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Abstract

We characterize the long time behaviour of a discrete-in-time approximation of the
volume preserving fractional mean curvature flow. In particular, we prove that the
discrete flow starting from any bounded set of finite fractional perimeter converges
exponentially fast to a single ball. As an intermediate result we establish a quantitative
Alexandrov type estimate for normal deformations of a ball. Finally, we provide
existence for flat flows as limit points of the discrete flow when the time discretization
parameter tends to zero.
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Introduction

We consider the geometric evolution of sets called the volume preserving fractional
mean curvature flow. The classical mean curvature flow is defined as a flow of sets
(Ep)o<i<r in RY following the motion law

ve=—Hg, on OF;,



where vy denotes the component of the velocity relative to the outer normal vector of dF;
and Hpg is the mean curvature of the set E. In order to include the volume constraint,
one can consider the following velocity

Ut:ﬁEt_HEt on 8Et

for all t € [0,T] , where Hp, denotes the average of Hp, over OE;. The defined geometric
evolution is called volume preserving mean curvature flow, as one can observe that the
volume of the evolving sets is constant.

In the fractional setting, the velocity of the flow is given by the fractional mean cur-
vature, a geometric quantity introduced by Caffarelli, Roquejoffre and Savin in [5] and
defined as the first variation of the fractional perimeter functional. The latter functional
is defined on a measurable set E C RV simply as

1
P3(FE) = —— dxdy.
(B) /E/crx—yWS v dy

It turns out that its first variation on any C? set E is given by the formula

N xEe(Y) — XE<(y)
Hi(x) == /RN iz — g dy Vx € OF.

In both the previous formulae, the integrals are intended in the principal value sense.
In analogy with the classical case, the evolution law for the volume preserving fractional
mean curvature flow is given by

vy =H}, — Hy on OE, (0.1)

with the notations previously introduced.

Up to now, a satisfactory study of this type of evolution is still missing. While the
evolution without the volume constraint is well-understood (see e.g. [10,19]), the lack of
a comparison principle in our case makes the study much harder. Moreover, the gener-
ated flow may present singularities of different kinds, as happens for the classical mean
curvature flow: see [12] some some explicit examples of pinch-like singularities. In [20] a
short-time existence is provided for the smooth flow , while existence of the smooth
flow starting from convex sets (under suitable assumptions) is proved in [11].

We will then follow the approach of the celebrated papers by Luckhaus and Sturzen-
hecker (23] and Almgren, Taylor and Wang [2] consisting in building a discrete-in-time
approximation of the flow via a variational approach and then sending the time discretiza-
tion parameter to zero. Our approach follows closely the work done by Mugnai, Seis and
Spadaro in [25], where the variational problem studied incorporates a volume penaliza-
tion to take into account the volume constraint. First of all we define a discrete-in-time
approximation of the flow that will be called the discrete flow. Given any initial set Fy,

with |Ey| = m, and a time-step h > 0 we define Eéh) := Ejy and, iteratively, for n > 0

1

1
Eq(lhﬁl € argmin ¢ P*(F) + / sd _(z)dz + ——||F| = m| : F ¢ RY measurable ¢,
h o E” h1+s

2



where sdE(h) is the signed distance function from the set E,(Lh). We can define for every

t > 0, the discrete flow by E(")(t) := E[(t};)h}‘ We will prove that such a flow is well-defined.

Any Llloc—limit point of this flow as the time-step h converges to zero will be called a flat
flow. For the classical mean curvature flow, under the hypothesis of convergence of the
perimeters, this approach produces global-in-time distributional solutions of the evolution
law[0.1], as shown in [25]. In the fractional case, we fall short of this result. Nonetheless, we
will prove in the Appendix the existence of flat flows, defined simply as Llloc—limit points
of the discrete flow as h — 0, and address some of its continuity properties. Moreover,
under the additional hypothesis of boundedness of the flow, we will prove that the flat
flow is volume-preserving.

In the recent years, the study of the long time behaviour of the volume preserving
mean curvature flow has attracted more and more attention. In the classical case, after
some preliminary studies |15} 18], in a recent paper [24] the authors proved the asymptotic
behaviour of the classical discrete flow by showing its convergence to unions of equal balls.
Then, they improved their results in [21], proving uniform estimates with respects to the
time parameter h in dimension N = 2, thus obtaining the same result for the classical
flat flow. Also the situation in the periodic setting is quite studied, with results for the
discrete flow in [14] and for the flat flow in dimensions N = 3,4 in [26]. In the fractional
setting some recent results have been proved. For example, in [11] the authors prove
that the smooth flow starting from a convex set converges to a ball, up to translations
possibly depending on time and under the hypothesis of equiboundedness for the fractional
curvatures along the flow.

In this paper the long-time convergence analysis is developed in the fractional setting.
The main result of the paper is Theorem below. It provides a complete characteri-
zation of the long-time behaviour of the discrete fractional mean curvature flow starting
from any bounded set of finite fractional perimeter, providing also an estimate on the
convergence speed. We will assume that the dimension N is such that any A—minimizer
of the fractional perimeter is a smooth set. Namely, we will assume that either:

o N =2
e N <T7ands € (sg,1), where s¢ is the constant of Proposition item 4i).

This is a technical hypothesis that could be dropped if we knew that the evolving sets were
smooth. In particular, it is essential to characterize the possible long-time limit points for
the discrete flow. We are then able to prove the following result.

Theorem 0.1. Let m, M > 0 and let Ey be an initial bounded set with P*(Ey) < M,
|Eo| = m. Then, for h = h(s, M, m) > 0 small enough the following holds: for any discrete

flow E,(Zh) starting from Ey, there exists ¢ € RV such that
EW _¢ 4 BM jn CF
for all k € N. Moreover, the convergence is exponentially fast.

We stress the difference between our result and the one holding in the classic setting,
where the limit points of the discrete flow are in general unions of disjointed balls having



the same radius. This is a peculiar feature of the nonlocal perimeter considered, that
penalizes non-connected components.

A crucial intermediate result consists in generalizing the Alexandrov-type estimate [24,
Theorem 1.3] and [14, Theorem 1.3] (see also |22]) to the fractional setting. This result
provides a stability inequality for C'—normal deformations of balls. We briefly give some
definitions to present some further details. Set B = B;(0) and let f : 9B — R be a
function with || f|| e (ap) is sufficiently small. The normal deformation By of the set B is
defined as

0By :={x(1+ f(z)) : = € OB}.

A normal deformation By is said to be of class C* if f € C¥(OF). The quantitative
Alexandrov type estimate proved in [24] is the following.

Theorem 0.2 (Theorem 1.1 in [24]). There exist 6 € (0,1/2) and C > 0 with the fol-
lowing property: for any f € C1Y(OB) N H*(OB) such that || fllcrop) < 6, |By| = wy and
bar(By) fB xdz =0, we have

1flla@om) < CllHp, — Hp, |l 12(08)-

We are able to extend the previous result to the fractional setting. Namely, we obtain
the following.

Theorem 0.3. There exist § > 0 with the following property: for any f € C*(0B) such
that || fllcrom) < 0, |Bf| = wn and bar(By) fB zdz =0, then

i) for any s € (0,1), there exists C = C(N,s) > 0 such that

1£1] 1 < C||Hg, — Hp, ||12(08)2;

HT(aB)Q -

ii) there exist s* € (0,1) and C = C(N) > 0 such that, for any s € (s*,1), it holds

s 2 .
(= IR age o < CNO=5) (HBy = 2y ) oy (0:2)

i) if f € C?(0B), as s — 1, estimate (0.2)) tends to
[fl et omy2 < CllHp, — Hp, || 1298)2-

In the previous results, we have set HB =f5 Hg (z + f(z)z YAHN ().

In particular, we recover Theorem [0.2] as a corollary of our result. The proof of the
previous theorem follows closely the proof of the quantitative Alexandrov type estimate
obtained in the flat torus and contained in |14]. In particular, the approach is based on
some Taylor approximations of the factor H gf - H %f () combined with the coercivity of
the second variation of the fractional perimeter, proved in [16].

After this work was completed, we were informed that a similar quantitative Alexan-
drov type estimate, more precisely a result analogous to item ¢) in Theorem has
been independently proved in [9]. In this paper the authors use this result to prove both
global existence of a flow of smooth sets satisfying , starting from a smooth normal
deformation of a ball, and its asymptotic exponential convergence to the same ball.
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Notation

We work in the Euclidian space R, with N > 1. We denote with | - | the standard
Lebesgue measure in RY, M(R¥) is the family of measurable set of R and M;(RY) C
M(RY) is the family of subsets of RY having finite measure. We denote with E¢ the
complement of a set £ C RY. We denote by HV~! the Hausdorff measure, and sometimes
denote dHY 1 := dHN~1(x). If E is a set with smooth boundary the outer normal to E
at a point x in JF is denoted by v = vg(x). We will denote B = B(0,1). We will denote
the ball of radius r and center z both as B(z,r) and B,(z). Also, with B we denote
the ball centered in 0 and having volume |B™| = m. Finally, we denote by C(x,--- , %) a
constant that depends on *, - - -, %; such a constant may change from line to line.

1 Preliminaries

Let s € (0,1) we define the s-fractional perimeter as the following function

P* My (RY) — [0, +o0], //C‘x_ ‘Nﬂdxdy [ Ely

m\m

More in general, for every E, F € M f(RN ) we set

s(E,F) //x— ’N+dedy

and, for any bounded set €2, we define the fractional perimeter of E relative to €2 as
P(E;Q)=Ly(ENQENQ)+ L(ENQE\Q)+ LJ(E\QE°NQ).
Let E € M;(RY) be a set of class C2. Given a vector field X € CH(RY;RY), let
P:RxRY RN, &t z) =2+ tX(2).

We recall that the first variation of the s-fractional perimeter of F in the direction of X
is given by

SPUENX) = S| P B) = | @)X (@) () a1



where Hy(x) is the s-fractional mean curvature of E evaluated at € OF, that is

son [ xe(y) — xee(y)
HE(x) i /]RN |.’E—y|N+s dyv

where the integral has to be intended in the principal value sense. Applying the divergence
theorem, the fractional curvature can be written as

Hy(p) = AEWdHNl(x) Vp € OE.

We recall some useful results concerning sets of finite fractional perimeter.

Proposition 1.1 (Lower semi-continuity). Let {Ep}nen C Mf(RY) such that xg, — XE
in Li,., asn — +oo, for some E € My(RYN). Then, for all s € (0,1), we have

loc’
P*(F) < liminf P*(E,).

n—+4o0o

Theorem 1.2 (Compactness). If R > 0 and {E,}neny C M(RY), with

E,C B(0,R) ¥YneN and supP’(E,) <+oo,
neN

then, up to a subsequence, E, — E in L'(RN), where E C B(0, R) and P*(E) < +oc.

Theorem 1.3. (Relative isoperimetric inequality) Let  C RN be an open bounded set
with Lipschitz boundary and let E C RY be a measurable set. Then there exists a constant

C=C(s,N,Q) >0 such that
PH(E,Q) > L,(ENQ,E°NQ) > Cmin {|EN QI B\ Q"% |

We recall the following pointwise convergence theorems. The first one concerns the
convergence of the fractional perimeter to the classical one: its proof can be found in [6),
Theorem 1].

Theorem 1.4. Let E be a bounded, C** set for a € (0,1). Then,
lim(1 — s)P*(FE) = wny_1P(E).
s—1
The second one relates to the pointwise convergence of the fractional curvatures. It
was proved in a more general setting in [1} 6, 7).
Theorem 1.5. Let E be a bounded, C? set. Then,
lim(1 —s)Hp =wn_1HE
s—1
uniformly on OFE.

Finally, we recall the pointwise convergence of the fractional Gagliardo seminorms
to the Sobolev one. The classical proof is contained in [3, Corollary 2], see also [17,
Proposition 3.7] for the same result in a more general setting.

Theorem 1.6. Assume f € H*(0B). Then

lim(l — 8) [f]i[1+s

_ 2
s—1 2 0B) CHVf||L2(83)’

where C > 0 is a constant that depends only on N.



2 A fractional quantitative Alexandrov type estimate

In this section, we are going to prove the quantitative Alexandrov inequality Theo-
rem [0.3]in the nonlocal setting of the fractional perimeter. From now on we set

) — 2
e = e = [ [ IO vt gy

We start by recalling representation formulas for the s-fractional perimeter and its first
variation on smooth sets.

Lemma 2.1. The following equalities hold true:
1. If f € CHOB) with ||f|loo sufficiently small, then

1+f(z) pl+f(z (2.1)
/ / / / Fla_y|(r,p) drdpdHY~ 1dHN L
0B JOB
where, for every x, y € 0B, we have set
pN=1,N-1
Flo—y (1, p) = Trz — py[VFs’ vr, p € (0,+00).
2. If f € CL(OB) with || f||eo sufficiently small, then we have
P*(B) / N—s—1,) 12/N—1
oP°(E =(N—s 1+ § dH
(Bl = ( )Pw>a; Yy
o / () Flo—yy (1 F(2), 1+ p) = () Fla—yy (1 + (), 1+ ).
0B J OB
(2.2)

Proof. By explicit computations one can obtain equation (2.1)), see for example the calcu-
lations in the proof of |16, Theorem 2.1]. To prove (2.2)), we take the derivative

(B
dt‘t =0 f+t¢)

in formula (2.1)) and, recalling that

b B B(t)
a [/a /am fr0) dpdr] B /a(w (f(B(),p)B'(t) — f(a(t), p)(t)) dp



for every function o, 8 : R — R of class C' and f € LZOC(R x R), we conclude

1+ f(x
ot = [ [ e a1+ £00) — 60Dy 1+ 100 0)

(V=) P(B)) | e atpan,

A simple change of coordinates then yields the thesis. O

Lemma 2.2. If f € CY(0B) with ||f||eo sufficiently small, then we have

SPBI] = (V=) ) [ (1 V= s = 1)+ 0(2) a0 )
(2.3)
SPBI = (V=) i) [ (== 1f 0 £
(2.4)

(f(@) - F(3))? ) 2
+/ / Ty —aivts T OWLe ) (1 Flloe +[IFllCa)-
opJop |r—y/Nts (I ]%)(H [ 1 £llcn)
Proof. First, we remark that, by expanding the first term in (2.2)), we obtain

P*(B)
P(B)

/‘93 /33 /f(y) ) oy (14 f(2), 1+ p) = () Flo—y (1 + £(y), 1 + p)) )

Now, set u = f(x) and v = f(y), and define the auxiliary function

IP*(Br)lY] = (N =)

/ (14 (N — s — 1)f + O(f2) dH N1

g1 +u, 1+ v,p) == () Flpay (1 +u, 14 p) = P(y) Flo—y (L +v,1 + p).

We remark that

N —-1u+O(u -1 O(p?
Foy(1+u,1+p) = 1+ ’)(liu(x_)éﬂ() ‘N+S)p+ (%))
(1+ (N - Du+O?)(1+ (N —1)p+0(p?))

) (u—p)2 + (1L +u)(1+ p)z —y[2| 2" (2.5)

1+ (N —=1Du+(N—-1)p+O0?+ p?)
& — y [Nt ((u—p)2/|z —yPP +utprup+1) T

Now, since ||f|lc1 < d and p is between f(y) and f(z), |u — p| < |z — y|, we can then
expand ([2.5) and obtain

B _ 2 2 — 0)?
AN =Dut (N=Dp+ O’ +p7) (| Nts ((u=p> .
[z — y|N+s 2 \|z—yP
L4+ (N =1 -5 (u+p)

_ o (u=p? O+
B | —y[N+s | — y[NFsF2 g — |V

8



from which we deduce

vie) = vy) | c, (@b(fﬂ)(u +p)  P(y(v+ p))

st = s Ty -y

+ <—w(x)(“ —p)° . P(y)(v — p)2> N O(u? 4+ v* + p?)

|$_y|N+s+2 |x—y\N+S+2 |:L‘_y|N+s ’

where the constants C} 2 can also be non-positive. Finally, we obtain

f@)
/aB/aB/f( : g(1+ f(z), 14 f(y), 1+ p)

/ / W) (f(@) — f)
oB JoB \x - y\NH
)( f(@)/2+ f(y)
o /dB /83 — y|Nrs 2
)(f(l“) — f()?
wa | [,

+O</33/83|x—yw+s)f2)'

If ¢ = 1, using the fact that, by symmetry,

xXr) — x 1
/8B /BB (f( |;‘ —Z|(Jz\/f)—2;f( ) = i[ﬂ%?, (2.6)

we obtain

/aB /aB/ g1+ f(@). 1+ f(). 1+ p) = O(f1A.).

If ¢» = f, using again (2.6)), we get

_ (f(@) — fw)?
/aB/aB/ s+ ks = [ SR
O )l + £

O

In order to prove Theorem [0.3] we need the following lemma, which states the coer-
civity of the second variation of the fractional perimeter of a ball with respect to normal
deformations. Its proof is contained in [16, Theorem 8.1]. We start by defining

P*(B)
P(B)"

i =5s(N —s) (2.7)



Lemma 2.3. There exists 6 > 0 small such that, if f € C*(OB) with ||f|lc1op) < 6,
|Bf| = wn and bar(By) = 0, then we have

B 2
ermif= [ [ TR et [ peae

1
> 2 (R + X1 1320m))-
We are now in position to prove Theorem
Proof of Theorem[0.3 We start by proving item i). Without loss of generality, we assume
that HHgf - HngLz < 1. Let ® : 9B — 0By C RY be the map defined by ®(z) =
(I1+ f(x))z, by direct computations one can prove that
TB(x) = (1+ f@)N 1+ (14 f(x) 2|V ()]
For every ¢ € CY(dB), let
P RY S RY y(z) = ilﬁ ($>
EJREANEY
Employing the area formula we get

dP*(By)[y] = Hpvp, - dHN T
dB;

= | Hy (0)vs,(p) - wp(x) @ (x) dH
oB

= [ Hy ) d(@) (14 f)N A,
OB

where we have set p = (1 + f(z))z (for more details see |24, Section 1] and 14, Section
3]). Now, by a simple Taylor expansion we obtain

SP*(By)[¢] = /aB Hp, (p)w(x) (1+ (N = 1) f(z) + O(f*)) dHy . (2.8)

We recall that
P*(B)

P(B)
If ¢» = 1, by combining formulas (2.8)) and ([2.3)), we infer

/B (Hp ()~ HR)(+ (N = Df @) + 02 anl ™ = [ o) an = +o(irR,.)
(2.9)

Hj(x) = (N —s) for all x € 0B.

and if ¢» = f, by combining equations (2.8)) and (2.4)), we get

U@ IGF s v oo PGB [
/8B/8B |z —y|N+e iy dH, (N )p<B) an dH

+ O([f1i) (1 flloo + I 1E)-

10



Using the same arguments of the proof of |14, Theorem 1.3] (see also |24, Theorem 1.3])
we can conclude. Anyway for the interested reader we report a sketch of the proof.
By ([2.9)), for § sufficiently small, using Holder’s inequality we obtain

|, H

< |- (3, - Hy)(N - Df +O(2) dn !
OB

" / O(If) dAHN 1 + O([f12.)
OB

2

<\f (i, = 3 )(V = 1)1 + O kY

+

J (T, — (¥ = 1)f + 0(s%) an!

T / O(If) dHN L + O([f12.)
OB

2
N—].+C(S s TS 7S S
< 5W||H3f —Hp |12 +6(N -1+ C0)|Hp, — Hp|

s);

+ [ o+ ol
OB

2

with C' = C(N). For § small enough, recalling that |Hp, — Hp,| ;> < 1, the previous
inequality implies

L) <8 (2.11)

2

1 - _ _
31Th, — Hbl < ColHy, — My la+ |0 @™+ 0(111
By (2.10)), using again Holder’s inequality and by the previous remark, we get

U@ = FO) vt ganv1 _ oy g BB [ 2 gqv
/83/63 |z — y|NFs A7, dHy (N )P(B) BBf dH

= | (3,0~ H5) (14 (¥ = ) + O Fan™!
F OB (1 e + 1£122)

= | (0T, 1) = H3, )1+ (V= 1)f + O F

+ / (Hy, — Hy)(1+ (N = 1)f +O(f2))f ¥V -1
OB
FOU R e+ 1712)

< C||Hp, — Hp, |l fll 2 + |Hp, — Hp| /8]3(1 + (N =1)f +O0(f*) f dH™ !
+ O([f3s) (1 flloo + 1F11E0)- (2.12)

Since |Bf| = wn, we have

‘ . deNfl\ = | o £ auN 1, (2.13)

11



By (2.13) and ([2.11]), we obtain

15, 31 [ (rroutnant<a [ o),

Finally, by the above inequality, (2.13) again and by combining (2.12)) with (2.11)) we
deduce that, for any n > 0, it holds

/83 /83 Wd/}{g_l d’Hév_l —s(N — S)PS(B) F2pN-!

[V P(B) Jop
< C||Hg, — Hy |2l fll 2 + Co(I f1I72 + [f]%;s) (2.14)
1 s [7S
< C2H, — Hy 13+l 71 + O8I 13 + (1), (2.15)

The conclusion then follows combining (2.15) with Lemma and taking § and 7 suffi-
ciently small.
Item i) then follows from item i), remarking that (2.14]) can be read as

a9 ([, ], SR e og - - T [ roe)
<l -9 (a3, - A, ) || 171+ COUFI + (1.

2

Thus, we obtain

1—s
4

(M1 + /1R < (;;2\)(1—@ (a3, — 713, ) |, 2l 1+ €O+ [T

Recalling (2.7) and the pointwise convergence Theorem we conclude. Finally, item
ii1) is a corollary of item 4i) and Theorems|1.5|and recalling that Theorem [1.4]implies

lim(1 —s)A] = (N — 1)wn—1.

s—1

We just remark that, since the convergence is uniform, (1 — s)H B, Hp 4 O

3 The asymptotic of the discrete volume-preserving mean
curvature flow

In this section we start by introducing the incremental minimum problem which defines
the discrete-in-time approximation of the volume preserving fractional mean curvature
flow.

Let E # 0 be a bounded, measurable subset of RY. In the following we will always
assume that F coincides with its Lebesgue representative. Fixed h > 0, m > 0, we consider
the minimum problem

1 1
min{Ps(F) + h/ sdg(z)de + ——||F| —m|: F C RN}, (3.1)
F

s
hs+1

12



where sdg(x) := distg(x) — distge(x) is the signed distance from the set E. Observe that
the minimum problem (3.1)) is equivalent to the problem

1 1
min{Ps(F)—i—/ distopg(z) dz + ——||F| — m| :FCRN}.
FAE

hs+1

We set F (-, E) : M(RY) — (—00, 4+00] the functional
1
—

s
hs+1

Fn(F, E) = P*(F) + 1/ sdg(z)dz +
F

The following proposition recalls some properties of minimizers of problem (3.1)).

Proposition 3.1. Let M > 0,h > 0,5 € (0,1) and m > 0. Let E C RY be a bounded,
measurable set such that P*(E) < M and |E| < M. Then, there exists a minimizer F of
(3.1), which is bounded. Moreover, the following properties hold:

i) There exists A = A(h,N,s) > 0 such that F is a A-minimizer of the perimeter,
namely
P(F) < P(F')+ A|[FAF'|
for all measurable set F' C RY such that diam(FAF') < 1.

i) The boundary OF is of class C** for any a € (0,s) outside of a closed set ¥ of
Hausdorff dimension at most N — 3. Moreover, there exists sy € (0,1) such that,
if s € (s0,1), then OF is of class CY* for any a € (0,1) outside a closed set 3 of
Hausdorff dimension at most N — 8.

iii) There exist co = c¢o(N,s) > 0 and a radius ro = ro(h, N,s) > 0 such that for every
x € OF\ X and r € (0,79] we have

1B, () N F| > cor  and |By(z)\ F| > cor®.

iv) The following Euler-Lagrange equation holds: there exists A € R such that for all
X € CLRN RN) we have

d

/ EX vpdHN 4 [ HIX vpdHY =2 [ X oupdHNTL, (3.2)
or h oF oF

where A = sgn(m — ]F])hiﬁ if |F| # m, otherwise it is the Lagrange multiplier

associated with the volume penalization.

v) There exist ko = ko(h,N,s, M,m) € N and dy = do(h,N,s, M,m) > 0 such that F
is made up of at most kg connected components having diameter larger than dy.

Proof. For the existence of minimizers of see for example [8, Theorem 1.1]. The
A—minimality property is easily deduced, for instance we can choose A = 2(h™! + h_%ﬁ).
Concerning property i), it follows from [8, Theorem 1.1] and [6, Theorem 5]. The density
esimates can be found in [5, Theorem 4.1]. The Euler-Lagrange equation in item iv) is
easily deduced performing variations of . The bound on the number of connected
components and on the diameter of the components follows from a covering argument, as
in [24, Proposition 2.3]. O
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By induction we can now define the discrete-in-time, volume preserving fractional mean
curvature flow {Eﬁh)}neN and we will refer to it as the discrete flow. Let Ey C RN be a
measurable set such that |Ey| = m, we define th) as a solution of with Ej instead of
FE. Assume that E,ih) is defined for 1 < k < n—1, we define E,(Lh) as a solution of with

E replaced by Eg?l We then recall the classical density estimate (see [5, Theorem 4.1]).

Proposition 3.2. There exists a constant C = C(N,s) > 0 with the following property:
given EC RN, R, >0 and zo € OF such that

P*(E) < P*(E\ By(x0)) + plE N Br(zo)| V0 <7 <R,

then
CrN < |ENBy(zo)] Y0 < r < min{R, Cy yp~/*}.

Corollary 3.3. Let E C RN be a bounded set of finite fractional perimeter and let F be a
minimizer of Fy(-, E). Then, for every r € (0,vh'/1*%) and for every xq € 0*F, it holds

min{|B,(zo) \ F|,|F N B,(20)|} > er™ (3.3)

erN =% < P*(F, By (x0)) < CrV—s, (3.4)
where the constants only depend on N and s.

Proof. Since F is a minimizer of Fy (-, F), for any z¢o € OF, it holds that F,(F, FE) <
Fn(F U By(x0), E), which implies

1 1
P5(F) SPS(FUBT(JUQ))—I-/ sdde+T|Br(xo)\F]
h J B, (zo)\F hs/its

< P*(F U B,(z0)) + L’Br(xO) \ F.

hs/1+s
Analogously, one can show that
PA(F) < P*(F\ Br(20)) + -5 [ 0 Br(x0))| (3.5)
C
= Ls(F'\ Br(20), F°\ Br(w0)) + Ls(F\ Br(w0), Br(wo)) + -2 [F' 0 By (o))

Therefore, by Proposition [3.2] we deduce
min {|F N B (xo)|, |Br (o) \ FI} = er™ V0 <7 < yhM/1Fe.

The first inequality in (3.4)) is now an immediate consequence of the relative isoperimetric
inequality. To prove the second inequality, by (3.5)) we get
P*(F, By(x9)) = Ls(F N By(x0), F°) + Ls(F \ By(x0), F° N By(x0))
= P*(F) = Ls(F\ Br(z0), F°\ By(x0))

< Ly(F\ By(z0), By(%0)) | B (20) \ F|

C
+ hs/1+s

riN < C(N, s)rN*S,

S

c
< P*(B,(x0)) + TZ

where we used that r < yh/1+s, O
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We employ the density estimates above to bound the distance function between two
consecutive sets of the discrete flow.

Proposition 3.4. There exists a constant v = (N, s) > 0 with the following property.
Let F C RN be a bounded set of finite fractional perimeter and let E be a minimizer of
Fn(-, F), then

sup distgp < ’yhl/Hs.
EAF

Proof. Let v = max{3,2°tY/sPs(B)Y/*/C'/*}, where C = C(N,s) is the constant given
by the Proposition Let ¢ > v and 79 € EAF. Suppose by contradiction that
distyp(xo) > ch?/™*. Since the other case is analogous, we assume zo € E \ F. We then

have
sdp(zg) > chl/1*s (3.6)

and thus any ball B, (zg) of radius r < c¢h'/1*%/2 is contained in F°. By the minimality
of E, we have Fy(E, F) < Fp(E \ Br(x0), F), therefore

1

S S 1
PY(E) < P*(E\ By (o)) — h/EﬂB e e o BB ()|

We use ([3.6) and 7 < ch!/1+5/2 to infer that

1 c
—— dpde < —|EN B, .
o e < e B B

Then we have

1 c
PY(B) < P*(E\ By(a0)) = 775 (5 = 1) 1B N Bo(ao). (3.7)
By assumption ¢ > 3 and we can apply the Proposition with 4 = 0 and obtain

CrN < |ENBy(x0)]  YO<r< ghl/HS. (3.8)
On the other hand, from ([3.7) we deduce, for every 0 < r < ch'/1*5/2, that
1
s (5= 11BN By(ao)| < PH(E\ Br(wo)) = PY(B) < P(Bf) = P*(B)r" ™" (3.9)

(where the last inequality follows from the subadditivity of the perimeter on F and Bf).

Combining (3.8)) and (3.9), we get that
~1
CrN < |EN Br(wo)l < PU(B) (5 - 1) h/5rNV = <ops(m)p/ e

for all 0 < 7 < ch'/1+5/2, which gives the desired contradiction to the choice of ¢ as soon
as r — ch!/13 /2, O
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We now characterize the stationary sets E for the discrete flow. We say that E is a
stationary set for the discrete flow if it is a fixed set for the functional (3.1)), that is,

E=E®" vneN.

Remark 3.5. From the monotonicity of the energy Py(-)-+h~ 5 ||-| —m| along the discrete
flow, one can observe that, for h = h(m, M) small, |E§Lh)| € (m/2,3m/2) for all n € N.

In the following, we will always assume that either:

o N =2

e N <7and s € (sg,1), where sy is the constant of Proposition item 4i).
This hypothesis is essential for the proof of the following result.

Proposition 3.6. Every stationary set E for the discrete flow is a critical set of the
s—perimeter, that is, a single ball.

Proof. 1t is an immediate consequence of the Euler-Lagrange equation (3.2]). Since F is a
stationary point for the discrete flow, it satisfies

HydHN ' =) | X .vpdu™N!
o)) OF
for all X € C}(RYN,RY), i.e. E is a critical point for the s—perimeter. Employing [4,
Theorem 1.1] and [13, Theorem 1.1}, we conclude that E is a single ball having fractional
mean curvature H3 = A. O

Before proving the convergence of the flow up to translations, we recall the following
lemma from [24] that will be used in the proof of the next proposition.

Lemma 3.7. Let {E,(Lh)}neN be a volume preserving discrete flow starting from Ey and

)

let Elii) be a subsequence such that E,(Cz + 7, = F in L' for some set F and a suitable

sequence {7, neny C RY. Then dist (- 4+ 7) — distgp uniformly.

oEM_|
The following result proves the convergence of the discrete flow to a union of disjointed
balls, all having the same radius. Moreover, we prove that the flow eventually has fixed
volume. A this point, we can not rule out that the flow is converging to different balls
(each at infinite distance from the others) and that the translations introduced are different
along different subsequences. We will provide a sharper result in the final theorem.

Proposition 3.8. Let m, M > 0 and Ey be an initial bounded set with P*(Ey) < M,
|Eo| = m. Then, for h = h(s, M,m) small enough and for any discrete flow E,(Lh) starting
from Eqy the following hold:

i) for n sufficiently large \Eéh)| =m;
i1) there exists

P = lim P*(EWM);
n—o0
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i11) EW is made of K = (Pgo/wfv)%(wjv/m)%fl distinct connected components g™

n,d ?
and E'flhz) — bar(Ethi)) converges in C*, for every k € N, to the ball centered at the
origin and having mass m/K.

Proof. Let {E/iz)}neN be any given subsequence of {Eflh)}neN. By Proposition each
set E,(;:L) is made up of [, < kg connected components having diameter uniformly bounded
by do. Therefore, there exist I, balls {Bg,(&},)}, each containing a different component of
E,gi) and such that Eli:) - Uli’;leO (€1). Up to subsequences, we can assume that [,, = l~,
and for all 1 <i<j < [ the following limits exist

limsup |€!, — & | = d™ € [0, +oc].
n—oo

Now we define the following equivalence classes: we say that ¢ = j if and only if dv < 4o0.
Denote by [ < [ the number of such equivalence classes, let j(i) be a representative for each
class i € {1,...,l}, and set o, := 53(2) fori =1,...,1. We have constructed a subsequence
E,(CZ) satisfying E,(CZ) C Ut_, Bgr(c%), where R = do +max{d™/ : d"J < +oo}+1, and for all
i % j it holds |o% — 07| — +00 as n — +o0.
Now, fix 1 < i <, and set
F! = E,S:) —ol, F .= (E](CZ) — o )NBgr, mi =|F.

Up to a subsequence, we have mi — m’ > 0. Moreover, by Lemma and by the
compactness of sets of equi-bounded fractional perimeters, there exist F* € Bg such that,
up to a subsequence,

F! — Fiin L', sdpm (- + ol) — sdz () locally uniformly. (3.10)

kn—1

1
Let G' be any bounded set with |GY| = m! and let G = <m¢?)N G'. We set now

m’L
Gi = (F!\ F}) UG so that, for n sufficiently large, |Fi| = |G%|. By the minimality of
Elii) we have

1 . . 1 .
P*(F}) + / sd_m (x4 0,)dz < P*(G),) + / sd_m (x4 0,,)dz.
h g E hg OF

kn—1 i kn—1
n

For n sufficiently large, we obtain

.. 1 1 ;
s( i i
P*(F}) + /”;L /T'LL\F’;LL dedy + h /F;L SdEéz)71($+ o)) dx

- 1 1 ;
< P*(GY, —I—/ / d:cdy—i—/ sd_m (x4 0))de.
(Gr) i Jpips v —y[NrS h)a Fi ( )

Passing to the limit as n — oo, using (3.10) and the uniform boundedness of Fﬁ and G%,
we deduce that
1

PS(F@'H/ dei(a:)dngs(Gi)—kl/ sd s (z) da.
h Fi h G
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This minimality property extends by density to all competitors G* with finite perimeter
and volume m’, so that we deduce that Fiis a fixed point for the discrete scheme with
prescribed volume m!, and, whence by Proposition it is a ball. Moreover, since F"
are uniform A—minimizer by Proposition we also deduce that Ffl converge to F' in
C1@ for every a € (0,1). In particular, for n large enough, Ffl has only one connected
component.

(M) {5 made up by a fixed number K of

connected components E,gi)’i, i1=1,...,K and E(h) : bar(E,iZ)’i) — Bp, where |Bg,| =
m;. Now, we show that all the radii R are equal to R. To this aim, we consider the
Euler-Lagrange equation ((3.2))

We have shown that, for n large enough, FE}

h
hSdE,ii?_l + Hyny = on oEM.

By Proposition we deduce that

Aul < h7Hsd + HHE(h)H <c+|[|H] (h)”

El(g};)—l ||LOO(BE]E:]:I)) Lo aE(h)) oo 8E(h))

(h

To bound the right hand side, we use the A—minimality of Ekn) to obtain

”H (h)HLoo 8E ) <A.
Therefore, by passing to a further subsequence, we can assume A\, — A € R. Arguing as
before, we can localize the Euler-Lagrange equation to each single F’ and obtain

hSdEl(c}:L—l(x +op) + Hpi(z) = A x € OF,.
We can pass to the limit as n — oo thanks to Lemma and the continuity property of

the fractional mean curvature (see e.g. [13, Lemma 2.1]). Thus, taking into account that
F" is a fixed set for (3.1]), we deduce that

H:, =X ondF"

In particular, this shows that R; = cA™%, for a suitable constant ¢ depending only on s
and N.

In order to prove that, eventually, \Efmh)| = m, we proceed as follows. Set |Bg,| =
AN and P*(Bg,) = coA"*(V %), From Remark we take h = h(s, M) small enough

such that
m 3m

EY)| € {2,2] . PYEY) < P(E) <M
and, for n large enough, this implies

K

Y mi e [m Sm] ZPS (Fi)

=1
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Passing to the limit as n — oo we obtain

Kea™N ¢ B’ 3;”] C Keph N9 <

which implies
2c1 M
AP < 29 (3.11)

mcy

If we suppose that \E | #m for infinitely many indexes, then A = sgn(m ]E,E:Z) \)h_ﬁ
which is a contradiction to if A is sufficiently small. We have thus proved item
i). Since, for n large enough, \Ey(Lh)] = m, the sequence {P* (Eq(lh))}neN is eventually non-
increasing, from which item i) follows. Knowing the exact values of the volume and
s—perimeter of any limit point, we are able to compute K and obtain the convergence in
L' of the whole sequence. Moreover, arguing as in [8] we conclude the convergence in C*

for every k € N via a bootstrap method. O
In order to prove the main theorem, we need to recall some results of [24].

Lemma 3.9. Letn > 0. There exists § > 0 with the following property: if f1, fo € C1(OB)
with || fillc1@opy < 0 and |By,| = |B| for i = 1,2 we have

Cr(1=n)llfs = follzzm) <D(Bp, Bp) < Cr(l+ 0| fi = fall7as)
1— 1
i-n dHN ' <D(By,By,) < —— T sdg, dHM!

2 0By 1 2 9By "

Co
bar(By,) — bar(By,)|? <C — fo? <——"° D(B4,B
bar(By, ) ar(By,)|” <Ca| fi f2||L2(B) = Ci(1—1n) (B, By,)

for suitable constants C1, Co > 0.

The following lemma proves the crucial dissipation-dissipation inequality . This
result will play a central role in the proof of Theorem Its proof is based on the
Alexandrov-type estimate contained in Theorem and will be omitted as it is the same
of |24, Lemma 3.8].

Lemma 3.10. Let h > 0. There exist constants C(h,m,s), § > 0 with the following prop-

erty: given two normal deformations Bj(cm) Bj(cm) with f; € C2(9BM), I fill cromomy <6,

and such that ]B};n | =m, bar(BJ(e;n)) =0 and

Sd (m)

Bf2> h

=\ on 0By (3.12)
for some A € R, we have
m) p(m) glm plm)
D(B™, B{") < cD(BY", B{™).
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We are finally able to prove Theorem We will follow closely the proofs of [24]
Theorem 3.3] and [14, Theorem 1.1]. The main difference is that we use the fractional
perimeter framework previously studied instead of the classical one. We present a sketch
of the proof.

Proof. We start by proving the exponential decay of the dissipations, corresponding to
Step 1 in [24, Theorem 3.3].

From Proposition we know that any limit point of the discrete flow is given by the
union of K disjoint balls, all having volume m /K. We then use two competitors to obtain

a discrete Gronwall-type inequality. Firstly, testing the minimality of Ey(Lh) with ET(Lh_)1 and
summing from n to infinity, we obtain

S DED, B, < P(ED) - s, = P(EWM) — KPS (B/K),
k>n—1

On the other hand, recalling Proposition the sets (Eflh))i - bar((Efzh)) )= (E(h ¥ —¢
are eventually C®—deformations of B("/%) having volume \(Eéh))zl = m!. We consider

(h)

the admissible competitor for Ey,

K
B, = (B(mi—ﬂ + g;_l) :

i=1

given by

(h)

Testing the minimality of Ej "’ against B,,, one can obtain

P*(EM) — P5(B,) < cD(EY,, EM,).

n—1°

Recalling that, if a measurable set F' has L disjointed connected components F?, i =
1,..., L, then

ZPS Fi) QZ/Z/F] |x_y‘N+dedy,

1<)

by concavity, we estimate
K
Z mn-1)) < K P*(BM ),

Thus, combining the previous two estimates, we obtain the discrete Gronwall-type estimate

3 pEP, EP) <opEP, ED,).

k>n—1

Finally, employing [24, Lemma 3.10] we conclude the exponential convergence of the dis-
sipations
1

p(E®™ . g™ 1 Y N (ps(Ey) - K PS(BMFY),
(B, EyY)) < o1 (B ( )
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From now on, one can follow directly the proof of |24, Theorem 3.3] to conclude that the
discrete flow E,(Lh) is eventually contained in a compact set and converges in C* to a union
of K disjoint balls. Now, from Proposition we deduce that the limit point is indeed a

single ball, having volume equal to m, thus reaching the conclusion of the proof. O

As a corollary of the previous result, we prove the following characterization of the
long-time behaviour of the discrete volume-preserving mean curvature flow associated with
the classical perimeter. The definition is analogous to the discrete flow associated with
the fractional perimeter, but in this case we consider the following minimum problem (cp.

the problem (3.1))

1
min P(F)+/ sdg(x )dx+f||F| m| :FCRN}.
{ h Jp Vh
A careful study of the previous results highlights that the classical perimeter behaves
essentially in the same manner. In particular, Proposition [3.§ still holds for s = 1,
replacing “P'” with the classical perimeter. Thus, we conclude the following.

Proposition 3.11. Let m, M > 0 and let Ey be an initial set with P(Ep) < M, |Ey| =m
Then, for h = h(M,m) small enough the following holds: for any discrete flow Er(lh)
starting from Ey, there exist x; € RN, i =1,..., K, where K = N~ Nuym!=VPY such
that

B0 U( B L) inch
for all k € N. Moreover, the convergence is exponentially fast.

The proof is essentially the same, the major difference being that the limit point of
the flow now are union of disjoint balls (see [24, Proposition 3.1] for details) and not a
single ball.

A Existence of flat flows

In order to prove the existence of flat flows, we follow the lines of |25, Section 3]. In
this appendix we drop the assumption on the dimension and work in RN, N > 2. We

h)

start by remarking that the minimality of the sets qu implies

R N (h)
P3(E, )+h/E(h)AE(h) dlStaE(h (x)dx + h5/1+5||E | —m]|
t t—

1 h
B = ml vt e [h+o0) (A1)
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and, by iterating (A.1) and using |Ey| = m, we get

P (EM) < P (Ey), (A.2)

hs/1+s ||E | —m| < P*(Eyp), (A.3)

dlStaEw)() .

for all t > 0 and for every T > h. We are then able to bound the L'—distance between
two consecutive sets of the discrete flow.

Proposition A.1. Lett > 0. Then

1

(h) (h) < spsph) = ; < ~pl/1+s
|E;AE, | < C (l P*(E,7) + l /E(h)AE'(h)h dlstaE&)h(x) da:) VI < ~h .

Proof. In order to estimate |Et(h)AE§ﬁ)h\, we split it into two parts:

h h h h . h h .
\EMAED | < [{z € EWAEY) : distor(x) < 1} + [{z € BV AED) dist o () > 1],

The second term is estimated by

W AR® . g 1 .
H{x € E;VAE™, - dIStaEt@ () > 1} < 7 / 0 A0 dlStaEt(f)h(w) dz.

To estimate the first term, we use a covering argument to find a collection of disjoint
balls {By(z;) }ics with z; € OE™), and T C N a finite set such that dE\"), C Use;Ba(xs).
Observe that, by (3.3), (3.4) and the relative isoperimetric inequality, for every i € I, we
get

| Bgi(x;)| < C’mln{|E hﬂBl(l‘z)‘ |Bl(931)\Et h|}
< CLJ(ED), N By(ws), By(w;) \ ED) )N/
< O Ly(EM), N By(w:), By(x:) \ E™),)
< CI° Ly(E ( M0 By(x;), RN\ EM)).

Since the set {z € Et(h)AEt@h : distaEt@h (x) <} is covered by {Bs;(x;)}icr, by summing
over i and by the choice of the balls {B;(x;)}icr, we obtain
{z € EMAED) . dist o0 (2) < 1] < S Bai(zs)|
- iel
s h h
< Ol Z Lo(EM A By(ai), RN\ EM)
il
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Proposition A.2. Let h <1, then it holds
|Et(?)AEt(:)| <Clt1 - 752’S/S+1 V0 <t <9 < o00. (A.4)

Proof. Tt is enough to consider the case to —t; > h. Let j € N and k € N\ {0} be such
that ¢; € [jh, (j +1)h) and ty € [(j +k)h, (j + k+ 1)h). Then, we can use Proposition [A.1]
with | = yh/|t; — t2]¥/*F! (note that | < yh!/**! by the assumption to — t; > h) and
estimate in the following way

h h
B AED| < Z\Em WDES )

h*® s (k)
: C.Z [t — t2!$2/8+1P Eti-1n)

t — s/s+1 (h)
+OZ’1 el / sd g |d.

(h) i—
E(JL+1)hAE(j+i—1)h (J“r 1)h

By using (A.1) we estimate the sum above by

hS

(h)
|Et AEtQ | < CZ WP(EO)

s/s h h
+C§ [t = tal /TP, — POEC )
+0§ : L N I 1B o = ml

hs/s+1 ( (j+i—1)R! m (j+i)h! m)

kh?®
|t1 — t2’52/3+1

|t1 _ t2|8/8+1 h h
S (1B = ml = 1B = ml)

Now, by (A2) and (&3), we get

IEMAEM| < Clty — ta] /571 P(E0),

P(Eo) + Clty — to*/**(P(E™) — P(E))

+C

where we used that kh® < 2|ty — ta|h*~! < 2|t; — ta]* since h < |t; — tof. O

We are now able to prove the existence of fractional flat flows, defined as Lllo . —limit
points of the discrete flow previously introduced.

Proposition A.3. Let Ey be a bounded initial set of finite fractional perimeter and volume

m. For any h > 0, let {Et(h)}tzo be a discrete flow. Then, there exist a family of sets

{Et}t>0 of finite fractional perimeter and a subsequence hy — 0 such that, as k — oo, it
holds

EM™) 5 By in L., forallt € [0,+00).
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Moreover, the flow satisfies V0 < s <'t,

|E,AE,| < C|t — 5|+,
Ps(E,) < P(Ey).

Proof. We follow [25, Theorem 2.2]. Considering ¢t € QT, from (A.2)) and the compactness
of sets of finite fractional perimeter, we find a subsequence h; — 0 such that

Lk EM = B, vteQt.

— lim
k—o00

By the triangular inequality, it’s easy to see that (A.4]) passes to the limit. Finally, a

simple continuity argument implies that the whole sequence E(h’“) converges to the sets
p y arg p q t g

E; for all ¢ € [0, 4+00). O
If we assume the following hypothesis:

1. given T' > 0 and an initial bounded set Ej of finite fractional perimeter, there exists
R > 0 independent of h such that Et(h) C Bpg for all h > 0,t € [0,T7,

we are able to prove that the flat flow is indeed volume-preserving.

Corollary A.4. Under hypothesis 1], let Ey be a bounded initial set of finite fractional
perimeter and volume m. For any h > 0, let {Egh)}tzo be a discrete flow. Then, there

exist a family of sets {E;}i>0 of finite fractional perimeter and a subsequence hy, — 0 such
that, as k — oo, it holds

Et(h’“) — By in L' forallt € [0, +00).
Moreover, the flow satisfies V0 < s < t,

|Ei| = | Eol
|E,AE,| < Ct — s|T5s,
P*(E;) < P*(Ey).
Proof. The proof is analogous to the one of Proposition By uniform boundedness,

the limits are in L' instead of L{,.. Then, passing to the limit » — 0 in (A.1)) we conclude
that |E;| = m for all t > 0. O
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