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Abstract—A memoryless state-dependent multiple-access chan-
nel (MAC) is considered, where two transmitters wish to convey
their messages to a single receiver while simultaneously sensing
(estimating) the respective states via generalized feedbacks.
For this channel, an improved inner bound is provided on
the fundamental rate-distortions tradeoff which characterizes
the communication rates the transmitters can achieve while
simultaneously ensuring that their state-estimates satisfy desired
distortion criteria. The new inner bound is based on a scheme
where each transmitter codes over the generalized feedback so
as to improve the state estimation at the other transmitter. This
is in contrast to the schemes proposed for point-to-point and
broadcast channels where coding is used only for the transmission
of messages and the optimal estimators operate on a symbol-by-
symbol basis on the sequences of channel inputs and feedback
outputs.

I. INTRODUCTION

In various demanding applications such as smart cities and
autonomous driving, terminals have to communicate data to
other terminals while at the same time also to sense the
environment for changes in locations, shapes, and status char-
acteristics of static or locomoting objects. This integrated sens-
ing and communication scenarios have recently received lots
of attention from the communications and signal processing
communities [1]-[12] and first information-theoretic studies
were presented in [13]-[15]. Specifically, [13], [15] identify
the optimal tradeoff between the set of achievable data rates
and distortions of the state estimates that can be attained over
state-dependent point-to-point (P2P) or degraded broadcast
channels (BCs) with generalized feedback. Inner and outer
bounds on this tradeoff for general BCs were proposed in [15].
In [13], [15] it was further established that the transmitter’s
optimal estimators in the P2P and BC setup are symbol-wise
estimators applied to the sequences of the transmitter’s channel
inputs and feedback outputs. As a consequence, the sensing
performance of these systems depends only on the distribution
of the input symbols but not on the applied coding schemes.

The situation is different on the multiaccess channel, where
basing the estimator only on the sequence of inputs and
feedback outputs at a transmitter is suboptimal. In [14] it
was noticed that an estimator that bases its decision also
on the codewords decoded at a transmitter can improve
estimation performance. In this paper, we show that further
improvement is possible if each transmitter uses coding to
convey information related to its own observed generalized
feedback signal to the other transmitter. In some sense, this

is the first information-theoretic completely integrated sensing
and communication scheme because coding is not only used
to improve data communication but also to improve sensing
performance at the terminals. Both our scheme and the scheme
in [14] are built on Willem’s scheme for the MAC with
generalized feedback [16].

A related idea was previously used in [17], [18] for the state-
dependent MAC, where the transmitters compress and transmit
their state information to the receiver. In their setup, the trans-
mission of the state is beneficial over pure data transmission
because it helps the receiver to decode the data. In our work
here, each transmitter compresses and transmits information
about its feedback signal to provide state-information to the
other transmitter that is not available from its own feedback.

The simultaneous state and data communication problem as
studied in [19]-[24] is also related to our integrated commu-
nication and sensing problem. The difference between these
works and the present paper is that in joint communication
of data and states the state sequences(s) are available at the
transmitter(s) and have to be estimated at the receiver(s).

Notations: We use calligraphic letters to denote sets, e.g.,
X. Random variables are denoted by uppercase letters, e.g., X,
and their realizations by lowercase letters, e.g., z. For vectors,
we use boldface notation, i.e., lower case boldface letters such
as « for deterministic vectors.

For positive integers n, we use [l : n] to denote the
set {1,---,n}, and X" for the tuple of random variables
(X1, -+ ,X,). We abbreviate independent and identically
distributed as i.i.d. and probability mass function as pmf.
Logarithms are taken with respect to base 2. For an index
k € {1,2}, we define k := 3—k and for an event A we denote
its complement by A. Moreover, 1{-} denotes the indicator
function.

II. SYSTEM MODEL

Consider the two-transmitter (Tx) single-receiver (Rx) mul-
tiaccess channel scenario in Fig. 1. The model consists of a
two-dimensional memoryless state sequence {(S1,;,.52)}i>1
whose samples at any given time ¢ are distributed according
to a given joint law Ps, g, over the state alphabets S1 x Sa.
Given that at time-i Tx 1 sends input X;; = x; and Tx 2
input Xy,; = x5 and given state realizations S;; = s; and
Sa,; = s2, the Rx’s time-i output Y; and the Txs’ feedback
signals Z; ; and Z5 ; are distributed according to the stationary
channel transition law Py 7, 7,5, 5,x, x, (-, |51, 82, T1, 2).



Input and output alphabets Xy, X5, ), 21, 25,851, S are as-
sumed finite.
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Zai—1
Transmitter 2 "’

Fig. 1. State-dependent discrete memoryless multiaccess channel with sensing
at the transmitters.

A (2"Rr 27R2 ) code consists of
1) two message sets Wy = [1 : 2"Ri] and W, = [1 : 2"Rz];
2) a sequence of encoding functions €y, ;: Wi, X Z};l —
Xy, fori=1,2,....,nand k =1,2;
3) a decoding function g: Y™ — W) x Wh;
4) for each k£ = 1,2 a state estimator ¢y : A" X Z — 3,?
where S; and S, are given reconstruction alphabets.
For a given code, let the random message Wy, for k = 1,2,
be uniform over the message set W, and the inputs X}, ; =
¢k7i(Wk,Z,i_1), for + = 1,...,n. The Txs’ state estimates
are obtained as S := (Sk.1, - ,Skn) = k(X7 Z2) and
the Rx’s guess of the messages as (Wy, W) = g(Y™).
We shall measure the quality of the state estimates S',?
by bounded per-symbol distortion functions dj: Sy, X Sk
[0,00),m and consider expected average block distortions

n ]- - A
AP = =Y T Bld(Ska Skl k=12 (D)
=1

The probability of decoding error is defined as:
P = Pr(Wl AW, or W, # WQ). 2)

Definition 1. A rate-distortion tuple (Ry,Rz2,D1, D2) is
achievable if there exists a sequence (in n) of (2"%1,2"R2 n)
codes that simultaneously satisfy

lim P™ =0 (3a)
n— oo
lim A" <Dy, fork=1,2. (3b)
n— oo

Definition 2. The capacity-distortion region CD is the closure
of the set of all achievable tuples (R1,Rs, D1, Do).

The main result of this paper is the inner bound on the
capacity-distortion region CD given in the following The-
orem 1. A scheme achieving this region is described in
Section III, for the analysis see Appendix A. It is based
on a modification of Willem’s coding scheme [16] for the
MAC with generalized feedback. That means block-Markov
encoding and backward decoding are used where each Tx
splits its message into a private and a common part for each
block (except for the last block). Tx k sends its common

message parts using Uy-codewords and after each block de-
codes the common message part sent by the other Tx k based
on its generalized feedback outputs. This allows the two Txs
to cooperatively send both common parts from the previous
block using the Up-codewords. Private parts are sent using
the X;- and X5-codewords and are only decoded at the Rx.
The novelty of our scheme with respect to [16] is that together
with its common part pertaining to the current block, each Tx k
also sends a Vj,-compression codeword containing information
about the other Tx’s desired state Sy of the previous block.
This compression information is decoded at both the other
Tx k and at the Rx. At the Rx it is used to improve the
decoding of the messages.

Theorem 1. The capacity-distortion region CD includes

any rate-distortion tuple (Ri,Ro,D1,Ds) that for some

choice of pmfs Pu,, Pu,juys Puyivos Pxi\vety s PxaUeUs
PVI\U0U2X1Z17PV2|U0U1X2Z2 and estimators ¢)Z X X 2y X
Uy x Vg — Sk, for k = 1,2, satisfies Inequalities (4) on top
of the next page (where U := (Uy,U,Us)) as well as the
distortion constraints

E[di(Sk, 05 ( Xk, Zk, U, Vi)l < Di, k=1,2,  (5)

where all quantities are evaluated for
(Uo, Uy, Uz, X1, X2,Y, Z1, Z3,V1,V2) ~ Py, Py, v, Pu,u,
Px 00U Px o U602 515, Py 7, 25191 80 X1 X5 Vi | U Us X1 21
Py, \v,v, x5 2, and for k= 1,2:

O (Th, 21, up, V) 1=

. !
arg min Y Ps,x, 2,0, v; (Sk|ks 2 g, 07) di(5k, 57,).
s! €Sk
k sk ESK

(6)

Remark 1. Our model includes as special cases all setups
with perfect or imperfect channel state-information at the
receiver. For example, for the choise of

Y = (Ylvslst) (7)

with Y describing any desired output, the receiver has perfect
CSI about both states.

Corollary 1. For Vi = Vi =const, Theorem 1 specializes to
[14, Theorem 2], i.e., to the set of tuples (Ry, Ro, D1, Do) that
for some pmfs Py, Py, v, Pu, v, Px. 10,0, Px.|UsU, Satisfy
Ry < I(Xy;Y | X3UrU) + I(Uy; Z3, | X5Uo),
k=1,2, (8)
Ri+ Ry < I(X1X2;Y), 9
Ri + Ry < I(X1 XY | UgU,Us3)
+1(Uv; Zo | XoUp) + 1(Usa; Zy | X1Uy), (10)

and
E[dk(Sk,qb’,;(Xk,Zk,U,;,const)) <Dp, k=12 (11

where all quantities are evaluated for (Ugy,Uy,Us, X1,
Xo,81,89,Y, Z1, Zs) ~ Py, Py, v, Pus v, Px, |0 U Pxa U0,
Ps,5,Py 7, 7, X1 X251 55



R < I(Up; Xp Z | UpUz) + I(Vie: X Zi, | U) — I(Vie: XuZy | U)
+min{l (Xg; Y | UpXz) + I(Vi; Xa XoY | U) + I(Vi; XK XoY Vi | U) — I(Vi; X Zy | U),
I(X1 X0 Y | UpUy) + I(Vi; XKy XoY | U) + I(Vi; Xa XoY Ve | U) — I(Vy; X3 Z5 | U),
I(X1X0;Y | Up) + I(Vi; X0 XoY | U) + I(Vi; X Xo YV | U) — I(Vi; X3 Zy | U) — I(Vi; X3 Z5, | U)

I(X; YV, | UXp) Y

k=12, (4a)

Ri+ Ry < I(UQ;Xlzl | UoUl) + I(VQ;X1Z1 | Q) - I(Vz;XQZQ | Q)
+I(Uy; XoZs | UgUs) + 1(Vi; XoZo | U) — I(Vi; X112, | U)
+min{l (X, Xo; Y | UgUs) + I(V1; X0 XoY | U) + I(Vo; X0 XoY V1 | U) — I(Vi; X121 | U),
I(X 1 XY | UpUy) + I(Vi; X0 XoY | U) + I(Va; XKa XoYVi | U) — I(Va; XoZo | U),
I(X1 X0 Y [ Up) + I(Vi; Xa XoY | U) + I(Vo; XKy XoY Vi | U) = I(Vi; X1 Zy | U) — 1(Va; X225 | U)

I(X1Xo; YWV | U)}

Ri+ Ry < I(X1 Xy Y)+I(V; XnXoY |U) +I(Va; X0 XoY VL | U) — I(V1; X121 | U) — I(Va; X2 Zo | U)

and

I(Up; X5 Z5 | UoUg) + I(Vi; X3 Z5 | U) > 1
I(X0 X0 Y | Up) + I(Vi; Xa XoY | U) + I(Vo; XKy XoY Vi | U) > I(Vi; XaZy | U) + 1(Va; XoZ5 | U)
(XY | UpXp) + I(Vi; Xa XoY | U) + I(Vo; XKy XoY Vi | U) > 1

(4b)
(4c)
(Vii; Xx 2k, | U), k=1,2, (4d)
(4e)
(Vi; XuZy, | U), k=1,2. (4f)

The following two examples show the advantage of Theo-
rem 1 compared to Corollary 1.

Example 1. Consider a memoryless multiple-access channel
with binary input, output, and state alphabets X1 = Xo =
Y =8 = {0,1}. State Sy ~ Ber(ps), while Sy = 0 is a
constant. The channel input-output relation is described by

Y = 85X, (Z1, Z2) = (52, X1). (12)
For this channel, the following tuple
(RlaRQaDlaDQ) - (0707030)7 (13)

lies in the achievable region of Theorem 1 but not in the
region of Corollary 1, i.e., not in the region reported in [14].
More specifically, choosing Vi = Zy = Sy and the estimators
(83 = V1,51 = 0) in Theorem 1 proves achievability of the
desired quadruple. In contrast, Do = 0 is not achievable in
Corollary 1 because Ss is independent of (U1, Us, Uy, X1, X5)
and thus of (Xo,U1,Zs), and the optimal estimator is the
trivial estimator Sy = % (Xo, Zo,Uy) = 1{ps > 1/2) which
achieves distortion Do = min{1 — ps, ps}.

We next consider the example in [14].

Example 2. Consider binary noise, states and channel inputs
B, Sk, Xy, € {0,1}, where B is distributed Bernoulli-t inde-
pendent of the states and S1,S> are i.i.d. Bernoulli-ps, for
t,ps € (0,1). The outputs are described as

Y/ = Sle + SQXQ,
Y =(Y',81,55), Z1 =Y,

(14)
Zy =Y+ B. (15)

We again consider Hamming distortion.

We further focus on binary auxiliaries Uy, U1,Us and
X, = U ® 2y, for k = 1,2 and independent binary random
variables Zy, similarly to [14]," and choose the compression
variables

H{Y' =1 if £=0
Vl{ =1 i

. ‘/2:(),
if FE=1

LL?” (16)
for a binary E independent of (S1, Ss, B, Uy, U1, Us, E1, Za).
For this choice, Tx 1 conveys information about Y to Tx 2,
which helps this latter to better estimate its state Ss. In fact,
when E = 0, Tx 2 learns perfectly Y because

0 if Z,€{0,1},V; =0
Y={1 ifV=1
2 if Zye{2,3},V1=0

a7

For ps = 0.9 and t = 0.2 and above choices of random
variables, Figure 2 shows the maximum sum-rate R + Ro
in function of distortion Dy achieved by Theorem 1 and
Corollary 1, see [14]. (Corollary 1 is simply obtained by
setting V1, = 0.)

Notice that minimum distortion Do in Corollary 1 is
achieved by setting X1 = 0 and Xo = 1 deterministically,
and is given by

DCor

2,min — min {psﬂpst} ) (18)

which evaluates to 0.02 for our example with p, = 0.9 and
t = 0.2. To achieve minimum distortion Do in Theorem 1, it
is still optimal to choose a deterministic Xo = 1, however,

In [14] they were referred to as U, V1, Va



X1 should not be deterministic so as to allow Tx I to convey
information about Y to Tx 2. Restricting to Pr[E =0] = 1
and V1 in (16), any input X, is permissible that satisfies

The corresponding minimum distortion is given by
Dy = Pr[X1 = 1] - pyps. (20)

For our example, we require Pr[X; = 1] > 0.1 for (19) ro

hold, and the resulting minimum distortion is Dgfgn = 0.009.

== Theorem 1
== Corollary 1

0.2

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

Fig. 2. Sum-rate distortion tradeoff achieved by Theorem 1 and Corollary 1,
see [14], in Example 2 with ps = 0.9 and ¢t = 0.2 for the described choices
of auxiliaries.

III. PROOF OF THEOREM 1

Choose a large number of blocks B and split the block-

length n into B 4 1 blocks of size N := n/(B + 1) each.

; N N N N N 7N N
Accordingly, let X7,), X5 (45062 52,00 Y(by Z1,00)2 Z2.0)
denote the block-b inputs, states and outputs, e.g., S{V(b) =
(S1(b-1)N 415> S1,6N)-

Fix a rate-distortion tuple (Ri,Rs,D1,Ds2) and pmfs
Py, Py vy Pus e Px\vov, s Pxo|UoUs Pyi|UgUs X 21 5
Py, \vov, x,2, satisfying  Constraints  (4) and (5) in
Theorem 1 with strict inequality. As shown in Appendix B
using the Fourier-Motzkin Elimination algorithm, it
is then possible to choose nonnegative auxiliary rates
Rl,c7 Rl,p7 RQ,Ca R?,pv Rlﬂh R27’U SatiSfying

Rip+Rie =Ry, k=12, (21a)
and for k =1,2:
Rkﬂ, > I(Vk, Xka | Q) (21b)
Ry o+ Rie < I(UpVi; X5 Z5 | UgUy)  (210)
Ry, +Roy+ Ry o < I(UkV]‘g;X;@Z}; | UoUr)
+I(Vi; X3 Zg | U) (21d)
Rip < I(Xg; YViVa | UXG) (2le)

Rkﬂ, + Rk,p < I(Xk;Y | UOXE)

+I(Vo; X1 XoY' V1 | U)

+I(Vi; X1 XoY | U) (21f)
Rk,v + Rk,p + RT%P < I(XlXQ; Y | UOUE)
+I(Vo; X1 XoY' V1 | U)
+I(Vi; X1 X2Y | U) (21g)
and
Rip+ Rop < I(X1Xo;YVIV2 | U) (21h)

Riy+Ryp+Roy+ Rop
<I(X1 XY | Ug) + I(V1; X1 XoY | U)
+I(Va; X1 XoY' V1 | U) (21H)
Rl,v + Ry + Rzﬂ, + Ry
< I(X1 X2;Y) + I(Vi; Xa XY | U)
+I(Va; X4 XoY'Vy | U)
(21

recall we used the abbreviation U := (U, U, Us). As we
will see, Constraint (21b) ensures that Tx k finds an adequate
Vi.-compression codeword. Constraints (21c) and (21d) ensure
that based on its feedback signal and channel inputs, Tx k can
decode the common message and the compression information
sent by the other Tx k. Constraints (21e)—(21j) ensure that
the Rx can decode all transmitted messages as well as the
transmitted compression informations.

Let each Tx £ = 1,2 split its message into 2B inde-
pendent submessages Wi, = {(Wy, . 5), Wh,e,(1)) } ooy Where
each Wy, ,, 3 is uniformly distributed over [27"*#»] and each
Wic.(v) is uniformly distributed over [2V -],

Based on the conditional pmfs chosen above, define:

Puot,U2 X1 X251 82Y 21 22 i=

PUOPUl\UOPUz\Uopxl\U0U1PX2|U0U2P5152

Py 7, 7,191 8: %1 % Pvi|UoUn X1 20 Pva U U X0 2, - (22)

For each block b=1,--- , B+ 1, do the following.
Generate an independent  length-V sequence
uf ) (Wi,c,wa,e) for each pair wi. € [2Mfre] and

wa,. € [2VF2.¢] by drawing each entry i.i.d. Py, ().

For each pair (w1 ¢, w2.) € [2V1e] x [2VF2¢] and each
user k = 1, 2: Generate a sequence uﬁ(b) (wfw,jk | Wy e, w2 )
for each pair w, , € [2VF%c] and ji € [2VFk+], by drawing
the i-th entry of this sequence according to Py, v, (- | uo) for
ug denoting the i-th entry of u}’ (W16, Wa ).

Further, for each pair wj, , € [2VFk<] and jj, € [2VFkv]
generate a sequence xff(b)(wi’p | W1 ¢ J1, W1,e, wa,) for each
index wj, , € [2VF1p] by drawing the i-th entry of this
sequence according to Px, |u,u, (- | uo,ux) for ug and ug
denoting the i-th entries of the sequences ué\f(b)(wl,mwgﬁc)
and w4, (W}, o Jk | Wi,e, w2,c), Tespectively.

For each sixtuple (wyc, w,c, W] ., j1wh ., j2) € [2VF1e] x
[2VRac] x [2VF1e] x [2NR] [V X [2MRa] gen-

v | wll,cvjlvwéycvj%wl,cva,c)

erate a sequence v 1\%(]{
for each ji € [2VMe] and a sequence vy, (j5 |



2 (1 . 2 (1
(ué\,{(b—l) (W1707(b—2)’WZ(,C),(b72))’ u{\{(b—l) (Wl,&(b—l)"]l,(b—Q) ’ Wl»C,(b—2)7W2(,c),(b72)>

N P i7(1) N * i7(1)
U2 (b—1) <7~U2aJ2 ’ Wl»C,(b*2)7W2,c,(b72))’ L1,(b—1) (lepy(bfl) ‘ Wl,cv(bfl)"]l,(b72)’Wlacv(b*Q)’WZq(be))’

vl 51 (jik ‘ I7 (b—2) Wi (b—1), W2, 2. Wi e (b-2)s

z-(1
WQ(,(:),(I)—Q))7 Zf(b—l)) € 7;N(PU0U1U2X1V121)

(24)

< y
(Ué\f(b—m (Wl,cv(b*3)7W2(,c),(b—3)>’ “i\{(b—z) (Wl,c,(b*Q)’Jl,(b—Q) ’ Wi, (b-3),

77 (1)
WQ,C,(b—?))) ’

N (1 7(1) 77 (1) N * ir(1)
Uz, (b—2) (ch(b 2)"]2,(b73) ‘ Wl,c,(b—fi)sz,c,(bfg))’ T1,(b—2) (Wl,p,(b—2) ‘ Wl,(h(b—?)’J1,(b—3)aWl,c,(b—3)vW2,c,(b—3))v

~ * (1 7(1 7-(1
”é\,[(bﬁ) (32 ‘ WLCy(b*Q)’Jl,(b*S)’Wé,c),(bfm’ 2(,()b73)’leca(b*3)’W2(,c),(b73))7 le\,[(b2)> € 7ZN(PU0U1U2X1V221), (25)

W) o j1,Wh oy o, W e, wa,c) for each ji € [2VF2] The se-
-/ / - / : N -/
quences vy (J1 | wh e, 1, wh ¢, 2, Wi e, wo,c) and Ya.(b) (72 |
WY ¢, J1, W oy 2, W1 e, W2 ) are obtained by drawing their
i-th entries according to Py, |y,v,v,(- | o, u1,u2) and
Py, uou v, (- | wo,u1,uz), respectively, for wug,ui,us de-
noting the i-th entries of the sequences uév(b) (w1,¢, W2 c),
N ! . N ’ L
Uy ) (Whes 1 | Wies wae)s and wy! ) (wy e, o [ wi,e, w2 ).
Reveal the sequences to all terminals. For ease of nota-
tion, define for each £k = 1,2 the indices Wkp(B_H) =

Wie,B+1) = Wi c,(0) = Wk(: ¢,(0) J*, ‘](]f() 0) — =L

A. Operations at Tx 1 (Operations at Tx 2 are analogous)
In block b = 1, Tx 1 sends the codeword

Xy =27y (Wip) [ Wiea),1,1,1).  (23)

We next describe the encoding in a given block b €
{2,...,B + 1}, where we assume that the Tx has previously

produced the random indices W( )(b 2y Wélg(b 30 1 (b—2)
T g and J3Y)

1,(6—3)° 2.(b— 3) Using its feedback outputs from the pre-
vious two blocks Z 1(b— and Gf b > 2) Z1 (b—2)" Tx 1 looks

for a unique triple (57, w2,32) € [2NVF1v] x [2NR2 o] x [2NR2.0]

simultaneously satisfying Condition (24) on top of this page,
and if b > 2 also Condition (25) on this page, where
Pu,v,u,x,v1 2, and Pyyu,u,x,v,2, denote the marginals of
the joint pmf in (22). If there is exactly one triple (jo, W2, j7)
satisfying these two COHdlthI’lS (or the single condition (24)
if b = 2), the Tx sets J = 32, WQ(c)(b 1y = w9 and
J (1) = j7 to the correspondlng indices and sends the
block-b channel inputs

X{\f(b) = xf{(b) (Wl»p,(b) ’ Wie ) Jf(bq)a Wie(b-1)s
(1)
Wi ) 26)
Otherwise it sets Ji, = —1 and stops communication.

After the last block of feedback signals Z L(B+1)? Tx 1

also looks for a unique index j; € [2VF2] simultaneously

satisfying Conditions (27) and (28) on the top of next page.
Tx 1 produces the state estimate S’{l =

(S’{Y(l), .. '73{\,/(B+1)) by computing the block-b = 1,..., B

estimates S{L(b via a component-wise application of
the functlon gi)l in (6) to the selected codewords
uo (b),u2 (b),xl (b),v2 ®) and setting the estimate in the
last block to a dummy sequence S1 (B+1) = sV for some

arbitrary choice s; € 81. (Notice that this last block will not
change the asymptotic sensing performance as B — o0.)

B. Decoding at the Rx

The Rx performs backward decoding. It starts by decoding
the last block B+ 1, then block B, etc., until it finally decodes
the first block b = 1.

Decoding in block B + 1 is as follows. Based on its
block-B + 1 channel outputs Y(Jg +1) the Rx searches for a
unique quadruple of indices (w1 ., wa,j1,72) € [2VF1e] x
[2NF2.c] x [2NF10] i [2NB2.0] satisfying

(u(])\,[(BJrl)(wl,va?,c)? uf{(BJd)(lyjl | w1,67w2,c)7
“9{(34—1)(1,]’2 ‘ wl,Caw2,c)7 Ii\j(BH)(l | 17j17w1,caw2,c)7
2 i1 1, J2, w1 0, w20),

vl ey (U] 1,1, 1, Gy w1 e, w2 ),

'Ué\j(B—i-l)(]- ‘ 17j1; 1;j27w1,caw2,ca )a 1/'(]1\_:;_5_1))

€ Tae(Puyv, v, x: X5Y) (29)

If such a unique quadruple exists, it sets W1 o(B) = Wic
W2 o (B) = W2 Jl (B) = J1, and JQ( B) = Jj2. Otherwise it
declares the communication in error.

Then it decodes the messages sent in each block b &
{2,---,B} in decreasing order (i.e., starting with block
B, followed by block B — 1, etc.). Assume that during
the decoding in the previous block b + 1, the Rx has al-
ready produced guesses W, OL W, (b)) Jr (b)s Jo .(v)- Based
on the block-b outputs Y(b), it looks for a unique sixtu-
ple (w17p,w2,p,ch,wz,c,]l,]g) (S [ZNRL"] X [2NR2=1’] X
[2NB1c] x [2NB2.e] i [2NF10] x [2NF2.0] satisfying

(u(l)\,[b(wl,m w2>c)7 quV(b) (Wl,c,(b)u jl ’ W1, c, w2,c)7

uév,(b) (Wz,c,(b),jz ‘ W1, ¢ wz,c),



" )
(“éV,<B+1> (WLa(B)’ Wz(,c)w))» (B 41) (17 J1,B)

* 2 (1
xf,[(BJrl) (1 ’ W1707(B+1)7Jl,(B)vwl,c,(B)aW( )

2,c,(B)>’ Zf\f(3+1)> € TN (Puov,vsx,2,)

5 (1 A (1
‘ W1,c,(B)7W2(,2,(B))a Ué\,r(B—i-l)(la]Q ‘ Wl,c,(B)vWQ(,c),(B))’

27)

N 77 (1) N * i7(1)
(“0,(3) (WLC»(B*U’WQ,C,(B—l))’ U1,(B) (Wl,a(B)vJL(B) ‘ W1,c7(Bf1),W27C,(B_1)>7

N i7(1) 7(1) i7(1) N * i7(1)
U2,(B) (Wz,c,(B)vjz,(Bq) ’ Wl,c,(B—l)szc,(Bq))a T1,(B) <W17p7(B) ‘ Wl,c,(B)»Jl,(Bfl)»WLa(B—l)’Wz,c,(Bq))v

~ * (1 (1 (1
Ué\,[(B) (JZ ‘ Wlac’(3)7Jl,(Bfl)7W2(,c),(B)’JQ(,()B—I)’Wlﬁca(Bfl)’Wé,c),(B—l))’ Zﬁ(B)) € 7ZN(PU0U1U2X1V221)7

(28)

2 ) (w1 wc, wz,c),

N (w » w1,c,wQ,c),

U{Y(b) <A1,( i, ,(b);jhW2,c,(b)aj2aw1,ww2,c> )

Ug(b) (jz,(b) ’ Wl,c,(b)»jlaWQ,C,(b)vaawl,cach) , Yd,%)

€ Tae(Puyu, s X1 XY )- (30)

If such a unique siXEuple exists, it sets VT{LC}(b,l) = Wi,
Wipwy = wip Wacp-1) = Wae, Wapmy = wop,
j1,(b71) = j1, and jz,(bq) = js. Otherwise it declares the
communication in error.

For the first block b = 1, the Rx looks for a unique pair
(w1,p,wa ) € [2NF1e] x [2N 2] satisfying

(“év,u)(l[?l)’ uy (Wae:1 | 1),
Ué\{(l) (W2,c,(1)71 ‘ 1[2])7
xf{(l) (wLP ‘ Wlacv(l)v 1[3])’ xé\{(l) <w2,p ‘ Wz,c,(l), 1[3])
U{\,[(l)(jl,(l) ‘ Wl,c,(l)a 1,W2,c7(1),1[3]>,

vé\f(b) (jQ,(b) ‘ Wl,c,(b)v 1, WQ,C,(b)v 1[3]) 7}/(2\3)

€ Toe(Puot, s X1 XY )- (3D

If such a unique pair exists, it sets Wl,p,(l) = wiy,p, and
Wg’p’(l) = w3,p. Otherwise it declares a communication error.
The Rx finally declares the messages Wi and W, that
correspond to the produced guesses {(Whp’(b), Wk7c7(b))}.
Notice that the rate of communications of our scheme are
only %Rl and === R», which however approach R; and
Ry when B — oc.

B+1

IV. SUMMARY

We proposed the first information-theoretic fully-integrated
sensing and communication scheme where coding at a trans-
mitter is not only used for data transmission but also to
improve sensing (state-estimation) at the other transmitter. At
the hand of examples, we show the improved performances of
the new scheme compared to state of the art.
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APPENDIX A
ANALYSIS OF ERROR PROBABILITY AND STATE
ESTIMATION

To derive an upper bound on the average error probability
(averaged over the random code construction and the state and
channel realizations), we enlarge the error event to the event
that for some k =1,2and b=1,..., B:

Wk,c,(b) # Wi,y Or Wk p ®) # Wip, )
or k 57(1, 7& Wy ,¢,(b) (32)
or
—1 or Jyw #Jrg or b 7 i)

For ease of notation, we define the block-b Tx-error events for
k=1,2and b= 1,...,B:

Erx k. (0)= { k,c (b) 7 Whe@ of Jk -1 7 TE0-1)

or Ji, = —1}, (34)

ey = (33)

and
{ w(B) 7 k(B)} ke {1,2}. (35)

Define also the Rx-error events for k = 1,2 and block b =
L, B+1:

{Wk es(b=1) 7 Wie,(b—1) OF Wk,p,(b) # Wi p.(v)

k= 1,2}.(36)

5Tx,k,(B+1) =

ng

or Jiw-1) # Ji p-1)*
By the union bound and basic probability, we find:

Pr (Wl # Wy or Wo =+ Wg)

B+1 b—1 _
< Z Pr <5Tx,17(b) U {ng,l,(b’)r gTX,27(b')}>
b=1 b'=1




B+1 b1 )
+ Z Pr <5Tx,2,(b) U {&rx1,) 5Tx,2,(b/)})
B+1 Bi1 ) )
+ Z Pr <5Rx,(b) U {&r1 ) 5Tx,2,(b')}> -(37)
b—1 =1

We analyze the three sums separately. The first sum is
related to Tx 1’s error event, the second sum to Tx 2’s error
event, and the third sum to the Rx’s error event.

1) Analysis of Tx I’s error event: To simplify notations,
we define for each block b € {2,..., B+ 1} and each triple
of indices (jI, 1o, j2) the event foL(b)(ji",wg,jg) that the
following two conditions (38) and (39) (only Condition (38)
for b = 1) hold:

(uév(b) (lecﬁ(bfl)’ W(l)

20(b—1)>7

uy (b)(ch(b), 1,(b—1) ’ Wi b—1)s Wae,(b— 1))
Uy (b)( 2, J2 ‘ Wie,o-1)s Wae,(o— 1))

Ty (b)(

30! ‘chw)nﬂ (b-1):
W1,c,(b71),W2,c,(b71))’

Lo—1) Wie ), 02, Jo,

Wi -1 Wz,c,(b—1)) )

’Ui\,[(b) (J'f
Z{Y(b)) € 7;N(PU0U1U2X1V121) (33)

and if b > 1
<Uév(b—1) (Wl,c,(b72)7 W2,c,(b72)) ;
uf 1)<W1(,(b 1)1, -1) ’ Wi, (b—2)s Wae,(b— 2))
ud 1)(W (b—1)s J2,(b— 2)‘ Wie,(o-2) Wa e, (o— 2))
331(;, 1)( 1,p,(b—1) ‘ch(b 1> J1,(b-2)
Wi (v—2) W2,c,(b72)) )
”é\,f(bfl) (JZ ‘ Wie,0-1)0 I1 (5—2) Ware,(0-1)1 I3, (—2)
Wi e (b—2) Wz,c,(b—z)) ,
(39)

Z{\,[(bl)) € 7—6N(PU0U1U2X1V2Z1)'

Notice that compared to (24) and (25), here we replaced the

triple (W2(lc)(b 2’ WQ(IC),(b 1) Jz(,l()b_z)) by their correct values

Wa.e,0—2)s Wae,(b-1)5 J5 (b_2)). Similarly, define the event
Fxi( B_H)(jg) as the event that the following two conditions
are satisfied:

(ué\’](3+1) (Wl,c,(B)7 W2,c,(3))7
Ui\f(BH)(LJf,(B) ’ Wl,c,(B)aWQ,c,(B)>

ué\,{(B-i-l)(lan ‘ Wl,c,(B)7W2,c,(B)>a

mf{(3+1) (1 ‘ Wl,c,(BJrl)v Jik,(B)7 Wl,c,(B)a WZ,C,(B))a

le\,](B+1)) € 7;N(PUUU1U2X1Z1) (40)
and
<Uo (B) (W1,c, B-1) Wa ¢ (B 1))
U1 (B) (Wl c,(B)» J1 (B) ’ Wy ,c,(B— 1),W2 c,(B— 1))
(1 (1)
! (B) (WZC(B)’ 2,(B—1) ‘ Wi B- 1)7W2C(B 1))
1 (B)( Lp,(B) ’ Wies), J1, (B-1)1
i7(1)
Wi (B-1); W2 c (Bfl))’
3 * (1) (1)
B) (32 ’ WLC»(B)’Jl,(Bfl) W2 c (B)’J2 (B-1)
Wl,c,(B—1)7W2,c,(B—1)>a
Z{Y(B)) € 7;N(PU0U1U2X1V221> 41)
We continue by noticing that event
b/ 1 {ETX 1,(6')5 STX (b/)} implies that for all
bV=1,....,b—1,k=1,2:
77 (k) _
W;;,Q(b/) Wr.e.0) (42)
.0 # -1 (43)
2(k) _ 7
e -1y = k1) (44)

Moreover, for any block b = 1,.
implied by the event that Fry; ( jl,wg, ]2) is not satisfied
for any tuple (j¥, o, j2) with (wg,jg) (Wae, )5 Jék,gbq))
or it is satisfied for some triple (5,2, j2) with (12, o) #
(Wae, )5 Ji(bfl)). Thus, the sequence of inequalities on top
of the next page holds, where the inequalities hold by the union
bound. By the Covering Lemma [25], the way we construct the
codebooks and the weak law of large numbers, and because

, B +1, event &ry1,p) is

we condition on event Ery 5 (,—1) implying I3 b1 # —1, the
first summand in (45¢) tends to 0 as N — oo if
Rl,v > I(Vl;XlZl | UOUlUQ). (46)

By the way we constructed the codebooks, and standard
information-theoretic arguments [25], the sum in the second
line of (45¢) tends to 0 as N — oo, if

Ry y+Ro, + Roo < I(UaVi;Z1 X, | UglUy)

+1(Va; Z1 Xy | UpUrUs), (47)
the sum in the third line of (45¢) tends to 0 as N — oo if
Ry yv+Roy < I(UVi; Z1 X1 | Ugln)
+1(Va; Z1 X1 | UgUrUz),  (48)
and the sum in the fourth line of (45¢) tends to 0 as N — oo
if

Ry y+Ro . < I(Z1X1; U V1 | Uply). (49)



b—1

U {ng,l,(b’); ng,Q,(b/) }

b'=1

r <5Tx,1,(b)
=Pr ((
Jr€l

)

2"}?«1;,1]

ﬂ fol,(b)(jLW?,Cv(b)"]2*7(5—1))

)

b—1
U( U fol,(b)(jf,w2752)> U {Ere1,00)5 5Tx,2,(b')}>
(G a2ge): b=t
(W2,52)A(Wa,c,(6):75, (5—1))
(452)
b—1
< Pr ﬂ Frxt, ) U1 Wae, )+ I3, 5-1) U {10 Emx2,0n}
jpelaniva] =t
b—1
—|—Pr< U foL(b)(jf,ﬁ)z,j'z) U {5Tx,1,(b’)7 5Tx,27(b’)}> (45b)
G ba o) =t
(W2,52)#(Wa e, (6): 73, (5—1))
<Pr ﬂ Frxt,v) U1 Wae, )+ I3, 5-1) U {Er1,0)s Erx2,n )
jie[2nfe]
b—1
+ Z Pr (]'—Txh(b)(jf,lbz,jz) U {ng,l,(b’)7 5Tx,2,(b’)})
(55 2,2) b=t
’1111275W2,c,(b)7
J2#Jd5 (b_1)
b—1
+ Z Pr (.FTX],((,)(]'T,W27c,(b)732) U {ng,l,(b’)a 6Tx,2,(b’)}>
(1a2): br=1
J2#Jd5 (b—1)
b—1
+ Z Pr (fol,(b)(jfv@%J;,(bl)) U {‘S‘Tml,(b/)7 gTX727(b’)}> ) (450)
(47 yw2): br=1
W2 FEWs ¢ (b)

Since Condition (48) is obsolete in view of (47), we conclude

that for any finite B the sum of the probability of errors
bB:+11 Pr ((;Tx,l,(b)’ UZ,_:ll {ng,l,(b/)7 ng_rgy(bl)}) tends to 0

as N — oo if Conditions (46), (47), and (49) are satisfied.

2) Analysis of Tx 2’s error event: By similar arguments, one
can also prove that for finite B the sum of the probability of er-
rors Zf:ll Pr (ng,2,(b)| UZ;ll {ng,l,(b’)v ng,Q,(b')}) tends
to 0 as N — oo if Conditions (21b), (21c), and (21d), are
satisfied for k = 2.

3) Analysis of Rx’s error event:
events. For each quadruple (wi.,wac,j1,j2) €
[2NFie] o 2Nl x [2NFie]  x o [2NB20]  define
Frx,(B+1) (W1,c, Wa ¢, J1, j2) as the event that Condition (29) is
satisifed; for each pair (w1 p, w2 p) define Fry (1)(w1p, wa,p)
as the event that (31) is satisfied but where Wm,(b)
and ngc_’(b) should be replaced by their correct values
Wi @) and Wy (); finally, for each block b = 2,..., B
and each tuple (w1, Woc, W1p, Wap,j1,J2) define

Define the following

TR, (b) (W1,e, W2 e, W1 p, W2 p, J1, j2) as the event

(ué\{(b)(wl,cywlc)a U{\f(b) (Wl,c,(b)7j1 ’ wl,mwQ,c)v

U (b <W2 e (b)) J2 ‘ w1 va2,c)a

1
(v
(

o (1,0

xl L(b) | Wi,p Wi ,¢(b)s ]lawl c, W2 c>7

w2,p

2 W2c(b J2, w1 c,w2c>
iv ‘ Wi,e,v)s WQc(b)aw1c7]17w2c7]2)

7

Ué\f(b)(JQ,(b) ‘ Wl,c,(b)v WQ,C,(b)» wl,mjlv w2,c7j2)7 n%)

€ Tae(Puot, X, X2Y)- (50)
We continue by noticing that for b = 2,....B
event &gy, p) s equivalent to the event that

]-'Rx,(b)(wl,c,wgﬁ,wl,p,wgyp,jl,jg) is not satisfied for the



B+1 _ B
Pr <5Rx,(b) U {&rr. ), 5Tx,2,(b/)}>
b'=1
(w1,c w2, ¢, W1, p,W2,p,J1,52)F

(W1e,0-1):Wa,e,(6-1),Wi,p, ), Wa,p,6)J1 5-1:73, (6—1))

U Frx, ) (W1,c,(b71), Wa . b-1), Wip,6) Wap,(6)> J1 b1 Ji(b_l))

< 2.

(W1,c,W2,c,W1,p,W2,p,J1,]2)F
(W1e,0-1):Wa,e,(6-1), Wi,p, ), Wa,p,6) 91 -1:73, (6—1))

+ Pr (J:Rx,(b) (W1,c,(b71)7W2,c,(b71)7W1,p,(b),Wz,p,(b)’Jf,b_l,Ji(b_l))

Pr (J:Rx,(b) (W1,e; Wa, e, W1 p, W2 p, J1, J2)

Frx, (b) (W16, Wa,c, W, p, w2,paj17j2)>

(51a)

B+1 B B
U {&rere)s Erzon} >
b'=1

B+1 B B

U {ng,l,(b’)v ng,Q,(b’)} )

b'=1

B+1

U {&re 1,05 ng,Q,(b')}) (51b)

b'=1

tuple (w1,c, wa,c, W1,p, W2 p, J1,J2) = (Wi e (6-1)s Wa,e,(b-1)5
Wi p,0) Wa,p,v)5 71 (b—1) Iy (- 1)) or it is satisfied for some
tuple (w1,e, Wa, e, Wy, Wo p, J1, J2) 7 (Wie,0-1), Wae, (b1,
WL (b)) Wz; () J1,(b71) Jz,(bq)) Similarly for events
Erx,(1) and &gy, (B+1)- Thus, for b € {2,..., B}, the sequence
of (in)equalities (51) holds, where the inequalities hold by
the union bound.

By the event in the conditioning and the way we construct
the codebooks, and by the weak law of large numbers and the
Covering Lemma, both summands tend to 0 as N — oo if
Conditions (21e)—(21j) hold.

The scheme satisfies the distortion constraints (3b) because
of (5) and by the weak law of large numbers.

APPENDIX B
FOURIER-MOTZKIN ELIMINATION

We apply the Fourier-Motzkin Elimination Algorithm to
show that Constraints (21) are equivalent to Constraints (4)
in Theorem 1. For ease of notation, we define

Io = I(Vi; X. XoY | U) + I(Va; X1 XoY'Vi | U) (522)
I :=1(V1; X121 | U) (52b)
Iy := I(Va; XoZ5 | U) (52¢)
Iy = I(Uy; XaZs | UoUs) (52d)
L= I(Us; X1 71 | UoUs) (52¢)
Is :=1(V1; X225 | U) (52f)
Is = I1(Vo; X121 | U) (52¢)
I = I(X1 X5 YW1V | U) (52h)
Iy .= I(X1; YW1 V3 | UX>) (52i)
Iy = I(X2; YViVa | UX)) (52))
Lo :=1(X1;Y | UpX2) (52k)
I = I(X2;Y | UpX7) (521
Lo = I(X 1 X5 Y | UgUs) (52m)
Lis:=I1(X1X2;Y | UgUy) (52n)

114 = I(XlXQ,Y | U())
115 = I(XlXQ,Y)

(520)
(52p)

Setting Ry, . = Ry — Ry, p, which is obtained from (21a), with
above definitions we can rewrite Constraints (21) as:

Ri,> 1 (53a)

Ry > 1 (53b)

Row+Ri — Ry p <Iy+ 15 (53¢)
Riv+Ry — Ropy <11 + 14 (53d)
Riy+ Rop+R1 —Rip <Ilp+1I3+15  (53e)
Riy+Roy+Ro—Rop <Ii + 14+ I (53f)
Rip+Rop < Iy (53g)

Ri, < I (53h)

Ry < Iy (53i)
Riw+Rip<lio+1p (53j)

Row+ Roy < Ly + Iy (53k)

Ry +Rip+ Rop < I+ 1 (53D
Row+ Rip+ Rop < Iz + I (53m)
Riy+Rip+Roy+ Rop <Iiga+ 1o (53n)
Riy+ Ry + Rop + Ro < Its + 1. (530)

In a next step we eliminate the variables R; , and Ry, to
obtain:

Ry —Rip <3 (54a)
Ry —Rop < Iy (54b)
Ri—Rip<Izi+I;—1L (54¢)
Ry —Rop <Iy+1Ig— 1 (54d)
Ry, <min{lg, 1o+ Ip — I1} (54¢)
Ry, < min{ly, I1; + Iy — I} (541)

Rl,p + RQ,p < min{I7, I+ Iy — Il,

Lis+1Io— Iz, 14+ 1o — I — I} (54g)



Ri+Ro<his+1Igy—1 — I (54h)

Notice that I; > I5 and Iy > I because Vi — (71, X1,U) —
(X3, Z5) form a Markov chain, and thus Constraints (54a) and
(54b) are inactive in view of Constraints (54c) and (54d). We
thus neglect (54a) and (54b) in the following. Eliminating next
variable R; ,, where we take into account the nonnegativity
of Ry, and Ry — Ry ,, we obtain:
Ri<Iz3+1Is— I + min{Ig,ho + Iy — 11} (55a)
Ri+ Ryp <Is+I5 — I + min{l7, 1o + Iy — I1,
Lis+ 1y — I, L1y + 1o — Iy — I} (55b)
Ry — R27p <Iy+1Ig— I (55¢)
Ry, < min{lg, I11 + Iy — Iz} (55d)
Rg,p < min{[77_[12 + Iy — I,
Liz+ 1o —Io, 11y + 1o — Iy — I} (55e)

Ri+Ro<his+Ip—11 — I (551)
and

Is+ 15 > 1) (55g)

Lo+ 1y > 1. (55h)

Notice that I; > Iy and I3 > I;; and therefore the two
Constraints (55d) and (55e) combine to

Ry, < min{ly, 111 + Iy — I,
Lo+ 1Io— I, Liu+ 1o — I — I1}.

Eliminating finally R, (while taking into account the non-
negativity of o, and Ry — Ry ) results in:

(56)

Ri<Iy+1Is— I + min{ls, o+ Io — [} (57a)
Ry < I3+ I5 — I + min{I;, 12 + Iy — I,

Lz +1Io— I, L1y +Io— Iy — I} (57b)
Ro < Iy+ Ig — Iy + min{ly, I11 + Iy — 1

Ly +1o— Iy, Ly + 1o — Iy — I} (57¢)

Ri+Re<y+Ig—DL+I3+Is—1
—|—Inin{I7, s+ Iy — I,
L+ 1o —Io, Tva + Io — I — I} (57d)

Ri+Ro<Iis+1yg— 11 — I (57e)
and
Is+ 15 > 1; (57f)
I+ I > I (57g)
Iiy+Ig>11 + 1 (57h)
Tio+ 1o > 14 (571)
Li+1p> 1> (57.])
Lo+ 1y > 14. (57k)

Notice that ;5 > I1¢ and thus (57k) is obsolete in view of
(871). Moreover, since also Iy > Ig, Constraints (57a) and
(57b) combine to

Ri<Is3+1Is—1; + min{Ig, Lo+ 1y — 14,

Lis+ 1o — I, Iiy + Io — Iy — I2}. (58)
The final expression is thus given by constraints:
Ry <Is+Is — I + min{lg, Lo+ o — I1
Lis+1o— Iz, [ia+ 1o — I — I} (59a)
Ry < Iy + I — I + min{ly, I11 + 1o — I»
Ly+1Io— 11, Ly +1Io— 1 — I} (59b)

Ri+Ro<Iy+Ig—Ih+ I3+ 15— 1,
—|—min{I7, Ilg +IO — 117
Lis+1Io— Iz, Lia+ Io — Iy — Iz} (59¢)

Ri+Ro<lis+1y—1 — I (59d)
and
Is+1; > 1, (59¢)
Iy+ 1 > 1o (59f)
Liy+1y> 1 + I (592)
Iio+1Ip> 1, (5%h)
I+ Iy > 1. (59i)
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