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Diffeomorphic Registration using Sinkhorn Divergences

Lucas De Lara*, Alberto González-Sanz*, and Jean-Michel Loubes*

*Institut de Mathématiques de Toulouse, Université Paul Sabatier

Abstract

The diffeomorphic registration framework enables to define an optimal matching function between two
probability measures with respect to a data-fidelity loss function. The non-convexity of the optimization
problem renders the choice of this loss function crucial to avoid poor local minima. Recent work showed
experimentally the efficiency of entropy-regularized optimal transportation costs, as they are computationally
fast and differentiable while having few minima. Following this approach, we provide in this paper a new
framework based on Sinkhorn divergences, unbiased entropic optimal transportation costs, and prove the
statistical consistency with rate of the empirical optimal deformations.
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1 Introduction

Diffeomorphic deformations describe a large class of computational frameworks whose goal is to find optimal
deformations of the ambient space, defined as a diffeomorphisms generated through flow equations [Joshi and
Miller, 2000, Beg et al., 2005, Younes, 2010]. They amount to solving an optimization problem involving two
terms: an objective loss function characterizing in which sense the deformation should be optimal; a penalization
over the kinetic energy spent by the transformation. The versatility of the problem formulation along with
the appealing mathematical properties of diffeomorphisms made diffeomorphic deformations widely used in
various application fields. In particular, they have been popularized for diffeomorphic registration in medical
image analysis. This task consists of constructing diffeomorphic matching functions between shapes in order to
establish spatial correspondences [Sotiras et al., 2013]. More recently, Younes [2020] proposed to apply flows of
diffeomorphisms in a machine-learning context, where the optimal deformation is designed to render the data
classes linearly separable.

This paper focuses on the diffeomorphic registration problem between two shapes. More specifically, we
address the setting where the shapes are represented by probability measures: a formulation that has received a
growing interest over the past few years to address unlabeled landmarks [Glaunes, 2005, Bauer et al., 2015,
Feydy et al., 2017, Feydy and Trouvé, 2018]. In this case, the objective loss function, referred as the data-fidelity
loss, is defined as a metric between probability measures. Squares of maximum mean discrepancies (MMD),
which are well-known kernel-based distances, became the canonical choice for such settings. In particular, their
use for diffeomorphic registration enjoys a well-established theory [Glaunes et al., 2004, Glaunes, 2005, Younes,
2010]. However, they also suffer from important practical drawbacks.

As pointed out by Feydy et al. [2017], the non-convexity of the optimization problem on the diffeomorphic
deformation renders the choice of the loss function crucial to avoid poor local minima, whereas an MMD possesses
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many. This is why they proposed to use optimal transport metrics as an alternative. More precisely, they define
the data-fidelity loss as the entropy-regularized optimal transportation cost between unbalanced measures,
which has two critical advantages. Firstly, it benefits from the non-locality of optimal transport metrics, leading
to few local minima. Secondly, entropic regularization alleviates the computational burden of standard optimal
transport: it allows for fast computation and and differentiation of the cost through the celebrated Sinkhorn’s
algorithm [Cuturi, 2013]. Nevertheless, while this alternative loss for diffeomorphic registration performs better
experimentally, it lacks the statistical theory that was proven for squares of MMDs. Moreover, the entropic
regularization induces a well-known bias making the loss not minimal between two identical measures. The
latter issue motivates the employment of a Sinkhorn divergence: a symmetric unbiased version of the standard
entropy-regularized optimal transportation cost. In [Feydy et al., 2019], the authors showed that Sinkhorn
divergences performed significantly better than their biased counterparts for registration purpose. However,
their carried out their analysis using flows of gradients (an approach reviewed in [Santambrogio, 2017]) instead
of flows of diffeomorphisms. To the best of our knowledge, Sinkhorn divergences have never been studied and
implemented for diffeomorphic registration.

This paper addresses diffeomorphic registration for Sinkhorn-divergence-based fidelity losses from both a
theoretical and practical viewpoint. By leveraging some recent advances on these divergences [Feydy et al., 2019,
Genevay et al., 2019, del Barrio et al., 2022], we show in a statistically-driven approach that the deformation
obtained by solving the optimization problem between empirical measures converges with the parametric rate
√
n to its population counterpart, where n is the sample size. Additionally, we illustrate the practicality of our

method through numerical experiments. This furnishes a new theoretically and practically grounded framework
for diffeomorphic matching of probability measures.

Outline The rest of the paper is organized as follows. In Section 2, we specify the basic mathematical
notations that will be used throughout the paper. In Section 3, we set up the general problem we address by
introducing the diffeomorphic registration framework for arbitrary data-fidelity losses. In Section 4, we present
the necessary background on optimal transport and entropic regularization, in order to properly define Sinkhorn
divergences. Additionally, we study some indispensable regularity properties of entropic optimal transport. In
Section 5, we state our main results, that is the existence and statistical consistency of the optimal deformations.
In Section 6, we recall the implementation of diffeomorphic registration, and present the numerical experiments
where we benchmark Sinkhorn divergences with other losses. All the proofs are deferred to Section B, while
Section A recalls key mathematical tools from empirical process theory and Frechet differentiability.

2 Preliminaries and notations

In this section, we introduce the definitions and notations that will be used throughout the paper. The first
part is dedicated to classes of smooth functions; the second one addresses probability measures.

2.1 Smooth functions

Let d1 ≥ 1 and X be an arbitrary subset of Rd1 with non-empty interior denoted by X̊ . For p ≥ 1 and d2 ≥ 1,
we define Cp(X ,Rd2) as the set of p-continuously Frechet differentiable functions from X to Rd2 . We also
define Lp(Rd1 ,Rd2) the set of symmetric p-multilinear operators from Rd1 to Rd2 . The p-th derivative of some
F ∈ Cp(X ,Rd2) is denoted by F (p). It maps any point x ∈ X̊ to F (p)(x)[·] ∈ Lp(Rd1 ,Rd2). By convention we
set F (0) = F . For any L ∈ Lp(Rd1 ,Rd2), we define the operator norm as
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‖L‖op := sup{‖L[δ1, . . . , δk]‖ | δi ∈ Rd1 , ‖δi‖ ≤ 1}

where ‖·‖ is the Euclidean norm. For example, if F ∈ C1(X ,R), then ‖F ′(x)‖op = ‖∇F (x)‖ where ∇F is the
gradient of F . This enables to define, for any F ∈ Cp(X ,Rd2), the functional norm,

‖F‖p,∞ := max
0≤k≤p

∥∥∥F (k)
∥∥∥
∞
,

where ‖F‖∞ := supx∈X ‖F (x)‖, and
∥∥F (k)

∥∥
∞ := supx∈X̊

∥∥F (k)(x)
∥∥
op

for k ≥ 1. In addition, for any R > 0

we denote by CpR(X ,Rd2) the class of functions F ∈ Cp(X ,Rd2) such that ‖F‖p,∞ ≤ R, and write BR for the
centered Euclidean ball of radius R.

2.2 Actions on probability measures

We write E[X] for the expectation of any random variable X. The symbol ⊗ denotes the product of measures.
For two measures µ and ν on Rd, the relation µ� ν means that µ is absolutely continuous with respect to ν,
that is (ν(E) = 0 =⇒ µ(E) = 0) for every measurable set E ⊆ Rd.

We define two kinds of actions involving probability measures. Let µ be a probability measure on Rd and
f : Rd → R be a measurable function. The action of µ on f defines the real number:

µ(f) :=

∫
fdµ = EX∼µ[f(X)].

Now, consider a measurable function F : Rd → Rd. The action of F on µ defines a probability measure called
the push-forward measure, defined as:

F]µ := µ ◦ F−1(·).

If a random variable X follows the law µ, then the image variable F (X) follows the law F]µ. The push-forward
operation enables to write changes of variables. Formally,∫

fd(F]µ) =

∫
(f ◦ F )dµ.

3 Diffeomorphic measure transportation

In this section we present the necessary background on diffeomorphic registration of probability measures. We
refer to [Younes, 2010] for a complete and precise treatment of this topic. Firstly, we recall how to define
diffeomorphisms through flow equations. Secondly, we introduce the diffeomorphic measure transportation
problem for arbitrary data-fidelity losses.

3.1 Generating diffeomorphic deformations

The diffeomorphic deformation framework can be framed as a fluid mechanics problem, where points in Rd

are transported by a vector field representing a stream varying across time in the ambient space. We begin by
reviewing the corresponding formalism and theory.

For an integer p ≥ 1 let Bp be the space of functions in Cp(Rd,Rd) whose derivatives up to order p vanish to
zero at infinity. This together with the norm ‖·‖p,∞ is a Banach space. Next, denote by V a Hilbert space with
inner product 〈·, ·〉V and norm ‖·‖V , and assume that V is continuously embedded in Bp. This corresponds to
the hypothesis below.
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Assumption 3.1. The space V is included in Bp, and there exists a constant cV > 0 such that for any v ∈ V ,

‖v‖p,∞ ≤ cV ‖v‖V .

Physically, a function v ∈ V represents a stationary vector field in the ambient space, specifying the speed
vector v(x) ∈ Rd of the stream running at every position x ∈ Rd. Then, define the class L2

V of vector fields
t ∈ [0, 1] 7→ vt ∈ V indexed by time and space satisfying

∫ 1

0
‖vt‖2V dt ≤ ∞, which is a Hilbert space endowed

with the inner product,

〈v, u〉L2
V

:=

∫ 1

0

〈vt, ut〉V dt.

We recall that a sequence {vn}n∈N in L2
V converges weakly to v if for any u ∈ L2

V ,

〈vn, u〉L2
V
−−−−−→
n→+∞

〈vn, u〉L2
V
. (1)

The associated norm in L2
V is given by

‖v‖L2
V

:=

√∫ 1

0

‖vt‖2V dt,

and we use the notation
L2
V,M := {v ∈ L2

V | ‖v‖L2
V
≤M}

for the centered ball of radius M > 0 in L2
V .

We can now turn to the definition of diffeomorphic deformations. Any vector field v ∈ L2
V generates a

deformation φv := (φvt )t∈[0,1], function of both time and space variables, defined as the unique solution to the
following flow equation,

∀x ∈ Rd, ∀t ∈ [0, 1], φt(x) = x+

∫ t

0

vs
(
φs(x)

)
ds. (2)

The parametric curve (φvt (x))t∈[0,1] represents the trajectory across time of a point initially located at φ0(x) =

x ∈ Rd. Remarkably, for every t ∈ [0, 1] the transformation φvt is a p-continuously differentiable diffeomorphism.
Moreover, as a direct consequence of Theorem 5 in [Glaunes, 2005], these diffeomorphic transformations are
smooth over compact sets.

Lemma 3.1 (Smoothness of diffeomorphic deformations). Assume that Assumption 3.1 holds. Then for any
radius M > 0 and any compact set K ⊂ Rd, there exists a constant R = R((K, d); (V, p);M) > 0 such that for
any v ∈ L2

V,M ,

max
0≤k≤p

{
sup

t∈[0,1],x∈BR

∥∥∥(φvt )
(k)

(x)
∥∥∥
op

}
≤ R.

In particular, supx∈K ‖x‖ ≤ R.

In practice, the space of vector fields V is constructed through the choice of a kernel function. This is
enabled by Assumption 3.1 which entails that V is a reproducing kernel Hilbert space (RKHS), characterized
by a unique non-negative symmetric matrix-valued kernel function Ker : Rd × Rd → Rd×d. In particular, the
choice of the kernel function sets the order of regularity p of the vector fields. For instance, the typical choice of
a Gaussian kernel, that is

Ker(x, y) :=
1√

2πσ2
exp

(
−‖x− y‖

2

2σ2

)
Id (3)

where σ > 0 is the bandwidth parameter and Id the identity matrix, leads to p = +∞.
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3.2 Diffeomorphic matching of distributions

In general, diffeomorphic deformation frameworks amount to finding solutions to Equation 2 that are optimal
in some sense. In this work, we focus on the diffeomorphic measure transportation framework, which aims at
matching two probability measures.

Formally, let Λ be a positive loss function between probability measures, and set α and β two probabilities
on the ambient space Rd. For a given regularization weight λ > 0, an optimal matching function between α and
β is a diffeomorphism φv solution to (2) where v minimizes

Jλ(v) := Λ(φv1]α, β) + λ‖v‖2L2
V
. (4)

The first term of the objective function (4) is the data-fidelity loss, which tends to match φv1]α with β, while the
second term is the regularizer, which penalizes the kinetic energy spent by the trajectories (φvt )t∈[0,1], keeping
them as close as possible to the identity function. The parameter λ governs the trade-off between the two
contributions. The objective Jλ always admits minimizers, provided that the term v ∈ L2

V 7→ Λ(φv1]α, β) ∈ R+

is weakly continuous. For a minimizer v∗, the function φv
∗

1 is an optimal matching between α and β, and the
family (φv

∗

t )t∈[0,1] provides an interpolation between the two measures.
In practical settings, one typically does not have access to the full probability measures α and β but to

empirical observations. This naturally raises the question of estimating an optimal matching function between
α and β on the basis of independent samples. Concretely, let x1, . . . , xn ∼ α and y1, . . . , yn ∼ β be independent
samples, and define the empirical probability measures αn := n−1

∑n
i=1 δxi and βn := n−1

∑n
j=1 δyj . Plugging

these discrete measures in the original objective function (4) leads to the following empirical objective function:

Jλ,n(v) := Λ(φv1]αn, βn) + λ‖v‖2L2
V
. (5)

In Theorem 5.1 we prove under some assumptions that if the data-fidelity loss Λ is a Sinkhorn divergence, a
divergence derived from entropic optimal transport, then any sequence of minimizers {vn}n∈N of the empirical
problem (5) converges up to the extraction of a subsequence to a minimizer of the population problem (4) as
the sample size n increases to infinity.

4 Entropic optimal transport

In this section, we first briefly present the necessary background on optimal transport and entropic regularization,
in order to properly define Sinkhorn divergences. We refer to [Villani, 2003, 2008, Peyré et al., 2019] for further
insight on these topics. Then, we introduce some properties of these divergences, which will be useful to later
demonstrate the main results of this paper.

4.1 Transportation costs and Sinkhorn divergences

Let α and β be two probability measures on X a subset of Rd, and C : Rd × Rd → R+ a positive ground cost
function. Typically, C(x, y) := ‖x− y‖2. The optimal transportation cost with respect to C between α and β is
defined as,

TC(α, β) := min
π∈Π(α,β)

∫
X×X

C(x, y)dπ(x, y), (6)

where Π(α, β) is the set of couplings admitting α as first marginal and β as second marginal. In particular, for
an integer k ≥ 1 and D a distance on X , the quantity (TDk)

1
k yields a distance between measures referred as
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the Wasserstein distance of order k. Transportation costs and optimal transport distances became popular
in many machine-learning-related problems for their appealing geometric properties, but suffer from being
computationally challenging in practice. This triggered a growing literature on fast approximations of (6),
the most popular being entropy-regularized versions, which can be computed through the Sinkhorn algorithm
[Cuturi, 2013]. For ε > 0, the entropy-regularized transportation cost w.r.t. C is defined as

TC,ε(α, β) := min
π∈Π(α,β)

∫
X×X

C(x, y)dπ(x, y) + εKL(π|α⊗ β), (7)

where KL(µ|ν) denotes the Kullback-Leibler divergence between probability measures µ and ν given by∫
log
(

dµ
dν (z)

)
dµ(z) if µ� ν, and +∞ otherwise.

Critically, the entropic transportation cost TC,ε suffers from the so-called entropic bias, that is TC,ε(α, α) 6= 0

in general. As illustrated in [Feydy et al., 2019], this entails that the minimum of TC,ε(α, ·) is not reached at α
but at a shrunken version of α with smaller support, making the entropic cost an unreliable loss function. The
Sinkhorn divergence was originally introduced to fix this undesirable effect. It is formally defined as

SC,ε(α, β) := TC,ε(α, β)− 1

2
TC,ε(α, α)− 1

2
TC,ε(β, β).

As aforementioned, using a non-local similarity measure such as an entropic-optimal-transport cost instead of a
local similarity measure such as a squared MMD leads to fewer local solutions when minimizing (5). Moreover,
it does not suffer from the computational burden of standard optimal transport. This is why Feydy et al. [2017]
advocated the use of the entropy-regularized transportation cost (7) for diffeomorphic registration, providing
empirical evidences of the benefits of this approach. However, they did not rely on the unbiased Sinkhorn
divergences, for which little was known until [Feydy et al., 2019] that demonstrated several key properties. In
particular, if C is continuous and X is compact, then SC,ε is symmetric positive definite, smooth and convex
in each of its input distributions. Additionally, in contrast to the standard regularized transportation cost,
it metrizes the convergence in law. The goal of this paper is precisely to use a Sinkhorn divergence for the
data-fidelity loss, while providing statistical guarantees. The demonstrations are based on the dual formulation
of entropic optimal transport for which we derive some important results next.

4.2 Regularity of the dual formulation

The minimization problem (7) has the following dual formulation,

TC,ε(α, β) = sup
f,g∈C(X ,R)

∫
X
f(x)dα(x) +

∫
X
g(y)dβ(y)− ε

∫
X×X

e
f(x)+g(y)−C(x,y)

ε dα(x)dβ(y) + ε. (8)

The functions f and g are referred as potentials. Note that Equation 8 can also be compactly written as,

TC,ε(α, β) = sup
f,g∈C(X ,R)

(α⊗ β)
(
hf,gC,ε

)
,

where
hf,gC,ε(x, y) := f(x) + g(y)− εe

f(x)+g(y)−C(x,y)
ε + ε. (9)

We call the function hf,gC,ε the global potential. It will play a key role in the proofs.
A remarkable property of entropic optimal transport, investigated in [Genevay et al., 2019, Feydy et al.,

2019], is that the potentials of the dual formulation inherit the regularity of the ground cost function C if the
measures α and β are compactly supported. This setting will be useful to derive statistical guarantees. More
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specifically, it allows to restrict the set of feasible potentials to smooth functions regardless of the involved
probability measures, as stated in the next lemma which readily follows from Proposition 1 in [Genevay et al.,
2019] (see also Lemma 4.1. in [del Barrio et al., 2022] for the particular case of the quadratic ground cost).

Lemma 4.1 (Smoothness of the optimal potentials). Let µ and ν be two measures on a compact set K ⊂ Rd,
and suppose that the ground cost function C belongs to Cq(Rd×Rd,R+) with q ≥ 1. Then, there exists a constant
m = m((K, d); (C, q); ε) > 0 such that

TC,ε(µ, ν) = sup
f,g∈C(K,R)

(µ⊗ ν)
(
hf,gC,ε

)
= sup
f,g∈Cqm(K,R)

(µ⊗ ν)
(
hf,gC,ε

)
.

Naturally, the smoothness of f , g and C renders the global potential hf,gC,ε smooth as well. Combining
Lemma 4.1 with the following result ensures the smoothness of the optimal global potential under smooth
data-processing transformations, such a for instance diffeomorphic transformations.

Proposition 4.1 (Smoothness of the optimal global potential). Let X be a compact subset of Rd, suppose
that the ground cost function C belongs to Cq(Rd × Rd,R+) with q ≥ 1, and set p ≥ 1. Then for any m > 0

and R > 0, there exists a constant H = H(m;R; (C, q); ε; p) > 0 such that for any f, g ∈ Cqm(BR,R) and
T1, T2 ∈ CpR(X ,Rd),

hf,gC,ε ◦ (T1, T2) ∈ CκH(X × X ,R),

where κ := min{p, q}.

We are now ready to state and prove our main results.

5 Main results

This section focuses on the main theoretical contributions of the paper, namely the existence and statistical
consistency of the empirical optimal matching function between α and β when using a Sinkhorn divergence.

Firstly, we show that the objective functions Jλ and Jλ,n with Λ = SC,ε admit minimizers. We recall that a
function Ψ : L2

V → R is weakly continuous if for any sequence {vn}n∈N weakly converging to some v ∈ L2
V (see

Equation 1), we have Ψ(vn) −−−−−→
n→+∞

Ψ(v). Theorem 7 in [Glaunes, 2005] states that Jλ admits a minimum if

v ∈ L2
V 7→ Λ(φv1]α, β) is weakly continuous. Therefore, existence directly follows from the proposition below.

Proposition 5.1 (Existence of the optimal vector fields). Let α and β be two probability measures on X a
compact subset of Rd, suppose that the ground cost function C belongs to C1(Rd × Rd,R+), and assume that
Assumption 3.1 holds. Then the function v ∈ L2

V 7→ SC,ε(φ
v
1]α, β) is weakly continuous.

The minimizer is not unique in general, due to the non-convexity of the data-fidelity loss with respect to v.
Uniqueness could be artificially achieved by choosing λ very large, thereby rendering the objective function
strictly convex, but this would make the purpose of the regularization meaningless.

We now turn to our main theorem, which is divided in two items. The first one ensures the convergences of
the empirical solutions to their population counterparts; the second one specifies the speed of this convergence.

Theorem 5.1 (Consistency of the optimal vector fields). Let αn and βn be empirical measures corresponding
respectively to α and β, two probability measures on X a compact subset of Rd, suppose that the ground cost
function C belongs to Cq(Rd × Rd,R+) with q ≥ 1, and assume that Assumption 3.1 holds. If, for any n ∈ N∗,
vn denotes a minimizer of Jλ,n for Λ = SC,ε, the following results hold.
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(i) There exists a minimizer of Jλ denoted by v∗ such that up to the extraction of a subsequence

‖vn − v∗‖L2
V

a.s.−−−−→
n→∞

0,

and
sup
t∈[0,1]

{∥∥∥φvnt − φv∗t ∥∥∥∞ +
∥∥∥(φv

n

t )−1 − (φv
∗

t )−1
∥∥∥
∞

}
a.s.−−−−→
n→∞

0.

(ii) If κ := min{p, q} > d, then for any radius M > 0 there exists a constant A = A(λ; (X , d); (C, q); ε; (V, p))

such that
E [|Jλ(vn)− Jλ(v∗)|] ≤ A√

n
.

Note that Glaunes et al. [2004] proved a similar consistency result when the data-fidelity loss is the
square of an MMD, but did not determine the speed of convergence as in (ii). The demonstration of (i)

follows the steps of their proof (see Theorem 16 in [Glaunes, 2005]). The idea is to show the convergence of
supv∈L2

V,M
|Jλ,n(v)− Jλ(v)| as n increases to infinity, where L2

V,M contains all the minimizers independently of
n. The main challenge when addressing an entropic optimal transport cost comes from the fact that it does not
satisfy a triangle inequality, nor a data-processing inequality, and is hence harder to control. We remedy to this
issue by proving and applying the following intermediary result:

Proposition 5.2 (Uniform consistency of entropic optimal transport up to smooth data-processing transforma-
tions). Let αn and βn be empirical measures corresponding respectively to α and β, two probability measures on
X a compact subset of Rd, and suppose that the ground cost function C belongs to Cq(Rd × Rd,R+) with q ≥ 1.
Set p ≥ 1 and write κ := min{p, q}. Then, the following results hold:

(i) For any R > 0

sup
T1,T2∈CpR(X ,Rd)

|TC,ε(T1]αn, T2]βn)− TC,ε(T1]α, T2]β)| a.s.−−−−−→
n→+∞

0.

(ii) If κ > d, then for any R > 0 there exists a constant A = A(R; (C, q); ε; (X , d); p) > 0 such that

E

[
sup

T1,T2∈CpR(X ,Rd)

|TC,ε(T1]αn, T2]βn)− TC,ε(T1]α, T2]β)|

]
≤ A√

n
.

Notice that as a direct consequence of the triangle inequality, a similar result holds for SC,ε. Hence, as
diffeomorphisms are smooth on compact sets according to Lemma 3.1, we can apply Proposition 5.2 to control
supv∈L2

V,M
|Jλ,n(v)− Jλ(v)|.

Although Proposition 5.2 is motivated by diffeomorphic registration, we believe it has further interest.
Remark in particular that the objective (4) shares similarities with generative modelling [Goodfellow et al.,
2014]; an input distribution α is passed through a parametric function φv1 meant to generate a target distribution
β by minimizing a certain loss Λ. In particular, generative modelling using the Wasserstein-1 distance or a
Sinkhorn divergence has proved to be efficient for diverse applications [Arjovsky et al., 2017, Genevay et al.,
2018]. The main difference in (4) comes from the parameter v being infinitely dimensional, and characterizing a
diffeomorphism instead of a neural network. However, Proposition 5.2 is general enough to be applied in the
context of generative modelling with Sinkhorn divergences, in order to derive statistical guarantees for smooth
generators.

Remark 5.1. Proposition 5.1 and Proposition 5.1 still hold for TC,ε instead of SC,ε. However, we emphasize
that it is preferable to use a Sinkhorn divergence in practice, since it does not suffer from the aforementioned
entropic bias. In particular, the experiments from the next section illustrate that debiasing leads to more accurate
registrations.
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6 Implementation

This section addresses the practical aspects of diffeomorphic registration through Sinkhorn divergence. Firstly,
we briefly recall how to compute a minimizer of Jλ,n for an arbitrary loss Λ. Then, we illustrate the procedure
for Sinkhorn divergences on numerical experiments.

6.1 Resolution procedure

This subsection introduces the basic knowledge for solving a diffeomorphic registration problem. It is meant to
keep the paper as self-contained as possible. See [Younes, 2010] for a complete overview of the procedure.

To practically minimize Jλ,n, one must first write the optimal vector fields v in a finite parametric form,
and then perform a gradient descent on the coefficients of this decomposition. Recall that Assumption 3.1
implies that V is a RKHS, thereby characterized by a unique matrix-valued symmetric positive kernel function
Ker : Rd × Rd → Rd×d. For simplicity, we address the case of the Gaussian kernel defined in (3). Statistically,
the bandwidth parameter σ represents the correlation between the morphed points; physically, it quantifies the
fluid viscosity. When σ is small, the points have independent trajectories; when it is large, the points move as a
whole.

The RKHS viewpoint enables to parametrize the optimal vector fields through a kernel trick. Firstly, note
that the minimization of Jλ,n can be formulated as an optimal control problem. It amounts to solving

min
v∈L2

V

Λ(αn(1), βn) + λ‖v‖2L2
V

; subject to αn(t) = φvt ]αn for any t ∈ [0, 1]. (10)

Then, since the constraint involves a finite number n of trajectories, the so-called reduction principle (see
Theorem 14 in [Glaunes, 2005]) entails that any solution to problem (10), that is any minimizer of Jλ,n, can be
written as,

vnt (x) =

n∑
i=1

Ker (x, zai (t)) ai(t),

where a := (a1, . . . , an) denotes n unspecified time functions of L2([0, 1],Rd), and the control trajectories
za := (za1 , . . . , z

a
n) are defined by

zai (t) = xi +

∫ t

0

n∑
j=1

Ker(zai (s), zaj (s))aj(s)ds. (11)

This enables to recast Problem (10) as minimizing,

Eλ,n(a) := Λ

(
1

n

n∑
k=1

δzak(1), β

)
+ λ

∫ 1

0

n∑
i,j=1

ai(t) ·Ker
(
zai (t), zaj (t)

)
aj(t)dt, (12)

where · denotes the Euclidean inner product. The gradient of Eλ,n was originally derived in [Glaunes et al.,
2004] for the MMD case, and re-expressed in [Glaunes, 2005, Younes, 2020] for more general settings. It can be
written as ∇Eλ,n(a) = 2γa− pa where pa := (pa1 , . . . , p

a
n) denotes n functions of L2([0, 1],Rd) satisfying for any

i ∈ {1, . . . , n} and t ∈ [0, 1],

pai (t) := ∇zai (1)Λ

(
1

n

n∑
k=1

δzak(1), β

)

− 1

σ2

∫ 1

t

n∑
j=1

Ker
(
zai (t), zaj (t)

) [
ai(t) · paj (t) + aj(t) · pai (t)− 2λai(t) · aj(t)

] (
zai (t)− zaj (t)

)
. (13)
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In order to practically track all the functions of the continuous time variable, one must discretize the time scale
[0, 1] into τ sub-intervals of equal sizes, which recasts a, za and pa as (τ + 1)× n× d tensors. Then, equations
(11) and (13) are successively solved at each iteration of the gradient descent by solving the associated discrete
dynamical systems. By plugging the solutions za and pa into the formula of ∇Eλ,n(a) one can update the
variable a with a ←− a − ξ × (2λa − pa) where ξ denotes the step size. The computational complexity of an
iteration is in O(n2dτ). However, the dynamical systems can be parallelized in the number of points and the
dimension. In practice, we employed recent work on the automatic differentiation of geometrical losses [Feydy
et al., 2017] to implement our algorithm computing the optimal deformation. We refer to the code1 for more
details. At the end of the process, we obtain the following deformation,

φa,τt (x) := x+
1

τ

t−1∑
s=0

n∑
j=1

Ker(x, zaj (s))aj(s).

Note that this approach handles any data-fidelity loss Λ as long as it is differentiable with respect to the data
points of the discrete distributions. Both Sinkhorn divergences and squares of MMDs satisfy this property. In
the numerical experiments, we use the GeomLoss package [Feydy et al., 2019] to compute the gradient of the
losses by automatic differentiation.

6.2 Numerical experiments

In [Feydy et al., 2019], the authors proposed an alternative measure registration framework based on the gradient
flow of the data-fidelity loss. It amounts to updating the source distribution αn := n−1

∑n
i=1 δxi by carrying

out a gradient descent on Λ(αn, βn) with respect to the positions x1, . . . , xn. This model-free method enables
to faithfully match one distribution to another, even when the supports have irregularities such as holes. In this
section, we firstly adapt their experiments, more precisely the ones from the example section of the GeomLoss
package website,2 by using diffeomorphic deformations instead of gradient flows.

1https://github.com/lucasdelara/lddmm-sinkhorn/
2https://www.kernel-operations.io/geomloss/
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t = 0 t = 4 t = 8 t = 12 t = 16/16

ε = 0.1

ε = 0.01

ε = 0.1

ε = 0.01

θ = 0.5

θ = 0.1

Table 1: 2-D diffeomorphic registration. The colored distribution is αm(t), while the blue distribution is βm.
The first row is for the Sinkhorn divergence SC,ε, the second row for the biased entropic transportation cost
TC,ε, the third row for the squared Gaussian maximum mean discrepancy MMD2

θ.

The objective is matching two blob-like point clouds in dimension 2. We proceed as follows. Firstly, we
learn the optimal matching between two samples of size n = 1, 000 using the previously described procedure.
Secondly, we display the obtained time interpolation between two new independent samples of size m = 2, 000.
In order to benchmark the influence of the data-fidelity loss, we consider a fixed setting where V is defined
through a Gaussian kernel with bandwidth σ = 0.175, the regularization has weight λ = 10−8, and the time
scale is uniformly divided into τ = 16 intervals. Then, we compare the results obtained with different losses:
(unbiased) Sinkhorn divergences, biased entropic transportation costs, and squared Gaussian maximum mean
discrepancies. Recall that the squared Gaussian MMD with bandwidth parameter θ > 0 is defined as,

MMD2
θ(µ, ν) :=

∫
Rd×Rd

exp

(
−‖x− y‖

2

2θ2

)
d(µ− ν)(x)d(µ− ν)(y).
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The ground cost function for the Sinkhorn divergences is always C(x, y) := ‖x− y‖2. Figure 1 shows the
results for different values of the parameters ε and θ. Overall, the Sinkhorn divergence (first row) provides a
sharper matching than the Gaussian MMD (third row), and the accuracy increases as the entropic parameter
ε decreases. Moreover, the figures emphasize the importance of debiasing when ε is big: in contrast to the
Sinkhorn divergence, the standard entropic transportation cost (second row) shrinks the morphed distribution.

All in all, our experimental observations about the role of the losses are similar to the ones made by
Feydy et al. [2019] in the context of gradient flows. Critically, compared to their approach, we work with a
transformation that is smooth at any time. This regularity constraint reduces the flexibility of the matching,
which leads to a less accurate fitting than gradient flows. This affects particularly the anomalous parts of the
targeted support, namely the holes and the tail. In contrast, regularity enables the deformation to generalize to
any new out-of-sample observations. Additionally, it prevents from tearing the mass apart. The color map on
the distribution αm(t) enables to track the location of the moved points through time. Notice that, as a direct
consequence of the smoothness, the chromatic continuity between morphed points is preserved throughout the
process.

In a second time, we implement the diffeomorphic matching of two curves in R3. We define the distributions
α and β as the uniform distributions over respectively {(x, sin(x), x2) | x ∈ [−1, 1]} and {(x3, sin(x), x) | x ∈
[−0.95, 1.05]}. As before, the optimal matching functions are firstly trained for various losses on a testing set of
size n = 1, 000, and then applied on an independent testing dataset of size m = 2, 000. We set σ = 0.2, λ = 10−5,
and τ = 16. The results are reported in Figure 1. As anticipated, we observe that the Sinkhorn divergence and
the entropic transportation cost for a small ε provide a very similar, faithful registration. When ε increases, the
quality of the matching decreases for both losses. As for the 2-D experiments, the contrast between SC,ε and
TC,ε sharpens for larger values of ε, since the entropic bias intensifies. Moreover, these simulations also illustrate
the shrinkage effect of this bias: the length of the red curve in Figure 1e is smaller than the others. Finally, we
note that both optimal-transport fidelity losses outperform the Gaussian maximum mean discrepancy, siding
with Feydy et al. [2017].

7 Conclusion

We proposed to use Sinkhorn divergences as the fidelity loss in diffeomorphic registration problems. We derived
the statistical theory, and illustrated the efficiency of this method compared to past approaches based on
MMDs or biased entropic transportation costs. As such, this paper paves way for accurate and smooth measure
registration with certifiable asymptotic guarantees. Moreover, carrying out this work led us to further investigate
the dual formulation of entropic optimal transport, complementing recent papers on the subject. An avenue for
extension could be to consider the registration of unbalanced measures using Sinkhorn divergences, which would
align with the work of Feydy et al. [2017].
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(a) t = 0

(b) SC,ε : ε = 0.1 (c) SC,ε : ε = 0.5 (d) TC,ε : ε = 0.1

(e) TC,ε : ε = 0.5 (f) MMD2
θ : θ = 0.5 (g) MMD2

θ : θ = 1

Figure 1: 3-D diffeomorphic registration. Figure (a) represents the dataset before registration, while Figures (b)
to (g) represents the dataset at the end of the registration for different fidelity losses. The red distribution is
αm(0) or αm(1); the blue distribution is βm.
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A Preliminary results

This section recalls some useful results. Section A.1 contains a brief reminder on entropy numbers of classes of
functions, in order to derive an upper bound on empirical processes; Section A.2 focuses on the chain rule for
composite Frechet derivatives up to arbitrary high orders.

A.1 Empirical processes

In the proof of Proposition 5.2, we will bound the sampling error between the empirical entropic transportation
cost and its population counterpart by a centered empirical process indexed by a class of smooth functions.
Recalling the theory introduced in [Van Der Vaart and Wellner, 1996, Koltchinskii, 2011], we present in this
subsection intermediary results on such processes.

Let X be a compact convex subset of Rd. For any probability measure µ on X and r ≥ 1, we define the
Lr(µ)-norm on C(X ,R) as ‖h‖r,µ :=

( ∫
|h|rdµ

)1/r. In empirical process theory, the complexity of classes of
functions is commonly evaluated through the so-called covering and bracketing numbers. Let H be a class
of function included in C(X ,R), and ε > 0 a constant. The covering number N(ε,H, Lr(µ)) is defined as the
minimal number of Lr(µ)-balls of radius ε needed to cover the class of functions H. The center of the balls need
not belong to H, but must have finite norm. Additionally, given two functions l and u with finite norm but not
necessarily in F , the bracket [l, u] is the set of all functions f such that l ≤ h ≤ u. An (ε, Lr(µ))-bracket is a
bracket [l, u] such that ‖l − u‖r,µ ≤ ε. Then, the bracketing number N[ ](ε,F , Lr(µ)) is the minimal number of
(ε, Lr(µ))-bracket needed to cover F .

These numbers have essential applications in statistics. The supremum of a centered empirical process
indexed by a class of functions with a finite bracketing number converges uniformly almost-surely to zero.
Moreover, with a sharper control on the bracketing number, one can derive the following convergence rate:

Proposition A.1. Let µn be an empirical measure of a probability measure µ corresponding to a compact
convex subset X of Rd, and set H > 0 a constant. Consider the class of functions H := CκH(X ,R) for some
integer κ ≥ 0. If κ > d/2, then there exists a constant A = A((H,κ); (X , d)) such that,

E
[

sup
h∈H
|µn(h)− µ(h)|

]
≤ A√

n
.

Proof. Combining Theorem 2.1 with Theorem 3.11 in [Koltchinskii, 2011], we directly have that,

E
[

sup
h∈H
|µn(h)− µ(h)|

]
≤ 2× c√

n
E
∫ 2σn

0

√
logN(ε,H, L2(µn))dε,

where c > 0 is some constant and σn := suph∈H µn(h2). By definition of H, it follows that σn ≤ H2. Besides,
we can upper bound the covering number in the right term by the bracketing number N[ ](2ε,H, L2(µn)) (see
p.84 in [Van Der Vaart and Wellner, 1996]). In addition, according to Corollary 2.7.2 in [Van Der Vaart and
Wellner, 1996], there exists a constant ρ = ρ((H,κ); (X , d)) > 0 such that,

logN[ ](2ε,H, L2(µn)) ≤ ρ(2ε)−d/κ.

Note that the right term does not depend on µn. All in all,

E
[

sup
h∈H
|µn(h)− µ(h)|

]
≤ 2c√

n
E
∫ 2H2

0

√
ρ(2ε)−d/κdε.

The integral is finite as κ > d/2. Consequently, the upper bound defines a constant A = A((H,κ); (X , d)). This
concludes the proof.
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Remark that the convexity assumption on the compact domain X is not restrictive, as it suffices to extend
the probability measure µ on the convex hull of X .

A.2 Frechet derivative

The proof of Proposition 4.1 requires bounding the Frechet derivatives of arbitrary high orders of composite
functions. We rely on the generalization of Faà di Bruno’s formula proposed by Clark and Houssineau [2013] to
carry out the computation.

Let F : Rd2 → Rd3 and G : Rd1 → Rd2 be two differentiable functions up to order k ≥ 1. Denote by Ω(k)

the set of partitions of {1, . . . , k}, and write |·| for the cardinality of a set. For any z := (δ1, . . . , δk) ∈ (Rd1)k,
x ∈ Rd1 , and ω := {ω1, . . . , ω|ω|} ∈ Ω(k), we define zGωi(x) := G(|ωi|) [(δj)j∈ωi ] for every 1 ≤ i ≤ |ω|. Then,
according to Theorem 2 in [Clark and Houssineau, 2013],

(F ◦G)(k)(x)[δ1, . . . , δk] =
∑

ω∈Ω(k)

F (|ω|)(G(x))
[
zGω1

(x), . . . , zGω|ω|(x)
]
. (14)

This results implies a chain rule on the operator norms of derivatives of composite functions, which will greatly
simplify the computations of later proofs.

Proposition A.2. Let F : Rd2 → Rd3 and G : Rd1 → Rd2 be two differentiable functions up to order k ≥ 1.
Then, for any x ∈ Rd1 ,∥∥∥(F ◦G)(k)

(x)
∥∥∥
op
≤

∑
ω∈Ω(k)

∥∥∥F (|ω|)(G(x)
)∥∥∥
op
×

∏
1≤i≤|ω|

∥∥∥G(|ωi|)(x)
∥∥∥
op
.

Proof. According to the triangle inequality and (14)∥∥∥(F ◦G)(k)(x)
∥∥∥
op
≤

∑
ω∈Ω(k)

sup
‖δ1‖,...,‖δk‖≤1

∥∥∥F (|ω|)(G(x))
[
zGω1

(x), . . . , zGω|ω|(x)
]∥∥∥.

Using the linearity of the derivatives, we can write the right term of this inequality as,

∑
ω∈Ω(k)

sup
‖δ1‖,...,‖δk‖≤1

∥∥∥∥∥F (|ω|)(G(x))

[
zGω1

(x)∥∥G(|ω1|)(x)
∥∥
op

, . . . ,
zGω1

(x)∥∥G(|ω|ω||)(x)
∥∥
op

]∥∥∥∥∥× ∏
1≤i≤|ω|

∥∥∥G(|ωi|)(x)
∥∥∥
op
.

In addition, note that for any x ∈ Rd1 ,

sup
‖δ1‖,...,‖δk‖≤1

∥∥zGωi(x)
∥∥ ≤ ∥∥∥G(|ωi|)(x)

∥∥∥
op
.

Therefore, ∥∥∥(F ◦G)(k)
(x)
∥∥∥
op
≤

∑
ω∈Ω(k)

∥∥∥F (|ω|)(G(x)
)∥∥∥
op
×

∏
1≤i≤|ω|

∥∥∥G(|ωi|)(x)
∥∥∥
op
.

B Proofs of the main results

This sections details all the mathematical proofs of the paper.
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Proof of Lemma 3.2. Let us start with a preliminary remark. For any v ∈ L2
V , it follows from Assumption 3.1

that
∫ 1

0
‖vt‖p,∞dt ≤ cV

∫ 1

0
‖vt‖V dt. Besides, by Cauchy-Schwarz inequality

∫ 1

0
‖vt‖V dt ≤ ‖v‖L2

V
, leading to∫ 1

0
‖vt‖p,∞dt ≤ cV ‖v‖L2

V
.

We now turn to the proof. Recall that by definition φvt (x) = x +
∫ t

0
vs ◦ φvs(x)ds. Consequently, by the

triangle inequality we have for any compact set K ⊂ Rd that

sup
t∈[0,1],x∈K

‖φvt (x)‖ ≤ sup
x∈K
‖x‖+

∫ 1

0

‖vs‖∞ds ≤ sup
x∈K
‖x‖+ cV ‖v‖L2

V
.

Therefore,
sup

v∈L2
V,M ,t∈[0,1],x∈K

‖φvt (x)‖ ≤ sup
x∈K
‖x‖+ cVM.

Moreover, combining to Theorem 5 in [Glaunes, 2005] with the preliminary remark, we know that for any
1 ≤ k ≤ p, there exist two positive constants ck and c′k such that for any v ∈ L2

V ,

sup
t∈[0,1]

∥∥∥(φvt )
(k)
∥∥∥
∞
≤ ck exp

(
c′k‖v‖L2

V

)
.

Hence,
sup

v∈L2
V,M ,t∈[0,1]

∥∥∥(φvt )
(k)
∥∥∥
∞
≤ ck exp (c′kM) .

Then, setting

R((K, d); (V, p);M) := max

{
max

1≤k≤p
{ck exp(c′kM)}, sup

x∈K
‖x‖+ cVM

}
concludes the proof.

Proof of Lemma 4.2. Let µ and ν be probability measures on a compact set K ⊂ Rd. In a first time, let us show
that optimal potentials (f, g) ∈ C(K,R)×C(K,R) for TC,ε(µ, ν) can be chosen as universally-bounded Lipschitz
functions. The optimality condition on the potentials (see for instance [Genevay, 2019]) can be written as,

exp

(
−f(x)

ε

)
=

∫
K

exp

(
g(y)− C(x, y)

ε

)
dν(y).

Remark that since C is continuously differentiable, f is therefore continuously differentiable. Differentiating
both sides of this expression leads to,

∇f(x) =

∫
K

∇1C(x, y) exp

(
f(x) + g(y)− C(x, y)

ε

)
dν(y),

where ∇1 denotes the gradient with respect to x, the first variable of C. Let us define Γf,gC,ε(x, y) :=

exp
(
f(x)+g(y)−C(x,y)

ε

)
. According to the primal-dual relationship [Genevay, 2019], an optimal solution π

to the primal problem has the expression,

dπ(x, y) = Γf,gC,ε(x, y)dµ(x)dν(y).

Since by definition π ∈ Π(µ, ν), we consequently obtain that
∫
K

Γf,gC,ε(x, y)dν(y) = 1. Therefore,

‖∇f‖∞ ≤ sup
x,y∈K

‖∇1C(x, y)‖.

As similar argument can be made for g. This shows that f and g are `-Lipschitz with ` = `((K, d);C) > 0.
Now, note that for any constant c ∈ R, the pair (f + c, g − c) is still a pair of optimal potentials. As a
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consequence, they can be chosen without loss of generality such that f(x0) = 0 for a given x0 ∈ K. Thus, using
the Lipschitz property we get f(x) ≤ `‖x− x0‖, hence ‖f‖∞ ≤ ` diam(K). To bound g, we use Proposition 1 in
[Genevay et al., 2019] which states that infx∈K{f(x)−C(x, y)} ≤ g(y) ≤ supx∈K{f(x)−C(x, y)}. This entails
that ‖g‖∞ ≤ ‖f‖∞ + supx,y∈K |C(x, y)| ≤ `diam(K) + supx,y∈K |C(x, y)|. All in all, there exists a constant
`1 = `1((K, d);C) such that f and g are `1-bounded and `1-Lipschitz continuous.

Analogously, one can bound the successive derivatives of f and g up to order q, the maximum order or
differentiability of C, using Proposition 1 in [Genevay et al., 2019]. In particular, this result ensures that for
any 1 ≤ k ≤ q, both

∥∥f (k)
∥∥
∞ and

∥∥g(k)
∥∥
∞ are bounded by a polynomial in ε−1 whose coefficients depend only

on C and K. This implies that there exists a constant m = m((K, d); (C, q); ε) > 0 such that f and g belong to
Cqm(K,R).

Proof of Proposition 4.3. Let m > 0 and R > 0. Set f, g ∈ Cqm(BR,R). Note that the function hf,gC,ε belongs to
Cq(BR ×BR,R). In a first time, we do not focus on any data processing operations, and show that hf,gC,ε and its
derivatives up to order q are uniformly bounded. By definition,

hf,gC,ε(x, y) = f(x) + g(y)− ε exp

(
f(x) + g(y)− C

(
x, y
)

ε

)
+ ε.

Before going further, we define the constant

C∞(R) := max
0≤k≤q

{
sup

(x,y)∈BR×BR

∥∥∥C(k)(x, y)
∥∥∥
op

}
(15)

Then, using the triangle inequality and the bounds on f, g and C we obtain,∥∥∥hf,gC,ε∥∥∥∞ ≤ ‖f‖∞ + ‖g‖∞ + ε exp

(
‖f‖∞ + ‖g‖∞ + C∞

ε

)
+ ε ≤ 2m+ ε exp

(
2m+ C∞

ε

)
+ ε.

Notice that the upper bound does not depend on the choice of f and g. We prove similar bounds for arbitrary
high orders of derivatives using the chain rule. We divide the problem by studying the function,

Γf,gC,ε : (x, y) ∈ BR ×BR 7→ exp
f(x) + g(y)− C(x, y)

ε
,

which is κ-continuously differentiable. Using Proposition A.2 with F = exp, we obtain for any 1 ≤ k ≤ q,∥∥∥(Γf,gC,ε)(k)
(x, y)

∥∥∥
op
≤
∣∣∣Γf,gC,ε(x, y)

∣∣∣ ∑
ω∈Ω(k)

∏
1≤i≤|ω|

ε−1
∥∥∥f (|ωi|)(x) + g(|ωi|)(y)− C(|ωi|)(x, y)

∥∥∥
op
,

Then, ∥∥∥∥(Γf,gC,ε

)(k)
∥∥∥∥
∞
≤ exp

(
2m+ C∞(R)

ε

) ∑
ω∈Ω(k)

ε−|ω|(2m+ C∞(R))|ω|. (16)

We now turn back to hf,gC,ε. Since
(
hf,gC,ε

)(k)

= f (k) + g(k) − ε
(

Γf,gC,ε

)(k)

we finally have∥∥∥(hf,gC,ε)(k)
∥∥∥
∞
≤ 2m+ exp

(
2m+ C∞(R)

ε

) ∑
ω∈Ω(k)

ε−|ω|+1(2m+ C∞(R))|ω|.

By defining,

H0(m;R; (C, q); ε) := (2m+ ε) + ε exp

(
2m+ C∞(R)

ε

)
× max

0≤k≤q

 ∑
ω∈Ω(k)

ε−|ω|(2m+ C∞(R))|ω|

 ,
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we conclude that ∥∥∥∥(hf,gC,ε)(k)
∥∥∥∥
q,∞
≤ H0.

We now include data processing transformations. Set T1, T2 ∈ CpR(X ,Rd). It follows from the regularity
of hf,gC,ε that hf,gC,ε ◦ (T1, T2) ∈ Cκ(X × X ,R). Since T1(x), T2(y) ∈ BR, and because hf,gC,ε is bounded by H0 on
BR × BR, the function hf,gC,ε ◦ (T1, T2) is bounded on X × X regardless of the choice of f, g, T1 and T2. Here
again, we use the chain rule to build higher-order bounds. From Proposition A.2 applied with F = hf,gC,ε and
G = (T1, T2) it follows that for any 1 ≤ k ≤ κ,∥∥∥(hf,gC,ε ◦ (T1, T2)

)(k)
(x, y)

∥∥∥
op
≤

∑
ω∈Ω(k)

∥∥∥(hf,gC,ε)(|ω|) ◦ (T1, T2)(x, y)
∥∥∥
op
×

∏
1≤i≤|ω|

∥∥∥(T1, T2)(|ωi|)(x, y)
∥∥∥
op
. (17)

Then, remark that for any 1 ≤ k ≤ κ,∥∥∥(T1, T2)(k)(x, y)
∥∥∥2

op
= sup
‖δi‖≤1

∥∥∥(T1, T2)(k)(x, y)(δ1, . . . , δk))
∥∥∥2

≤ sup
‖δi‖≤1

∥∥∥T (k)
1 (x)(δ1, . . . , δk)

∥∥∥2

+ sup
‖δi‖≤1

∥∥∥T (k)
2 (y)(δ1, . . . , δk)

∥∥∥2

=
∥∥∥T (k)

1 (x)
∥∥∥2

op
+
∥∥∥T (k)

2 (y)
∥∥∥2

op

≤ 2R2.

We can therefore bound the right term of (17), leading to∥∥∥(hf,gC,ε ◦ (T1, T2)
)(k)
∥∥∥
∞
≤

∑
ω∈Ω(k)

H0 ×
∏

1≤i≤|ω|

√
2R = H0

∑
ω∈Ω(k)

(
√

2R)|ω|.

We conclude by defining

H(m;R; (C, q); ε, p) := H0(m;R; (C, q); ε)× max
0≤k≤κ

 ∑
ω∈Ω(k)

(
√

2R)|ω|

 ,

which leads to, ∥∥∥hf,gC,ε ◦ (T1, T2)
∥∥∥
κ,∞
≤ H.

Proof of Proposition 5.1. Let {vn}n∈N be a sequence of vector fields in L2
V weakly converging to some v ∈ L2

V .
Proposition 4 in [Glaunes, 2005] implies that for every x ∈ X ,∣∣∣φvn1 (x)− φv1(x)

∣∣∣ −−−−−→
n→+∞

0. (18)

Next, we aim at showing that this entails φv
n

1 ]α
w−−−−−→

n→+∞
φv1]α, where w denotes the weak* convergence of

probability measures. Firstly, note that as a consequence of the uniform-boundedness principle (see Theorem
2.5 in [Rudin, 1991]), the weak convergence of {vn}n∈N to v implies that there exists M > 0 such that
{vn}n∈N ∪ {v} ⊂ L2

V,M . Hence, according Lemma 3.1, there exists some R = R((K, d); (V, p);M) > 0 such
that the measures {φvn1 ]α}n∈N and φv1]α are all probabilities on BR. Secondly, recall that showing the
weak* convergence of amounts to check that for any bounded test functions h ∈ C(BR,R) we have that∫
hd(φv

n

1 ]α) −−−−−→
n→+∞

∫
hd(φv1]α). Let h ∈ C(BR,R) be a bounded function and use the push-forward change-of-

variable formula to write
∫
hd(φv

n

1 ]α) =
∫

(h ◦φvn1 )dα. By continuity of h and according to (18), the sequence of

18



functions {h ◦ φvn1 }n∈N converges point-wise to h ◦ φv1. In addition, as h is bounded, this sequence is dominated
by a constant. We can therefore apply the dominated convergence theorem to obtain that φv

n

1 ]α
w−−−−−→

n→+∞
φv1]α.

We conclude the proof using Proposition 13 in [Feydy et al., 2019], which states that TC,ε (and consequently
SC,ε) is weak* continuous w.r.t. each of its input measures, provided that the ground cost function C is Lipschitz
on their compact domains. This condition readily follows from the continuity of the derivative of C on the
compact set BR ×BR. Therefore, v 7→ SC,ε(φ

v
1]α, β) is weakly continuous on L2

V .

Proof of Proposition 5.3. Let R > 0. In a first time, we demonstrate the following Glivenko-Cantelli theorem
(i):

sup
T1,T2∈CpR(X ,Rd)

∣∣TC,ε(T1]αn, T2]βn)− TC,ε(T1]α, T2]β)
∣∣ a.s.−−−−−→
n→+∞

0.

In a second time, when κ = min{p, q} ≥ d, we show the following rate of convergence (ii):

E sup
T1,T2∈CpR(X ,Rd)

∣∣TC,ε(T1]αn, T2]βn)− TC,ε(T1]α, T2]β)
∣∣ ≤ A√

n
,

where A > 0 is a constant. In both cases, the key idea of the proof is to note that the quantity

sup
T1,T2∈CpR(X ,Rd)

∣∣TC,ε(T1]αn, T2]βn)− TC,ε(T1]α, T2]β)
∣∣

is the supremum of a centered empirical process indexed by a class of smooth functions, and as such can be
controlled via classical results from empirical process theory (see Section A.1).

Let T1 and T2 be two arbitrary functions in CpR(X ,Rd). By definition, the image sets T1(X ) and T2(X ) are
contained in BR. Thus, using the dual formulation, the entropic transportation costs can be written as,

TC,ε(T1]αn, T2]βn) = sup
f,g∈C(BR,R)

(T1]αn ⊗ T2]βn)(hf,gC,ε),

TC,ε(T1]α, T2]β) = sup
f,g∈C(BR,R)

(T1]α⊗ T2]β)(hf,gC,ε).

We apply Lemma 4.1 with µ = T1]α and ν = T2]β which are probability measures on BR. This implies that
there exists a constant m = m(BR; (C, q), ε) > 0 such that

TC,ε(T1]αn, T2]βn) = sup
f,g∈Cqm(BR,R)

(T1]αn ⊗ T2]βn)(hf,gC,ε)

= sup
f,g∈Cqm(BR,R)

(αn ⊗ βn)(hf,gC,ε ◦ (T1, T2)),

where we used the push-forward change-of-variable formula. Proceeding similarly with the empirical measures
we get,

TC,ε(T1]α, T2]β) = sup
f,g∈Cqm(BR,R)

(T1]α⊗ T2]β)(hf,gC,ε)

= sup
f,g∈Cqm(BR,R)

(α⊗ β)(hf,gC,ε ◦ (T1, T2)),

Then, by using a classical error decomposition, we can control the difference between these two terms as follows,

|TC,ε(T1]αn, T2]βn)− TC,ε(T1]α, T2]β)| ≤

sup
f,g∈Cqm(BR,R)

|(αn ⊗ βn)(hf,gC,ε ◦ (T1, T2))− (α⊗ β)(hf,gC,ε ◦ (T1, T2))|.
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After taking the supremum in CpR(X ,Rd) on both sides of this inequality we get,

sup
T1,T2∈CpR(X ,Rd)

∣∣TC,ε(T1]αn, T2]βn)− TC,ε(T1]α, T2]β)
∣∣ ≤

sup
T1,T2∈CpR(X ,Rd);f,g∈Cqm(BR,R)

∣∣∣(αn ⊗ βn)(hf,gC,ε ◦ (T1, T2))− (α⊗ β)(hf,gC,ε ◦ (T1, T2))
∣∣∣.

The right term of this inequality can be seen as a centered empirical process indexed by the class of functions
{hf,gC,ε ◦ (T1, T2) | T1, T2 ∈ CpR(X ,Rd); f, g ∈ Cqm(BR,R)}. Empirical process theory provides convergence
guarantees when the index class is regular enough. Besides, we know from Proposition 4.1 that there exists a
constant H := H(R; (C, q); ε, p) > 0 such that this class is included in CκH(X × X ,R). Therefore,

sup
T1,T2∈CpR(X ,Rd)

|TC,ε(T1]αn, T2]βn)− TC,ε(T1]α, T2]β)| ≤ sup
h∈CκH(X×X ,R)

|(αn ⊗ βn)(h)− (α⊗ β)(h)|.

Let us set H := CκH(X × X ,R). According to Corollary 2.7.2. and Theorem 2.4.1 in [Van Der Vaart and
Wellner, 1996], H is a so-called (α⊗ β)-Glivenko-Cantelli class of functions, meaning that

sup
h∈H
|(αn ⊗ βn)(h)− (α⊗ β)(h)| a.s.−−−−−→

n→+∞
0;

This implies (i). In addition, by Proposition A.1, if κ ≥ (2d)/2 then there exists a positive constant A :=

A(R; (C, q); ε; (X , d); p) such that,

E
[

sup
h∈H
|(αn ⊗ βn)(h)− (α⊗ β)(h)|

]
≤ A√

n
.

This proves (ii).

Before proving Theorem 5.1, we need the next intermediary result:

Lemma B.1. There exists M = M(λ; (X , d); (C, q); ε) > 0 such that{⋃
n∈N

arg min
v∈L2

V

Jλ,n(v)

}
∪ arg min

v∈L2
V

Jλ(v) ⊆ L2
V,M .

Proof. The proof generalizes an argument made for a squared MMD in Theorem 16 from [Glaunes, 2005] to a
Sinkhorn divergence. Let n ∈ N and set vn a minimizer of Jλ,n. Notice that the vector flow uniformly equal to
zero generates the identity function, that is φ0

t = I for any t ∈ [0, 1]. Thus, by definition of a minimizer and by
non-negativity of the Sinkhorn divergence, we readily have that

λ‖vn‖2L2
V
≤ Jλ,n(vn) ≤ Jλ,n(0) = SC,ε(αn, βn).

Therefore, ‖vn‖2L2
V
≤ λ−1SC,ε(αn, βn). To conclude, let us bound uniformly the right-term of this inequality.

According to Lemma 4.1 applied with αn and βn there exists a constant m = m((X , d); (C, q); ε) such that,

TC,ε(αn, βn) = sup
f,g∈Cqm(X ,R)

(αn ⊗ βn)
(
hf,gC,ε

)
.

Moreover, for any x, y ∈ X ,

hf,gC,ε(x, y) = f(x) + g(x)− εe
f(x)+g(y)−C(x,y)

ε + ε ≤ m+m+ 0 + ε.
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Thus,
TC,ε(αn, βn) ≤ 2m+ ε.

The same bound holds for the two auto-correlation terms of the Sinkhorn divergence, namely TC,ε(αn, αn) and
TC,ε(βn, βn). Therefore, the triangle inequality leads to

SC,ε(αn, βn) ≤ 4m+ 2ε.

Consequently,

‖vn‖2L2
V
≤ 4m+ 2ε

λ
.

To conclude, we setM(λ; (X , d); (C, q); ε) :=
√

4m+2ε
λ . Note that this bound does not depend on n. As such, the

minima {vn}n∈N all belong to L2
V,M . A similar reasoning for v∗ a minimizer of Jλ shows that all the minimizers

of Jλ also belong to L2
V,M .

Proof of Theorem 5.4. Let M > 0 be arbitrary (for now). Set v ∈ L2
V,M and compute

|Jλ,n(v)− Jλ(v)| = |SC,ε(φv1]αn, βn)− SC,ε(φv1]α, β)|.

According to Lemma 3.1, there exists a constant R = R((X , d); (V, p);M) such that for any φ ∈ {φvt | t ∈
[0, 1], v ∈ L2

V,M}, the restriction φ|X and the identity function I both belong to CpR(X ,Rd). This leads to

sup
v∈L2

V,M

|Jλ,n(v)− Jλ(v)| ≤ sup
T1,T2∈CpR(X ,Rd)

|SC,ε(T1]αn, T2]βn)− SC,ε(T1]α, T2]β)|. (19)

From here, let us demonstrate the convergence of the minima, that is item (i). According to Lemma B.1,
there exists M = M(λ; (X , d); (C, q); ε) > 0 such that all the minimizers of Jλ,n belong to L2

V,M . Next, we
show that any weakly-converging subsequences of {vn}n∈N tend to a minimizer of Jλ. Set v∗ a minimizer of
Jλ, and let {un}n∈N be a subsequence with limit u. First, let’s show that limn→+∞ Jλ,n(un) = Jλ(u). By the
triangle inequality, |Jλ,n(un)− Jλ(u)| ≤ |Jλ,n(un)− Jλ(un)|+ |Jλ(un)− Jλ(u)|. The first term tends to zero
by Proposition 5.2 and Equation 19 specified with M(λ; (X , d); (C, q); ε), while the second term tends to zero
according to Proposition 5.1 which ensures the weak continuity of Jλ. Second, note that the optimality condition
entails that Jλ,n(un) ≤ Jλ,n(v∗), and that limn→+∞ Jλ,n(v∗) = Jλ(v∗). Then, at the limit Jλ(u) ≤ Jλ(v∗),
meaning that u is a minimizer of Jλ. Therefore, any weakly-converging subsequence {un}n∈N of {vn}n∈N tends
to a minimizer u of Jλ.

To conclude on the convergence of the generated diffeomorphisms, we rely on Remark 1 in [Glaunes, 2005],
stating that

sup
t∈[0,1]

{∥∥∥φunt − φut ∥∥∥∞ +
∥∥∥(φu

n

t )−1 − (φut )−1
∥∥∥
∞

}
≤ 2cV ‖un − u‖L2

V
exp

(
cV ‖u‖L2

V

)
.

We showed that ‖un − u‖L2
V
−−−−→
n→∞

0. Consequently, the upper bound tends to zero as n increases to infinity.
This completes the proof of (i).

Item (ii) readily follows from Proposition 5.2 stating that if κ ≥ d, then there exists for any M > 0 a
constant A = A(λ; (X , d); (C, q); ε; (V, p),M) > 0 such that

E

[
sup

v∈L2
V,M

|Jλ,n(v)− Jλ(v)|

]
≤ A√

n
.
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To conclude, recall that both {vn}n∈N and v∗ belong to L2
V,M for the constant M from Lemma B.1, and apply

the classical deviation inequality

Jλ(vn)− Jλ(v∗) ≤ 2 sup
v∈L2

V,M

|Jλ,n(v)− Jλ(v)|.
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