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FREE BOUNDARY MINIMAL HYPERSURFACES OUTSIDE OF THE BALL

LAURENT MAZET AND ABRAAO MENDES

ABSTRACT. In this paper we obtain two classification theorems for free boundary minimal hy-
persurfaces outside of the unit ball (exterior FBMH for short) in Euclidean space. The first
result states that the only exterior stable FBMH with parallel embedded regular ends are the
catenoidal hypersurfaces. To achieve this we prove a Bécher type result for positive Jacobi func-
tions on regular minimal ends in R™*! which, after some calculations, implies the first theorem.
The second theorem states that any exterior FBMH 3 with one regular end is a catenoidal
hypersurface. Its proof is based on a symmetrization procedure similar to R. Schoen [14]. We
also give a complete description of the catenoidal hypersurfaces, including the calculation of
their indices.

1. INTRODUCTION

Over the last few years, the study of free boundary minimal hypersurfaces (FBMH for short)
has occupied a prominent place in differential geometry, especially the study of FBMH in the
Euclidean unit ball B C R"*! (see e.g. [1, 2, 7, 8, 9, 16, 17] and the references therein).

In this paper, we deal with FBMH in R"*! \ B with compact boundary in OB, which are
called exterior free boundary minimal hypersurfaces. These hypersurfaces are critical for the
n-volume functional with respect to deformations that let the boundary on the unit sphere.
For such critical points, the second order derivative of the volume functional is given by the
so-called stability operator which here has a contribution from the boundary. In our situation,
this contribution is nonnegative due to the concavity of the unit sphere with respect to its
outside. An interesting question would be to understand the geometry and the topology of
these hypersurfaces in terms of their indices. In the ball, this is the study made by L. Ambrozio,
A. Carlotto and B. Sharp in [2]. A situation where non-compact FBMH have been studied is
the case of Schwarzschild space: R. Montezuma [13] and E. Barbosa and J.M. Espinar [3] have
looked at some properties of these hypersurfaces.

In R"*1\ B, important examples of exterior FBMH are the catenoidal hypersurfaces, defined
as exterior FBMH invariant by isometries fixing a straight line. In Section 4 we give a complete
description of the catenoidal hypersurfaces and calculate their indices: some have index 0 and
others index 1.

The aim of this paper is to prove two classification results for catenoidal hypersurfaces. The
first classification theorem is the following. Definitions are given in Sections 2 and 3.

Theorem 1. Let X be an exterior free boundary minimal hypersurface in R"\B. Let us assume
that ¥ is stable and has parallel embedded regular ends. Then % is a catenoidal hypersurface.

In order to prove Theorem 1, we first prove that saying that ¥ is stable is equivalent to saying
that there exists a positive Jacobi function u on ¥ satisfying the Robin boundary condition
Jyu +u = 0 on 0%. This is the content of Proposition 3. Its proof is based on the proof of
a classical stability characterization due to D. Fischer-Colbrie and R. Schoen [6, Theorem 1]
for manifolds without boundary, where here we make use of the Harnack inequality for positive
solutions to Au + qu = 0 on ¥ with Robin boundary condition d,u + v = 0 on 9% proved
in Appendix A. Second, we obtain a Boécher type theorem for positive Jacobi functions on
regular minimal ends in R"*! which, together with Proposition 3, implies that ¥ is invariant by
isometries fixing a straight line, in other words, ¥ is a catenoidal hypersurface.

L.M. was partially supported by the ANR-19-CE40-0014 grant. A.M. was partially supported by the National
Council for Scientific and Technological Development — CNPq, Brazil (Grant 305710/2020-6). The authors
were partially supported by Coordenagédo de Aperfeicoamento de Pessoal de Nivel Superior — Brasil (CAPES-
COFECUB 88887.143161,/2017-0).
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FREE BOUNDARY MINIMAL HYPERSURFACES OUTSIDE OF THE BALL 2

As mentioned above, some of the catenoidal hypersurfaces have index 1, so it would be
interesting to know if the index equal to 1 implies that the hypersurface is catenoidal. When
n = 2, it would be a result similar to Lopez-Ros result [12] for boundaryless minimal surfaces.
For example, it would be interesting to understand if a control on the index gives a control on
the number of ends of the hypersurface. However, the positive contribution of the boundary to
the stability operator seems to make this not an easy task.

The second classification theorem is the following.

Theorem 2. Let X be an exterior free boundary minimal hypersurface. If 3 has one regqular
end, then X is a catenoidal hypersurface.

The proof of Theorem 2 is based on a symmetrization procedure as in Schoen’s paper [14].

The paper is organized as follows. In Section 2 we present some preliminaries on FBMH and
prove Proposition 3. In Section 3 we state and prove an auxiliary Bocher type result (Theorem 4)
and present the proof of Theorem 1. In Section 4 we introduce the catenoidal hypersurfaces
and give a complete description of them, including the calculation of their indices. In Section 5
we prove Theorem 2. Finally, in Appendix A we present a proof of the Harnack inequality for
positive functions satisfying a Robin type boundary condition.

2. FREE BOUNDARY MINIMAL HYPERSURFACES IN R"t1\ B

Let ¥ be an n-manifold with compact boundary. We say that F : ¥ — R"T!1\ B is an exterior
proper immersion if F' is a proper immersion and F(X)NJdB = F(9Y). In this paper, we always
consider such exterior proper immersions. We also assume that X is orientable so that a unit
normal N is well defined along F. Besides, we will often identify ¥ with its image F(X) and
just say that X is an exterior hypersurface.

We will consider exterior hypersurfaces that are critical for the n-volume functional with
respect to any deformations keeping the boundary on dB. Such a hypersurface ¥ has vanish-
ing mean curvature and meets OB orthogonally: we call them exterior free boundary minimal
hypersurfaces.

Basic examples are given by cones over minimal hypersurfaces S C S = 0B:

Y= {tpeR"";pec Sandt>1}.

One can also consider exterior FBMH that are invariant by isometries fixing a straight line: they
are called catenoidal hypersurfaces. Their complete description is given in Section 4.

Let X be an exterior free boundary minimal hypersurface. The free boundary condition
implies that, at P € 93, the outgoing unit normal v(P) = —P is a principal direction of the
second fundamental form B of . Indeed, for T' € T'0Y., we have

(2.1) B(v,T) = (Dyv,N) = —Bys(T,N) = —(T, N) = 0,

where D is the covariant derivative in R™*! and Bgp is the second fundamental form of 9B.

0B

FI1GURE 1. Exterior FBMH
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As in the boundaryless case, we also have a monotonicity formula for exterior free boundary
minimal hypersurfaces:

YNB 1 v X112
(2.2) |“R|(1>|5|:/ (X7P
Rn Rn n SNBg |X|n+2

where Bp, is the Euclidean ball centered at the origin of radius R > 1. In fact, let v(r) = |[XNB,|,
r > 1. It follows from coarea formula that
d 1

—v(r) = v
dr ( ) YNOB, ‘V2d|

where d(X) = |X| is the distance function to the origin. On the other hand, because ¥ is
minimal, divg(X ") = n. Therefore,

no(r) = /szT div(XT) = /BE(XT,V) +

This gives

d (v(r)) oz +/ 11 XTI 9y +/ 1 | X+|?
dr \ rn ) pntl snoB, ™ \ |[Vd| r ol snoB, |VEd| \ rmt2 )7

where above we have used that V>d = % and | X2 = r2 — | X T|?. Thus, integrating last

equation from 1 to R and using coarea formula, we obtain (2.2).

(X" =—pzi+ [ X7
¥NOBy 3NOBy

2.1. The stability operator. Let {F;} be a family of exterior proper immersions of 3 such
that Fy(X) is free boundary minimal and 0, F} has compact support. Even if the volume of F}(X)
is infinite its derivatives can be computed since the deformation has compact support. Then the
first derivative of the n-volume functional vanishes at ¢ = 0 and the second derivative at ¢t = 0
can be computed in terms of the function u = (0, Fi|¢=0, N) by

d2
S VOl(F(S))] g = Q) = [[(VZul> = [ BIPut)dp+ [ wids,
dt v )

where V* and dp are the gradient and the n-volume measure on ¥, and ds is the (n — 1)-volume
measure on 0%, all with respect to the metric induced by Fy (see [2]). After integration by
parts, one has

Qu, 1) = —/Eu(Au—i- |\B||2u)du+/azu(u+8yu)ds.

So the quadratic form @ is associated with the Jacobi operator defined by Lu = Au + || B||*u.
Then, for any bounded domain €2 in 3, we can consider the associated spectrum of £: a sequence
of eigenvalues \,, /* 400 and a L?-orthonormal sequence of functions wu, on € such that

Auy, + || B||?un = —Apun  on Q,
Oty + Uy =0 on 9Xx N1,
up =0 on 00\ 0%.

The number of negative eigenvalues is then called the index of ) on §2 and is denoted by
Ind(Q, ). If () is an increasing sequence of domains such that US2, = 3, then the limit of
the increasing sequence (Ind(@,€2,)) is called the index of ¥ and is denoted by Ind(X).

When Ind(¥) = 0, we say that ¥ is stable and this is equivalent to Q(u,u) > 0 for any
function w with compact support on . Actually, we have an alternative characterization of
stability given by the following Fischer-Colbrie and Schoen type result.

Proposition 3. Let X be an exterior free boundary minimal hypersurface. Then X is stable if
and only if there exists a positive solution u on X to

{Au +||B|Pu=0 onx,

2.3
(23) ou+u=0 on 0%.
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Proof. The proof is very similar to that one of [6, Theorem 1] by Fischer-Colbrie and Schoen.
In fact, in order to adapt their proof, we just need to observe that, if w is as in (2.3), then
Oy Inu = —1 on 0¥ (this is for the part (ii4) = (¢)) and use the Harnack inequality given in
Proposition 9 in Appendix A (for the part (i1) = (ii7)). O

When n = 2, Fischer-Colbrie’s result [5, Theorem 2| gives that an exterior free boundary
minimal surface ¥ has finite index if and only if it has finite total curvature. One difference is
that, in our case, the quadratic form () does not depend only on the Gauss map but also on
the conformal factor along the boundary 0%. A second important point is that we assume 0%
to be compact. For example, if ¥ is stable, we have a solution u to (2.3) which can be lifted
to the universal cover 3. This implies that the associated quadratic form on Y is nonnegative.
However, the universal cover may not have finite total curvature as we are going to see below
(see Example 6). Actually, the universal cover is not properly immersed and thus it is not an
exterior surface according to our definition.

2.2. Regular ends. The asymptotic of an exterior free boundary minimal hypersurface can be
highly complicated. A simple asymptotic is given by regular ends introduced by Schoen in [14].

In order to describe it, we split P € R"*! as (X,2) € R® x R. Then an end E of an exterior
free boundary minimal hypersurface is said to be regular if, after an isometry, a representative
of E is given by the graph of a function f of bounded gradient defined on {|X| > R} with the
following asymptotic:

(2.4) f(X)=Al|X|+ B+ (C,X)|X|2+0(X|7?) ifn=2,
(2.5) F(X) =B+ AIX|""2 4 (0, X)| X"+ O(|X|™) ifn>2,

where A, B € R and C € R"™. We notice that the above estimate on f implies similar estimates
on its derivatives (see [14]). For example, one sees that V f(X) goes to 0 as |X| goes to +o0
and, in particular, there is a well-defined unit normal at oo for such an end.

If n = 2 and X has finite total curvature, then X is conformally equivalent to a compact
Riemann surface with boundary minus a finite number of points. Moreover, a properly embedded
annular end with finite total curvature is regular [14, Proposition 1].

In the case 3 < n < 6, following the arguments of J. Tysk [19], if we assume that 3 has finite
index and finite volume growth in the sense that limpr_, . R™"|X N Br| < +00, then ¥ has
finitely many ends, all of them being regular.

3. STABLE HYPERSURFACES

3.1. A Bécher type result for the Jacobi operator. In this section, we analyze the asymp-
totic behavior of positive Jacobi functions (i.e. solutions to Lu = 0) on regular ends.

Theorem 4. Let E be a regular minimal end in R™ ™! (let X € R™ be a coordinate associated
to the end as in (2.4) and (2.5)) and consider a positive Jacobi function u on E. Then u has
the following asymptotic: there exist A, B € R such that

u(X)=Aln|X|+B+v(X) ifn=2,
w(X)=A+B|IX|"" D pu(X) ifn>2,

where v is such that the function |X|"~'v is C?-bounded on R™\ Bgr. Moreover, either A > 0
or A=0 and B > 0.

Proof. Writing X = ep with t € R and p € S"!, a regular end can be parametrized by
[to, +00) x S*~1 with a metric g having the asymptotic g = €2(§ + O(e~2(*~¥)), where § is
the product metric on R x S*~'. Moreover, the second fundamental form can be estimated by
| B||?> = O(e=2™). Thus the Jacobi operator can be computed as

Au+ ||B|?u = e 2 (uy + (n — 2)uy + A%u + M(u)),

where A’ is the Laplacian on S*~! and M (u) is a second order linear operator whose coefficients
have C%®-norm bounded by Ce=2("=Dt for some constant C' > 0.
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Therefore a Jacobi function u satisfies
(3.1) w + (n —2)ug + A%u+ M(u) =0,

which is a uniformly elliptic equation on [ty, +00) x S"~!. As a consequence, by Harnack
inequality ([10, Corollary 8.21]), there is a constant C' > 0 such that, for any p,q € S*!
and t,s > tg + 1 with |t — s| < 1, and any positive Jacobi function u, we have

u(t,p) < Cu(s, q).
By Schauder’s elliptic estimates (|10, Corollary 6.3]), we also have

(32) lellgza(e—1 i1 1yxsn-1y < Cllulleo -t a)xsn-1y  for ¢ >to + 2.

Let us define u(t) = ﬁ Jsn—1 u(t,p)do. By Harnack inequality, we obtain

(33) Julleou-terisn 1) < € min, u(t,p) < Ca(t).

Then, combining with (3.2), there is a constant C' > 0 such that
(34) ||M(U) HCO7O¢([t7%,t+%]XS’rL—I) < Ce_Z(H—l)ta(t)

and M (u)(t) = |S"1*1| Jsn—1 M (u)(t, p)do satisfies

(35) HM(U)HCU,Q([t_%,t_’_%D < 06_2(n_1)tﬂ(t).

By integrating (3.1) over S*~!, we obtain that @ solves iy + (n—2)u;+ M (u) = 0. Considering
first the case n > 2, let a and b be two functions such that

()=o) oo 20)

Then we have the system

Using the above equations, we obtain

Va2 + b2 < C|M(u)(t)] < Ce 2 Dig(t) < Ce 218 /g2 4 p2.
Thus Va2 + b2 and @ stay bounded on [tg, +-00). In particular, | M (u)(t)| < Ce 2"~ Dt Also,

2
O (e"t\/ a’+ b2) > ne™va? + b2 — (n — 2)e”tb7 — Ce™ ("2t /g2 4 12

a’ + b?
> (2— Ce 2= hent /g2 1 2 > 0

for t sufficiently large. Therefore e™+/a? + b2 cannot converge to 0 at ¢ goes to +00. We can
also solve the system to obtain
{ a = A+ [ L Mu)(s)ds,
2

n—2

b = Be (2t _ o=(n-2)t t+°° ﬁe("_msﬂ(u)(s)ds.

We notice that if A = B = 0 then lim;_, ; o €™a = lim_, ;o €"*b = 0, which is not possible. Then
we can be sure that either A or B is nonzero. As u = a+ b is positive and A = lim;_, o (a+b),
then either A > 0 or A =0 and B > 0. Observe that & — A — Be~ ("=t = O(e=2(»=1)t),

If n = 2, we notice that
O T2 + @ < ——et 4 O|M(u)] < =yJ@2 + @ + Ce2u

U+ u?
1 o\ [ o
< <2+C’e t)\/UZ—i—th.

N | =
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Thus u = O(e%t) and then M (u) = O(efgt). We also have
3y /5 3 1 _ 3y /5
O <e4t,/u2 —l—uf) > (4 5~ Ce Qt) ei\Juz +u? >0

for t sufficiently large. So e%t\/fﬂ + @? cannot converge to 0 as t goes to +o00. By integrating
the equation on u, one gets

a(t) = At + B — /t o ( :OO M(u)(r)dr) ds.

If A and B vanish, then u,u; = O(efgt), which is not possible. Then either A > 0 or A =0
and B > 0. Notice that @ — At — B = O(te™?!). In fact, last equation gives that u = O(t).
Then, from (3.5) we have M (u) = O(te~2!). Therefore, using last equation again, we obtain
u— At — B = O(te ).

In both cases, we have M (u) = O(te=2(=1t),

Now, to conclude, we need to estimate v — @. Let v; be a L?-unit eigenfunction for the
Laplace operator on S"~! associated to a nonzero eigenvalue A (in particular, A > n — 1). Let
U = Jgn—1 uvido. Equation (3.1) implies

Wigg + (N — 2)uy — Au; = —/ ) M (u)vido = f; = O(te2(n=1),
Sn—

Observe that p? 4+ (n — 2)u — A = 0 has two roots: pu; > 1 and p_ < —(n — 1). Then, solving
the above equation, we obtain

(3.6) wilt) = e+t (ai_/tJrooe_MS/MrfiESL_dS) 1 et <bi_/tte_uslﬂ‘2_ds>

for some a;,b; € R. Using (3.3) and the fact that u = O(t), we have u; = O(t) and thus a; = 0.
We also have .
b = e H=ou,(ty) + glé+—h-to / b 6_“”7]%(8) ds.
to My = B—
Now, by Cauchy-Schwarz,
2

+00 1 +oo
</ e_“+sfi(s)ds> < —e_’“ft/ e‘”*sff(s)ds,
¢ ¢

M

(/tt eu—sj"i(s)cls)2 < _i (e -1 _eu_to)/t e~H=5 £2(s)ds.

_ to
Thus, by squaring (3.6), we obtain

ptt
wl(t) < 16( ¢

—+oo
pr (pg — p—)? /t e S (s)ds + T (1)

e2u—(t—to)+uyto  p+oo i f2( \d ekt t w f2( )d
+—/ e Mo fi(s)ds + /6_8i88>'
pog (g — )2 Jig —p=(ps = =) Jig

Let us define

0 = [ (ult.p) —a(t)?do,

M= [ (M(t.) = (w)(t)*do

Using that py > 1 and pu— < —(n — 1), we can sum the above inequalities with respect to i to
obtain

~ +o0 —~ ~

U(t) < 16<e“+t/ e M5 M(s)ds + 2= (1)
t

—+o00 . t

+ 2n—(t=to)+pto / e M+ M (s)ds + eu—t/

to to

e“—sﬂ(s)ds).



FREE BOUNDARY MINIMAL HYPERSURFACES OUTSIDE OF THE BALL 7
Since M(t) = O(t?e~*("=1!) it follows that

lu — |l p2(—1,42)xsn-1) = O(e~ (=11,
Actually, u — u solves the equation
24 (n—2)z + A%z + M(z) = M(u) — M(u).
Then, combining the above L2-estimate with (3.4) and (3.5), Schauder’s estimates give

[ — @l 2t 14 1y xsn—1y = O(e™ 1),

We have then proved that
Ju— A= Be™ ™2 oy ez 1y = O(e™ D) if > 2,
”U — At — B||02([t7t+1}><§n71) — O(eit) lf n = 2

This gives the expected result after going back to the original coordinate system. (Il

3.2. Classification of stable hypersurfaces. If 3 is an exterior free boundary minimal hy-
persurface with regular ends, the unit normal to ¥ has a well-defined limit at each end. Then
we say that such a hypersurface has parallel ends if these limits coincide up to a sign. We notice
that, if ¥ is embedded, then its ends are always parallel.

Now, we are going to use the above Bocher type theorem in order to give a classification of
stable exterior FBMH with parallel regular ends.

Proof of Theorem 1. Consider the (X, z) coordinate system on R"*1. After an isometry, we can
assume that the unit normal to the ends of 3 are given by +e,.

Now, let M € M, (R) be a skew-symmetric matrix and consider the Killing vector field
K(X,z) = MX. Notice that K generates isometries fixing the z-axis. Then the scalar product
u = (K,N) is a solution to Au + ||B||?>« = 0 on ¥. Moreover, since K is tangent to 9B, u
satisfies 0,u +u = 0 on 0.

Each end of ¥ can be parametrized by the graph of a function f with the asymptotic given
by (2.4) or (2.5) (depending on n). In particular,

1
N(X, f(X)) = +
(X, f(X)) T V0P
So the asymptotic of f gives that u = O(|X|~(»~D).
On the other hand, since ¥ is stable, there is a positive solution v to (2.3). The asymptotic
of v is given by Theorem 4. As a consequence, we see that u(X)/v(X) goes to 0 as | X| goes
to +o0. Also, the function w = u/v satisfies

(=VF(X) +ez).

Aw+2(Vlnv,Vw) =0 on X,
o,w=0 on 0%.
Therefore the maximum principle gives that w = w/v is constant and thus equals zero. This

implies that u = 0 and then X is invariant by the isometries generated by K. So ¥ is a catenoidal
hypersurface. O

4. CATENOIDAL HYPERSURFACES

Theorem 1 gives that stable hypersurfaces are invariant by isometries fixing an axis. In this
section, we describe this kind of exterior free boundary minimal hypersurfaces 3. We fix the
axis to be Re,.

Let ¢ be a primitive of the function r — (#2(*~1 —1)~1/2 defined on [1, +-00). The hypersurface

S = {(X,2) € R" x K; [X| > 1 and 2% = *(|X])}

is a minimal hypersurface invariant by isometries fixing Re,. Actually, any connected piece of a
minimal hypersurface invariant by isometries fixing Re, is a subset of AX 4+ e, for some A, u € R.
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Half of ¥ can be parametrized by the map

C[1,4+00) xS 5 R4

(r,p) = (rp,o(r))

Given a € (0, %), we look for a rotational exterior free boundary minimal hypersurface with
boundary in {z = sina}. Let R, = (sina)~ Y= be such that ¢'(R,) = tana. Notice that
R,, decreases with o from 400 to 1. Let C, be the hypersurface parametrized by

 [Ra,+00) x S — Rt
' (Tv p) — )\a(rp, ¢(T)) + taz ’

where A\, and pu, are chosen such that C, has the expected boundary:

F

Fo

(4.1) {)\a =R lcosa = (sinoz)ﬁ cos

fo = sina — Aqd(Ry).

The hypersurface C, has free boundary because of the choice of R,. Thus, for any a € [0, §),
there is exactly one rotational exterior free boundary minimal hypersurface: C, for o # 0 and
Co={z=0}\B for a =0.

Therefore C, is an exterior free boundary minimal catenoidal hypersurface and any connected
exterior free boundary minimal catenoidal hypersurface is the image of some C, by a linear
isometry of R"+1,

Ca

0B

FiGURE 2. Catenoidal hypersurface C,, a = 0.92

Observe that

n—2 1
(4.2) JaMa = (sina) nT ( 1 cos® a — sin® a) .

Let «,, = arctan( \/7%) It follows that, on [0, ayn], Ay is increasing from 0 to A,, and, on
[@n,5), Ao is decreasing up to 0. Moreover, C, converges to the hyperplane {z = 1} as a goes
to Z.

2

The stability properties of C, is described by the following result, whose proof is inspired by
the computation of the index of catenoids in R"*! by L.-F. Tam and D. Zhou [18].

Proposition 5. There exists a, € [an, 5) such that Cq is stable for o € [0, &), and Cq has
index 1 for o € (o, 5).
Actually, ao = g = T and & > ay for n > 2.

Proof. We first study some preliminary stability properties of C,. Notice that C, is a graph
over part of R™. Therefore C, is stable as a graph with fixed boundary: the stability operator
is nonnegative for any test functions that vanish on 9C,.

Let us consider on R™ coordinates (z,Y) € R x R""L. Let K(z,Y,2) = (—z,0,7) be the
Killing vector field generating rotations around {z = 0, z = 0} in R**!1. Then the scalar product
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k = (K, N) defines on C, a solution to (2.3). The boundary condition comes from the fact that
K is tangent to OB. Actually, one can compute k in the (r,p) coordinates. By (4.1), we have

e (Cad(r) + 1) () + Aar) P,

1+ (¢/(r))?

where p, is the 2 coordinate of p € S"~! C R x R"~!. Observe that, by (4.1),

(Aa®(r) 4+ 1a) @' (1) + Aar > (Mad(Ra) + ta)@' (1) + AaRa
=sina ¢'(r) + cosa > 0.

Hence k£ has constant sign when p, has constant sign. This implies that the half catenoidal
hypersurfaces C, N {£x > 0} are stable.

Let us now study the global stability of C,. We have a one-parameter family {C, } of catenoidal
hypersurfaces. Therefore the derivative with respect to a gives a deformation field whose scalar
product with the unit normal to C, is a function w which solves (2.3). In the F,, parametrization
and for the upward pointing unit normal, u can be computed as

"= W(—wm’m + Oadad(r) + Outta)-

So u depends only on 7 and is equal to 1 on 0C,, i.e. at r = R,. In order to study the sign of
u close to r = +00, let us have a look on A,. By (4.2), we have

9 cos « (sinoz)_%?fil3 (n? +n —2)sin®a+ (n — 2) cos? a)
P2hy = — = <0.

Thus 9.\, is decreasing.
If n = 2, we have lim, | ¢(r) = +o00. Then, for a # as = F, we have lim, , {u = Fo0
depending on sign(dyAq): close to r = +00, u is positive for a < ag and negative for a > ao.
If n > 2, we have lim,_, 1 ¢(r) < +00 and, by (4.1),
D = Oadiec Oatar I 0(r)
n

= T cosa + OaAa <TEIEOO¢(T) - ¢(Roc)) :

n —

This limit is positive when o < «,,. Moreover, when a > a,,, the limit is decreasing with o and
us

negative for a close to 5. Then there exists &, > a,, such that the limit is positive for a < a,
and negative for a > a,,.

Thus, for a < a,, u is positive on dC, and close to the infinity. Therefore, if u changes sign
on Cq, {u < 0} would be a precompact subdomain of C, with u = 0 on its boundary, but this
would contradict the stability of C, as a graph. Hence, for a < ay,, u is positive and then, by
Proposition 3, C, is stable. Cs,, is also stable as limit of stable minimal hypersurfaces.

When « > &y, u changes sign on C,. Thus there is A > R, such that « is nonnegative on
[Re, A] x S*~! and vanishes on {A} x S*~!. This implies that C, has index at least 1. We notice
that there is no value B > A such that u vanishes on {B} x S?~!. Indeed, this would contradict
that [A, +00) x S*~! is stable as a graph.

Let us now prove that, for o > ay,, C, has index 1. If it is not the case, then there is B > R,
such that the Jacobi operator has index at least 2 on [R,, B] x S"~!. Let us consider us the
eigenfunction associated to the second eigenvalue Ao < 0 on Cyo(B) = Fy([Ra, B] % SP1): wg is
a solution to

Aug + || B||?uz = —Xauz on Cy(B),
O,ug +us =0 on 0C,,
ug =0 onr=BhB.

We are going to prove that ug depends only on the r variable. As above, let us consider (z,Y)
coordinates on R™ and let S be the symmetry of R"™! with respect to {x = 0}. Cu(B) is
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invariant by S and then we can consider on it the function v defined by v(p) = ua(p) —u2(S(p)).
v is then a solution to

Av + ||B|]?v = —X2v on Cu(B),

ov+v=0 on 0C,,

v=20 onr=BhB.
Moreover, we have v = 0 on Co(B) N {x = 0}. If v # 0, this implies that C,(B) N {z > 0}
is unstable since A9 < 0, which contradicts the stability of C, N {z > 0}. So v = 0 and uy
is invariant by S. Changing the choice of the = coordinate, we obtain that wgy is invariant by
isometries fixing the z-axis and then depends only on 7.

As ug is associated to the second eigenvalue, uy must change sign. Then there is C' € (R,, B)

such that ug = 0 on {r = C'}. As Ay < 0, this implies that {C < r < B} is unstable, which
contradicts the stability of C, as a graph. Hence C, has index 1 for a > a@,,. O

Ezample 6. Consider the universal cover of C, for n = 2:

g . [Baytoo) xR — Co CR3
ar (r,0) = Aa(rcosf,rsind, ¢(r)) + paes
Straightforward computations give that the area element and the Gaussian curvature of F, are

given by
dpto = N2r(1 + (¢)%)% drdf,
¢/¢Il

Re=Sz,0+ @

Therefore,

! 1
Kodpta = —2%_ardo = —#.
(1+(¢)?)> revre—1

Thus, the total curvature of C, is given by

2/27r </+OO dr ) o =4 /+Oo dr 4m(1 — cos @)
_— =47 ——— = 47(1 — cosa),
0 Ro 12Vr?2-—1 o T2V/r?2—1

while the total curvature of its universal cover is infinite. For a0 < 7%, this example shows

that when the boundary is not compact, even if the stability operator is nonnegative, the total
curvature can be infinite.

5. CLASSIFICATION OF ONE-ENDED EXAMPLES

This section is devoted to the proof of Theorem 2. The idea of the proof is based on a
symmetrization procedure as in Schoen’s paper [14].

After a rotation, we can assume that the end of X is the graph of a function f over the outside
of a compact set with the following asymptotic:

f(X)=Am|X|+B+O(X|™") ifn=2,
with A >0 and, if A=0, B> 0, and
f(X)=B+AX|""D L o(x|"" V) ifn > 2,
with B > 0.

The first step consists in proving that either X = {z=0}\B=Cpor A >0and ¥ C {2z > ¢}
for some € > 0.

Observe that 0¥ C {z > —2} and ¥\ K C {z > —2} for some compact set K C R"!. Then,
by the maximum principle, ¥ C {z > —2}. In fact, for each ¢t < 0, we have ¥\ K C {z >t} (for
a possibly different compact set K'). Therefore, if ¥N{z < 0} # &, we can start from ¢ = —2 and
let ¢ < 0 increase up to finding a first contact point in ¥ N {z = ¢y} for some ty < 0. We notice
that, since ¥ is free boundary, the first contact point cannot be at 9%. Then the maximum

principle can be applied at the first contact point in order to guarantee that ¥ = {z = to} \ B,
which is not free boundary.
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This shows that ¥ C {z > 0}. Then either 0¥ C {z > 0} or 9% has a point in {z = 0} and
the boundary maximum principle can be applied so that ¥ = {z =0} \ B.
If 03 C {z > 0}, then we see that

- aZ/ZZ/ (P,€Z)>0.
) )

Since z is harmonic on X, using the asymptotic of f we obtain that

O</ 81/2/:/ (Vvez)
s(ix|=R) s(x|=R)
1 n—1 —1
_ /Sn_l <_(n ~2)Am R+ O(R )> do
= —(n—2)[S" YA+ o(1)

for n > 2. The same estimate gives that 0 < 2rA + o(1) for n = 2. Therefore, if n = 2, we have
A > 0 and this implies that f(X) > 1 for |X]| sufficiently large. If n > 2, we have A < 0 and,
since f > 0, this implies that B > 0 and f(X) > g for | X| sufficiently large. In any case, we
obtain that ¥ C {z > €} for small positive ¢ since there cannot be any first contact point with
{z =t} for 0 <t <e. This ends the first step.

We fix a (2,Y) coordinate system in R” = R x R"~!, We want to prove that ¥ is symmetric
with respect to {x = 0}. In order to do this, we are going to follow a symmetrization procedure.

Given 6 € [0, 5], let Tl be the hyperplane of equation —xsinf + zcosf = 0, Sy be the
symmetry with respect to Ilg, and ¥, = XN {—xsinf + zcosf < 0}. If B, is the ball centered
at the origin of radius p > 0, we notice that Sp(B,) = B,.

Lemma 7. Given 0 € [0, 3), there exists pg > 0 such that, outside B,,, Sp(¥,) is above X.
Moreover, pg can be chosen as an increasing function of 6.
Proof. In R?, let p = (acosa,asina) be a point with a > 0 and 0 < o < § and R; be the

rotation of angle t. If 0 < ¢ < 2(f — «), then the angle between pR; (p) and the vertical z-axis is
o — £ and then at most 6 (see Figure 3).

z

Ry(p)

D[+
VB
’B &

FIGURE 3. Angle between pRt(p; and the z-axis

Because of the asymptotic of X, the intersection ¥N0B,, can be parametrized by 0B,N{z = 0}
in the following way: there is a function g such that

208, = {((1 - L0V X. (X)) X 08,01 = 0}

where ¢ satisfies
g(X)=Al|X|+B+O(X|™) ifn=2
9(X) =B+ AIX|~"2 L o(|x|""" Yy ifn > 2,
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and
(5.1) dg(X)(V) = 0(1X[?)|V|
for any vector V' tangent to 0B .

In the (z,Y, ) coordinates, we can extend the rotation R; to R"*! by fixing the Y coordinates.
Let p be large and P € X, NJB,. We can write P = ((1—%)1/2)(, g(X)) for some X = (z,Y).
Then Syp(P) is above X if R;(P) does not meet ¥ for 0 < t < 2(f — «), where 0 < a < 6 is such
that

2
X
(1- g’)((P))l/zx,g(X)) = a(cos a, sin @)
for some a > 0 (see Figure 4). In particular, Sp(P) = Rap_qo)(P). We notice that R;(P) belongs
to 0B,. Then, if Ri(P) € ¥, we must have

2 l
Ri(P) = (1 = S 2K g(X)

for some X’ € 0B, N {z = 0}.

o8,

FIGURE 4. Configuration if Sp(P) is not above X

As a consequence, by integrating (5.1) along 0B, N {z = 0}, we have

B B 2X 2X/
900) — 9] £ X - x| < 2= ey - - E0 |

This implies that PRt(P; makes an angle less than C”p~2 with the horizontal plane {z = 0}.
Therefore, if pg is chosen such that this angle is less than 5 — 6, we obtain a contradiction with
Ri(P) € ¥ and the lemma is proved. O

We are now ready to finish the proof of Theorem 2. Let
™ -\ -
T={0€e]o, 5];55(2/3) is above X for all 3 € [0,0]}.

Since ¥ C {z > 0}, we may choose fp > 0 small enough such that ¥, C R\ By, By
Lemma 7, we have [0,00] C T. The set T is then a closed interval of the form [0, 6;]. Let us
notice that when we symmetrize with respect to Iy, the image of a point on 9B, stays on 0B,
so that points in 9% cannot be sent to interior points of ¥ and interior points of ¥ cannot be
sent to 0.

Then, if 61 < 5, by Lemma 7, there is a point P € X, such that one of the following occurs:

o P ¢1ly, Sp (P) € X and Sp,(¥y,) is on one side of X.
e P €1ly,, ¥ is orthogonal to Ily, at P and Sp, (¥, ) is on one side of .
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In the first case, if P ¢ 9%, then maximum principle gives that ¥ is symmetric with respect
to Ily,. If P € 9%, then, by free boundary hypothesis, ¥ and Sp, (¥, ) are normal to 9B and
thus tangent, since 591(29_1) is on one side of . As a consequence, the boundary maximum
principle implies that ¥ is symmetric with respect to Ily, .

In the second case, if P ¢ 0%, the boundary maximum principle implies that 3 is symmetric
with respect to Ilp, . If P € 9%, then as Sy, (3, ) is on one side of ¥, we can locally parametrize 3
and Sp, (3, ) over a quarter of the tangent plane Tp by two functions v and v such that u < v,
u(P) = v(P), and Vu(P) = Vu(P). Moreover, at P, the tangent vector P is an eigenvector
of the second fundamental form of ¥ (see (2.1)). Thus the Hessian of w and v at P coincide.
So, applying Serrin’s corner maximum principle [15] to v — u, we obtain that u = v and ¥ is
symmetric with respect to Ilp, .

In any case, we obtain that Ilp, is a plane of symmetry of 3, which is not possible by Lemma 7.
This gives that 61 = 5. Then Sy /(X N {z > 0}) is above X. The same argument gives that
Sr2(XN{z <0}) is above ¥. As a consequence, ¥ is symmetric with respect to {x = 0}.

By changing the coordinate system, we obtain that X is symmetric with respect to any vertical
hyperplane passing through the origin and then invariant by rotation around the vertical z-axis:
3} is a catenoidal surface.

APPENDIX A. HARNACK INEQUALITY

In this paper, we are considering solutions u to some elliptic equations on > under the Robin
boundary condition d,u + u = 0. Elliptic regularity theory for this condition can be found
in [11, Theorem 2.4.2.6]. Besides, one can also remark that, if d is a smooth function on
¥ with d,d = 1 (for example —d could be the distance function to %) and v = e%u, then
ov = (&,d)edu + e%9,u = 0 and v solves some elliptic equation. So results for Neumann
boundary data can be translated to the Robin boundary condition.

In the proof of Proposition 3, we use a Harnack inequality up to the boundary that can be
derived from the following one.

Proposition 8. Let ¥ be a Riemannian manifold with compact boundary and u be a positive
solution to

du=0 on 0%,

where X 1is smooth vectorfield and q a smooth function. Then, given a compact domain U C X,
there exists a constant C > 0 (not depending on u) such that, for any p,q € U, we have

{Au—i—(X,Vu) +qu=0 on,

u(q)

No such statement seems to appear in the literature. Similar results appear in [4, 20], however
they are not directly applicable here because of certain hypotheses.

ulp) -

Proof. In order to prove such an estimate, it is enough to prove an upper bound on |V Inwu|. Let
v = Inu. We have

Au  |Vul?
Al Av=— — = —q— (X, Vv) — |Vu|?.
(A1) ” = q—( ) — [V
Now, let w = |Vv|? and consider a nonnegative function ¢ with compact support such that

¢ =1on 9% and ¢ > 1 on U. Let consider p a point of maximum of ¢w. We notice that
o,v =0, so Vv is tangent to 0X. Thus

Oy (pw) = wd, ¢ + 2¢(V, Vv, Vo)
= wdy¢ + 26(Vyy,Vu,v)
= wdyd + 2¢Bax(Vv, Vo)
<w(0y¢ + 2H),
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where Byy is the second fundamental form of 0% and H is an upper bound for the principal
curvatures of 0¥. So, choosing ¢ such that 9,¢+2H < 0, we can ensure that d,(¢w) is negative.
Thus the maximum cannot be on the boundary of . Let us compute A(¢w) by using Bochner
formula:

A(gw) = wA¢ +2(Ve, Vw) + oA (Vo)
= wAG +2(Ve, V) + 26 | (Vv, VAv) + V2] + Rie(Vo, Vo)|
> w(Ad — 2K ¢) + 2(V, Vw) + 2¢0|V2v|? + 2¢(Vv, V(—q — (X, Vv) — w)),
where —K is a lower bound on the Ricci tensor. We also have
(Vu,V(X,Vv)) = (Vv X, Vo) + (X, Vy, Vo)
< Kw+ (Vv,Vx Vo)
= Kw+ é(X, Vuw),
where K is also chosen to be an upper bound for the tensor (V.X, ).
At p, we have 0 = wV¢ + ¢Vw, that is, Vw = —w%ﬁb. Thus
Alpw) > w(Ap — 4K ¢) + 20|V0|* — 2¢(Vv, Vg)

- QMU) +w(X, Vo) + 2w(Vu, Vo).

At p, A(pw) < 0, and so

Vo[

(A.2) 0> 20|V0)? + w(Ap — 4K $ — 2 + (X, V) — 2|Vo|w’? — 2¢|Vg|w'/?.

We have |V2v| > ﬁ\Av[. Then, by (A.1), we have

1 1
V202 > g|Av|2 = ﬁ(w2 — aw’? — bw — cw'/? — d)

for some constants a, b, ¢ and d which depend only on X and ¢. Thus, combining with (A.2)
and multiplying by ¢(p), we obtain at p,

0> 2 (gw)* — A(gw)¥? ~ B(sw) — C(gu)"* - D

for some constants A, B, C' and D which depend only on K, X, ¢ and ¢. This implies that
o(p)w(p) < M for some constant M = M (A, B,C, D) and thus w(q) < M for q € U, since ¢ > 1
on U. 0

As a consequence, we have the following Harnack inequality for the Robin boundary condition.

Proposition 9. Let ¥ be a Riemannian manifold with compact boundary and u be a positive
solution to

Au+qu=0 on?3,

ou+u=0 on 0%,
where q is a smooth function. Then, given a compact domain U C X, there exists a constant
C > 0 (not depending on u) such that, for any p,q € U, we have

Up) ¢

u(q)

Proof. As explained above, let d be a smooth function on ¥ such that 8,d = 1 and v = e%u. We
then have 9,v = (9,d)eu + ed,u = 0. We also have

Av = el (u|Vd|* + uAd + 2(Vu, Vd) + dAu)
= 2(Vu, Vd) + (Ad — |Vd|? — dq)v.

So the above proposition applies to v and gives the expected result for u. O
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