N
N

N

HAL

open science

HEAT FLOW IN A PERIODICALLY FORCED,
THERMOSTATTED CHAIN

Tomasz Komorowski, Joel L Lebowitz, Stefano Olla

» To cite this version:

Tomasz Komorowski, Joel L Lebowitz, Stefano Olla. HEAT FLOW IN A PERIODICALLY FORCED,
THERMOSTATTED CHAIN. Communications in Mathematical Physics, In press, 10.1007/s00220-

023-04654-4 . hal-03697509v2

HAL Id: hal-03697509
https://hal.science/hal-03697509v2
Submitted on 20 Jan 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03697509v2
https://hal.archives-ouvertes.fr

HEAT FLOW IN A PERIODICALLY FORCED,
THERMOSTATTED CHAIN

TOMASZ KOMOROWSKI, JOEL L. LEBOWITZ, AND STEFANO OLLA

ABSTRACT. We investigate the properties of a harmonic chain in contact with
a thermal bath at one end and subjected, at its other end, to a periodic force.
The particles also undergo a random velocity reversal action, which results in a
finite heat conductivity of the system. We prove the approach of the system to
a time periodic state and compute the heat current, equal to the time averaged
work done on the system, in that state. This work approaches a finite positive
value as the length of the chain increases. Rescaling space, the strength and/or
the period of the force leads to a macroscopic temperature profile corresponding
to the stationary solution of a continuum heat equation with Dirichlet-Neumann
boundary conditions.

1. INTRODUCTION

The conversion of mechanical energy to heat, accompanied by the production
of entropy, is a very common phenomenon in nature. It occurs on all scales of
space and time: from ocean tides to the movement of a charged particle in a fluid
under the influence of an electric field. It happens each time we rub our hands or
scratch our head. A fully microscopic description of the phenomenon is desirable
but very complicated. Here we study an example of this phenomenon in a very
simple microscopic model system. In particular, we consider a linear chain (system)
of n+ 1 particles, labelled by x =0,...,n, in contact with a thermal reservoir at one
end and acted upon by a periodic force at its other end.

The interaction of the system with the reservoir is stochastic, modeled as usual
by an Ornstein-Uhlenbeck process (the Langevin force). The action of the external
force on the other hand, is deterministic described by a time periodic Hamiltonian.
There is also a stochastic velocity flip acting on the particles of the system to model
non linear interactions, inducing a diffusive behaviour of the energy and producing
a finite heat conductivity.

We prove the existence of a unique periodic state approached, as t - +oo, from
any initial state. The average work done on the system over a period is equal to the
time averaged heat flux, J,, going into the reservoir. This is computed explicitly
for all n. The diffusive behaviour of the energy implies that the heat flux J, is
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proportional to the microscopic gradient ot the temperature. To maintain a spatially
constant time averaged macroscopic current J in the limit n — oo one needs to have
a spatially constant time averaged temperature gradient proportional to .J. This can
be achieved by appropriately scaling the force and/or period 6, as a function of n.
This leads to a macroscopic spatial temperature profile T'(u), where u = x/n € [0, 1]
is the scaled spatial coordinate, given by the stationary solution of the heat equation
with a fixed temperature 7'(0) = T_ (the temperature of the heat reservoir that is
placed at the left endpoint of the chain) and a fixed energy current J entering
the system on the right, u = 1 (where the periodic force is applied). The thermal
conductivity  in the heat equation can be computed explicitly by the Kubo formula
for this system (see [2] as well as the comments in Section 10). It is independent
of the temperature, so, as a result, T'(u) is linear in u, with k7"(u) = -=J.  As
already mentioned above, it is the presence of the stochastic flip in the bulk that is
responsible for the conversion of the work done by the periodic force into heat that
is diffusively transported through the system. Detailed study of the thermalization
in the bulk for such stochastic dynamics has been studied in [15].

We note that our setting differs from the typical setup, in which the stationary
macroscopic energy transport has been studied. E.g. in [17, 12, 5, 3] the chain is
placed between heat baths at different temperatures. The stationary temperature
profile depends then on the boundary temperatures. As far as we know, the present
article is the first to derive a rigorous macroscopic limit for a system in a periodic
state induced by a periodic external force. Periodic states of a system under external
periodic forcing have been previously considered in [14].

1.1. Description of the model. The configuration of particle positions and mo-
menta are described by

(a,P) = (90, qns D0y -+, Pn) € R x R, (1.1)

We should think of the positions ¢, as relative displacement from a point, say x
in a finite lattice {0,1,...,n}. The total energy of the chain is defined by the
Hamiltonian: H,(q,p) = Yr.o&:(q, p), where the microscopic energy is given by
Wy
2 )

with the pinning constant wy > 0. We adopt the convention that ¢ 1 := qq.
The microscopic dynamics of the process {(q(t),p(t))}is0 describing the total
chain is given in the bulk by

Gz (1) = p2(1), xe{0,...,n},
dp.(t) = (Aqu - w%qm) dt - 2p,(t-)dN,(vt), xze{l,...,n-1},
and at the boundaries by
dpo(t) = (a1(£) = qo(t) = whao )t = 2ypo (£}t + /T (1) (1.4)

Apn() = (201 (1) = 4u (1) — (D))t + F (1)t = 2, (1-)AN, (1),

Here Ay is the Neumann discrete laplacian, corresponding to the choice ¢,,1 = ¢,

and ¢_1 = qo. We assume that the forcing F,(t) is 6,-periodic, with the period
2

2
py 1
Eq,p) = o +§(qm—qx_1)2+ x=0,...,n, (1.2)

(1.3)



0,, = n®0, and the amplitude n?, i.e.

F(t) = n“f(%) : (1.5)

Here 6 > 0 and the scaling exponents a € R, b > 0 are to be adjusted later. We
assume F(t) is a smooth 1-periodic function such that

fo ' F(t)dt -0, fo 'Rt s 0. (1.6)

Processes {N,(t)}, x =1,...,n are independent, Poisson of intensity 1, while @_(¢)
is a standard one dimensional Wiener process, independent of the Poisson processes.
The parameter v > 0 regulates the intensity of the random perturbations and the
Langevin thermostat. We have choosen the same parameter in order to simplify
notations, it does not affect the results concerning the macroscopic properties of the
dynamics.

The generator of the dynamics is given by

G = Ay +7Saip +275-, (1.7)
where
Ap = iopzf?qz + i}(ANQx ~ Wi qa)Op, + Fu(t)0p,, (1.8)
and - -
Suip (P a) = xil (F(p7,a) - F(p,q)), (1.9)

where ' : R2("+1) - R is a bounded and measurable function, p* is the velocity
configuration with sign flipped at the z component, i.e. p* = (p,...,p)), with
P, =Py, y # x and p), = —p,. Furthermore,

S_=T.02 = PoCp,- (1.10)
The energy currents are given by
Gt = Ja-1,0 = Jua+1s (1.11)
with
Jrart = —Pe(@er1 = q2), i xe{0,.,n-1}
and at the boundaries

J0=27(T-=p§),  dnme1 = =Fu () - (1.12)

1.2. Main results. Our first result concerns the existence and uniqueness of a
periodic stationary state for the system. Fix n > 1. Following [8] Section 3.2, we
define a periodic stationary probability measure {ul’ t € [0,+00)} as a solution of the
forward equation 0, = G pf such that pf, = pf. This condition is equivalent to

en
f dsz( )QSF(r,p)uf(dq,dpFO, (1.13)
0 2(1+n

for any smooth test function F : R2(»*1) - R,
3
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Suppose that {(q(t),p(t))}0 is the solution of (1.3)-(1.4) initially distributed
according to pf. Given a measurable function F': R2("*1) — R integrable w.r.t. each
measure {uf s € [0,+00)} we denote

F()=EF(a(t),p(1)) = [

ey F(@P)if (da,dp), >0, (1.14)
where E is the expectation w.r.t. P - the probability measure corresponding to the
noises and with initial data distributed by pf’. The function F'(t) is 6,-periodic. We

denote its time average by

<“W“ﬂ%£%F@“' (1.15)

The subscript n in the notation of the average ((-)),, will be sometimes omitted,
when it is obvious from the context.

Theorem 1.1. For a firted n > 1 there exists a unique periodic stationary state
{uf s € [0,+00)} for the system (1.3)-(1.4). The measures ut are absolutely con-
tinuous with respect to the Lebesgue measure dqdp and the density uf(dq,dp) =
fF(q,p)dqdp is strictly positive. Furthermore min,((p2)), >T_.

The proof of Theorem 1.1 is contained in Appendix A.
From (1.11) we conclude that the time averaged energy current ((j,.+1)) is con-
stant for x = —1,...,n. Denote therefore

J = (Jpws)), x=-1,...,n. (1.16)
In particular
ne [on s\_
gt == [T F () uto)ds =207 - () (117)
0, Jo 0,

We prove, see Theorem 3.1 below, that if b—a =1/2, a <0 and b > 0 (recall that
0, =n’0), then
nJo = J* 1 0(1), asn - +oo, (1.18)
where J*b < 0 is a constant given by an explicit formula, see (3.3).
In our main result, see Theorem 3.4 below, we prove the convergence, in the weak
sense, of the time averaged energy distribution ((£,)) to a linear macroscopic profile

(Ea)) = T(w)= T~ 22,
where the constant D > 0 is the thermal diffusion coefficient given by formula (3.10)
(or equivalent formulas (3.11) and (10.3)). We also prove energy equipartition (see
Lemma 8.3), so that the difference ((&,)) — ({(p2)) converge weakly to 0 as n — oo,
so that (1.19) is deduced from the same convergence for the averaged kinetic energy
(cf Theorem 8.1, where the convergence is in a stronger L? sense).

Our second result, see Theorem 9.1 below, deals with the question of the vanishing
of the fluctuations of the kinetic energy functional in the case when the period of
the force is of a fixed microscopic size. More precisely, supposing that b = 0 and
a =-1/2, we prove that there exists a constant C' > 0 such that

> [ GO~ 62 <

n2’
4

wel0,1], (1.19)

n=12,... (1.20)



1.3. About the proof. The macroscopic equation for the energy transport emerges
from an exact fluctuation-dissipation decomposition of the energy current

1

™ Ve, (1.21)

jm,w+1 = gtf:v

where §, and f, are local second order polynomials in the variables {gy.;, Ps+j,J =
-1,0,1} (see (5.1), (5.2) and (5.3) for the precise definitions, valid also at the bound-
aries). After taking the time average we obtain

() = =5 VU(E)) (122
Y
Then we establish first (1.18), that takes care of the left hand side of (1.22), i.e.
n((Jzz+1)) = J*°. The explicit calculation involved in computing J%° rely only on
the first moments of the periodic states (see Section 4).

Note that the equilibrium average at temperature 7" of §, equals DT (with D >0
given by (3.10)). Thus, all we need to prove is a kind of a local equilibrium that
allows to conclude that ((F[mu)) ~ DT'(u), u € [0,1]. This is the main part of the
work. It involves proving the convergence of the second moments of the positions
and momenta. The most difficult part is to establish an a priori upper bound for
the time average of the total energy that proves it does not grow faster than the size
of the system n (cf. (7.10)).

In Section 6 we derive a closed system of equations for the time averages of the
covariance matrix (6.17) that involves the discrete Neumann laplacian Ay. After
performing some manipulations with these equations we obtain that the time av-
eraged position covariances are given by the Green’s function (w?-A N) ()
mutiplied by the local temperature (i.e. ({p2))) plus an error that is proportional to
the averaged current, that is small (of order O(1/n)). In the bulk we have that

(wS—AN)_l (z,z") - (wg—A)_l (z—-2x"). (1.23)

Here A is the discrete laplacian on Z, that gives the covariance matrix of the posi-
tions of the infinite system in equilibrium. But in order to obtain the correct bounds
on the total energy we need a careful control the behavior of the Green’s function
at the boundaries, c¢f Lemma B.2 in Appendix B.

Once the energy bound is established, the next step is to prove local equilibrium,
which is contained in Proposition 8.2. After this step the proof of the main result
follows directly, see Theorem 8.1.

In Appendix A we prove the existence of the periodic measure. The manipula-
tions done with the equations for the covariance matrix use some ideas from [5].
The harmonic dynamics with self-consistent Langevin reservoirs considered in that
article has a similar covariance equations of the corresponding stationary state, see
Section 10.

Section 9 contains the proof of the result concerning the vanishing size of time
variance of the kinetic energy, see Theorem 9.1. Appendix C is devoted to the
presentation of the proofs of auxiliary facts formulated in Section 9. Some details

of the calculations from this section are presented in the internet supplement [9].
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2. SOME PRELIMINARIES AND NOTATION

2.1. The dynamics of periodic means. Define the averages in the periodic state:
1_7:1:(3) = f px“f(dq’ dp)v
R2(n+1)

(2.1)
qz(s) = fR2(n+1) QINSP(dq’dP), ZE:O,...,’I’L.

They satisfy
4, =D
. (2.2)
P, = (AN - W(Q))qx —29p, + 60 Fn (t), x€{0,...,n}.

Here Ay is the Neumann discrete laplacian, subject to the boundary condition
G-1=qo, Gn = qn+1. We can rewrite the above system using a matrix notation. Let

(1) Po(t)
am={ + |, pH)=|
7,(1) Pa(t)

and (q,p) be the vector of initial data. We can write that

( gg; ) ) €_At( g ) ’ _/(;te_A(t_S) Fn () epnirds.

Here A is a 2 x 2 block matrix made of (n+1) x (n+ 1) matrices of the form

0 ~Td,.s )

A= ( ~Ax+wi 291d4 (2.3)

where Id,,;; is the (n+ 1) x (n + 1) identity matrix. We also let e,, and e, g, ¢ =
1,...,n+1 be the 1 x2(n +1) column vectors whose components are given by
€q, 000 = (Sg,g/ and Cpe e = (5n+1+gjgl, 0= 1, . ,271 + 2. (24)

Proposition 2.1. The spectrum of matrix A is contained in the half plane Re A > 0.
Thus, there exists ¢ >0 such that

+oo
A+ A) = f Oty (2.5)
0

1s well defined in the half-plane Re X > —c, with the integral on the right hand side
of (2.5) absolutely convergent.

The proof of the result can be found in Appendix A of [5].

2.2. Time harmonics of the periodic means. Consider the Fourier coefficients
of the periodic means

~ 1 O -2 =
R0 =5 [ e (tat,

1 o | (2.6)
7 (0) = = f e~ g ()dt, (eZ.
n JO



They satisfy

2mil _
H—Qx(g) = px(0),
n (2.7)
2mil _ 9\~ - e
() = (Ax =) (O) = 205:(0) + " F (O3, w {0, ),
Here
~ 1 .
F(0) = f e 27l (1) dt. (2.8)
0
In the particular case when ¢ =0 we have
({(€))n =@(0) and ((pa))n=P2(0) =0, z=0,...,n. (2.9)

The last equality follows from the first equation of (2.2). Combining the first and
the second equations of (2.7) we get

0=-L" o @(0)+ n°F(0)dn, x=0,...,n. (2.10)
Here
2
L2 gt lwg— (?) +¢47T;7] -A (2.11)

with the Neumann boundary conditions §_1(¢) = Go(£), G.(£) = Gus1(£).

2.3. Green’s function corresponding to L" ,,. Denote by G" , ,(z,y) the Green’s
0,Y, wo,Y,
functions corresponding to L, ,,. It is defined as the solution of

(5-’17,y = LZQ,@,KGZ(),Q,Z('IL‘7 y), x,y = O, ‘e ,n. (212)

This function is given explicitly by

Gy (ay) - i i (@) (y)

- (213)
S0 +wi — (2m0071)T + dymilht

where \; and 1); are the respective eigenvalues and eigenfunctions for the discrete
Neumann laplacian —Ay. They are given by

' 2- 00, )" '
)\‘7 =4Sin2( J )7 wj(x) = ( OJ) COS(M)y x)j =O,...,TL,

2(n+1) n+1 2(n+1)

(2.14)

If £ =0, then (2.13) defined the Green’s function of w2 — Ay. We will denote it by
G(.TALJO (flj, y) *

2.4. Green’s function of the lattice laplacian. Recall that the lattice gradient
and laplacian of any f : Z — R are defined as V f, = foy1—fz and Af, = fos1+foc1-2f2,

x € 7, respectively.
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Suppose that wy > 0. Consider the Green’s function of —A +w?. It is given by, see
e.g. [13, (27)]

Gup(z) = (-A+ w%)_l (x) = fol {4 sin?(mu) + w%}_l cos(2mux)du (2.15)

~|=|
1 2 2
= 1+ﬁ+wo 14+ 20 , T EL.
+4 2

woy/ w3 4

2.5. Some notation. We adopt the following convention. For two sequences (a,)
and (b,,) of real positive numbers we denote a,, ~ b,, n > 1 if there exists C' > 1 such
that C~'a,, < b, < Ca,, for all n > 1.

3. PERIODIC STATIONARY ENERGY TRANSPORT

3.1. Asymptotics of the time average of the mean current. Our first result
gives an explicit formula for the asymptotics of the time average of the mean current.
In what follows we shall also be concerned with the functional

a On
10 =2 [T a0 F e, (3.1)
n JO
therefore we give its exact asymptotics, as n - +oo.

Theorem 3.1. Suppose that ¥, 02| F(0)[? < +oo and

1
b—azé, a<0 and b20. (3.2)
Then,
lim ot = Job e (2—”) S 20 (1) (3.3)
notee " 0 Lel ’ .

with Q*(£) given by, cf (2.8),

-z oo () o (5) ot (5 T+ (5] o

(3.4)
and
_ 1 -2
QU2b(¢) = 4~|F(0)[? f cos? (%) [lein2 (%) + wg] dz, whenb>0. (3.5)
0
Furthermore, we have
[;Lz,a—l/Q _ ja,a71/2n2a + 0(n2a)’ (36)

where

50-1/2 . 9 Zg: IF(0)2 fol cos? (%Z) {481112 (w2) + lwg N (QTM)Q]}

[l ()G (5]

8



and for b>0

-2
Jo-1/2b .= 9 Z |F(0)? f Ccos ( ) {4sm (72) +w0} {4sm (7;2) +w8} dz.
The proof of the results is given in Section 4.1.

Remark 3.2. It can be shown that, see |9, Appendix D],

-1/2,0 _9|f(€)|2m 2 +1 +)\(wo) N . 4 -
o o- 2t I ({A(wo) 1+4/A(wo) 2}{1 2 (1 ! A(WO))} )7

with
2
Mwo) = i - (—276“2) +¢(470M).

Furthermore,

2| F(O)P(4+ wp)
(wj +4wd +8)3/2

Qb 1/2, b( )

From Theorem 3.1 and the definition of j_ o, see (1.12), we immediately conclude
the following.

Corollary 3.3. We have

7= (= 5+ o 3) (3.7)

3.2. Asymptotic profile of the periodic averages of the means of the energy
function. The following result holds.

Theorem 3.4. Under the assumptions of Theorem 3.1 we have

tim =3 () (2=t T (T) (€N - [ e@T@dn, 39
with

T(u)=T. - 4’;‘)]“, we [0,1], (3.9)

for any v € C[0,1]. Here J is given by (3.3) and D is defined by, cf (2.15),
D = 1-wh( G (0) + Gy (1)). (3.10)

We present the proof of the theorem in Section 8.
A simple calculation, using (2.15), yields an explicit formula for the coefficient D,
cf [5, (4.18)],

D= 2 . (3.11)

2+ wk +woJwE +4

lim D(wp) =0, lin& D(wp) = 1.
wo—U+

wo—>+00
9

Therefore,



In the case a = —1/2,b = 0 and € constant, we can improve the statement of the
theorem (3.4) as we do not neet the time average over the period, more precisely we
prove in Section 9 that

lim = Z[ (px(t) T( ))th:o. (3.12)

n—oo n

4. THE FIRST MOMENTS OF POSITIONS AND MOMENTA

4.1. Proof of Theorem 3.1. We only show (3.3). The proof of (3.6) follows from
analogous calculations. Using (1.17), the Plancherel identity and then the first
equation of (2.7) we get

Job = e zf(zz 7 (0)*

27rzn 2min® =\ (4.1)
Z}"(g)ﬁqn(f) 22 0enF (O, (0).
n { =
Thanks to (2.10) we can further write
27m
Tt === Zzgqx(ﬁ) Ly 6,00 (0)
4.2)
2mi _ 2wl 7\ _ (
I zez{wqx(mﬁ |- (Y meor) -2 () e smor
n ¢ x n YA x
Using the parity of |Vq,(¢)]* + [wg - (ai) ] |7.(0)> we get
ab 2 2NN 5 (/)2
Job = —27(9—) NN AG S (4.3)
n YA x
From (2.10) we have
nF(0)6n = LT, 5 (), 2=0,...,n. (4.4)
Hence, by (2.12),
n'F(OGE o (r,n) =7, (0), z=0,....n. (4.5)

It follows, by (2.13),

" 2| F (O3 (n)

3 xﬁz—nza}—KZ G" T,n .
;'q(” 4 |Z| Zoalrm)l ]ZO [\ +w? — (2m06;1)°]2 + (4ymt6;1)?

(4.6)

A straightforward calculation, using formula (2.13), yields

-1
" 2 K ko k 9 k 2_(2%6)2 Ayl
GWO’Q”’Z(O’H)_nﬁLl;( 1)% cos (2(n+1)){4sm 2+ 1) + W 0 + 0

+o(n11)—0(1).

10



Therefore, we conclude that

272 2) 7!
x{[4sin2(g)+wg_(26_ﬁ) ] +(4g“) | aseoo)

From (4.3) and (4.7) we get that for a, b satisfying (
47 cos?

Job = ( ) EF )P f
R S rerrervers

and Theorem 3.1 follows. O

.2) we conclude that

4.2. L? norms of the position and momentum averages. Denote

)= g [ B - TP,

(4.8)
=g [ s RO
Using (2.7) we get
_ 2ml
Sor=(5") Smor (49)
By virtue of (4.7) we get
2
I AGIEE 27O cost ()
0 0 2 ( )
1 4.10
Ao (22) - (2T (7)) o)
s 5 w; 0 o ztol ).
We have proven therefore the following.
Proposition 4.1. Under the assumptions of Theorem 3.1 we have
n n 1
2@~ and ()~ ~, m> 1. (4.11)
z=0 =0

5. THE SECOND MOMENTS FOR THE MOMENTUM AND POSITION VARIABLES
5.1. Fluctuation-dissipation relations. Define
1 1 2
fz = E (Qx+1 _q:z) (pz +pz+1) + Z (q$+1 _q;v) ) x=0,...,n-1,

gfﬂ:p?c-"(Qerl_Qm) (qgc_ch—l)_wgqg, .Z':O,...,n7
with the convention that ¢_; = qo, ¢» = ¢n+1. Then

1 : Ozn-1_,
gtf:z = _vgx+jx,x+1+ , 1Tb f(t/en) (QH_anl)a sz,...,n—l. (52)
4~ 4ry 11



After performing the expectation and time averaging we get

(Fe)) = ((Fo)) + Zuvsy» = ((30)) - Ay (5.3)
59”’07”” fo " F(t0,) G, () -7,()dt,  z=1,....n.

Remark 5.1. Note that the expectation of §, with respect to the Gibbs gaussian
measure on the lattice Z, with the Hamiltonian }’ ., £, and the inverse temperature
T-1, is given by

T[1= Gy (1) = G (0) + 2Goy (1) - wi Gy (0) ] (5.4)

Since G, is the Green’s function for w2 — A, where A is the free lattice laplacian,
we have

1= Gl (2) = Gug(0) + 26y (1) = WGy (0) = 1= (G (0) + Gy (1)) = D (5.5)
and the expression in (5.4) equals DT

6. THE COVARIANCE MATRIX OF THE PERIODIC STATE

6.1. Dynamics of fluctuations. Denote

(1) = q:(t) =, (1) and  p(t) = pa(t) - P,(1) (6.1)
for x=0,...,n. From (1.3)-(1.4) and (2.2) we get
G, (t) = P (1), ze{0,...,n},
(6.2)

dpl,(t) = (Aq; —wigy) dt = 29p,(£)dt = 2p, ((-)AN(v1),  w e {1,....n},
and at the left boundary

dpj(t) = (Agh - wiqp) dt — 2yp) (t)dt + /Ay T_dT_(¢). (6.3)
Here N,(t) := N,(t) —t. Let
xo-( 3 ). Xo-(3)

and X'(t) = X(t) - X(t). Furthermore, we define

VAT 0 0 .. 0
_ n+1 n+l : — -
Y(p) = l 0y D(p) ], with D(p) = O 0 2:p2 O . (6.4)
0 0 0 ce. —2py,

The symbol 0,, denotes the null n x n matrix. The solution of (6.2)—(6.3) satisfies

X'()= e X(0) + [ te‘A(ltz‘s)E(p(s—))dM(s), £30. (6.5)



Here A is defined by (2.3) and (M (%)), is 2(n + 1)-dimensional vector martingale
0

0
dM(s) = d@(s)
dNi(vs)

d]vn.(vs)

Suppose that X is a random vector that is independent of the noise and distributed
according to ul’. Denote by X the vector of its means and by X’ = X — X. For any
¢ > 0 define X,(t), t > —£0 - the solution of (6.2)—(6.3) that satisfies X,(-¢0) = X.
We call such solutions #-periodic. Note that

t
Xxﬂzeﬁwwmxu+/‘eﬁwﬂbxpd&oyM4@) t>—00. (6.6)
4

Obviously, (Xg(t + 9)) has the same law as (Xg(t))

t>-00 t>-00

6.2. The covariance matrix. Suppose that X(¢) is a f-periodic solution of (1.3)-
(1.4). Define the vector valued function

_ Epg(?)
p%ﬂ—( : )
Epi(t)

and the covariance matrix

S(a) S(a.p)
5“)=lsm$8) ymé?]7 (6.7)
where
ﬂﬂaﬁ{EM%ﬂ%@HLyﬂ """" ) smm@y{EMKﬂ%uﬂLyﬂ """" S
(6.8)

T

SP(1) = [ElpL (), (0] and 5@ (1) =[S (1)]

,y=0,...,n
Obviously both p2(t), S@ (t), S®)(t) are f-periodic and the matrices are symmetric.

We shall also consider ((p2?)) and ((S®)), a € {q,p,(p,q),(q,p)} the respecive
vector and matrices of time averages.

Given a vector v = (Yo, Y1, - - -, Yn ), define also the matrix valued function
T 0 0 ... 0
Dy(n)=4v[0 0 y ... 0. (6.9)
D13

0 0 0 ... v



Let 35(h) be the 2 x 2 block matrix

2a(y) = l 8:1 g;(*;) ] (6.10)
Proposition 6.1. The following identities hold
S(t) = /0 e A, (p2(t - 5))e A ds, 30 (6.11)
and
((S))zf0+ooe‘AsEg(((pz)))e_ATsds. (6.12)

Proof. Formula (6.12) is an obvious consequence of (6.11), so we only prove the
latter. From (6.6) we conclude that

S(t) = e‘A(“w)]E{X’(O) ® (X'(Q))T}e—AT(t+ee)

. . (6.13)
+ / e‘A(t‘S)Eg(pz(s))e’AT(t_S)ds, t>-10.
10
Letting ¢ — +o00 and using Proposition 2.1 we obtain
t — T
S(t) = f ARy (p2(s) ) A s, teR. (6.14)
Changing variables s’ :=t - s we conclude (6.11). O

6.3. Structure of the covariance matrix of the periodic averages. By (6.12)
and partial integration in time, we have

AS(t) = - fooo (%e"“s) Zg(ﬁ(t — s))e‘ATSds

_ /:" G_ASEQ(F(t _ 8))AT6_ATst + 22(]?@)) - [Ooo 6‘“22(?’@ — 5))e—ATst
= —S(t) AT + 55(p2(1)) - S'(1).
(6.15)

Integrating the above relation over the period we conclude that the matrix ((.S))
satisfies the equation

A((S)) + ({S)AT = Da({{p*)))- (6.16)
It leads to the following equations on the blocks defined in (6.7) (see (2.3) and (6.9)):

(5@ =[(gse0)] = ~((s0)),
((S9)) (R - Ax) + 25((S @)} - ((5P) =0,
(4 = AUS@)) + 2 {(S#)) - (59)) =0

(wi = AN{((STP)) = ({S14P)) (w§ — Ax) = Da({(p?))) = 49{(S)).
14



From here we conclude

((S@r))) = (@),

(59)) = (SN - Ax) + (6 - Ax)SDN),
4y ((5@P)) = (wi = AN){(S@)) = ((S@)) (w5 - An), (6.17)
(wh = AN){{S@P)) = ((S@P))(w§ - Ax) = Da({(p?))) = 47((SP)).

Denote

5O = SN (S () ()

z,x'=0

and analogously define S J(? and gj(';), The eigenvalues of w? — Ay are given by
himw e —w?adsin?[—2 ) -0, (6.18)
/ / 2(n+1))’ Y
Then we have the inverse relations
(5,20 = 30 E5u(a)uy (). (6.19)
J,3'=0

With this notation we can rewrite (6.17) as follows

alep) _  T9)
Sj,j’ - _S

VIV
g _ 1 &a)
59 = L)
59D = Ty - 1), (6.20)
(1 = ) SS5P = 4y - 49 S0,
where
Foyi= 2 )i ((p2)) + (T = ((63)) )5 (0)26,-(0). (6.21)
y=0
By eliminating §](.z.’,p ) from the above equations we get
SO e )
S = Fur =S (6.22)
Thus,
& 2 = 2 0)
@ _ Fo, -7 7 gla) 6.23)
Py T 8y (g ) Y (
It follows that
&) ~ (- 1) T
Sir =0, i) Fygr,  O(py, pyr) = [1 + m] ; (6.24)
and
o~ 2('—') - -y ~
51 = 200 1y) g (6.25)
’ Hj +

15



7. ENERGY BOUNDS

Throughout the remainder of the paper we shall always assume that the assump-
tions of Theorem 3.1 are in force. From (6.24) and (6.21) we have

((SE) z@w,m)Fij(wa(x > Moy {(p)) + (T- = (i) Mo (7.1)

where
My = 'Z;O@(NjaNj')wj(m)lbj'(x)wj(y)%'(y)- (7.2)
From (6.1) we have |
((p2)) = (%)) + ((B2))-

We can further write
n

Z +{(P))) ) =G, where (7.3)

G = ( L= {(P3)) Mo + ((B2))-

7.1. A lower bound on matrix [M, ,]. The main result of the present section is
the following.

Proposition 7.1. There exists ¢, >0 such that
n n—-1
Z (O = Myy) fyfe > ca Z(fo)Q, for any (f.) eR™ . n=1,2,.... (7.4)
z,y=0 z=0
Proof. For any sequence (f,) € R"*! we can write

i (Opy = Myy) fyfo = i i (1= Oy, p1jr)) i (2 )by (2 )i (Y)Y (y) fy fo (7.5)

2,y=0 2,y=0 .57=0

- 3 (600 (S0 @)

3,3'=0

An elementary argument (cf (6.24)) shows that there exists C, > 0, such that
L= O(p, p50) 2 Culpy = p1)* = O (A = \yr)”

Therefore, see (2.14),

i (Ony = Mayy) fyfo > C. Z (Aj = Ay (2wj(x)fij’(x))

z,y=0 4,3'=0
-0 23 A U@ @ W,
=2C. ZO{E;W@ - ZO“ 35 (2 ()5 ) 3 () o e

20, Y Fo b 0830, 8,) - (Axds, 6,)2 ).

z,y=0
16



As before, here Ay is the Neumann laplacian. A careful calculation shows that

5I,y<A2N596’ 53/) - <AN5JJ7 6y>2 = (AN(Sara 5y>

Therefore
n n—-1
> (Buy = May) fyfo 2 2C Y (V) (7.6)
Z‘,y=0 x=0
and the conclusion of the proposition follows. O

Proposition 7.2. There exists C >0 such that
. C
sup|G| < =, n=1,2,.... (7.7)
T n

Proof. The result is a straightforward consequence of Corollary 3.3 and Proposition
4.1. OJ
From Propositions 7.1 and 7.2 we immediately conclude the following.

Corollary 7.3. There exists C >0 such that

S ()P € 57 002, n=1.2. (78)
Proof. Using (7.4) and then (7.3) we get
ni[((ﬁi)) — (L) <! i (0ay = Moy ){(P)){(P2))
z=0 - x,y=0 . . (79)
= o 2 G < gy L)
and the conclusion of the corollary follows. 0

7.2. Upper bound on energy. The main objective of the present section is the
following.

Theorem 7.4. Under assumptions of Theorem 3.1, there exists C' >0 such that

LoSwens<e n=12... (7.10)

n+1:=

Before presenting the proof of Theorem 7.4 in Section 7.3 we show some auxiliary
results.

Proposition 7.5. As n — +oc0 we have

n n n 1/2
) = (6 0) o) SN -0 (SEn) o). (ra)

z=0 z=0
Proof. Since ((g.)) is of order n?, see (4.11), and a < 0 (cf (3.2)) we only need to
prove (5.1) for ¥, ((S{2)). Using (6.25) and then (6.21) we obtain

SUSN - D5 - 3B - D3 ) (1~ () T A

J ,u] J Hj

‘ZGwoyy py)) + (T = {(p ))) n%’o(o 0)

(7.12)



where G7_is the Green’s function of wi — Ay, see Section 2.3. The second term on
the utmost right hand side of (7.12) is of order 1. Concerning the first term, thanks
to Lemma B.2, it equals

(Gs0) +0(1) Y4 + X A (w)(). (7.13)
where |H (™ (y)| satisfies estimate (B.3). Hence,

Z|H<"’|(z| P20 z>>|)
() SO ()]

y=0

Z H(n) y)

(7.14)

Thanks to (B.3) we have
=sup ). |H™ ()] < +o0.
21 =0

Thus, using (3.7) we conclude that the second term on the right hand side of (7.14)
stays bounded, as N — +oo. The first term can be rewritten by changing order
of summation and then estimated using the Cauchy-Schwarz inequality and bound

(7.8)

S (2 <<pz>>|(i |Hé”>|)

Tr= y=x+1

O n n 212 1/2
{g Z|H<">|)} {Z[<<pi+1>>—<<pi>>]2} (7.15)

y=x+1 z=0

e Stz -] <o(Sw)

y=0

and the conclusion of the proposition follows.

Similarly we obtain

Proposition 7.6. As n - +o00 we have

M=

" 1/2
(st = (G (1) (1)) S2(20) + 01 (z ) L O(1),

z=0

8
Il
[e=]

" 1/2
(i) = (G (1) (1)) S0} + 01 (Z ) Lo, (716)

=0

M=

8
Il
o

M=

(et 1)) - <Gw0(2)+o<1>)z 22+ o) [ (42 ) L O(1).

z=0

i
o



Proof. We only prove the first formula of (7.16). The second and third ones follow
analogously. Using (6.21) and (6.25) we obtain

Z ((SL2_))) 225% ()b (z - 1)

gz@(uxuﬁ?g (1) Z%(y by (1){(P;)) (7.17)
(-t 2 2@%uj/>£;,i<;3),wj<o>¢j/<o>'

Here, we have used the convention ((S(gQ)l)) ((Séqo))) and the notation

T,5(1) = 12[%@)% (2= 1) + ¢y (2);(x - 1)],

| (7.18)

T;1(2) = Z [%(m Dz +1) + 9 (z + 1) (x - 1)]

A simple application of trigonometric identities leads to the following formulas.

Lemma 7.7. For/{=1,2
TOJI(E) =0, j,= 1,...,n

(L) 1 ‘
Tj,j/(€)=1 1) Cos( mJt )COS(LK), g, =1 n, g #50 (7.19)

n+1 2(n+1) 2(n+1)

AN
Tj,j(ﬁ)—cos(nﬂ), j=0,....n

This result implies that the second term on the right hand side of (7.17) is of
order O(1/n). The first term equals

Z M Z%Q(?J)((pz)) + R,, where

J J

Ry =) pu(y){(p})) and

20 (5, py) Y55 (1)
pn(y) ::Z ( J 'J '].7
i M+ Ky

Vi (Y)Y (y).

Using formula for ¢;(y), see (2.14), and for Y; ; we can rewrite the above expression
in the form

T.(1) Y ((p2)) + Ry, + R, +0(1)Z p2)), where
Yy

0= ()

n+ 15 u; n+

Ry, = Z'ﬁn(y)«pf)) and

’ 72y +1
) = —— 3 o (_)COS(M),
n+1 g n+1 n+1

19




Corr.

A simple calculation shows that §,(1) is the Riemann sum approximation of order
1/n of the integral defining G, (1), see (2.15). An application of Lemma B.1 yields
that both |p,(y)| and |7, (y)| satisfy the bound (B.3). Repeating the estimates done
n (7.14) and (7.15) we conclude that

Rl P < c(i«pz»)m,

y=0

where the constant C'is independent of n. The conclusion of the lemma follows. [

7.3. Proof of Theorem 7.4. Using (5.1), (7.16) and (5.5) we obtain

Z Zn: [ (p:z:)) + ((Cqung)) + <<QxQx—1>> - ((qx—lngl)) - (1 + Wg)((qg))]

= " § ) " (7.20)
=(D+o(1)>20<<pi>>+0(1>(20<<p§>>) o).
On the other hand, from (5.3) and (3.6), we conclude
22 ((821) = (n+ () - 27+ 1),
L E 0 @, () - 2,0 (720
<(n+1D){(p2)) - 2yn?J, + O(n?**) < C'(n+1)
that gives the bound
nil z:((pi))SC, n=1,2.... (7.22)

The conclusion of the theorem then follows from the above estimate and Proposition

7.5. 0J

7.4. H! bound on the energy density. As a direct consequence of (7.22) and
Corollary 7.3 we have

Corollary 7.8. There exists C >0 such that

n—1

Z;)[((Iﬁ)) —{{(Pea )P <C (7.23)
and -
Izsoufvn((pi))n <Cn'? n=1,2... (7.24)
Proof. Estimate (7.23) is obvious in light of (7.8). To prove (7.24) note that
< S i3~ 3D ()

1/2
<f{z[<< )~ {2 1>>12} ({R) <OV + ().

The following result stregthens the above estimates.
20



Proposition 7.9. There exists C' >0 such that

SN - (2 € =g m=1.20 -
s ({2 <O |

Proof. From (7.3) and Propositions 7.1 and 4.1 there exists C' > 0 such that

S (10 - () < |5 o)

nc ENCHIEH (7.26)
<2, 0sgp<<pi>>§<<m>>2 <ol (2

Using the Cauchy-Schwarz inequality we conclude

sgp((px Z:: ‘ Px+1)>’

n-1

172
<{aR) + v {Z (1w~ wz.n)’} (7.28)
z=0
2
Denote D,, := Y1 (((px)) - {(p? +1))) . We can summarize the inequalities obtained
as follows: there exists C' > 0 such that

¢ 2
— g sl(n), (7.29)

sup({p2)) < {(s8)) + Vi + TDY < ((pf)) + €'+ Csup((p2)

IN

D,

for all n =1,2,.... Thus the second estimate of (7.25) follows, which in turn implies
the first estimate of (7.25) as well. O]
8. CONVERGENCE OF THE ENERGY DENSITY

8.1. Identification of the macroscopic energy density limit. Proof of The-
orem 3.4. Let

T a:+1)

en(u) = ((2)), we

By Proposition 7.9 and Corollary 7.4 we have

[ twau< (swlt2n)(

Let €, (u) be piecewise linear function obtained by the linear interpolation between

D z=0,...,n.
n+1' n+1/ B

S () <.

n+1:=

the nodal points P, := (%, ((pi))), x=0,...,n+1 (here p,,1 = p,). By Proposition
7.9

[P = (e )3 (20 - (20) <€ =12

=0 21



Therefore (€,(u)) is relatively compact in both L2(0,1) and C[0,1]. Since

)~ ent) P € 3 ({fp2a0) {20 <

+154 S (n+1)2

also (e,(u)) is relatively compact in L2(0,1).
For some subsequence n’ — +oo (which we still denote by n) we have therefore

lim e, (u) = egqm(u), in the L? sense
n—+00

and ey, € C[0,1]. In order to show the convergence of =¥ ¢ (%) ((p2)) in (3.8) it
suffices therefore to prove the following.

Theorem 8.1. We have
etnm(u) =T (u), wel0,1], (8.1)
where T is given by (3.9).

Proof. Since ((p?)) - T-, compactness of (€,(u)) in C[0, 1] implies that lim, ¢ expm(u) =
T . It follows that we only have to verify that

Jo(1) = % fo L () e (), (8.2)

for any ¢ € C2[0,1] such that suppe c (0,1] and ¢’(1) = 0. Here and below, for
abbreviation sake, we let J := Jo-1/2b ] .= ji7t/2b (see (1.17) and (3.3)).
The left hand side of (8.2) is given by

1
lim angp(l——) = Jo(1). (8.3)
n—oo n

On the other hand, from (5.2), for n sufficiently large so p(1/n) =0

anw(l—%)::Z_jn[ (x+1) 90( )] (Jrws1))

M) e
s[5 e () e () s
S () s
with
Ral < 55 LI 20 (85)

following from (7.10).
Then we are left to prove that

i 156 (2) (8.0 - DLGED) - (5.

n—»oo n,

This will follows directly if we prove the following
22



Proposition 8.2. For any test function ¢ € C?([0,1]) such that supp p c (0,1] and
¢'(1) =0 we have

lim Zso( ) (et - CnO(@EN) =0, =002 (8)

n—-oon,

Proof. By virtue of (4.11) we have

It suffices therefore to prove that

Jim 3o (2) [ {arated) - G (GEN s =0, (59
We first prove (8.9) for £ =0. By (6.25) we have
(@) = TS50y (@) = Ha(@) +0(2) (8.10)
with
() =Y o (L L )mm )5 @)y @)
v 0“1 @(0 0 o (8.11)
- H) ¢ g )+ O D
Here q)(n%l, n{:l) = 26;’:—];5') and H}(z) = >0 K;")(m,y)((pz)), with
n 1 U ' ! mj(y —x) mj(y+x+1)
KOG = g 2,0 () Lo () e ()]
X [cos (—ergyi_lx)) + cos (—Wj,(iigfr 1))],
K(”)(my i@( . )[COS(%)JrCOS(W)].
e (8.12)

Using Lemma B.1 we obtain that

("), ! + 1
|Kj ( ay)|<O(X%(<x—y)/2) X?L(($+y)/2)

), z,y=0,...,n,n=1,2,...

(8.13)
for 7 =1,2. In particular the above estimate implies that
K= sup 3 KO (2,)| < o0, =12, (8.14)
zn gy
In consequence, by virtue of (7.25),
@] < S IE @l @) < Ksupl(p3)) = Hye <00 (815)

y=0

and the term corresponding to H2(z) is negligible, as n — +oo.
23



Choose ¢ € (0,1) sufficiently small, so that ¢(u) =0, when u € (0,9). Then, there

exists C' >0 and ng > 1 such that
1
el ei-0(3))
n n

For dn < (1 - 0)n inequality (8.13) implies that there exists C' > 0 such that
K(n)(x y) K (x y) + O(1/n?), where

E @)= —o 3 ¢(L, J )COS(M(y—x))cos(m'(y—as))7

1

T 2e(0,6n)0((1-8)n,n)

1

)

M re((1-8)n,n)

()

<COl@"|ed, nm=ng+1,mg+2,....

dn+1)% 52, \n+ln+1 n+1 n+1
(8.16)
and, by Lemma B.1, there exists C' > 0 such that
RO < — o y=0. . maze@n(-8)m)  (817)
L+ (z-y)?

for n=1,2,.... To prove (8.7) it suffices therefore to show that for any § € (0,1/2)
we have

= 2@ (5) () - Gu0)(@2)) -0 (5.18)

neeen on<z<(1-6)n

where ﬁ;(:c) = Yo ?in)(x,y)((pi)) Using Cauchy-Schwarz inequality, estimates
(8.17) and (7.25) we conclude, that
1/2

Ky (2,y)

3 [otr2)) -

y=0

—=(n) ¢
(DY () < Xy - af V2
y=0

§(<<pz+l>> ()

/

Cc Z —(n) C
<m§|y—x|1pu{1 ('x7y)|<n1/2

(8.19)
Therefore
1 ’ X L 2\ 7= (1)
! K
TS (5r7) 2 E
1

- ' ( ) PN YK, (y,w)+0(—)-

n+1 6n<m;(1—6)n n+1 Z \/_

Another application of Lemma B.1 allows us to conclude that
T+n (TL) C
n

y=x—-n-1
Using elementary trigonometric identities we conclude that

n ' A
222721(3 (n 1)(308( +1)—(n+1)<(5j7j1+5j,j/).

U




Hence, by virtue of Lemma B.2, we get

wi‘ K(n)(y,x)z 1 i@(Lv J )

n n+1:4 n+l n+l

L 7= (8.21)
= — =Gy, (0) +0(1),

T X ™ Cen0) 401

for on <z < (1-0)n. We have proven therefore that
1 ml <\ _ - " f 2
LY () E@ = en© S (SN o)

n on<z<(1-6)n on<z<(1-6)n

and (8.18) follows. This ends the proof of (8.7) for £ =0.

Proof for £ +0. . The proof is similar to the previously considered case, so we only
sketch it. As before, by (6.25) we have

(dsone)) = zs%@m (x+0)+O(1fn) = Hyo(x) + O(1fn).  (3.9)
with
Hoo(@) = 35 3 22U ) 4 (s (@) (o + O((63))
. v=057 HiTH (8.23)
- SE O wnwin o(5)
Here
—(n.0) 1 u A mj(y - ) 7' (y —x~ 1)
K @’y)'-—4(n+1)zj,j,§_n_1‘1>(mvm)C"S(—n+1 Jeos ().
(8.24)

Using Lemma B.1, in a manner similar to what we have done in the argument leading
up to (8.18), we conclude that it suffices to show that for any d € (0,1/2) we have

Y (5 (@) - GO 0. (529)

neeen on<z<(1-6)n

with Hyo(7) = Xy K™ )(m, y){{pz)). Furthermore, thanks to estimates analogous
to those leading up to (8.26), we get

n —(n, T+n n, O
INE" o) Y, K@<, sn<e<(1-on. (8.26)
y=0 y=x-n—1 n?

Using elementary trigonometric identities we conclude that

n Tz mj'(z =€)\ _ il
2 zr; 1COS(n+ 1)COS(?) =(n+ 1)C08(n+ 1) ((Sj,,j, +5j7j,).

Z=—n—

Hence,

%L K(n)(y,x)— i@(L,L)COS( Jt )

y=x—-n-1 ]:0 n+1

Gy (€) +0(1), %

(8.27)



for on <z < (1 -39)n. We have proven therefore that

Ly w(@mm-te.o v o) wmeon

" sn<a<(1-6)n sn<a<(1-6)n

and (8.25) follows. This ends the proof of (8.7) for £ # 0.
Finally, to finish the proof of Theorem 3.4 we show the following result, that is a
form of the equipartition property of the energy.

Lemma 8.3. Suppose that p € C1[0,1]. Then,

2Ny 2002V )
Jim 3 () (- (e —witan) -0 (529
Herery,:=q,—qe1, x=1,...,n and ry:=0.

Proof. After a simple calculation we obtain

Oy nn®

(12 = (a2 - (Aada) - =25 [Ma,Faod (529

for =0,...,n. Therefore, by (3.6) (see also (3.1))

o 2 ()t - 02 - i)
ety [V B
B ni 1 ;*p(ni 1)<<T2)) +0 nll)

Since o = 0 the last expression equals

:[ (-5) - o (57 Jnap +o (=) =0(2).

by virtue of (7.10). This ends the proof of (8.28).

O

9. VANISHING TIME VARIANCE OF THE KINETIC ENERGY

A natural question is about the time averaging of the energy functional. We prove
that the time variance of the average kinetic energy vanishes as n - oco. We consider
only the case when b =0 and a~'/? in the dynamics described by (1.3) — (1.5).

Theorem 9.1. Under the assumption stated above there exists a constant C > 0
such that

5 L G- e S -t 0.1)

Proof. From (A.14) we get

() =T Mg+ S f G ()P (t - 5)ds + F2(8), 9.2)

z'=1



where g, ,/(s) is defined in (A.13). Averaging over the ¢ variable we get

(2 =T Moo+ 3 [ (s 2) + (557
Then, denoting
V(t) = 0 - (1),
() = B0 - (7)),

we can write ,
AOEDY f Goar (8)Var (£ = 5)ds + 02 (£).
= Jo
For m € Z define
0 .
Myy(m) = [ guy(s)e im0
2
- 4/7—/ —27rzms/0 _As]z+n+1,y+n+1) ds

(cf (A.13)) and

(9.3)

(9.4)

(9.5)

1 r? : 1 re .
Ve(m) = 5/(; e 2Oy ()dt and  T,(m) = afo e~ 2mmt/0q (t)dt.

Note that obviously V,,(0) = 0 and M, ,(0) = M,.,,, see (A.16). From (9.4) we get

mm=QMAm%mwmm.

Multiplying both sides by V,*(m) and summing over z we get

n

ST = 3 3 My (m) Vo (m) T () + sz m)V; (m).

=0 z=02'=1

Hence,

D (Bear = Mo () Vo )V ()

_ _Ty(m) Z My o(m) ¥ (m) + 35 (m) 7 (m

=0
We have the following.

Lemma 9.2. There exists a constant € >0, such that

| 3 (= M DG €S ILE. (oo f) €

z,y=0
form#0 andn=1,2,....

The lemma is proven in Appendix C, where we also prove the following

Lemma 9.3. We have

. 12
= sup{z |Mx70(m)|2} < +00.
m \z=0

27

(9.6)

(9.7)

(9.8)

(9.9)

(9.10)



Lemma 9.4. There exists a constant v, >0 such that

n 1/2 b
{ZW}%))} <=, n=1,2,... (9.11)

=0

Lemma 9.5. There exists a constant U, >0 such that

" 1/4
v < s v 0.2

z=0

The lemmas are proven in Appendix C.
We show how to apply these to finish the proof of the theorem.
From (9.8), (9.9) and the Cauchy-Schwarz inequality we conclude that

no 1/2
{ZO |vx(m>|2} |

(9.13)

no _ n 1/2 n 1/2
SNADIE |vo(m>|{§|Mx,o<m>|2} +{z_:,)m<m)|2}

i.e.

no_ _ n 17272 N .
¢ Y Va(m)P < mtl%(m)|+{§=jom(m)|2} ] < 2T (m)P + 2 35 7 (m)

(9.14)
Summing over m and using (9.12) together with (9.11) we obtain
n (MY,)2 (& 2 2
€ V) <2V 2 3ol —{ <<v;3>>} 2
=0 n =0 n
) ) ENCREY
< QUOIA ) Z L 7
¢2n? = T2
and (9.1) follows.
Il

10. CONCLUDING REMARKS

In this article we studied the energy transport in the periodic state of a pinned
harmonic chain with bulk dynamics perturbed by a random flip of the signs of the
velocities. Work was done on the system by a periodic forcing acting on the right
hand side of the chain and the heat was absorbed by a heat bath coupled to the
system via a Langevin stochastic thermostat at temperature 7. on the left. The
asymptotic temperature profile (3.9) should be seen as the stationary solution of
the heat equation:
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T(t,@:%aﬁ(t,u) we (0,1) o)
10.1

T0) =T, &T(t1)= —%, T(0, 1) = To(u),

where J is given by (3.3). In a companion work [10] we prove that, under proper
conditions on the initial distribution, for any compactly supported test function

Qe C([O +00) x [0,1]),

+00 1
hm [ (t, E) E(nPt)dt = f / o(t,u)T(t,u)dtdu, in probability,

(10.2)

with T'(t,u) the solution of (10.1). Notice the diffusive rescaling of space and time.

The diffusion coefficient appearing in (10.1) (defined in (1.10)) has been computed

in a different way in [1, Theorem formula (74)] and [7, Theorem 3.2, formula (3.21)].

It turns out that it equals to the diffusivity of a phonon performing a random walk
on the integer lattice with random scattering generated by the noise. As a result

D- 2]( '(k)) (10.3)

where w'(k)/(27) is a group velocity of a phonon of frequency k belonging to the one
dimensional unit torus T, that is the interval [-1/2,1/2] with identified endpoints.

Here w(k) = \/w? + 4sin®(7k) is the dispersion relation of the harmonic lattice con-
sidered in the present paper. In fact, if we consider a more general type of noise
that allows to scatter the phonons of given frequency k, with the total scattering
kernel R(k) (in the case of the flip noise R(k) = 1) we would have

b= 2]( l(k)) Rk

As noted before the velocity reversals introduced in the dynamics serve the pur-
pose of making the heat conductivity finite. In their absence the harmonic crystal
has an infinite conductivity [17]. The velocity reversals are thus an idealized sub-
stitute for the anharmonicities, impurities and other defects which scatter phonons
and produce a finite conductivity and establishes the validity of Fourier’s law in real
solids.

An alternative way of modeling anharmonicity for achieving a finite conductivity
is the introduction of ”self consistent” reservoirs. This was introduced in [4, 16] and
fully analyzed in [5] for describing the heat flow in a harmonic crystal in contact
with two heat reservoirs at different temperatures and no external force. In that
model one introduces, in addition to the external reservoirs, also ”internal” Langevin
reservoirs for each particle. Letting T, be the temperature of the reservoir at position
x =0,...,n, with the same coupling 7 as used here, Eq. (2.2) remains unchanged
while Eq. (1.11) will have an extra term, 2y(7, —p2), on its right hand side. Solving
for the periodic first and second moments of the system the internal T),,z = 1,...,n—
1, are then determined by the requirement that the time average of the internal heat

flux, given by the term in the square bracket above, vanishes in the stationary state.
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As a result, there is no contribution to the average current from these internal
reservoirs and the limiting macroscopic behavior is the same as in a corresponding
velocity flip model. This approach can be modified by considering a periodic, instead
of a constant, self-consistent temperature profile. This will make the dynamics of
the first and second moments of the position and momenta variables identical with
that of the flip model. An important property of the self consistent reservoir model
is that the periodic measure is Gaussian, consequently it is determined by the first
and second moments already computed here.

Various possible extension of the present model are presented in the review article
[11]: forcing acting on a particle in the bulk, unpinned dynamics, higher dimensional
lattice, anharmonic interactions.

APPENDIX A. THE PROOF OF THEOREM 1.1

Since the result does not depend on the scaling factor n¢, standing by the force
F(t), and the period size 6, we assume that a = 0 and 6, = . Given a Borel
probability measure 1 on R2**1) (see (1.1)) we denote by (q,(t), p.(t)) the solution
of (1.3)-(1.4)) such that (q,(0),p,(0)) is distributed according to x. Denote then

by (ﬁu(t),ﬁu(t)) and C,,(t) the vector of averages and matrix of the mixed second
moments of the solution, correspondingly. They are defined by formulas (2.1) and
a 2 x 2 block matrix

Gt C(D)

G G

Each block is an (n+ 1) x (n + 1) matrix
() = [0e() @ ()]awro..n O (1) = E[po(t)per (1) ]e.ar=0,..ms
O (1) = E[qe (£)par (1) Lawrzo,..m

and CP?(t) = [C{9P)(£)]T, where the initial state is taken to be .
By similar calculation as done in (6.15), their evolution is described by the system
of linear differential equations with periodic forcing

4(B0)e-a( B9 ). e

Cu(t) =

dt \ p.(t) p,.(1) (A1)
%Cu(t) = —AC,(t) = Cu(t) AT + (o (t)) + F(t/0)F(2),
where
Cofpu(®)
Cau(t) = s (A.2)
CoL ()
and
0 a/ﬁ(t) ® Cpn+l
F(t):= (A.3)

ep,n+1 ® qu(t) ep,n+1 ® ﬁu(t) + ﬁu(t) ® ep,n+1
Here e, 41 and X, are defined in (2.4) and (6.10) respectively. Suppose that we are
given a vector X € R2("1) and a symmetric non-negative definite 2(n +1) x2(n +1)

matrix S > X ® X. Then, equations (A.1) describe the evolution of the first two
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moments of the solution of (1.3)—(1.4)) whose initial distribution is a random vector
with the first two moments given by X and S, respectively.

A.1. The existence and uniqueness of the periodic mean and second mo-
ment. In the first step we show the existence of a periodic solution of (A.1) that
corresponds to the mean and covariance of a certain probability evolution.

Proposition A.1. There exists a unique vector X o = (Qpers Pper) € R2HD and a

non-negative symmetric matric Cpey > Xper ®Xper such that the solution of (A.1)
with

(@(0),3(0)),C(0)) = ((@per: Bper): Coer)
satisfies
(@(0),(0)),C(0)) = ((@(9), (), C(0)). (A4)
In addition, we have
cP()>T., x=0,....n (A.5)

The remaining part of this section is devoted to the proof of this results.

A.1.1. The existence of the periodic first moment. Let

( g ) = [i F(s/0)er e, niids. (A.6)

Thanks to Proposition 2.1 the vector (q,p) is well defined. One can easily check
that the solution of the first equation of (A.1) starting from the vector is given by

X(t) - ( ggg ):: i ; F(s/8)e-A0e, 1 ds. (A7)

and is therefore f-periodic. In fact, thanks to Proposition 2.1 the periodic solution
has to be unique. Since the coordinates of X(¢) satisfy the first equation of (A.1)
we conclude that the matrix Xy (¢) := X(t) ® X(t) satisfies

%E(t) = A (1) - X () AT + F(H/0)F (1),

and it is given by the formula

_ t .
Xy(t) = [ F(s]0)e A F(s)ed =9ds, teR. (A.8)

A.1.2. The existence of the periodic second moment. Now we are going to establish
the existence of a periodic second moment. Suppose that C'(¢) is a periodic solution

of the second equation of (A.1). Using the argument made in the proof of Proposition
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6.1 we can conclude that it satisfies the equation
t
C(t)= [0 (Sa(eals)) + F(5/0)F(5)) A"

t —
_ / A3, (y(s) e AT ) ds + Ky (1)

- [ e A5y (co(t - s))e‘ATSds +Xs(t) (A.9)
0
(e} 0 J—
= Z fo e‘A(5+w)22(cg(t - 3))6‘AT(S+€9)ds + X, (1)
=0
, teR,

where the matrix 3 is defined by (6.10), co(s) relates to C'(s) via (A.2) and F(s)
is defined by (A.3), using (q(t),p(t)) instead of (q,(t),p,(t)). Conversely, any pe-
riodic symmetric matrix valued function C(t) satisfying (A.9) is a periodic solution
to the second equation of (A.1).

For z, 2",y =0,...,n define
[ - A(s+6) AT (s+20)
- = —Alst —AT st : A.10
9 ’ ,y(S) ; [e j|a:+'rz-¢—17y-%—7’b+1|:6 :|y+n+1,a:’+n+1 ( )

Consider the following linear mapping: £ : [C(Ty)]™"*! - [C(Ty)]**!, where Ty := 6T
is the torus of size 6, that assigns to a given vector of f-periodic functions T(s) =

[To(s),...,Th(s)] a vector valued function
LT :=(&,T,...,6,T), (A.11)
where
n. 6
&, T(t) = f . ()T, (t ) ds. (A.12)
y=0-0
Here
G.y(5) =47022y(s), y=0,...,n. (A.13)

Obviously, from (A.10), we have &, ,(s) > 0. Note also that although g, . ,(-) need
not be #-periodic the functions &,T(t), x = 0,...,n are #-periodic. In addition, if
C(t) satisfies (A.9), then

ca(t) = LT (c2)(t) + P (1), (A.14)
where for a given T7 = (Ty,...,T,) ¢ R**!
T
po(t)
7= " |. ﬁQ(t)( : )
T, Pa(t)

Conversely, by finding a solution ¢y of (A.14) one can define then a #-periodic func-
tion C(t) by the right hand side of (A.9). The entries of the function corresponding
to Cppy . =n+1,...,2n+1 coincide with the coordinates of the vector c,, by virtue
of (A.14). Thus, the function C'(¢) solves equation (A.9). We have reduced therefore
the problem of finding a periodic solution to the second equation of (A.1) to solving
equation (A.14).
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A.1.3. Solution of (A.14). Let
C.:=[T=(Tp,Th,....T.): T e C(Tg)and T, > T, x =0, ...,n].
n+1
It is a closed subset of (C (’]Tg)) , equipped with the norm
T := max{||Ts| e, x =0,...,n}.
Consider the mapping
n+1
T=(To,.,Tu):C > (C(Ty)) . where ST:=LT(T)+P%  (A.15)
Using the notation of (A.12) and (A.14) we have

T, (T)(1) = T_foeesx,o(s)dﬁ > foeejw,x,(s)Tx, (t-s)ds+P2(1), z=0,....n.

z’=1

Comparing (6.12) with (A.9), after time averaging over a period, it is easy to identify

6
f ., (s)ds = M,, (A.16)
0

defined by (7.2). The matrix [M, ]}, _, is symmetric, bi-stochastic (as can be easily
seen from (7.2)). It also follows immediately that

n 0
1:2[ G, ,(s)ds, z=0,1,...,n (A.17)
y=0-0

and, as a consequence, §(C+) c C,. Furthermore, we claim that M,, > 0 for all
x,y=0,...,n. Indeed, a simple calculation, using (2.3) and (2.5), yields

. & () Y4(y)
[()\ + A) 1]x+n+1,y+n+1 - Jz:;) A2 + 27)\ + [ ’
_ & Yi(@)Y(y)
[(A+A)T] ‘;)—Auzwwj’ (A.18)
. & i (@)Y(y)
[()\‘FA) 1]x+n+17y__jz_(:) )\]2'527>\iﬂj )
_ & (@) Y(y)
[()‘+A) 1:|x,y+n+1 _jz:(:))\2+27)\+ﬂj'

The poles of the meromorphic functions appearing in (A.18) are given by

Aja = —(7 =/ - uj)~ (A.19)

Suppose that M, , =0 for some z,y. From (A.16) we conclude then that

0 +00 2
0=»M,,= ./(; &, (s)ds =4y /0 [e‘AS] ds, (A.20)

r+n+l,y+n+1

which in turn would implies that [e‘AS] = ( for all s> 0, thus also
z+n+1,y+n+1

2 ()i (y)

= -1 =
0= I:(A + A) :Ix+n+1,y+n+1 jZO A2+ 2’)//\ + Uy '

As aresult, we conclude that ¢;(x);(y) =0, forall j =0, ..., n, which is impossible.
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We shall show that the mapping ¥ has a unique fixed point in C, by proving that
the mapping is a contraction in the norm || - [|. Indeed, for T7 = [T}, Tj1, -, Tjnl,
7=1,2, we have

|T$(T1)(t) - T:c(rI12)(t)| =

,i foe G0 (8)| T (£ = 8) = Tor (£ 5) |
" ; z'=1
z:: fo Q5x,x'(3)|T1,x' (t—s)—Tow(t—s) |ds

=1

8

n

0
3 ([ 00 (5)05) [To - T

'=1

0
< (1 - f Q5I70(3)ds) IT:-Tsf, z=0,...,n.
0
Therefore

<
<

[T(T1) = T(T2) [ < pl| T2 - T,
where
0
pi= max[l - [ G, 0(s)ds, z=0,... ,n] <1.
0

We have proven that |T(T:1)-%(T2)|e < p|T1-T2|e and the existence of a unique
fixed point follows. This ends the proof of Proposition A.1. OJ

A.2. The end of the proof of Theorem 1.1. Suppose now that v is a probability
law whose first and second moments are #-periodic, e.g. it could be a Gaussian dis-
tribution with the mean and the second moment given by Py, and Cl.,, respectively.
Denote by

PsiF'(a,p) = A F(d',p")Ps(q, p;dq’,dp’)
the evolution family of transition probability operators corresponding to the dynam-
ics described by (1.3)—(1.4). Consider the event E := [N,(0) =0,z =1,...,n]. We

have P[E] > 0. Suppose that the dynamics starts at (q,p). Then, for any F' >0 we
can write

2(n+1)

PosF(a,p) 2 E[F(Q(Q)v p(e)), E] =P[L] Qoo F(q,p), (A.21)
where Q,; is the transition probability operator for the non-homogeneous Ornstein-
Uhlenbeck dynamics that corresponds to the generator gt(g) = Ay +29S_, see (1.7)

and (1.8). Using the hypoellipticity of gt(g) , see [9, Section A.3], one can prove that
there exist strictly positive transition probability density kernels p;; corresponding
to Qs., see [9, Section A.2] for more details. Thanks to (A.21) we conclude that

Poo(a,p;dd’,dp’) > c.poe(a, p;d’,p’)dq'dp’, (A.22)

where ¢, := P[E]. Then, vy; = Py, describes the law of (q(t),p(¢t)) with the
prescribed initial data. Thanks to Proposition A.1 we can see that the total energy
H(t) == Yh o E:(t) (see (1.2)) is a Lyapunov function for the above system, since
E#H(t) is f-periodic. The above implies that the family of laws {vp¢, t > 0} is tight
in R2("*1)  Thus, also the family py := N1 f0N9 Vo sds is tight. Suppose that g, is
its limiting measure, i.e. there exists a sequence N’ — +oo such that puy = fieo, i

the topology of weak convergence. Since P;, has the Feller property one can easily
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conclude that pePo g = oo Hence pl’ := 1 Pos , s € [0,+00) is a periodic stationary
state.

Suppose that p(dq,dp) = f(q, p)dgdp, where f is a C'* smooth probability den-
sity. One can show, using the regularity theory of stochastic differential equations,
that Py is absolutely continuous w.r.t. the Lebesgue measure and its density is
also C'* smooth, see e.g. [6, Corollary II1.3.4, p. 303]. This allows us to conclude
further that Py is absolutely continuous, provided that p is absolutely continu-
ous. We shall denote by Pyy the corresponding operator induced on L'(R2("+1)).
The operator Qg corresponding to the Gaussian dynamics transforms ., into an
absolutely continuous measure. Thanks to (A.22) we conclude that

1o (dq’, dp") = p1eePo,p(dq’, dP”) > captoo Qop(a’, p)dq'dp”. (A.23)

Therefore the singular part of ji is of at most mass 1-c.. Since Py ¢ transforms the
space of abolutely continuous measures into itself, both the singular and absolutely
continuous parts of [i, after normalization, become invariant under Pyg. Iterating
this procedure we conclude, after m steps, that the singular part can be of at most
mass (1 - c¢,)™, which eventually leads to the conclusion that the measure pioo is
absolutely continuous. The respective density is positive, due to (A.22). This ends
the proof of Theorem 1.1. O

APPENDIX B. GREEN FUNCTIONS CONVERGENCE

Recall that G, and G7 are the Green’s functions corresponding to w} — A and
— Ay, where A is the free lattice laplacian on Z and Ay is the Neumann discrete
laplacian on {0,1,...,n}, see Sections 2.3 and 2.4, respectively.

B.1. Estimantes on oscillating sums. Define y,,(z) as the n + 1-periodic exten-
sion of x,(x) = (1+x2)A(n+2-2x), x € [0,n+1]. Suppose that ®: R? > C is a
0, 0'-periodic function in each variable respectively. Denote

n 0j o) 2irix ir iz
h - e nr)er (oo 50T
o, (n+1)2 2 @ )P e )P

J:3'=0

for x, 2’ € Z.

Lemma B.1. Suppose that ® is of C*-class for some k > 1. Then, there exists C
such that
C

XL (@)xE ()
Proof. To simplify the notation we suppose that ¢ = 8’ = 1. Summation by parts
yields

]H“‘) v €Zon31, 6,030, 0+0 <k (B.1)

. 1 n . ‘, ex ANmrx 1 2 . 2 .y
Ha(cac)’ . q)( J ) p{;;i} Xp{ m‘w}exp{ m]m}
’ ( +1)2 5720 n+1’ n+1 exp{ } 1 n+1 n+1

S e e )
(n+1)2 exp{’” - 1] ;5720 n+l' n+l n+1'n+1

2imyx 2imy'x
X exp exp
n+1 n+1
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Since @ is of C! class

1 . ., c
‘(I)(] 7 J )_q)( J 7 J )‘<
n+1l n+1 n+l1' n+1 n+1

for some constant C' > 0. In addition, there exists ¢ > 0 such that
TR et
for x,2’ € Z, n > 1. Thus, there exists C' > 0 such that

C
Xn()'
[terating this argument in the regularity degree k of ® we conclude (B.1). 0

1H"| <

!
- x,x €.

B.2. Application. An application concerns the approximation of the Green’s func-
tion G, by G7, along the diagonal.

Lemma B.2. We have

~ 1
G2, (4,9) = Guy (0) + HO(y) + O(=), y=0,...,m,n> 1. (B.2)
n
Here for some constant C' >0 we have
~ C
H™ (y)| < , y=0,....n,n2>1. B.3
[H™™ (y)] 20 (B.3)

Proof. Using the definition of the Green’s function (2.13) (with ¢ =0) and formulas
(2.14) we obtain

Gr(y,y) = L ZE( J )[1+COS(M)]+O<£),

n+1j:0 n+1 n+1 n

=(u) = {élsin2 (%) +(,u(2)}_1 .

As a result we write G (y,y) in the form (B.2), with

M - ! zn: cos(ﬂj(zerl))E( J )

Y o(n+1) n+1 n+ 1

where

Jj=—n-1

Estimate (B.3) is then a consequence of Lemma B.1. O

AprpPENDIX C. PROOFS OF LEMMAS 9.2, 9.3 AND 9.5
C.1. Proof of Lemma 9.2. For meZ and g = (go, - .., gn) € R**! define

- [ sy Sem)
S(m) :=[O e2mims[0=Asy(g)e™A 5 s = Sy Srm)

where 3, is defined in (6.10). Note that

S M,y (m)g, = 524 (). 1)
y=0 36



Arguing similarly as in the proof of (6.16) we get
AS(m) + S(m)AT + 2ia,, S(m) = 2a(g), (C.2)

where o, := mm/f. Denote

Sia(m) = Z S (M) (€) by (2)

z,x'=0

Following the same manipulations as those leading to (6.20) we obtain

§£j,(m) = 55;1] (m)[uj, + o+ 2(y + iam)iam],
57‘1 (m) [,uj, — pj = dio, (v + mm)] +4(y+ iam)g'jg,(m) =0, (C.3)
5%, (m) (= pgr) + 200,52 (M) e+ 2(2y + i) 5P, (m) = F

and Fj ;i = ¥, (2);(2)g,. Solving the above system using the procedure used
to deal with (6.20) we obtain

52 () = 3 Oty 11 )05 (1) 905 (9),
with

On(e,d) = zfyiﬁm{[ﬂyvﬁam)(ﬁc’+2(7+iam)iam)]_l (C.4)

-1
X [%(’y +iay,) H(c— ) +iay(c+ c')] + 1} :
Note that Og(c,c’) = O(c,¢’) defined in (6.24). From (C.1) we conclude that

May(m) = 3 O, iy b5 ()0 ()05 () oy (v) (C5)

4,3'=0

As in (7.5), for any sequence (f,) € C**! we can write

S By~ May () 1 fe= 3 (1- @mwu;)) |

I,y=0 ]]’ 0
We have
1-0,(c )

- {iam + [c +c +2(y + mm)mm]_l[i(y +ic) N (e= ) +ia,(c+ c’)]}

-1
1 -1

x {[c ++2(y + iam)iam] [Z—l(v + iozm) (c—c)? +iam(c+ c’)] +(2v+ iam)} :

Thus lim,;,— 40 (1 - On(c, c’)) = 1. On the other hand, if m # 0, an easy calculation

shows that 1-0,,(c,¢’) = 0 implies that (c—c¢")? =8a2,(a2,+72%) and c+c' =202,
where a,, = mm/6. But this would clearly lead to a contradiction, as then we would
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have |c—¢/| > v/2(c+¢’), which is clearly impossible (remember that ¢, ¢’ > 0). Hence,
there exists €, > 0 such that

1-0,.(c,d)|2€,, |m|21, ¢ €[0,w;+4].
This ends the proof of (9.9). O]

C.2. Proof of Lemma 9.3. Using (C.5) we obtain

n

Z wO m)|2 Z @m(ﬂjuﬂyz)@ /1337”]4)1—11/% )éﬂ%k(x) (C.6)

: ] 7777

Applying elementary trigonometric identities we conclude that
1/2 4 .
“ o 7T]k(2$ +1)
9_ IR T )
1 4 1/2 4
T o5l L1 (200, )} ( ' )12 n+1)Z Lk Jk
2°(n+1) {11:[1 o 0 L4E{ 11} () <kz=:1 )

.....

Therefore we can write

§)|Mm70(m)|2 / du/ du’ f du1[ dui B, (u, u" ) U7, (uy,uy)

LL1€{ 1,1} L’e{ 1,1}
(C.7)

X exp {i7r<Lu +Ju + vug + L'lu'l)} Z 5q(Lu +Ju + nug + L'lu'l) +O,, (l) , (C.8)

qeZ n

where O,, (TlL) % for some constant C' > 0, independent of n and m, and

. o TU .o [T U T
B, (u,u') := @m<w§ + 4 sin (?) ,wWa + 4sin? (7) ) oS (7) Cos (7) :

We claim that there exists C' > 0, independent of n and m, such that B,,(u,u’) <
C for all u,u’ € [0,w? +4]. Indeed, as can be seen directly from (C.4), we have
limy, 00 Om (e, ¢’) = 0 uniformly in ¢, ¢’ € [0,w? +4]. On the other hand the function
R x [0,w2 +4]%5 (m,¢,c") = O,,(c, ) is bounded on compact set. If otherwise, this
would imply that there exist (m,c,¢’) € R x [0,w? +4]? such that

- [(27 + @'am)(c +c+2(y + iam)iam)]—l

1
X [1(7 +icy,) He-c)? +iam(c+ c’)] +1.
An easy calculation gives c+¢’ = 202, and (c—c')? = 8(a2,+v?%)a2,, where o, = mm/0.

This leads to a contradiction, as then |c - ¢/| > V/2(c+¢’) (but both ¢,¢/ > 0). Thus
the conclusion of the lemma follows. O

C.3. Proof of Lemma 9.4. From (A.18) we obtain

[ anearomer = z B (£ ()5 ("),
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where (cf (6.18))

1 .
E;(t) = —[ —Ajrexp{Aj.th+ A _exp{\;_t} ], if p; #~%

27 — 1

In the case pu; =42 (then \;. =7, cf (A.19)) we have E;(t) := (1 - ~t)e . Using
(A.6) we obtain therefore

R0 =2 [ F (= O s (©9)
= S U@ [T F D E

From (C.9) we conclude that there exists p, >0 such that

sup ]px(t)| 1/2, n=1,2,.... (C.10)
teR,z=0,...,
Estimate (9.11) is then a straightforward consequence of (C.10) and (4.11). O

C.4. Proof of Lemma 9.5. Multiplying both sides of (9.4) by V,(¢) and averaging
over time we get

- [ 9o (Vo (IVar - = 9)))ds + (Vi)
Z VPV ¢ (Vo).

Summing up over x we obtain

(C.11)

n

3 (Bnr = My ) (VRN (VN2 4+ (VY2 3 Mo (V22

z,z'=0 =0

Using (7.4) and the Cauchy-Schwarz inequality we obtain in particular that

Moo (Vi) < {f}((vgf))}m {i((viﬁ}m < % {g;((vx))?}lm

=0 z=0
for some C' > 0 independent of n. The last estimate follows from (9.11). To finish
the proof note that from (7.2) we have

4 L 2 mJ 2 Ty’
Mo = e D (1=00,)(1 = d0,)O(ky, pyr) cos (2(n+ 1))005 (2(n+ 1))

jj’ 0

Wo +2sin?(mu/2) + 2 sin2(7ru’/2)] cos?(mu/2) cos?(mu'[2)dudu/

o [ 27

Wo +2sin®(mu/2) + 251n2(7ru’/2)) (sinQ(ﬂu/Z) - sin2(7ru’/2)))

where the equality holds up to a term of order O(1/n). O
39



REFERENCES

[1] Basile, G.; Olla, S.; Spohn, H. Energy transport in stochastically perturbed lattice dynamics.
Arch. Ration. Mech. Anal. 195 (2010), no. 1, 171203. 29

[2] Bernardin, C., Kannan, V., Lebowitz, J.L., Lukkarinen, J.: Nonequilibrium stationary states
of harmonic chains with bulk noises. Eur. Phys. J. B 84, 685689 (2011) 2

[3] C.Bernardin, S. Olla, Transport Properties of a Chain of Anharmonic Oscillators with Random
Flip of Velocities, J. Stat Phys (2011) 145:1224-1255 DOI 10.1007/s10955-011-0385-6 2

[4] M. Bolsterli, M. Rich, and W. M. Visscher, Simulation of nonharmonic interactions in a crystal
by self-consistent reservoirs, Phys. Rev. A 4:10861088 (1970). 29

[5] F. Bonetto, J. L. Lebowitz and J. Lukkarinen Fouriers Law for a Harmonic Crystal with
Self-Consistent Stochastic Reservoirs. J. of Stat. Physics, Vol. 116, 2004 2, 5, 6, 9, 29

[6] Gihman, I. I.; Skorohod, A. V. The theory of stochastic processes. III. Translated from the
Russian by Samuel Kotz. With an appendix containing corrections to Volumes I and II.
Grundlehren der Mathematischen Wissenschaften, 232. Springer-Verlag, Berlin-New York,
1979. 35

[7] Jara, M.; Komorowski, T.; Olla, S. Superdiffusion of energy in a chain of harmonic oscillators
with noise. Comm. Math. Phys. 339 (2015), no. 2, 407453. 29

[8] Rafail Khasminskii, Stochastic Stability of Differential Equations, Stochastic Modelling and
Applied Probability 66, Springer. 3

[9] T. Komorowski, J. L., Lebowitz, S. Olla, Heat flow in a periodically forced, thermostatted chain
- with internet supplement, Available at http://arxiv.org/abs/2205.03839 5, 9, 34

[10] T. Komorowski, J. L., Lebowitz, S. Olla, Heat flow in a periodically forced, thermostatted
chain II, (2022) https://arxiv.org/abs/2209.12923, to appear in J.Stat.Phys. 29

[11] T. Komorowski, J. L., Lebowitz, S. Olla, M. Simon, On the Conversion of Work into Heat:
Microscopic Models and Macroscopic Equations, (2022), https://arxiv.org/abs/2212.00093, to
appear in Ensaios Matematicos for the volume dedicated to Errico Presutti 80th birthday. 30

[12] T. Komorowski, S. Olla, M. Simon, An open microscopic model of heat conduction: evolution
and non-equilibrium stationary states, Communications in Mathematical Sciences, 18, vol. 3,
751-780, (2020). https://dx.doi.org/10.4310/CMS.2020.v18.n3.a8 2

[13] Koushik R., Greens function on lattices, available at https://arxiv.org/abs/1409.7806 8

[14] J.L. Lebowitz, P.G. Bergmann, Irreversible Gibbsian Ensembles, Annals of Physics, Vol. 1,
N.1, 1-23, 1957. https://doi.org/10.1016/0003-4916(57)90002-7 2

[15] Lukkarinen, J., Thermalization in Harmonic Particle Chains with Velocity Flips. J Stat Phys
155, 11431177 (2014). https://doi.org/10.1007/s10955-014-0930-1 2

[16] M. Rich and W. M. Visscher, Disordered harmonic chain with self-consistent reservoirs, Phys.
Rev. B 11:21642170 (1975). 29

[17] Rieder, Z., Lebowitz, J.L., Lieb, E.: Properties of harmonic crystal in a stationary non-
equilibrium state. J. Math. Phys. 8, 10731078 (1967)

2, 29
Tomasz KOMOROWSKI, INSTITUTE OF MATHEMATICS, POLISH ACADEMY OF SCIENCES,

WARSAW, POLAND.
E-mail address: tkomorowski@impan.pl

JOEL LEBOWITZ, DEPARTMENTS OF MATHEMATICS AND PHYSICS, RUTGERS UNIVERSITY
E-mail address: lebowitz@math.rutgers.edu

STEFANO OLLA, CEREMADE, UNIVERSITE PARIS DAUPHINE - PSL RESEARCH UNIVER-
SITY, and INSTITUT UNIVERSITAIRE DE FRANCE, and GSSI, L’AQUILA
E-mail address: olla@ceremade.dauphine.fr

40



	1. Introduction
	1.1. Description of the model
	1.2. Main results
	1.3. About the proof

	2. Some preliminaries and notation
	2.1. The dynamics of periodic means
	2.2. Time harmonics of the periodic means
	2.3. Green's function corresponding to L0,,n
	2.4. Green's function of the lattice laplacian
	2.5. Some notation

	3. Periodic stationary energy transport
	3.1. Asymptotics of the time average of the mean current
	3.2. Asymptotic profile of the periodic averages of the means of the energy function

	4. The first moments of positions and momenta
	4.1. Proof of Theorem 3.1
	4.2. L2 norms of the position and momentum averages

	5. The second moments for the momentum and position variables
	5.1. Fluctuation-dissipation relations

	6. The covariance matrix of the periodic state
	6.1. Dynamics of fluctuations
	6.2. The covariance matrix
	6.3. Structure of the covariance matrix of the periodic averages

	7. Energy Bounds
	7.1. A lower bound on matrix [Mx,y]
	7.2. Upper bound on energy
	7.3. Proof of Theorem 7.4
	7.4. H1 bound on the energy density

	8. Convergence of the energy density
	8.1. Identification of the macroscopic energy density limit. Proof of Theorem 3.4

	9. Vanishing time variance of the kinetic energy
	10. Concluding remarks
	Appendix A. The proof of Theorem 1.1
	A.1. The existence and uniqueness of the periodic mean and second moment
	A.2. The end of the proof of Theorem 1.1

	Appendix B. Green Functions convergence
	B.1. Estimantes on oscillating sums
	B.2. Application

	Appendix C. Proofs of Lemmas 9.2, 9.3 and 9.5
	C.1. Proof of Lemma 9.2
	C.2. Proof of Lemma 9.3
	C.3. Proof of Lemma 9.4
	C.4. Proof of Lemma 9.5

	References

