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DISTINGUISHED SELF-ADJOINT EXTENSION AND EIGENVALUES OF OPERATORS
WITH GAPS. APPLICATION TO DIRAC-COULOMB OPERATORS

JEAN DOLBEAULT, MARIA J. ESTEBAN, AND ERIC SERE

ABSTRACT. We consider a linear symmetric operator in a Hilbert space that is neither
bounded from above nor from below, admits a block decomposition corresponding to an
orthogonal splitting of the Hilbert space and has a variational gap property associated
with the block decomposition. A typical example is the Dirac-Coulomb operator defined
on CX(R3\ {0},C*). In this paper we define a distinguished self-adjoint extension with
a spectral gap and characterize its eigenvalues in that gap by a min-max principle. This
has been done in the past under technical conditions. Here we use a different, geomet-
ric strategy, to achieve that goal by making only minimal assumptions. Our result ap-
plied to the Dirac-Coulomb-like Hamitonians covers sign-changing potentials as well as
molecules with an arbitrary number of nuclei having atomic numbers less than or equal
to 137.

1. INTRODUCTION AND MAIN RESULT

In three space dimensions, the free Dirac operator is of the form D = —ia -V + f with

_ 12 0 . 0 O _
ﬁ_(o _Iz)) ak_(o_k 0) (k—1,2,3),

01, 02, 03 being the Pauli matrices (see [29]). The Dirac-Coulomb operatoris Dy = D+V
v

where V is the Coulomb potential T (v > 0) or, more generally, the convolution of _I_chl
with an extended charge density. Usually, one first defines D_, |y on the so-called mini-
mal domain Cg° (R3\ {0}, C%). The resulting minimal operator is symmetric but not closed
in the Hilbert space L?(R3,C*). It is essentially self-adjoint when v lies in the interval
(0,v/3/2]. In other words, its closure is self-adjoint and there is no other self-adjoint
extension. For larger constants v one must define a distinguished, physically relevant,
self-adjoint extension and this can be done when v < 1. The essential spectrum of this
extension is R\ (=1, 1), which is neither bounded from above nor from below. In atomic
physics, its eigenvalues in the gap (—1,1) are interpreted as discrete electronic energy

levels.

Important contributions to the construction of distinguished self-adjoint realisations
of Dirac-Coulomb operators were made in the 1970’s, see, e.g., [26, 33, 34, 35, 22, 23,
17, 16]. In these papers, general classes of potentials V are considered, but in the case
V = —v/|x| one always assumes that v is smaller than 1.

2020 Mathematics Subject Classification. Primary: 47B25. Secondary: 47A75, 49R50, 81Q10.
Key words and phrases. variational methods; self-adjoint operators; symmetric operators; quadratic forms;
spectral gaps; eigenvalues; min-max principle; Rayleigh-Ritz quotients; Dirac operators.


https://mathscinet.ams.org/mathscinet/search/mscdoc.html?code=47B25
https://mathscinet.ams.org/mathscinet/search/mscdoc.html?code=47A75
https://mathscinet.ams.org/mathscinet/search/mscdoc.html?code=49R50
https://mathscinet.ams.org/mathscinet/search/mscdoc.html?code=81Q10

2 J. DOLBEAULT, M.J. ESTEBAN, AND E. SERE

Reliable computations of the discrete electronic energy levels in the spectral gap (-1,1)
are a central issue in Relativistic Quantum Chemistry. For this purpose, Talman [28] and
Datta-Devaiah [2] proposed a min-max principle involving Rayleigh quotients and the
decomposition of four-spinors into their so-called large and small two-components. A
related min-max principle based on another decomposition using the free-energy pro-
jectors 1, (D) was proposed in [13] and justified rigorously in [5] for v € (0, n/zzm) An
abstract version of these min-max principles deals with a self-adjoint operator A defined
in a Hilbert space # and satisfying a variational gap condition, to be specified later,
related to a block decomposition under an orthogonal splitting

S =S, 0 SO 1)

Such an abstract principle was proved for the first time in [15], but its hypotheses were
rather restrictive and the application to the distinguished self-adjoint realization of Dy
only gave Talman’s principle for bounded electric potentials (see also [18, 32] for related
abstract principles). In [14], an improved abstract min-max principle was applied to Dy
with the splitting given by the free-energy projectors, for the unbounded potential —v/| x|
with v € (0,0.305]. In [4], thanks to a different abstract approach, the range of essential
self-adjointness v € (0,v/3/2] was dealt with, both for Talman’s splitting and the free pro-
jectors. The articles [20, 21, 9, 25, 10] followed and the full range v € (0, 1] is now covered.

Using some of the tools of [4], Esteban and Loss [11, 12] proposed a new strategy to
build a distinguished, Friedrichs-like, self-adjoint extension of an abstract symmetric op-
erator with variational gap and applied it to the minimal Dirac-Coulomb operator, with
v e (0,1]. In [9, 10], connections were established between this new approach and the
earlier constructions for Dirac-Coulomb operators.

Important closability issues had been overlooked in some arguments of [4] and some
domain invariance questions had not been addressed properly in [11, 12] (see the begin-
ning of Subsection 3.2). In [25] these issues are clarified and the self-adjoint extension
problem considered in [11, 12] is connected to the min-max principle for the eigenvalues
of self-adjoint operators studied in [4]. The abstract results in [25] have many important
applications, but some examples are not covered yet, due to an essential self-adjointness
assumption made on one of the blocks. In [4, Corrigendum], we present another way of
correcting the arguments of [4] thanks to a new geometric viewpoint. In the present work,
by adopting this viewpoint, we are able to completely relax the essential self-adjointness
assumption of [25]. Additionally, our variational gap assumption is more general, as it
covers a class of multi-center Dirac-Coulomb Hamiltonians in which the lower min-max
levels fall below the threshold of the continuous spectrum (see, e.g., [6] for a study of such
operators): we shall use the image that some eigenvalues dive into the negative contin-
uum.

Before going into the detail of our assumptions and results, we fix some general no-
tations that will be used in the whole paper. We consider a Hilbert space  with scalar
product (,-) and associated norm || - ||. When the sum V + W of two subspaces V, W of
A€ is direct in the algebraic sense, we use the notation V+W. We reserve the notation
V @ W to topological sums. We adopt the convention of using the same letter to denote
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a quadratic form ¢(-) and its polar form g(,-). We use the notations Z(q) for the domain
of a quadratic form g, 2(L) for the domain of a linear operator L and Z(L) for its range.
The space (L) is endowed with the norm

Ixlgw = VIxI?+ILxI?, YxeD(L).

We denote the resolvent set, spectrum, essential spectrum and discrete spectrum of a
self-adjoint operator T by p(T), o(T), 0ess(T) and o gisc(T) respectively.

Let us briefly recall the standard Friedrichs extension method. Let S : 2(S) — 4 be
a densely defined operator. Assume that S is symmetric, which means that (Sx,y) =
(x,Sy) forall x, y € 2(S). If the quadratic form s(x) = (x, Sx) associated to S is bounded

from below, i.e,, if
s(x)
[1 .

= w2 (9M\0) I1x12
then S has a natural self-adjoint extension T, which is called the Friedrichs extension of
S and can be constructed as follows (see e.g. [24] for more details). First of all, since the
quadratic form s is bounded from below and associated to a densely defined symmetric
operator, it is closable in .#°. Denote its closure by s. Take ¢ < ¢;, so that s(-,-) —¢(-,-) isa
scalar product on 2(s) giving it a Hilbert space structure. By the Riesz isomorphism the-
orem, for each f € #, there is a unique u; € 2(5s) such that 5 (v, uy) — € (v,ur) = (v, f)
for all v € 2(5). Note that uy is also the unique minimizer of the functional #¢(u) :=
% (S - 2Nul?)-(u, f)in 2(3). The map f — uy is linear, bounded and self-adjoint for
(-,-). Itsinverse is T —¢id 7 and one easily checks that T does not depend on ¢: this oper-
ator is just the restriction of $* to 2(5) N2(S*). An important property of the Friedrichs
extension is that the eigenvalues of T below its essential spectrum, if they exist, can be
characterized by the classical Courant-Fisher min-max principle: for every positive inte-
ger k, the level

> —o00,

: s(x)
b= inf sup —
V subspace of 2(5) X€V\0} x|l

is either the bottom of oess(T) (in the case £ = ¢ for all j = k) or the k-th eigenvalue of
T (counted with multiplicity) below gess(T).

In the special case of the Laplacian in a bounded domain Q of R? with smooth bound-
ary, S=—A: C(Q) — L*(Q), one has 2(5) = H, () and the construction of the Friedrichs
extension T corresponds to the weak formulation in H;(Q) of the Dirichlet problem:
—Au = finQ, u = 00ondQ. In other words, uy is the unique function in H; (Q) such
thatforall v e Hy(Q), fo Vus-Vvdx = [ f vdx. So T is the self-adjoint realization of the
Dirichlet Laplacian. By regularity theory, we learn that 2(T) = H2(Q)n H(% Q).

From now on in this paper, we consider a dense subspace F of # and a symmetric
operator A: F — /. We do not assume that the quadratic form (x, Ax) is bounded from
below, so we cannot apply the standard Friedrichs extension theorem to A. We introduce
an orthogonal splitting A = A, & #_ of A4 as in (1). We denote by

Ai:‘%_)‘]fi'
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the orthogonal projectors associated to this splitting. We make the following assump-
tions:

F.:=A.F and F_ := A_F are subspaces of F (H1)
and ()
a(x-
Ao:= sup 5 < +00. (H2)
x_eF\joy x|
We also make the variational gap assumption that
forsome ko =1, we have Ay, > Ag,-1 = Ao (H3)
where the min-max levels A (k = 1) are defined by
a(x
A= inf sup (—; . (2)
Vsubspace of F, X€(V&F-)\{0} Il

dimV=k

In order to construct a distinguished self-adjoint extension of A, for E > Ay we are going
to decompose the quadratic form a - E|| - |I? as the difference of two quadratic forms gg
and EE with gr bounded from below and closable, while b g is positive and closed. Before
stating our main result, let us define these quadratic forms.

We first introduce a quadratic form b on F_:
b(x_)=-a(x_)=(x_,(-A-Al, )x_) Vx_€eF_. 3)
For E > A it is convenient to define the associated form
bp(x-)=b(x_)+E|x_II* Vx_€F_. 4)
As a consequence of Assumption (H2) and of the symmetry of —A_A [, , we have that
bg, is positive definite for all E > Ay and b is closable in . (b)

We denote byE the closure of b and by EE = b+E |-1I? the closure of bg, their domain being

2(b). We can consider the Friedrichs extension B of —A_A |, . For every parameter
E > Ay, the operator B + E : 9(B) — - is invertible with bounded inverse. This allows
us to define the operator Lg : Fy — 2(B) such that

Lgx.:=(B+E " 'A_Ax,, Vx,€F,. (5)

We then introduce the subspace
Tp:={x;+Lgxs:x;€F}cF,®2(B). (6)

Making an abuse of terminology justified by the isomorphism F; @ 2 (B) = F, x 2(B), we
call T'g the graph of Lg. On this space, we define a quadratic form gg by

ge(x+ +Lpxy) :i={x4,(A—E)xy)+{Lgx4,(B+E)Lgx,) . (7)

Denoting by I'y the closure of I'z in . and by I the orthogonal projection on T'g, we
may write
CIE(JC) = (xy SEX) ’ V-X:EFE’
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where

Sg:=Tg(A(A-E)A +A_(B+E)A_) | 8)

I'g*

The operator Sg is symmetric and densely defined in the Hilbert space (fE, ¢, [fEXfE).
It is one of the two Schur complements associated with the block decomposition of the
operator A — Eid_» under the orthogonal splitting A4 = /. ® A _. Further details on g,
Sg are given in Section 2. In particular, in Subsection 2.1 the decomposition of a—E||- I%in
terms of g, EE is given. Note that in [4] (before its Corrigendum) as well asin [11, 12, 25],
the form b was already present and a form analogous to gy was defined, but its domain

was F, instead of I'g.

The main result of this paper is as follows.

Theorem 1. Let A be a densely defined symmetric operator on the Hilbert space /€ with
domain F. Assume (H1)-(H2)-(H3) and take E > Ay. With the above notations, the qua-
dratic forms b and qg are bounded from below, b is closable in #_, qr is closable in T
and they satisfy

2(q)n2(b) = {0}.
The operator A admits a unique self-adjoint extension A such that

2(A) < 2(qp)+2(b).
The domain of this extension is
2(4) =24 (2(d,)+2 (D))
and it does not depend on E.

Writing
Aoo = lim/lk € (/10,00]
one has
Aoo = inf (Tess(A) N (Ag, +00)) .
In addition, the numbers A, (k = 1) satisfying Ay < Ax < Ao are all the eigenvalues —
counted with multiplicity — of A in the spectral gap (Ao, o).

Theorem 1 deserves some comments.

« In some situations, one encounters a symmetric operator A that does not satisfy (H1)
but has the weaker property AL2(A) c 2(A), where A denotes the closure of A. This
happens for instance if one defines a Dirac-Coulomb operator on a “minimal" domain
consisting of compactly supported smooth functions, and one considers the splitting as-
sociated with the free energy projectors A, = 1, (D): see the example of Subsection 6.2.
In such a case one can replace A by its symmetric extension A | roomer_ow- Lhen (H1) is
automatically satisfied by the new domain and it remains to check that the new operator
satisfies (H2)-(H3) before applying Theorem 1.

e In the earlier works [15, 14, 4, 5, 6, 20, 21, 9, 25] on the min-max principle in gaps, one
assumes that ky = 1, which amounts to consider assumption (H3) with ky = 1. Allow-
ing kp = 2 can be important in some applications: see Section 6. The abstract min-max
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principle for eigenvalues in the case ky = 2 was first considered in [7], but in that pa-
per (H2) was replaced by a much more restrictive assumption. Moreover, the proofin [7]
was based on the arguments of [4], so it suffered from the same closability issue solved
in [25] and [4, Corrigendum]: the closure of Lr was used but its existence was not proved.
« Compared with [12, 25], another important novelty is that for constructing A we do not
need the operator —A_A [, to be self-adjoint or essentially self-adjoint in #_. This
assumption was used in [25] to prove that Lg is closable, while in the present work this
closability is not needed thanks to a new geometric viewpoint: instead of trying to close
Lg we consider the subspace Tz, which of course always exists, but is not necessarily
a graph. As pointed out in [25], essential self-adjointness of —A_A [, holds true in
many important situations. However there are also interesting examples for which it
does not hold true. An application to Dirac-Coulomb operators in which the essential
self-adjointness of —A_A [, does not hold true is described in Subsection 6.2. Let us

give a simpler example: on the domain F := (C°(Q,R))” consider the operator

u —Au
A = 9
)= ®
taking values in A = (L2 (Q, IR))Z, where Q is a bounded open subset of R4 with smooth
boundary. In this case one takes

o)=Ll )=

and (H1) holds true. If A(Q2) > 0 is the smallest eigenvalue of the Dirichlet Laplacian on
Q, we have 1y = —A(Q) in (H2) and 1; = A(Q2) > Ay, so (H3) with ky = 1 holds true. But
—A_A[, isthe Laplacian defined on the minimal domain {0} x C°(€2,R), and it is well-
known that this operator is not essentially self-adjoint in {0} x L?(Q,R), so one cannot
apply the abstract results of [12, 25]. In this example, the distinguished extension given by
Theorem 1 is easily obtained as follows. One checks that 2(b) = {0} x H} (Q,R), 2(q) =
Hé (Q,R) x {0} and 2( A*) = (H*(Q, IRQ))2 . So, denoting by A the Dirichlet Laplacian with
domain H?(Q,R) N H& (Q,R), one finds that

__AD)
0 A

e In [25], it is proved that the extension Ais unique among the self-adjoint extensions
whose domain is included in A, 2(qy) ® A, assuming that the operator —A_A [, is
essentially self-adjoint. But the above example shows that without this assumption, such
a uniqueness result does not hold true in general. Indeed, since A : C2°(2,R) — L2(Q,R)
is not essentially self-adjoint, the operator A given by (9) has infinitely many self-adjoint
extensions with domains included in A, 2(q ) ® #-. For instance, one can take

. [(-AD
A= )
0 A
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with A the self-adjoint extension of A associated with the Neumann boundary condi-
tion Vv-n =0, where n denotes the outward normal unit vector on 0Q2. Obviously, A# A.
» As we will see in Subsection 6.1, when dealing with the Dirac-Coulomb operator D_, ||
with Talman’s splitting it is natural to choose F = C°(R3\{0},C*). Then the large and small
two-components appearing in Talman’s min-max principle are taken in C°(R3\ {0}, C?).
But other functional spaces can be used for these components. In [20, 21] an abstract
min-max principle is stated in the setting of quadratic forms and applied to Talman’s
min-max principle with H 123 C2) as space of large and small two-components, un-
der the condition v € (0,1). However it seems that some closability issues are present
in the proof of the abstract principle, as in [4]. We do not know whether the geomet-
ric approach of the present paper could be adapted to the framework of [20] in order
to avoid these closability issues without additional assumptions. Note that by a com-
pletely different approach, Talman’s min-max principle is proved in [9] for all v € (0, 1],
with arbitrary spaces of large and small two-components lying between C°(R3 \ {0}, C?)
and HY2(R3,C?).

Concerning the proof of Theorem 1, we emphasize three main facts:

(1) The quadratic form qg(x) = {x, Sgx) is bounded from below for all E > Ay, so that it has
a closure qy in T and Sg has a Friedrichs extension Tg. This fact will allow us to define

the distinguished extension A as the restriction of A* to Z(A*) N (9 (qp)+2 (E)) We will

prove its symmetry thanks to a formula expressing the product ((E — E) X, U) in terms of
Gy and b, for X € 2(A) and U € 2(qG) + 2(b). This formula will be deduced by density
arguments from a decomposition of a — E|| - |2 as the difference of gr and EE.

(2) The self-adjoint operator Tg is invertible for all o < E < Ay,. Combined with the (ob-
vious) invertibility of B + E, this fact will allow us to construct the inverse of the distin-
guished extension A — E, by using once again the formula relating ((ﬁ— E)X,U) to qg
and bg. Then, by a classical argument, we will conclude that A is self-adjoint.

(3) Although we are not able to prove that I'g is a graph above .#;, we will see that the
sum I'p + 92(b) is direct in the algebraic sense. More importantly, if we denote by 7 :

Tp+92(b) — T and 7}, : Tp+2(b) — 2(b) the associated projectors, the linear map
X € D(A)— (mpX, 'y X) €eTE x 2(b)

is continuous for the norms ||X||@(g) and |t X| + ||7'[’EX||. Thanks to this fact, we will be
able to give a relation between the spectra of A and Ty which will allow us to prove the
min-max principle for the eigenvalues of A above Aj.

For ky = 1 the facts (1) and (2) are a consequence of the positivity of g for E € (1p,1;)
and of the Riesz isomorphism theorem. When kj = 2 the positivity is lost, but these two
key facts still hold true for other reasons to be given in the proofs of Proposition 6 and
Lemma 7 and in Remark 8.

The paper is organized as follows. In Section 2, we study the quadratic form gr under
Assumptions (H1)-(H2). In Section 3, under the additional condition (H3) we prove that
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qg is bounded from below, then we study its closure g, and the Friedrichs extension
Tg. The self-adjoint extension A is constructed in Section 4 and the abstract version
of Talman’s principle for its eigenvalues is proved in Section 5, which ends the proof of
Theorem 1. Section 6 is devoted to Dirac-Coulomb operators with charge configurations
that are not covered by earlier abstract results.

2. THE QUADRATIC FORM ¢Eg

The results of this section are essentially contained in the earlier works [4, 12, 25], we
recall them here for the reader’s convenience. We first give a more intuitive interpreta-
tion of the objects Lg, gr that have been defined in the Introduction. Then we define a
sequence of min-max levels for gg that will be related to the min-max levels A of A in
Section 5.

2.1. A family of maximization problems. In this subsection we motivate the definition
of Lr and ¢ given in the Introduction. Consider the eigenvalue equation (A—E)x =0
with unknowns x € F and E € R. Writing x, := A.x, y- := A_x and projecting both sides
of the equation on ./, one gets

A_Axy+A_(A-E)y-=0
which is also the Euler-Lagrange equation for the problem

sup (x4 +y—,(A—E) (xs++y-)).
y-€F_

Given x; in F; one can try to look for a solution y_. In general the problem is not solvable
in F_ but one can consider a larger space in which a solution exists. We denote by Lgx
the generalized solution. In order to make these explanations more precise, we need to
express the quadratic form a — E|| - ||? in terms of g, bE.

Given x, € F, and E > Ag, let ¢ x, : F- — R be defined by
PEx, V) ={x:+y_,(A-E) (x4 +y-)), Vy_€F_,

One easily sees that g ,, has a unique continuous extension to 2(b) which is the strictly
concave function

@y, 1 V- €D(D)— (x+, (A= E) (x.)) + 2Re { Axy, y-) — bp(y-).
The main result of this subsection is

Proposition 2. Let A be a symmetric operator on the Hilbert space /€. Assume (H1)-(H2),
take E > Ay and remember the definition (7) of qg. Then:

e One has the decomposition
(X,(A-E)X)=qp(A+ X+ Lg A+ X) —bg(A_X—-LgA,X), VYXEF. (10
e Foreach x, € F,, Lgx is the unique maximizer of ¢E,X+ and one has

qe(xs + Lgxy) = Qg . (Lpxy) = max @p . (y-) = sup @gx, (y-). (11)
y-€F- y-€F_
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Proof. If X € F, taking x; := Ay X € Fy, y-:=A_XeF_and z_:=y_—Lgx; € 2(B) we
obtain
(X,(A-E)X)=(x4,(A—E) x4) +2Re(Axy,y-)—(y_,(B+E) y-)
=(x4,(A—E)x4)+2Re(Lgxy, B+ E)y_)—(y_,(B+E) y-)
= (x4, (A= E)x4) +(Lg X4, (B+ E) Lg X4)
+Re(Lgx+,(B+E)z_)—Re(z_,(B+E)y-)

=X, A-E)xy) +{Lgxy,(B+E)Lgx,)—(z_,(B+E)z_),

which proves (10). Now, given x, € F, this identity can be rewritten in the form

@Ex, (Y-) = qE(xy + Lg x4) —bg(y-—Lgxy), Vy_€F_.
By density of F_ in the Hilbert space (@ (b), b (., -)) one thus has

Prx, V-) = qp(xs + Lpxy) = bp(y- - Lgxy), Vy-€2(b)

and by the positivity of bz one concludes that (11) holds true, which completes the proof.
O

2.2. The min-max levels for gr. If assumptions (H1) and (H2) hold true, to each E > A
we may associate the nondecreasing sequence of min-max levels (( k(E)) . defined by

X
(i (E) = inf qE( 2) € [—00, +00). 12
V subspace of 'y *€V\{0} Il x|
dimV =k

We may also define the (possibly infinite) multiplicity numbers
my(E) := card{k’ =1: 0}(E) = l(E)} = 1. (13)

In this subsection we analyse the dependence on E of the quadratic form g and its as-
sociated min-max levels. The results are summarized in the following proposition:

Proposition 3. Assume that (H1)-(H2) of Theorem 1 are satisfied. Then:

e Forall Ay < E < E' and for all x, € F, we have

% |ocs + Lixy | (14)

||X++LE’x+|| < ||x++LEx.|.|| =< E—AO

and
(E'—B) || xy + Lpxy |* < qe(xy + Lexy) — g (x4 + Lpxs) < (B = B) | x + Lgx. |*. (15)
« For every positive integer k and all A > Ay, one has
VD) s A=A (16)
» For every positive integer k, if A > Ay then for all A > Ay, one has
A=A )2
Ae=Ao)

(i) = (ﬂk—/l)( (17)
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As a consequence, when A > Ay the min-max level ¢ (A) is finite for every A > Ag. It is
positive when Ay < A < Ay, negative when A > A and one has ¢;(A) = 0 if and only if
A = A. Therefore, the formula my(Ay) = card{k’ =1 : A = A} holds true.

Proof. Formulas (14), (15) and their detailed proof can be found in [4, Lemma 2.1] and [25,
Lemma 2.4], so here we just give the main arguments. In order to prove (14) one can start
from the fact that for all t = -1y, (t+E)" ' < (t+E)~ ! < E ’10 0(t+E')” ~1. Then one can
use the inclusion o(B) c [-1p,00) and the definition of LE In order to prove (15), one
notices that this formula is equivalent to the two inequalities ¢ (Lg x4) < gg(x4+ + Lgx4)
and ¢ (Lgx4) < gp (x4 + Lp x4), which both hold true thanks to (11).

We now prove (16) and (17).

By definition of Ay, for each € > 0 there is a k-dimensional subspace V; of F, such
that forall x; € V; and y_ € F_, a(X) < (A + &) X|? with X = x; + y_. If E € (A9, 00) this
inequality can be rewritten as @g x, (y-) < (A —E+&)llx4 + y- 112. By a density argument
one infers that the inequality

Pp, V)< Ae—E+8)lxs+y_I?

holds true for all y_ € @(b). Choosing y_ = Lgx, and using (11), one gets the estimate
ge(x) < Ay —E+e¢) | x|I? with x = x; + Lgx,, hence

qe(x)
12 -

<Ar—E+¢
xew\joy Il x|

with W := {x € T'g : Ayx € V;}. Since ¢ is arbitrary and dim(W;) = k, we conclude that
(16) holds true.

On the other hand, using once again the definition of 1, we find that for each € > 0 and
each k-dimensional subspace W of Iy, there is a nonzero vector x. in the k-dimensional
space V := AL W c F, and a vector y, € F_ such that a(X;) = (A —€)[| X¢ |2 with X, =
Xe+ Ye. If A > Ay, after imposing € < A — Ao we get @, ¢ «, (¥e) =0, hence, invoking (11),
GA—e(Xe + Ly, —¢X¢) = 0. Then, using (14), (15) with the choices E = A — ¢, E' = A, we get

A — Ao
/lk —€&— /10
Since W and ¢ are arbitrary, we thus have ¢ (1) = 0. Combining this with (16), we see
that ;. (Ay) =

It remains to study the case Ay > Ay and A € (Ap,00) \ {A}. We take an arbitrary k-

dimensional subspace W of I'y. We define V .= AWcF, and W:={x=x, + Ly, xy:

(x
x4 € V}cTy,. Then W is also k-dimensional, so one has sup .y o q||ﬂx||2 =0, from what

we have just seen. So, by compactness of the unit sphere for | - || of the k-dimensional
space W and the continuity of g5, on this space, there is xo € V such that || xo+ Ly, Xoll = 1
and g, (xo + Ly, Xo) = 0. In order to bound g, (xo + Ly Xo) from below, we use (14), (15)
with E = min(A, 1) and E’ = max(A, 1). We get

2
2 2
qar, (x£+L/'lkxe) = q/lk—g(x£+L/lk—£x£)_5”xe+L7Lk—gxe” = _5( ) ||xe+L/lkxe .

1= 2
ga(xo + Lyxo) = (Ag — Dllxo + La, xoll* = (Mg — /1)( ) llxo + Ly xoll*.

- Ao
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Since W is arbitrary, we conclude that (17) holds true.

The last statements of Proposition 3 - finiteness and sign of ¢ (A1), the fact that Ay is
the unique zero of ¢; - are an immediate consequence of (16) and (17). Note that this
characterization of 1, as unique solution of a nonlinear equation was already stated and
proved in [4, Lemma 2.2 (c)] and [25, Lemma 2.8 (iii)]. L]

Remark 4. Assumptions (H1)-(H2) are rather easy to check in practice, but checking (H3)
is more delicate. The second point in Proposition 3 provides a way to do this: one just has
to prove that for some ko = 1 and Ey > Ag the level £ (Ey) is nonnegative, which implies
that A, = Ey. In Section 6 we will apply this method to one-center and multi-center Dirac-
Coulomb operators.

Remark 5. The numerical calculation of eigenvalues in a spectral gap is a delicate issue,
due to a well-known phenomenon called spectral pollution: as the discretization is refined,
one sometimes observes more and more spurious eigenvalues that do not approximate any
eigenvalue of the exact operator (see [19]). It is possible to eliminate these spurious eigen-
values thanks to Talman's min-max principle. A method inspired of Talman’s work was
proposed in [8, 6]. The idea was to calculate each eigenvalue Ay as the unique solution
of the problem ¢.(1) = 0. This method is free of spectral pollution, but solving nonlinear
equations has a computational cost. The estimates (16) and (17) proved in the present
work suggest a fast and stable iterative algorithm that could reduce this cost. Starting
from a value E© comprised between )y and Ay, one can compute a sequence of approx-
imations by the formula EU*D = EV) 4 ¢ (E(j)). From (16), one proves by induction that
forall j =0, one has EV) € (A, A), EY*Y — EU) = ¢, (EY) > 0 and EY) converges mono-
tonically to A. Moreover, combining the inequalities (16) and (17) one finds that for |h|
small, h+ (A +h) = G(h?). So EVY) converges quadratically to Ay. It would be interesting
to perform numerical tests of this algorithm in practical situations.

3. THE CLOSURE ¢y AND THE FRIEDRICHS EXTENSION Tg

In this section, under assumptions (H1)-(H2)-(H3) we prove that the form g is bounded
from below and closable, so that the Schur complement Sg has a Friedrichs extension T5.
We then relate the spectrum of Tg to the min-max levels A,. Finally, we construct a nat-
ural isomorphism between the domains of g and g for all E, E' > A,.

3.1. Construction of g and Tg. In this subsection we are going to prove the following
result:

Proposition 6. Let A be a symmetric operator on the Hilbert space /. Assuming (H1)-
(H2)-(H3) and with the above notations:

e For each E > Ay, the quadratic form qg(x) = {x,Sgx) is bounded from below hence
closable inT g and Sg has a Friedrichs extension Tg.

o IfE€ (Mg, Aoo) \{Ak : k = ko} then Tp : 2(TE) — T'i is invertible with bounded inverse.
If Ao < Ak < A then 0 is the k-th eigenvalue of T, counted with multiplicity. Moreover
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its multiplicity is finite and equal to card{k’ = 1 : A = Ai}. If Ak = Ao for some positive
integer k, then 0 = min 0egs(Th,) .

The main tool in the proof of Proposition 6 is the following result:

Lemma 7. Under assumptions (H1), (H2) and (H3), for every E > Ay, there is kg > 0 such
that gg+xg|-1*=1-1* onTg.

Proof. We distinguish two cases depending on the value of kyp = min{k =1 : A > Ao}.
When kp = 1, one has 1; > A and g;,(x) = 0 for all x € I'y,. So, using the inequali-
ties (14) and (15), one finds that for all E > Ay and x € T, gg(x) +xgllx]|? = | x||?, with
E—Aof
AM=Mo)

kg :=1+max{0, (E— 1)} (

When kj = 2 we need a different argument and the formula for kg is less explicit. As
in the case kp = 1, we just have to find a constant x g for some E > A; then the inequali-
ties (14) and (15) will immediately imply its existence for all E > Ao. We take E € (A9, Ak,) .
Since A,-1 = A9 < E, by the second point of Proposition 3 we have ¢, _; (E) € [~00,0). So
there is a (ko — 1)-dimensional subspace W of I'g such that

/= sup qE(u;)
wew\jo} llwll

€ (—00,0).

Let C := sup{lISgwl : w € W, |lw| < 1}. This constant is finite, since the space W is
finite-dimensional. We now consider an arbitrary vector x in I'y and we look for a lower
bound on gg(x). We distinguish two cases.

e First case: x € W. Then g (x) ={(x,Sgx) = —C | x|

e Second case: x ¢ W. Then the vector space span{x} @ W has dimension kj. Since we
have Ay, > E > Ay, by the third point of Proposition 3 we obtain ¢, (E) > 0, so there is a
vector wy € W such that gg(x + wp) = 0. Then we have

C2
ge(x) = qp(x + wo) — 2Re (x, Spwo) — g (wo) = =2 Cllxlllwoll + €' w1 = o [E75e
So in all cases, if we choose x; = 1+ max{C, C?/|¢'|}, we get qr(x) + x| x]|*> = || x||*. This
completes the proof of the lemma. 0

Proof of Proposition 6. As mentioned in the Introduction, we have gg(x) = (x, Sgpx) where
Sg: 'y — I'g is the Schur complement of the block decomposition of A — E under the
splitting A = A, & A _ given by formula (8). The operator Sg is densely defined in
the Hilbert space I'r and it is clearly symmetric, moreover we have just seen that g is
bounded from below, so g is closable in Tg. We denote its closure by G . We call Ty the
Friedrichs extension of Sg in T'z. With

l(E):= klim lr(E),
the classical min-max principle implies that the levels ¢ (E) such that ¢ (E) < ¢ (E) are

all the eigenvalues of Tk below ¢, (E) counted with multiplicity, and one has ¢ (E) =
infoess(TE). So:
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If E € (Ag, Aoo) \ {1k : k= 1} then by Proposition 3, one has 0 < ¢, (E) and 0 is not in the
set {{(E) : k = 1}. As a consequence, it is not in the spectrum of Tg, so T is invertible
with bounded inverse.

If E = A, with ¢ < A} < A then, using once again Proposition 3, we find that ¢ (E) =0
and ¢ (E) > 0. So 0 is an eigenvalue of Tr of finite multiplicity equal to m (A1) where
my has been defined in (13). From Proposition 3, my (1) equals card{k' =1: Ap = ﬂtk}.

If A = Ao, then for all k' = k one has Ay = Ay, so 0 = £4/(Ay) by Proposition 3. In other
words, 0 = £ (A¢). Then the classical min-max theorem implies that 0 = min oess(T3,).

Proposition 6 is thus proved. O

Remark 8. When ko =1 and Ay < E < Ay, the closed quadratic form qy, is positive definite
and the invertibility of Tg is just a consequence of the Riesz isomorphism theorem.

3.2. A family of isomorphisms. In the earlier works [4] (before its Corrigendum), [11,
12] and [25], g was seen as a quadratic form on F; and the domain of its closure was
independent of E. Note, however, that the existence of the closure was claimed without
proofin [4] and this was a serious gap. Moreover the proof of the domain invariance was
based on an incorrect estimate in [11, Proposition 2] and was incomplete in [12], but this
domain invariance problem is easily fixed using the inequalities (10)-(11) of [4] which are
called (14)-(15) in the present work.

In our situation, since we do not know whether Lg is closable or not, it is essential to
define qg on I'g then to close it in I'g. So the domain of gg cannot be independent of E:
indeed itis a subspace of I' which itself depends on E. However, if we endow each space

@(EE) with the norm ||x||@(3E) = \/ﬁE(x) + Kk gllx||?, there is a natural isomorphism fE,E/
between any two Banach spaces 2(q ) and 2(q ), as explained in the next proposition:

Proposition 9. Under conditions (H1), (H2) and (H3), for E, E' € (Ag,00), the linear map
ip g X+ + LExy — x4 + Lpx, can be uniquely extended to an isomorphism i £, 5 between
the Banach spaces 2(q ) and 2(q ) which can itself be uniquely extended to an isomor-

phism EE, g betweenI'g and fE/ for the norm || - ||. Moreover one has the formula

ipp(xX)=x+E -E)B+E)'A_x, Vxelg. (18)

Proof. The linear map ig g is obviously a bijection between I'g and I', of inverse ip g.
The estimates (14), (15) of Proposition 3 imply that ig g is an isomorphism for the norm
Il Il as well as for the norms || - |z, an(l | - ”@(ﬁy_)’ hence the existence and uniqueness
of the successive continuous extensions ig i and ig g/, that are isomorphisms of inverses

fEr,E and fEf_E.

From the formula Lgx, = (B+ E)"'A_Ax, one easily gets the resolvent identity
Lpxy=Lgx,+(E-EYB+E) 'Lgx,, Vx,€F,

which is the same as

ipp(x)=x+E-E)YB+E)'A_x, Vxelg.
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By continuity of fE,Er, (B+ E")"! and A_ for the norm || - ||, one can extend the above
formula to T'g and this ends the proof of the proposition. 0

Proposition 9 has the following consequence which will be useful in the next section:

Corollary 10. Assume that the conditions (H1), (H2) and (H3) hold true. Let E, E' > Ay.
Then B B
2(qp) +2(b)=2(qg +2(b). (19)
Proof. From formula (18), for each x € 2(q) one has fE,E/ (x) —x€9(B), hence
DGp) <Dy +2(B)cD(Gy) +2(D),
which of course implies the inclusion
D(Gp) + 2(b) c2(qy) + 2(D).

Exchanging E and E’ one gets the reverse inclusion, so (19) is proved. U

4. THE DISTINGUISHED SELF-ADJOINT EXTENSION

In this section, we continue with the proof of Theorem 1 by constructing the distin-
guished self-adjoint extension A and studying some properties of its domain that will be
useful in the sequel. But before doing this, we need to establish a decomposition of the
product ((A* — E) X, U) under weak assumptions on the vectors X, U.

4.1. A useful identity. In this subsection we state and prove an identity that plays a cru-
cial role in the construction and study of A:

Proposition 11. Assume that the conditions (H1), (H2) and (H3) hold true. Let x, u €

2(qp) and z_, v- € 2(b) be such that X = x+z_ € 2 (A*). Then, withU = u+ v_, we have
((A*—~E)X,U) =G p(x,u) - bp(z_,v_) (20)
forevery E > M.
Proof. Formula (10) of Proposition 2 exactly says thatforall X = x+z_ € Fwithx = A, X+
LgA,Xandz_. =A_X-LgA, X, onehas
(X, (A—E)X)={x,Sgx)—({z_,(B+ E)z_) .

This relation between quadratic forms directly implies a formula involving their polar
forms: forall X =x+z_ e FandU = u+v_e Fwithx=A, X+LgA: X, u=A,U+LgA,U,
z_.=AN_X-LgA,Xand v_=A_U-LgA,U, one has

(x+z_,(A—E)U)=(x,Spu)—{z_,(B+ E)v_). 2n

In order to prove Proposition 11, we have to generalize (21) to larger classes of vectors
X, U. We proceed in two steps.

Firststep: we fix U = u+v_in F,withu=A U+ LgAyUand v-=A_U—-LgA.U.
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If x=0and X = z_ € F_, the identity (21) holds true and reduces to
(z_,(A-EBE)U) =—(z_,(B+E)v-) . (22)
Both sides of (22) are continuous in z_ for the norm | - ||, and we recall that F_ is dense in

J€_. So (22) remains true for all z_ € A#_.

Now, in the special case X = x; € Fy, x = x4 + Lgx; and z_ = —Lgx;, the identity (21)
becomes
(x4,(A-E)U) ={x,Sgu) + (Lgxy,(B+ E)v_) .

We may also apply (22) to z_ = —Lgx, and we get

—(Lgxs+,(A-=E)U) =(Lgxy,(B+E)v_).
Subtracting these two identities, we find

(x,(A-E)U)=(x,Sgu), Vxelg. (23)

Both sides of (23) are continuous in x for the norm || - ||, so (23) remains true for all x € Tg.
Then, for x € T and z_ € /-, we may add (22) and (23). We conclude that (21) remains
valid for all x € T and z_ € .- and this identity may be rewritten in the form

(x+2-,(A= B)U) = Gp(x, u) - bg(z_, v_). (24)

In particular, when X = x+ z_ € 2(A*) with x € 2(q) and z_ € @ (1_9), one obtains the
equality B
((A* -bB)X, U)zﬁE(x, u)—bg(z_,v_). (25)

This formula is the same as (20) under the additional assumptions U € F, u € I'g and
v_=U-ue2(B).

Second step: we fix X = x+ z_ € Z(A*) with x € 2(q), z- € 2(D).

Ifu=0and v- = U € F_, the identity (25) holds true and reduces to
((A*-B)X,v_)=~-bg(z_,v-). (26)

Both sides of (26) are continuous in v_ for the norm |- || ) and we recall that F_ is dense

in 2( b) for this norm. So (26) remains true for all v_ € 2(b).

Now, in the special case U = u; € Fy, u = uy + Lguy and v- = —Lpu., the identity (25)
becomes
<(A* - E)X) u+> = ﬁE(xr u) + bE(Z—)LEu+) .

We may also apply (26) to v_ = —Lgu, € 2(B)  2(b) and we get
~((A*~B)X,Lgu, ) = bg(z_,Lpuy).
Subtracting these two identities, we find
((A*-B)X,u)=qg(x,u), VYuelg. (27)

Both sides of (27) are continuous in u« for the norm || - IIQ(EE), and we recall that I'g is dense
in 2(q ) for this norm. So (27) remains true for all u € 2(q).
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Then, for u € 2(Gg) and v- € 2(b), we may add (26) and (27) and we finally get (20) in
the general case. U

4.2. Construction of the self-adjoint extension. In this subsection we prove

Proposition 12. Under conditions (H1), (H2) and (H3), given E > Ag the operator A ad-
mits a unique self-adjoint extension A such that 2(A) < 2(qg) + 2(Db). This extension is
independent of E and defined by

Ax:=A*x, Yxe2(A) (28)

where B
2(A):=(2(qp +2(b))n2(A7). (29)
Moreover, for each E in (g, Adoo) \ {Ak @ ko < k < o0}, the operatorAv — E is invertible with

bounded inverse given by the formula

(A-E) ' =T;'ollz—(B+E) 'oA_. (30)

Proof. For E > A, the operator A defined by (28)-(29) is indeed an extension of A, since

DA cFc(Tp+2(B))n2(A*)c2(A) and A* [, , = A.

2(A)
By Corollary 10, 2(A) is independent of E, as well as A = A* [@(A) . Moreover the exten-
sion A is symmetric: this immediately follows from Proposition 11.

Now, given f € . and E > Ay we want to study the equation (A— E)X = f. For this
purpose, we introduce the following problem written in weak form:

Find (x,2-) € 2(q ) x D(b) such that

ﬁE(xru):<f)u>r VMEQ(EE), (9)

EE(Z_,U_):—<f,v_>, Vv_eg(g). !
We recall the identity (24), which is a special case of formula (20) stated in Proposition 11:
if (x,2-) € 2(q) x 2(b) then, for all U € F, one has

(X,(A= B)U) = G (x, ) — bp(z-, v-)

with X =x+2z_, u= AU+ LgA;U and v_ = U — u. Thanks to this identity, we see that
for any solution (x, z-) of (&), the sum X = x + z_ satisfies

(X,(A-B)U)=(f,U), VUEF.
As a consequence, X is in 9(A*) and solves (A* — E)X = f. But this vector is also in
2(qg) + 2(b),soitsolves (A-E)X = f.
On the other hand, we can rewrite (%) in terms of the Friedrichs extensions Tg and B:
Find (x,z-) € 2(Tg) x 2(B) such that

{ Tpx =Tg(f),

(B+E)z_=-A_(f). GL

Since E > Ay, the operator B + E is invertible with bounded inverse, and by Proposition 6
the same is true with Tg if E is in (Ag, Aoo) \ {Ak, k = ko}. Then (31) has a unique solution
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given by
_ 7-1
x=Tg ollg(f), (32)
z-=—B+E)toA_(f)

and the vector X = (T;'oIlp— (B+E) "' o A_) (f) solves (A— E)X = f.

The above discussion shows that for E in (A9, Aso) \ {1, k = ko} the symmetric operator
A— E is surjective and admits the bounded operator T, Lol - (B+E)"'oA_ as aright
inverse. But it is well-known that the surjectivity of a symmetric operator implies its
injectivity, since its kernel is orthogonal to its range. So A— E is invertible and (30) holds
true. Another classical result is that a densely defined surjective symmetric operator is
always self-adjoint: see, e.g., [27, Corollary 3.12]. Applying this to A—E, we conclude that
Ais self-adjoint.

The self-adjoint extension A is thus built. Its uniqueness among those whose do-
main is contained in 2(q) + 2(b) is almost trivial. Indeed, if A is a self-adjoint exten-
sion of A, we must have 2(A) c 2(A*), hence, if in addition 2(A) € 2(q) + 2(b) then
92(A) < 2(A), which automatically implies A = A since both operators are self-adjoint.
This completes the proof of Proposition 12. 0

4.3. Direct sums. Recall thatin (6) we defined the graph 'y of L as
Ip:={x;+Lgxs:x; €F,}cF,®2(B).

A natural question is whether its closure T'z in .# has the graph property T'yz n.Z- = {0}.
A partial answer to this question is given in the next lemma:

Lemma 13. Under conditions (H1), (H2) and with the above notations,

TenA.c((B+E)(F.)". (33)

Proof. The arguments below are essentially contained in the proof of [25, Lemma 2.2],
but we repeat them here for the reader’s convenience. If y € Tz n.#_ then there is a
sequence (x,) in F; such that || x,|| — 0 and ||Lgx, — yll — 0. Then, for z € (B + E)(F-) we
may write y, z) = lim(Lgx,, z). On the other hand,

[(Lgxn, 2)| = |{xn, AB+E)'2)| < lxull |[AB+E)'z| —0,
so(y,z)=0. O

If one assumes as in [25] that A_A [, is essentially self-adjoint, then the subspace
(B+ E)(F_) of #_ is dense in .#_ and one concludes that T’z has the graph property.
But we do not make this assumption, and for this reason we cannot infer from (33) that
Tpn - = {0}. In other words, we do not know whether the operator Lg is closable or
not. This is why we have to resort to a geometric strategy in which the linear subspaceT g
replaces the possibly nonexistent closure of Lg. Here is the main difference between the
present work and [25].

While we may have TpnA- # {0}, the following property holds true, as a consequence
of Lemma 13:
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Proposition 14. Under conditions (H1), (H2) and with the above notations,

Ten2(b) = 1{0}.

Proof. From (33), we have
Tgn2(b)=(Ten#-)n2 ((B+B)'?)
< (B+BE)) N2 (B+B")=B+E2((B+E'?F)") =0},

since (B + E)Y2F_ is dense in #_. O

Proposition 14 tells us that the sum of Tz and 2(b) is algebraically direct. Let us de-
note by 7 : fE{L@(E) — T’ and o TE—F@(E) — @(E) the associated projectors. In
Section 5 we will need some informations on the continuity of the restrictions 7g [
and n% [@( A- These operators are not necessarily continuous for the || - || norm, but we

have the following result.

Proposition 15. Under assumptions (H1), (H2) and (H3), for all E > Ay, one has
nE(2(A) cD(Tg) and 7'y (2(A)) <2 (B).

As a consequence, the domain of A may also be written as

2(A)=(2(Tg) +2(B)) N2 (A¥). (34)
Moreover the operator n g f@(A) is continuous for the norms || - ||@(,Z) , I l(1s) and the oper-
m‘orn;5 f@(A) is continuous for the norms || - ”@(Z) , I la ) . More precisely, there is a positive

constant Cg such that for all X € 2(A),
175 (X) 2w < CEIA-(A-B)X| and |ng(X) oy < Cel Xlgp -

The constant Cg remains uniformly bounded when E stays away from Ay and oco.

Proof. Note that Formula (30) for the inverse of A—E already proves the two inclusions
7g(2(A) €2 (Tg) and 7', (2(A)) € 2(B) when E is in (A, Aoo) \ {Ax : ko < k < oo}. But we
want to prove a statement for all values of E in (1y,00) and this requires some additional
work.

In the arguments below, the constant Cr changes value from line to line but we keep
the same notation for the sake of simplicity. We shall use the weak form (2?;) of the
equation (A— E)X = f and the equivalent system of strong equations (31), introduced
in the proof of Proposition 12. In that proof, f was given, X = x + z_ was unknown and
it was shown that for each E > A the solvability of (£?¢) is a sufficient condition for the
solvability of (A-BE)X = f. But it turns out that this condition is also necessary. Indeed,
taking E > g, X € 2(A) and defining

x:=np(X), z-:=7R(X), f:=(A-EX,

we can apply Formula (20) of Proposition 11 with the successive choices U = u € 2(qp),
U = v- € 2(b) and this tells us that (x, z-) satisfies (2¢). Then, the second equation of
the equivalent system (31) implies that z_ = —(B+ E) "' A_(A- E)X, so z_ is in 2(B) with



DISTINGUISHED SELF-ADJOINT EXTENSION AND EIGENVALUES OF OPERATORS WITH GAPS 19

an estimate of the form

lz_llpm) < CElIA-(A- E)X].
This estimate on z_ implies in turn the estimate || x| < Cg[|X o) since x = X —z_,
IXI < 1Xllgz and lz-|l < llz-llz) - Moreover, the first equation in (31) exactly means
that xis in 2(Tg) and Tgx =I1g(A - E) X, so we finally get the estimate

Ixlloryp < Cell Xl gz -

We thus have the desired inclusions 7 g (@(A~)) c 9(Tg) and ﬂ% (@(Z)) c 9(B), hence
P(A) € D(Tg)+2(B). Then, remembering the definition 2(A) = (2(g) +2(b))n2(A*)
and the inclusions 2(Tg) c 2(q5), 2(B) €2 (E) , one easily gets (34). This ends the proof
of Proposition 15. 0

Remark 16. In Section 5, we do not use all the information contained in Proposition 15:
we only need the weaker estimates

17X < CelIA-(A-B)X| and |nsX)l < CellXlgz - (35)

4.4. Variational interpretation when kj = 1. In the special case ky =1, for 1o < E < 1,
the quadratic form g is positive definite as well as bg and the existence and unique-
ness of a solution to the weak problem (&) directly follows from the Riesz isomorphism
theorem. One can even give an interpretation of (2f) that generalizes the minimization
principle for the Friedrichs extension of semibounded operators mentioned in the intro-
duction. We describe it in this short subsection, as a side remark.

Assuming that E € (19, A1) and given f € /7, let us consider the inf-sup problem

Iep= inf sup {1(xs+y (A= E)(xe+y)) = (f,x+y) |,
X+€Fy y eF_

Of course, in general, I r is not attained, but using the decomposition (10) and replacing
F =F, @ F_ by the larger space 2(q)+2( b), one can transform it into a min-max:

Ig,r= inf sup {%qg(er+LEx+)—(f,x++LEx+>—%EE(z_)—(f,z_>}
*+€Fy 7 ep(B)

= inf {%qE(m+LEx+)—<f,x++LEx+>}— inf {%EE(Z_)+<f,Z_>}

x+€F, z_€9(B)
_ . 1= —(f, _ ; lE = JZo) e,
in {300~ (0] Zf;fl(lz){z sl (f12-)]

Each of these last two convex minimization problems has a unique solution, and the
system of Euler-Lagrange equations solved by the two minimizers is just (%), so their

sumis X = (A7—E)_1f.

5. THE MIN-MAX PRINCIPLE

In this section, we establish the min-max principle for the eigenvalues of A that con-
stitutes the last part of Theorem 1:
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Proposition 17. Under assumptions (H1), (H2) and (H3), for k = ky the numbers Ay sat-
isfying A < Moo are all the eigenvalues of A in the spectral gap (Ao, Aoo) counted with mul-
tiplicity. Moreover one has

Aoo = inf(Tess(A) N (Ag,00)) .

Even if our assumptions are weaker and our formalism slightly different, the arguments
in the proof of Proposition 17 are essentially the same as in [4, § 2] (but some details are
missing in that reference) and [25, § 2.6]. This proof is based on two facts:

- A relation between the min-max levels Ay and the spectrum of Tr which is provided
by the second part of Proposition 6.

- A relation between the spectra of Tx and A which is provided by the next lemma, and
whose proof relies on Proposition 11 and on the estimates (35) of Remark 16.

Lemma 18. Under assumptions (H1), (H2) and (H3), let E > Ay and let r be a positive
integer. The two following properties are equivalent:

(i) Forall§ > 0, Rank(1(_s 5 (Tg)) = .
(i) For alle > 0, Rank (1 (g—¢,1e)(A)) = 7.
In other words: 0 € 0ess(Tg) if and only if E € Uess(;i); 0 € 0gisc(TE) if and only if E €

Odisc(A) and when this happens they have the same multiplicity; 0 € p(Tg) if and only if
Ee€p(A).

Proof. 1f (i) holds true, for each § > 0 there is a subspace &5 of %(1(s4)(Tg)) of di-
mension r (we recall the notation £(L) for the range of an operator L). Then we have
Xs < D(Tg) « 2(qg). Using Proposition 11 and the second estimate of (35) we find that
forall xe Zsand Y € 2(A),

[(x,(A-B)Y)| = |qe(x,np(Y)| = KTgx, ip (V) < Sl xll |1me(Y) Il < CESIx11Y gz -

Assume, in addition, that the property (ii) does not hold true. This means that for some
€0 > 0, Rank(1 (g_zy 5+e0)(A)) = 7 — 1. Then for each § > 0 there is x5 in % such that
x5l = 1 and 1 (g—gy, E+e0)(A)Xs = 0. So there is Y5 € 2(A) such that (A - E)Ys = x5 and
1Y5]l < &y . We thus get (x5, (A—E)Y5) = | x51? = 1 and Cgll x5l Y5 [l 3 is bounded inde-
pendently of 8. So, taking § small enough we obtain | (x5, (A— E) Ys) | > Cg 6l xs1 Yllg )
and this is absurd. We have thus proved by contradiction that (i) implies (ii).

It remains to show that (ii) implies (i). If (ii) holds true, then for each € > 0 there is a
subspace %; of Z (1 (g—¢,g+e)(A)) of dimension r and we have %; « 2(A) < 2(Tr)+2(B).
Using Proposition 11 we find that for all x e 2(Tg) and Y € %,

[(Tex, n(V)) | = |qE(x, 16(V))| = [{x,(A- E)Y)
Moreover for all Y € %, from the first estimate of (35) one has

|7 < Ce|A-(A-E)Y| = CgellYI.

selxlIYi.
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So, imposing € < ﬁ and using the triangular inequality, we get the estimate || Y] <
2|mp(Y)| for all Y € &,. As a consequence, the subspace V; := ng(%;) c 2(Tg) is r-

dimensional and for all x € 2(Tg) and y € V;, one has

(Tex,y)| <2¢lxl Iyl

Assume, in addition, that (i) does not hold true. This means that there exists §y > 0 such
that Rank(1_s,s, (Tr)) < r — 1. Then for each small ¢ there is y, in V; such that [y || =1
and 15,5, (TE)ye = 0. So there is x, € 2(Tg) such that Tgx, = y and | x| < 651. We
thus get (TExg,y£> = |lye I2=1and |x,| lyell < 561. So, taking € small enough we get
| (TExg, yg> | > 2¢ |l xe |l | ye || and this is absurd. We have thus proved by contradiction that
(i) implies (i), so the two properties are equivalent.

Now, given E > Ay, 0 is in 0es(TE) if and only if (i) holds true for every r, and this is
equivalent to saying that (i) holds true for every r, which exactly means that E € 0egs(A).
Similarly, we can say that 0 is in 0gisc(T5) and has multiplicity pg as an eigenvalue if and
only if (i) holds true for ug but not for ug—1, and this is equivalent to saying that (ii) holds
true for ug but not for pug — 1, which exactly means that E € Odisc(A) with multiplicity ug.
The last statement on p (A) follows immediately, since for any operator L, 0ess(L), Ogisc (L)
and p(L) form a partition of C. This ends the proof of the lemma. ]

Proof of Proposition 17. Let us define

By Proposition 6, if E € (g, Aoo) then 0 is either an element of p(TE) or an eigenvalue of
TE of finite multiplicity pg. The second case occurs when E = A for some positive integer
k. Then ug = card{k’ : Ap = A}. So, by Lemma 18, (A, doo) N Tess(A) is empty hence
Ao < A, and the levels Ay in (Ag, Aoo) are all the eigenvalues of A in this open interval,
counted with multiplicity.

It remains to prove that A < A.. The nontrivial case is when the sequence (1;) is
bounded, so that A, € (Ag,00). If the sequence is nonstationary and bounded, then
{Ar : k = ko} is an infinite subset of g4isc(A), so its limit point 1 is in Oess(A). If the
sequence is stationary, let k be such that Ay = A. Then, by Proposition 6, 0 € gess(T)_)
so, by Lemma 18, we find once again that Ay, € Oegs (A). In conclusion, one always has
A < A and this ends the proof of Proposition 17. O

Proof of Theorem 1. Propositions 12, 14 and 17 together imply Theorem 1. O

6. APPLICATIONS TO DIRAC-COULOMB OPERATORS

In this section, we consider the three-dimensional Dirac-Coulomb operator Dy = D+ V
mentioned in the Introduction. We assume that V is a linear combination of Coulomb
potentials |x — x; |71 due to J distinct point-like charges located at xy,---, x;. If we define
Dy on the minimal domain F = cg%u@ \ {x1,--+, x5}, Ch, itis obviously symmetric in the
Hilbert space # = L?(R3,C*). Thanks to Theorem 1 we are going to construct a distin-
guished self-adjoint realization of Dy and give a min-max principle for its eigenvalues,
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under some conditions on the coefficients of the linear combination. In each case, As-
sumption (H3) will be checked by the method of Remark 4.

6.1. The attractive case. In this subsection we assume that V(x) = _Z§—1 Ixt—jxl is an
- ]
attractive potential generated by J distinct point-like nuclei, each having Z; protons with

0<Zj<Z,~137.04 s0 that 0 <v; = Z;/ Z, < 1 (we allow non-integer values of Z;).

We are going to use Talman’s splitting A,y = ((é)), Ay = (;) of four-spinors ¢ = (;’?)

into upper and lower two-spinors, also called large and small two-components. Then
A+F =F x {0} and A_F = {0} x § with § := CP[R3\ {x1,---, x;},C?). With the standard
notation o = (01, 02, 03) for the collection of Pauli matrices, we recall (see [29]) that

(/)) B (—ia-vx+ 1+ V)</))
x) \=ioc-Vo-1-Vy)’
Assumptions (H1)-(H2) are easily checked with 1y = —1. It remains to check (H3). By

Remark 4, it suffices to show that for some ko = 1, £4,(0) = 0. Indeed, this inequality
implies that A, = 0> Ag. So we are led to study the quadratic form ¢y. For ¢ € § and

Dy

Y= ((('[))), the quantity go (v 1+ Loy ) is a function of ¢, V and in the rest of the subsection

it is more convenient to denote it by q" (¢). With this notation we have
lo-Vo|?
qV(¢):f {—‘/’+(1+V)|¢|2}, VoeT. (36)
R3 1-V

We start by the potential V(x) = —v|x|T' witho<v<1, corresponding to a unique
point-like nucleus. We recall the Hardy-Dirac inequality

2
NCE| {—'O'V‘P_'l +(1-1x7) |¢|2} >0, VpeCT®R\(0,C)  (37)
RS [ 1+]x]

proved in [4, 3]. Since q_‘""f1 > q""fl, (37) implies that #1(0) = 0 and Assumption (H3) is
satisfied with ky = 1. Then, using Theorem 1 we can define a distinguished self-adjoint
extension of Dy for 0 < v <1 and we can also characterize all the eigenvalues of this
extension in the spectral gap (—1,1) by the min-max principle (2). This is not a new re-
sult: see [4, 11, 9, 25], and it is known that V can be replaced by more general attractive
potentials that are bounded from below by — |x] 1.

We now assume that J = 2. In such a case, the distinguished self-adjoint extension was
constructed in [23, 16] in the subcritical case v; < 1 (Vi) by a method completely different
from the one considered in the present work. Talman’s min-max principle for the eigen-
values of the extension was studied in [10], also in the subcritical case. But that paper
appealed to the abstract result of [7] and as mentioned in the Introduction, the argu-
ments in [7] suffered from the same closability issue as [4]. Theorem 1 solves this issue,
moreover it provides a unified treatment: construction of the extension and justification
of the min-max principle even in the critical case, i.e., when some of the coefficients v;
are equal to 1. But of course, in order to apply this theorem we have to check (H3) and
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this is more delicate than in the one-center case. Indeed, when the total number of pro-
tons }_; Z; is larger than 137.04, if the nuclei are close to each other one expects some
eigenvalues of the distinguished extension to dive into the negative continuum. If this
happens, the corresponding min-max levels 1 should become equal to A¢y. To check As-
sumption (H3) in such a situation, let us prove by contradiction that for some ky = 1, the
inequality £, (0) = 0 holds true.

Otherwise, there exists a sequence (Gg)ys; of k-dimensional subspaces of § such that
9V (¢) < 0 for all ¢ € Gi\ {0}. So one can construct by induction a sequence (¢;) of wave
functions such that ¢y € Gy and (¢, ¢;) 2@ c2) = Oki- Then ¢ converges weakly to 0 in
L2(R3,C?). In order to derive a contradiction, one can try to prove that for k large enough,
qV(cpk) > 0. In the subcritical case v; < 1 (Vi) this has been done in [10, Section 6, Step 4,
p. 1448-1449]. We give below a proof that is also valid in the critical case. In what follows,
the constant C changes from line to line but we keep the same notation for the sake of
simplicity.

With § := %min15j<]'/5]( |xj — x| one takes R > 6 + max;<;<;|x;| (to be chosen later) and
a partition of unity (6)o<;<s+1 consisting of smooth functions with values in [0, 1] such
that z;;ﬁai =1, supp(6o) < B(0,2R) \u§=1 B(xj,6/2), supp(0;) < B(x;,6) for 1 < j < J
and supp(@;+1) N B(0,R) = @. The pointwise IMS formula [1, Lemma 4.1] for the Pauli
operator gives

0-V0 2_]+1 ' . 2 J+1 2 )
k7= 1o-VO;p)”—| D IVO;I” 1Pkl
j=0

j=0
so, remembering that ||¢ ell? LR = =1, one gets
v J+1 v J+1 ) |(l)k|2
@ po=Y q (ejcpk)—f 3 1vo,|
j:O R3 ]:0 1- V

R 1
:§+qu(9j¢k)+ qv(9]+1(/)k)—§||9]+1(Pk||iz(u@3))
j=0
1- 062 J+1
]+1 2
- e
| ( > 7 2% )|¢k|

J
Z (9j¢>k) +

l\JI'—‘

1
CIV(9]+1<Pk)—5||9]+1¢k||iz(Rs))—Cj; |prcl®.

(0,2R)

From now on, we fix R such that —V < 1/4 on R3\ B(0, R). Then one has

1 1
9" 07106 = 107010kl oy = 710418k g -

Let

M :=14+max sup —-V(x); sup V@) —lx—x117Y ;-5 sup (—V(x)—lx—le_l) .
xesupp(6o) xesupp(6;) xesupp(f))

Then

Q" Goi) = =100 pil g, - f Bocpil?
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and, introducing the rescaled functions ¢ ik(Y) = (0pr)(x; + M ly)for1<j<], one
finds

1 -1 .
qV(Hj(,bk)EWq y ((Pj,k)—c‘[RSmj(,bklz.

Gathering these estimates, one gets the lower bound

1 1< . 1 1
14 il =l . - 2 + 2 _ 2
q° (Px) = RBYE ]E:lq (D) + M||90¢k||H1(R3)+ 4||0]+1(Pk||H1(|R3) CfB(o,zR)ld)kl :

(38)
From the Hardy-Dirac inequality (37), each of the terms q_"'_1 (¢ j,k) is nonnegative, so
the assumptions [[¢¢ll;2@s = 1 and q¥(¢x) < 0 imply that the quantities g~ (),
100dkll gn and 10;41Pkll i are uniformly bounded. But from [9, Theorem 1.9], for 0 <
s < 1/2 there is a positive constant ks such that

_.71
9D NP1 sy = KsID s sy VPET.

Applying this inequality to the functions ¢ ik (1 = j =]J), one easily finds that the se-
quence (¢i) =1 is bounded in H*(R%), hence precompact in leo C(I]Qig). Since this sequence
converges weakly to zero in L?(R3), one concludes that

lim lbrl? = 0.

k—oo JB(0,2R)
Combining this information with (38) one finds that for k large enough, qV(cpk) >0 and
this is a contradiction.

In conclusion, the assumptions of Theorem 1 are satisfied in our multi-center example,
with ko possibly larger than 1.

6.2. The sign-changing case. We now consider a potential of the form

Vi Vo . . 3 2
Vix)=——+ with xp#0, 0<vi<1 with —-<vy< .
|| |x = xol 4 I4+2
The corresponding Dirac-Coulomb operator Dy is obviously symmetric if we define it

on the “minimal" domain C(R®\ {0, xo}, C*). But Talman’s decomposition in upper and

lower spinors cannot be used: due the unbounded repulsive term |xf—2x0| , (H2) would not

be satisfied. Instead, for the splitting we choose the free-energy projectors

As=1g, (D).
We recall (see [29]) that
DA, =A.D=+V1-AA, =+A,VI-A.
In momentum space (i.e. after Fourier transform), A. becomes the multiplication oper-

ator by the matrix

M. (p) = l(mﬂ),
- 2 Vipl2+1

This matrix depends smoothly on p and is bounded on R? as well as its derivatives. As

a consequence, the multiplication by M, preserves the Schwartz class . (R3,C*). So the

same is true for A, in position space. But this nonlocal operator does not preserve the
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compact support property, so (H1) does not hold for the domain C°(R®\10, xo},C*). Since
A4 CRR3\ {0, x0},C*) < #(R3,C* < 2(Dy), one can either replace the minimal domain
by F = A, C®(R3\ {0, xo}, C*) ® A_CP([R3\ {0, xo}, C*) as mentioned in the first comment
after Theorem 1, or by F = .% (R3,C%). In what follows, A is the restriction of Dy to one of
these two domains. We do not need to specify which one: the arguments proving (H2)-
(H3) are the same in both cases.

By the upper bound on vy, it follows from an inequality of Tix [31] that the Brown-
Ravenhall operator —A_(A+1-v,) [, = A_(V1-A—-V -1+vy) [, is non-negative,
so (H2) holds true with Ay < —1 + v,. In order to bound A; from below, we can use [4,
inequality (38)]. This inequality involves a parameter v € (0,1) and is stated for all func-
tions w4 € Fy. One easily passes to the limit v — 1 with y fixed and this gives us the
inequality

—— ly, |? 1 a1
<W+’ 1_AW+>L2(R3)_fR3 +<A ¥ (B A__w+>L2(IR€3) =0 59

| x| | | x|

for all v, € F.. Here, we denote by By the Friedrichs extension of the Brown-Ravenhall
operator A_(v1-A-7) [, ,foranyelectric potential 7 such that this operator is bounded
Vi

from below. With our particular choice V(x) = Tt le—zx[)l, one finds that (1 —v,)By <

By < B_|-1, 80, by monotonicity of the inverse of positive operators, (39) remains true if
we replace (B_|x|-1)_1 by (By)~!. This exactly says that go(y, + Low,) =0 forallw, € F,,
so ¢1(0) =0, hence A; =0 > Ay. Thus, Theorem 1 can be applied with ky = 1 in order to
find a distinguished self-adjoint extension of Dy and to characterize its eigenvalues by a
min-max principle.

Note that by [30, Corollary 3], the operator —A_A [, is not essentially self-adjoint,
since vy > 3/4. So the abstract result [25, Theorem 1.1] cannot be applied to this example.
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