*) dy < (14 L) HTDE) 228, (o 12y,

Since ||fa||%2((o,L)2> < (aL)*, and K*(z,y) = k*(z,y) — S, we obtain that

* [e% e T o o ()é2 Oé2
/ (1K (2, 9)* + |VE* (z,9)[*) dy§2/ (1K (@, y))* + |VE® (z,9)|?) dy + 2 [ﬁm%xzy
0 0
- /
< Co <a2(L3 L)+ o’ L1 + L2)eC max(laly 2,1)L> ,

where Cy > 0 is a constant independent of o and L.

We are now in a position to conclude the proof of Proposition For any \,0 > 0, we define k§ a weak solution
to as follows: for all t > 0, k{|p, is defined as k* with L = &(t) and a« = 2. One can easily check from
the previous results that k§ is thus well-defined and unique and is a weak solution to . $ is defined from kf
according to . To get the desired estimates, it is now sufficient to apply the previously obtained estimates with
L =¢€(t) and a = g > 0 for k5 and o = —% < 0 for I§. To this aim, we consider A > A, := ¢. Taking into account
the fact that €(t) > €o for all ¢ > 0 then yields the existence of constants ¢, C > 0 independent of ¢, A\ and o such that

/ (‘kg(l’, y)|2 + |Vki(w,y)‘2) dy < Cvecé(t)\/m7
0
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and

g

i o o A * cel
[ s@ar+ wEEpR e (2) .
0
Hence, (4.20) and (4.21)) hold.

5.2 Proofs of Lemmas [3] and 4

We begin with the following lemma, from which we will easily deduce Lemmas [3[ and |4l The sets D'**® and D™ are
respectively defined before Definitions [4] and [5

Lemma 7. Let o, A, 71 and some initial conditions ('™, g™ be defined as in Lemmas@ and Assume that some

functions ¢, g € [L2 (0,T;H )], such that 0:C,Org € [L2(0 T, (Hl) )]€ are related to each other by the relation: for
any t > 11, g(t) = T, ((t) (or, equivalently, from Lemma@, ) =Ty, ™ g(t)). Then the following assertions hold:

i) The linear operator G : [L*((0,T), L2)}E [L*((0,T), LQ)}E defined for any f € [L*((0,T), LQ)]E by

2(t)
01(t) = f(t.0)~ [ K(epfta)ds,  for aa te OT), v e 0.0, (5.13)
y
is invertible from D' to D™,
ii) For any test function v € D% it holds
"™ (g,v) = a™(¢,Gv),

where o™ and a'*™¢ are given respectively by [@.14) and (4.9)).

ii) As a consequence of i) and ii), for any test function w € D™ it holds
targ( g 'LU) _ aml(<7 )

Proof. Let \,o > 0. To simplify, we denote in the sequel k := kf.
i) Let v € D' and differentiate (5.13). It holds for almost any ¢t > 0,y € (0,&(T)),

e(t)
8,(Gv)(t,y) = Byo(t, y) + k(y y)u(t, y) — / Byk(z, y)u(t, z)de

The previous equality holds in [L2 0,T; L2)]E since
v e [L*0,T;H?))_ C [L*(0,T;L)]_,
and the function (0,&(t)) > v — k(y,y) belongs to H'(0,e(t)). Besides, the quantity |0yk(z, Mrz0,2) i

bounded uniformly in z for = € (0,€(t )) Differentiate once again:

d
0y, (Gv)(t, y) =0y, v(t,y) + <@k(y,y)> v(t,y) + k(y, y)oyv(t,y) + Oyk(y, y)v(t, y)
— (05, k(-, Y)s V() (11 (y,5())) H (y,2(t)) -

All the terms on the right-hand-side belong to [L*(0,T’; LQ)]? Therefore Gv € [L*(0,T; HQ)]E. It is then clear
that o
gU c Dml7

since in particular

o0y (Gv)(t,e(t)) = 0+ ok(e(t),e(t))v(t,e(t)) — 0 = K;(t)(Gv)(t, e(t)).

Therefore the range of G is a subset of D", Besides, G is invertible in L? from classical results on Volterra
operators (see Lemma [2| ' Finally, just as in Lemma [2| l it can be easily checked following the same lines that
the inverse has a similar form, and that it is defined from D™ with values in D'**'8.
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ii) Let v € D*®. It holds, denoting by ¢(t,z) := [ k(z,y)C(t,y) dy,
targ r 2 e(r)
a (97 U) = / <atv(t) + Uazz’u(t) - )"U(t)v g(t)>H1(O,E(t))’,Hl(O,E(t) dt + / 9(7'1, .13)’!)(7'1, a:)d:c
T1 0
r 2
= [ (00(t) + 000(8) = Xo®): S} 1152 )
T1
/ <at’U + Jamxv( ) - A/U(t)v ¢(t)>H1(O,E(t))’,Hl(O,E(t)) di (514)
71
e(1)
[ i, a)do
0

,/Oz(rl) (/0‘” k(x,y)((n,y)dy) o(m, z)da

Let us now look at the term in (5.14) involving the function ¢ and perform some integration by parts. Begin
with the time derivative: it holds,

T
/ (0w (t), $(1)) 11 0,000y 12 (0,200)) U

T1

e(71)

B 7/ (8t¢(t),v(t)>H1(o,at))',Hl(O,é(t))dtJr/O v(11,2)P(T1, ) d
_5/ o(t, e(t))v(t,e(t))

T ,e(t)
- / / (O (D), k(@) 113 0y 113 (0.0 0(E )l

_/e(”) (/ k(w, y)Cm, )dy) (1, z)de
,U/ o(t, ().

Now the space derivative:
T 2
/ (002s0(), ) 11 0,200y 111 0.2007) O
T1

_ /: /at) (k‘(x,x)C(t,:c) + /Ox &k(m,y)@(t,y)dy} 00zv(t, x)drdt
= "/ /m) [ z)((t, @) + k(z, 2)0:((2, m)} o(t, z)dzdt

—/ v(t, e(t)) [ok(e(t), e(t))C(t,e(t))] di

- g/T /é(t) (/w Ozk(z,y)((t, y)dy) Oz v(t, z)dzdt.
T1 0 0
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Using the weak formulation of k£, we obtain that for all t > 7

Yy /O o ( /O " Ouk(a, y)C(t, y)dy) Dyt z)dudt
otz 0) [ o0k 0,00 dy
o 0 v(t, x) (/Oz Oyk(x,y)0yC(t,y) dy) dz

0
e(t)
3 [ ket dyott. o) do
0 0

A e
2

0

¢(t, z) v(t,x) dx.

Remember that: _
Ho(t)C(t) =/0 [00:k(e(t),y) + vk(e(t), y)] C(t, y)dy,

and now insert the two previous calculations into (5.14]). It holds that:
T T
atarg(g’ v) = / <8tv(t) + U@%I’U(t) = (1), C(t)>H1(0,E(t))’,H1(O,E(t)) + /7—1 Hpi (£)C(8)v(t, e(t))dt
e(t)
/ / 8t4 >(H1(() x))/,H1(0, z)’l)(t ac)dzdt

e(t)
[gk(x, 2)C(t, z) + k(z, x)0((t, CC):| v(t, x)dxdt

o[
+ O'/T /Oé(t) (/092 Oyk(x,y)0y((t,y) dy) v(t, z) dz dt
L

e(t)
¢(t, z)v(t, ) dx

T e(T1)
+/T1 v(t,E(t))K;(t)C(t,E(t))dt+/0 ¢(r1, z)v(r1, x)dx.

Note that we have

A e(t) e(t) d
5/0 C(t,z)v(t,z) de = 70/0 %k(x,x)g(t,x)v(t,x) dzx.

Hence, we obtain that
T
targ(g7 ) / <8tv( )+08§m ( ) C( )>H1(0 e(t)),H (0, e(t)) / H'n,l C( )U(t,é(t))dt

/ / (0eC(t), k() (11 (0,2)) H1 (0,0) ¥ (E, T)ddt

(x,2)0¢(t, x)v(t, x)dxdt

cr//
+U/ /e(t)</8kxy8§“ty)dy> v(t,x) dx dt

e(71)
+ / ot (1) K (£)C(t2(t))dt + / ¢, 2)o(my, z)de.
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Let us now denote by w := Gv and by ¥(t,y) := f;(t) k(z,y)v(t,z) dz. It then holds that

T
a™(C,w / (Orw(t) + 007,w(), C(6)) 11 (0 200y 11 (0,207 ¥+ / Hy (t)C(t)w(t, & (t))dt
e(71)
+/ C(r1, z)w(m, z)dx,
0

T

T
_ / (00(t) + 002,0(8), C(1)) 1 0.2y 101 (00t U+ / Ho(8)C(t)u(t,2(t))dt

e(t1)
+ / C(r1,x)v(m, x)dx
0

T e(r1)
- / (Or0(8) + 0020(8). SO s om0y 111 00y O — /0 C(r, 2)0(m, 2)da

Doing similar computations as above, we obtain that
T T
/ (0s(t), C(1)) 51 (0,21))  HY (0,2()) = —/ (0:C(t), (1)) 1 (0,2(1))  H1 (0,2(1))
T1 T1
e(71)
- [ ety / C(t,2(0)b(t.a(t) dt
e(t)
/ / (0:¢(t) ) (H(0,2)),H (0,2) (L, T)dxdt
’7'1)
- / sty - | c O
e(t)
/ / atC Hl(o x))’,H(0, m)v(t .’E)dl‘dt
e(71)

__'.}42 (:(7-17 Z/)?#)(7‘1, Z/) 611/-

Moreover, since 0y (t, y) = k(y,y)v(t,y) — f;(t) Oyk(x, y)v(t, x) dz, we have

/ (00,20 (1), (1)) 11 (0,2(t))  H (0,2(1))

e(t)
=—a// yctyywydyw/cte ()l (),

€(t) e(t) (1)
=—0/ﬁ /0 5y€(t7y)k(y7y)v(t7y)dy+U/ﬁ /0 9yC(t, y) (/J 5yk(x7y)v(t’w)da?) dy

T
o [ ot ew)k(e) 0ot o).
T o) T et) x
- | [ actwreay+o [ 1 [ et ( | ostenaiian dy) dr
T

+ [ K@coue)
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As a consequence, we obtain that .
a*™"8(g,v) = a™({, w).
Hence the desired result.

iii) The proof of (iii) is a direct consequence of (i) and (ii).

Now we provide the proofs of Lemmas [3] and [4]
Proof of Lemma[3 and[f} Let (5 be a weak-L? solution to (4.1)) in the sense of Definition Define now, for all
t>7, z € (0,e)),
o5 (t2) i= TG (1) = (1) — [ KR (o )6T (1. 0)
0

Continuity and initial data: (5 € [CO([r1,T)); L2)]€ by assumption and the Cauchy-Schwarz inequality provides the
following estimate, for any 7 < s,t < T,

o,T1

which goes to 0 by assumption as t goes to s. Therefore g5 € [CO([7'1,T])7L2)]E as well. The initial data g™ =
T - ¢y follows from continuity and the initial data of (¥.

/0 kX (2,y) (Xt y) — X(s,9)) dy S &SN 2o HISK(8) = X ()l L2((0,20m)))

L2(0,(T))

Time derivative : We want to differentiate this formula with respect to time. It gives formally for almost any
te (T17T)7 T e (07é(t))

0.58(t,) = S (t2) — [ S (@)Dt ).
0
By assumption, 8;¢5 € [L*((m1,T); (H')']_ and from Propositionit holds that for almost all € (0,&(T)), k3 (z;-) €
H'(0,z), uniformly in z. Therefore the integral terms are well-defined as duality products:
0:g3 (t, @) = 0:CX (t, ) — (OeCX (1), kX () (111 0,00y, 1L (0,2)»

where the second term can be estimated as:

(O:CX (1), B (@) (11 (0,0)) 111 (0,0) < N1OCK (D)l (21 0,00y IR () 111 (0,2) < NOeCR ()l (112 (0,207 O<Sl<113(T) 1EX (@)l 1 0,09

where the last term is independent of z and belongs to L*(1,T) by assumption. Hence d:g% € [L*((1,T); (Hl)’)}a.

Therefore, g§ and (¥ satisfy the assumptions of Lemmalﬂ It follows that for any v € D" a**"8(g%, v) = 0, so that
g3 satisfies indeed Definition

The proof of Lemma [4] follows the exact same lines.

5.3 Proof of Theorem [2]
Fix u > 0 and (u,€). We need to check all the conditions of Definitions

Let us first deal with the thickness and remember from ([2.10)-(2.13)) that de’(t) = §0(¢). The exponential stabilization
of de can then be achieved with no effort. It suffices to define O(¢,w) = —pw for all t > 0 and w € R to get (3.4)
Wlth Cé,“ =1.

Let us now focus on the exponential stabilization of du with the control variables 6% in . Remember the
decomposition and choose A > 0 such that A > maxi<;<n As; Where )5, is defined as in Corollary

Then it follows by Proposition that there exists a unique solution k3 (respectively I3%) to the kernel problem
(respectively to the inverse kernel problem ) satisfying estimates and with ¢ = 0;. Then, for all
1<i<n,t>0and z € H(0,2(t)), let us define

HY5\(0)z = ok (e(t), e(t)) 2 ((1)),

2(t)
HIG (1) = / 030k (2(t), y) + TKS (2(2), )] 2()dy, (5.15)
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Defining now
o'i,)\ _ o; o o o
Sy (t) == Hy | (£)¢X ()+HnlA()A(t)7
it follows frorn Corollary Ithat there exists a unique weak-L? solut1on ¢yt to in the sense of Definition [5)) with
71 =0 and (J° . To s1mphfy notations, we will denote by 2 the solution § . Note that 2 is then also solutlon

to problem (3 Wlth 5t given by
i i\ ._ 170 i
5P (t) = o (t):= Hl,)\(t)zi(t) + Hnl,)\(t)zi(t)'
From Corollary [T} there exist constants C,c¢ > 0 independent of A\, 1 <4 < n and ¢ such that for any 1 < i < n, and
t>0,
A 20/ N oi+ce(t)—At) 0
2 ()|l 20,50)) < Ce° foitee =AY 8 l2(0,20)-
It follows that there exists a A, > 0 large enough and a constant C,, > 0 that depends on (maxi<i<n 0i, A, €0) such
that for any ¢t > 0,
A —pty 0
Iz )l 20,20y < Cue 12" [ L2(0,20)7
where 2 = (Z?”)lgign and 20 := (Z?)lgign- It remains to check that the operators (Hi,x, (t))¢>0 and (Hni,x, (t))e>0
defined such that, for any ¢ > 0 and z := (2;)1<i<n € H'(0,2(t))",

Hi, (02 = Q@) ™" (H§, (=)
Hyn, )z = Qu)~ (HZZ A (t)Zi)1<i<n,

satisfy assumptions (P1)-(P2)-(P3). To prove this, it is sufficient to show that for all 1 < ¢ < n, the families of
operators (Hl")\ (t))e>0 and (H, x, (£))e>0 satisfy the scalar assumptions (P1)-(P2")-(P3’).

Let 1 < i < n. It follows from Proposmon I 3| that for all ¢ > 0, the functions (0,€(¢)) > y — szil (t,e(t),y)
and (0,2(t)) > y — k' (t,€(t),y) are well-defined almost everywhere and belong to L*((0,2(t)). As a consequence,
HZZ"M (t) defined by is well-defined and satisfies (P1’). Now in order to check (P2’), for any T > 0, it holds by
the Cauchy-Schwarz inequality that for all z € [L*((0,T), L?]e,

iz, O=an < ([ 0053000+ Vi560.0] ) 10t
But according to the uniform estimate in Proposition |3} it holds that for any 0 <t < T,
/Oaw (o085 (€0), ) + 985, (@(0), )] < Ol e DV,
hence (P2’).
Finally, the family (HU" (t))i>o0 satisfies (P3’), provided that R} 3¢ — k"‘ (t,e(t),e(t)) belongs to Lj,. (R} ;R). It

is in fact again a consequence of Proposition [3] and the one-dimensional Sobolev inequality. Indeed, for ¢ > 0, we
then write for all (y, %) € [0,&(t)]%,

K5,E0,) = [ 9005 (@) ' + 15, (1) )
Integration with respect to § € [0,€(t)] leads to:
o 2(t) b TGO
@) < 5 | / 0,85, (0.’ i+ o [ S et0). )l
0
<c ( 20 + 71 ) ecE(t)‘//\u/O'iy
e(t))

where we have used again estimate (4.20) as well as Cauchy-Schwarz inequality. Hence (P3’) and the proof of
Theorem
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5.4 Proof of Theorem [3l

Let us fix T > 0. Let us first explain how the function © can be chosen to ensure condition b) of Definition 3] The

main idea is to go from the autonomous feedback ©(w) = —pw to piecewise constant in time. Let (,,)men be an

increasing sequence of real numbers such that tj = 0 and ¢, — T . Let (tm)men be a nondecreasing sequence of
m—r o0

positive numbers which will be made precise below and define, for all ¢t > 0 and w € R,
Ot,w) = —pmw i t € [ty tragr)-

Then, it holds that for all m € N and for all ¢ € [t7,,, t,41),
[Be(t)] < e ) |Se(t),)] < e Tk then =) |5e(0))

It is then clear that condition b-i) is always satisfied with this choice. Moreover, if the series Z Lok (tﬁﬁq —t;) diverges,
keN
1

then de(t) —» 0. For instance, this is the case when defining t;, =T — = and i, = m for all m > 1. Hence b-ii).
t—T—

Let us now turn to the proof of condition a) of Definition [3] Let us introduce again an increasing sequence (tm)men
of real numbers such that to = 0 and ¢, — T~ . Let us introduce a sequence of positive numbers (Am)men such

that A, > 11;1%)(" Ao, for all m € N, wherrgj\z is defined in Proposition [3| for ¢ = ;. Then, for all 1 < i < n, we
define the families of operators (H%;()):>0 and (H{(t))¢>o as follows:
w(t)=Hyiy (t)  and Hy(t) = H5 () if t € [ty tmi).
We also define for all t > 0 and z := (2:)1<i<n € H"(0,8())",
Ht)z = Q@) " (Hli(t)zi) : (5.16)
Hu()z = Q@) " (H:;l(t)zi) : (5.17)

We wish to identify some sufficient conditions on the sequence (A )men and (tm)men in order to guarantee condition
a) of Definition

To this aim, we first prove the following lemma.

Lemma 8. Let (Am)men be a nondecreasing sequence of positive coefficients and let (tm)men be an increasing sequence
of times such that to =0 and tm, — T~ . Let us define, for m >0, sm = >} M (tet1 — tx). Then, there exists a

m—r0o0
constant v > 0 such that, if
VmeN, (tmt1 —tm)VAm > 7, (5.18)

then, there exists positive constants C > 0 and o > 0 such that for any m € N and any t € [tm, tm+1),
12Ol 2202ty < Ce™ ™™ ||20]| L2 (0,20)m»

where z := (z;)1<i<n With z; the unique weak solution of and 61/1i defined by:
VE>0, Si(t) = Hi(t)zi(t) + Hpy(t)zi(t).

Besides, if we assume in addition that:

lim 2™ = 400, (5.19)

m——+oco M

then it holds: )
Jm (120202 =0, (5.20)
Proof of Lemma[8 From Proposition [3] it holds that for all 1 <4 < n, for any m € N, for any t € [tm, tm+1),

1K, Oll 2,y < CeTOVIT

A 2
o; m ce(t
||lA,,,L<t>||Lz(Dt)gc(f) e,

g
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Fix m € N and t,, <t < tym41. Denoting by g;(t) := Ty ,2i(t), it holds that

”gi(t)”iz(o,é(t)) < (4[R2 (t)||2LZ(Dt)) sz‘(t)HQL%o,a(t))

< Ce®MVAm/o; [|2:(t)

2
IIZ>-

Moreover, using the fact that z;(t) = T;:”fi 9i(t), we obtain that

2 C 4 ce 2
llz: (N z20020)) < g)\me <t)||gi(t)“L2(0,E(t))'

Besides, from Proposition @ for any tm, <71 < 72 < tim+1, We have

72)\771(7—277—1)”92,(

2 2
lgi (T2)I22(0.2(r0)) < € )22 0,2(m1))-

Since z; and g; are in C([0,77], L?), we can combine these inequalities as 72 — ¢, ,; and 71 — t;},. We thus obtain,
with C' > 0 and ¢ > 0 being arbitrary constants independent of ¢,5 and m which may change along the computations,
and using the fact that In(z) < /z for all > 0,

g

2 C 4 2
|2 (Em+)l1Z2 0,20 11)) < ?Ame tmt+1)1122(02(tm 1))
1

ce(T)+4In(Ap /o4 2
< Gt AmOm/ )Hg’i(tm+1)||L2(O,€(tm+1))

< Cet log(Am /04) =2Am (tm41—tm) ng (tm) H2L?(0,E(tm))

< Ce* log(Am /o) +ce(tm)\/Am /0i—=2 A m (tmy1—tm) ||Zz (tm)

< CetV ATt —tm)| Ly,

2
HLZ(O,E(tm))a

2
22(0,2(tm))-

Denoting by v := maxi<i<n \/%, then, if (5.18]) holds, we obtain that for all m € N,

2 —Am (tm —tm 2 —Sm+tam 2
2(tmt+1) 12202ty ) < Ce (bmopr—t )Hz(tm)”Lz(O,E(tm)) < Ce*mt llz0ll22(0,20)5
with a :=In(C'). This estimate together with (5.19) yields (5.20) and the proof of the desired result. O

We are now in position to terminate the proof of Theorem Indeed, for any v > 0, there always exist sequences
(tm)men and (Am)men that satisfy (5.18) and (5.19). Indeed, let us define, as in [21], t,, = T — # and \,, =
7?(m + 1)%. Then, it holds that for all m > 1

(2m +1)(m +1)? S

(tmt1 = tm)VAm =7 5 > 7.

m

6
Besides, (tm+1 — tm)Am — 72% so that Sm. — +oco.
m m m——+oo

Choosing such sequences, and defining the families of operators (Hn,:(t)):>0 and (H;(t)):>o0 with (5.17) and (5.16)
then yields the desired result.

Conclusion and perspectives

We have shown arbitrary small-time boundary stabilization for a class of cross-diffusion systems in a one-dimensional
domain, at the level of the linearized system around uniform equilibria. The system is assumed to have an entropic
structure and moreover its mobility matrix should be symmetric, so that the linearized system can be uncoupled into
n independent scalar equations. Anticipating on the nonlinear stabilization, we have chosen a weak L? framework
for the stabilization. We have adapted the backstepping technique to derive a feedback control: we have shown that,
although the equation is non autonomous, it suffices to study the usual stationary kernels PDEs in a moving domain,
i.e. the moving-domain structure is somehow transported to the kernel PDE. Besides, we have proven the well-
posedness of the backstepping transformation in the framework of weak L? solutions and have provided quantitative
estimates on the kernels with respect to time.

We intend to continue this work to get the local stabilization of the nonlinear system. We also see several closely
related open problems:
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e The symmetry assumption on the mobility matrix is technical. Without this assumption, one has to use the
backstepping technique to stabilize the coupled linearized system . In consequence, one has to consider
a matrix kernel k with values in R™*™ associated to the backstepping transformation. The derivation of the
(matrix) kernel equations (see the scalar derivation in Appendix [C) is complicated by the fact that A(w) and
k do not commute in general and leads to a “non-commutative version” of the kernel equations. On the other
hand, the boundary conditions are unchanged since one obtains a commutation condition on the diagonal z = y.
After the same separation of variables trick, one obtains the system:

Dzk(z, y)A() — A(@)Dg,k(x,y) = M(z,y) (z,y) € {0 <y <z < 400},
Oyk(z,0) =0 z € (0,4+00),
A
A()k(z,z) = 5 z € (0, +00),
Up to our knowledge, it is an open problem to prove well-posedness and estimates for this system when A(%)
is not diagonalizable.

e The extension of the present work to the related nonlinear system is currently work in progress. We expect
that getting global exponential or finite-time stabilization might be difficult in this situation. However, we
have good hope of proving at least exponentially fast local stabilization. The control and estimates of the
higher-order terms appearing in the equation is the most delicate part of the analysis.

e [t would be interesting, both mathematically and physically, to see whether it is possible to design an observer
to have a control feedback that does not depend on the full state. An interesting additional direction would
be to see whether the resulting observer-based control can be made robust (with respect to the propagation
speeds of the system), which is not always granted (see for instance [2] 4} [§]).

e A last natural extension would be to study the stabilization of a similar system in a multidimensional context:
this however requires as a first step to define a relevant multidimensional moving boundary domain model for
the problem considered here. This is a very interesting problem left for future investigation.
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Appendices

A Weak formulation of the controlled linearized system in L2

We start from the strong formulation (2.11)) with a feedback law of the form (3.1)-(3.2). We test against a regular
test function v that satisfies for all x € (0,7, v(T,x) = 0 and integrate with respect to time and space. Considering
the moving boundary, the integration of the time derivative gives:

/OT /j(t)(atu.u)(t, z)dzdt = f/OT /Oé(t)(atv.u)(t,x)dxdtf /OTE(t)’(u.v)(t,E(t))dtf /jo u’ () - v(0, x)da.

Recall that e(t)’ = v > 0. Now we consider the space derivatives and perform two integration by parts:

/ / N AP vidrdt = /0 C A@Ou(t, 2() - (t, 2(0))dt — / ! / O @) Oyvdudt
:/T A@)du(t,e(t)) - olt, et dt+/ /em @) - 02, vdadt

/ A@)u(t,e(t) - Ozv(t,e(t dtJr/ A(@)u(t,0) - zv(t, 0)dt.
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Now we write the equality of these two quantities with the appropriate factorizations:

0

OZ/OT/OW)U' [atv+A(ﬂ)T8mv} dde/E“ uo(x).v(oyg;)dxf/oT A@)u(t,e(t)) - dxv(t,e(t))dt

+ /0 A@)u(t, 0) - Byu(t, 0)dt + /0 W(t,5(1)) - [A@)Dult, 5(8)) + Dult, 5())] dt.

In the last integral we recognize the boundary condition at x = €(t), that is nothing else than 04 (¢t) = Hpni(t)u(t) +
Ki(t)u(t,(t)). Now all the terms that do not make sense for u € [C°([0, +00), L*(0, 1))”]€ must vanish if this is to
be true against any test function. It entails conditions on the test functions, the so-called dual boundary conditions.
The first condition at x = 0 is:

vt € (0,T), A@@) " 0,v(t,0) = 0.

Now we examine the condition at © = €(t) where the local part of the feedback intervenes:
vt € (0,T), K(t)" v(t,et)) — A(@)" d.v(t,e(t)) = 0.

The remaining terms make sense for u € [C°([0,+00), L*)"]_ provided:

ve [’ ((O,T);HQ)"Lm [€°(10,7), %)), & € [£* ((0,7); L7)"]

Putting together all the conditions, we obtain Definition

B Analysis of the target problem

For the sake of the analysis, we consider the rescaled version of (4.8]) given by the change of variables z — x/é&(t) so
that the space variable is now defined in a fixed domain:

oz v «
Orw — W@ixw — %xazw + dw =0, for (t,xz) € R} x (0,1),
o

——Oyw(t, 1) +vw(t, 1) =0, for t € RY,

SO ) - (B.1)
g *
?t)azw(t,()) =0, for t € RY,
w(0,z) = w’(z) == ¢°(«80), for z € (0,1),

and the associated notion of weak L? solution:

Definition 7. A function w € C°([0,400), L?(0,1)) is said to be a L*-weak solution of (B.1) if for any T > 0, it
satisfies:

T 1 — — 1
~ o 2 - v ~ v\ - -
w(t, x) {&v(t, x) + —505,0(t, x) — ——=x0,0(t,x) — <)\ + 7—) v(t,m)} dzdt —|—/ w(0,2)0(0,x)dx = 0,
/0 /0 e(t)? e(t) e(t) 0

for any test function ¥ that satisfies:

e o€ (L*((0,7); H*(0,1))) nc®([0,T], L*(0,1)),

e 90 € (L*((0,7); L?)),

e 9(T,-) =0,

e 00,0(t,0) =0, Vt € (0,T),

e 00,0(t,e(t)) =0,Vt € (0,T).
Note that the two definitions [f] and [7] are equivalent: from the latter to the former, take a test function of the
form €(t)v(¢,€(t)x) where v satisfies the assumptions in |4} The other way around, take a test function of the form
%f}(t, %) where ¥ satisfies the previous assumptions.
The problem is uniformly parabolic: for any 0 <¢ < T

2

e(t)? — e(T)?

so that we expect the classical parabolic estimates and well-posedness in C°([0,T], H*(0, 1)) for any k € N as soon as
w® e H’“(O, 1). In fact, we have the following a priori estimates
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Lemma 9. Assume w® € L*((0,1)). Any smooth solution w to (B.1) must satisfy the energy estimate:

1 o
§Hw“2L°°(O,T;L2) + W"aﬂvw”iZ(O,T;LZ(O,I))

v r 2 v 2 02 (B-2)
+WT)/0 w(t, 1)” + (WT) + A) lwllz2(0,7:2200,1)) < 1w 1 22(0,1)-
Furthermore, it must satisfy the stability estimate: for any 0 <t <T
Y
lw(®)llz20,1) < € w2001 (B.3)

Proof. Multiply the first equation in (B.1)) by w and integrate by parts in space at time ¢. One first obtains:

1 2 g ! 2 v ! 2 o v 2
idt”w(t)HLz + W/o (Opw)” + (?(t) +)\>/O w” — E(W(%cw(t, Dw(t, 1) — ?(t)w(t,l) =0.

Then using the boundary conditions in (B.1]), one gets:

It comes in particular:

1 d 2 2
ia”w(t)”“w’” < = AMw® 20,1y,

from which we conclude to (B.3)) with the Gronwall lemma. Integrating (B.4]) with respect to time in [0, 7], one finds

B2).
O

From these estimates, we define a notion of energy solution for the problem.

Definition 8. A function w € C°([0,T], L*(0,1)) N L*((0, T); H'(0,1)) such that dyw € L*((0,T); (H*(0,1))’) is an
energy solution to (B.1)) if, for almost any time 0 <t < T and any function © € H*(0,1), it satisfies

<8tw(t)7 ’a(t)>(H1)’,H1 + a(t7 w, ’a) = 07
where the bilinear form a is given by:

1 _
a(t;w,v) = /0 (#&Cwazf} — %w (0 4 20,0) + )\wﬂ) dz.

By construction of the weak formulation, such solutions still satisfy the previous estimates. In particular and by

linearity, such a solution is unique, if it exists. The existence follows from the Galerkin method (see [10][Theorem

10.9, p.341] for a general result). This is summarized in the following proposition

Proposition 4. Let w® € L*(0,1). There exists a unique energy solution to (B.1). This solution satisfies (B.2)) and
(B.3).

Proposition [4] gives existence to a weak L? solution since the energy solution is a particular one, and this solution
satisfies in particular . But one cannot directly conclude that any weak L? satisfies and deduce uniqueness
from the estimate. Indeed, such an estimate cannot be deduced directly from the weak formulation in . Instead,
we will first prove uniqueness from the weak formulation, then deduce that the only weak L? solution satisfies indeed
the estimate.

Lemma 10. There is at most one weak L? solution in the sense of Definition m

Proof. Consider two such solutions w1, ws € C°([0,T]; L?(0,1)). Then the difference satisfies, for any test function @
that satisfies the assumptions of Definition [7}

/OT /(;1("111 ) <M = %xaﬁ) _ (,\ + %) f;) dedt =0
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Now fix S € L*((0,T); L?(0,1)) and consider the inhomogeneous dual problem with source term S:

0+ 2025 — %xaz@ - (A + i) 7=25, for(t,z)€0,T]x (0,1),

e(t)? e(t)
0.0(t,1) =0, for ¢t € [0,T],
0:0(t,0) =0, for t € [0,T1,
o(T,z) =0, for z € (0,1).

Up to time reversal t — T — ¢, this is a classical parabolic problem with smooth coefficients. Therefore, there exists
a (unique) solution & € (L* ((0,T); H*(0,1))) N C°([0,T7],L*(0,1)) and such that 0,5 € (L* ((0,7); L*(0,1))) (the
regularity is limited by S € L?). Consequently, # can be taken as a test function against (w; — we) and it holds:

T 1
/ / (w1 — w2)Sdzdt = 0.
o Jo

Since this is true for any S € L*((0,T); L?(0,1)), w1 = w2 and uniqueness is proved.

Proposition [2] follows from Proposition [4] and [I0]

C Formal derivation of the backstepping kernel problems

As explained in the remarks in Section [£.4] the derivation is done assuming that the kernels explicitly depend on
time ¢, then we show they do not have to depend on ¢. In the spirit of Section [{3] we assume that all the functions
are smooth and we differentiate (4.2) at = 0. It gives:

arg(tv 0) = _k(tv Oa O)C(tv O)a
which suggests, since ((¢,0) is undetermined, that the kernel & should be supplied with the condition
k(t,0,0) =0,

for the boundary condition at x = 0 in to be satisfied.

At this stage, it is unclear how the kernel depends on time. We make it explicit by applying a rescaling in the space
variable into a fixed domain. More precisely, we consider the rescaled versions of problems and . The latter
one was defined in while the former is given by:

1 2 v o *
atZ — Wo'azzz — %xazz = 07 for (t,x) S R+ X (0, ].),
ag
——0,2(t,1) +02(t, 1) = 69(t), for t € RY,
00,2(1,1) + (1) = 84 d o
g *
%azz(t, 0) = O, fOI‘ t (S R+,
2(0,z) = ¢°(ze(t)), for x € (0,1).

We consider the backstepping transformation associated to these rescaled problems: for any ¢ > 0, z € (0,1):

w(t,x) = z(t, x) — /Oz /;:(t,x,y)z(t, y)dy, (C.2)

where z is a solution to (C.1)), w a solution to (B.I)) and k an unknown function defined in D; := {0 < y < 2 < 1}.
Assume everything is smooth and compute derivatives:

Ozw(t, ) = Op2(t,x) — k(t, z,z)z(t,x) — /z 896/;‘(15, z,y)z(t, y)dy, (C.3)

0

O u(t,a) = 0%,(t.2) = 0 (R(t.,2)2(t,2)) — 0t )2(t,3) — [ OLLF(t.,0)2(t, ).
0
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and:

Ow(t,x) = 8,52—/ l;(t,x,y)atz(t,y)dy—/ Ok (t, z, y)z(t, y)dy
0 0

= 6(3)2859524— %xaﬁz — /Oz k(t, z,y) (#ajyz—k =0 yayz) / Ok (t, x, y)z(t, y)dy
Now use integration by parts for the integral terms in the middle. It holds:
/OI k(t, @, y)yda2(t, y)dy = k(t, 7, x)z(t,x) - /OI By (yk(t,z,y))z(t,y)dy,
and, using 9,2(0) = 0:
f/ozk(tmy)c’)yz—fk(t:vxaztm / txyazdy
= —k(t,z,2)0u2(t,x) + ( k(t,z,z)z(t, x) — dyk(t,x,0)z / ~txy(t,y)dy,

so that it holds:

Aw(t,z) =

5(3)2 (Oizz — k(t,z,x)052(t, ) + (Byl;(t,x,x)z(t, x) — Byk(t, x,0)2(t, O))

- /01 Oy k(t,x,y)2(t, y)dy> (C.4)

%(aj@z—k/ayk(tajy))(ty)dy k(t,z, x)zz(x > /at (t, 2, y)z(t, y)dy

Now we insert (C.3)),(C.4) into the equation satisfied by w:

—+

g 2 v o
Orw EOE 05w 50) 20w + Aw = 0.

After cancellations, it remains, for any = € (0,1):

g

d; ]
0= e (2@’6@7 x,x) + A) 2(x) — 8yk(t,z,0)2(0)

—/O . (atk — S Ok = 0, ) = s (w0uk+ 0, (4) + )\k) dy,

which leads to the following problem for ¢t > 0

- o 5 = - T - - -
_ — [ = <
ok = = (33,k(t 2,) = D2kt 2, m) ) = (20:k +yo,k+ k) + 2k =0 (zy)e{o<y<e <1},
t = 1

kit a0 =0 z € (0,1),

2‘; diic(t 2,7) = =\ 2 €(0,1).
(C.5)

Now we look for a solution with separate variables under the form (k does not depend explicitly on time):

k(t, @, y) = e(t)k(ze(t), ye(t)). (C.6)

Inserting (C.6) into (C.5|), the terms in &(¢) cancel each other and coming back to the original domain we obtain

Foh(r,y) — k() = h(ry) (my) € {0<y <o < e},
dyk(z,0) = 0 x € (0,2()), (€.7)

k(z,z) = 558 z € (0,e(1)),

Moreover, inserting (C.6) into (C.2)), it is clear with a change of variables that the k defined from (C.6) enables to
[4.2)- (4.3}

recover the original kernel in (4.2))-(4.3) we were looking for.
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D Failure of the basic quadratic Lyapunov approach

We show why the common approach of directly using a basic quadratic Lyapunov function would fail to provide
exponential stabilization. In order to have a proper basic quadratic Lyapunov function, we work on the rescaled
system . A basic quadratic Lyapunov function for the L? norm has the form, for some positive function
fec?((0,1))nc'([o,1]),

Vi(z(t,-)) = /1 f(2)z(t, z)dx. (D.1)
Let us take V' as a Lyapunov function candidate. By diffoerentiating along C? solutions of , we have
Ve = [ 2w [Tttt e an
Integrating by parts the first term gives
o ! o ! 9 ;
[2fW23zZL - E(W/o [2f(2)(0x2)° + 2f ()20. 2] du,

while the second terms gives

{fxezjt)ZQI - % /01 (22 (f+f') + fr20,2) da.

Note that the last term in the previous equation is the same term we integrated by parts. Therefore putting everything
together we obtain:

o) eB)?Jo

%V(z(tw)) = ([Qfeg)Qzasz + [fxeg’t)z?]l) - %/ [2f(2)(022)® + 2f (x)20:2] dz
—%/0122 (f +af') de,

which gives, using again an integration by parts for the second term in the first integral and the boundary conditions

of (1)

N

sy (o] [y [

_W/o [2f(2)(022)" — [ (2)z ]dm—%A 2 (f+af)dx.
= i z _ iZQ a P 2 p/ — 2 pf
- (é(t)f(l)éw(t) (t,1) =0 (t, 1))+E(t)2 (2(,0)°f'(0) — 2(t, 1) f (1)))

g

- o |, RI@@ — @ e - 2[R (1 v ar) e

To have a Lyapunov function ensuring an exponential stability estimate, there has to exist v > 0 such that the
right-hand side is lower or equal than —yV for any ¢ € [0,7] and any solution of (C.I)). From that point one would
typically require in the Lyapunov approach that for all t € [0, 4+00) and Z € C?([0,1]),

2 U2 g 2 4 2 L
(?t)f(l)&ﬁ(t)Z(l) - %Z 1)+ =08 (Z(0)*£'(0) — Z(1)*f (1)))
—/O {2]”(9:)@@)2@2) + (%(wa )= @5y —’Yf(ﬂf)> z ] dz <0,

In particular this would be true for any Z € C?([0,1]) with compact support which implies that

g

[ [prgm0.27 + (g +ar) - /)0 i@ ) 22| s 20

Since this has to be true for any time and any Z € C2([0,1]), and since &(t) — +o0o when ¢ — +oo0, this implies that
for any = € (0,1),

af'(z) = vf(x) >0,
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but as f € C*(]0,1]; (0, 400)) this is impossible: indeed, denoting M = SUp(o 1] (f) € R and m = inf[g 1;(f) > O this
would imply in particular that

xM >~ym >0, Yz € (0,1),

which would lead to a contradiction. Note that, although Lyapunov functionals of the form (D.1) fail here, some
other Lyapunov functionals ([22] [47] or quadratic functionals with time-dependent weights) may manage to provide
rapid stabilization results for this system.
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