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Abstract Let F; be a finite field of order ¢ = p™ where p is an odd prime. This paper presents
the study of self-dual and LCD double circulant codes over a class of finite commutative non-chain
rings R, = F,+uF,+u?F,+ - +u?"'F, where u? = u. Here, the whole contribution is two-folded.
Firstly, we enumerate self-dual and LCD double circulant codes of length 2n over R, where n is
an odd integer. Then by considering a dual-preserving Gray map ¢, we show that Gray images of
such codes are asymptotically good. Secondly, we investigate the algebraic structure of 1-generator
quasi-cyclic (QC) codes over R, for ¢ = 3. In that context, we present their generator polynomials
along with their minimal generating sets and minimum distance bounds. Here, it is proved that
¢(C) is an s¢-QC code of length ng over Fy if C' is an s-QC code of length n over R,.

Keywords Double circulant code - LCD code - Self-dual code - Gray map - Quasi-cyclic code
Mathematics Subject Classification (2000) 94B05 - 94B15 - 94B35 - 94B60

1 Introduction

Self-dual double circulant codes over finite fields have remained worthy of study for more than
three decades [34]. Recently, their enumeration and asymptotic performance over finite fields have
been presented in [2]. However, there is a scope to extend this study over finite commutative rings
where —1 is a square. Towards this end, the Chinese Remainder Theorem (CRT) approach, which
was introduced in [18] for quasi-cyclic codes, can be employed.

On the other hand, a special kind of linear code, namely, linear complementary dual (shortly,
LCD), was introduced in 1992 [23]. They have defined LCD codes as linear codes having trivial
intersections with their dual. These codes play an important role in preventing side-channel attacks
(SCA), fault-injection attacks (FIA) in embarked cryptosystems [5], and in multi-secret sharing
schemes [26]. These codes are worth studying over different alphabets (finite fields and rings) [16,
17,20,21]. In the last three years, both self-dual and LCD double circulant codes experienced
intense attention over finite commutative rings, like Z, (p is prime) in [13], Z4 in [29], and Galois
rings in [30]. In 2020, self-dual and LCD double circulant and double negacirculant codes over the
non-chain ring F, + uF,, where u? = u are studied in [28]. The enumeration and performance of
such codes have explicitly been presented there.Further, these codes are investigated over another
non-chain rings F, + vF, + v?F,, v3 = v in [37] and F,[v]/(v?* — 1) in [36]. Recently, we [35]
investigated self-dual and LCD double circulant and double negacirculant codes over F,+ulF, +vF,
where u? = u,v? = v,uv = vu = 0. In continuation, here we consider a class of non-chain rings
Ry =F, 4+ ulF, + uqu + -4 uq_lFm u? = u of size ¢9, where ¢ = p™ and p is an odd prime.
The ring R, has a special interest and was explored in several studies [8,9]. This paper enumerates
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both self-dual and LCD double circulant codes over R,. In addition, using a Gray map ¢ which
carries self-dual (resp. LCD) codes over R, to self-dual (resp. LCD) codes over Fy, we show that
the Gray images of such codes constitute an asymptotically good family of codes.

In the second part of the paper, we investigate 1-generator quasi-cyclic (QC) codes over R,
for ¢ = 3. It is well known that quasi-cyclic code is one of the most remarkable and studied
generalizations of cyclic codes and hence consists of several record-breaking codes [11,12]. By
using the Chinese Remainder Theorem (CRT) approach, Ling and Solé investigated the algebraic
structure of these codes over finite fields [18], and over chain rings [19], respectively. Further, when
a quasi-cyclic code is generated by a single element as a module over some auxiliary ring, then it
is called a 1-generator quasi-cyclic code. Such codes have been studied in several series of papers
[4,6,7,25,27,33]. Here, we obtain the algebraic structure of 1-generator quasi-cyclic codes over Rj
by using their generators and minimal spanning sets. In short, three major contributions of the
paper are:

1. The paper enumerates both self-dual (Theorem 4) and LCD (Theorem 5) double circulant codes
over R, of length 2n where n is an odd integer.

2. It contains asymptotically good families of codes (Theorem 6).

3. It also presents the algebraic structure of 1-generator quasi-cyclic codes of length n over R, for
q = 3 (Section 6). Further, it is proved that the Gray image of an s-QC code of length n is an
5¢-QC code of length ng over F, (Theorem 7).

The presentation of this paper is as follows: Section 2 recalls basic facts and definitions of the
ring R, and double circulant codes. Section 3 enumerates double circulant self-dual codes of length
2n. In section 4, we discuss the asymptotic results for the families of LCD and self-dual double
circulant codes. Next, section 5 contains numerical examples of double circulant LCD codes over
R3. Section 6 focuses on 1-generator codes, while section 7 concludes the paper.

2 Preliminary

Let R, = F, +uF, +u?F, + - +u?'F,, u? = u. Thus, following [8,9], R, is a finite commutative
non-chain semi-local ring with unity. Also, the ring R, is isomorphic to the ambient ring F, [u]/(u?—
u), and every element r € R, has a representation r = ag + ua; + -+ + ag_1u?" ! where a; € F,
for 0 <4 < g—1. Let o be a primitive element of F, and

m= 1- uqil,
1
N2 = 1(u+u2+---+uq72+uq*1),
q—
1
N3 = ﬁ(au +au? 4l ),
q—
1
Ny = 71(a2u + (@®)?u? 4 -+ + ()1 2ud72 ),
q—
1
Ng = —l(aq”u + (17220 4 - (a0 )20 g0,
q—

q

Then it is checked that nZ = n;,mn; = 0 for i # j,1 < 4,5 < g and Y n; = 1. In other words,
i=1

{n: : 1 < i < g} is a set of pairwise orthogonal idempotent elements. Therefore, by using the

Chinese Remainder Theorem, we have R, = @gzl n;F4. Consequently, every element r € R, can

be expressed uniquely as r = zq: 1,73, where r; € F, for all . Moreover, r € R, is a unit if and
only if 7; is a unit in F, for 1 SZ i1§ q.

Now, we recall that a non-empty subset C' of Ry is said to be a linear code of length n over R,
if it is an Rg-submodule of Ry and elements of C' are called codewords. For any two vectors x =
(1,22, .., 2n),y = (Y1,Y2, - - -, Yn), the Buclidean inner product is defined by -y = > | z;y;.
In this way, the Euclidean dual of a linear code C is given by C*+ = {z € Ry :z-y =0, for all
y € C}. In addition, C is said to be self-dual if C = C*, self-orthogonal if C C C+ and linear
complementary dual (shortly, LCD) if C N C+ = {0}. It has been shown in [19] that a double
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circulant self-dual code over a commutative ring can only exist if a square root of —1 exists in that
ring. The following theorem provides the conditions for the existence of the square root of —1 in
the ring R,.

Theorem 1 In the ring Ry with characteristic p, i.e., ¢ = p° for s > 1, a square root of —1 exists
if and only if one of the following cases occurs:

1. p=2,

(mod 4), and s is even
(mod 4)

to o
_ W

Proof We already have that an square root of —1 exists in [ if and only if any one of the above
cases occurs (see [19]). Therefore, if any one of the above cases occurs then an square root of —1
exists in R, (since F, C Ry). Converbely, assume that T = El 1 MiTi, where r; € Fy for all 4, be an
square root of —1in Rq7 i.e., 7> = —1 or equivalently > + 1 = 0. Then

r2+1:1+771Tf+772r§+~-~+77ﬂ"§=771(1+T%)+772(1+7"§)+"'+77q(1+7‘§):0

if and only if r? = —1 for all i. That is, an square root of —1 exists in F,. Therefore, ¢ is any one
of the form given in above three cases. a

For a linear code C' of length n over R, we define

q
C1 = {y1 € Fy| there exists y;(i # 1) € F} such that Zymi e C},
i=1

q
Cy = {y2 € Fy| there exists y;(i # 2) € F} such that Zymi e C},

q
Cy = {y, € Fy| there exists y;(i # q) € Fy such that Zymi e C}.

=1

q
Then C; is a linear code of length n over F, for 1 <i < g and C = @ n,C;
i=1

q
Proposition 1 Let C = @ n;,C; be a linear code of length n, where C; is a linear code of length n
i=1

over F, for 1 <i <gq. Then C+ = @ n:C-. Moreover, C is self-dual if and only if C; is self-dual

for1<i<g.
Proof Same as the proof of [[15], Theorem 3.5]. O

Again, we recall a linear code C is said to be a cyclic code if for any codeword (co, ¢1,...,¢n-1) € C,
we have (¢,—1,¢,...,cn—2) € C. In addition, a cyclic code C can be described as an ideal of the
ring R,[z]/{z™ — 1) by the correspondence (cg,c1,...,¢cn1) € C+—>co+ 10+ +cp12™" b €
Ry[x]/(z™ — 1). Here, the structural properties of cyclic codes over R, are already available in the
literature [8] and we enlist them in the next result.

Theorem 2 Let C = @mC’ be a linear code of length n over R,. Then C is cyclic if and

only if C; is a cyclic code for 1 < i < q. Further, C is principally generated by a polynomial

g9(x) = mor(x) + n2ga(x) + - - +1494(), a factor of x™ — 1, where g;(x) is the generator of C; for
1<1<qg.

Now, we define a Gray map ¢ : R, — F by ¢(r) = (r1,72,...,74) where r = S miri € Ry.
Then ¢ is an Fy-linear bijective map and can be extended to Rj componentwise. The Lee weight
of z € Ry is defined as wr(z) = wy(¢(r)) and the Lee distance between x,y € Ry is dp(v,y) =
dy(o(x), d(y)), where wy,dy are Hamming weight and distance in F?9, respectively. Therefore,
¢ Ry — Fy? is a distance preserving linear map.

q
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Lemma 1 Let C be a linear code of length n over R,. Then ¢(C+) = ¢(C)*t and ¢(C N CL) =
$(C)NG(C)*.

Proof By the definition of Gray map ¢, it is easily followed. O
In the light of Lemma 1, we immediately get the following result.

Theorem 3 Let C be a linear code of length n over R,. Then C' is a self-dual (resp. LCD) code
if and only if (C) is a self-dual (resp. LCD) code of length ng over F,.

Now, we define the norm function Norm : Fg» — Fy by

n

—1
Norm(a) = a7, forac Fyn.

It is a multiplicative, surjective function with Norm(0) = 0 and every non-zero element of F, is

a norm of exactly q;:ll elements in Fyn (see [24, Theorem 2.28]). We will use Norm to find the

number of solutions of certain algebraic equations. Recall that a double circulant code is a linear
code having a generator matrix of the form

G=(I,A)

where A is a circulant matrix (i.e., the matrix whose rows can be obtained by successive circular
shifts of the first row). For a family C,) of codes over F, with parameters [n, k,,, d,], the rate p

and relative distance 6 are defined as p = lim sup ’j—: and § = limsup %". We say that this family
o0

n— n—oo
of codes is good if pd # 0. Further, we recall the entropy function from [14] defined as

H,(z) 0, ifx=0
T) =
a rlog,(q —1) — zlog,(z) — (1 — x)log,(1 — ), if0<x§1—%

and we will use it to show that the Gray images of family of self-dual (resp. LCD) double circulant
codes over R, are good in subsequent portion.

3 Enumeration of double circulant codes

Let n be an odd integer and factorization of ™ — 1 into distinct irreducible factors over R, be
given by

S

2"~ 1=a(a =) [[ 0:0) [[ by @t a),

i—o

where a € R (set of units in R;), gi(z) are self-reciprocal polynomials of even degree 2e; and
h(x) are reciprocal polynomials of h;(x) with deg(h;(z)) = d;, for 2 <i < s and 1 < j <t. Now,
by the Chinese Remainder Theorem, we have

ey 2 e (eegy) o (- (g @ (éq([j;))

gRq & (@fzzRqui) D (@,tj:lR‘Ldj D Rq7dj) ’

where Ry, = Fyr + uFyr + u?Fgr + -+ + w9 'Fyr, u? = u for r = 2e; or dj. From the natural
extension of the above decomposition, we have

Rylz] \* o o s 2 t 2 2
() = R0 (0 (Ra)) © (051 (e & (R, ).

Rq[z]
G —1)

Following this, any linear code C' of length 2 over can be decomposed as

where C is a linear code of length 2 over R, C; is a linear code of length 2 over Ry o,, for 2 <¢ <s
and C’;-, C’J'»' are linear codes of length 2 over Ry 4;, for 1 < j <t. The following lemma is useful to
enumerate self-dual and LCD double circulant codes over R,.
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Lemma 2 Let C be a double circulant code of length 2n over Ry given in the CRT decomposition
(1) with oy = (1,¢¢,),; = (l,cei),a; = (l,c:ij),oz;’ = (1,c:i/j) be generators of the constituent
codes Cy, C; over Ry, Ry 2., and C'J,-, C;-, over Ry q;, respectively, for 2 <i <s, 1< j<t. Then

1"

(1) C is a self-dual code if and only if 1 +¢2 =0, 1+ Céj‘qei =0and 1+ c;lj cq, = 0.
(2) C is a Buclidean LCD code if and only if 1+-¢Z, € R, 1+t e R} 5., and 1+c/dj c;j ER;,, -

Proof The proof is similar to [28, Lemma 3.1]. O

Now, by using Lemma 2, we count self-dual and LCD double circulant codes over R, in Theorem
4 and Theorem 5, respectively.

Theorem 4 Let n be an odd integer and the factorisation of x™ — 1 over R, be

S

where a € Ry andn=147_,2e; +2 22:1 dj. Then there are

s t

2/ TJ(a + 1) [T(a® — 1)

i=2 j=1
self-dual double circulant codes of length 2n over R,.

Proof To obtain the total number of self-dual double circulant codes, we count the constituent
codes. Let c., € Ry. Then c.;, = aim1 +azn2 + - - -+ aqng for some a; € Fy, 1 <4 < ¢. From Lemma
2, for the first constituent code Cy, we need to find choices for ¢., € R, such that 1+ ¢2 = 0.
Consider

L4cg =l+aim+-Fagng = (L+a)m+ (1+az)me + -+ (1+ag)ng =0,

if and only if 1 4+ af =0 for 1 < i < q. So there are 2 choices (+w, where w?=-1 ) for each a;.
Therefore, we have 29 choices for c., and hence for Cj.

For the second constituent code, we have to find choices for c.;, € R 2¢, such that 14c., cg:i =0
where i is fixed. Let ce, = a1m1 + agana + -+ + agny for some a; € Fpee;, 1 < j < g. Then

Ttee,cd =1+af T+ +al lpg =1 +al T+ 4+ (1 +al g =0,

i

if and only if a?elﬂ = —1,1e., Norm(a;) = —1 for 1 < j < q. There are ¢° + 1 solutions for each
Norm(a;) = —1, 1 < j < q. Thus, there are (¢ + 1)? choices for c,.

In order to count the dual pairs (w.r.t. Euclidean inner product) of codes for fixed j, we
have to find the choices for the pairs {c:ij,cdj "} in Ry q; such that 1+ c:ij c;j = 0. Let c;lj =

a1 + asna + -+ + agng for some a; € ]quj, 1 < ¢ < q. Then, for cgj = by + bang + -+ bgng
where b; € quj7 1 <1 < ¢q, we have

1+ c:ijc/d/j =1+ aibi)m + A +agba)nz+---+ (1 +agby)n, =0,

if and only if 1 +a;b; =0, forall 1 <i < gq. If a; € F;d] for 1 < i < ¢, then we have a unique
choice b; = —(%, and if a; = 0, then we get 1 = 0, a contradiction. Therefore, a; € dej for each

1 < i < q and corresponding to each a; there is a unique choice for b;. Hence, there are (¢% — 1)¢
choices for the dual pairs. Now, combining all the above cases, we get the desired result. ad

Theorem 5 We assume the condition of Theorem 4. Then the total number of LCD double cir-
culant codes of length 2n over R, is

S

(-2 T =g = 1) T[(a% + (¢% — 1)*)".

i=2 =1
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Proof As for the self-dual codes, the total number of LCD double circulant codes can be obtained
by counting the constituent codes. For C;, we need to find the choices for c., € R, such that
1+ czl € R;. If c., € Ry, then co; = aym + agn2 + - -+ + aqng for some a; € Fy, 1 < i < q. Now,

1+c2 =1+aim+-+aln,=0+a)m+(L+a})n+- -+ 1+al)n, € R,

if and only if 1+ a? # 0, for all 1 <4 < g. That is, there are ¢ — 2 choices for each a; (# fw, where
w? = —1). Therefore, we have (q — 2)7 choices for c,, .

For a fixed 2 < i < s, to count second constituent codes C;, we need to find choices for
Ce; € Ry 2e, such that 1+ céjqﬁi € Ry o, If cc, € Ry 2c,, then c.; = a1m + agnz + -+ + agny, for
some a; € Fp2e;, 1 < 7 < q. Now,

Lelte =1 4a g 4 4 i, = (14 a Y (1 att " g € R 5,

if and only if 1 + a;+qei #0, for all 1 < j < q. That is, there are ¢** — ¢ — 1 choices for each a;,

qei+1 2e;
] / 1 ’ 17

Now, for a fixed 1 < j <, to count dual pairs {C},C; }, we need to find choices for Cq;0Ca; €

as we have ¢ + 1 solutions for 1+ a = 0. Therefore, we have (¢*¢* — g% — 1) choices for c,,.
Ry q; such that 1+ c;ljcgj € Ry, It c/dj € Ry 4, then cldj = ayn + agna + - + agn,, for some

a; € quj, 1 <4 < ¢q. Now, for any c;j =bim + bang + - -+ 4 byng where b; € Iquj, 1 <1< q, we
have

L+ ey cq = (1+arb)m + (1+azba)i + - + (1+ aghg)ng € RS 4,
if and only if 14 a;b; # 0, for all 1 < ¢ < g. We have the following possibilities for each a;, 1 <i < ¢
— If a; =0, then 1+ a;b; =1 # 0, for each b; € quj. Therefore, there are ¢% choices for b;.
—If a; € F;dj, then 1 + a;b; # 0 implies that b; # —a%_ and we have ¢% — 1 choices for b;

corresponding to the given a;. In this case, there are ¢% — 1 choices for a;, so we have (¢% — 1)2
choices for the pair {a;, b;} such that 1+ a;b; # 0.

Combining the above two possibilities, we have (¢% + (¢% —1)2)4 choices for the pairs {c:ij , c;j} in

R 4, and hence for {CJ/-, C']/-,}. Now, from all the above discussion, we obtain the desired result. O

4 Distance bounds

Let n be an odd prime and ¢ be a power of an odd prime such that it is a primitive root (mod n).
Then the factorization of 2™ — 1 into distinct irreducible factors over R, is as follows:

" —1l=(x—-1)1+z+ - +2"") = (z—1)h(z), (2)

where h(z) = 1+ 2 +--- 4+ 2" ! is an irreducible polynomial over R,. Hence, by the Chinese
Remainder Theorem (CRT), we know that

Ry[z] ~ Rylz] @ R

(@n —1)  (z—1) = (h(z))
~R,®R,

n-1, u? = u. We denote R = Hglal Any

where R = Fon1 + uFgn-1 + U2]Fqn—1 + -4+ uq’llﬁ‘q @)
non-zero codeword of a cyclic code of length n is said to be a constant vector if it is generated by
h(x). Now, we provide two lemmas which will be used to prove the main result related to distance

bound (Theorem 6).

Lemma 3 For any non-zero vector z = (e, f) € Rﬁ” such that e is not a constant vector, there
are at most g™V double circulant codes C, = (1,a) over R, such that z € C,.

Proof Using the CRT decomposition, we can write z = (e1, f1)®(ea, f2). Since z € C,, we have f =
ea, fi = e1a; and fy = egag, where ey, f1,a1 € Ry and ey, fa,a2 € R. Let ay = rimi+rang+- - -47rg0q
and ap = s1m1 + S2m2 + -+ - + 547, for some r; € Fy and s5; € Fyn-1, 1 <4 < q. Firstly, we discuss
the choices for a; through e;.
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If e1 € Ry, then ey = bimy +bana + - - - +bgng and f1 = B + Bana + - - - + Byng for some B, b; € Fy,
1 <i<gq. Now, f; = eja; implies that

Bim + Banz + - + Byng = r1bim + r2bana + -+ + rebynyg.

If b, = 0, then we have ¢ choices for r;, otherwise r; = %, i.e., a unique choice for r;. Therefore,
there are at most ¢ choices for each r; and hence at most ¢? choices for a;.

Now, we discuss the choices for as through es. The following cases arise:

— If e; = 0, then e is a constant vector, i.e., e =0 (mod h(x)) and we get a contradiction to the
choice of e.

— If 0 # ex € Ry, then eg = by + bana + -+ - + byng and fo = By + Panz + -+ - + Byng for some
Bi,bi € Fgn-1, 1 < i < qand b; # 0 for at least one i. Now, f = epas implies that

Bim + Pang + -+ ﬂqﬂq = 51011 + sabame + -+ - + quqnq~

If b; = 0, then we have ¢"~! choices for s;, otherwise s; = %, i.e., a unique choice for s;. Also,
not all b; are zero. Therefore, we can conclude that there are at most ¢! choices for each s;

and at most ¢(" D@1 choices for a,.

Combining both the cases (for a; and ay), we conclude that there are at most ¢™(?~1)+1 double
circulant codes C, which contains z. a

Lemma 4 For any non-zero vector z = (e, f) € Rg” such that e is not a constant vector, there
are at most 29(1 + q%)(q’l) self-dual double circulant codes C, = (1,a) such that z € C,.

Proof Using Theorem 4, we have at most ¢ choices for the first constituent code C; of Cj,.
Now, we discuss the choices for the second constituent code, i.e., choices for as through es. Let
ag = s11M1 + 272 + -+ + 847, for some s; € Fyn, 1 <i < g.

— If e; = 0, then e is a constant vector, i.e., e =0 (mod h(x)) and we get a contradiction to the
choice of e.

— If 0 # e2 € Ry, then eg = by + bana + -+ - + byng and fo = By + Panz + - - - + Byng for some
Bi,bi € Fgn—1, 1 < i < qand b; # 0 for at least one i. Now, f = ezas implies that

Bim + Banz + -+ Byng = s1bimy + sabang + - + S¢byng-

If b; = 0, then we have ¢"~! choices for s;, otherwise s; = %, i.e., a unique choice for s;. Also,

n—1 n—1

we have 1+ asas = 1+ azad =0 (since C, is self-dual). This implies that sing = -1,
i.e., Norm(s;) = —1 for 1 < i < g. Therefore, we have at most 1 + q%1 choices for each s; and
hence (14 ¢ )7~ choices for each as.

Combining these cases (for a; and as), we conclude that there are at most 29(1 4 q%)q_1 double
circulant codes C, which contains z. 0O

Using the Artin’s conjecture [22] for primitive roots, we have that for a fixed non-square ¢, there
are infinitely many primes n for which ™ — 1 factors into two irreducible polynomials given in
(2) (since ¢ is a primitive root modulo n). Therefore, we get an infinite family of double circulant
codes over R and the following result can be derived.

Theorem 6 Let q be a power of an odd prime, and § > 0 be given. Then there are families of
double circulant self-dual (resp. LCD) codes of length 2n over R, with code rate %, and with Gray
images of relative distance 0 as long as Hy(0) < ﬁ (resp. Hy(0) < 2%) Moreover, we conclude
that both of these families of codes are good.

Proof Let A, denote the size of the family. Then for large enough n (near infinity), by using
Theorem 4 and Theorem 5, A,, = 2’1q(n_21)q for self-dual and A,, = ¢"? for LCD double circulant
codes. Let B(d,) be the number of elements in R?]” whose image under ¢ have Hamming weight

less than d,,. We assume that the inequality

A, > apB(dy), (3)
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where a,, = 29(1 + q”gl )((’71) for self-dual and ¢"*(¢=D+1 for LCD codes, is satisfied. Therefore,
by Lemma 3 and Lemma 4, we conclude that in the family, there exist codes of length 2n over R,
whose images under ¢ have Hamming distance > d,,.

To enforce inequality (3) for large n, we make the following argument. We consider § as the relative
distance of the above family and assume that d,, is the largest such that A,, > a,,B(d,). Also, we
assume that the growth is of the form d,, = 2q(5n Then by [14, L(:mma 2.10.3], we get B(d,) is
approximately equal to ¢24"Ha(®) Tf H,(0) = for LCD, and = T; for self-dual codes, then

CInB(d ) ~ '71((1—1)+1q2q'n,H,,(0) nqg+1

o ~ g
=4q ~q
(n=1)(g=1) =n (n— I)J

a,B(d,) ~29(1 + "7 )@ Dg2mHa(®) & 994775 g% ~ 29¢

for LCD and self-dual codes, respectively. From this, we can see that if H,(J) < 2%1 for LCD, and
< 4%1 for self-dual codes, then inequality (3) holds for n large enough. O

5 Examples

In this section, we construct some examples of LCD double circulant codes over R, for ¢ = 3 to
validate our results.
Let G = (I, A) be the generator matrix of a double circulant code C over Ry = Fy + uF, +--- +
u?1F,,u? = u, where [ is the identity matrix of order n and A = Ay + uAy + -+ +u?" 4, for
n X n matrices A, Ag, ..., Aq over Fy. Then the generator matrix of ¢(C) is of order ng x 2ng
whose rows are ¢(G), ¢(uG), ..., d(ud"2G) and ¢(ui~1G), respectively.

In particular for ¢ = 3 here we exphcitly discuss its Gray map and generator matrix. In fact,
forg=3 we have gy =1 —u? = % +“,n3

a+bu+cu2:am+(a+b+c)772+(a—b+c)n3.

Therefore, the Gray map ¢ : R3 — 3 is defined by
dla+bu+ cu®) = (a,a+b+c,a—b+c).

Now, let C' be a double circulant code over Ry = F3 + uF3 + u?F3 with generator matrix of the
form G = (I, A), where I is the identity matrix of order n and A = A; + uAy + u?A3, for n x n
matrices Ay, As and Aj over F3. Then the generator matrix of ¢(C) is given by

I1 1T A A +Ay+As Ay +2A5+ A3
) P(G)
o(u’G)
011 0 A1 +Ay+ A3 A1 +2A5 + As

By using this generator matrix and the Magma computation system [3], we now construct some
LCD codes as Fs-images of double circulant codes of length 2n over Rz in Table 1. In second
to fourth columns we have provided polynomials a;(x), for i = 1,2, 3, respectively such that the
generator polynomial of C' over R3 is (1, a(x)) where a(x) = a1 (z) + uaz(z) + uas(x). Also, these
polynomials are given (in Table 1) by their coefficients in decreasing powers of z. For example,
1234 represents the polynomial 23 + 222 4 3z + 4.

3nx6n

Example 1 Take o = 2, a primitive element of IF5. Then n; = 1 —u*, 9y = w,ng =

ocu-i—oz u +a u +u [ u+u +o¢ U +u

1 = and 15 =
potent elements of R5 Also, an element r = a + bu + cu + du?® + eu
as

.« u—i—a U +au +u

are pairwise orthogonal idem-
4 € Rj can be written

r=am+(a+b+ct+d+e)n+(a+3b+4c+2d+e)ns+(a+4b+c+4d+e)na+(a+2b+4c+3d+e)ns
In that case, the Gray map ¢ : Rs — F2 is defined by
o(ry=(a,a+b+c+d+e,a+3b+4c+2d+e,a+4b+c+4d+e,a+2b+4c+ 3d+e).

Now, let C = (1,a(z)) be a double circulant code of length 2n over Rs, where a(x) = ai(x) +
uas(z) + u?az(r) + vdas(x) + utas(z). Then, ¢(C) is a [10n, 5n]- code over F5. Moreover, duality
is preserved under this map, i.e., the Gray image of self-dual (resp. LCD) code is a self-dual (resp.
LCD) code.
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Table 1: LCD codes from Gray images of double circulant codes of length 2n over R3

n ai1(z) az(x) as(x) ¢(C) (LCD)
1021112 1101200 21011211 [42,21,5]3
8 21121012 02120112 12100222 (48,24, 5]3
11 12101202112 12122221212 01222022111 (66, 33, 6]3
12 121012221120 202222100221 220222112012 [72, 36, 6]3
13 1210122011212 2122221002212 2222221120122 [78,39,7]3
14 12101220112122 21222210022122 22222211201222 [84,42,7]3
16 1210222021222022 2212202210201121 2022202221120102 196,48, 8]3
17 | 12121222211212220 | 02122022102021202 | 20222222211201002 [102,51,8]3

1. If n = 2, take a1(z) = 2z,a2(z) = v+ 2,a3(z) = 22 + 3, a4(x) = 4o and as(z) = = + 2, then
C' is a self-dual code and its Gray image ¢(C) is also a self-dual code over F5 with parameters
20,10, 2.

2. If n = 3, take a1(z) = 22 + 32 + 3,a2(z) = 2 + v+ 2,a3(x) =222 + v+ L,aq4(x) = 2? + 2+ 2
and as(z) = 222 + x + 1, then C is a self-dual code and its Gray image ¢(C) is also a self-dual
code over Fy with parameters [30, 15, 4].

6 1-generator quasi-cyclic (QC) codes

In the present section, we discuss the algebraic structure of 1-generator quasi-cyclic (QC) code over
R, for ¢ = 3. It is worth mentioning that 1-generator quasi-cyclic codes for ¢ = 2 are extensively
studied in [25]. They obtained their minimal spanning sets and binary Gray images. The 1-generator
QC codes over R, for any ¢ > 3 can be obtained but for the sake of calculation, here we restrict
to ¢ = 3. Now, we start our discussion with the definition of QC codes.

Definition 1 Let C be a linear code over R, of length n = sl and o be the cyclic shift operator
on Ry. Then C is said to be a quasi-cyclic (QC) code with index s (or s-QC code), if 0*(C) = C.
Evidently, if s = 1, then C' is a cyclic code.

Definition 2 A quasi-cyclic (QC) code over R, generated by a single element is called a 1-
generator quasi-cyclic code.

Note that any two polynomials p(x) and g(z) in R4[z] are said to be relatively prime if there
exist two polynomials mi(z), mz(x) € Ry[z] such that p(z)mi(x) 4+ ¢(x)ma(x) = 1. Based on this,
we provide a result which will be used to study 1-generator quasi-cyclic (QC) codes.

Lemma 5 [25, Lemma 2.4] Let C = (g(z)) be a cyclic code of length n over R, with generator
polynomial g(z). Then C = (g(x)f(x)) for any polynomial f(x) such that f(x) and ”C;(;)l are
relatively prime.

Theorem 7 Let C be an s-QC code of length n = sl over R,. Then ¢(C) is an sq-QC code of
length ng over F.

Proof Let C be an s-QC code over R, and v = (v11, V12, - - -, U1s, V21, V225 - - - , U2y - - - ; V1, Vi2, - - -, Uls) €
C, where v;; = ZZ:l nkrgf) for 1 <4 <1,1<j<s. Then o%(v) € C and
1) (2 1) (2 1) (2
o(v) :(T§1)77’§1)>---arg)a---77’§s)7r§3)>---;TEZ)aT§1)7T§1)7~-~>7”§(i)7---a
1) (2 1) (2 1) (2
ADAD e  w)
Therefore,
s 1) (2 1) (2 1) (2 1
a®1(p(v)) :(Tl(l),rl(l),...,rl(f),...,rl(s),rl(s),...,rl(g),rgl),r&),...,r%‘i),...,rgs),
(2) ( 1) 2) ( 1 (2 (a)
s ,...,1"1(;),...,Tl(_n,rl(_n,...,rlg)u,...,rl_)ls,rl_)ls,...,rlgls)
=A(Vi1, V12, - -+ Vlsy V11, V12, -+ + 3 Vlsy -+ V115 V=125 - - - Ul—1s)

=¢o°(v) € ¢(C).



10 O. Prakash et al.

Thus, ¢(C) is an sg-QC code of length ng over F,. O
Let C be an s-QC code of length n = sl over R,. Then we can define a one-one correspondence
I RZ — R;,l
by
F(vll7v127"')v157v217v227"'71]28)"'7Ul17vl27"'7vls):(vl(x)7v2(x)7"'7vs('r))7

where vj(z) = 22:1 vijz' " and Ry = g;’i%. It can be easily seen that an s-QC code of length

n = sl over R, corresponds to an Ry ;-submodule of Ry ;.

Theorem 8 Let C' be a 1-generator s-QC code of length n = sl over Rz = Fy + uF3 + u’F3,

where u® = wu. If C is generated by G(x) = (G1(x),Ga(x),...,Gs(x)) where G;(z) € Ry, =

Rg[w}/<:l:€ - 1>, then G;(z) € B; for some cyclic codes B; in Rs;, 1 < i < s and there exist

polynomials f;(x) € Rslx], rfj)(x) eFsfz], 1 <i<s,j=1,2,3 such that G;(z) = fi(:r)(m?"fl)(x)—l—
(2) (3)

nery” () +mari” (2))-

Proof Let C be a 1-generator s-QC code of length n = sl over R3 generated by G(x) = (G1(x), G2(x),
..,Gs(x)). Then I;(C) is a cyclic code where I is the i-th projection defined as I3 (G1(z), Ga(z),
..,Gs(x)) = Gi(x). Therefore, using Theorem 2 and Lemma 5 we get that a generator G;(z)

of I;(C) is of the form G;(z) = fi(a:)(mrgl)(x) + 7727“52) () + 7737“2(3) (x)) for some polynomials

fi(z) € Rs[a], rP(x) € Fslz], 1<i<s, j=1,2,3. 0

Note that G;(z) can also be written in the form G;(z) = a;(x)n1 + b;(x)n2 + ¢;(x)ns for some

polynomials a;(z),b;(x),c;(z) € Fsz], 1 < i < s. The following theorem provides a minimal

generating set for a 1-generator s-QC code C over Rs.

Theorem 9 Let C be a 1-generator s-QC code over Rs of length n = sl and the generator
G(z) =(ar(@)m + bi(z)nz + c1(x)ns, - .., as(@)m + bs(z)n2 + cs(z)n3)
where a;(x),b;(x), c;(x) € Fslz], for all 1 <i <s. Let
g(x) = ged(ar (@)m + bi ()2 + c1(@)ns, .. as(@)m + bs(x)n2 + cs(x)nz, ' — 1),
and h(x) be a polynomial such that
g(x)h(x) = 2! — 1.
deg(h)—1

Then C' is free Rs-submodule with basis B= |J {2'G(z)} and rank(C) = deg(h(z)).
=0

Proof Any codeword c¢(x) € C is of the form ¢(z) = f(x)G(z), where f(z) € Rs[x]. If deg(f(x)) <
deg(h(z)) — 1, then c(z) = f(z)G(z) € span(B). Otherwise, by division algorithm f(z) =
h(x)q1(x) + s1(z) for some ¢1(x), s1(x) € R3[x] where deg(s1(z)) < deg(h(x)) — 1. Then
f(@)G(z) =(h(z)q () + s1(2))G(x)
=q ()h(z)G(z) + s1(z)G(x), where s1(x)G(x) € span(B).
Since h(z)(a;(x)n +b;(z)n2+ci(z)ns) = 0 for all 1 <14 < s, we have g1 (x)h(z)G(z) = (0,0,...,0) €
span(B). Therefore, B spans C. Now, we show that none of the element of B can be written as

the linearly combination of other elements of B. Let ag, a1, ...,a;—1 € Rz where t = deg(h(z)) be
such that

t—1
Zajij(x) =0,
§=0
ie.,
t—1
Zajxj(ai(x)m +bi(x)n2 +ci(x)ns) =0, forall 1 <7 <s. (4)
7=0

Comparing the constant term on both sides of the above equation, we get ag(a;n1 +b;n2+¢;n3)(0) =
0, where (a;m + bina + ¢;m3)(0) is invertible (since each of a;(0),b;(0),¢;(0) are non-zero). This
implies g = 0. Substituting the value of oy and comparing the coefficients of = in (4), we get
aq = 0. Similarly, a; =0 for all 0 < j <t — 1. That is, B is linearly independent and hence none
of the element of B belongs to the span of remaining elements of B. O
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Theorem 10 Let C be a 1-generator s-QC code of length n = sl over Rs generated by G(z) =
(9(2)£1(2), 9(2) o (@), ., 9(2) fo(2)) for some divisor g(z) of a! — 1 and god(fi(w), 2=b) = 1 for
each 1 <i < s. Then B' = {G(z),2G(x),...,2'"t71G(x)}, where deg(g(x)) = t is a basis for C
and % > dp(C"), where C' = (g(x)) is a cyclic code of length | over Rs.

Proof The proof is similar to [25, Theorem 3.7]. O

Now, we present an example as suggested by Theorem 10 and obtain a ternary 6-QC code as below.

Ezample 2 Let [ = 10 and

gz)=go(x) = (x+2)(z* + 223 + 2?2 + 20 + 1) = 25 + 2% + 223 + 2% + 22 4 2,
g3(x) = (x+D(a* + 2 +2? + o +1) = 2° + 22% + 22 + 22 + 22 + 1.

Then g;1(z), g2(z), g3(z) are factors of 2% — 1 in Fs[x]. Therefore C’ = (g(z)) is a cyclic code of
length 10 over Ry = F3 + uF3 + u?F3, where g(z) = Zle n:9:(z). Hence, C’ has 95 = 59049
codewords and minimum Lee distance 4. Also, by Theorem 10, C' is a 2-QC code given by G(z) =
(9(x) f1(z), g(z) f2(x)), where fi(x), f2(z) satisfying the conditions mentioned in Theorem 10. In
this way, C' has the parameters [20, 5, > 8] and its ternary image [60,15,> 8] is a 6-QC code.

7 Conclusion

The main purpose of the article is to enumerate self-dual and LCD double circulant codes over R,
whose Gray images (both self-dual and LCD) are proved to be good enough. In addition, algebraic
properties of 1-generator QC codes are obtained. Besides, we have also provided several examples
of LCD double circulant codes over Rj3. It is worth mentioning that self-dual double circulant codes
do not exist over Rz due to Theorem 1. Therefore, like Table 1, it would be worthwhile to compute
numerical examples of self-dual double circulant codes over IR, for the ¢’s meeting the hypotheses
of Theorem 1. Further, one can derive similar results for more general ring F,[u]/(f(u)) (appeared
in [10]), where f(u) splits into linear factors over F,.
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