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ABSOLUTELY SUMMING CARLESON EMBEDDINGS ON BERGMAN SPACES
BOHE JOELLE JREIS PASCAL LEFEVRE* ZENGJIAN LOU

ABSTRACT. In this paper, we focus on Carleson embeddings from Bergman spaces A” into
LP(u), where u is a positive measure on the unit disk. We describe when this injection is
r-summing on A”. We complete the full characterization of such operators when p > 1,
and r > 1. As an immediate application, we get the characterization of absolutely summing
weighted composition operators on Bergman spaces. In passing we also prove a new con-
nection between the boundedness of the Berezin transform and the Carleson embedding on
Bergman spaces.

Keywords: r-summing operators; Bergman spaces; Carleson embeddings; Berezin transform;
Composition operators.

1. INTRODUCTION

In this paper, we investigate particular properties of Carleson embeddings on the classical
Bergman spaces A” when p > 1. In the following, the unit disk of the complex plane is
denoted D = {z € C| lz| < 1}. We denote by (D) the class of holomorphic functions on the
unit disk, and we recall that Bergman spaces are defined by

AP = { fen#D) j}; 1f@)|" dA < oo}

with
Wl = ( fD @ da)”",

where A stands for the normalized area measure on D. When there is no ambiguity, we write
simply || - ||, instead of || - ||.z». This definition makes sense for every p > 0. See for instance
[8] and [10] to know more on Bergman spaces.

Now, let us turn to our main subject. Given a positive Borel measure p on the open unit
disk D, we consider the formal identity J, from the Bergman space A” into LP(D, u) (we
keep the notation J, instead of J,, in the sequel for sake of lightness):

J’u: AP — LP(D’#)
fo— f
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A famous result of Carleson (see [3]), introduced and characterized measures such that the
corresponding embedding on Hardy spaces are defined and bounded. On Bergman spaces,
the boundedness of J, was characterized by Hastings [9]:

J,, 1s well defined and bounded if and only if u is a 2-Carleson measure, i.e.

supp(‘W(E ) = O(*),  whenh — 0,
&eT

where ‘W(&, h) is the Carleson window
WEh) ={zeD|1-h<|zl and |arg(zf)| < h).

Once we know that J, is bounded, it is natural to wonder which specific operator properties
are satisfied. The most natural is probably compactness and J,, is compact if and only if u is
a vanishing Carleson measure:

supu(‘W(£ ) = o(h?),  when h — 0.
&eT
Actually, our approach in this paper involves hyperbolic disks rather than Carleson win-
dows (see (2.1) and Section 2 for definitions and the corresponding results about boundedness
and compactness).

One standard application of Carleson embeddings is that it allows to recover some operator
properties of weighted composition operators on A”. Let us recall that, given a symbol, i.e.
an analytic function ¢ : D — D, the composition operator C, : A” — A is well defined and
automatically bounded (see the monographs [4] or [22] for example). When we are given a
weight u, i.e. an analytic function u on D, then the weighted composition operator is (now
formally) defined by uC,(f)(z) = u(z) - f(¢(z)). Many operator properties of C,, (and of
u - C,), can be expressed in terms of Carleson measures thanks to the transfer formula. We
explain here how, for composition operators, the pullback measure of A associated to ¢ plays
a crucial role:

AJE) = A(¢™\(E)) = A({z € D| ¢(2) € E}) ~ for every Borel subsets E of D.

The transfer formula gives

||f o QD”g,Z(p = ||f||LP(D’A¢) for cvery f € AP.
Hence many properties of the operator C, are shared with the ones of the operator J, , in
particular compactness, r-summingness.

The case of weighted composition operators can also be treated in the same manner.

The purpose of this paper is the characterization of (finite positive) measures ¢ on D such
that J,, is r-summing for some r > 1, and as a natural immediate application, we characterize
r-absolutely summing weighted composition operators on Bergman spaces.

Let us recall that (1-)absolutely summing operators are the operators 7 : X — Y which do
take unconditionally summable sequences {x,} in X to absolutely summable sequences {7 x,}
in Y. More generally, let us recall
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Definition 1.1. Let r > 1 and T : X — Y be a linear operator between Banach spaces.
We say that T is r-summing if there is a constant C > 0 such that regardless of the natural

number n and regardless of the choice of xi, xa, ..., X, in X, we have
n 1/r n 1/r n
£3
(Z ||Txk||;) < C sup (Z |x (xk)|’) = C sup H Z akxk”X
k=1 X€Bxs M1 a€By "

where X* denotes the dual space of X, and Bx- denotes the unit ball of the Banach space X*.
The best constant C for which the inequality always holds is denoted by r,(T).

The most natural example is the operator f € C(K) +— f € L'(K,v) where v is a finite
positive measure on the compact K. Pietsch’s theorem expresses that it is the generic example
of r-summing operators.

We shall write I1,(X, Y) for the set of all »-summing operators from X into Y. If r = 1,
we say that I1;(X, Y) is the class of absolutely summing operators. The r-summing norm of
T, denoted by =,.(T), is the least suitable constant C > 0. The class of r-summing operators
forms an operator ideal (for instance see [5] for more details).

This notion was studied for the first time by Grothendieck in the 50’s. One of his famous
result around this topic is that every continuous linear operator from ¢! to ¢? is absolutely
summing. However, it was only in late 60’s that this property received a new attention with
many fruitful applications in functional analysis (operator theory and geometry of Banach
spaces): for instance, Pietsch established the basic properties of this class of operators (in
particular the famous factorization theorem which plays a key role in this paper) and studied
these operators on Lebesgue type spaces, whereas Lindenstrauss and Petczynski [15] en-
lighted how these properties are helpful in Banach space geometry. There are many other
deep works in the 70’s and after (see the monographs [5], [14] or [25] for some aspects). The
monograph [21] enlights more particularly this topic on Banach spaces of analytic functions.
Let us mention that some other ideals of operators have close connections with absolutely
summing operators such as order bounded operators, r-integral operators, r-nuclear opera-
tors (see [5] or [25] for examples).

Recently, in [13], Lefevre and Rodriguez-Piazza gave a complete characterization of r-
summing Carleson embeddings on the Hardy spaces H” when p > 1 (for every r > 1). We
consider here the absolutely summing Carleson embedding viewed on Bergman spaces. In
other words, we aim to characterize the measures y such that the natural embedding map J,
from the Bergman spaces A” to LP(u) 1s r-summing:

Problem (P): let p > 1,r > 1 and u be a positive finite measure on D. Which condition on
w ensures that J, is an r-summing operator?

We solve this problem for every p > 1 and every r > 1.

Let us mention that Domenig [6] (see too his PhD thesis [7]) characterized r-summing
composition operators. Our approach is different from his point of view, which seems to
rely rather strongly on the fact that he works with a pullback measure and the underlying
analytic properties of the symbol. Nevertheless, a common feature of the two methods is that
(in some cases only in our paper) a link is build with some specific diagonal operators on
sequence spaces . This idea is not surprising, having in mind that the Bergman space A" is
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isomorphic to £7, but we do not use explicitly this isomorphism. Still, our approach is highly
inspired by [13], though some specific difficulties appear, so the proofs require also some
novelties. For instance, in passing, we prove a new connection between the boundedness of
the Berezin transform viewed from L?(D, A) to L4(D, u), and the boundedness of the Carleson
embedding from A” to LY(D, u). This result is an ingredient required for the success of our
approach. Strangely we did not find this result in the literature. On the other hand, we make
a heavy use of hyperbolic disks and tools whereas they do not appear in [13].

Concretely, let us describe the organization of the paper. The first section is an introduction
to the framework of this paper. In the second section, we give basic properties of r-summing
operators and remind some facts on hyperbolic geometry. We state the main results of the
paper in the third section and give some direct applications to weighted composition opera-
tors. In the fourth section, we get some preliminary general results, mainly constructing some
links between the Carleson embedding and some multipliers on classical sequence spaces. In
Section 5, we focus on the Berezin transform and show a new link with the Carleson embed-
ding. The case 1 < p < 2 is solved in Section 6. In Sections 7, 8 and 9, we solve the case
p > 2: actually we split this case into three cases r < p’, p” < r < p and r > p, where as
usual, p’ is the conjugate exponent of p: 1/p + 1/p” = 1. In Section 10, we state the cor-
responding results in the more general framework of weighted Bergman spaces A%. In the
last section, we give several applications, in particular an application to some composition
operators between weak (resp. strong) vector valued Bergman spaces.

2. DEFINITIONS, NOTATIONS AND REMINDERS.
2.1. Absolutely summing operators. We already gave the definition of absolutely summing

operators in Definition 1.1. It is simple to check that IT,(X, Y) is included in B(X, Y), the space
of all continuous linear operators from X into Y, and that x, defines a norm on I1,(X, Y) with

||u]| < m,(u) forall u € I1(X, Y).

It is well known that I1,(X, Y) is a Banach space under the norm 7, .

The following results are well known properties about r-summing operators and will be
used in this paper, see for example [5]. We give them here for sake of completeness

1) For any Banach spaces X and Y, T : X — Y is r-summing (r > 1) if and only if there is
a constant C > 0 such that for any measurable space (), X, v) and any continuous function

F:Q — X, we have
1/r 1/r
(f IT o Fllrdv) < C sup (f |s(F)|’dv) .
Q SEBy Q

Moreover, the best C is n,(T) .

2) II(X,Y) is an operator ideal between Banach spaces: for any T € I1,(X,Y), and for
any two Banach spaces Xo, Yo such that S € B(Xy,X) and U € B(Y,Y,), we have UTS €



I1,(Xo, Yo) with
n(UTS) < Ul 7 (T) ISl

3) The class of spaces 11,(X,Y) where r > 1 is monotone. That is, for any 1 <r < 5 < 0o, we
have 11,(X, Y) C I1,(X, Y) and the relationship n(T) < n,(T), for any T € I1,(X, Y).

4) Cotype property: we say that a Banach space X has cotype q > 2, if there is a constant
C > 0 such that no matter how we select finitely many vectors xi, x,, . .., X, from X, we have

n n 1/2
(;nkaQ)WSC( | S niorw zdt) ,

k=1
where (1) is a Rademacher sequence.

For any measure space (2, %, i), the Lebesgue type space L7(€2, ) has cotype max{q, 2}.
Then for any Banach spaces X and Y, we have the following properties:

1) If X has cotype 2, then [1,(X, Y) = I1;(X, Y).

2) If X has cotype 2 < g < oo, then I1;(X,Y) =II(X,Y) forall 1 <r < ¢’

3) If X and Y both have cotype 2, then IL,(X, Y) = I1;(X,Y) forevery 1 <r < co.

The following lemmas about absolutely summing operators are reformulation or direct
consequences of Propositions 5.5 and 5.18, and Theorem 2.21 in [5] respectively.

Lemma 2.1. Let X be a Banach space and u be any Borel measure on D.
LetT : X — LP(u), 1 < p < o0, be an order bounded operator. Then T is p-summing with

a(T) < || sup ol

Lemma 2.2. Let X be a Banach space and H be a Hilbert space. We assume that the operator
T : X — H is such that its adjoint T* : H — X" is r-summing for some r > 1. Then T is
1-summing with

m(T) < n(T).

2.2. Carleson embedding, Bergman metric and Luecking rectangles.

Definition 2.3. Suppose that j1 is a finite positive Borel measure on the unit disk D. J,, is the
identity operator from AP into LP(u)
J, AP — LP(u)
f—rf
which is formally defined until now, but we recall below that it is defined precisely when yu is
a 2-Carleson measure.

For simplicity, we shall use the terminology Carleson measure instead of “2-Carleson” or
“AP-Carleson” measure. It may happen that we consider J, acting from A" to LF?(u) with
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D1, p» different from p, but keeping the same notation J, for simplicity. Nevertheless, we
shall be careful to avoid ambiguity.

It is well known that (cf. [26], Theorem 7.4), J,, is bounded if and only if

sup{M:aeD}<+oo, @.1)

(1 = lal?)?
where D(a, r) (r > 0) denotes the Bergman disk defined by
D(a,r)={zeD: B(z,a) <r}.
Let us recall that the hyperbolic metric (Bergman metric) on the unit disk D is defined by
1+ p(z,w)
1 = p(z,w)
and p(z, w) denotes the pseudo-hyperbolic, defined by

Bz, w) = %log

|z —wl|

L,W)= e
p(z,w) T
Recall that J, is compact if and only if u is a vanishing Carleson measure (in the hyperbolic
sense), that is,
iy HD@. 1)
lal=1- (1 = lal?)?

In view of these results on Carleson embeddings, it is clear that the hyperbolic disks play
a crucial role in this framework. Let us go further in this direction.

Definition 2.4. A sequence {a;} in D is called a t-lattice (t > 0) in the Bergman metric if the
following conditions are satisfied:

1) The unit disk is covered by the Bergman metric disks D(ay, t).

2)B(ai,a;) > t/2 foralliand jwithi # j.

There exists a positive constant N with the following property: If 0 < # < 1 and {a;} is a
t-lattice in the Bergman metric, then every point z € D belongs to at most N disks D(ay, 1) .

The existence of t-lattices in the Bergman metric is ensured by Lemma 4.8 in [26] :
Lemma 2.5. For any t > 0 there exists a t-lattice {a;} in the Bergman metric.

Given a t-lattice, the sequence D, given by the following Lemma 2.6 plays a crucial role
in the sequel.

Lemma 2.6. [26, Lemma 4.10] Suppose 0 < t < 1 and {a;} is a t-lattice in the Bergman
metric. For each k, there exists a measurable set Dy with the following properties:

1) D(ay,t/4) C Dy C D(ag,t) forallk > 1.

Z)Z)jﬂD, :Q)fOI"l:ﬁ _]

3)DUD Y- =D.



Observe that, for any z € 9 there are several equivalence relations:
- 2 2
11 —Zal = 1 =z = 1 = |a]

and
1Dyl = (1 = lal)®
where the underlying constants depend only on ¢ (see consequences of Proposition 4.5 in
[26]).
These observations will be used repeatedly throughout this paper .

We also recall the definition of Luecking rectangles: let

1 1
Mo=feeDll-5 skl<1-55}
where n =0,1,2,--- . Then each I', is divided into 2" similar pieces R,, ;, 0 < j < 2", that we
call Luecking rectangles (or sometimes in the literature Luecking windows):
3 1 1 2nj 2n(j+ 1)
Rn,j—{ZEDl l—is|z|<l—ﬁ,7<arg(z)§7}.

So clearly the family of the R, ; withn > 0 and 0 < j < 2", forms a disjoint partition of D.

We shall use the following notations:

e D, instead of D(z, ry) for some fixed 0 < ry < 1 and L? instead of L?(A).

e By denotes the unit ball of a Banach space X and By, the positive element in the unit
ball of X, when X is a Banach lattice.

e C, will denote a positive constant depending only on the parameter p, but it may
change along the paper.

e The notation A < B (and A > B) for non negative quantities A and B means that there
is a constant C such that A < CB (and A > CB, respectively). Finally, A ~ B means
that both A < B and B < A hold.

e We are going to often use |E| to denote the area of any measurable set E in D with
respect to the normalized area measure on D.

e We denote the cardinal of finite E by #(E).

3. THE MAIN RESULTS

In this section, we state our main results, first of all the characterization of absolutely
summing Carleson embeddings on classical Bergman spaces.

Main Theorem:

Let 0 <t < 1/4 and u be a Carleson measure on D. For any t-lattice {a;} and the relevant
sets Dy as defined in Lemma 2.6, we have the following statements:

(1) Let1 <p<2andr > 1. Then J, : A — LP(u) is r-summing if and only if
(u(D,)”

—dA(z) < c0.
D (1 - z?)r*?
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Moreover, we have

0 1/2
() = (Z (fi(zz)zilc) )2/17) ~ (Z (4n/'l(Rn,j))2/p)
n,j

k=1

( (’IILZ));dA(Z))Z z(f(f%dﬂ(W))pdA(Z))z-
5 (1 =z 5\ Jp [T —wzlP*

(2) Letp>2and 1 <r < p’. Then J, : A? — LP(u) is r-summing if and only if

1/2

(3.1)

X

(W(D.)"

- dA(z) < 0.

Moreover, we have

© DN A\
wnresin = (S22} (Seownr)

k=1 n,j

@WDY)" N\ | £\
( DWCM(Z)) ”(fﬂ)(fmmdﬂ(W)) dA(z)) :
(3.2)

(3) Let p>2and p’ <r < p. Then J, : A? — LP(u) is r-summing if and only if

(u(D.))?

D (1 - |z2)7 *?

dA(7) < co.

Moreover, we have

) ripy 1/r 1
) (Z(MI(ZZ)ZT)) ) - (;(W(R"J))W) (3.3)

k=1

i 1/r é "
([P no) ([ ([ o] ana)]
D (1 —|z2)7*? o \JD |1 =g+

(4) Letp>2andr > p. Then J, : A? — LP(u) is r-summing if and only if

1
fD (A= ppp i@ <.

/r

X

Moreover, we have
o 1/p
(Dr) n
1) ~ 1) = (Z D ) ~ (Z 4 u(m)
k=1 n

1 1/p
—d
(fD (1 - PR (Z))

1/p

(3.4

Q

Let us mention several remarks.



(R1) We shall prove below (see Prop.4.1) that, for any a > 0,

S(E2) Ly 3 ()

k=1 n>0 0<j<2

and in Prop.4.2 the equivalence of the estimates with integrals, explaining why we
obtain equivalent estimates of the ,-norm in the preceding theorem.

(R2) The case p = 2 reduces to the characterization of Hilbert-Schmidt operator which is
easy. More precisely, J, is r-summing on the Hilbert space A* for some r > 1 if

and only if J, is a Hilbert-Schmidt operator. Indeed, let {e, = (Vn + 1)z", n € N} an
orthonormal basis of A%, then we have

1/2
Wilas = ) Wutenlag )

n>1

-(> fD (n+ 1)|z|2”d,u(z))l/2

n>1

_( f du(z) )“2
S\ =1zP2)

(R3) The characterizations in the main theorem actually do not depend on the choice of  and
ro(assoonas0O<t<1/4and0<ry<1).

Characterization of absolutely summing weighted composition operators:

As an application of our main results, we can characterize r-summing weighted compo-
sition operators for any » > 1 and p > 1. Let uC, be the weighted composition operator
(formally) defined by

WC)(f) =u-(foo),
where u : D — C is an analytic function and ¢ : D — D is an analytic map. When u = 1, we
simply write C,, which is the composition operator with symbol ¢.

We consider the measure du = (Jul’dA), and we have:

1/
laCoosll = ( [ 17 oo da) " =l

Therefore, uC, is r-summing if and only if J, is r-summing, hence it suffices to apply the
main theorem to the measure pu.

Theorem 3.1. Let ¢ : D — D be an analytic map and u : D — C be an analytic function.
Let uC, be the weighted composition operator viewed from AP to A? and du = (lul’dA),,
then uC, is r-summing if and only if the corresponding n,(uC,) norm is finite, where
(1) When1 < p <2, foranyr > 1,
1

12 2 1
~ ~ n 2/ - lu(w)|? g ’
i) =) = Sewucnay?| = [ [ i) ana)

n,j
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(2) Whenp >2, for1 <r<p,

1/p 2
N <[ o\ Ju(w)l” v
UG UGy ”( Y @rRu” ,,) B (fD(fD 1= ze(w)Pr dA(W)) dA(Z))

(3) When p > 2, for p’ <r < p,

L
4

1/r % %
n,(ucw)z(Z(ét"u(Rn,,-))’“’) z( f ( f %mm)) dA(z)) |
n,j

(4) Whenp >2, forp<r,

Z 1/p lul? 1/p
ﬂr(MCLp) =~ ( 4”/,[(Rn])) = ( R dA) .
- 5 (1= IgP)

As an immediate corollary we get a characterization for composition operators, recovering
the results of Domenig (which were expressed in terms of Luecking windows in [6],[7]).

Corollary 3.2. Let ¢ : D — D be an analytic map. On AP, the composition operator C, with
symbol ¢ is r-summing if and only if the corresponding n,(C,) norm is finite, where

(1) When 1 < p <2, foranyr>1,

1/2
- <[> @ 2p) o 1
(G 2 mCy) = ( > (#Re) p) - (fm(fn 1 = Zp(w)|P+2 dA(W))

(2) Whenp >2, forl <r<p,

2 1
7

)dA(z)) .

o\ | Y
~ ~ n / .
ﬂr(C‘p) ~ ﬂl(C¢) ~ (nzj (4 A¢(Rn,j))p p) ~ (L(L W dA(W)) dA(Z))

(3) When p > 2, for p’ <r < p,

r 1

TG > (Z (4nA‘0(Rn’j))r/p) (f (f Dl - ZSD(W)|2+2” dA (W))pdA(Z))r'

n,j

(4) Whenp >2, forp<r,

7{(Co) % (f (1= |¢|2>2)

Another consequence of the main theorem is the following corollary:

Corollary 3.3. Let p > 1, for any two Carleson measures y and v, if u(R, ;) ~ v(R, ;) for all
(n, j), then we have nr,(J,) = m.(J,).

Of course, there is a similar statement in terms of the family (Dy).
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4. TOOLS AND PRELIMINARY RESULTS

In this section, we present several ingredients employed in the solution of problem ().

We begin with some estimates useful to prove the equivalence of the different viewpoints
(hyperbolic disks, Luecking windows, or integrals) in our characterizations in the main theo-
rem.

First of all we prove the following proposition proving the equivalent formulation either
with help of Luecking rectangles or the family (D).

Proposition 4.1. Let a,« > 0. Then, we have

O (DY) (1R, )"
SUDY . 5, )

n>0 0<,j<2" IRl
Proof. Let us mention that R, ; can be covered by a uniform finite number of Oy (actually,
this is stated without proof in pages 339 and 344 in [ 18] and we shall give here an explanation
but we postpone it until the end of our proof): there exists N > 0 (not depending on n and j)
such that
Ric | ) D (4.1)
kedy,

where J,,; = {k>1; Dy N R, ;j # 0} and #(J, ;) < N.

In the same way, Oy can be covered by a (uniform) finite number of R, ;: there exists
N’ > 0 (not depending on k) such that

Dic | ) Ry 4.2)
(n,))€EY
where E; = {(n, j); Dy NR,; # 0} and #(Ey) < N'.

We claim that when k € J,, ;, we have |R, ;| = |Dy|. Indeed, by definition, for any k € J, j,
there exists some z € R, ;N Dy # 0. Butsince z € R, j, we have 1 —|z| ~ 27". Therefore, since
7 € Dy as well, we obtain that 27" ~ 1 — |z] = 1 — |y . It is well known that |Dy| = (1 — |ax|)?,
hence we get that

IR,.jl = 47" ~ |Dyl. (4.3)
> 0 and for any j € {0, 1,...,2" — 1}, we have from (4.1) the

Since #(J,.j)) < N for any n
following estimate:

(1R, )" = ( D DN Rn,,-))a < ( D, ,U(Z)k))a < D, WD)

kGJ,,,j kGJ,Lj kEJn’j
We get, using also (4.3) and (4.2),

(1(R,, 1)) (D))"
DI

a
n>0 0<j<2" IR "J| o 0<j<2" keJ,,

(H(Z)k)) (u(Dy))”
Z Z Z#(Ek) 1D,

k 1 (n,j)€Ey
5 (u(m) _
| Dl
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By symmetry of the properties if the two families of sets (the R, ;’s and the D;’s), the
reverse inequality is proved in the same way.

Now let us justify (4.2) and (4.1). Of course, the relation R, ; C U Dy is obvious and the
kEJn’j
real interesting fact is that J, ; is uniformly finite. Let us fix an integer (n, j) with 0 < j < 2"
and k € J, ;. there exists w € Dy N R, ; # 0, so

1—|ak|z1—|w|z2_".

On the other hand, since the 9, ’s are disjoint, we have Z |Z)k| = ' U Dk‘.

kEJn,j kEJ,,,.,'

But U Dy C D(z,,j,A27") where z,; is the “center” of R, ; and A > 0 does not depend on
kE]nlyj
n. Indeed every z belonging to some D, with [ € J, ; satisfies

(21,5, 2) < (2 jow) + d(w,2) S 27"+ 1 = |af| 27"
where w € DN R, ;.

We obtain
Z 47" ~ Z |@k| = ‘ U Dk' S 'D(Zn,j’/lz_n)

kEJ,,'j kEJ,L.,' kEJ,w'

~ 4",

Therefore J, ; is finite and there exists N (not depending on (7, j)) such that
47" #(J,;) < N4™"

which proves (4.1).
Clearly (4.2) can be proved in the same way. O

We continue with some estimates comparing integrals.

Proposition 4.2. Let 0 < t < 1/4, and the set {D;} as defined in Lemma 2.6. Let y be a
positive finite measure on the unit disk D, n, y > 0. Then we have

: (D@2 S pD)
L) as0 = [HeSmrao~3 5w

Moreover when n > max(y, 2) then we have

1 7 1 4
fD ( fD e dﬂ(w)) dAR) ~ fD ( fD T d,d(w)) dAG)  (45)

with constants depending only on t, n and .

In particular, when vy = 1 and n = 4 we have:

1 o (D))
— 4 ~ .
fD<1—|z|2>2 He ; D,
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Proof. Let us begin with the particular case. Since the family (D)) ;>; forms a partition of D
and (1 — [z*)?* ~ |D;| whenever z € D;, we get

duz) mD)
f (- ||2>2d“(Z) Zf a- |z|2)2~ D

Obviously the first quantity is equivalent to the second one because
1-lzP ~1-wP,  forwe D(z,21).

Now, again since (D));»; forms a partition of D, D; c D(z,2¢) and (1 — |z1*)* ~ |D|]
whenever z € D;, we get

uoe 20y u(DG, 20
L =y ? Zf -y MA@
u(D;)
ZZ;L. IDjI;” dA(z)
21 YD
H(D;)”
=2 o 124
j=1 J

Hence, it remains to prove the reverse inequality: for every z € D, we consider the set
I, = {j; D(z,2t) N D; # 0}. We claim that the cardinal

Il < C, (4.6)

where the constant C depends only on t. Indeed, let ji, ..., j, distincts such that D(z, 20)ND;, #
0. Then there exists w; € D(z,2t) such that w; € D;, C D(aj,t), with 1 < i < n. Take
w € Ui<i<n D(aj,, t/4), then w belongs to at least one D(a;,, t/4); and we have

Bw,2) < Bw,a;) + Blaj,w;) +Bw;,z2) <t/4+1+2t <4t

Hence, w € D(z,4t) and we get U D(aj,t/4) C D(z,4t). Therefore, since the disks are
i=1
disjoint, we have

> IDGaj, t/4)] < ID(z,41)] .

i1
In other words, we have Z(l —la;»* < (1 - |z/*)? and since 1 — |a;> ~ 1 — |z]> when z € D

i=1
satisfies D(z,2t) N D;, # 0, we obtain that n < C, where the constant C depends only on 7,
which is our claim (4.6).

Since the family (D) ;> forms a partition of D, we have

p(D(z,20) = > (D, 0 D(z, 20)). 4.7)

Jel
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Hence, from (4.6) and (4.7), we get

u(D(20) < 3 (D),

Jel;

where the underlying constant depends only on ¢ and y. For every z € D such that j € I, we
have (1 - [z1*) ~ (1 —la,*) = |D,|'">. We obtain

,U(D(Z, 21))Y u(D;)y
np (I1—]z |2)TI dA@) = Zf (1 - |z Lyjer) dA(z)

u(D;)y
Z D, lj]/z z€D; D(z.20) N D; # 0}

where 1,y = 1 when j € I and O else.
Observe that

l{z € D; D(z,20) N D; # 0O} < |D(a;,30)| ~ (1 —la,;*)* ~ |D|.
Finally,

u(D(z, 21))” wD;)
5 -y ()~Z|z>|"/2l'

This ends the proof of (4.4).

Now let us focus on (4.5).

First assume that y > 1. If y is the Dirac at point O then it is easily checked, so that we
may assume that ¢({0}) = 0. The argument follows almost directly from a result stated in
[19, Th.3(ii1)] (see especially (c),(d),(e); see [20, Th.2] too): for any v positive measure on
D, with v({0}) = 0, and ¢ > p > 1, we have for 4 > 1 (we must mention that actually the
hypothesis in [19] is “for A large enough” but following carefully the proof, it appears that
A > 1 is sufficient when we restrict to the case ¢ > p > 1, and not every g > p > 0).

||IP||LP/(1H1) ~ ||(D||LP/(P*‘I) ~ ”T”Lp/(p*q)- (48)
where
(1 = w2 wD,) f dv(w)
Y(7) := —d D7) (= ———— d T
@ fD ot Y0 Y@= ad Y@= G

and X, = {¢ € D|arg(z) — arg(é)| < %(1 |gl)} is the non-tangential approach region.
In other words, we have

(1 _ |W|)/l 2 p/(p—q) N 1 p/(p—q)

/ (f o )) A = fD(fD - |w|>2dV(W)) A
1 rl(p—q)

. fm(fz (- |w|>2dV(W)) “e
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0 2
Now we apply this with the measure dv = (1 — [w>)* 7du, g = 2 and p = yl > 2. We
’y f—

also choose A = LS and we get the conclusion once we point out again that 1 —|w| ~ 1 —|]

whenw € D,.

Finally we assume that y < 1 and that Z 207Dn((R, ;) is finite. With the preceding

(n.))
proposition and the first part of our proof, it is equivalent to

1 Y
fD (fD(z,zt) A = wPyrr d“(w)) dA(z) < +00

Of course there an obvious inequality since |l —wz| <1 —|z]~ 1 — Iw|> when w € D(z, 2¢).
On the other hand, we have

f(fu— |n/7d”(w))dA(Z)‘Zf (

(m.k)

1 Y

(n.g) * Rnj

which is lower than

33 R, Y sup{ll ~|z€ Ry w e R,”} (4.9)
(m,k) (n, j)
since || - || < || - |l (recall that y < 1). On the other hand, we observe that, for w # z,

1 1
— <
[1—wzl — |w—27

hence when there is no contact between R, x and R,, ;, then z € R,,, and w € R, ; are different

— < d(Rmk, Rn j)_l'
1= wal o . . .
This explains why we are going to split our argument into several cases. More precisely,
we consider the set V(, ; of indexes (m, k) such that R,y N R, ; # 0. It is a (uniformly) finite
set (cardinality less than 9). Moreover (n, j) belongs to Vi, if and only if (m, k) belongs to
Vin,j)- We get an upper estimate for these terms:

DD AR S D AT (R, )2 < oo (4.10)
(n,)) (mK)EVin,j) (n,))
using the fact that m ~ n when (m, k) € V|, ;) and that #V, ;, < 1.

When (n, j) does not belong to Vi, 1) then d(R,,, R, ;) can be under estimated by 27" when
m > n (looking the radius), but also by k27" —(j+1)27"| or |(k+1)27"— j27"| (up to a constant)
according on which side the rectangles are from each other, when we focus on the argument.
Indeed, we have 2 sin(6/2) ~ 6, moreover the radius 1 —2~ ™™ may be considered as close
to 1 since we focus on what happens near the boundary.

Now, we focus on an upper estimate for the quantity

1
Z ; 4—’"(/1(Rn,j))7 sup {ﬁ |Z €R i, WE Rn’j}
(m,k) ("’]ni Vnk) |1 —wz]

and

Z; 4 m(ﬂ(Rn,))y(zm)_".

(n,j)
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Indeed d(R,.x, R, ;) is larger (up to a constant) than the difference of angles between the
borders of the corresponding Luecking rectangles and by symmetry, the value of these dif-
ferences runs over {2m(d 2™ —27")| 2 < d < 2™, n > m} (the values are taken at most two
times by symmetry)). We get

1
D 4Ry )Y SUP ———— |2 € Rugow € Ry < 3 47 (u(R,, )27 (4.11)
' |1 —wz|" ' ' _ ’
(m.k) ("J’é V) (n.j)
1
since the series Z l_’7 converges and Z 47m2M < 47" (keep in mind np > 2).

>2 m<n
Finally we focus on

1
Z ; 47" (u(R,,))" sup {ﬁ |z €R,WE Rn’j}
(m,k) (nani ném,k) | - WZl

which is the same than

1
Z (L(R.)) 47" sup {— |z €ER,i,wE R,,,j} )

) BTV, 1=zl

m>n

We split the set of the values of “k” such that (m, k) ¢ V|, into two subsets according that
R, x touches the sector {z € D| arg(z) € [2n;27",2n(j + 1)27"]} or not. We denote S, ,, ; the
set of values of k such that R, ; touches this sector: it has a cardinality 2" + 2 so, taking
into account the radius, the sum

. 1
4 Z sup{mkERm,k,wERw}

kESm’n’j

is lower (up to a constant) than

4 Z (Z—Vl _1 2-m )_n S 4722

keS m,n,j

Summing over m > n, we get

47" sup {

——[z€R ER,;p s 472",
|1 _ Wzl’7 |Z m,k’w n,j} ~

m>n
keS mn, j

Taking into account the argument (like in (4.11)) and the symmetry if the situation, the
sum

1
4" Z sup {ﬁ |Z €Ryp,w € Rn,j}
kgSm,n,f | B WZl
is lower (up to a constant) than

1 ) s4 )

) (5 Yo

d>2m-n
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Summing over m > n, we get

1
47" sup {—

€R ER, i p S 472",
|1 _ Wzl’7 |Z m,k’w n,j} ~

m>n
kQS m,n,j

Gathering the previous estimates, we obtain

1
Z 4—m(/~l(Rn,j))7 SUpy ————— |Z € Rm,k, w e Rn,j < Z (/J(Rn,j))y4_n2m] (4.12)
(mky DV ko |1 —wz|"

(n.))

which is the expected result in this case.
The inequalities (4.10), (4.11) and (4.12) together gives the final conclusion. O

Now, we focus on preliminary results about the membership of various ideals of operators.
The following proposition belongs to the folklore. We give a proof for sake of complete-
ness.

Proposition 4.3. Let y be a Carleson measure on D and p > 1. Then J, : AP — LP(u) is

order bounded if and only if
1
————du(z) < 0.
Lu—wv“

Proof. J, 1s order bounded if and only if there exists some & € LP(u) such that for every
f € Bgp, we have |f| < ha.e on D. Since A is separable, it follows that J, is order bounded
if and only if

f sup |f(2)I” du(z) < o0,
D feAr
[1f11=1

which is equivalent to
\fMWW@<w,
D

where 9, is the point evaluation at z € D, viewed as a functional on A”. It is well known that
16,1l = 1/(1 = |z/*)*/? and this completes the proof. O

For p > 1, the multiplier operator .#; on ¢” is defined by
%(en):ﬁnen’ n= 1’25"' ) (4'13)
where {e,},>; denotes the canonical basis of ¢” and S = (81,5, .. .) is a sequence of complex

numbers.

Lemma 4.4. [13, Proposition 4.1] Define .#j as in (4.13). Then with constants depending
only on p and r, we have:
1) For1 < p<2andeveryr>1,
o (Ap) ~ ||Bll e (4.14)

2)Forp>2andr<p,
m.(AMp) = ||Bllgr (4.15)
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3)Forp>2andp <r<p,

o (Mp) = |Bller (4.16)
4) For p >2andr > p,

o (Mp) = ||Bller - (4.17)

The following result is usually referred to as the atomic decomposition for Bergman spaces,
and a proof can be found in [26].

Lemma 4.5. [26, Theorem 4.33] Suppose p > 0 and

1 1
b>max{1,—}+—- (4.18)
p p

Then there exists a constant 6 > 0 such that for any t-lattice {a;} in the Bergman metric,
where 0 < t < 6, the space AP consists exactly of functions of the form

f@ =) ah@, (4.19)
k=1

where
(1l -2

fi(@) = (1 = ar2)’

and {c;} € P. The series in (4.19) converges in AP -norm and there exist constants C and C,
(depending only on p and 6) such that

Cillfll, < inf { " leul”: (e satisfes (4.19)} < a1,
k=1

We can see from this lemma that for any z € Dy,
(L=l 1

~ ~ D]
T—ad? ~ (=japr P

@I =

We will need the following important lemma.

Lemma 4.6. [26, Proposition 4.13 ] Suppose p > 0 and t > 0. Then there exists a positive
constant C such that

pe  C f »
N < Tz |, Vonrdam)

forall f € H(D) and every z € D.

We can get the following proposition, where the { f;} are defined as in Lemma 4.5 :

Proposition 4.7. Let p > 1 and u be a Carleson measure on AP. We fix a t-lattice {ay}.
Define the operator A from €? to L”(u) by

Aic={a)eltl — f= Z eefilo, € L7 (W), (4.20)

k=1
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and let B be the sequence defined by:
3 ((H(Dl))l/‘ (IJ(Z)Z))I/‘ (#(Dk))l/‘ )
1Dl ’ 1D, T 1Dkl ’

Then A is an r-summing operator if and only if Mg is r-summing on (.
Moreover,

(D) ~ (M) (4.21)

Proof. Without loss of generality, we may (and do) assume that u(Dy) # O for every k.
First, we consider the following composition:

M
o e X (),
where Y is defined by: for any ¢ = {c;} € €

W(e)(2) = i g '(Z;"))Wfk(@ 10,@).

Now we prove that ¥ is bounded from ¢” to LP(u):

_ N 1Dyl 7P P i
IOl = fD ;c( (@k)) 7@ 10,2) dﬂ(z))
o0 1/p
— p P
; Dk|k| (Dk) @)l M(z)) 42
~ ZCHP)
k=1

= llelle, »

where we used in (4.22) the fact that |fi(2)|” ~ |Di|™! on Dy . This implies that P is a bounded
operator with norm =~ 1. It turns out that,

A=Yo #;.

Furthermore, we have

7 (D) S|l m (M) ~ 70,( M) - (4.23)

P
Now, let Z = span{f; 1 Dk}L w which is a closed subspace of L”(u). Let us consider :

Y. —s 7

hnd |D| \/P
c Z Ck (/J(Dkk)) filop,.

k=1

Then V¥ satisfies ||{17(C)||Z ~ |[lcll¢,- Hence the range of ¥ is closed, and contains the ‘?(ek)’s, a
fortiori the vector space spanned by the f;1,, . We obtain that Im'¥ is closed and contains
Z, therefore W is onto. It follows that ¥ is an isomorphism.
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When f = Y7, cifilp,, then
-1
Y7 (f) = (Ckﬁk)kzl

Hence, N
Mg = P loA,
where A is the map A with range Z. It turns out that
n(Mp) < 7 (D) = m (D). (4.24)
With (4.23) and (4.24), we get the conclusion. O

Proposition 4.8. Let p > 1 and u be a Carleson measure on AP. If J,, : AP — LP(u) is an
r-summing operator for some r > 1, then .#j is an r-summing operator on {".

Proof. We assume that J, is an r-summing operator for some r > 1. Letd = (61,02, ...,0,...)
be a sequence of Rademacher variables on a probability measurable space (Q, X, P) taking
their values in {+1}.
We define an operator @, as follows: for every w € €,
O, F — AP
c — Z CrOk(W) fies
k

where {f;} are defined as in Lemma 4.5. Using Lemma 4.5 again, ®,, is bounded from ¢” to
AP with norm less than 1.

Define for every w € Q
M, : feLP(u) — Z Su(w) Lo, f € LP(u).
k=1

Then it is easy to check that M,, is an isometry, since it is actually a multiplier by the function
M, where M,(z) = 6;(w) when z € D,. We clearly have |M,| = 1 everywhere since the
family (D), forms a partition.

Now we can take the expectation E with respect to the measure P which satisfies E(6;0) =
0jx , with ¢ is the Kronecker symbol. Then for each k, we have

E(M, 0 J, 0 ®,)e; = f (Z 5j(w)11@j) £ 8:(@)dP = 1p, fi = Aes,
Q0

where A is defined as in Proposition 4.7. It follows that
A =EM,oJ,od,).
Then the convexity and the properties of ideal norm imply that
1, M) ~ 1 (D) < 1(J,).

This proves the proposition. O
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5. BEREZIN TRANSFORM

The purpose of this section is to study the boundedness of the Berezin transform viewed
from L? to LY(u) for p, g > 0 and pu a positive Borel measure. Let us start with the definition
of Berezin transform which is defined on D by

232
Bf(z) = f(l ™) iaw), for ze D,

_|4

where f € L'. We refer the reader to [26] for more details about the Berezin transform prop-
erties.

In order to prove the main result in this section, we need various tools. We know that B f
is not subharmonic (in general) but the following proposition provides us with a very useful
estimate for our purpose.

Proposition 5.1. Let 0 < g < co and r > 0. Then we have

(B < ﬁ%wﬁwmw

1
ID(z, )l
for every measurable f > 0 and z € D, where the underlying constant depends only on r.
Proof. We begin with the case ¢ = 1. Using Fubini’s theorem and the fact that

ID(z, Nl = (1 = )" ~ (1 = W),

whenever w € D(z, r), we get:

1 - 232 1 — 272
ID(z,r)I f(m f(ll_l_llf1 F(u) dA@) dAGw) ~ f 1) 5= |Z|2)2 fD (Zr)%dA(w)dA(u).

We can see from Lemma 4.30 in [26] that |1 — &iz| = |1 — aw| for every z, w, u in D with
B(z,w) < r, hence

1
|D(z, 1)l D(z.r)

1 - 232
Enondam ~ [ s [ SE aamasw

D(z,r) 11— azl*

1= 2\2
ff()( Izl)dA()

= B(f)().

This special case together with Jensen’s inequality (point out that dA/|D(z, r)| is a probability
measure on D(z, r)) implies that the desired inequality holds for every g > 1:

dA(w) \?
BNz ~ B
(ﬂ@(memeﬁ

dA(w)

B q

SLMUNMWUN

f (Bf) (w) dA(w).
D(z,r)

DG )
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To deal with the case g € (0, 1): we fix zo € D, then we have

- WP 1— P

T —awl |1 -zl

for w,z € D(zp,r) and u € D, where the constants depend only on r. Indeed, from Lemma

4.30 in [26], we have |1 — uz] =~ |1 — izl for every z, zp, u in D with B(z,z0) < r and

|1 — aw| = |1 — izl for every zp, w, u in D with S(w, z9) < r where the constants depend

only on r. Moreover, it is well known that 1 — [w|*> ~ 1 — |z|*> whenever B(zo,w) < r and
1 — |z]> = 1 — |zo|*> whenever B(zo,z) < r (cf. [26, p.69)].

Hence, we can see that there exist positive constants C;, C, which depend only on r such that

CP,(u) < P, (u) < CrP,(u)

= P (u),

and
CP,(u) < P, (u) < CoP, (1)
for all u € D and w, z € D(zy, r). Therefore, there exist C and C’ which depend only on r such
that
CP.(u) < P,(u) < C'P.(u)

for all u € D and w, z € D(zg, r).

Now we can focus on our estimate.
Since |D(zg, r)| = (1 — |zol)?, we get for every z € D(zg, r):

(1= wP)?
|D(Z07 r)l D(zo, r) |1 — U |4

1 — w2y
(1 - |Zo|)2 ff( )f( ) (|1 liVl |2; dA(w) dA(u)

1= 2
(1_|ZO|)2ff( )f( )(ll_lzl) dA(w) dA(u)

D(zp, 1- 2
N(Il_<z|<;|r2>)|2ff()< |z|)dA()

~ B(f)(@) .

fu) dA(u) dA(w)

It follows that
1
sup Bf(2) § ———5= f Bf(w) dA(w)
2€D(z0.7) (1 = |zol*) D(z0.r)
1

- 1-
: (1—IZOI2)2(L(zo,n(Bf)q(W)dA(W)) Sup BUYTIW).

weD(z0,r)

Hence,
1
B(f)(z0) < sup (Bf)'(2) S ———= f (B (w)dA(w).
2€D(z0,1) (1 = 1zol*) D(z0.7)

The proposition is proved for any g > 0. O
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We state as a lemma the following result on Bergman Carleson embeddings:

Lemma 5.2. [17, Theorem 1] Let 0 < g < p < oo, u be a positive measure on D and
K(z) = u(D,)/ID.|, z € D. Then

1/q 1/p
( L If(z)l"du(z)) s( fD If(z)l”dA(z))

for every f € AP if and only if K € LP/P’=9_ Note that this condition is independent of the
choice of ry (cf. Lemma 2 in [17]).

Moreover,
1 p/(p=9q) (P-9)/rq
Jullar—raqy = ( ——d ) dA .
Willae s (fD fDa—W)Z How) (Z))

4

The following crucial lemma is certainly well known from the specialists .

Lemma 5.3. Let 0 < p < g < ooand 0 < r < 1. Let u be a positive Borel measure on D.
Then the following assertions are equivalent :

1) The Bergman space AP is boundedly contained in Li(u).

2) u(D(z, ) /|D(z, )77 is bounded on D.

3) u(D(ay, r))/|\D(ay, r)|4'? is bounded on D for the sequence r-lattice {ay} as described in
Section 2.

Proof. The equivalence of (1) and (2) is proved in [16]. (2) implies (3) is obvious. For the
proof of (3) implies (1) see Theorem 3.1 in [24]. |

Now we can state the main result of this section.

Theorem 54. Let p > 1 and g > 0. Let u be a positive Borel measure on D. Then the
following assertions are equivalent:

1) The Berezin transform B viewed from L? to L(u) is bounded;

2) The embedding J,, : AP — Li(u) is bounded.

Moreover,

IBIl = Il
Proof. For the proof we need to split cases:
(a) The case 0 < g < p < oo:
First, we assume that B is bounded from L” to L?(u). Let us consider this composition
AP N L N L)
where i, is the natural embedding map. From the fact that (cf. [26, Proposition 6.13])
Bg =g forevery g € A",
it follows that J, = B o i, . Since i, is a contraction, we get

Il < 11BII.-
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Now assume that J, is bounded from A” to L/(u). From now on, we may assume that
f > 0since [Bf] < B(fI), and ||f]|,, = ||.f],,- Using Theorem 5.1 with r > 0 , we have

1

The sufficiency will be clarified by the following computation:

q 1 q
fD (Bf(w)) du(w) fD TEE fD - (Bf (@) dA() du(w)

1
- [ [ @ (B da duon

D(wr)(Z)
f Bf() f GO dun) A,

thanks to Fubini’s theorem. We get,

q q 1 (z,r)(W)
[ (Bron) auon < [ (Br@)" [ S22 dutor daco,

since 1 pg,.)(2) = Lpen(w) and 1 — |z ~ 1 — |w|* whenever B(z, w) < r. We obtain,

D,
fD (BF o)) dutw) < f (Br@)" ( (lz |§))2) dA()

. fD (B/@)' K dAG),

where
u(D(z, 1)
(1-zP2
is introduced in Lemma 5.2. Since J,, is bounded from A” to LP(u), Lemma 5.2 implies that
K € LP/P=9 and is a multiplier from L? to L7, hence

a/p
fD (BF o) duw) < ( fD (Bf(z))”dA(z)) 1K -0

Finally, we conclude that

K(z) =

fD (Bf))"dpew) < 111, 1Kl ovo-o

”f”L/’ ”J/J”qﬂp_)l‘q(ﬂ),
since ||K||zp/0-0 = ||Jﬂ||§u,_> LoG) (recall Lemma 5.2) and B is bounded from L” to L”.
We get,
IBIl < (1, -

(b)Thecasel < p<g<oo:
Once again, we only need to prove that (2) implies (1). Using Theorem 5.1 with » > 0, the



25

fact that D(w, r) € D(ay, 2r) and |D(w, r)| = |D(ay, r)| whenever w € D(ay, r), we have

[ (Bron)duon < 3, f N ,)(| s ) (Br0) a4 o)

k>1

q
B dA(2)|d
k=1 <akr>(|D(ak,r)| D(ak,zr)( f (Z)) (Z)) u(w)

u(D(ay, r)) f B N )
; |D(ay, r)| ( D(ak,Zr)( f(Z)) @)-

We claim that
I/l

(1= lzP2r

Bf(2) <

Indeed, it is clear for p = 1. When p > 1, using Holder’s inequality and Lemma 3.10 in [26],
we have

2
Bf(2) = (|1 'Z'_|)4 Fow) dA(W)
(1= Py ur
SIIfllﬂp(fD(ll_Zw) dA(w))
1
S I fllaw W

Now, since (b) is satisfied, it follows from Lemma 5.3 and the fact that (1—|z*)> =~ |D(ay, r)|
whenever z € D(ay, r), that

f (BF ) dutw) < f DG, )P (Bf () (Bf@) dAG)

=1 I

=S f L Brefue
k>1 Aj,2T

S Wl 1B,
S A% »

where we used the fact that B is bounded from L? to L”. O

6. THECASEl <p<?2

Let us recall that, since 1 < p < 2, A” and L”(u) have both cotype 2, we know that
n.(Jy) = my(J,) for any r > 1. Therefore, in this section we focus on 2-summing operators.

Theorem 6.1. Let 1 < p <2 and u be a positive measure on D. The following assertions are
equivalent:
1) J, : AP — LA(u) is 2-summing.
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2) fD ( Ap(2) )p,/sz(w)<oo.

p 11 —zw*

3) The Bergman projection viewed from LP to L*(i1)
T:fel’—TfelXy with T(f)z) = f (1f(w)) dA(w)
b (1 -
is 1-summing.
Moreover, we have

' 12 1/p’
Tl'z(.]ﬂ AP — Lz(/,t)) 2 (f(f le(Z_) )p dA(W)) . (6.1)
D

p |l —zwl*

Proof. We assume that p < 2 since the case p = 2 is clear (cf. Remarks in Section 3).
1)=2). For r € (0, 1) and for any w € D, we consider the function

1

., ZeD,
(1 —rawp ©

ky(2) =

then k,, € A for every w € D.
For any & in the unit ball of the dual of A”, there exists a function g, in the unit ball of L',
such that

£(le,) = fD ko (DZ DAAG) = 20w),

where Pg, = g and P is the Bergman projection from L”" onto A”" which is bounded. Then
f (k)P dA(w) = f grw)I”' dA(w)
D D

<ligll?,,
<P llgall?,, -

So
sup f )P dA(w) < ||IPII1P".

geB(ﬂp)* D
Then, since p’ > 2, thanks to Fubini’s Theorem and the definition of p’-summing, we have

() 2 ﬂp’(*])

> P” ( f e, ||Lz(mdA<w))
dp) v N
Pl (fD(fDu—rsz) dA(W)) '

Let r — 1~ and thanks to the Fatou’s Lemma, we obtain

d p/2 1/p’
(f f|1f(;1|4 dA(w)) < |IPllma(J,)
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2)=3). Consider,
R: feL*(u)— R(f) e L”

RO = [ GE 2 duto)

which is an analytic function on D.
We are going to justify that R actually defines an order bounded operator. Indeed, for every

z € D, we have s
RO du(w)
L —ap d(ﬂ(fu—m”

Under the hypothesis conditions, we have

//2
f sup [RfI” dA(z) = f ( de_)AL)P dA(z) < oo.
D — 2wl

DfEBLZ(H) D |1

formally defined by

sup
1Al 21

This shows that R is order bounded. From Lemma 2.1, we get that R is p’-summing.
Actually its adjoint operator R* : L? — L*(u) is the operator 7T':

L’ — L)
. (S
fr—Tf withTf(z) = d—ap ————— dA(w).

Hence, R* is the Bergman projection acting from L” to LZ(,u). Moreover, we have T* = R™ =
R. Therefore, T = R* is 1-summing by Lemma 2.2 and we have

. duew) 7”2\
7T1(T) Sﬂ'p'(T ) < (L(Lm) dA(Z)) .

3)=1). For any f € A”, we have T f = f. Considering the maps
AP N L AN LZ(/J),
where i, : A? — L? is the natural embedding with a norm equal to 1. Then
J,=Toi,.
J, 1s a 2-summing operator since it is 1-summing with norm

() < () < (D) lipll < 7 (T).

Proposition 6.2. Let 1 < p <2, 1 < g <2 and assume that
Jy: feA = feLl(u)

is an r-summing operator for some r > 1, then

1
La—wv@@<m
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In other words, dv = du/(1 — |z|*)? is a finite positive measure on D.

Proof. Since AP and L%(u) have both cotype 2 when 1 < p,q < 2, then
T (A7, L(w) = TL(A?, L()

for any r > 1. In particular, J, is a g-summing operator. We shall work with a probability
space (€, 2, P). We consider a (finite) sequence of independent Bernoulli variables (7,,)o<n<n
on this space taking values in {+1} (i.e. a Rademacher sequence), and the function F,, defined
by:

N
Fu(@)= Y r@)n+ 1), where w € Q.
n=0
Applying property 1 (cf. Section 2) to the A”-valued random variable w € Q — F,,, we get
L”Jy 0 Follfq dP(w) < my(J,)" sup f la o F |7 dP(w). (6.2)
ac (APY* Q

On one hand, using Fubini’s theorem and Khinchin’s inequality, we have

f f qd,u(z)dP(w): f f
Q JD DJQ
N q/2
~ f (D + D) duca).
D n=0

On the other hand, for every « in B4y, We can write

q
dP(w) dp(z)

N N
D r@)n + 1) D rw)n + 1"
n=0 n=0

(6.3)

a(F,) = <g’ F,) = Lg(Z)Fw(Z) dA(Z) s

where g € A”" with a norm bounded by some ¢, (depending only on p). Then, by Khinchin’s

inequality
f |a(F.,)|" dP(w) = f
Q Q

N
(k)2 \a/2
(e
i <t
< ligll%, < IIgII‘;,,,,
<c¢, s 1.

~

q

N A
gy ()

£ (k+1)172

Combining (6.3) with (6.4) and the definition of g-summing operator, we get for arbitrary

large N
N a/2
f (D DieP*) i) <m0,
D=0
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Note that N
q/2 1
lim( k+1z2k) - .
dim ( 2+ D) =y

Finally, we obtain:

1
——du(z) < oo, for every z € D.
fD<1—|z|2>q # Y

We shall need the following tools for the proof of our main theorem in this section.

Lemma 6.3. [13, Lemma 7.5] Let 6 > 0, (Q, Z, u) be a measure space and h : Q — [0, +00)
be a measurable function. Then

h (6+1)/6
inf{ fg 7 du:FeL’(u),F >0, fg Fodu < 1} = ( fg h5/(‘5+1)d/1) . (6.5)

Lemma 6.4. [13, Lemma 7.6] Let 1 < g < 2, X be a Banach space and T : X — Li(u)
be a continuous linear operator. Then T is a 2-summing operator if and only if there exists
F € L*>/=9(y) with F > 0 (u-a.e.), such that
T:X — L*u/F?
is well defined and 2-summing operator.
Moreover

(T : X = L)) ~ inf {ﬂz(T : X > L(u/F) : F 20, ||Fll2ae-oq < 1}. (6.6)

Lemma 6.5. (Ky Fan’s Lemma) (See [5], page 190)
Let E be a Hausdorff topological vector space, and F be a compact convex subset of E. Let
M be a set of functions on F with values in (—oo, +o0] having the following properties:

1) Each f € M is convex and lower semi-continuous.

2) If g € conv(M), the convex closure of M, there is a f € M with g(x) < f(x), for all
xeF.

3) There is an r € R such that for each f € M has a value less and equal to r.
Then, there exists at least one xy € F, such that f(xg) < r forall f € M.

The following lemma is a variant of the claim in the proof of Theorem 7.3 in [13].
Lemma 6.6. Let 1 < p,g <2, sett=q/(2—-q), k=p/2— p). Define

N gw)
" _felffwgi‘é?f |, =S o o,

I, = sup inf f f T _g(w) du(z) dA(w).

et S8y, Jo Wil f@)

Then I] = 12.
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Proof. The proof is nothing but a copy and paste of the one in [13] up to a small change of
the kernel, but we include it for sake of completeness.

The fact that I; > I, is obvious by the definitions of /; and I,. In the sequel, we assume that
I, is finite else there is nothing to do and the inequality is trivial.

Let

gw) .
D,(f) = ffll__|4f()du(z)dA(w), for f € Bj,,

and
M = {d)g| g€ sz}.

We point out that BL,(ﬂ) is a compact set under its weak topology by the Alaoglu’s theorem
once ¢ > 1. Then M appears as a set of functions on Bz,(ﬂ) and since the maps g — @, are
linear and Bz,(y) is convex, M is also a convex set. We have:

(a) For any ®, € M, ®, is convex (thanks to the convexity of 1/x) and lower semi-

continuous. Indeed, fix 6 > 0, g > 0 and take
K,={f ¢ Bz,(ﬂ)lcl)g(f) < 6}.

Let {f,} in K,, converging to some f € L'(u). Or, we can assume that it is a pointwise
convergence a.e up to an extraction, then by Fatou’s lemma, we have

D,(f) < liminf D,(f) <0.

It implies that K, is a closed set of L'(u) and so @, is lower semi-continuous on B;
(b) For fixed £ > 0, by the definition of I, for any g € BLk

Liu)”

iI}f O (f)<hL+e=r,

L! (du)

so, there is a fy € B}, . such that

L (u)
D,(fo) <r.

Now, Ky Fan’s theorem shows that there exists at least one f; € Bz,(#) such that

(Dg(fl)Sr:12+s,

for any g € B}, . Note that the second condition in Ky Fan’s theorem is obvious since M is
convex. This implies that I} < I, + €.
O

Now we can state and prove the main theorem of this section. Point out that the measure
v in the following statement is finite as soon as J, is r-summing for some r > 1, thanks to
Proposition 6.2. On the other hand, as soon as J, is bounded, it is clear that v is a finite
measure (just testing the constant function 1).
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Theorem 6.7. Let 1 < p < 2, 1 < g < 2. Let u be a positive Borel measure and
dv = du/(1 — |z*)*.
Then the following statements are equivalent:

1) J, : AP — Li(u) is 2-summing.
2)J, : AP — Li(u) is r-summing for some r > 1.
3)J, A — L3(v) is bounded.

u(D,)
ID_|(1 = |z?)7

Moreover, we have

4) K(2) = e L’, wheres=2p/2p -2+ pq).

1/sq
m) = fD K@ dAD) .

Therefore (3.1) follows from the following immediate corollary.

Corollary 6.8. Letr > 1, 1 < p <2 and u be a Carleson measure on AP. Then
Ju : AP — LP(u) is an r-summing operator if and only if

u(D,) 2/p
L(W) dA(z) < .

Moreover

D 2p 12
m(@)zmuﬂ)z( f ((“(—)) dA(z)) .
D

1 _ |Z|2)p+2

Proof of Theorem 6.7. Since AP and L7(u) have both cotype 2 when 1 < p,q < 2, then
J, : AP — Li(u) is r-summing for some r > 1 if and only if J,, is 2-summing.
Since p/(2 — p) > 1 > g/2 > 0 then Lemma 5.2 shows that K € L* if and only if

J, ﬂp/(Z—p) — Lq/Z(V)

is bounded. So we only need to prove that 1) is equivalent to 3).

We already mentioned before the statement of the theorem why we know that v is a finite
positive Borel measure.
Setk=p/(2—-p)andt = q/(2 — g). From Lemma 6.4 and Theorem 6.1, we know that:

FEBLth)

. 1 P2 2
(L[] aoo]

(m( A Lq(ﬂ)))z ~ inf {(ﬂz(.]# AP Lz(,u/Fz)))z}
(6.7)
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Hence, by duality between L* and L”'/?, we get

(712(]# AP - Lq(,u)))2 ~ inf sup ff&d,u(z) dA(w).

fEBLt(H) gEBJr D |1 - WZ|4f(Z)

Using Lemma 6.6, Lemma 6.3 and then Lemma 5.4, it follows

(71'2(«],14 AP - Lq(ﬂ)))2 X inf f 1= Bg ) du(z)

g€B+ feBLt(H) |Z|2)2f( )

sup

+
geBLk

(1- |Z|2)2 L9/2(u)

(6.8)

sup [|Bgl .,
geBZk

&

sup ||Bgll a2
8€Bk

X ||JV||ﬂkr_)Lq/2(y)

where the (positive) operator B is the Berezin transformation viewed from L*¥ = L*(A) to
L7%(v). In other words, we obtain that (1) is equivalent to (3). o

7. THECASE2 < p<r

In this section, we focus on the case 2 < p < r. Actually, we shall also obtain some results
useful to treat the other cases. In particular, some general necessary conditions are obtained
below.

Let us begin with the simple case r = p.

Proposition 7.1. Let p > 2 and u be a Carleson measure. Then J, : A? — LP(u) is p-
summing if and only if du(z)/(1 — |z|*)? is a finite (positive) measure, that is

1

Moreover

1 1/p
”p(fu)z(fDmdﬂ(Z)) :

This result is the counterpart in the Bergman space A” of the corresponding result in [23]
which characterizes p-summing composition operators on H” (their proof extends obviously
to general Carleson measures on H?).

Proof. First we assume that the measure du(z)/(1 — |z*)? is finite, then by Proposition 4.3,
this is equivalent to the fact that J, is an order bounded operator, therefore J, is p-summing
as well. Hence,

du(z) )1/,,

m,(Jy) S ( -
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Now we define the following (normalized) sequence in A”.
_pn+2\1p
en(z) = ( 3 ) Z, n>0.

Let g € A” with a Taylor expansion g(z) = Yo, 8(k)Z*. It is well known (cf. [11, Corollary
8.2.10]) that, since p > 2,

( gl
(k

1/p
) S Nl

Then, we have for every g in the unit ball of A”":

p
Z Kew ) < Z <

The definition of the p-summing operator yields

(o)

Znennu,w <7 (L) sup ) Kew @

n=0 geBﬂP n=0

<SP
But

Znennu@ fD 22 (B + 1) du)
n=0
> f D+ D" du()
D=0
1
) fD =y 4

du(z) \'»
(fD(l—|z|2>2) S ()

We recall that the multiplier operator .#; on ¢” is defined by .#s(e,) = B,e, , where {e,}
denotes the canonical basis of ¢7 and 8 = (8}, ,, - - - ) 1S a sequence.

We obtain

O

Proposition 7.2. Let p > 2 and pu be a Carleson measure on AP. Assume that J, is r-
summing. Then
1)For1 <r<p,

) (KDY P’/ﬂ)“”'
S m(Jy). 7.2
(@) ) s @

2)Forp" <r<p,

00 LI
(S (E2)) <mi. (13)

k=1
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3)Forp<r,

1 H(Dy)
( f = Hz)zdu@) (Z lel) <) (7.4)

Proof. Assume that J,, is r-summing. From Proposition 4.8 , we get that .# is r-summing
as well, where
P ((ﬂ(ﬂk))up)
D 7 e

Now the comparison (1); (2) and (3) of n,(J,) with the norm of g follows directly from
Lemma 4.4 : more precisely , (1) follows from (4.15); (2) follows from (4.16) and (3) follows
from (4.17). m|

Now we can prove the main result for2 < p < r.

Theorem 7.3. Let 2 < p < r and p be a Carleson measure on AP. Then J,, : AP — LP(u) is
an r-summing operator if and only if

1

W p(D\
w0~ [ o ) (k>1 o) (7.6)

Furthermore

Proof. Let us assume that (7.5) is satisfied. By Proposition 7.1, J,, is a p-summing operator,
hence it is r-summing since p < r and we get

1 1/p
7Tr(J,u) < ﬂp(J/z) < (L m d,u(z)) .

The reverse inequality follows immediately from Proposition 7.2 . O

8. THECASEp' <r<p

In this section, we focus on the case p’ < r < p with p > 2.
We shall denote AP (Dy, A) = H(D) () LP(Dy, A), with

||f||;@,A)=( | IfIPdA) |
Dy

Given a sequence {X;} of Banach spaces, the space P » Xk 18 equipped by the norm

sl , = (bt )

k>1

where x; € X, for every k > 1.
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For any f € LP(u), since the family (Dy);>; forms a partition of D,

fD P =Z f@ vy

In other words,
feLl’w) — (fiy) € Oo L' (Dr, ), 8.1)

is an isomorphic isometry. This can be rewritten as
LP(u) = @ L (D, ).
Point out that D = U D(ay, 4t) , with 0 < ¢ < 1/4, and recall that there exists a positive

k
integer N such that each point of D belongs to at most N of the sets D(qay, 4t) (cf. Section 2).
For p > 1, the following map is continous:

fe€A” = (finuu)k € Do A'(D(ay,41), A) . (8.2)

Indeed, for any f € A” we have

1/p
|Gl ot = (Z | If(z)l"dA(z))
kZl D(ak,4t)

1/p
<nr( [ iraraaw)
D

1
= NIl .

For any z-lattice {a;} (0 < ¢ < 1/2), we shall use the notation D) instead of D(a, 21).

Lemma8.1. Let 1 <r < p<oo,0<t<1/2 {a}beat-lattice on D and { Dy} be the relevant
subsets of D defined in Lemma 2.6. Then for a positive Borel measure pon Oy (k =1,2,...),
the natural embedding map

7:‘,p . ﬂr(D],{aA) — Lp(@k’ﬂ)

is bounded if and only if
u(D'P
1DV
Furthermore,
w(D)'P
Topll # ———-
T~ 55

Proof. Using Lemma 4.6, the fact that (1 — |2/*)* =~ (1 — |a*)* = |Dy| whenever z € D
(cf. Section 2), and the fact that D(z,t) € D(ay,2t) = D, for every z € D, we get, for any
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feA(D,A),

[f@IPdu(z) < sup | f (I u(Dx)

Dy €Dy

1 . pir
S sup W (jl;(z \ lf(w)l dA(W)) w(Dy)

€D (
plr (8.3)
W ( If (W)I'dA(w)) 1(Dy)
» HDp)
SR o
This gives that
u(DY'P
7ol s B2
ITpll s 577
Now take
1=la 2N\2\ 1/r
f(Z):(%) , forzeD.
Since (1 — |a|)* ~ |1 — @zl ~ |D,| ~ |Dy| whenever z € Dy (so z € D, ) with constants
independent of k, we get
||f||y{r(D,;, =1,
and
“(Dy)
|f @I du(z) = )
Lk f H |Z)k|1?/r
Therefore
w(D?
Tl 2 B
IT011 % 57
O

As an immediate corollary, we have by renormalization:
Corollary 8.2. Let 1 <r < p < o0, 0 <t < 1/2, {a} be a t-lattice on D and {Dy} be the
relevant subsets of D defined in Lemma 2.6. Then the operator T( ) defined by

A
TV :fe ﬂ’(D,;, —

1

is bounded if and only if

WDy _
D

1/
= (iar)

Moreover its norm is

| T®

rnp




37

Theorem 8.3. Let p > 1, 0 < t < 1/4, a t-lattice {a;} and {Dy} is defined as in Lemma 2.6.
For any k, assume that
“(Dy)
1Dl

< 00.

Then,
Sk : f € L?VJ(D(ak’ 4t)’A) — ﬁz)k € Lp(Dknu)

is 1-summing with

#(@k))” r
1Dd /-

Proof. Let H*(D;) be the class of the bounded analytic functions on D; with the natural
supremum norm. We consider the commutative diagram

71(S 1) s(

AP(D(ay., 48), A) “— LP(Dy, 1)

H™(D)) AYD, )

Ji
where v, is the normalized area measure on Dy: @ dA, and P, := Tikl), and with
Pif(2) = 1D f(2),
for f € AP(D(ay, 41), A), we know from Lemma 8.2 that P, is bounded with norm (u(Dy)/|Dxl)""”.
The operator j; is obviously bounded and ||j,|| = 1.

Using Lemma 4.6 and the fact that D(z,2t) C D(ay,4t) for every z € D;, we get for any
f € AP(D(ay, 41),A)

1 1/p
sup |f(z)| < sup e (L( y |fm)I? dA(W))

€Dy, z€D;, (1
1
< sp ——|If
z€D(ay,4t) (1 — |Z|2)2/p || ||ﬂP(D(ak,4t),A)
1
L
(1 = e ”f“ﬂP(D(akAt),A)

1
=~ W ||f||ﬂl’(D(ak,4f),A) )

So P, is bounded with norm < 1. Obviously, S, = Tﬂ?} o jjoP.

Now let us observe that j; is 1-summing: indeed, it suffices to see that the restriction to
H*(D,) of the map id : L*(D;) — LY(D;,v;) is absolutely summing. Thus,
|D;|

)< — =~ 1.
m1(Jj1) Dl
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Therefore, the ideal property for 1-summing operators leads to

| (DOY?
(S0 < IPIm G ITE) < (#|z>—,j) .

We shall need the following lemma.

Lemma 8.4. [13, Corollary 4.8] Let p > 2, p’ < r < p. Assume that for every integer
n > 1, we have bounded operators T, : X,, — Y, for Banach spaces X, and Y,. Consider the
operator

T : @gv X, — @gv Y,

(xn)n L— (Tn (x”))nzl .

Then T is r-summing if and only if each T, is r-summing and

Z n(T,)" < +oo.

n>1

Moreover, we have

m (™)~ (Y mary) "

n>1

Now we can get easily the main theorem of this section .

Theorem 8.5. Let p > 2, p' < r < pand 0 <t < 1/4. Let u be a Carleson measure on
AP. For any t-lattice {ai} and relevant set {Dy} as defined in Lemma 2.6, J,, : AP — LP(u) is

r-summing if and only if
3 (EDY”
=\ Dy

r.(J,) = (Z (/JI(ZZ;:'() )"/P)l/r' 80

Moreover

Proof. We consider the commutative diagram:

Ju

A LP(u)

; -

Do AP (D(ar, 41),A) —— DB L (Dy, 1)

where M is the map defined as in (8.2), which is continuous, and M’ is bounded since the
map as defined in (8.1) is an isomorphic isometry. Finally, S in the natural block diagonal
map whose entries are the operator S;. Theorem 8.3 implies that

Sk f € fﬂp(D(ak,4t),A) — f € LP(Dk,,U)
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is 1-summing with

DI\P
(S < (‘TDJ)) .

It is obvious that J, = M" o § o M and it follows from Lemma 8.4 that

SSUARTCIN D YCTENG M D YETCNG M 3ol B I
k>1 k>1

k=1

We get the reverse inequality from Proposition 7.2 :

o0

(> (ﬁgﬁ))w)m < ().

k=1

9. THECASE1 <r<p’
We focus now on the last remaining case 1 < r < p’.

Proposition 9.1. Let X, and Y, be two Banach spaces. Let T, : X, — Y, be a I-summing
operator with my(T,) < 1. Then the operator
T:x=(x),€DyX, — (Tn(x,,)) €Dy,

is 1-summing and m(T) < 1.

We are indebted to L. Rodriguez-Piazza for the following argument which seems to us
clearer than an alternative previous one.

Proof. Let n > 1. Since T, is 1-summing with m;(7,) < 1, by the Pietsch Theorem (see
for instance [5], page 44), there exist a constant C > 0 depending only on n and a proba-
bility measure u, on the unit ball K, of X; (K, is a compact set endowed with the weak-star
topology) such that

Vue X, , 1Tl < Cf | x )] dpa( x) ©.1)
K,

for each n.

Let (€, P) be a probability space and (r,), be a Rademacher sequence (i.e. a sequence of
independent random equidistributed variables taking their values in {+1}; i.e. random choice
of signs). Actually we can assume that Q is a compact set (take {+1}"', the Cantor group and
r, is the n™ coordinate map). Then, writing K = [], K,,, we define K = Q x K which is a
compact set and the measure v = P ® y is a probability measure on K, where u = ®, .

Let x;(&,) = &:(x,) where & = (£,) € K. The map:

E:x=(x), € @lenHZrn@)xZeC(f()

is an isometry. Indeed,

E = n . n
IEQO| §3£|Zr<t>xn(§>

f}l GK}'! n

= sup Z €000 = Z A
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On the other hand, let Z; be the closure in L'(K,v) of the vector space V; spanned by
{r. ® x;; x, € X,}. The formal identity i from C (K) to Z, ¢ L'(K,v) is I-summing with
m@=vK)=1(isa probability measure).

Finally the map
F:f=Y rnexecVi— (T)(x), € SnY,
is well defined, bounded and extends to a bounded operator on Z;. Indeed, since (9.1) holds

then
1/2
(D) < (DIl )

1/2

which is nothing but

and 1s then lower than

fk(z IXZI2)U2dﬂ-

Then the Khinchin’s inequality implies that

(Znnm)nz)ws fK fg | > o

m(T) < [IFllm@ IE|l < 1.

The conclusion follows. O

dey:HZrn@)xfl

Hence,

Corollary 9.2. Let X,, and Y, be Banach spaces. Let T, : X,, — Y, be a I-summing operator.
We assume that

D T <o,

n>1

Then the operator

T:x= (-xn)n € 69[1’ Xn L (Tn(-xn)) 1 € @ﬂ’ Yn

nz
is 1-summing with
i (T) < ey (Tl -

Proof. Write A, = m(T,). We have (1,), € ¥ by hypothesis. The operator S, = /lngn
satisfies 711(S,) = 1 by definition. From the previous proposition, we know that the operator

S:x=(x)n € 69{’1 Xn — (Sa(x))n € @{’2 Y,

is 1-summing with 7,(S) < 1.
On the other hand, we have the factorization: 7' = J o S o D where

D:x= (-xn)n S @[ﬂ X, — (/len)n € GBFI X
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is bounded since (1,,), € £ with ||D|| < ||44ll, , and
J: y= (yn)n € 6952 Yn — (yn)n € ®€P Yn
is bounded since p > 2 with norm ||J|| < 1. Therefore,

i (T) < (U1 i (S) DI S lAuller = Mlwy (Tl -

Now we can state the main theorem of this section.

Theorem 9.3. Let p > 2 and 1 <r < p’. Let u be a Carleson measure on A, a t-lattice {a;}
and {Dy} as defined as in Lemma 2.6. Then the following statements are equivalent:

1) J, : AP — LP(u) is 1-summing.

2)Jy : AP — LP(u) is r-summing.

)Z( l(zz)?j))p 'Ip

k=1
Moreover,
, / 1/p
- N u(Di)\p' Ip\' P N 1 P'lp
”l”ﬂ)”’wﬂ)”(;( o) ) = LU, aopmmien)0)

Proof. 1) = 2). The proof is obvious.
2) = 3). It follows from Theorem 8.5 and the fact that r < p’,

(Z (/Jl(zz)?j))l”/p)l/p, Sty (Jy) < m(Jp).
k>1

3) = 1). By hypothesis, we have in particular:

,U( ) o
|Z)k|

Theorem 8.3 implies that
Sk . f € ﬂp(D(ak’ 4t)’ A) — f € Lp(@knu)

1s 1-summing with

DI\P
(S0 < (“'(Dk’l‘)) .

Following the same proof of Theorem 8.5 and using Corollary 9.2, we get J,, is 1-summing

with , ,
m(Jy) < (Z (/«‘l(zz)zllc) )P /p)l/p |

k>1

This completes the proof. O
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10. THE RESULTS ON WEIGHTED BERGMAN SPACES

In this section, we give similar characterizations on weighted Bergman spaces A’,. For any
a>—1,letdA, = (a + 1)(1 — |z]*)*dA(z) and

A = HD) [ | LD, A,).

The following theorem extends the main theorem to the framework of weighted Bergman
spaces. We can prove it in a similar way, and so we omit the details here.

Theorem 10.1. Let 0 <t < 1/4 and a > —1. Let u be a Carleson measure on AL,
Then

(1) Let 1 <p<2andr>1. Then J, : Al — LP(u) is r-summing if and only if

(u(D,))?

dA,(z) < .
D (1 _ |Z|2)(a+2)(%+1)

Moreover, we have

o0 2 112 2 1/2
MMzQHWW%wﬁj %L (D) cm@). (10.1)
n,j

(1 - |Z|2)(a+2)(%+1)

(2) Let p>2and 1 <r<p'. Then J, : A, — LP(u) is r-summing if and only if

[

4n(1 +a/2) ) P
> wR,)) <o

n,j
Moreover, we have

(o)

P\ P D % /v
nﬂ@)zmumz(Ej@“””wmmﬂ ) z(f( WD) ¢%@ﬁ .
D

r
1 _ |Z|2)(a+2)( 7 +1)

n,j

(10.2)

(3) Let p=2and p' <r < p. Then J, : A, — LP(u) is r-summing if and only if

00 rlp

Z (4"(]+a/2)N(Rn,j)) < 0.

n,j
Moreover, we have

o0 1/r

rip\ 1/r i
m(J,l)z(2(4”<““/2)u(Rn,,-)) ) z( fD ( W' 44 0] (10.3)

1 _ |Z|2)(a+2)(;+1)

n,j
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(4) Let p >2andr > p. Then J, : AL — LP(u) is r-summing if and only if

1
fD (1 =y M@ < -

Moreover, we have
oo 1/p

1/p 1
n,(Jﬂ)z(Z(4”“+“/2’u(Rn,,-))) z( fD Wdy(z)) : (10.4)

n,j

In the same way, we get for free the characterizations for weighted composition operators.

Theorem 10.2. Let ¢ : D — D be an analytic map and u : D — C be an analytic function.
Let uC, be the composition operator viewed from A, to A", where o,/ > -1, and du =
(lulPdAy),. The operator uC, is r-summing if and only if the following m,. norm is finite.

(1) When1 < p<2,foranyr>1,

|u|? 2/p
ﬂr(ucw)znz(uc‘p)z( fD ( L o (1_lsolz)@m)(lw/z)dA(,,(w)) dAa(z))

1/2

(2) Whenp >2, for1 <r<p’,

ju? e\
ﬂr(ucga) ~ 7T1(MC¢) ~ (»[D(»LI(D—) (1- |€0|2)(2+a)(1+p/p’) dAa/(W)) dAa(Z))
(3) Whenp > 2, forp’” <r<p,

|u|? rlp lr
mluCy) = (\[D(f«/:‘l(Dz) (1 = |gP)Eaxtrin dA”‘/(W)) dA“(Z)) '

(4) Whenp > 2, forp <r,

1/p
7.(uC,) ( f ® 4 )
U =~ T e o .
¢ p (1 = |ep?)>*

Remark: Of course, we could add some estimates involving the family (9y), or the Luecking
rectangles, using the fact that, for every s > 0,

Z (#(Z)k)/lﬂkllw/z)s ~ Z Z (/-‘(Rn,j)/an,ﬂHa/z)s.
k=1

n>0 0<j<2n

11. SOME OTHER APPLICATIONS

We mention in this section some direct applications of our results.
The first one concerns a monotony property relatively to the index of the Bergman space.

Proposition 11.1. Let u be a positive measure on D and 1 < p, < py.
If J,, is r-summing on AP, then J, is r-summing on AP .
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H(Dy) )
IDi| /=1
We have to separate the cases since our characterizations depend on the values of (py, p2, r).

Proof. Fixr>1,p; > p, > 1landleté ::(

e Ifl <p,<p <2.
Assume that J,, : AP — LP'(u) is absolutely summing, then we have & € £*/7! by
our characterization in Section 3. It follows that & € €%/72, hence J,, : AP — L (u)
is absolutely summing thanks to our characterization (3.1).

o If 2 < p, < p;. Let r > 1. we split this case in sub-cases:
-If 1 < r < p|, we have that & € ¢///P1. This implies that & € /P2 since
p/p1 < p5/p>. Then, again from our main theorem in Section 3, it follows that
J,, is r-summing on A" thanks to (3.2).
- If pf < r < pj, we get that € € £72/72, since ¢ € ¢'/7' and r/p; < p),/p,, hence J,
is r-summing on A thanks to (3.2).
- If p) < r < py, we get that € € {72, since £ € /P and r/p; < r/p,, hence J,, is
r-summing on AP? thanks to (3.3).
-If py < r < py, we get that & € €', since & € ¢"/P' and r < py, hence J, is
r-summing on A thanks to (3.4).
- If p; < r, then we have that £ € ¢'. It turns out that J, is r-summing on A"
thanks to (3.4).
e The case p, < 2 < p; follows immediately from the previous cases: if J, is r-
summing on AP then it is r-summing on A> by the previous case, hence it is 7-
summing on A by the first case.

O

We give another direct application of our main theorem: we have a sufficient condition to
ensure that J, is absolutely summing in terms of Carleson’s condition.

Proposition 11.2. Let u be a positive measure on D. Let y > 5/2.
Assume that p is a positive measure on D which is y-Carleson: u(D,) = O((1 —1z|)?), when
lz| = 17, equivalently:

supu(W(E b)) = O(),  when h — 0.

£eT

Then
o Letpe(1,2). Ify > g + 2, then J,, is absolutely summing on A".
o Letp>2.

(i) If y > 3, then J,, is p-summing on AP .
(ii) If y > L) (for some r € [p’, pl), then J, is r-summing on AP.
r
(iii) If y > p + 1, then J,, is absolutely summing on A".

Recall that the boundedness of J, on A” is ensured exactly as soon as u is 2-Carleson.
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We can read the previous result in another way. Assume that u is y-Carleson. If y € (5/2, 3]
then J,, is absolutely summing on A” for any p € (1,2(y — 2)) C (1,2).

If y > 3, then J,, is r-summing on A” for some suitable (r, p) with p > 2. In particular, it
is absolutely summing on A” for any p € (1,y — 1).

Proof. It suffices to check (easily) that the conditions in the main theorem ar satisfied.
For instance, for p € (1, 2), since

2
D,))” 20-2)
(/l(—z))42 I
(1 —1lz?)7*
a sufficient condition to ensure the convergence of the integral is
2A0y-2)
p

The other cases are treated in the same way. O

2>-1.

Another application concerns composition operators on vector valued (weak and strong)
Bergman spaces. A partial result is given by Laitila-Tylli-Wang in [12]. They also treat
partially the case of vector valued Hardy spaces and the result is completed in [1] by Blasco
for L7 valued functions. We give below the corresponding result for Bergman spaces.

Before stating precisely the results, let us recall the framework. For any Banach space X,
we use £’ .(X) to show the weak p-summable sequence (x,) in X. It is equipped with the

wea

norm defined by

1

1Ml x) == sup (Z |<x*,xk>|P)
k

x*€Byx*

where (x,) € £/ (X).
For any Banach space X, let p > 1, the norm on A”(D, X) (resp. ﬂfv ac(Ds X)) is defined
by

1

WA llar@.x) = ( fD ILf (Z)IlidA(z))p

and
1

Iz @x) = sup ( f I<x*,f(z)>|"dA(z))
x*eByx: \JD
respectively.

For any symbol ¢ : D — D (analytic), the composition operator C, is well defined (and
bounded) from A” into AP. For any Banach space X, we are interested in the operator Cf,f
(until now formally) defined by

Cl:feA (DX — fopeAD,X).

weak
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That is, to any f(z) = X0y X.2" € ﬂ’; (D, X) where x, € X for n > 0, we associate the
X-valued analytic function

(o)

CXN@ = ) ().

n=0
In [12, Th 3.2], the authors prove the following theorem:

Theorem A. Let 2 < p < oo, ¢ be a symbol and X be any complex infinite-dimensional
Banach space. Then

1 1/p
IClla x1ome z(f—dA@) | (1L1)
P0G T L5 (1 - lp)PY?

They also prove a Hardy space version of the previous theorem, which is completed for
other values of p and when X = L%(u) by Blasco in [1, Th 1.1]:

Theorem B. Let ¢ be a symbol and 1 < p < 2. Let X = Li(u) for 1 < g < p and infinite
dimensional. Then

i a 2 12
ICX e ([ ! dr\™" ds (11.2)
(3 Hweak(D’X)_)Hp(D’X) - 0 0 |1 - e_is‘)o(eil)|]+p/2 271- 27[ . .

The following result is the analogue of Theorem B for vector valued Bergman spaces, and
completes Theorem A in this framework.

Theorem 11.3. Let ¢ : D — D be an analytic function, 1 < p < 2and 1 < g < p. Let
(Z, Q, u) be a probability space and X := Li(u). Then

CX AP (D, L) — AY(D, L)
is bounded if and only if

1 ;
fD(fD 1= Zp(w)P*2 dA(W)) dA(z) < eo, (11.3)

2 1
1 AT
an_,psz—dA)dA).
[ ¢||ﬂmk A ( D( o 11 = Zp(w)P*2 (w) (2)

Proof. Suppose (11.3) is true. Then by Corollary 3.2, we get C,, € I1,(A?, AP).
Let F(z) = Xy fn2' € ﬂfv (D> LI(w)), where f, € L7(u) for every n > 0. Hence, for each
h € (LY(u))", we have that

8}

and moreover

2eD— (L F@) = . ( fQ h(w)fn(w)du(w)) z.
n=0

belongs to A”.
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So we have

l/p
||F||ﬂﬁeak(D,Lq(y)) = Ssup (f <A, F(Z)>|pdA(Z))
D

EBLq/ w

= sup sup{|Z fg hw) fu(@)dp(@)d,
n=0

hEBLq/ W

; § € By with g = Z anzn}
n=0

1/q
- sup ( f |<G(w),g(.)>|‘Idu<w)) ,

gEBﬂpi

where G(w) = X2 fu(w)Z" € AP.
The fact that C, € II,(A?, A”) shows that

1/q
( f ||c¢(G)||ﬂpdu<w>) < y(Cy) sup ( fg |<G<w>,g(.)>|qdu<w)) :

g€B A

So the Minkowski’s inequality gives that

rlq 1/p
( dA(z)) s( [ |[ camranc
D QIJD

S (CHIIF|
and moreover

q/p

1/q
d,u(w))

ICe (Pl dp(w)
Q
ﬂlw)'eak (D’Lq (/.t)) ’

2 1

X 1 b :
||C¢||ﬂ§mk_>y1p < (\[D)(j];)—ll o dA(w)) dA(z)) )

For the converse, assume that Cf,f is bounded and we are going to show that
RC <l
Let (fi) € £5(AP) with

1/2
sup [Z |<g,fk>|2] <1
k

gGBﬂp/

The proof will be finished as soon as we will have proved that

1/2
(Z ||c¢<fk>||;p] <NC e -
k

For that, we make use of the Dvoretzky theorem (see [5, p.397]): for every € > 0, and
n € N, there exists a linear map T, : £, — L9(u) such that for every (a;) € )

n 1/2
(1+e)! (Z |aj|z} < ”ZaJT (e])||m) [Z |a,|]
j=1

Now define F,(z) = Yoy fi(2)Talex).
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For each x* € L7 (i)

n

D (& Tue) fil2)

k=1

(Z<T:;(x*>,ek>ﬁ<] (@).
k=1

Therefore, for every x* in the unit ball of L‘]’(,u), we have

(x", Fu(2))

Kx', Fllw = || D (T, e il
k=1

= sup
gEBﬂpl

1/2 172
< [Z (T (x"), ek>|2] . sup (Z |<fk,g>|2)
k k

gEBﬂpl

D UTix), e foo 8)
k

<IT,IXN < 1
since ||T,|| = ||x*|| = 1. This implies that
||Fn||ﬂcmk(D,Lq(ﬂ)) <1

Since C;f is bounded from Jﬂ’;wk(D, L9(w)) into AP(D, L(u)), using Dvoretzky theorem, we
have

ICE 5 o = G5
n p
= f D Tefile@)|  dAR
D |[%=1 La(u)

n pl2
> (1+e)7 fD [Z |fk(¢<z>)|2] dA()
k=1

n 2/p\P/2
z<1+s>-f’(z ( fD |fk<so(z>>|f’dA<z>) ) ,
k=1

where the last inequality holds since 2/p > 1 and using the Minkowski’s inequality.
Since ¢ is arbitrary, we get

. 12
(Se] <l
k=1

By the definition of 2-summing, we have

X
1(Co) < ICY A0
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At last, by Corollary 3.2, we have

1 ; 4
L L r=maaon) ae) <l
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