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General remarks on the propagation of chaos in wave
turbulence and application to the incompressible Euler
dynamics

Anne-Sophie de Suzzoni*

June 24, 2022

Abstract

In this paper, we prove propagation of chaos in the context of wave turbulence for a generic
quasisolution. We then apply the result to full solutions to the incompressible Euler equation.

1 Introduction

We address the question of propagation of chaos in the context of wave turbulence.

The issue at stake is the following : we consider the solution to a Hamiltonian equation with a
random initial datum whose Fourier coeflicients are initially independent and we want to know if
this independence remains satisfied at later times. These Fourier modes must satisfy what is called
in the Physics literature Random Phase Approximation, which is something satisfied by Gaussian
variables. Here, we address also the following question : assuming that the initial Fourier modes
are Gaussian, do the Fourier modes at later times conserve some sort of Gaussianity.

In the context of weak turbulence and for Schrodinger equations, these questions have been
successfully adressed by Deng and Hani in [[10]. The Gaussianity in these papers consists in
proving that at later times the moments of the Fourier modes still behave like Gaussian moments.

Of course, the independance and Gaussianity are asymptotic in some sense. In the work by
Deng and Hani, the cubic Schrodinger equation is considered on a torus of size L > 1 and with an
initial datum of size (L) < 1 but at very big times in terms of &, passed the deterministic nonlinear
time, at the so-called kinetic time, where nonlinear effects start appearing in the dynamics of the
statistics. They prove that the correlations between different Fourier modes tend to 0 as L — oo
and that if the initial datum is a Gaussian field, then the Fourier conserve Gaussian moments. They
deduce this result from their successful derivation of the so-called kinetic equation, see [8].

Here, we do not adress the issue of the derivation of the kinetic equation. However, we men-
tion the pioneer work by Peierls, [19], the following works by Brout and Prigogine or Prigogine
alone, [3} 20], and the works on fluid mechanics by Hasselman [15} [16], Zakharov and Filo-
nenko or Zakharov alone, [23] 24} 22]. For a review, we mention the book by Nazarenko, [18].
Mathematical works on the derivation of kinetic equations for the Schrédinger equations include
[7, 9] 16l 11 4% 12} (111, [13]]. For Korteweg de Vries type equations, we mention [21]]. Finally, we
mention a result on discrete Schrédinger equations [[17]].

*CMLS, Ecole Polytechnique, CNRS, Université Paris-Saclay, 91128 PALAISEAU Cedex, France,
anne-sophie.de-suzzoni@polytechnique.edu



In this paper, what we call asymptotic Gaussianity is the fact that the formula of cumulants
remain asymptotically valid at later times.

In the first part of this paper, we adress these issues on a generic Hamiltonian equation. We
work, similarly to [[12, [11} [13]], and to [18]], in the context of guasi-solutions and of wave turbu-
lence. We do not assume that the initial datum is somewhat small but we let the size of the torus
g0 to oo and this is our asymptotic regime. The proof is mainly combinatorial.

In the second part of this paper, we pass from quasisolutions to full solutions to the incom-
pressible Euler equation. For this part, we need a functional framework that fits both the initial
datum and the Euler equation. We adapt the analytic functional framework of [2]] keeping in mind
that for our problem the initial datum is not localised. We also need to render explicit the abstract
Cauchy-Kowaleskaia theorem, and for this, we use [5]. Finally, we need to estimate probabilities
on the initial datum, we use a strategy very close to proving Fernique’s theorem, see [[14].

1.1 Framework and results

We consider a generic equation :
oy = Kuyp + Jp(ug,...,uy) (D)

on the torus LT¢ of size L and in dimension d. Here, K is a skew-symmetric operator, and J; a
N-linear map, the map u has values in CP.

We assume that K and Jy, take the following form in Fourier mode : for any test functions,
Ur,Ur1,...,ur N, we set

Kur(€) = i) (€)

—_— 1

Jlunis O = s 2, M LD i) @)

1t +EN=¢E
where W(¢1, ..., &y) is a N-linear map from (CP)N to CP, where for all & € %Zd,
A~ . 1 —iéx
ML(f) = W j;Td u(x)e “‘dx.

We also assume that for all uz 1,...ur N,

—

Ji(upa,...,upn)(0) =0

f dxu(x)
LT

is conserved under the action of the flow of (I)) and thus can be chosen null.
Finally, we assume that ¥ has at most linear growth : there exists r € [0, 1] such that for all
é1,...,én) € RHN | in operator norm

such that the quantity

MW £l S max(E)”

We set the following initial datum for (T :

ikx/L
u(t = 0)(x) = ar(x) = ¢

kezd

ngaL,k 3)



where Z¢ = Z4 \ {(0, . . ., 0)}. We write u; the solution to (I) with initial datum ay..

In (3), (gx) kez¢ 18 a sequence of centred and normalized complex Gaussian variables such that
for all k € Z¢,

8k = 8k>

and such that if k # [, -/, then g; and g; are independent.

Finally, (ar x)x is a sequence with values in (RP) with finite support such that a; _; = arx for
all k e Z¢.

We define by induction forn € N, r € R,

uo) = eXar, wa@® =Y f ORI Uy (0, -ty ()T, “)

ni+..nN=n

For M e N,
M
2, e
n=0
is called a quasi-solution.

For a given ¢ € %fo and a given ¢, ity ,(t)(€) is a vector in CP, we write ﬁ(l) L(O(6) its i-th
component.

Remark 1.1. We note that the law of the initial datum is invariant under the action of space
translations. For any space translation T, we also have

™K =Kr, 1J(,....,)=J(...,T).

Therefore, by induction on n the law of (ur )y is invariant under space translations and therefore,
forall n,m,1i, j,t,

E (0@ (@)

is equal to 0 unless n = —¢&.
In this framework, we prove Theorem|[I.1]

Theorem 1.1. There exists C = C(¥, N) such that for all R € N*, (ny,...,ng) € N (iy,... ig) €
(1, dIR, (1,....ér) € (FZDR, all t € R, we have

AFL)Z n

R
([ [ai,o@)- > ] 5@, oeas) o@n| < @l .

——— )
S dj2
=1 OePr {LI}€O ( / 2)' (2rL)4/

if § = > ;m(N — 1) + R is even, otherwise

R

B([ [ @)= > [ E@ oea) oe).

=1 OcPr {LI'}eO

Above we used the notations
k d
AL = sup{(Z) | k € Z*’aL,k * O},

the set Py is the set of partitions of [|1, R|] that contains only pairs (hence it is empty if R is odd).



Remark 1.2. Taking ar x = a(%) where a is a bounded, compactly supported function, we have

larillznes S llall2azema)

and
AL < As = sup{(§) | a(§) # 0}.

Hence in this context the difference in (3) is a O(L™4/?).

Remark 1.3. This theorem contains the asymptotic formula of cumulants for the quasisolutions,
but considering Remark[I.1] it also implies asymptotic independence.

In the context of the Euler incompressible equation :

V-MLZO (6)

a[l/tL +uy - Vuy = P,
u(t=0)=ar

where Py is the pressure and V- is the divergence, we assume that the sequences (ay k)i take the
form :

k
ari = 8(L)a(z)

where g(L) = O( \/1—1117), such that £! has at most polynomial growth in L and where a is a bounded,
compactly supported function. In order to have initially V - u; (¢ = 0) = 0, we impose that for all
£e R &-aé) = 0. We prove (local) well-posedness of (6)) in the analytical framework presented
in Subsection In this analytical framework, the size of the initial datum can be up to &(L) VIn L,
we refer to Appendix [A] But if one looks at the initial datum locally, it is as small as &(L). Indeed,
we have that for a given x € LT, the random variable

ikx/L

> s galk/L)

S rLy?
€L

converges in law towards the Wiener integral

G | Sa@awe)

where W is a multidimensional Brownian motion. However, the regime we impose on &(L) is
quite different that the ones in [10} [8], which are imposed by the dispersion of the Schrodinger
equation. What is more, we do not claim that we reach derivation of the kinetic equation, or that
we reach kinetic times. The result is valid for any time if £(L) = o((In L)~'/?), or for small times
if &(L) = O((In L)~'/2) but we do not rescale the time. In this context, we prove Theorem 1.2

Theorem 1.2. There exist Banach spaces (X, || - ||,) and Yy such that
X CCRL,CY), YycC(-6,6] xRY, C)
such that for all 6 € R, there exists A(0) > 0 such that the Cauchy problem

V-u=0

ou+u-Vu=P
u(t =0) =ug
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is well-posed in Yy for all ug in the ball of X of center 0 and radius A(6). The map 6 — A(0) can
be chosen nonincreasing. The flow hence defined conserves periodicity.
What is more, seeing ay as a periodic function of R? we get that there exists ¢ > 0 such that if

A(6) > @, we have that aj, belongs to y and

P(lazllx > A8)) < e~ A L),
Writing
Erg = lllarll < AO)},

we get that for all R € N*, there exists C = C(R, a, 0, X, €) (the constant depends on the functional
framework and the function & but not on L) and ¢\ = c1(a, 6, R), ¢ = ca2(a, 0, X) such that for all
(i1,...,ig) € [IL AR, (&1,....&) € (FZDR, all t € [-6,6], and for all L, assuming

Vin Le(L)

(&)

eL)VInL < cy(a,0,R), A(0) >

we have

R

[B(1e., [ [P 0@) - > [ ] Be.af o) o) < camf?. @)

=1 0Py {LI'}eO

What is more, if & # —&p, we have
E(lg, , i) (0" (DE) Sapxe sLL.
Remark 1.4. Ife(L) = o((In L)~Y2), then the result is global, because the inequalities

A0) > w e(L)VInL < ¢y
2

are satisfied for L big enough. Otherwise, we need,

A6) >

lim sup(e(L) Vin L)
C 2

2

which requires that 0 has to be small enough. In other words, if limsup &(L) VIn L = ¢, we need
both 6 to be smaller than a constant depending on the functional framework, the function a and c
(non-increasing with c). But we also need that c is smaller than a constant depending on R, a and
the functional framework.

1.2 Notations

By (-), we denote the Japanese bracket, that is for x € R,

(x) =

By [la, b|]] with a < b € R, we denote [a,b] N N.



By the lexicographical order on N2, we mean the order defined for (I, j;) and (I, j») € N? as
(h,j1) <(l,j2) & h<bhor(lh=hand j < j).

For the norms on the sequence (ar i)k, we denote

1 k
lCarlles = sup lapil,  ar il = S Z lapil>, Ar = SupKz) | arx # 0},
kez! (2rL) kezd

such that if a; ; = a(k/L) with a € L® with compact support, setting
Ao = sup{(¢) | a(é) # 0},
we have, for all L,
AL < Aw,  larilles < llalls, @z elle < AL 7P all
when L — co. We also denote

arilleone = llarilles + Iarille-

The spaces L”(R?) are the standard Lebesgue spaces.
Finally, in all the paper but Subsection (3.1 we consider Fourier transforms for L-periodic
functions, or for functions of the torus LT¢. We use the previously mentioned convention

ur(x)e € dx

. B 1
ar(¢) = QrLyR j;w

for u; defined on LTY, fe %Zﬁf . With this convention, we have
.k
aL(z) = ark8k-

When u;, also depends on time, we set for all t € T, i1 (1)(§) = LZ(\t)(f).
In Subsection we consider functions of the full R, without conditions of periodicity, we
use the convention that the Fourier transform of a Schwartz class function f at & € R? is defined

as
1

—(27r)d/2 fR‘/ f(x)e_ixfdx.

1.3 Acknowledgements
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2 Asymptotic independence of the quasi solutions

2.1 N-trees

We introduce the notion of N-trees.

Definition 2.1. Let Ay = {()} and define by induction for all n € N,

ﬂn+1 :{(Al,-"’AN)lvj’Ajeﬂn_,” :n}

nj
We call the elements in (A,, the N-trees with n nodes. We call () the trivial tree.

Remark 2.1. A N-tree is a sequence of parenthesis and commas. Another way of defining N-trees
is to use Polish notation and write

Ao =10}, Apr ={1A1.. Ay |¥jAje Ay, D =n)

nj

and see the N-trees as sequences of 0 and 1. In this case, the decomposition 1A ... Ay is unique
(see Appendix|B).

Proposition 2.2. Define by induction on the N-trees, for allt € R, A € U,A,,

Fuao) = uLo(7) ifA=0
AT L e OKUILF LA (D, Fra, ()T ifA = (A, Ay)

We have for n € N,
uLa(t) = Y Fra®).

AeA,

Proof. The proof follows by induction on n. For n = 0, this is by definition. Otherwise, we have
t
ur (1) = Z f KL (UL, (0, upny (D)]dT.
ni+...+tny=n 0
Using the induction hypothesis and the fact that all the sums are finite, we get

t
= > > foe<"T>K[JL(FL,A1(r),...,FL,AN(T))]dT.

ny+...+nN=n A_,-eﬂnj

We recognize

upp+1(t) = Z Z Fra;,..ap(®)

ni+...+ny=n Ajéﬂ,,j
and we use the definition of N-trees to conclude. ]

Definition 2.3. Letn € Nand k = (k1,....ky-1ye1) € ZHND"1 Let A € A,. Define F, , »
by induction on 7 in the following way. If n = 0 then A = () and k= (k1), we set

Ky
t —
FL,AJ?(t) = L )gklaL,kl .



If n = m+ 1 with m € N, there exists n,...ny such that })n; = mand A; € Ap; such that
A=(Ay,...,Ay). Wesetii; = 3 (N — Dn; + 1) and
kj = (kv-tyje1s - - - ki, ) € @DHNDHL

(Note that 7iyy1 = Z?’zl((N -Dnj+1)=(N-1)m+N = (N-1Dn+1.) We set also R(l?) =
Z(N Dnl

We now set

1 ' i(t-T)w(R(k 7
Fpap0= Wﬁ DV RONP(R(K)), . . R(kN))(FLA FAC Y kN(T))dT‘

Proposition 2.4. We have for alln e N and A € A,,
FLa)@ = ) Fp 0.
R(K)=¢
Remark 2.2. The sum is finite because (ar i) has finite support.

Proof. By induction on n. For n = 0, we have

Fp i) = d“®Og a4 = ig(d)RE)).

For n = m + 1 with m € N with the above construction. We have
!
Fra(t) = f K IL(F LA, (D), ..., Fray(m)ldr.
0

In Fourier mode, this transforms as

— 1 r — —
FIa© = o [ @703 W A DE. - P (0E
&1+..En=¢

We use the induction hypothesis to get that
FLa@E)= D, Fiaz®.
RE)=¢;

We see now that

(KIRK) =& 1) & =& ={KIREK) = &).
We deduce the result. O
Proposition 2.5. We have that for all A € A, and all ke (fo)(N ~Dn+l

(N=Dn+1

1
Frai®= (2,TL)d(N—1)n/2GL,A,/E’(t) ];1[ 8k;

where Gp ¢ ) (0) = e“®1/Diq;  and with the notations of Proposition

! i - -
AN OE f TVEORK), .. RENING y, 1 (0. Gy (D).
0
Proof. By induction on n. ]

Summing up, we have the following formula :

(N-1)n+1
AeA, R(k) £ j=1

8



2.2 Expectations

For the rest of this section, we set R € N*, (n1,...,ng) e NR iy, ... ig € [|1,D][Rand (&1, ...,&r) €
(%fo)R. We also set

S={lNITelLRINN, je[ll,m(N-1)+1[}}

and
S
the set of involutions of S without fixed points.
Using Equation (8)), we get
R 1
A~ (1) ()]
(l_[ y )(‘fl)) (27L)dAN-D(Em)/2 Z Z l—[ G *([)E(n 8ky,)-
=1 AEAy, R(kl) £ =1 meS

By the formula of cumulants, we have

B(| [ e =D [ | Brghnm)

meS TeEC mES

where S, = {m € § | m < o(m)} (using the lexicographical order). We get the following
proposition.

Proposition 2.6. We have that

(l_[ ;(f,')(t)(fz)) (Zﬂ.L)d(N D /2 Z ZZHGE&,MU)

=1 AEA ny geS X,
where
X = ke @) VL€ (LRI, Rtk) =&, Ym € S,k = —ko(m)»
and where .
G(ll) (t) =0
LA, kl

whenever there exists j € [|1,n(N — 1) + 1{] such that k; ; = 0, and where we used the notation

= (ki1 ki v=1ym+1)-

Proof. We have
1 itk = —kom)
E(gkmgkrr(m)) - { 0 otherwise.

Remark 2.3. Ifthe cardinal of S, that is, Y,;n;(N — 1) + R is odd, then the expectation is 0.
We also set for [ € [|1,R|], and j € [|1,m(N — 1) + 1]],
o, j) =@ j.J)

for some ;' € [|1,ny(N — 1) + 1]].
We now compute the dimension of . For this, we introduce the notion of orbits of o.



Definition 2.7. Let A c [|1, R[]. We set
o) ={le[ILRINN |3 €A, Tj e [[LLny(N -1+ 1]}, =&, )}

This defines a map of the parts of [|1, R|] to itself.
We call the orbit of / in o~ and we write o,-([) the set

os() = ] o (tih).

neN

We write O, the set whose elements are the orbits of o
Proposition 2.8. The orbits of o form a partition of [|1, R|].

Proof. We prove that the relation / € o,(I') is an equivalence relation.

This relation is reflexive since [ € o({1}) for all .

This relation is symmetric. Indeed, let [,/’ € [|1, R|]. We prove that [ € o(I") implies I’ € o(]).
Since [ € o(l'), there exists n such that [ € o”*({l'}). Therefore, there exists ji,..., ju, ko, .., kn-1
andl' = ly,y,...,l,—1,1, = Isuchthatforallm=0,...,.n—1,

(ns1s Jme1) = 0Um, k).

Because o is an involution, this also reads as

(lm7 km) = O-(Im+1> jm+l)

and thus " € o(l).
This relation is transitive. Indeed, if [ € o,(I') and if I’ € 0,(I") then there exist n; and ny € N,
such that
leam(l'h Ueda™{l”).

Therefore, we have
Le da"™™{l"}) Co,(I").

Proposition 2.9. If for all o € O, we have
Z &=0
leo

then
o~ (20"

with s¢ = $#S +#0, — R.
Otherwise, X, = 0.

Remark 2.4. By X, ~ (Z%)*, we mean that within the #S parameters of the elements of X, o
of them are free and #S — s, are fixed by the values of the s, free parameters. More precisely, we
mean that up to a reordering of the parameters in X,

Zo =1 b L1 @1s s E6,)s s Lis G ED) L (€0 Es,) €297

where Ly .1, ..., Lys are linear maps.

10



Proof. Foralll e [|1,R]], set

Sop+={jel,m(N-1)+1]1[I<a( )}
and

Soi-={jell,mN-1)+1]]1> & )}

Note that S5+ € S, and that S,;_ is included in the complementary of S, in S and that
O'(Sa',l,—) CSs.
By definition, we have

So = {k e (ZH¥IVI € [1LRINN, R(k) = &, Vm € S, kin = —kar(m)).

By taking only half the ks (the ones in S, the others being entirely determined by the ones in S ),
we get
So~ 3, = ke @D IVIE[LRINN, Y kiy— Y, ko= L&)

JES i+ JES o -

Because the orbits of o form a partition of [1, R] N N and because equations

Z kaj = Z koa.p = L

jesu',l,+ jES(r,l,—

involve only /s from the same orbit. Indeed, we have that 6-(, j) € o,(I). We have the decomposi-

tion
EZ;— ~ 1_[ ZO’,()
0€0,
with
oo = k€ @D’ |Vl eo, Z ka.j = Z ko j = Lér)
jES(r,l,+ ./ES ol—
where

Seo={LpeSleon(,)) <ol )}

where we used the lexicographical order. We have

Z( Z ka.j = Z ka'(lyj)): Z ki j— Z ko, j)-

leo  jeSoi+ JjeSi- l€o,jES 5 + l€o,jES 51—

Let/ € o and j € S +. By definition, o(l, j) = (I, j/) with I’ > [. By definition of the orbits, we
also have I’ € 0. Because o is an involution, we have

¢ p=cl,j).

Finally, by definition of Sy —, we have j* € S,y _. In other words, there exists (a unique) couple
(I, j)such that " € 0 and j* € S5y - such that

¢ p=cl,j).

Conversely, if (/, j’) is such that I’ € o, j/ € S, - then (I, j) := o(I', j') is such that / € o0 and

J € S1.+. Therefore,
u Soi+ = 0-( u So-,l,—)-

leo leo

11



We deduce

DD kup= D) keay)=0

leo  jeSou+ JES -

Zfl = 0.

leo

and thus 2, # 0 implies

Assume now that ), & = 0. We write (E;) the equation

Z ka,jy = Z koa,jy = L&

/ES o+ /GS ol—

We know that these equations are not independent since

D (EN=0.

leo

We prove now that at least #0 — 1 of them are independent. We argue by contradiction.

contradiction, we assume that there exists (a;)e, such that the sequence is not constant and

> alE) =0.

leo

This would imply that }}; ;& = 0 and

Z Z alkl’j_z Z alk(r(l,j) =0

leo jeSoj+ leo jeS -

for all £ € (Z%)Seo. This may be rewritten as

Z Z ki j(ar — asq ) =0

I€0 jES o4

for all k € (Z4)S7».
We deduce that if there exists j such that (I, j) = I, then

D, lE) =0
l

implies @; = ay. In other words, for all I’ € o({/}), @y = «@;. By induction, we get « is constant
on the whole orbit which yields a contradiction. We get indeed that at least #o — 1 equations are

independent. We deduce
Z ~ (Zd)#S o0 —#o+1
0,0

and thus
S, ~ (Zd)so—
with
Se= ) (#S gy —H#o+ 1) = #S, — R+ 40,
[

hence the result.

12



2.3 Estimates

We estimate the cardinal of A, and G, , » for a given K.

LAK
Proposition 2.10. Let n € N*, we have that

41 ifN =1
<
#A, < { (BeN)Y""!  otherwise.

Proof. This is a classical computation that we detail here for the seek of completeness.

Using Polish notation, the trees in A, are sequences of n(N — 1)+ 1 zeros and n ones, knowing
that the first character is a one and the last a zero. Therefore, it remains to place n — 1 ones into
n(N—-1)+1+n-2=nN — 1 slots. There are of course extra rules than the ones we mention but
this leaves at most

nN —1
()

(nN - 1)!
(n—DI(n(N - 1)!

We start with N = 2. In this case, we have

n—1 n
2n-1)! 2k 2k -1
#A, < ———— = — _
A nl(n—1)! 1_[ k l_l k

possibilities and thus

#ﬂn S

k=1 " k=2
which yields the result using that 2k — 1 < 2k.
For general N, we have
n—1 N—-1 n-1
N =D = [Ni[ [] wvi+n.
j=1 k=1 j=0
We deduce that N
N -1)! IT7
% =N v+ o
(n =1t k=1 j=0
We also have
N-2 n-1
(n(N = 1)! = n(N - 1>H<N— il T[] J@v-ni+h.
j=1 k=1 j=0
We deduce
<N N2nl Nj+k l—iNj+N—1) N-1
k (N —1)J+k (N=1j 'n(N-1)
=1 j=0
Let
TINj+N-1 I

We have forall j € [1,n — 1],




We deduce

2N -1
1
(%)
‘We have of course
N-1 1
nN-1) n
We set
- N-2 n-1 Nj+k
k=1 j=0 (N-1)j+k
‘We have
N-2n-1 j )
InIl 1n(1 :
= = (N-1)j+k

n-1 N-2 1
InlI< ) j Dtk
Pl (N-1)j+
We have
N-2 (N—1)j+N-2 BT _ _
Z;gf @:m((N Dj+ N 2):1n(1 2, L
=1 (N-Dj+k (N-1)j X (N-1)j (N-1j J
We deduce
InllI <(n-1)
and thus
<e !
Summing up we get
2N — 1\n-1
#ﬂns(eNN_l) .

Roughly, we get
#A, < (3eN)"".

O

Proposition 2.11. There exists C = C(N, YY) such that for all n;nN, for all ke ZHN=DL and for
all A € A, forall t € Ry, we have

N-Dn+1

nn l)n+l ky m( b+
Gppgl < €' max ™[] lav.

j=1

Proof. We prove this by induction on the trees. If A = () then

G0, D] = lap k|-

IfAe A, withA =(Ay,...,Ay)and A; € Ap;, we have
G, 4 72Dl = \ f DA RDYRE, ..., RENNG, 4 7 (TG, 1 ()]

14



We use the induction hypothesis to get that
(N l) Lk fj+(N=Dn;+1
n+ 1l
|]—[GLA @ <o Tmd G [ el
l=7lj+1

We deduce

(V= k t”“ S
G p 0] < € max ()" ¥R, ... .RENI | [ lavs
1

We have that N
W(R(k1),...,R(ky) < C’ rljr,ljlfi<R(kj)>’-

Since r < 1, we have
REDY < 3y < v = 1)+ 1y max(y
SO b A 1L
Since n > n; for all j, we have

iy V=Dl Ky r(n+1) n+1
Gy g (0] < C'NC" max (Vs ]7[|aL,kl|.

Taking C = C’'N we get the result.

We now estimate

=

Fro(®= (2ﬂL)d<N DEm2 Z 2 [Gua

Ay To =1
Combining all we have done so far, we get the following proposition.

Proposition 2.12. If for some o € O, we have
>a#0
leo

then
FL,a'(t) =0

otherwise, we have the estimate, with C = C3eN if N >2and C=4C if N =2,
(CA” rm

I #S — 2S0-||a ||250—
(27L) RI2=#0, Lkl

IFLo(0] < llarkllpe
where we recall that Ay is defined as

k
Ap = supl(7) [ ari # 0}.

15



Proposition 2.13. If it exists, set O be a maximal partition of [|1, R|]] NN such that for all o € O,
2.6
leo

Then,
R
A” )an
(t) —(
E(ll_ll ity (l)(é:l)) < #C”aLk“emn[z (27 L)R2—#0)"

If such a partition does not exist then

R

B([ [al o) =0

I=1
Proof. If such a partition does not exist then F , = 0 for all the o.
Otherwise, F1 » # 0 implies that for all 0 € O,

Z & =
leo

In particular,
#0, < #0,

and thus
1 1

(2L )d(RI2~#0y) < (2L )d(R/2~#0)"

Remark 2.5. The cardinal of O is necessarily smaller than g since & cannot be null.

Proposition 2.14. Assume that a partition U,cp0 = [|1, R|] such that for all o € O,
e
leo

exists. Then, let Oy, ..., O be the maximal partitions of this type, then

SEAT )
B (]_[ i (1)) - Z [TE]] 55,’)(:><§z>>|<#6IIaLkIIewmfz%

J=1 0€0y leo

Proof. The os that correspond to the leading order in L of

R

B[ [am&)

=1

are the ones such that O, = Oy for some J. And thus, this os decompose into involutions o,
without fixed points of

So = U{l} X ([1,m(N-1)+ 1] NN)

leo
with only one orbit.
Conversely, the o, that yield a non-zero contribution to

([ & @)
leo

have necessarily only one orbit due to the maximality of O;.
Note that if O, = Oy and O, = Oy then J # J' implies o # o |

16



Corollary 2.15. We have

(CtAp)Zm

R
B([ |aae) - > [ BaPoe o) < #8laLil e a7y

I=1 OcPr {L,I'}€O
where Pg is the set of partitions of [|1, R|] whose elements are pairs of [|1, R|].

Remark 2.6. In other words, Pg is the set of involutions of [|1, R|] without fixed points.

3 Application to the Euler equation
We consider the Euler equation :

{ Oy +up-Vup =-Vp on LT . ©)

V'ML=O

f ur(x)dx
LT

is a priori conserved under the action of the flow of the equation, we chose it null.
Applying the Leray projection defined in Fourier mode as

Remark that the quantity

Poe) = 06) - 260
J

we get that u; = Puy satisfies
B,ML + P(uy - Vu;) =0

Therefore, J writes
Ju,v) = P(u-Vv)
and YV writes

W(E - n.n)(X.Y) = Zm XDy - Z i X0y (k)f

Jik=1 ‘ l
forall p = (p1,....m0) € 7Z¢, & = (&1,...,&4) € 7(Z9) such that ¢ = # 0 and all X =
XD, XDy y =D, YDy e
Therefore, we are in the framework afore-mentioned with r = 1.

Note that the initial datum must satisfy V-a; = 0 which is implied by the condition &-a(¢) = 0
for all £.

3.1 Well-posedness in the analytic framework

Let ¢ : R be a smooth increasing map with values in [0, 1] which is equal to 1 on [1, o) and to 0
on (—o0,0]. Set ¢(x) = Y(x+ 1) on [-1,0], p(x) = 1 —¢(x) on [0, 1] and ¢(x) = 0 elsewhere. We
set forn € 74, and £ € R4,

d
en© = | | o€ —np.

J=]

17



We get that ¢, is smooth, supported in the rectangle

d
R, = l_l[nj - 1,I’lj + 1].
j=1

J

We also have that
©On = Ide.

s

nez

Definition 3.1. Let p > 0, we introduce the space E, induced by the norm
1l 2= > i Fllore)
n

where ¢, is the inverse Fourier transform of ¢,,.

Proposition 3.2. There exists C = C(d, ¢) such that for all p > 0 and all f, g € E,, we have

I8l < elIflolgll,.

Proof. Let f,, = ¢, * f and g, = ¢,, * g. We have for all n,

G (fQ)=bnx (O fi Y &)= D bux (fig)-
k I k,l

We have that f; is supported in Fourier mode in Ry and g; is supported in Fourier in R; hence fig,
is supported in the rectangle

d
[ [tk +1 -2k + 1+ 21,
j=1
Therefore,
&n * (frg) #0

implies that for all j =1,...,d,
[I’lj— l,nj+ l]ﬁ[kj+lj—2,kj+lj+2]

is not of null Lebesgue measure. In other words, n; — 1 has to be strictly smaller that k; + [; + 2
and n; + 1 has to be strictly greater than k; + [; — 2, that is

n; € [|kj+lj—2,kj+lj+2|].

In particular, |n;| < |k;| +|/;| + 2 and there are 54 tuples n that satisfy this thus

bux (D= D dur(fig).

In_/\slk_,'|+|l_,-|+2

Therefore, we have

g (FDllz= < Dl * (frgnles,

[ <|kl+111+2

Since

Pn(x) = " Po(x),

18



we get that ¢, belongs to L! its norm is uniformly bounded in n, we get

¢ * (fllz= < Z Lu(k, DIN(figDllL

In|<|kl+1]+2

where 1,(k,l) equals 1 if n; € [k; +1; — 2,k; + [; + 2] for all j and O otherwise.
We have that L™ is an algebra and thus

6 * (fONL= S Z Lk, DIl fellz=Nlgill - (10)

|| <|k|+|1]+2

We sum over n and get

gl < D Millesligllis > atk, D™,
k.l [n|<|k|+|I|+2
We deduce
I7gl < € > el il el

k,l
Hence the result. O
Proposition 3.3. Ser v a smooth map that is equal to 1 on {|£] > 1} and null on {|&] < 1/2}. We

identify y1 and the Fourier multiplier by y 1. There exists C = C(d, ) such that for all p > 0 and
all f € E,,

IPx1fllp < Clifllp-

Proof. Because P and y; commute with Fourier multipliers, we have that

& x (Px1f) = Px1(én = f).

We have that Py acts as a smooth Fourier multiplier on ¢, = f. We set y a C* map that is non-
negative, equal to 1 on [-1, 11¢ and null outside [-3/2,3/2]¢. We write also P the kernel of the
Leray projection and

Py(&) = x(& = n)x1(§)P(&).

We have that the inverse Fourier transform of P, is in L' and that its norm is less than

1Pnllers
for s > d/2. We get that
IPullers < D = llas et Pliwse

we deduce that the L' norm of the inverse Fourier transform of P,, is uniformly bounded on n and
thus

¢ (PPl = 1Pupp * fllze < |l fallze-

O

Proposition 3.4. There exists C = C(d, @) such that for all p > p" > 0, and for all f € E,, we
have

V£l < Ce (o —p ) Il
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Proof. We have
For the usual support considerations, we have
V= D, (Vo) * fu.
|n’—n|<1

Indeed, we have

(V= D (Véu) * frr.

n/
What is more, V¢, is supported in Fourier modes in R, and f, is supported in Fourier modes in
R,. If R, N R,y is not negligible, then for all j, we have

nj e (n;- - l,n} +1)

that is for all j, |n; — n;.l <1.

We have that . '
Vo, = ine™" ¢y + "V
and thus
Vol < (nl + 1).
We deduce

IVl < Z (Inl + DIl frll>-

|n’—n|<1

We sum on n and get the result using that
/| 1
M) < ——eV.
p=pr

O

Proposition 3.5. There exists C = C(d, ¢) such that for all u = Pu € E, and all v € E,, such that
Vv € E,, we have
IPQu- VW)l < Cellull, (Ml + IVV],)

and
IVP(u - V)ll, < Ce* (lull IV ® V|, + [IVull VY], + llullo[[VVI]).

Proof. We write P = Py + P(1 — x1). As we have already seen, Py is smooth in Fourier modes
which, combined with the estimates on the product of two maps is sufficient to conclude that

1Px 1@ - VW)l < e?llull VMl IVPY1 G- VW), < Ce(lull |1V ® Vil + [IVull IV V).

Now VP(1 — 1) is not a C* Fourier multiplier but it is compactly supported and its behaviour at
0 is sufficiently smooth. Indeed, we have, for v in the Schwartz class,

VP(1 = x1)v(x) = f dé(1 -1 E)(E@ &) - Y| fjﬁ(p(f)é%[f )e€),
]
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We use the inverse Fourier transform and get
VP - = [anm e Fa-n- Y [ oFe-y)
J

where

FQ) = f dE(l -1 (ENEeE,  Fi(2) = f df%@(l—xl@»ef&.

These two functions are well-defined because

£®¢

Eo (1 -x16), & R

&1 =x18)

are continuous and compactly supported.
We prove that F' and F; are in L'. For F, this is the case because & — (1 — y1(£))¢ is C™ and
compactly supported. For F;, we have that

Wl S WE jllgarzen

for any 7 > 0. We have that F ; 1s smooth outside of 0 and compactly supported. At 0, it behaves

like
(E X &§E;
P2
and thus
KV E ()] ~ cléel' ™.

We have that & — |¢]'~® belongs to L? if 1 —a > —%’. In particular, we have that F ; belongs to H”
for a € (%, % + 1). Therefore, F'; belongs to L'. By duality, we get that for v € L™, we have

VP -y = [ anm o -0 - Y [ 0Fe-y)
J

and that
(IVP = x vl < (IF Iz + IE oIV e

For P(1 — x1)(u - Vv), we use that u = Pu and thus u - Vv = §;(u)v) and then we use the same
arguments as for VP(1 — y) to get

IP(L = x ) - V)llp < Hlullplvilo-
O

We now prove bilinear estimates such that we can make the Picard expansion converge. The
idea is to render explicit the Cauchy-Kowalevskaia abstract theorem.

Definition 3.6. Let pg > 0,8 € (0,1) and 6 > 0. We set for all p € (0, pg), 8(0) = 6(pg — p). We
define M(pg, 5, 6) the space induced by the norm

llpgo = sup sup (IluColl, + IVu@)(@G) — 1F).
0<p<pg 0<1<6(p)
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Proposition 3.7. Let pg > 0, and B € (0,1). There exists C = C(d, ¢, po,B) such that for all
u,v € M(po, B, 0) such that u = Pu, we have

1
[ f P(u(t) - Vv(0)dr]| o < COPllullpg pallVlips s
A 8,

Besides

A t
P f P(u(t) - Vv(1))dr = f P(u(t) - Vv(1))dr.
0 0
Proof. For the sake of this proof, we set
!
A) fo PGu(r) - Vo@)dr, -1 =11 s

Let p € (0,p0) and ¢ € (0, 8(p)). We have

O, < fo PG Tl

We have )
NA®DIl, < fo |, (@)l + V()| )dr.

We use that [[Vv(7)l|, < [VII(6(0) - 7)? and that
! 1
0(p) — 1) Pdr < ——(B(p))' P
fo( (@) = 7)7Pdr < T (0(p)

to get
(6p0)'
AW, < CeZP(fOfﬁ + 0l [V

We have that

IVA@)| < Ce™ fo (IVu@llpIVv(Dllp + @IV @ V@I, + [lu()llplIv(Dllp)dT.

We estimate

f
1) = fo VU IVl dr.

We use that u and v belong to M(pg, 3, ) to get
1) < e |lull IVl f o) - 1) Pdr.
01

We use that 1 — 28 > —f to get

L ||ul| |Iv|| otherwise.

2
¢ VOpo—7— T

1o < { 255 000) Pllull IVI0G0) - F i B # §

We estimate ,
11(t) = & f @IV ® Vol dr.
0
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We set

() = 0p)+1
pP(T) = po 0
By definition p(1) < po.
Because 7 < 6(p), we have
()
p(T) > po — % =p.

We deduce .
1
1(7) < €| |ull f V(D)o dT.
0o pP(0)—p P

We also have that

0
Bp(1)) = (p); !
and thus 0
(p(1)) — 7 = % > 0.

We deduce that since u, v € M(pg, S, 9),

f
1(t) < & |lull V] fo Op(T) = 1) P(p(r) — p)dr

and thus .
1I() < 2% |ull |V fo Bp) — 1) P(p(r) - p)~ldr.

By definition, we have

0p)+t  O(p)—T1
p(T)—p=po—p-— - g
We get
f
11(r) < 4602 ||ul| |]v]] f O(p) — )P dr.
0
We deduce
11(1) < 40" P pif e Ilull IMIGo) — ).
Finally,

1) = fo N IV@)llpdr < [l IVl < Nlull VIOC) — 1) Po' 2.

Proposition 3.8. Let py > 0 and 6 > 1. Let uy € E,, and define by induction on n,
t
1= f P(uty, (1) - ty, (D).
nyp+ny=n 0
There exists C = C(d, ¢, 8, po) such that for all n, we have

1 1
ltnllpg .0 < 6P C™ luol ¥

such that the series u, converge in M(po, S, 6) if |luollp, < #-1C! towards the unique solution to
the Euler equation with initial datum uy.
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Proof. We can check by induction on #n that

1 1
ltnllpo.go < 8P C cylluoll

where C is the constant of the previous proposition and where ¢, = #A, s are the Catalan numbers.
We then use that ¢,, < 4". |

3.2 Estimations on the norm of the initial datum

Here, we set ap; = s(L)a(%) where a is a bounded, compactly supported function and where
&(L) = O((In L)~"/?) for some & > 0.

Proposition 3.9. There exists C = C(d, a, po, ¢) and ¢ = ¢(d, a, py, ) > 0 such that for all L > €2,
and all R > VIn Le(L)C, -
Plarllpy, > R) < e /o0,

Proof. Let p > 2, we estimate
E} := E(llacllp,)-
We have
E, < Z e"l(ap)ullzr@.r)-
n

Since ay is L periodic, so is (ap), = ¢, * ar.
We deduce that

l(@ap)nllze < sup |y x(ar)nllre
X

where the the supremum is taken over the X € Z% such that [X| < L and such that yx = yo(- — X) =
[1;x(; — X;) where y is a smooth function supported on [-2, 2] and equal to 1 on [-1, 1]. By the
Sobolev injection, for s € (5’, 00) NN, we have

yx(apalle < yx(a)allas < sup llyy(ay allz2
Y,s'<s

where a; = V¥ a;. We deduce

, ’ 1/p
l@aller@.) < 11sup lv(@allzzllor < sup (D v (@)l 2)) -
> Y

§'<s

The sum on Y is for Y € [| — L, L|]¢ hence we sum on (2L + 1)¢ factors.
By Minskowski’s inequality, since p > 2,

vy (@ nllrrzy < (@ nlli2ea 1r))-

The law of ay, is invariant under the action of space translations, hence so is the law of (a;: )n and
thus

||XY(02 )n||L2(Rr1,Lp(Q)) = HXO(ai )n”LZ(Rd,Lp(Q))-
We get

lapnllr@.r=) S L sup “XO(az )n”LZ(Rd,Lp(Q))-
§'<s
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Still using the invariance under space translations, we get

@)l < LYPllxoll2a) sup i@ )a(O)llr).
§'<s

We use that (a{ )n(0) is a Gaussian and that y does not depend on L to get

@)l < LY p sup 1@ (Ol 2(0-

§’'<s

We note that
s 2 1 ks o 2 25 2 202
@O0 = 57 Zk] |7 laniPekin? < [ @¥e@swa@r.
Summing over n and using Cauchy-Schwarz inequality, we get
1/2
Ep < ) ¢l < L Vp( ) ey @Ol )
n n

We get

B, < Ls( [ deer e )

In other words, there exists C(a, pg, d) such that for all p > 2, and all L
E, < CLYP&(L) /p.
By Markov’s inequality, we deduce that for all p, R, L, we have

P(lallp, = R) < R_PCPL‘JS(L)ppp/Z’

that is CLP o) Vo
Blarllpy 2 R) < (—————) -
We set p = C26+128(L)2 taking R as in the hypothesis with a big enough constant, we get
p=InL > 2.
We get

P(llatlly, = R) < (LYPe@Dyp,

We have L4/ = ¢dInLIP < od hence
Bllarlly, > R) < e = ¢ R/ewree

hence the result.
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3.3 Conclusion

Letpg > 0,6€ (0,1)and 8 > 1 and set A = A(f) = % where C is the constant mentioned in
Proposition [3.8] Now set
EL =E1(po.B.0) = {llacllp, < A}.

If (L) = o((In L)~/?) then for L big enough, we have that A is big enough to get
PEL) > 1 — e AL

If (L) = O((In L)~'/?), for A to be big enough to get the above inequality, one needs 6 to be small
enough. We assume then that 6 is small enough to get the estimate on the measure of &;.

We also have that for all ug € &;. The solution « to the Euler equation exists and is unique in
M(po, 3, 6) and satisfies that foralln e N, t < 6,

lua(Dllo < 27"A.

Therefore, for the rest of this subsection, we fix R € N*, (&1,...,&r) € %(fo)R, (i1,...,Ig) €

([1,d] N N)R and finally
R

1=8(lg, [ [ #" ).

I=1
We assume that ™' (L) < L? for some @ > 0 and we set M = M(L) such that for L big enough,

M(L) S (R+1d + Ra

21n2
"L 2

and

amwﬁﬁmﬁ%@g%

for C(a, 6) a constant that appears in the proof of Lemma [3.11] and depends only on @ and 6. For
such a M(L) to exists, this requires that

e(L)NVNInL < c¢(a,0,R)

for a constant c(a, 6, R) > 0 that depends only on a, 6 and R, which is small enough.
We now write

u(®) = Un () + Ry (1)

with ”
Un(®) = D (D), Ru(®) = ) n(0).
n=0 n>M
We get

IUn@)llo <24, IRu@)llo < 27YA.

Lemma 3.10. We have

R .
1=E(le, [ [ 1" 0) + Ougppone W L"),
=1
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Proof. Take v € Ey and 2L periodic. We have that
V= Z Pp xV
n
and that for all n, ¢,, * v is 2L periodic. Therefore
V= Z B V.
n

We deduce that
IPllze < ) i il
n

We recall that in the torus LT¢, we define

—ix¢é
A, o e N
W(E) = j; . w(x) R Fdx

and thus
Wl < QrL)?|wllps.

Therefore,
ll= < Y@Ly lig, = vilzs = L) |vll.
n
‘We deduce that on &,
12l < QrL)224, | Un @)l < QaL)?24, Ryl < rL)y*27MA.

We deduce that

R .
I= E(lsL 1—[ (LiM(”)(l)(é‘l)) + 0,2 MRQARLE@RI2),
I=1

We get the result since
2 ML = O@e(L)RL™).

Indeed, we have
7=M  d/2(R+1) s(L) R < o~ D)(In2M(L)/ In L~(R+1)d/2~Ra)

For L > 1, we have
2In2M(L)/InL - (R+ 1)d/2 — Ra > 0

which ensures the result.
Lemma 3.11. We have
R .
B([ [ 957 €)®) = Ouppoporaced)).
=1

Proof. Set

R
11 = E( ]_] U E) D).

=1
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‘We have

R
=" B([ [as’&w).
n<M =1
By Proposition [2.13] we have
R .
[B([ |2 @)| < #2llar il . (CALE" @rLy /240

=1

where
S ={Lk)|Il[I1,RI], kel[ll,n;+1]]}

where G is the set of involutions of S without fixed points, where
Ap = sup{<k/L) | ax,r # O},

and where O is a maximal partition of [1, R] N N such that for all 0 € O,

Zfl = 0.

leo

We have that #S = >, n; + R and
arx = &L)a(k/L)

and thus
AL < A = sup{(é) | a(é) # 0}

and
laLsllfy . RQICAL>" < (Cla, O)e(L))>"(C'(@)s(L)"

where C(a, 0) = 2CAL0llal.. and C’(a) = ALl
Since O cannot contain singletons, we have

#0 <R/2, d(R/2-#0)> 0.

We deduce .
IE( 1—[ ﬁzz(fl)(t))’ < #3(C(a, §)e(L) 2™ (C(a)e(L)R.
=1
We have that
o= (#?32) (#S/2)! < 2" (#5/2)! < 2RRIQ2#S )2 L,

Since #S < (M + 1)R, we get

R

[B([ ]l c0®)| sk (€@, 0) V2R + DLy (€ @yl

=1

For L big enough, C(a, )aR(M(L) + 1)e(L) < % We deduce that for L big enough

I Sqpre (L Y 27Zm R =],

ny

Hence the result.
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Lemma 3.12. We have

(i

B((1 - 1&)]_[%&4 (€)) = OugpopoRasELFL).

Proof. We simply use Cauchy-Schwarz inequality to get
R ) 2R
E((1- 1) [ | @) <E - 1g)B( [ | Uy &)
=1 =1

with €y = €. We use Lemma [3.11| with R replaced by 2R to get

2R
E([ | (€)= Ouppporase(d):

=1
‘We also have that ,
E(l - 1g,) = P(E5) < ™AW",

Since
InL

c(R)*’

s(L)_

we get that
/E(l _ 18L) < L—cAz/Zc(a,(v’,R)2

which is a O(e(L)RL=4/?) for ¢(a, 6, R) small enough and concludes the proof.

Lemma 3.13. We have

=

B([ [awenm)= > [ ] B@u@E Uy ©E) + OuppoporaseDR L)

=1 OePr {LI'}eO
where Pr is the set of partitions of [|1, R|] whose elements are pairs of [|1, R]|].

Proof. We write that

R
]_[7/1“’)(5)(0) DUE([ [asPenm).

<M I=1

We use the result (2.13)) to get that for L big enough
R . .
B([ [aenm)- > [ Balo@s o] se L2 Enaw®
I=1 0Py {1I'}€0
‘We sum back on »; to conclude.

We now use Lemmas [3.10} 3.1} and [3.12] with R = 2 to get that

EUD @)U (1)Er)) = EQe, ad) ™D (0)(Er)) + Ou g po por ac(€L) L)

and conclude.
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A Estimates on the norm of the initial datum

For this appendix, we set
ikx/L

a) = 3 omak/ gy
kezd T

where a is even. For &€ € ([-1,1] \ {0})4, we assume that a(¢) lies in the orthogonal of {¢} and is
of norm 1. Outside, we assume that a = 0.
We have seen in Proposition 3.9 that for R big enough

P(lazllp, = RVInL) < e "L,

We now want to check that for 6 small enough if a # 0,
1
P(llarllp, > 6 VInL) > 3

which would tell us that VIn L is the typical size of ||a.|l,,. We note that this typical size is more
due to the number of independent Gaussian variables we sum that to the size of the box.
We have that

lallzs = 1" gn*arlles < llbn * arllz < llacly,
n n

and thus
P(llacllp, > 6 VIn L) > P(llagllz= > 6 VIn L).

We fix for n € [|1, L[4, x, = 2n7. We have
P(lallp, = 6 VinL) > P(3n, laz(x,)| = 6 VinL).

We have that
P@n, lap(x,)| =6 VInL) =1 -PWVn, |a;(x,)| <8 VinL).
We have | .
. k( n— m)/L _——
B((ar(on). artmlen) = &g D, e e
ke([|-L,LII\N{0})?
Therefore, l
P(Yn, lar(xy)| <6 VInL) = P(lap(xp)| < 6 VInL)*".
We have that

P(lap(xp)l <6 VInL) = 1 — P(lar(xo)| = 6 VIn L).

The random variable a; (xo) is a real Gaussian variable with variance 7~¢ we deduce that for L big
enough, i
P(lay(xo)| = 6 VInL) > ¢~ ‘"Il = =9
with § = 277964.
We deduce that .
P(lap(xo)| < 6 VInL) < (1 — L™,
If 6 < d, we have that .
A-LY >0

as L — oo, and thus for L big enough

P(larlly, > 6 VInL) >

N =
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B Polish notations

Definition B.1. Let n € N. Let A, be the subset of {0, 1)*V*! such that if (ay, ..., au+1) € A, we
have that for all k < nN + 1,
k<) apN+1
j<k
and such that Z'}ivf'l aj =n.
Remark B.1. The second condition means that there are exactly n ones in the sequence. It can be
rewritten as

AN +1=( > apN+1.

Jj<nN+1
Remark B.2. Forn =0, we have
Ay = {0}.
Forn =1, we have that
1 <aN +1,

hence a; = 1. We get
A =1{1,0,...,0)}.

Notation B.2. If M € N, n; € N) and (Ay, ..., An) € [];<pl0, 1}, we write
Al Ay =1, Q1 Q1 0s o s Qg oo s AM s -+ - s AMnyy)
the contatenation of A} up to Ay, with
Aj= (aj,l,...,aj,nj)
for all j.

Proposition B.3. Letn € N. Let A € A,.1. There exists (n1,...,ny) € NN and (A4,...,Ay) €
[1; A; such that

M=

nj, A=1A1...AN;

~.
Il
—_

this decomposition is unique.
Conversely, if A € {0, 1)"N*1 s equal to

1A;... Ay
with A; € .7:1,1‘/. for all j and such that Y, n; = n then
A€ Ay
Proof. Letn €e Nand A € A, 1. We write
A=(ai,....ams1N+1)s Yk <nN+1, by = Zaj.

Since
1 <aN+1,
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we deduce thata; = 1. Wesetform=1,...,N,
ky = min(klk > (by — )N + m + 1).

We prove that (ky,),, is well-defined, strictly increasing and that for all m, k,,, = (by,, — )N + m+ 1.
First of all, we have

m+DON+1=byyyN+1=0bN:1—1N+N+1>bne1 — 1N +m+ 1.

Hence k,, is well-defined.
Set ckm = (by — 1)N + m + 1 — k. We have that

Chr1m = Ckm = (brr1 — bK)N — 1
and because (by) is increasing, this ensures that
Chsln — Clom < -1.

We deduce that we cannot pass from a (strictly) positive ¢, to a (strictly) negative ci+1 .
We have c;; =1 > 0thus k1 > 1, ¢1, = 0 and thus ca, > 0. By induction, we get that (k)
is strictly increasing and that for all m, ¢, ,» = 0.
What is more,
ky =mintklk 2 bpyN+ 1) =(n+ )N + 1

by definition of A, .
We set 71, = k;,, — k;,—1 with the convention ky = 1. We write
A = (1,@1’1, o aal,ﬁla e ’aN,le L ,aN,ﬁN)
and
Am = (am,l 5o am,fl_,')-

Wehave A = 1A ... Ap.
We also have that 71, = (by, — bx, )N + 1 hence #i,, = n,,N + 1 with n,,, = by, — by, ,. We
prove that
Am € Ay,

We have Amk = Ak+ky,_y and bm,k = stk am,j = bk - bkm—l .
We use the definition of the sequence (k,),, to that for k < n,,N + 1,
k+kyu 1< (bk+km,| —DN+m+ 1.

Using that k,,—1 = (bx,,_, — 1)N + m, we get

k < (br+x,

m—1

— bkm_])N +1= bm,kN +1

and since by, N+1 = Ny, by definition, we have A, € A
The construction of the decomposition ensures its uniqueness.
Conversely, if A = 1A; ... Ay with A4,, € f[nm and 3 n,, = nthen A € A,,;. Indeed, for k = 1,
we have
l1=k<bN+1=N+1.
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and for k € [kj—1 + 1, k] wWith ko = 1, kyy, = 3,y N + m + 1, we have

by = Z n+1+ bm,k—km_l-

I<m

We deduce

beN + 1 = Z N + Nyt + N+ 1=kt — (m = 1)+ Nbpsi_, +N.

I<m

m—1

If m < N, then we use that Nby, x—, , = k — k,—1 — 1, and get
byN+1>N-m+k > k.

If m = N then we have
ka+ 1= kN—l + NbN,k—kN_1 + 1.

Ifk<m+1)N+1thenk—ky_1 <(n+ D)N+1-N-3,.ymN =nyN + 1, and thus
biN+1>ky_1+k—ky_1 =k.
Ifk=m+1)N+ 1thenk —ky_; = nyN + 1 and thus
byN +1 =k.
which concludes the proof. O

We deduce that A, is isomorphic to A, and in particular they have the same cardinal.
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