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Beating the Sum-Rate Capacity of the Binary Adder
Channel with Non-Signaling Correlations

Omar Fawzi* Paul Fermé!

Abstract

We address the problem of coding for multiple-access channels (MACs) with the assistance of non-
signaling correlations between parties. It is well-known that non-signaling assistance does not change
the capacity of point-to-point channels. However, it was recently observed that one can construct MACs
from two-player non-local games while relating the winning probability of the game to the capacity of
the MAC. By considering games for which entanglement (a special kind of non-signaling correlation)
increases the winning probability (e.g., the Magic Square game), this shows that for some specific kinds
of channels, entanglement between the senders can increase the capacity.

Here, we show that the increase in capacity from non-signaling assistance goes beyond such special
channels and applies even to a simple deterministic MAC: the binary adder channel. In particular,
we show that, with non-signaling assistance, a sum-rate of % ~ 1.5425 can be reached with zero
error, beating the maximum classical sum-rate capacity of % Furthermore, we show that this capacity
increase persists if a small amount of noise is added to the channel.

In order to achieve this, we show that efficient linear programs can be formulated to compute the
success probability of the best non-signaling assisted code for a finite number of copies of a multiple-
access channel. In particular, this can be used to give lower bounds on the zero-error non-signaling
assisted capacity of multiple-access channels.

1 Introduction

Multiple-access channels (MACs for short) are one of the simplest model of network communication set-
tings, where two senders aim to transmit individual messages to one receiver. The capacity of such channels
has been entirely characterized by the seminal works by Liao [I5] and Ahlswede [I]] in terms of the following
single-letter formula:

Theorem 1.1. The capacity region C(W) of the MAC W is the closure of all rate pairs (R;, R2) such
that:
Ry <I(X;:Y|X2), Ro<I(X2:Y|X1), Ri+Ra<I((X1,X2):Y),

for (X1, X2) € X1 x X, following a product law Px, X Px,, and Y € Y the outcome of W on inputs X1, Xs.

From the point of view of quantum information, it is natural to ask whether additional resources, such
as quantum entanglement between the parties, changes the capacity region. A well-known result [6] states
that for classical point-to-point channels, entanglement and even more generally non-signaling correlations
do not help; see also I8, 5]. However, in [I4], it is shown that quantum entanglement shared between
the two senders of a multiple access channel can strictly extend the capacity region. It occurs for some
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channels constructed from two-player non-local games, such as the Magic Square game [19, 21, 4] [7],
translating known gaps between classical and quantum values of games into MAC capacity gaps. The
MACs constructed this way have very special form though and one may wonder whether non-signaling
correlations can help for more natural MACs. Here we focus on the simplest textbook MAC: the binary
adder channel which maps (z1,z2) € {0,1}? to 1 + 29 € {0,1,2}. It is worth noting that, unlike the
channels of [I4], the BAC is deterministic. The capacity region of this channel is known to be given by
C(Wpac) ={(R1,R2) : Ri1 <1,Re <1,R; + Ry < %}

In this work, we focus on the quantity SN(W, k1, k2), which denotes the success probability of the
best non-signaling assisted (k1, k2)-code for the MAC W. Contrary to the unassisted value S(W, k1, k2),
SNS(VV, k1, ko) can be formulated as a linear program; see Proposition . Furthermore, using symmetries,
we have developed a linear program computing SN° for a finite number of copies of a MAC W with a size
growing polynomially in the number of copies; see Theorem [3.9and Corollary Applied to the binary
adder channel, we have shown that the sum-rate % ~ 1.5425 can be reached with zero error, which
beats the maximum classical sum-rate capacity of %; see Theorem . Finally, for noisy channels, where
the zero-error non-signaling assisted capacity region is trivial, we can use concatenated codes to obtain
achievable points in the capacity region. Applied to a noisy version of the binary adder channel, we have
shown that non-signaling assistance still improves the sum-rate capacity.

In Section [2| we define precisely the different notions of MAC capacities: the classical capacity (i.e.
without any assistance) as well as the non-signaling assisted capacity. In Section , we address compu-
tational complexity questions concerning the probability of success of the best classical coding strategy
and the best non-signaling strategy for a MAC. In Section [, we apply these results to the binary adder
channel. Finally, in Section [5] we handle the case of noisy channels through concatenated codes, and apply
it to a noisy version of the binary adder channel.

2 Multiple Access Channels Capacities

2.1 Classical Capacities

Formally, a MAC W is a conditional probability distribution depending on two inputs in X7 and Xs, and
an output in Y, so W= (W (y[2122)) ;, e 3, wpecry yey Such that W(y[z1z2) > 0 and 35 oy, W(y|z122) = 1.
We will denote such a MAC by W : &1 x X5 — Y. The tensor product of two MACs W : X} x A, — Y
and W' : X] x X} — Y’ is denoted by W @ W’ : (X} x X[) x (Xo x X)) — Y x V' and defined by
(WeW')(yy'|z12)x21y) = W (ylz1z2) W' (y'[2)25). We denote by W™ (y"|ziah) := [} W(yil1i22,),
for y" :==y1...yp € V", 27 =211 ... 71 € AT and xf 1= 291 ... 22, € AF. We will use the notation
(k] :={1,...,k}.

For a MAC W : X1 x Xy — Y, we write S(W, k1, ko) for the maximal probability of successfully sending
k1 messages for sender 1 and ko messages for sender 2. This means that one can encode k; messages in X}
through el : [k1] — &3, ko messages in Xy through e? : [kg] — Xo, and then decode these messages from
the output in Y with d : Y — [k1] x [k2], as depicted in Figure[2.1] This leads to the following optimization
program for S(W, kq, k2):
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Figure 1: Coding for a MAC W.

.. 1 . . ..
S(W, k1, ko) := maximize -——— E W (y|z1z2)er(z1]i1)ea(xaliz)d(ir1i2]y)
e1,e9,d kleI i
1,22,Y,21,22

subject to Z e1(z1)in) = 1,Viy € [k1]
z1€X

Z 62(.%'2‘@2) = I,Vig S [kz] (1)

T2EX,
Y. djely) =1LV ey
Jr€lk1],52€k2]
e1(z1lir), e2(w2liz), d(jrj2ly) = 0
Since MACs are more general than point-to-point channels (by defining W (y|z122) := W (y|z;) for

W a point-to-point channel and looking only at its first input), computing a single value S(W, k1, k) is
NP-hard, and it is even NP-hard to approximate S(W, ky, k) within a better ratio than (1 — e‘l), as a
consequence of the hardness result on S(W, k) shown in [5].

The (classical) capacity of a MAC, as defined for example in [9], can be reformulated in the following
way:

Definition 2.1 (Capacity Region C(W) of a MAC W). A rate pair (R, R2) is achievable if:

lim S(W®", [2R1m], [2F2]) = 1 .

n—-+00
We define the (classical) capacity region C(W) as the closure of the set of all achievable rate pairs.
For the zero-error (classical) capacity, this leads to the following definition:

Definition 2.2 (Zero-Error Capacity Region Co(W) of a MAC W). A rate pair (R, R2) is achievable
with zero-error if:
Ing € N*,Vn > ng, S(WO™, [2fan] Tofn]) =1 |

We define the zero-error (classical) capacity region Co(W) as the closure of the set of all achievable rate
pairs with zero-error.
2.2 Non-Signaling Assisted Capacities

When non-signaling assistance is given to a MAC, both encoders e1,es and the decoder d are replaced
by a non-signaling box P(x1z2(j1j2)|i1i2y), i.e., each party’s output is conditionally independent from



the inputs of the others, given this party’s input. The way a non-signaling box can be used for coding
is depicted in Figure 2l The maximal probability of successfully sending ki messages for sender 1 and ks
messages for sender 2 with non-signaling assistance, which we call SNS(W, k1, ko), is given by the following
linear program, where the constraints translate the fact that P is a non-signaling box:

Y

|

W P(x122(j172)|i112y)

[ G

=

Z2
Figure 2: The use of a non-signaling box P as a coding strategy for the MAC W.

1
SNS(W,kl,kQ) = max})mize % Z W (y|lx122) P(x122(i132)|i112y)

T1,22,Y,01,02

subject to ZP(xle(jljg)‘iligy) = ZP(wlxg(j1j2)|i’1i2y)

T 1
> Plarza(juda)livisy) = Y Plwraa(jija)liriby)
T2 T2 (2)
> Plarza(fuge)livizy) = > P(wrwa(jije)lirizy’)
J1j2 Jij2
> P(miaa(jija)liviay) =1
T1,22,J1,J2

P(z122(j1j2)li132y) > 0

Since it is given as a linear program, the complexity of computing SNS(W, ky, ko) is polynomial in
the number of variables and constraints (see for instance Section 7.1 of [10]), which is a polynomial in
| X1, | X2, | V], k1 and k2. Also, as it is easy to check that a classical strategy is a particular case of a
non-signaling assisted strategy, we have that SNS(W, ky, ko) > S(W, ky, ko).

We have then the same definitions of capacity and zero-error capacity:

Definition 2.3 (Non-Signaling Assisted Capacity Region CN5(W) of a MAC W). A rate pair (R, Ro) is
achievable with non-signaling assistance if:

lim SNS(Wen [2fim] [2Rn)) =1

n—-+oo

We define the non-signaling assisted capacity region CN>(W) as the closure of the set of all achievable rate
pairs with non-signaling assistance.



Definition 2.4 (Zero-Error Non-Signaling Assisted Capacity Region C¥S(W) of a MAC W). A rate pair
(R1, R2) is achievable with zero-error and non-signaling assistance if:

Ing € N*,¥n > no, SN (W™, [25m] [2Fn]) =1 .

We define the zero-error non-signaling assisted capacity region C(I)VS(W) as the closure of the set of all
achievable rate pairs with zero-error and non-signaling assistance.

3 Basic Properties and Computational Aspects of Non-Signaling As-
sisted Codes for M ACs
3.1 A Smaller Linear Program Computing SN (W, ki, k»)

One can prove an equivalent formulation of the linear program computing SNS(W, ki, k2) with a number
of variables and constraints polynomial in only |X}|,|X2| and || and independent of k; and ks:

Proposition 3.1. For a MAC W : X} x X — Y and k1, ko € N*, we have:

NS o 1
S™ (W, ki, ks) = maximize E W (y|z122)72, 20y
rlr2p  kikeo
T1,72,y
subject to g Te1,za,y = 1

1,22
1 _

Zrl’lﬂ»’%y =k E :7“1171"2711

1 1
2 _

Ty ey = R2 Z Tay a0,y (3)

2

2

§ _ 2
pxl?xQ - kl Tx17x27y

1 z1

_ 1
§ Pryjzy = ko § :TI17I27y
o T2

1 2
0< Teywa,y < Toy,a0,y To1,20,y < Dz ,m2

1 2
Peyzs — Txl,acg,y - rx1,a:2,y + Tz @0,y >0

Proof. One can check that given a solution of the original program, the following choice of variables is a
valid solution of the second program achieving the same objective value:

Tarasy = Plaawa(ivi)liviay) , T aay = Y Plaima(iuia)liriay) ,

11,12 J1,81,%2 (4)
Ty = Y Plama(ifo)litiay) » peiws = Y. Plziza(jije)litiay) .

J2,%1,52 J1,J2,%1,52

Note that pg, 4, is well-defined since Zjl ainia P(x122(j172)|i1i2y) is independent from y by NS conditions.
For the other direction, given those variables, a non-signaling probability distribution P(x12z2(j1j2)|i1i2y)



achieving the same objective value is given by, for j; # 41 and jo # is:

Txi,20,y

P(x122(i1i2)|irioy) = Thiky
rl =T
P(z172(j192)|iri2y) = w}ff;};(k'l jhf;’y 7
. . r%hzz,y ~ Taaay (5)
P(z122(11j2)|i172y) = kikg(ky —1)
1 2

y 2 rac1,ac2,y - Txl,xg,y + Tz1,@2,y

krka(ky — 1) (kg — 1)

P(z122(j1j2)|i102y) ==

3.2 Properties of SN(W, ky, ky), CNS(W) and C)S(W)

Definition 3.2. We say that a conditional probability distribution Q(a"|2z™) defined on (A; X ... X Ay) %
(X1 x ... x A,) and Q'(a™|2'™) is non-signaling if for all a™, 2™, &™, we have

Vi € [n},ZQ(al...ai...an|x1...xi...1:n):ZQ(al...ai...an|x1...5&i...:pn) .
Qg a;

Definition 3.3. Let Q(a™|z™) be a conditional probability distribution defined on (A; x ... x A,) X

(X X ... x A,) and Q'(a|2™) a conditional probability distribution defined on (A} x ... x A7) x(X] x ... x X)).

We define P := Q®@Q)’ the tensor product conditional probability distribution defined on ((A; x A}) x ... x (A4, x A)
(X x X)) x ...x (X, x X)) by Plard} ...anal|z12 ... xpx)) := Q(a™|2™) - Q' (a|2'™).

Lemma 3.4. If both @ and Q' are non-signaling, then P = Q ® @’ is non-signaling.

/ / / /
Proof. Let ai,...,a;—1,0i41,---,an € A1 X ... X Ajo1 X A1 X oo X Ay, ad, .. 0] 1,05, ,a;, €
Apx X A x AL <X A, € X XL X Xy and o, a), € X XL x X We have:

!/ !/ / / / /
g P(aray ...aia;...ana,|x127 - . 225 . .. TpTy,)

)
a;a;

:ZQ(al...ai...an\xl...:ﬁi...mn)-Q'(a'l...a;...a;lkv'l...x;...x;)
a;al

- (ZQ(al"'ai'~an$1"-fﬁin-afn)) : (ZQ/(aﬁa;a%\azix;x’n)>
- (ZQ(al'--ai"-anfﬁl---ﬂfi.--xn)> : (ZQ'(@&@Q&MQ:&QEQQ:%))

. 12 . .
since @ and )" are non-signaling

/ / / / ~ ool /
E P(aia] ...aia; ...anay|x127 . . &5 . .. xpy,)
a;al

so P is non-signaling. O
Proposition 3.5. For a MAC W : X} x Xy — Y and kq, ko € N*, we have:

Lo < SNS(Wiky k) < 1.



. X, X
2. SNS(W, ki, ko) < min (11, 12l DL,

3. If k| < ky and k) < ko, then SNS(W, &/, k) > SNS(W, ky, ko).

4. For any MAC W’ : X{ x X} — )’ and ki, ko € N*, we have SNS(W W', kikl, kakly) > SNS(W, ky, ko) -
SNS(W’ k|, kb). In particular, for any positive integer n, SNS(W® k7 kD) > [SNS(VV, k1, k‘g)]n and
SNS(W @ W', ky, k) > SNS(W, ket ko).

NS 1 = _kika 1 . DPzy.zp
Proof. 1. Let us first show that S™(W, ky, k2) 2 ks Take poy oy = D Triasy T
2 . Pzy,z9 . Pzyxg . . .
Toraey = o and Ty ayy = |X1\|X E One can easily check that it is indeed a valid

solution of the linear program computing SNS(W, k1, ko). Thus we have:

1 1 1
NS
S (W, ky, ka) > ks E W (ylz122)7T2, 20,y Y xEx BAEA Ey W (y|z122)

T1,22,Y 1,42
1 1 (7)

" kiks xlzg;z | X1 || o] " kiks

Furthermore, in order to show that it is at most 1, let us consider an optimal solution of SN (W, k1, k»).
We have:

1 1
SNS(VVa ki, ko) = % Z W<y‘x1$2)7“m1,m2,y < @ Z W(y’xlx2)pr1,mz

1,T2,Y xT1,T2,Y (8)
Day, W (y|z122) Day,zo =
k1k2 ;;2 o ‘”ZZ (vl = kiks k ;;2 AR

: _ 2 _ —
simce le,xz Pzy,ze = k1 le,m Tayaay = K1k Z:m,:m Twy,ay = kiks.

2. First let us show that SNS(W, kq, ko) < % (the case SNS(W, k1, ko) < % is symmetric):

SNS(W, ey, kg) = klk > W(yler122)rey sy < i k > Wlyleiza)r?, .,y

1,22,y 1,22,y
k: k: Z ZW ylzixe) | - (Z ril,m“,) since nonnegative terms.
12 x2,Y xl x1
. (9)
k k Z ZW ’1'11'2 . (k- pr1,$2>
1 2362724 x) ! 1
; | | | X1
k2k2 > o Z (Z W(y’%@)) = 2k > P = T
x1,T2 Yy 1,22
Let us show now that SNS(W, ky, ko) < k'f;g:
1
SNS(VV, khkz) = kjlk Z y|:r1:v2 Txy,20,y < TZ <£I11%3}2(W y’$1$2)> Z Txy,20,y
x1,22,Y Yy x1,T2
(10)
DD DL
— kle 1,22,y — kle .
Yy T1,r2



3. Let us assume that k] < k1 and that k}, = ko, since this latter case will follow by symmetry. Consider
an optimal solution of SNS(W, k1, ko) = k% 2irelky f(i1) with:

fliy) == ki Z W (y|z122) P(x122(i182) |i1i2Yy)

T1,72,Y,12

and P non-signaling. Let us consider § €  argmax Zz’leS' f(i1). Then, by construction, we have
S/ Clka )] S| =k,

that é >ies flin) =2 ﬁ Zme[kl] f(i1) = SNS(W, k1, k2), since we have taken the average of the k]

largest values of the sum.

Let us define the strategy P’ on the smallest set X; X Xo x (S X [ko]) x S x [ka] x V:

P'(x122(j1j2)|irizy) := P(x122(j1j2)lirizy) + C(x122]2]iri2y)

with C(z1x272]i1i2y) = o Z P(x129(j172)|i1i2y) - (11)
' jielk]-s

P’ is a correct conditional probability distribution. Indeed, it is nonnegative by construction, and
we have that:

Y. PlawsGip)liisy) = Y Plmza(iu)liviey) + Y Clarzzjalirizy)
x1,72,j1€S,j2 z1,72,j1€S5,j2 x1,72,j1€S,j2

= Y > Pl@mm(p)liiy) + ) Z Z (z122(j1J2)li1i2y)

T1,22J2 j1ES T1,T2 32]165 elki]-S

Z Z P(z122(j172)]i1i2y) + Z Z P(x129 ]1]2)|ZIZ2?J)

x1,22,J2 j1E€S z1,22,J2 j; €[k1]-S
= ) Plrma(jifo)livizy) = 1.

T1,2,J1,52

(12)

Let us show that P’ is non-signaling;:

(a) First with z:

> Pl(aiza(jije)livizy) = Y Plaraa(jio)liriay) + Z C(z12272li1i2y)

x1 1 1
=Y P(mma(ujo)liviay) + = Y > Pleraa(fijz)lirizy)
T 316[/61} -5
:Zp(x1$2(j1j2)|i/1i2y Z ZP 12 ]1]2 |21Z2y) ( )
T 1 Ji€lk1]=S 71

since P is non-signaling.

= P'(m1wa(jrgo)|ihizy) -

xr1



(b) Then with zo:

> Plaraa(jra)liviay) = Plaawa(jije)liviay) + Y Clz1agalirisy)

T2 T2 $2
= Pwime(ijo)liviay) + > Y Plaaa(jige)livizy)
x2 ]le[kl} S x2
=Y P(mwa(iugo)linioy) + o Y. Y Plarza(jia)lirivy) (14)
x2 ]1E[k1] -5 2

since P is non-signaling.

— Z P'(x129(j172)|1172Yy) -

T2

(c¢) Finally with (j172):

Z P’ (x122(j172)|i1i2y) = Z Z P(z122(j1j2) !mzy +Z Z C x1$2]211112y)

J1€S8.42 J2 J1E€S J2 JlGS
= Z Z P(z172(j1j2)i1i2y) + Z Z Z (z122(j1J2) li112y)
J2 J1€S J2 JlGS J1€lk1]—
=> > Plarza(figo)livizy) + ) Z (z122(j172) [iri2y)
Jj2 J1€S J2 ji€lki]—S
= P(z12(j1j2)lirizy)
Jijz

= Z P(z129(j172)|i1i2y’) since P is non-signaling.
Jijz
= ) Plaiza(fija)liriay’) -
J1E€S,j2
(15)
Thus P’ is a correct solution of the program computing SNS(VV, ki, ko), and it leads to the value:

1 Ny
SNS(W, k), ko) > ——— W (y|r120) P (2129 (i1i2) [i1i2Y)
K ks

T1,T2,Y,11 €512

1 N
2 s Z W (ylz1z2) P(z122(i1i2)|i1i2y) (16)

x1,T2,Y,i1 €S, i2

= D10 = o 3 ) =SS Wk k)

1165 ile[k‘ﬂ

4. Consider optimal non-signaling probability distributions P and P’ reaching respectively the values
SNS(W, ky, ko) and SNS(W' Kk}, k}). Then by Lemma P ® P’ is a non-signaling probability
distribution on (X7 x &X7) x (Ao x X3) x (([k1] x [k}]) x ([k2] x [K4])) x ([k1] x [K}]) x ([k2] x [Kb]) %
(Y x )", which is trivially in bijection with (X7 x X]) x (X2 x X)) x ([k1k]] % [k2kb)]) % [k1k]] %
[kokh] x (¥ x V). This gives a valid solution of the program computing SNS(W @ W', kik}, kak}).



Thus, we get that SNS(W @ W', k1k}, kokb) is larger than or equal to:

Z (W ® W’) (yy | 212 22h) (P ® P') (z12) woxhy (114 d95) |i1d), i2ibyy’)
12,228,y i14] 215
= > (W (ylerza) - W (|2 24)) (P(ava(ivia) iviay) - P (s (i)l i5'))

! ! NN A A
T1T,T2TY,yy’ 111,121

= > Wiyleiwa) P(zraa(ivi)|ivioy) | - > WY [aah) P (b (i) [ dhy)
T1,22,Y,01,12 @ @l il il
= SNS(W, Ky, ko) - SNS (W, KL KS)
(17)
In particular, applying this n times on the same MAC W gives the first corollary, and the second
one comes from the fact that SNS(W @ W', k1, kg) > SNS(W, k1, ko) - SNS(W/,1,1) = SNS(W, ky, ko),
since SNS(W’,1,1) = 1 by the first property of Proposition
O

Corollary 3.6. 1. CNS5(WW) is convex.

2. If (R, R2) is achievable with non-signaling assistance, then R; < logy|Xi|, R2 < log, |Xs| and
Ry + Ry <logy |Y|.

3. If (Ry, Ry) is achievable with non-signaling assistance, then for all R, < R;, (R}, R}) is achievable
with non-signaling assistance.

Proof. 1. Let (Ry, Ry) and (Ry, Ra), two pairs of rational rates achievable with non-signaling assistance
for W, ie:

NS Rn Rin Ron NS Rn Rin Ran
ST (Wen 127 12 W)njroolands (Wen 1287 [2 ])nﬂool.
Let X € (0,1) rational and define Ry ; := A- R;+(1— ) -R;, let us show that (Rx 1, Ry 2) is achievable
with non-signaling assistance. Let us call respectively k; := 2%, ki = 28t kxi = 28N = k;\ . ki(lf/\).
We have Ry n = A-Rin+(1—\)-Ryn = (An)- R; + (1 — \)n- R;. This is the idea of time-sharing: for
An copies of the MAC, we use the strategy with rate (R1, R2) and for the (1 —A)n other copies of the
MAC, we use the strategy with rate (R, Rz2). There exists some n such that An, (1 —X)n, A\nR;, (1 —

)\)an are integers, since everything is rational. This implies that k;\”,lzrlgl_)‘)",k:f\‘i are integers.
Thus, thanks to the fourth property of Proposition we have:

SNS(WER KR, KL,) > SNS(WEOM gdn gny L gNS (@((=Xm) f(=An pl=Am)
— 1-1=1.

n—-+00

(18)

Thus in particular, since we have SNS(W®n, kX1, k';LQ) < 1, we get that SNS(Wen, kX1, /{:;‘2) njroo 1,

so (Rx1, Ry2) is achievable with non-signaling assistance. Finally, since CN5(W) is defined as the
closure of achievable rates with non-signaling assistance, we get that CN5(W) is convex.

X7
ky

2. By the second property of Proposition we have that SNS(W®n k7 kD) <
one takes Ry > log, | X1, then ky > |&;| and we get that SNS(W®n k7 k%) < (ﬁ)n — 0, s0

ki n——+o0

. In particular, if

10



Ry > logy |X1| is not achievable with non-signaling assistance. Symmetrically, Ry > log, |X2| is not

achievable with non-signaling assistance.

Furthermore, if one takes Ry + R2 > log, | V|, then in particular k1 ks > |)|, so by the second property
it NS (@ Lo (LY ;

of Proposition , ST (W kP kY) < TRy = (k1k2) W 0. Thus, Ry + R2 > logy |Y| is not

achievable with non-signaling assistance.

3. Since (Ry, Ry) is achievable with non-signaling assistance, we have SNS(W®n [2nfa] 12nkz]) =
n—-+0oo

1. But, for all positive integer n, we have that [27f1] < [27/1] and [27/%2] < [2"#2], so by the third

property of Proposition we have that SNS(W®n [2nfi] [onfa]) > SNS(py@n [onka] ronfi2]),

Thus SNS(W®”, [27F1] [27%2]  — 1 since it is upper bounded by 1, and so (R, R}) is achievable
o0

n—+
with non-signaling assistance.

O
Proposition 3.7. C)S(W) is the closure of the set of rate pairs (Ry, Rg) such that:
In € N*, SN (Wwen, [2fm] [2fen]) =1 .

Proof. 1t is clear that if (R, Rg) is such that Jng € N*,Vn > ng, SNS(Wen, [2f1n] [2F2n]) = 1) then in
particular In € N* SNS(W®n [2Fin] T2R2n]) = 1. So, C)'S(W), which is the closure of the former rate
pairs, is in particular included in the closure of the latter rate pairs.

For the other inclusion, consider a rate pair (Ry, R2) and let us assume that there exists some positive
integer n such that SNS(W®n [2Fin] [2F2n]) = 1. Let us show that for any (R}, R}) such that R} < R;
and R < Ry:

Ing € N*,Vn > ng, SN (We” [2Fan] [2Ren]) =1 |

which is enough to conclude, since we consider only closure of such sets.

First, for all positive integer m, we have that SNS(W®nm [2finm] [9Ranm]) — 1. Indeed, by the fourth
property of Proposition we have that SNS((W®n)9™ [2fan)m roRanmy > [GNS(jy@n rofin] roRen])]™ =
1, so SNS((W&n)®™ [oRin]m [gRanymy — 1 gince SNS(W, ky, ky) < 1 by the first property of Proposition
But (W&)®™ = W and [2fin|m > [gRfinm] [gRan]m > [9Ranm] g6 by the third property of
Proposition we have SNS(W®nm [gFinm] [oRenm]) > 1 go GNS(y@nm [gRinm] roRanm]) — 1.

Then, consider some r € {0,...,n — 1}. By the fourth property of Proposition we have that:

SNS(W®(nm+T)’ "2R1nm“’ (2R2nm“) _ SNS(W(Xmm ® W@r’ |'2R1nm‘|’ |'2R2nm‘|)

19
2 SNS(W(Xmm’ |'2R1nm‘|’ |'2R2nm*|) -1 ’ ( )

Rinm R
80 SNS(vv@(nm—i—'r)7 |’2R1nm“’ (2R2nm] )R: 1. But (lenm‘l _ [QW(nm-l—?")*l _ [Qﬁ(nm-l—r)-‘ with § = % <
L and symmetrically [2f1mm] = [2ﬁ16(nm+r)]. Thus in particular, for all R} < 151% and R, < 1};%, we
have that for all n/ > nm, SNS(W®"' [2F17'] [2827"]) = 1. So for any (R}, R}) such that R} < R; and

R, < Ry, there is large enough m such that R} < 1fi and R, < 15’—1, and thus we get the expected

property on (R}, RS) for ng := nm. O

3.3 Symmetrization

Although SNS(W, k1, k2) can be computed in polynomial time in W, k; and ks, a channel of the form
W®" has exponential size in n. Thus, the linear program for SNS(W®" ky, ko) grows exponentially with
n. However, using the invariance of W®" under permutations, one can find a much smaller linear program
computing SN (W™ ky, ks).
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Definition 3.8. Let G a group acting on X1, X5, Y. We say that a MAC W : X1 x Xy — ) is invariant
under the action of G if:
Yge G,W(g-ylg-z19-x2) = W(y|lr122) .

In particular, for W®" : X' x XJ' — Y™, the symmetric group G := S, acts in a natural way in any
set A raised to power n. So for o € S,,, we have that:

n n

W®n(0 Yo afo-xy) = HW(ya(i)|x1,a(i)$2,o(i)) = H W(@/ilwl,ixli) = W®n(yn’$?x3) )
i=1 =1

and so W®" is invariant under the action of S,,.
Let Z:={X, X, Y, X1 X YV, Xo X Y, X1 x Xo, X1 x Xo x V}. Let us call Og(A) the set of orbits of A
under the action of G. Then, one can find an equivalent smaller linear program for SNS(W, ki, k»):

Theorem 3.9. Let W : &1 x X» — Y a MAC invariant under the action of G. Let us name systematically
w € Og(Xl XXQX:))), u e OG(Xl XXQ),ul S OG(X1>,U2 € Og(XQ), vl e Og(Xl Xy), v? e Og(ngy), NS
Oc(Y). We will also call z4 the projection of z € Og(B) on A, for A, B € Z and A projection of B; note
that z4 € Og(A), since by definition of the action, the projection of an orbit is an orbit. Let us finally
call W(w) := W(y|z122) for any (x1,x2,y) € w, which is well-defined since W is invariant under G. We
have that SNS(W, k1, ko) is the solution of the following linear program:

SNS(W, k1, kp) = maximize b Z W (w)ry

rrlr2, 1R2
P weOg (X1 x X2 x))

subject to Z Ty = |v], Vv € Og(Y)

wiwy=v
Yooor=k Y e, V0P € O0q(X x V)
Wiw x y =02 wiw xy y =02
Yooormki=ke ) e, W' €0a(X x )
wiwy, y=vl wiwy, y=v'

V%, |
Z Dy = |;;2| k1 Z 2, Y2 € Og(Xs x Y)

. —n2 . —p2
’LL.UX2 —’UX2 'u)"u)xzy—l)

vy, |
S o= |£1| ky > r, Yol € 0g(X x Y)

wiuy, :v}(1 wiwy, y=ul
0<ry <rlk r2<ﬂp Yw € Og(X) X Xy x V)
= — Ty "w = "LU | WX1X27
X1 2
w
w‘X’X]prlX? — 1L =72 41y >0, Y € Og(X) x Xy x ) .
112

Corollary 3.10. For a channel W : X x Xy — Y, SNS(W®” ky, ko) is the solution of a linear program of
size bounded by O (n'xﬂ"%l"y‘_l), thus it can be computed in polynomial time in n.

Proof. We use the linear program obtained in Theorem with G := S, acting on W®" as described
before. The number of variables and constraints is linear in the number of orbits of the action of S™ on
the different sets A € Z, where here Z = {X]", X7, V", AT x V", XJ x Y, A" x X, A x &) x Y"}. For
example, for A € A" x A3 x V", we have that:

12



n+ |||V -1
| ][ Y] -1
So the number of variables and constraints is O(n/*111*211YI=1) " Note also that all the numbers occur-
ring this linear program are integers or fractions of integers, with those integers ranging in [(|X1||X2[|Y)"],
thus of size O(nlog(|X1||X2||V])). So the size of this linear program is bounded by O(nl*tH¥2lYI=1) “and
thus SNS(W®™ ki, ky) can be computed in polynomial time in n; see for instance Section 7.1 of [10]. O

O, (A7 x A x V™) = ( ) < (n+ 2] A l|Y] — DRIl

In order to prove Theorem [3.9] we will need several lemmas. For all of them, A and B will denote
finite sets on which a group G is acting, and =& will denote the orbit of z under G:

Lemma 3.11. Let 7 € Og(A x B), and call v := 74 and p := 73. For = € v, let us call BY :

B}

{y: (x,y) € 7}. Then, |B?| = |B¥| =: ¢ for any z,z' € v, and furthermore, we have that ¢ = ol
Symmetrically, the same occurs for AY := {x : (z,y) € 7} with y € u, where one gets that |AY| = \A¥'| =
= % for y,vy' € p.

Proof. Let x,2" € v. Thus there exists g € G such that 2’ = g - x. Let:
f : B* - B

T

y = g-y.
First, f is well defined. Indeed, if y € B* = {y: (z,y) € 7}, then g-y € {y: (g-z,y) € 7} = B¥, since

7 € Og(A x B). Let us show that f is injective. If g-y = g-v/, then ¢! - (g-y) = (¢g7'9) -y = v,
gt (g-y) =19, s0oy =y Thus we get that |B?| < |B¥|. By a symmetric argument with 2’ replacing z
and g~ ! replacing g, we get that |B*'| < |B?|, and so |B?| = |B¥| =: ¢/.

Furthermore, { BZ},¢, is a partition of 7, s0 Y _ |B¥| = |v|c¥ = |7|, and thus ¢’ = i7| O

TEeV

Lemma 3.12. For any (z,y) € A x B and v(, )¢ variable indexed by orbits of A x B, let us define the

V@)@

variable v , 1= COLEE We have:
1
va’yzm Z v, Yy €B .
zeA T€0G(AXB): 1=y
Proof.
Dovey= Y > v
xcA T€0G(AXB):T=yC z€A:(z,y)ET

= Z Z % since (z,y)% =7

T7€0G(AxB)irp=yC zcA:(xy)eT

G vy . (21)
= Z c? l by Lemma since y € 753
T€O0G(AXB): =y T
B |7 v, 1
S SR = i v P S
T€0g(AXB): =y T€O0G(AXB): =y
O

Lemma 3.13. For any 7 € Og(A x B), p € Og(B) and v, 4 variable indexed by elements of A x B, let
us define vy := 37, o, Vzy. We have:

SIS ) S

T€OG(AXB): =1 yep ze A

13



Proof.

Z Ur = Z Z ”:v,y:zzvx,y .

TEOG(AXB): =N T7€0G(AXB): =W (T,y)ET yep xc A
O
Proof of Theorem[3.9 Let rm17m27y,r91617x27y,r%hxmy,pmm a feasible solution of the program defined in
Proposition and call S := ﬁ > wraay W(YlT122)T2 25y its value. Define:
— 1. Z 1
Tw = Z Tﬂ@lax%y ’ rw T rxl,xg,y )
($17$27y)€w (ZBl,ZEZ,y)Gw
) ) (22)
s X Thmws  Pa= DL Paam
(z1,22,y) €W (z1,72)€u

Let us show that 7, 7L, 72, p, is a feasible solution of the program defined in Theorem and that its
value S* := k11k2 Yow W(w)ry, = 5.
First, we have S* = S. Indeed:

S* = %%:W(w)rw = %%:W(w) Z To1e2,y

(z1,22,y)Ew
1 .
=T Z Z W(ylx122)rs, 20y since W(w) = W (y|xiaz) for all (z1,22,y) € w (23)
1227y (z1,22,y)EW
1
= % Z W(y|$1x2)ru’c1,x2,y =5.
x1,T2,Y

Then, all the constraints are satisfied. Indeed, thanks to Lemma [3.13] we have for the first constraint:

Z Tw = Z Z Te1,20y = Zl = |U‘ : (24)

wiwy =v YEU 1,22 yev

For the second constraint (and symmetrically for the third constraint), we have:

Z Z Z rxlvm%y Z kl Z Tzy,mey = kl Z Tw - (25)

w:wXQy:v2 (z2,y)€v? 71 (z2,y)€V? 1 wiw xy =02

For the fourth (and symmetrically for the fifth), we have:

2. = D D e = D ];prl,mz Y D per

Wiw iy y =02 (z2,y)€E02 21 (z2,y)€v? z1 :EQGUX yi(z2,y)Ev2 T1
1 0%
= E o] E Pz thanks to Lemma B.11] (26)
szv?Yz 2h

1 ]v2]
k1 |v3, | 2 m

u: uX2—vX2

Finally for the last constraints, we only need to compute:

14



Z Pzi,z0 = Z Z Pzi,0 = Z ﬂpm,xz = ﬂpwxlxz v (27)

W X, W X,
(z1,22,y)Ew (z1,22) Ewxy xy Yi(T1,22,y) EW (z1,22)€wx, X, 0| W |
. . . . . o). 1 2 .
which implies that the linear mequahtles ON Py wos Ty w0,y Ty ways T e,y S€0 transposed respectively to
|wl 1 1
the values prXIXZ ,Tw, Ts, 72, Indeed, for instance, one has for any 1, z2,y that pyy 2, — Tar oy —
2 .
o1 woy t Tor0y = 0. Thus for some orbit w:
Z 1 2
(pxl,wz - rxl,zg,y - Txl,acz,y + Tml,rz,y) > 0 ’
(z1,22,y)EW
w .
and then |w/|Y1|X2|pr1X2 —rLl — 12 + 1y > 0, which was what we wanted to show.

Now let us consider a feasible solution 7y, 7L, T?U, Py, Of the program defined in Theorem , with a
value S* := k11k2 > w W(w)ry. Define:

1
. T S U CI PR
oy |($17$27y)G| ’ Tty ‘(xl,x?ay)G| ’ 28
, (28)
r2 = (@z2y)® D _ P@ia)©
= 1,29 T .
ooy (21, 22,y)C] b (21, 22)Y|

Let us show that 74, 4y, 7 2 is a feasible solution of the program defined in Propo-

T1,T2,Y’ Txl7x27y7pl'1,l'2
— 1 Q%
sition and that its value S := =3  W(ylz122)75, 209 = S™.

Flrst we have S = S*. Indeed:

: 1 T(x1,20,y)C
S = Z W(y‘$1$2)7‘x17x27y:k17 Z W(y|x1x2)%

kl k;2 1,72,y zl,zg,y (w1,22,y)C

1 Tw

= 1% W(w)—
K Zw: (21 mzy)ew (y| 1 2 kle Z z1 ;) cw ( )‘w| (29)

1 Tw
=ik Zw: |w|W(w)m = mzw:vv(w)w —

Then, all the constraints are satisfied. Indeed, thanks to Lemma [3.12] we have for the first constraint:

r r —LyG’—l 30
1,22, w — - .
2 Ty ryGr 2 1C| (30)

T1,T2 w:wy:yG

For the second constraint (and symmetrically for the third constraint), we have:

1 k
o122y T (g, )0 Z "0 = (2, 9)C Z Tw = k1 Zra&m,y : (31)

1 wiwxyy=(x2,y) wiwx,y=(x2,y)¢ 1
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For the fourth (and symmetrically for the fifth), we have:

1 1 1 [(z2,y)¢]
2 _ 2 _
Tey,a0y = G Z Tw = | €] =5 | Z Du

(22, 3)] (2, 9)C k1 | (w2, ),

zy wiwxyy=(z2,y) u:uX2:(mz,y)g2
1 1
= —t——a >, Pu= & Z pu since (z2,9)%, =25 (32)
ki [(z2, )%, | . kl \90 .
u;quz(zQay))(é _$2
1
= kil Zp271,932 .
1
Finally, to conclude with the last constraints, one has only to see that for any x1, zo,y:
‘(xlaany)G| |(z17x27y)G’ G
¢ =D ¢ = |(z1,22,9)" D21, 33
|($1,:U2,y);G(1X2‘ (xl’xz’y)xlxz \(l’El,m)G‘ (@1.22) Y e ( )
which implies that the linear inequalities on ﬁpw% Xy ,Tw, T, T2 get transposed respectively to the
values pxl,m,ra;l,xQ,y,7"3161@272’,,7’92317@& Indeed, for instance, one has for any w that %pw&)@ —rk -
1 2
r2 +ry > 0. But for any (z1,22,y) € w, one has that ry, 4., = @)—w‘,rél’m%y = |:Tw\ T ey = ﬁ Thanks
. . . Pw
to the previous inequality, we have that pg, z, = m::lf\? and thus:
2
Pw rl r2 T
1 2 X1 X w w w
—-r —r +r = -—— -4+ -—2>0
Pzq,x2 T1,T2,y 1,22,y 1,22,y lwx, x| |w| |w] o |w| T 7
which was what we wanted to show. O

4 Application to the Binary Adder Channel
The binary adder channel Wga¢ is the following MAC:
Va1, z9 € {0, 1},Vy S {0, 1, 2}, WBAC(Z/‘ZL’II’Q) = (Sy,:p1+xg .

Its classical capacity region C(Wpgac) is well known and consists of all (Rj, Rg) such that R; <
1,Ry < 1,R; + Ry < , as a consequence of Theorem Its zero-error classical capacity Co(Wpac)
is not yet characterlzed A lot of work has been done in finding upper and lower bounds on this region
(16l 24, 12 11, 13], 23, 8, 22, 2, 17, 20]. To date, the best lower bound on the sum-rate capacity is
log,(240/6) ~ 1.3178 [17].

Thanks to Corollary we were able to compute all the values of SNS(WIQAC, ki,k2) up ton = 6. In
particular, taking the largest k1, ko where SNS(WQAC, k1, ko) = 1 gave us lower bounds on the zero-error
non-signaling assisted capacity region C(I)VS(WBAC). Finally, for n = 7, we were able to compute directly
the border of the zero-error non-signaling assisted capacity region, which led to Figure ] The code can
be found on GitHub. It uses Mosek linear programming solver [3].

Note that the linear program from Theorem has still a large number of variables and constraints
although polynomial in n. Specifically, for n = 2, it has 244 variables and 480 constraints; for n = 3, it
has 1112 variables and 2054 constraints; for n = 7, it has 95592 variables and 162324 constraints; finally,
for n = 8, it has 226911 variables and 383103 constraints.

The first noticeable result coming from these curves is that the zero- error non-signaling assisted sum-

rate capacity beats with only 7 copies the classical sum-rate capacity of 3, even without a zero-error

27
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Figure 3: Capacity regions of the binary adder channel Wpac. The black dashed curve depicts the classical
capacity region C(Wgpac), whereas the grey dashed curve shows the best known lower bound border on the
zero-error classical capacity region Co(Wgac), made from results by [17], 23, [13]; see [17] for a description
of this border. On the other hand, the continuous curves depict the best zero-error non-signaling assisted
achievable rate pairs for respectively 2,3 and 7 copies of the binary adder channel.

constraint, with a value of Zlogy(42) 1.5406, coming from the fact that SNS(W]_;)@ZC, 42,42) = 1 and Propo-

sition . This implies that C(I;IS(WBAC) has larger sum-rate pairs than C(Wgac), and that CNS(Wgac)
is strictly larger than C(WBAC). This sum-rate can even be increased up to % ~ 1.5425, since we
have computed SNS(W BACs 72,72) = 1, which is the largest number of copies we have been able to manage
with our efficient version of the linear program from Theorem This should be compared with the
only upper bound known on the non-signaling assisted sum-rate coming from Corollary and given by
log, (|V]) = logy(3) ~ 1.5850.

Another astonishing result is the speed at which one obtains efficient zero-error non-signaling assisted
codes compared to classical zero-error codes. Indeed, with only three copies of the binary adder channel,
one gets that SNS(W§A3C,4, 5) = 1, which corresponds to a sum-rate of %&(5) ~ 1.4406, which already
largely beats the best known zero-error achieved sum-rate of log,(240/6) ~ 1.3178 [I7]. These results are
summarized in the following theorem:

Theorem 4.1. We have that (10%2(72) l°g2(72)) € C (WBAC) but (10@;28(72) 1°g2 (72) ) ¢ C(Wpac), and as
a consequence, we have that C(Wgac) € CV(Wgac).

032 2)

Proof. Since 2° = 72 and numerically SNS(W BACs 72,72) = 1 thanks to Corollary [3.10, we get that
(log2(72) IOgQ(m)) € C S(Wgac) by Proposition . However, l°g28(72) 4 lo£a(T) o % S0 (71%2(72), 710&8(72)) ¢

3 3 3
C(Wgac) by Theoremuapplied to Wgac. Since C(Wgpac) C CNS(WBAC) and C(I)VS(WBAC) C CNS(WBAC),
we thus get that C(Wgac) € CV°(Wgac). O
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5 Handling Errors with Concatenated Codes

In Section [ we have analyzed the non-signaling assisted capacity region through zero-error strategies
in the case of the BAC, which is in particular deterministic. However, if some noise is added to that
channel, its zero-error non-signaling assisted capacity region becomes trivial (see Proposition [5.3)). Thus,
the previous method fails to find significant lower bounds on the non-signaling assisted capacity region of
noisy MACs.

In this section, we will present a new technique to overcome this difficulty using concatenated codes,
and apply it to a noisy version of the BAC.

5.1 Concatenated Codes

Given a MAC W and a non-signaling code P, define W[P] : [k1] X [ko] — [f] with W[P](jli1i2) =
> wr way W Ylz122) P(z1222] |i112y):

21 19
W[P] = w P(z122j]i1i2y)

E | ] T

L2

Note that W[P] is a MAC since W[P](jli1i2) > 0 and:
Y WIPI(livie) = ) Wiylriza) Y Plaraajlirizy)
r -

Z1,22,Y J

= Z (Z W(y|m1x2)> P(x122]i1i2) since P is non-signaling
y

T1,T2
= Z P(aﬁlxglilig) =1.
1,22

The following proposition states that combining a classical code to a non-signaling strategy leads to
lower bounds on the non-signaling assisted capacity region of a MAC:

Proposition 5.1. If P is a non-signaling code for the MAC W, we have that C(W[P]) C CNS(W).
Proof. Let (Ry, Ry) € C(W[P]). Then, by definition, we have that:

lim S(W[P]®", [2fan] [2fn]) =1 |

n—-+00

Let us fix £ > 0. There exists some rank N such that S(W[P]®V, [281N] [2F2N7) > 1 —¢. Let us call
01 := [271N] and £ := [272N]. Thus, there exists encoders e : [(1] — [k1], e : [fa] — [ko] and a decoder
d: [¢] — [l1] x [€2] such that:

61152 Z WIP](jlixiz) Z e1(i1]ar)es(iz|az)d(araz|j) > 1 —¢€ .

i1,42,5 a1€[61],a2€[€2]
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In particular, we have:
f1f Z (y|z122) | Z P(z1zojlivizy)er(ir]ar)es(izlaz)d(arazlj) | 21 —¢.
z1,22,Y 11,22,7,01,02

Let us define P($1x2(blbg)|a1a2y) = Eiw’z,j P(x1x9j|i1i2y)er(i1]ar)es(iz|az)d(biba|j). Then, one can

casily check that P is non-signaling, and thus:

1 .
SYSWEN 0, o) > A W(ylziza) > Plaiwa(ar, ag)laragy) > 1 —¢ .
T1,22,Y ail,a2
This implies that lim SNS(wen [2fin] 12R2n]) =1 ie. (Ry, Ry) € CNS(W). O

Thanks to Proposition 5.1} we have for any non-signaling code P, C(W®"[P]) C CNS(W®"). But if
(R1, R2) € CNS(W®™), we have that (£, £2) € ¢NS(W). Thus, applying Theorem [1.1] l on W®"[P] leads
to lower bounds on CNS(W):

Proposition 5.2 (Numerical Method to find lower bounds on CN®(W)). For any number of copies n,
number of inputs ki € [|X1]"] and ko € [|X2|"], non-signaling codes P on inputs in [k1], [ko] for W®" and
distributions q1, g2 on [k1], [k2], we have that the following (R, Ry) are in CNS(W):
I( : J|I I(ly: J|I I(([1,12) = J

(L) HB:Jh) I D))

n n n

R <

for (I1,I5) € [k1] x [ko] following the product law q; X q2, and J € [¢] the outcome of W®"[P] on inputs
11, I. In particular, the corner points of this capacity region are given by:

<I(Il:J|Ig)’I(Ig:J)> o <I(Il:J)7I(IQ:J]1'1)> |

5.2 Application to the Noisy Binary Adder Channel

We will now apply this strategy to a noisy version of the BAC. We will consider flip errors €1, €2 of inputs
x1,x2 on Wgac, which leads to the following definition of WiAc ¢, e,:

VY, 21, T2, WBAC 1,22 (Y|T122) 1= (1 — €1)(1 — €2)Whac(y|z122)
+e1(1 — e2)Waac(y|ZT12)
+ (1 = e1)e2Whac (y|r172)
+ e162Wnac (y[T172) -

First, let us note that the zero-error non-signaling assisted capacity region of Wgace, ¢, is trivial,
which won’t help us to understand CNS(WBAC,Q@):

Proposition 5.3. If £1,e2 € (0,1), then C(Wgac ,.,) = {(0,0)}.

Proof. Tf SNS(W®n ki ko) = 1, then Vy", 2, 2 : WO (y*|zhah) > 0 = Tan an yn = Pen oy Indeed, we
have for an optimal p,r that:

1
NS ”7®n § : ”7®n E V[f@n
S ( 7k17 kQ) k]_kQ (y |$1$2)Tx1 ,$2,y — kle y |x1x2)p1’171’3 ]'

I17$2 yn $17$2 Y
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which implies the previous statement. But, for W]g@:c -y, One can easily check that for all y", 27, 27,
Wen(y"|alzh) > 0 since £1,e2 € (0,1). Indeed, you just have to flip the inputs to a valid preimage of the
output. Thus if SNS(W]?XC c1.e00 K1, k2) = 1, we have that Vy", 2, %, 7on on yn = Papaz. In particular,
this implies that Zx?wg Tap o yn = Zmy,zg D ap s therefore 1 = kiko, so ky = 1 and ko = 1. Thus
SNS(Wen gnfa onfay — 1 implies that (Ry, Ra) = (0,0). O

We have then applied the numerical method described in Proposition to WBAC ¢, ¢, for the sym-
metric case £ = g9 = € := 1073, Since it is hard to go through all non-signaling codes P and product
distributions g1, g2, we have applied the heuristic of using non-signaling codes obtained while optimizing
SNS(W®n k1, ko) in the symmetrized linear program. We have combined them with uniform ¢y, g2, as the
form of those non-signaling codes coming from our optimization program is symmetric. We have evaluated
the achievable corner points for all k1, ko < 2™ for n < 5 copies which led to Figure

0.75

Ry

0.5

—— NS ZE Capacity Region
NS Achievable Points for 3 copies
—— NS Achievable Points for 5 copies

0.25 || - - - Classical Capacity Region ':

o
D

& 1 1 1
0 0.25 0.5 0.75 1
Ry

Figure 4: Capacity regions of the noisy binary adder channel Wpsc .. for e = 1073, The black dashed
curve depicts the classical capacity region C(Wgac ) which was found numerically using Theorem
The red point depicts the zero-error non-signaling assisted capacity region (Proposition . The blue

curve depicts achievable non-signaling rates pairs obtained from C(Wgye . .[P]) through the numerical
method described in Proposition
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Compared to the noiseless BAC, we can first notice that the classical capacity region is slightly smaller,
with a classical sum-rate capacity of 1.478 at most. On the other hand, although the zero-error non-
signaling assisted capacity of Wpac . is completely trivial, we have with our concatenated codes strategy
found significant rate pairs achievable with non-signaling assistance. In particular, we have reached a
non-signaling assisted sum-rate capacity of 1.493 which beats the best classical sum-rate capacity. Thus,
it shows that non-signaling assistance can improve the capacity of the noisy binary adder channel as well.

6 Conclusion

In this work, we have studied the impact of non-signaling assistance on the capacity of multiple-access
channels. We have developed an efficient linear program computing the success probability of the best
non-signaling assisted code for a finite number of copies of a multiple-access channel. In particular, this
gives lower bounds on the zero-error non-signaling assisted capacity of multiple-access channels. Applied
to the binary adder channel, these results were used to prove that a sum-rate of % ~ 1.5425 can be
reached with zero error, which beats the maximum classical sum-rate capacity of % For noisy channels,
we have developed a technique giving lower bounds through the use of concatenated codes. Applied to the
noisy binary adder channel, this technique was used to show that non-signaling assistance still improves
the sum-rate capacity.

Our results suggest that quantum entanglement may also increase the capacity of such channels.
However, even for the binary adder channel, this question remains open. One could also ask if such
efficient methods to compute the best non-signaling assisted codes can be extended to Gaussian multiple-
access channels. Finally, the existence of a single-letter formula for the non-signaling assisted capacity
of multiple-access channels remains open, even for the binary adder channel. An intriguing question is
whether the non-signaling assisted capacity of multiple access channels is given by the same expression as
in Theorem and dropping the requirement that X; and Xs are independent.
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