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FIRST BOUNDARY DIRAC EIGENVALUE AND BOUNDARY

CAPACITY POTENTIAL

SIMON RAULOT

Abstract. We derive new lower bounds for the first eigenvalue of the Dirac operator
of an oriented hypersurface Σ bounding a noncompact domain in a spin asymptotically
flat manifold (Mn, g) with nonnegative scalar curvature. These bounds involve the
boundary capacity potential and, in some cases, the capacity of Σ in (Mn, g) yielding
several new geometric inequalities. The proof of our main result relies on an estimate
for the first eigenvalue of the Dirac operator of boundaries of compact Riemannian
spin manifolds endowed with a singular metric which may have independent interest.

1. Introduction

The Positive Mass Theorem (PMT) is a famous result in mathematical general rela-
tivity which states, in its Riemannian version, that the ADM mass of an n-dimensional,
n ≥ 3, complete, asymptotically flat manifold (Mn, g) with nonnegative scalar curvature
is nonnegative and it is zero if, and only if, (Mn, g) is isometric to the Euclidean space
(Rn, δ) (see Appendix A for the definitions). It has been first proved by Schoen and
Yau [SY79b, SY79a] using the minimal surface technique when 3 ≤ n ≤ 7 and then by
Witten [Wit81] for spin manifolds using the Dirac operator (see also [PT82, Bar86]).

Using spinor methods, Herzlich [Her97, Her02] noticed that if M has a compact
inner boundary Σ with induced metric γ, some control of the first eigenvalue λ1(D/ γ)
of (Σn−1, γ) ensures nonnegativity of the mass. More precisely, he proved the following
boundary version of the PMT:

Theorem 1.1. ([Her97, Her02]) Let (Mn, g) be an n-dimensional, complete, spin asymp-
totically flat manifold with nonnegative scalar curvature and with a compact inner bound-
ary Σ satisfying

λ1(D/ γ) ≥
1

2
max
Σ

Hg.(1.1)

Then the ADM mass mADM (M, g) of (Mn, g) is nonnegative and if it is zero, (Mn, g)
is flat, the mean curvature Hg is constant and (1.1) is an equality.

This result highlights in particular a tight relation between the first eigenvalue λ1(D/ γ),
the mean curvature Hg of Σ and the sign of the ADM mass of (Mn, g). Here the mean
curvature for hypersurfaces in asymptotically flat manifolds is computed with respect
to the unit normal pointing to infinity. This version of the PMT was a first step to get a
Penrose-like inequality. Recall that the Riemannian Penrose Inequality is a conjecture
which relates the ADM mass of a complete, asymptotically flat manifold (Mn, g) with
nonnegative scalar curvature and the area of its outer minimizing minimal boundary.
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This inequality is known to be true in dimension three by works of Huisken and Ilmanen
[HI01] for connected boundaries and by Bray [Bra01] for the general case (see [BL09]
for the case 4 ≤ n ≤ 7). An important tool in Bray’s approach is provided by a
mass-capacity inequality, recently generalized by Miao and Hirsch [HM20], which states
that:

Theorem 1.2. ([Bra01, HM20]) Let (Mn, g) be an n-dimensional, complete, asymptot-
ically flat manifold with nonnegative scalar curvature and compact inner boundary Σ. If
the boundary capacity potential φ :M → R satisfies

−2
α− 1

α− 2

∂φ

∂ν
≥ n− 2

n− 1
Hg(1.2)

on Σ for some α ∈]0, 2[, then
mADM(M, g) ≥ α Cg(Σ,M).(1.3)

Moreover, equality holds in (1.3) if, and only if, (Mn, g) is isometric to the exterior of a
rotationally symmetric sphere in the Riemannian Schwarzschild manifold of correspond-
ing mass.

The boundary capacity potential of Σ in (Mn, g) is the function φ : M → R which
satisfies

(1.4)





∆gφ = 0 on M
φ = 1 at Σ
φ→ 0 as x→ ∞

and the boundary capacity of Σ in (Mn, g) is

Cg(Σ,M) :=
1

(n− 2)ωn−1

∫

M

|∇gφ|2dµg = − 1

(n− 2)ωn−1

∫

Σ

∂φ

∂ν
dµγ(1.5)

where ν is the unit normal pointing inside M . Here ∆g and ∇g denote respectively the
Laplace operator and the gradient of (Mn, g). A natural question, when comparing the
conditions (1.1) and (1.2), is whether there exists a relation between the first bound-
ary Dirac eigenvalue, the mean curvature and the boundary capacity potential in this
context. We provide here an affirmative answer regarding this question by showing the
following general estimate:

Theorem 1.3. Let (Mn, g) be an n-dimensional, spin, complete, asymptotically flat

manifold with nonnegative scalar curvature and compact inner boundary Σ =
∐N

j=1Σj.
If

−2
n− 1

n− 2

∂φ

∂ν
> Hg(1.6)

holds on Σ, then

λ1(D/
j
γ) ≥

1

2
min
Σj

(
− 2

n− 1

n− 2

∂φ

∂ν
−Hg

)
(1.7)

for all j = 1, · · · , N . Moreover, equality holds if, and only if, the Riemannian spin

manifold (Mn, g) with g = φ
4

n−2 g carries a parallel spinor and Σ is connected with
positive constant mean curvature.
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Here Σj denotes a connected component of Σ for j = 1, · · · , N and λ1(D/
j
γ) its corre-

sponding first Dirac eigenvalue. The proof of Theorem 1.3 relies on the validity of an
eigenvalue estimate by Hijazi, Montiel and Zhang [HMZ01] in the context of singular
metrics as defined by Mantoulidis, Miao and Tam in [MMT20] and which states that
if Σ is the mean convex boundary of a compact Riemannian spin manifold (Ωn, g̃) with
nonnegative scalar curvature then

λ1(D/
j
γ) ≥

1

2
min
Σj

Hg̃.(1.8)

The proof of this inequality is given in Section 2. This result is of independent interest
and should have several others applications.

The inequality (1.7) is sharp since, as computed in Appendix B, the exterior region
M

n
m(r0) of a rotationally symmetric sphere in the Riemannian Schwarzschild manifold

(Mn
m, gm) satisfies the equality case. In fact, in the 3-dimensional case and when we

restrict the topology of the boundary, one can completely characterize this equality
case.

Corollary 1.1. Let (M3, g) be a 3-dimensional, complete, asymptotically flat manifold
with nonnegative scalar curvature and whose inner boundary is a union of 2-spheres.
Then equality holds in (1.7) if, and only if, (M3, g) is isometric to (Mn

m(r0), gm) for
some r0.

Another immediate consequence of Theorem 1.3 is a nontrivial estimate for minimal
boundaries (or even more generally for boundaries with nonpositive mean curvature),
namely:

Corollary 1.2. Let (Mn, g) be an n-dimensional, spin, complete, asymptotically flat

manifold with nonnegative scalar curvature and minimal inner boundary Σ =
∐N

j=1Σj.
Then

λ1(D/
j
γ) ≥

n− 1

n− 2
min
Σj

(
− ∂φ

∂ν

)
(1.9)

for all j = 1, · · · , N . Moreover, equality holds if, and only if, the Riemannian spin

manifold (Mn, g) with g = φ
4

n−2 g carries a parallel spinor and Σ is connected with
positive constant mean curvature.

A more difficult question is to find a relation between the first eigenvalue of the Dirac
operator on (Σn−1, γ) and the boundary capacity of Σ in (Mn, g). When the boundary
Σ is connected and the normal derivative of the boundary capacity potential is constant
along Σ, Theorem 1.3 provides an answer.

Corollary 1.3. Let (Mn, g) be an n-dimensional, spin, complete, asymptotically flat
manifold with nonnegative scalar curvature and connected, compact inner boundary Σ.
If the condition (1.6) holds and the boundary capacity potential has constant normal
derivative on Σ, then

λ1(D/ γ) +
1

2
max
Σ

Hg ≥ (n− 1)
ωn−1

|Σ| Cg(Σ,M).(1.10)

Moreover, equality holds if, and only if, the Riemannian spin manifold (Mn, g) with

g = φ
4

n−2 g carries a parallel spinor and Σ has positive constant mean curvature.
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Thereafter, we apply Corollary 1.3 in Section 4 in the context of sub-static manifolds
with harmonic potentials which, when combined with the geometric capacitary inequal-
ity proved by Agostiniani, Mazzieri and Oronzio [AMO22], leads to a new rigidity result
for the Riemannian Schwarzschild manifold (see Corollary 4.2). Finally, in the last sec-
tion, we quickly explain how to combine Herzlich’s PMT with the approach of Bray and
Miao-Hirsch to prove mass-capacity type-inequalities using the spinorial approach (see
Theorem 5.1 and Corollary 5.1).

2. Extrinsic lower bounds for the boundary Dirac operator for

singular metrics

In this section, we prove that the estimate (1.8) of Hijazi, Montiel and Zhang which
holds for smooth metrics, is also true under less regularity assumptions on the metric.

2.1. Singular metrics. Let us now recall the notion of singular metrics following Man-
toulidis, Miao and Tam [MMT20]. Note that another way to tackle this problem (and
even to treat a more general setting) would be to use the spinorial framework devel-
oped by Lee and Le Floch [LL15] to prove positive mass theorems for manifolds with
distributional scalar curvature.

In the following, a L∞ Riemannian metric g on a smooth compact n-dimensional
manifold Ω with boundary is said to be a singular metric if g is C∞ locally away from
a compact subset usually called the singular set of g and denoted by sing(g) ⊂ Ω \ Σ.
Moreover, the singular set is a disjoint union of compact sets P , Q that satisfy:

(1) P is a smoothly embedded two-sided compact hypersurface without boundary,
(a) near P , g can be expressed as

g(t, z) = dt2 + g±(t, z)

for smooth coordinates (t, z) ∈ (−a, a) × P , a > 0, where g+ resp. g− is
defined and smooth on t ≥ 0 resp. t ≤ 0, and g−(0, ·) = g+(0, ·),

(b) the mean curvature H+, H− of the unit normal ∂
∂t

at P with respect to g+,
g− satisfy H+ ≤ H−.

(2) Q is a disjoint union of compact sets Q1, · · · , QN0
such that, for each k =

1, · · · , N0,
(a) g is W 1,qk in a neighborhood of Qk,
(b) the set Qk has codimension at least lk, with lk > ( 2

n
− 1

qk
)−1 > 0, in the

sense that lim supε→0 ε
−lk |Qk(ε)| <∞.

Here and below, c > 0 is a constant independent of ε which may vary from one line to
another and A(ε) denotes the set of points which are at distance r < ε from A. We are
now able to state precisely the main result of this section.

Theorem 2.1. Let Ω be an n-dimensional smooth compact spin manifold with boundary
Σ =

∐N
j=1Σj and let g be a singular metric with singular set sing(g) = P ∪Q as above.

If the scalar curvature Rg of (Ω
n, g) is nonnegative away from the singular set of g and if

Σ has positive mean curvature Hg then the first eigenvalue λ1(D/
j
γ) of the Dirac operator

D/ γ on each connected component Σj of Σ satisfies

λ1(D/
j
γ) ≥

1

2
min
Σj

Hg(2.1)
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for all j = 1, · · · , N . Moreover, equality occurs for one j ∈ {1, · · · , N} if, and only if,
(Ωn, g) carries a parallel spinor and Σj has constant mean curvature. If, in addition,
Ω \Q is connected, then Σ has to be connected and H+ = H− along P .

When Σ is the boundary of a compact manifold Ω, its mean curvature Hg̃ will always
be computed with respect to the unit normal pointing outside of Ω.

Remark 2.1. Note that if Qk is a compact submanifold of codimension at least 2 for
all k = 1, · · · , N0, then Ω \Q is connected.

In order to prove Theorem 2.1, we will use the method developed in [MMT20] where
the authors approximate g by smooth metrics satisfying suitable properties. For sim-
plicity, we may assume that Q := Q1 with q := q1 and l := l1. The properties which are
of particular interest for our purpose are listed below. In fact, from [MMT20, Lemma
3.6], there is ε0 > 0 such that if 0 < ε ≤ ε0, there is a smooth metric gε on Ω such that

(i) gε = g outside P (ε)∪Q(ε), c−1gε ≤ g ≤ cgε for some constant c > 0 independent
of ε,

(ii) the W 1,q norm of gε in Q(ε) is less that c for some constant c > 0 independent
of ε.

On the other hand, the scalar curvature of a singular metric g is defined away from
sing(g) and so nonnegativity of the scalar curvature only make sense on Ω \ sing(g). In
particular, the Schrödinger-Lichnerowicz formula for spinors (see Section 2.2), which is
at the heart of the proof of the inequality (1.8), does not make sense on the singular
support of g. Then an important feature of the smooth metric gε is that the scalar
curvature R(gε) of gε can still be controlled in term of the scalar curvature of g. Indeed,
it is proved in [MMT20, Lemma 3.7] that there exists a constant α > 0 such that if
ε0 > 0 is small enough so that if ε ∈ (0, ε0], then for any Lipschitz function f on Ω:

∫

Ω

Rgεf
2dµgε ≥

∫

Ω\(P (ε)∪Q(ε))

Rgf
2dµg + c−1ε−2

∫

P ( 1

400
ε2)

(H− −H+)f
2dµgε

−cτ 3

2

(∫

Q(ε)

f
2n
n−2dµgε

)n−2

n − cτ
1

2

∫

Ω

|∇gεf |2dµgε(2.2)

where τ = εα/2.

2.2. Generalities on spinors. On an n-dimensional manifold Ω endowed with a spin
structure Ξ and a smooth Riemannian metric g, there exists a smooth Hermitian vector
bundle over Ω called the spinor bundle and denoted by Sg. The sections of this bundle
are called spinors. Moreover, the tangent bundle TΩ acts on Sg by Clifford multiplication
X ⊗ ψ 7→ X · ψ for any tangent vector fields X and any spinor fields ψ. On the other
hand, the Riemannian Levi-Civita connection ∇g lifts to the so-called spin Levi-Civita
connection (also denoted by ∇g) and defines a metric connection on Sg that preserves
the Clifford multiplication. The Dirac operator is then the first order elliptic differential
operator acting on the spinor bundle Sg locally given by

Dg :=

n∑

j=1

ej · ∇g
ej

where {e1, · · · , en} is a g-local orthonormal frame of Ω. If Ω has a boundary Σ := ∂Ω,
the spin structure on Ω induces a spin structure on its boundary which will be also
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denoted by Ξ. This allows to define the extrinsic spinor bundle S/ γ := Sg|Σ over Σ
on which there exists a metric connection ∇/ γ. The two spin covariant derivatives are
related by the spin Gauss formula which states that

∇g
Xϕ = ∇/ γ

Xϕ+
1

2
AgX · η · ϕ

for X ∈ Γ(TΣ), ϕ ∈ Γ(S/ γ) and where Ag := −∇gη represents the Weingarten map of
Σ in (Ωn, g) with η the unit inner normal to Σ in Ω. The extrinsic Dirac operator is
defined by taking the Clifford trace of the covariant derivative ∇/ γ, namely

D/ γ :=
n−1∑

j=1

ej · η · ∇/ γ
ej

and is related to the Dirac operator on Ω by the following formula

D/ γϕ =
Hg

2
ϕ− η ·Dgϕ−∇g

ηϕ(2.3)

which holds for all ϕ ∈ Γ(S/ γ). From the spin structure Ξ on Σ, one can also construct an
intrinsic spinor bundle for the induced metric γ, denoted by Sγ , which is also endowed
with a spin Levi-Civita connection ∇γ. Note that the (intrinsic) Dirac operator Dγ on
(Σn−1, γ,Ξ) is defined similarly to Dg and D/ γ. In fact, we have an isomorphism

(
S/ γ,∇/ γ, D/ γ

)
≃

{ (
Sγ ,∇γ, Dγ

)
if n is odd(

Sγ ,∇γ, Dγ

)
⊕

(
Sγ ,∇γ,−Dγ

)
if n is even

so that the restriction of a spinor field on Ω to Σ and the extension of a spinor field on Σ
to Ω are well-defined. These identifications also imply in particular that the spectrum of
the extrinsic Dirac operator is an intrinsic invariant of the boundary: it only depends on
the spin and Riemannian structures of Σ and not on how it is embedded in Ω. Moreover,
the first nonnegative eigenvalue of the extrinsic Dirac operator corresponds to the lowest
eigenvalue (in absolute value) of Dγ and it will be denoted by λ1(D/ γ).

Recall that the Schrödinger-Lichnerowicz formula [Lic63] which gives a relation be-
tween the square of the Dirac operator and the spin Laplacian states that

D2
g = (∇g

)∗∇g +
Rg

4
IdSg

.

Once integrated over Ω (see [HMZ01]), we get
∫

Ω

(
|∇gϕ|2 − |Dgϕ|2 +

Rg

4
|ϕ|2

)
dµg =

∫

Σ

(
〈D/ γϕ, ϕ〉 −

Hg

2
|ϕ|2

)
dµγ(2.4)

for all ϕ ∈ Γ(Sg) and where | . | denotes the norm associated to the Hermitian scalar
product 〈 , 〉 on Sg.

In the following, the spaces of squared-integrable functions, tensors and spinors on
(Ωn, g) are denoted by Ls(g) and equipped with the norm

||ϕ||Ls(g) :=
(∫

Ω

|ϕ|sdµg

)1/s

for s ∈ (0,∞). As well, W 1,s(g) denotes the Sobolev spaces of functions, tensors and
spinors endowed with the norm

||ϕ||W 1,s(g) := ||ϕ||Ls(g) + ||∇gϕ||Ls(g).
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It is a well-known fact that, on a manifold with a fixed spin structure, the spinor
bundle depends on the Riemannian metric. We briefly recall here how to identify the
spinor bundles over (Ωn, g) and (Ωn, g′) when g and g′ are two Riemannian metrics on Ω
using the method of Bourguignon and Gauduchon [BG92]. In fact, there exists a unique
endomorphism Ag

g′ of TΩ which is positive, symmetric with respect to g and which maps
g′-orthonormal frames to g-orthonormal frames. It turns out that this map induces an
isomorphism Ag

g′ : Sg′ → Sg between the spinor bundles which is a fiberwise isometry,

compatible with the Clifford multiplication and with inverse Ag′

g . Then, to compare the
corresponding spin Levi-Civita connections, we introduce a third connection

∇̃g′

XY := Ag
g′

(
∇g′

X

(
Ag′

g Y
))

for all X and Y tangent vectors on Ω as well as

∇̃g′

Xϕ := Ag
g′

(
∇g′

X

(
Ag′

g ϕ
))

for ϕ ∈ Γ(Sg), its lift on the spinor bundle Sg. Now if (ei)1≤i≤n is a local g-orthonormal
frame on Ω, we get that

(
∇̃g′

X −∇g
X

)
ϕ =

1

2

∑

1≤k<l≤n

(ω̃g′

kl − ωg
kl)(X)ek · el · ϕ(2.5)

where ω̃g′

kl = g(∇̃g′ek, el) and ω
g
kl = g(∇gek, el) are the connection 1-forms associated to

∇̃g′ and ∇g. In a same way, the Dirac operators Dg and D̃g′ := Ag
g′ ◦Dg′ ◦ Ag′

g acting
on Sg can also be related but it is not useful for us here.

2.3. Proof of Theorem 2.1. Since the metric g is singular, one can consider for all ε >
0 the metric gε as in Section 2.1. Note that one can find ε̃ > 0 such thatQ(2ε̃)∩P (2ε̃) = ∅
and that Q(2ε̃) ∪ P (2ε̃) is disjoint from the boundary so that gε|Σ coincides with γ for
all 0 < ε ≤ ε̃. For (εi)i≥0 a sequence of real numbers with 0 < εi ≤ ε̃ and εi → 0, we let
gi := gεi. In particular, it holds that Sgi|Σ coincides with S/ γ for all i ≥ 0. On the other
hand, it follows from standard arguments (see [HMZ02] for example) that the operator

Dgi :
{
ϕ ∈ W 1,2(gi) / P±ϕ|Σ = 0

}
→ L2(gi)

is an isomorphism in a such a way that the boundary value problem

(2.6)

{
DgiΦ = 0 in Ω
P±Φ|Σ = P±Ψ on Σ

admits a unique smooth solution Φ ∈ Γ(Sgi) for every smooth Ψ ∈ Γ(S/ γ). Here P±

denotes the pointwise orthogonal projection defined by

P± : ϕ ∈ Γ(S/ γ) 7→ P±ϕ :=
1

2

(
ϕ±

√
−1η · ϕ

)
∈ Γ(V ±)

where V ± is the subbundle of S/ γ whose fiber is the eigenspace associated with the
eigenvalue ±1 of the involution

√
−1η· : S/ γ → S/ γ. Recall that this maps defines

an elliptic boundary condition for Dgi usually referred to as the MIT bag boundary
condition. Now fix j0 ∈ {1, · · · , N} and let φi ∈ Γ(Sgi) be the unique solution of the
boundary value problem (2.6) for P+ with

Ψj0 :=

{
ψj0 on Σj0

0 on Σ \ Σj0
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where ψj0 is an eigenspinor for the Dirac operator on Σj0 associated with the eigenvalue
λ1(D/

j0
γ ). Without loss of generality, we can assume that

∫

Ω

|φi|2dµgi = 1(2.7)

for all i ≥ 0. Then the integral version of the Schrödinger-Lichnerowicz formula (2.4) on
(Ωn, gi) and classical manipulations on the boundary terms (see [Rau08] for example)
yield

λ1(D/
j0
γ )

∫

Σj0

|φi|2dµγ ≥
∫

Ω

(
|∇giφi|2 +

Rgi

4
|φi|2

)
dµgi +

1

2

(
min
Σj0

Hg

) ∫

Σj0

|φi|2dµγ

+λ1(D/
j0
γ )

∫

Σj0

|P−(φi −Ψj0)|2dµγ +

∫

Σ\Σj0

Hg|P−φi|2dµγ.(2.8)

Now from (2.2) with f = |φi|, it holds that∫

Ω

Rgi|φi|2dµgi ≥
∫

Ω\(P (εi)∪Q(εi))

Rg|φi|2dµg + c−1ε−2
i

∫

P ( 1

400
ε2i )

(H− −H+)|φi|2dµgi

−cτ
3

2

i

(∫

Q(εi)

|φi|
2n
n−2dµgi

)n−2

n − cτ
1

2

i

∫

Ω

∣∣∇gi|φi|
∣∣2dµgi.

Since the scalar curvature Rg is nonnegative away from sing(g) and H− ≥ H+ on P , we
deduce from the previous inequality and the Kato inequality that

∫

Ω

Rgi|φi|2dµgi ≥ −cτ
1

2

i

∫

Ω

|∇giφi|2dµgi − cτ
3

2

i

( ∫

Q(εi)

|φi|
2n
n−2dµgi

)n−2

n

.(2.9)

On the other hand, by the Sobolev inequality, the fact that cgi ≤ g ≤ c−1gi and (2.7),
we have

(∫

Ω

|φi|
2n
n−2dµgi

)n−2

n ≤ c
(∫

Ω

|∇giφi|2dµgi + 1
)
.

Combining this fact with (2.9), we can rewrite the estimate (2.8) as

(
λ1(D/

j0
γ )−

1

2
min
Σj0

Hg

) ∫

Σj0

|φi|2dµγ ≥
(
1− cτ

1

2

i

) ∫

Ω

|∇giφi|2dµgi − cτ
3

2

i(2.10)

for all i ≥ 0. Taking the limit as i goes to infinity yields the desired inequality.
Assume now that equality holds in (2.1) and so it follows from (2.10) that

lim
i→∞

∫

Ω

|∇giφi|2dµgi = 0.(2.11)

First, remark that our regularity assumptions implies that the metric g must be C0∩W 1,n

and that the sequence (gi) is uniformly bounded in W 1,n(g). Then, it follows from (2.5)
that the End(Sg)-valued one-form

Li : X ∈ Γ(TM) 7→ Li
X := ∇̃gi

X −∇g
X ∈ Γ

(
End(Sg)

)

must be Ln(g) and so one compute using the Hölder inequality that
∫

Ω

|∇gϕ|2dµg ≤
∫

Ω

|∇̃giϕ|2dµg + ||Li||2Ln(g)||ϕ||2Ln∗(g)
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that is ∫

Ω

|∇gϕ|2dµg ≤
∫

Ω

|∇̃giϕ|2dµg + c||ϕ||2Ln∗(g)

for all ϕ ∈ Γ(Sg) and where n∗ = 2n/(n−2). On the other hand, since the L2(gi)-norms
are uniformly equivalent to the L2(g)-norm, it turns out that the previous inequality
implies that

||ϕ||W 1,2(g) ≤ c
(
||Agi

g ϕ||W 1,2(gi) + ||Agi
g ϕ||Ln∗(gi)

)

which, from the Sobolev and Kato inequalities, finally yields

||ϕ||W 1,2(g) ≤ c||Agi
g ϕ||W 1,2(gi).

Combining this estimate with (2.7) and (2.11) show that the sequence (Φi), with Φi :=
Ag

gi
φi ∈ Γ(Sg), is uniformly bounded in W 1,2(g). Then, after passing to a subsequence,

we conclude that (Φi) converges weakly in W 1,2(g), strongly in L2(g) and a.e. on Ω.
Denote by Φ the limit spinor. The strong convergence in L2(g) with (2.7) and the fact
that the sequence (gi) converges to g in C0 implies that

∫

Ω

|Φ|2dµg = 1.

Then the weak convergence in W 1,2(g) gives
∫

Ω

|∇gΦ|2dµg ≤ lim inf
i→∞

∫

Ω

|∇gΦi|2dµg.(2.12)

Now since gi and g coincide on Ω \
(
Q(εi) ∪ P (εi)

)
, we write

∫

Ω

|∇gΦi|2dµg ≤
∫

Ω

|∇̃giΦi|2dµg +

∫

Q(εi)

|LiΦi|2dµg +

∫

P (εi)

|LiΦi|2dµg.(2.13)

The first term in the right-hand side of this inequality tends to zero as i goes to ∞
because of (2.11). On the other hand, we apply the generalized Hölder inequality in the
second term to get

∫

Q(εi)

|LiΦi|2dµg ≤ ||Li||2Lq(g)||Φi||2Ln∗(g) |Q(εi)|
2( 1

n
− 1

q
).

This term also tends to zero as i goes to infinity since Li is uniformly bounded in Lq(g)
on Q(εi), (Φi) is uniformly bounded in Ln∗

(g) by the Sobolev inequality and Q has
codimension at least l with l > nq/(2q− n) and q > n. Finally, note that on P (ε̃0), g is
equivalent to the Riemannian metric dt2 + h where h is the metric induced by g on P
and that (gi) is uniformly Lipschitz. The last term in the right-hand side of (2.13) also
tends to zero as i→ ∞ since then∫

P (εi)

|LiΦi|2dµg ≤ c||Φi||2Ln∗(g) ε
2

n

i ≤ cε
2

n

i

by the Hölder inequality. We finally have proved that

lim inf
i→∞

∫

Ω

|∇gΦi|2dµg = 0

which, with (2.12), immediately implies that Φ is a parallel spinor on (Ωn, g) as claimed.
In particular, since g is smooth away from it singular support, Φ is smooth on Ω\

(
P∪Q).
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Even more, it follows from [ST02, Lemma 3.3] that Φ is Hölder continuous away from
Q.

Let us now show that Φ|Σ = Ψj0. First, the Sobolev trace theorem ensures that the
sequence (Φi) converges to Φ|Σ in L2(γ), the space of square integrable spinor fields on Σ,
and so a.e. on Σ up to the extraction of a subsequence. Then, since the metric induced
on Σ by gi is γ, it follows that Φi = φi on Σ for all i. Moreover, from P+φi|Σ = P+Ψj0

we easily deduce that P+Φ|Σ = P+Ψj0 a.e. on Σ. On the other hand, we see from (2.8)
and (2.10) that if equality holds in (2.1), we have

lim
i→∞

∫

Σ

|P−Φi − P−Ψj0|2dµγ = 0.

This means that P−φi|Σ converges to P−Ψj0 in L2(γ) and so a.e. on Σ up to a subse-
quence. In particular, P−Φ|Σ = P−Ψj0 a.e. on Σ which implies that Φ|Σ = Ψj0 a.e. on
Σ. However, since both of these spinor fields are continuous on Σ, this equality holds
everywhere on Σ. Now from the formula (2.3), we get

1

2
HgΦ|Σj0

= D/ γΦ|Σj0
= D/ γψj0 = λ1(D/

j0
γ )ψj0 = λ1(D/

j0
γ )Φ|Σj0

and so Hg is constant on Σj0 .
Now if Ω \ Q is connected then, since Φ is parallel on Ω and continuous on Ω \ Q,

it has a positive constant norm away from Q. This is impossible if Σ has more than
one component since otherwise it should be zero on Σ \ Σj0. It remains to prove that
H− = H+ on P . For this, we note that for all spinor fields ϕ which are smooth on
P (ε̃) \ P and W 1,2(g) on P (ε̃), we have

∫

P (ε̃)

|Dgϕ|2 =

∫

P (ε̃)

|∇gϕ|2 +
∫

P

(H− −H+)|ϕ|2

+

∫

Pε̃

〈Dgϕ− ∂

∂t
· ∇gϕ, ϕ〉+

∫

P−ε̃

〈Dgϕ+
∂

∂t
· ∇gϕ, ϕ〉

where Pt denotes the hypersurface at oriented distance t of P in the tubular neighbor-
hood P (ε̃). Applying this formula to the parallel spinor Φ leads to the fact that

∫

P

(H− −H+) = 0

and so H− = H+ since H− ≥ H+ on P .
Conversely, assume that Ω endowed with a singular metric g carries a parallel spinor

fields Φ ∈ Γ(Sg) and has a boundary Σ with positive constant mean curvature Hg.
Then, it is straightforward to compute using (2.3) that the restriction of Φ to Σ is an
eigenspinor for the Dirac operator D/ γ associated with the eigenvalue Hg/2. On the
other hand, since (Ωn, g) has a parallel spinor it has to be Ricci-flat away from P ∪ Q
and so the inequality (2.1) applies. This leads to the conclusion that it is actually an
equality as desired.

3. Proof of Theorem 1.3 and its corollaries

Proof of Theorem 1.3. Consider the metric conformally related to g defined by g =

φ
4

n−2 g on M where φ is the boundary capacity potential satisfying (1.4). From the
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classical relation between scalar curvatures in the same conformal class, it holds that

Rg = φ−n+2

n−2

(
− 4

n− 1

n− 2
∆gφ+Rgφ

)
≥ 0

since φ is harmonic and Rg is nonnegative. Now it follows from [MMT20, HM20] that we
can invert the coordinates at infinity with the help of the Kelvin transform to compactify
the manifold M by adding a point p∞ at infinity to a get a smooth manifold M∞ for
which the metric g extends to a W 1,q metric for some q > n at p∞ . Denote by g∞ the
extended metric and remark that this metric is smooth on M because g∞ = g on M .
Moreover, since the manifold M is spin, its one point compactification M∞ is also spin
and the spin structure induced on Σ remains unchanged. On the other hand, the mean
curvature of Σ for the metric g can be easily seen to be

Hg = φ− 2

n−2

(
− 2

n− 1

n− 2

∂φ

∂ν
−Hgφ

)
= −2

n− 1

n− 2

∂φ

∂ν
−Hg > 0(3.1)

because of (1.6) and since φ = 1 on Σ. For the same reason, the metric g restricted to Σ
coincides with γ. The metric g∞ being singular in the sense of Section 2.1 with P = ∅
and Q = {p∞}, we can apply Theorem 2.1 and then the inequality (1.7) follows directly
from (2.1) and (3.1). Since M∞ \ {p∞} = M is connected, the equality case is also a
direct consequence of the equality case of Theorem 2.1. �

Proof of Corollary 1.1. Assume here that (M3, g) is an 3-dimensional, complete,
asymptotically flat manifold with nonnegative scalar curvature whose inner boundary is
a union of 2-spheres for which equality holds in (1.7). It follows from the equality case in
Theorem 1.3 that (M3, g) carries a parallel spinor and that Σ is a 2-sphere with positive
constant mean curvature. In particular, the manifold (M3, g) is Ricci flat and so it is flat
asM is 3-dimensional. In fact, it follows from [SY92] that the metric g∞ defined onM3

∞

in the previous proof, extends smoothly (after perhaps a change of smooth structure)
across p∞ as the singular support of g∞ is reduced to an isolated point. Then we deduce
that (M3

∞, g∞) is a handlebody with a flat metric and a connected mean convex spherical
boundary, that is a 3-dimensional ball. The end of the proof proceeds then exactly as
in [MMT20, p. 26] to conclude that (M3, g) is isometric to the exterior of a coordinate
sphere in a Riemannian Schwarzschild manifold. �

Proof of Corollary 1.2. The inequality (1.7) applies with Hg = 0 and so (1.9) is true.
The equality case follows directly from Theorem 1.3. �

Proof of Corollary 1.3. By assumption, the normal derivative of the boundary capacity
potential φ of Σ in (Mn, g) is constant and, since Σ is connected, the second equality in
(1.5) shows that

Cg(Σ,M) = − |Σ|
(n− 2)ωn−1

∂φ

∂ν
.

The inequality (1.10) as well as the corresponding equality case follows from Theorem
1.3. �

4. Sub-static manifolds with harmonic potentials

In [AMO22, Theorem 1.1], Agostiniani, Mazzieri and Oronzio proved a nice inequality
similar to the Penrose inequality in the context of sub-static manifolds with harmonic
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potentials. A triple (Mn, g, u) is said to be sub-static harmonic if (Mn, g) is a smooth,
connected, complete asymptotically flat, n-dimensional Riemannian manifold, with n ≥
3 and with smooth compact boundary Σ and u ∈ C∞(M) satisfies the system

(4.1)






uRicg −∇gdu ≥ 0 in M
∆gu = 0 in M
u = 0 on Σ
u→ 1 as |x| → ∞.

Here Ricg is the Ricci curvature tensor of (Mn, g). In other words, a triple (Mn, g, u)
is a sub-static triple if, and only if, the boundary capacity potential φ = 1 − u of Σ in
(Mn, g) satisfies (1− φ)Ricg +∇gdφ ≥ 0. In particular, it follows from (A.1) that

u(x) = 1− Cg(Σ,M)

rn−2
+ o2(r

2−n)

as r → ∞. In this context, they proved:

Theorem 4.1. ([AMO22]) Let (Mn, g, u) be a sub-static harmonic triple with associated
capacity Cg(Σ,M) and suppose that Σ is connected. Then

Cg(Σ,M) ≥ 1

2

( |Σ|
ωn−1

)n−2

n−1

.(4.2)

Moreover, the equality holds if, and only if, (Mn, g) is isometric to
(
M

n
m(rm), gm

)
with

rm = (m/2)1/(n−2) and m = Cg(Σ,M).

From the two first conditions in (4.1) it holds that ∇gdu = 0 on Σ. Then, since Σ
is connected, we get from the Hopf lemma that |∇gu| is a positive constant on Σ and
therefore |∇gφ| too. In particular, Corollary 1.3 applies in this situation and leads to
the following estimate when combined with Theorem 4.1.

Corollary 4.1. Let (Mn, g, u) be a spin sub-static harmonic triple and suppose that Σ
is connected. Then

λ1(D/ γ) ≥
n− 1

2

(ωn−1

|Σ|
) 1

n−1

.(4.3)

Moreover, the equality holds if, and only if, (Mn, g) is isometric to
(
M

n
m(rm), gm

)
with

rm = (m/2)1/(n−2) and

m =
λ1(D/ γ)

n− 1

|Σ|
ωn−1

.

For n = 3, this inequality is nothing else but the Bär-Hijazi inequality (5.4) and this
is in fact not surprising because of the black hole uniqueness theorem for sub-static
harmonic triple [AMO22, Theorem 1.2]. Indeed, this result asserts that any such triple
for which there exists a chart at infinity with Rg = O(r−q) for some q > n has to be
isometric to

(
M

n
m(rm), gm

)
with rm = (m/2)1/(n−2). In particular, Σ is a round sphere

and then the inequality (4.3) is in fact an equality (and so is (4.2)). It remains an open
question to see whether it is possible to remove this assumption. For n ≥ 4, if stronger
conditions on the asymptotic behaviors of the metric g and the harmonic potential are
made and if M is spin, similar rigidity results can be deduced from [Rau21]. In the
situation here, one can obtain from Corollary 4.1 the following uniqueness result:
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Corollary 4.2. Let (Mn, g, u) be a spin sub-static harmonic triple whose boundary
is isometric to a round sphere with radius R > 0. Then (Mn, g) is isometric to(
M

n
m(rm), gm

)
with rm = (m/2)1/(n−2) and m = Rn−2/2.

This follows directly from the fact that the first eigenvalue of the Dirac operator on
a round sphere with radius R is λ1(D/ γ) = (n − 1)/(2R) so that the equality occurs in
(4.3) under the assumptions of Corollary 4.2. Note that, unlike the above results, we
made not use of the PMT in our proof.

5. Mass-capacity inequalities

In this last part, we briefly explain that the mass-capacity inequality (1.3) is true if
we assume that some estimates regarding λ1(D/ γ) holds on Σ. More precisely, we prove:

Theorem 5.1. Let (Mn, g) be an n-dimensional, complete, spin asymptotically flat
manifold with nonnegative scalar curvature and with a compact inner boundary Σ such
that

λ1(D/ γ) ≥
1

2
max
Σ

( 2α

α− 2

n− 1

n− 2

∂φ

∂ν
+Hg

)
(5.1)

for some α ∈ [0, 2[. Then the ADM mass mADM(M, g) of (Mn, g) satisfies

mADM(M, g) ≥ α Cg(Σ,M).

Proof: Consider the metric gα = φ
4

n−2

α g conformally related to g and where φα is the
smooth positive function defined on M by

φα := 1− α

2
φ > 0

for α ∈ [0, 2[. From the asymptotic expansion (A.1) of φ, it is immediate to check that
(Mn, gα) is an asymptotically flat manifold with ADM mass given by

mADM(M, gα) = mADM(M, g)− α Cg(Σ,M).(5.2)

Moreover, the scalar curvature of (Mn, gα) is easily computed to be

Rgα = φ
−n+2

n−2

α

(
− 4

n− 1

n− 2
∆gφα +Rgφα

)
≥ 0

since φα is harmonic and Rg is nonnegative. As well, the mean curvature of Σ in (Mn, gα)
is

Hgα = φ
− n

n−2

α

(
2
n− 1

n− 2

∂φα

∂ν
+Hgφα

)

which can be rewritten as

Hgα =
( 2

2− α

) 2

n−2
( 2α

α− 2

n− 1

n− 2

∂φ

∂ν
+Hg

)
.(5.3)

Now, observe that since the metrics gα and g are homothetic when restricted to Σ, it is
easy to check that their corresponding first Dirac eigenvalues satisfy

λ1(D/ γα) =
( 2

2− α

) 2

n−2

λ1(D/ γ)
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where λ1(D/ γα) corresponds to the first eigenvalue of the Dirac operator on Σ endowed
with γα, the metric induced by gα. This fact together with (5.1) and (5.3) allows to
conclude that

λ1(D/ γα) ≥
1

2
max
Σ

Hgα.

We thus have shown that the manifold (Mn, gα) satisfies the assumptions of Theorem 1.1
and then its ADM mass mADM(M, gα) is nonnegative. The conclusion follows directly
from (5.2). �

Remark 5.1. It follows from the estimate (1.7) that the previous mass-capacity inequal-
ity holds if

min
Σ

(
− 2

n− 1

n− 2

∂φ

∂ν
−Hg

)
≥ max

Σ

( 2α

α− 2

n− 1

n− 2

∂φ

∂ν
+Hg

)
.

However, it is straightforward to see that this assumption implies the pointwise condition
(1.2). This mean that, in this situation, Theorem 5.1 is a direct consequence of the works
of Bray [Bra01] and Hirsch and Miao [HM20].

As a direct application of Theorem 5.1, we obtain a natural generalization of a PMT
for manifolds with boundary [Her97, Her02]. Indeed, combining this result with the
Bär-Hijazi inequality

λ1(D/ γ) ≥ 2

√
π

|Σ| ,(5.4)

for n = 3 and the Hijazi inequality

λ1(D/ γ) ≥
1

2
|Σ|− 1

n−1

√
n− 1

n− 2
Y
(
Σ, [γ]

)
(5.5)

for n ≥ 4 and where Y
(
Σ, [γ]

)
is the Yamabe invariant of (Σn−1, γ), yields the following

version of the mass-capacity inequality:

Corollary 5.1. Let (Mn, g) be an n-dimensional, complete, spin asymptotically flat
manifold with nonnegative scalar curvature and with a compact inner boundary Σ. As-
sume that one of the following condition holds on Σ for some α ∈ [0, 2[:

(i) n = 3, Σ is a topological sphere and

Hg −
4α

2− α

∂φ

∂ν
≤ 4

√
π

|Σ|
(ii) n ≥ 4, Σ is a manifold with positive Yamabe invariant and

Hg −
2α

2− α

n− 1

n− 2

∂φ

∂ν
≤ |Σ|− 1

n−1

√
n− 1

n− 2
Y
(
Σ, [γ]

)
.

Then the ADM mass mADM(M, g) of (Mn, g) satisfies

mADM(M, g) ≥ α Cg(Σ,M).

Moreover, equality occurs if, and only if, (Mn, g) is isometric to the exterior region
outside a rotationally symmetric sphere in the Riemannian Schwarzschild manifold of
mass α Cg(Σ,M).
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Proof: The inequality is a direct consequence of a combination of Theorem 5.1 with
(5.4) and (5.5). Assume that equality holds. If α = 0, it is nothing else that the PMT of
Herzlich. If α > 0 and equality occurs, it is easy to observe from the proof of Theorem
5.1 that (Mn, gα) satisfies the equality case of the PMT [Her97, Proposition 2.1] and
[Her02, Proposition 2.1] and so it has to be isometric to the exterior of a round sphere
with radius rα > 0 in the Euclidean space. Then it follows that the smooth function
φ−1
α satisfies 





∆δφ
−1
α = 0 in R

n \B(0, rα)
φ−1
α = 2/(2− α) on S

n−1
rα

φ−1
α → 1 as |x| → ∞

where ∆δ is the Laplace operator in the Euclidean space. It turns out that the unique
solution of the aforementioned boundary problem is easily seen to be

φ−1
α (x) = 1 +

m

2rn−2

with m = 2αrn−2
α /(2− α) and thus (Mn, g) is isometric to

(
M

n
m(rα), gm

)
. The converse

statement follows from the computations of Appendix B. �

Remark 5.2. If the boundary is not connected, the condition (i) or (ii) in Corollary
5.1 as well as the condition (5.1) in Theorem 5.1 is assumed to hold on each connected
components of Σ.

Appendix A. Mass and capacity

A smooth, connected, n-dimensional Riemannian manifold (Mn, g) is said to be
asymptotically flat (of order p) if there exists a compact subset K ⊂ M such that
M \ K is a finite disjoint union of ends Mk, each of them being diffeomorphic to R

n

minus a closed ball B by a coordinate chart in which the components of the metric
satisfy

gij = δij +O2

(
r−p

)
and Rg ∈ L1(M)

for i, j = 1, ..., n and p > (n−2)/2. Here O2(r
−p) refers to a real-valued function f such

that

|f(x)|+ r|∂f(x)|+ r2|∂2f(x)| ≤ Cr−p

as r goes to infinity, for some constant C > 0 and where ∂ is the standard derivative in
the Euclidean space. Such a coordinate chart is often referred to as a chart at infinity.
In the following, we assume that k = 1 and the general case can be treated in a similar
way.

On an asymptotically flat manifold (Mn, g), the ADM mass is defined by

mADM(M, g) :=
1

2(n− 1)ωn−1
lim

R→+∞

n∑

i,j=1

∫

SR

(gij,i − gii,j)
xj

r
dµSR

where SR stands for a coordinate sphere of radius R > 0, dµSr
its Euclidean Riemannian

volume element and gij,s the derivative of the metric components in the coordinate chart.
This definition seems to depend on a particular choice of the coordinates chart, however,
as proved independently by Bartnik [Bar86] and Chruściel [Chr86], it is a well-defined
geometric invariant.
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On asymptotically flat manifolds of order p, the boundary capacity potential φ ∈
C∞(M) satisfying (1.4) has the following expansion

φ(x) =
Cg(Σ,M)

rn−2
+O2(r

−(n−2+p))(A.1)

as r → ∞ (see [AMO22, Theorem 2.2] for example).

Appendix B. The Riemannian Schwarzschild manifolds

Here we recall some standard computations in the Riemannian Schwarzschild man-
ifolds. The Riemannian Schwarzschild manifold of mass m ∈ R is the Riemannian
manifold (Mn

m, gm) where

M
n
m :=





R
n \ {0} if m > 0

R
n if m = 0

R
n \

{
r ≤

(
|m|/2

)1/(n−2)}
if m < 0

and with metric

gm =
(
1 +

m

2rn−2

) 4

n−2

δ

where r := |x| is the Euclidean radius for x ∈ M
n
M . It is a static manifold in the sense

that the Lorentzian manifold(
Ln+1 := R×M

n
m, gm := −N2

m dt
2 + gm

)

is a spacetime which satisfies the Einstein vacuum equations with zero cosmological
constant. Here Nm denotes the smooth harmonic function given by

Nm(x) =
(
1− m

2rn−2

)(
1 +

m

2rn−2

)−1

generally referred to as the lapse function. For r0 ∈ (r∗,∞) with r∗ = 0 if m ≥ 0
and r∗ = (|m|/2)1/(n−2), we consider the exterior of the region outside a rotationally
symmetric sphere defined by

M
n
m(r0) :=

{
x ∈ M

n
m / r ≥ r0

}
.

This is an n-dimensional, spin, complete, asymptotically flat manifold with zero scalar
curvature and connected inner boundary Σr0 with induced metric γr0 isometric to a
round sphere with radius

rgm,r0 := r0
(
1 +

m

2rn−2
0

) 2

n−2

and constant mean curvature

Hgm,r0 =
n− 1

r0

(
1− m

2rn−2
0

)(
1 +

m

2rn−2
0

)− n
n−2 .

Remark that for m > 0, the region R×M
n
m(rm) with rm = (m/2)1/(n−2) represents the

exterior of a black hole with event horizon at r = rm in (Ln+1, gm). On the other hand,
the boundary capacity potential of Σr0 in

(
M

n
m, gm

)
can be computed to be

φr0(x) =
(
1 +

m

2rn−2
0

)(
1 +

m

2rn−2

)−1
(r0
r

)n−2

.
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Thus it holds on Σr0 that

∂φr0

∂ν
= −n− 2

r0

(
1 +

m

2rn−2
0

)− n
n−2

and then

Cgm
(
Σr0 ,M

n
m(r0)

)
=
m

2
+ rn−2

0 .

It is also relevant to note that

−2
n− 1

n− 2

∂φr0

∂ν
−Hgm,r0 =

n− 1

rgm,r0

so that this leads to the following interpretation

λ1(D/ r0) = −n− 1

n− 2

∂φr0

∂ν
− Hgm,r0

2

in terms of λ1(D/ r0) the first eigenvalue of the Dirac operator D/ r0 of (Σr0 , γr0). This
implies that the manifold M

n
m(r0) satisfies the equality case in the estimate of Theorem

1.3.
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