N
N

N

HAL

open science

Pressure jump and radial stationary solutions of the
degenerate Cahn-Hilliard equation
Charles Elbar, Benoit Perthame, Jakub Skrzeczkowski

» To cite this version:

Charles Elbar, Benoit Perthame, Jakub Skrzeczkowski. Pressure jump and radial stationary solutions
of the degenerate Cahn-Hilliard equation. 2022. hal-03696545v1

HAL Id: hal-03696545
https://hal.science/hal-03696545v1

Preprint submitted on 16 Jun 2022 (v1), last revised 13 Jan 2023 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03696545v1
https://hal.archives-ouvertes.fr

Pressure jump and radial stationary solutions of the
degenerate Cahn-Hilliard equation

Charles Elbar*t Benoit Perthame** Jakub SkrzeczkowskiS!

June 16, 2022

Abstract

The Cahn-Hilliard equation with degenerate mobility is used in several areas including the
modeling of living tissues. We are interested in quantifying the pressure jump at the interface in
the case of incompressible flows. To do so, we include an external force and consider stationary
radial solutions. This allows us to compute the pressure jump in the small dispersion regime.
We also characterize compactly supported stationary solutions in the incompressible case, prove
the incompressible limit and prove convergence of the parabolic problems to stationary states.

2010 Mathematics Subject Classification. 35B40; 35B45; 35G20 ; 35Q92
Keywords and phrases. Degenerate Cahn-Hilliard equation; Asymptotic Analysis; Incompressible
limit; Hele-Shaw equations; Surface tension; Pressure jump.

1 Introduction

The degenerate Cahn-Hillard equation is now commonly used in tumor growth modeling and takes
into account surface tensions between different cells, leading to a jump condition on pressure. In
order to compute this jump, we propose to consider a spherically symmetric domain and include an
external force, and therefore we write the equation

—~
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—_

~—

On — div(nVy) = div(nVV(|z|)), in (0,+00) X Bg,,
w=nY—38An, in (0,+00) X Bg,, (1.2)

equipped with an initial data ny and Neumann boundary conditions

0 0 Vv

—n:nw:()onaBRb, 0<n’<1ae.

ov v
Here, B denotes a ball of radius R, v the outward normal at its boundary 0Bpg,, while V(|z|) €
C*(R) is a radially symmetric confining potential, for instance V(|z|) = |z|>. In this work, n”
actually stands for max(0,n)" but since the solutions are nonnegative, we keep the notation n” for
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sake of clarity.

We also consider radial symmetric solutions and dimension d = 2 for simplicity, which means we
focus on the system

a(gt”) - % (rnW) =0, in (0,400) x Ig,, (1.3)
50 (0 .
,u:nW_;ar ( 67;) in (0,400) x Ig,, (1.4)

where Ir, = (0, Rp) is the line segment of length R;. Equations (1.3)—(1.4) are equipped with an
initial condition ng € H'(Ig,), 0 < ng < 1 and Neumann boundary conditions
on| _on| _ outV)|  _ u+V)
orlr=0  Or N r=0 or

r=Ryp 37"
Our first result concerns the existence of solutions to (1.3)-(L.4), their regularity, and asymptotic
behaviour.

=0. (1.5)

T:Rb

Theorem 1 (Existence of solutions and asymptotic behaviour). There exists a global weak solution
to )-(|1.4) wzth initial data ng in the sense of Definition m 2.1l Moreover, it salisfies estimates as
n Remark 2.2. Finally, up to a subsequence, {rn(t + k,r)}r converges to the stationary solution
T Moo (1) where no € CH(Ig,) satisfies

Opioo +V) 80 < 37100) )

—_——— = / =
Noo o =0, Poo =Moo = — o | T ns,(0) = ni(Rpy) = 0. (1.6)

Our second result characterizes possible stationary states. From now on we consider the confining
potential V(1) = r? for simplicity. The proof may be adapted to any increasing potential.

Theorem 2 (Characterization of the stationary states). (A) Let no, € C1([0, Ry]) be a nonnegative
solution of (1.6). Then ne is a nonincreasing. Furthermore, no(Rp) = 0 or 0 < neo(Ry) < C/R}
where C' depends on the initial mass.

(B) Let no(Rp) = 0 and let R > 0 be the smallest argument such that noo(R) = 0. Then, there
exists a unique value of X € (0, R?) such that ns, is the unique radial solution of

nY —6An=R?>—12—- )X in Bp
n(z) = g:‘l =0 on 0Bg (1.7)
n(z) >0 on 0Bg

Furthermore, there is at most one couple (n,\) solving (1.7)).

(C) Let § € (0,1) and m = fORb rne(r)dr. There exists R(m) such that for all Ry > R(m), it is
not possible that ne(Rp) > 0.

We focus on the incompressible limit of the solutions of (1.7]).

Theorem 3 (Incompressible limit of the stationary states). Let {vi}ren be any sequence such that
Y — 00. Let {ni}ren be a sequence of stationary states with the same mass

/ank(r)drz/ﬂrno(r)dr

and with radius Ry being the first argument such that ng(r) = 0. Then, ny — U, strongly and
Ri — R, where u. and R are defined in Proposition [3.8, ~Moreover the sequence of pressures
{nl*}ren converges weakly to some pressure p such that p(t.—1) = 0 and p has a jump at O{t, = 1}

Ip] = V6 R¥3 5173, as 6 — 0.
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Figure 1: Plot of the limiting profile for the potential V(r) = r2. The tumor is situated in the zone
{n=1} ={p>0}.

The profile 4. obtained for the incompressible limit of stationary states is as follows; see Figure

The density is equal to 1 on a certain interval where the pressure is strictly positive. Then, this

density decreases on a small interval towards 0. At the boundary, i.e. when the density starts to

decrease, the pressure undergoes a jump, which depends on the surface tension coefficient § and on

the shape of the confinement potential. More precisely, for a general potential V' (r), this jump is
V2

o] ~ =~ (V'(R)*3 asé —0, (1.8)

where R is the first time when n(R) = 0. We point out that the limiting profile (including parame-
ters Ry and R) is uniquely determined in terms of mass fQ rno(r)dr and § cf. Proposition

The main novelty of our work concerns the incompressible limit v — oo for the stationary states.
Previous work in this direction [I3] made use of viscosity relaxation, which provided additional
estimates implying compactness. In our case, assuming the radial symmetry of the problem, we
are able to characterize the incompressible limit of the sequence of compactly supported stationary
solutions. While our setting is restrictive, it allows performing many computations explicitly. In
particular, we find how the pressure jump depends on V' and 4, cf. (1.8).

Open question. In this paper, we prove that the stationary states are compactly supported or at
least zero on the boundary if the domain is large enough. It is logical to ask whether the solutions of
the parabolic equation are compactly supported for a large domain and a strong confining potential.
This question is still open. However, work in this direction [9] has proved that in dimension 1, one
could expect the solutions of the Cahn-Hilliard equation without confining potential to propagate
with finite speed. By adding this potential, we can expect to have a better result, and compactly
supported solutions, with time-independent support.

Contents of the paper. In Section [2 we prove Theorem [ In Section [3] we prove Theorems
and Numerical simulations of the model with a source term and no confining potential are
presented in Section [d] The appendix contains the computation of the pressure jump for a general
confining potential.



Notations. For a function n(x,t) we associate a function in radial coordinates that is still denoted
by n(r,t). For 1 <p,s < +oo or s = —1 and 2 a domain, LP(Q2), H*(£2) denote the usual Lebesgue
and Sobolev spaces. When s = —1, H~1() is the topological dual of H*(£2). Here H*(Q2) = W*2()
in the usual notation. We also consider the Bochner spaces L?(0,T; H*(2)) associated with the norm

T 1/p
£l 0,100 0y = (/0 ||f||1133<9>>
_ ou

O, denotes the partial derivative with respect to the radial variable, 0,u(r) = §%(r) = u'(r). Finally,
C denotes a generic constant which appears in inequalities and whose value can change from one line
to another. This constant can depend on various parameters unless when it is specified otherwise.

1.1 Literature review and biological relevancy of the system

Tissue growth models and Hele-Shaw limits. Development of tissue growth models is a
major line of research in mathematical biology since it was initiated by the influential work of
Greenspan [22]. A number of models are now available [6] [I7, [24] with the common feature that
they use the tissue internal pressure as the main driver of both the cell movement and proliferation.
The simplest example of a mechanical model of living tissue is the compressible equation

Oin = div (nVp) + nG(p), p=Py(n):=n", (1.9)

in which p(t,z) = P(n(t,z)), with P a law of state, is the pressure and n the density of cell number.
Here, the cell velocity is given via Darcy’s law which captures the effect of cells moving away from
regions of high compression. Dependence on growth function pressure has also been used to model
the sensitivity of tissue proliferation to compression (contact inhibition, [5]).

An important problem is to understand the so-called incompressible limit (i.e. vy — oo) of this
model. Perthame et al. [27] have shown that in this limit, solutions of converge to a limit
solution (neo,poo) of a Hele-Shaw-type free boundary limit problem for which the speed of the free
boundary is given by the normal component of Vp.,. In this limit, the solution of is organized
into 2 regions: Q(t) in which the pressure is positive (corresponding to the tissue) and outside of this
zone where p = 0. Furthermore, the free boundary problem is supplemented by a complementary
equation that indicates that the pressure satisfies

— Apoo = G(Ppo), In Qt), orsimilarly peo(Ape + G(Pso)) =0 a.e. in Q. (1.10)

In this model, the pressure stays continuous and is equal to 0 at the interface. This is because
only repulsive forces were taken into account. Hence, the crucial role of the cell-cell adhesion and
thus the pressure jump at the surface of the tissue is not retrieved at the limit. On the other hand, as
pointed out by Lowengrub et al. [24], the velocity of the free surface should depend on its geometry
and more precisely on the local curvature denoted by k.

This motivated considering variants of the general model , where other physical effects
of mechanical models of tissue growth are introduced. One of them is the addition of the effect of
viscosity in the model, which has been made to represent the friction between cells [3, 4] through the
use of Stokes’ or Brinkman’s law (see [2] for a rigorous derivation of Brinkman’s law in inhomogeneous
materials). Moreover, as pointed out by Perthame and Vauchelet [28], Brinkman’s law leads to a
simpler version of the model and, therefore, is a preferential choice for its mathematical analysis.
Adding viscosity through the use of Brinkman’s law leads to the model

{atn =div (nVp) +nG(p), in (0,+00) x &, (1.11)

—oAp+p=np, in (0,400) x Q.



The incompressible limit of this system also yields the complementary relation (see [2§])

poo(poo — Moo — UG(poo)) =0, a.e. in{.

In the incompressible limit, notable changes compared to the system with Darcy’s law are found.
First, the previous complementary relation is different compared to Equation , and the pressure
Doo in the limit is discontinuous, i.e. there is a jump of the pressure located at the surface of (¢).
However, the pressure jump is related to the potential ;1 and not to the local curvature of the free
boundary 092(t). The authors already indicated that a possible explanation for this is that the
previous model does not include the effect of surface tension.

Surface tension and pressure jump. Surface tension is a concept associated with the internal
cohesive forces between the molecules of a fluid: hydrogen bonds, van der Waals forces, metallic
bonds, etc. Inside the fluid, molecules are attracted equally in all directions leading to a net force
of zero; however molecules on the surface experience an attractive force that tends to pull them to
the interior of the fluid: this is the origin of the surface energy. This energy is equivalent to the
work or energy required to remove the surface layer of molecules in a unit area. The value of the
surface tension will vary greatly depending on the nature of the forces exerted between the atoms
or molecules. In the case of solid tumor cells in a tissue, it reflects the cell-cell adhesion tendency
between the cells and depends on the parameter § and the geometry of the tumor.

In the previous definition, the surface tension is associated with a single body that has an
interface with the vacuum. When one considers two bodies, the surface energy of each body is
modified by the presence of the other and we speak of interfacial tension. The latter depends on
the surface tension of each of the two compounds, as well as the interaction energy between the
two compounds. In the system considered above, it is then possible to imagine that the vacuum
in which the tumor grows is in fact another body that has an internal pressure of the form V (r)
which increases with respect to r so that the tumor is stopped at some point and we can consider
the stationary states.

For such a tumor to be in equilibrium, it is necessary that the interior is overpressured relative
to the exterior by an amount. This amount is called the pressure jump and is computed explicitly
in our case.

Surface tension effects can be introduced in the Hele-Shaw model as follows (see e.g. [15])

{—AM:O in Q\09(t), (1.12)
w=ock on O0Q(t). .

where ¢ is a positive constant, called a surface tension and x is a mean curvature of 9(¢). This
correct Hele-Shaw limit has been formally obtained as the sharp-interface asymptotic model of the
Cahn-Hilliard equation [I]; see also [10] for a convergence result in a weak varifold formulation. This
suggests that the Cahn-Hillard equation is an appropriate model to capture surface tension effects.

The Cahn Hilliard equation. System 7 is an example of a Cahn-Hillard type equation
that is widely used nowadays to represent living tissues and in particular tumors [29, [16] 20} 19} [I8]
1Tl 12}, 26]. Originally introduced in the context of materials sciences [8| [7], it is currently applied
in numerous fields, including complex fluids, polymer science, and mathematical biology. For the
overview of mathematical theory, we refer to [25].

Cahn-Hillard equation takes the form of

on =div (b(n)Vpy),

W = —6An+y(n), (113)

On = div (b(n)V (¢'(n) — 6An)) — {

where n represents the relative density of cells n = ny/(n1 +n2), b is the mobility, ¢ is the potential
while 1 is the quantity of chemical potential, which is a quantity related to the effective pressure.



From the point of view of mathematical biology, the most relevant case is b(n) = n, which is referred
to as degenerate mobility. Then, models the motion of a population of cells constituting a
biological tissue in the form of a continuity equation. It takes into account pressure, the surface
tension occurring at the surface of the tissue and its viscosity. More precisely, the equation for p
(i.e. equation ) includes the effects of both the pressure, through the term n” with v > 1 that
controls the stiffness of the pressure law, and surface tension by —6An, where v/§ is the width of
the interface in which partial mixing of the two components ny, ny occurs.

System 7 has previously been considered in [13] with a viscosity term and a proliferation
source term in place of the confinement potential. In the incompressible limit, the authors obtain
a jump in pressure at the interface at all times for the relaxed system. The aim here is to make a
rigorous limit without the viscosity relaxation and to compute the pressure jump by analyzing the
stationary states of a system with confining potential.

2 Existence, regularity, and asymptotic behavior for the parabolic
problem

The existence of weak solutions for the Cahn-Hilliard equation with degenerate mobility usually
follows the method from [14]. The idea is to apply a Galerkin scheme with a non-degenerate
regularized mobility, i.e. , calling b(n) the mobility, then one considers an approximation b.(n) > e.
Then, using standard compactness methods one can prove the existence of weak solutions for the
initial system. However, the uniqueness of the weak solutions is still an open question.

In the case of a radially symmetric solution, the resulting system has only one dimension in
space, and it is possible to apply a fixed point theorem, see [30], to obtain better regularity results.
Since the solutions have radial symmetry, the equation is singular at » = 0. Therefore, the first
step is to consider the system with r + ¢ instead of r and a regularized mobility. The existence of
solutions for a similar regularized system has been achieved in [30] based on a result of [23] and we
do not repeat the arguments here. We can then pass to the limit ¢ — 0. Finally, the nonnegativity
of the limiting solution is achieved with the bounds provided by the entropy.

We finally point out that since we are also interested in the convergence to the stationary states,
one needs to carefully verify that the bounds do not depend on time.

Definition 2.1 (Weak solutions). We say that n(t,r) is a global weak solution of the equation (L.3)-
(1.4) provided that:

e 1 is nonnegative,
e rn is continuous in [0,00) x Ig,, v/rn € L%((0,00) x Ig,) and r d;n € L?((0,00); H 1 (IR,)),

Vrndpu € L?((0,00) x Ig, \ {rn = 0}) and u is defined in (1.4)),
for every test function ¢ € L2((0,00); H'(Ig,)) N CL([0,00) x Ig,)

T T rRy
/ (O, o) -1 g dt + / / Trnsornd-(u+ V)orpdrdt =0,
0 o Jo

and

T T rRy Ry
/ r(O¢n, @) -1 g dt = —/ / rndypdr dt — / ©(0,7)ng(r) dr,
0 o Jo

0

e n/(t,Ry) =0 for a.e. t € (0,T).



Remark 2.2 (Better properties of weak solutions). In fact, we will construct solutions satisfying
additionally mass, energy, and entropy inequalities as follows: for a.e. 7 € [0,T]

/ORb ro(r,r)dr = /ORb rno(r)dr, (2.1)

T Ry
En(r, )]+ / / Linsorn |0y (1 + V)2 drrdt < E[ng], (2.2)
o Jo
Tt -1 2 2 |0 |?
S[n(r, )] + yrn T Opn|? + 67|0rn|® + 6 ——— + 1 0pn 0,V | drdt < ®[ng]. (2.3)
0o Jo r

where energy and entropy are defined as follows:

e Ry nY+1 ) 5 5 Ry
= _— — r V d s @ == d 5
o= [ (E g lo v )an el = [ ramar

and ¢(n) = n (log(n) —1)+1. Equations (2.1)—(2.3) provide additional a priori estimates. Moreover,
the constructed solution will be Hélder continuous in time and space: there is a constant C, such
that for all r,r1, 79 € [0, Rp), ¢, t1,t2 € [0,00)

lrin(t,r) — ron(t,re)| < Clry — ro|Y/2, (2.4)

Ir (n(te,r) — n(ty, )| < Clty —t,|*/5. (2.5)

2.1 Regularized system

We consider the existence of a regularized system, which reads:

Or(r+ene — 0, (r+e)Be(ne) Op(ue +V)) =0, in (0,+00) X Ig,, (2.6)
fe =n) — - Eﬁr ((r+¢)ome), in (0,400) x Ig,, (2.7)
where
f <
&w:f o= (2.8)
n otherwise.

We impose Neumann boundary conditions

One _ One Ipe +V)
or lr=0  Ir or

=B, (na)

r=Ryp

From [30] we have the

Theorem 2.3. Fore >0 and T > 0, Problem (2.6)-(2.7) with boundary conditions (2.9) admits a
unique classical solution n..

Next, we prove certain conservation properties for the system (2.6)—(2.7)), see for instance [13] 26].

Lemma 2.4 (Conservation of mass, energy and entropy). Let us define

Ry nY+1 K} 9
E.n] = /O (r+e) (’)/Jrl + 3 |0rn|” + nV) dr,

Ry
%M:A(Hﬂ@ww,



where ¢ is such that ¢ (n) = and ¢e(1) = ¢L(1) = 0. Then,

1
Be(n)

d [
— (r+e)n.(t,r)dr =0, (2.10)
d By 2
@gs[ns] + (r+€)Be(ne) |0r-(pe + V)|"dr =0, (2.11)
0
d fio -1 2 2 |0rnc|?
— &, [n:] + Y(r +e)nl 0w |? + 5(r + €)|0prnc]” + 0——— + (r +€) Oy 0,V | dr = 0.
dt 0 r+e
(2.12)
Remark 2.5. The function ¢, is given by an explicit formula
z(og(e) = 1) +1+22/(26) —¢/2 ifx<e
oty {7002 - e =e/2 i _
x (log(x) — 1) +1 ife <ua.

With € < 1, it enjoys three properties:

1. ¢e(x) = ¢(x) ;== z (log(x) — 1)+ 1 forx >0 as e — 0,

2. ¢e(x) >0 for all z € R,

3. ¢e(z) < d(xr)+1—¢/2for z > 0.
The first one is trivial. To see the second one, we observe that the function = — z(log(z) — 1) +1
is nonnegative, which implies ¢.(z) > 0 for > €. Then, for < e we discover

¢ (z) = log(e) — 1 + g <0.

As ¢.(g) > 0, this implies ¢-(z) > 0 for all x € R. The third property follows by estimating
¢ (x) < ¢:(0) for x <e.

Proof of Lemma[2.4) Mass conservation (2.10) follows from integrating (2.6) in space. To see (2.11)),
we multiply (2.6) by pe + V, integrate in space and use boundary conditions to obtain:

R}, Rb
/ (r+e)ome(pe +V) d7'+/ (r 4+ €)Be(ne) |0y (11e —|—V)|2 dr = 0.
0 0

Using (2.7) and integrating by parts, we obtain

d

%Es[ns}a

Ry
/ (r+¢)dne(pe +V)dr =
0

concluding the proof of ([2.11]). To see (2.12]), we multiply (2.6) by ¢.(n.) and integrate in space to
obtain

Ry
%fbs[ng] +/ (r+e)nl(r)o.(ue +V)dr = 0.
0

In view of (2.12), it is sufficient to prove

Ry

Ry Ry |n/|2
/‘v+w¢mm%w=w/ w+amvﬁw*m+§/ el | 4 )2 ar.
0 0 0 r4+e



We have

Ry , _ Ry , Y Ry , 1
[ et omear = [V e Pt ars [Tk, (o + o) ) ar

In the second part, we can integrate by parts (using Neumann’s boundary conditions)

_Zf7r+@ngm@(rigaar+@ama)w

Ry , 1 Rb " 1
:/O ng(r)mar((r—i—e)arng)dr—k/o (r+e¢) ng(r)r_’_6 -((r 4+ €)0pne) dr

Ry ‘ |2 Ry
:/ + (r +€)|n |2dr+2/ nL(r)nZ(r)dr.
0 r+e

The last term vanishes thanks to boundary conditions:

Rb Rb 9
2/0 nL(r)n’(r)dr = O nl(r)|?dr =0

0

and this concludes the proof. O
From Lemma[2.4] we deduce the following uniform bounds (in €) of the solutions n. in the following
Proposition 2.6. Let T > 0. The following sequences are uniformly bounded with respect to € > 0:
(A1) {/r+e0dmme} in L((0,00); L*(IR,)),

(42) {ViFen.} in L2((0,00) x In,),

(A3) {\/(r + &) Be(ne) 0r-(e + V)} in L2((0,00) x Ig,),

(A4) {(VFFEdme} and {F2e } in L2(0.7) x In,),

(A5) {@c(ne)} in L>(0,T),

(A6) {(r+¢) O} in L*((0,00); H™'(IR,)),

where the estimates [(A1)H(A3) and [(A6)| depend only on the initial energy £(ny). Moreover, there
is a constant C, independent of £, such that for all r,r1,r9 € [0, Ry], t,t1,t2 € [0,00)

|(r1 + e)ne(r1,t) — (ro + &)ne(re, t)| < Clry — r2|1/2, (2.14)

|(r + &) (ne(ta, ) — ne(tr, 7)) < Clta — t1]"/5. (2.15)
In fact, the constant C' depends only on initial energy E(ng).

Proof of Proposition[2.6. We divide the reasoning into a few steps.



Step 1: Estimates [(A1)H(A2) First, from (2.11) we deduce |(Al)l For estimate |(A2)| we adapt the
method from [30]. For any p € (0, Ry),

R% + 2e Ry
2

Ry
:A (z+ ) [n(t. p) — n(t, )] dz

_ /Rb /p(z +€) yme(t,r) dr dz

Ry
// z+58n5trdrdz+/ /
p
Ry Ry
// (z+¢€)Opne(t,r)dzdr + / (z+¢€) Opne(t,r)dzdr
P

:/0 <2 +5r>8n5(t r)err/p B(Rzr )JrE(RbT)} Orne(t,r)dr

Ry
ne(t, p) — /o (z+e)ne(t,z)dz

z+¢)0rne(t,r)drdz

p Ry,
sm/w+mwumwwmﬁ/ 10,me(r 1) dr.
0 P

1/2

Multiplying the previous inequality by 2(p + ¢)'/? yields

Ry
(R + 2eRy) (p+ €)Y ?nc(t, p) — 2(p + €)V/? / (z4+e)ne(t,z)dz| <
0

p Ry
2@+wﬂm/@+ammmMMH4ﬁ/'v+wﬂ@%@mw
0 p

Ry
< C(Ry) (/0 (r+ &) |Opne(t,r))? dr>

Thanks to the conservation of mass (2.10)), we obtain

Step 2: Estimates [(A3)H(A5). The bound follows from the conservation of energy (2.11). To
see [(A4)[ and |(A5), we want to use the conservation of entropy (2.12), but this has to be done
carefully, as the term (r + ¢) 9,n. 9,V can be negative. Therefore, we fix T > 0, consider ¢. as in

Remark [2.5| and integrate (2.12)) on (0,7") to deduce

1/2

Ry, | ‘2 Ry
O, (n.(T, +(5/ / (1 +€)|0prne|* + rr el g dt < @ (ng) / / (r 4+ ¢) Orne 0,V drdt.

The last term can be easily bounded (using estimates |(A1)H(A2)) by a constant depending on T
The conclusion follows from ®.(n.(T,-)) > 0, cf. Remark [2.5

Step 3: Estimate |(A6). Let x € L*(0,T;H'(Ig,)). We multiply (2.6) by x and integrate with
respect to 7 between 0 and Rp. Using an integration by parts and Neumann boundary conditions,
we obtain

10



o0 Ry oo Ry
/ / (r +e)Onex drdt = — / / (1 +¢€)Be(ne) 0y (e + V)0rx dr dt
o Jo o Jo

[e%e] Ry
- _/0 /0 \/(T + 6) Bg(’n&-) \/(’f‘ =+ 6) BE(nE) 87‘(/1/5 + V) arX drdt
< |V (r+¢) Be(ne)lloo |V (r + €) Be(ne) 0r-(12e + V)2 |05 X ||2-

where the norms are taken over (0,00) X Ir,. The conclusion follows.

Step 4: Holder estimate in space (2.14)). By differentiation

T2

(ro+e)n(t,ra) — (r1 +e)n(t,ry) = /Tz (r+¢)0mn(t,r)dr +/ n(t,r)dr.

T1 T1

For the first term, we have

72 T2 1/2
/ (r+¢)dpne(t,r)dr < (/ (r+e) dr) V7 +e€dpme(t, )|z < Clry — r2|1/2

T1

due to For the second term, we compute, using

" " Vrte D!
ne(t,r)dr = ne(t,r dr < r+5n500/ dr <
/n (t7) / ) e dr<lv I | e

< ClVre+e—+r+¢ SO|T1*T2|1/2~

Step 5: Holder estimate in time (2.15). The idea is to deduce the regularity in time from the
regularity in space. We extend the function r — n.r for r < 0 with a constant to preserve
continuity. We consider 7, to be a usual one-dimensional mollifier in the spatial variable r where v
will be chosen later in terms of |ta — ¢1]. Mollifying with 7, and integrating in time (from ¢;
to t2) we obtain

ta
((r+e)ne) xnu(ta,r) — ((r+e)ne) * nu(t1,r) = Oy * ((r + €)Be(ne) Op (e + V) dt.  (2.16)
t1
First, we estimate (RHS). We notice that Young’s convolutional inequality and Holder’s inequality
are implying for fixed ¢ € [t1, t2]
10:my * ((r +€)Be(ne) 0 (pte +V)) [loo <
< 182 [V (r + &) Be(ne)lloo 1/ (r + ) Be (1) 0y (e + V) |2-

By the definition of a mollifier,

1 1z
||8T77V||2 = 2 379

/R ) (5) ar

Therefore, applying [(A2)] [(A3)| and Hoélder’s inequality in time, we deduce

t2 ty — t1]1/2
/ 1000 = (r+2)Bo(ne) 8y (e + V) ot < 0 221 (2.17)

t1

11



To conclude the proof, we need to correct ([2.16)) using (2.14) from Step 4:
[((r 4+ &)ne) * mu(tr,7)=((r + €)ne)(tr, r)| <
< [lrtytomndtnrtn) -0+ @y g
R .

SC/WW%Awwgcf@
R

where we used the fact that on the support of 7, we have |y| < v. Exactly the same estimate holds
if we replace t; with 5. Combining (2.16)), (2.17) and (2.18) we obtain

|t2 _ t1|1/2

1/2
/2 +Cv/=.

[(r + &)ne(ta, ) — (r + &)ne(t,7)| < C

|1/4

We choose v = [ta — 1 and this concludes the proof. O

Remark 2.7. In fact, Step 1 of the proof above shows something more general: if n(¢,r) : [0, 00) x
[0, Ry] — R satisfies foRb ro(t,r)dr = fORb rn(0,7)dr and \/r d.n € L>(0,T; L*(0, Ry)) then

Ry
|\/;n(t,r)| <C (Rb,/ rn(0,r)dr, |\/7jarn||Loo(ovT;L2(07Rb))> .
0

2.2  Proof of Theorem 1| (existence)

We are concerned with the first part of Theorem [I] i.e. the convergence € — 0 of the approximated
scheme.

Proof of Theorem (existence). The proof is divided into several steps.

Step 1: compactness. By the estimates in Proposition [2.6] Banach-Alaoglu, and Arzela-Ascoli
theorems, we can extract a subsequence such that

C1) (r +¢€)n. — rn uniformly in C([0,T] X Ig,),

C2) (r+¢e)dn. = rom in L*(0,T; H1(Ig,)),

C3) /(r+¢)Be(ne)0r(pe + V) — &in L2((0,T) x Ig,),
C4) r + & 0. = /1 Oppn and 3;—% — ‘?;g in L2((0,T) x Ig,).

for some € € L2((0,T) x Ig,).

(
(
(
(

Step 2: nonnegativity of n. The plan is to obtain a contradiction with the uniform estimate of the
entropy. For a > 0, we define the sets

Vae={r) €(0,T) x I, : ns(t,r) < —a, 7> a},
Voo ={(t,7) € (0,T) x Ig, : n(t,r) < —a, r > a}.
By Remark (nonnegativity of ¢.) and [(A5)[in Lemma [2.6| there is a constant such that

/ (r—f—ez)qﬁs(ng)drdtg/ (r + £) ¢ (n2) drdt < C(T).
Va,e

(O,T) XIRb

12



For n. < —a, we have 0 < ¢.(—a) < ¢.(n.) (Remark 2.5) so that

(—a(log(e) — 1) + 1+ a?/(2¢) — €/2) / (r4+e)drdt < C(T).

a,e

Sending € — 0 and using uniform convergence of n. — n for r > a > 0 we discover

/ rdrdt = lim (r4+e)drdt=0
Va0

e—0 Ve

(we use here the fact from measure theory asserting that on the measure space (X, ) if f,,, f : X = R
and f, — fin LY(X, u) then for a.e. a € R we have ff o dp— ff<a dp as n — o). This means
that V0 is a null set for each a > 0, concluding the proof.

Step 3: Identz'ﬁcatz’on of the limit (r +€)Be(ne)0r (e + V). The last difficulty is to pass to the limit

in fo (r 4 €)Be(ne)0r (e + V)0 dr dt. Indeed, since the mobility is degenerate it is not clear
that We can identify the derivative of the potential O,y in the limit. However, due to the uniform
convergence of ( + € nE and the nonnegativity of n we can conclude. By [(C3)| and the uniform

convergence of \/ r 4 €) Be(n.), we have

(r+€) Be(no)(pe + V) = Vrn & = { Vrng Ti = 8 in L2((0,T) x Ig,). (2.19)
if rn =
We first claim that
Et,r) =vVrnd(u+ V) if rn > 0. (2.20)

We introduce the family of open sets
{(t,r) : rn(t,r) > 0} = Uy Py, P, ={(t,r):ra(r,t) > v, r > v},

so that it is sufficient to identify the limit £ in P, for fixed v > 0.

Because of the uniform convergence we know that for every € < e(v) for (v) small enough,

(r 4+ ¢&)B(ne(r,t)) > g, (r,t) € P,.
Therefore, the estimate [(A3)|implies
C
160 (e + V)20 < g

As 9,V is uniformly bounded, we deduce that

10rpiellL2(p,) <
By definition of pu.
1
ar/J'E = 7”3_1@”5 - (sar <T+€8T((r + 5)87“77‘5)) :

For the first term of (RHS), we use the strong convergence [(C1)| that yields a uniform convergence
of nc in the zone {(r,t) : » > v}. Then, because P, C {(r,t) : r > v} we obtain

2™t — 4n?™1 uniformly in L>(P,).

Combined with the weak convergence provided by estimate in P, we obtain that up to a
subsequence,
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2 t0n. — yn*"*a.n  weakly in L*(P,).

Then we combine the L?(P,) bound on yn2~19,n. with the L?(P,) estimate of d,.1... We obtain an
L?(P,) bound on the second term on the right-hand side. Together with estimates
we obtain the weak convergence up to a subsequence

1 1 . r2
0 (—0r+oma)) = 0, (F0r00m) ) weakly n L2(2)

Finally,
1
Oppie — Oppt =y~ 10,m — 60, <r8,.(7“8rn)> weakly in L*(P,). (2.21)
Using uniform convergence, we conclude the proof of (2.20)). Finally, (2.19) and (2.20) implies
T Ry,
/ / (r4&)Be(ne)0r (e + V)0rpdrdt — rnd.(u+ V)0, drdt.
0 0 rn>0

Step 4: existence of a weak solution. Steps 1-3 show that n satisfies the condition of Definition 2:1]

Step 5: Properties (2.1))—(2.5) from Remark|2.2. First, properties (2.1), (2.4) and (2.5 follow from
uniform convergence |(C1)| and estimates (2.14])-(2.15)) for rn.. To see (2.2), we notice that weak

lowersemicontinuity of L? norm implies

T Ry
ﬂMﬂN+A.A €t )2 dr dt < Elnol.

By ([2.20)), the integral on the (LHS) can be estimated from below by

T Rb
En(r,")] +/ / Tns0 rn|3r(,u+V)|2 drdt < Eng),
o Jo
To see (2.3)), it is sufficient to prove
®(n(t, ) < liminf @, (n(t,-)).
e—=0
Let § > 0. By nonnegativity of ¢. we estimate

L N, _
lim inf @ (ne (2, -)) > lim inf T26¢s(ne)(7“+€)dr s (n)rdr,

because on the set {r > ¢}, we have uniform convergence n. — n. As ¢(n) > 0, we can send § — 0

by monotone convergence and conclude the proof.

Step 6: Neumann boundary condition n'(t, Ry) = 0. First, if ¢, ¢ € C'la,b] N H*(a,b) we have (via
approximation)

b
/ ' (r)¢'(r) + ¢ (r) (r) dr = ¢ (b) ¢(b) — ¢'(a) ¢(a). (2.22)

Let ¢ be a smooth function with ¢(Rp) = 0 and ¢(Rp) = 1 for some Ry € (0, Ry). We know from
estimates |(C1)H(C4)| that n € L2(0,T; H?(Ry, Rp)). Let t be such that r — n(t,r) € H*(Ro, Rp)-
We apply (2.22)) with ¢(r) = n.(¢,7) to deduce

Ry
/ nL(t,r)¢'(r) +n’(t,r) p(r)dr =0

Ro

14



by the Neumann boundary condition n.(t, Ry) = 0. Multiplying by a smooth test function 7(t) we
have

T /R,
[ 0o nter) )+ i) o) arae = o
0 JRo
Passing to the weak limit ¢ — 0 and using that 7 is arbitrary we conclude
Ry
/ n'(t,r) ¢ (r) +n"(t,r)d(r)dr =0
Ro

for a.e. t. As n(t,-) € H*(Ry, Rp) we can apply (2.22) again and deduce
Ry

/ n'(t,r) ¢ (r) +n"(t,r) ¢(r)dr = n'(t, Ry).

Ro

which finally proves n’(t, Rp) = 0. O

2.3 Proof of Theorem (1| (asymptotics)

We constructed solutions on ¢t € (0,00). For a fixed k,T, k > T we consider the solution n in the
interval (=T + k,T + k). This solution satisfies

T+k T+k Ry
/ r(O¢n, @) g1 m dt+/ / LrnsornOr(p+ V)orpdrdt = 0.
—T+k —T+k JO

We define ng(t,x) = n(t + k,z) and pp(t, ) = p(t + k,x). A change of variables yields

T T Ry
/ (O, @) g1 g dt + / / Lyny>0 71k Op (g, + V)O0rpdrdt = 0. (2.23)
-7 -1 Jo

We also recall the Neumann boundary condition nj(t,Ry) = 0 and the conservation of mass

fORb rng dr = fOR” rngdr. We want to pass to the limit £ — oo in this equation and prove the

Proposition 2.8. Let (n, u) be a weak solution of —. Then, we can extract a subsequence,
still denoted by the index k, of (ng,pr) such that /rng — /Tne strongly in L>°((=T,T) x Ig,)
and /0y (i + V) = /0, (oo + V) weakly in L*((=T,T) x Ig, \ {rn = 0}). We have ns €
CY(R x Bg,) and the relation

)
Moo Or (oo + V) =0, Hoo = MY — ;&(r@rnw). (2.24)
with the boundary conditions
ONoo _ One —0
8r r=0 a 8r r=Ry e

The mass fORb Moo (t) dr is constant and equal to the initial mass fORb rngdr.
This proposition implies assertions of Theorem [I]

Proof. Step 1: Bounds coming from the energy. We claim that the following uniform estimates
(with respect to k) are true:

(B1) {vr o} in L>((=T,T); L*(IR,)),
(B2) {vrng}in L=((=T,T) x Ig,),
(B3) {rdwmy} in L2((—=T,T); H (Ig,))
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(B4) |rang(t2,r2) — rink(ty,r1)| < Clt2 — t1]V/8 + [ra — r1[1/?),

2
(B5) L f f Lrny >0 r1g| Or (e + V) m 0.
The energy decay and assumption E[ng] < oo implies that E[ny(t)] remains bounded with
respect to k for all £ > T. Therefore, follows directly from and then follows from
Remark As rny(t,r) is obtained as the pointwise limit of (r + &) ne(t + k, r), estimates
and low directly from passing to the limit ¢ — 0 in [[A6)] and (2.14)(2.15) in Proposition
Finally, to see we note that

0o Ry
/ / Tynso rn|0n(u 4+ V)2 drdt < E(ng)
0 0

so by change of variables we obtain

Ry
/ / rn>0 rn|8 (M+V)|2drdt —> 0.
k=T

Step 2: Bounds coming from the entropy. We prove now uniform estimates
(C1) {V7rdmi} in L*((=T,T); L*(Ir,)),
(C2) {Z2+} in L*((=T.T); L*(Ig,))-

To this end, we integrate the entropy relation (2.3)) between k — T and k + T and perform a change
of variables to obtain

Ry
/ / (’yrnk |0pn | + 670, Tnk|2—|—6|8 1| )drdtf

T (R,
< Ong(=T,-)] — ®ni(T, )] + /—T/O r Opny, 0,V dr dt.

We need to bound the right-hand side. Concerning the entropy term, we recall the inequality
logn < n — 1 valid for n > 0 so that

Ry
D (ng(T,-)) = /0 r(ng(T,r)(logng(T,r) — 1) + 1) dr <
Ry
< /0 r (e (T, 7)% + ng (T, 1)) dr < C |[rmllso < C

by bound ‘(B2) The same estimate is satisfied by ®(ng(T")). Concerning fTT fOR" r Opny 0,V drdt,
we estimate 1t using [(B1)| and uniform bound on 8, V. Therefore,

fo |0; nk|
/ / (fyrnk |0png|* 4 67 Oppmig|* + 6 0 ) drdt < C(T,E(ng)).

Step 3: Convergence in equation . Reasoning as in the proof of Theorem (1| we obtain in the
limit £ — oo

T T Ry
/ 7(O¢Noc, @) -1, 1 dt + / / Lyn>0 7 Moo Or (floo + V)Ordr dt = 0.
-1 Jo

-T
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We can show even better, namely that d;n. = 0. Indeed, from the Cauchy-Schwarz inequality we
obtain that for every test function x compactly supported in (—=7,T") x (0, Rp),

T Ry
/ / rOinEX
-T JO

T Ry,
= / / ]lrnk>0 Tnkar(ﬂk + V)@Tx
=T Jo

T Ry
<C@ o [ [ Lsarmalnn + VP 0
-TJo o0

where we used [(B2)| and |(B5)l This means that in the limit, n., does not depend on the time t.
Then we obtain that in the limit for every test function Yy,

T Ry
/ / 11rnoo>0 Tnooar(,uoo + V)aTX =0.
-TJOo

Step 4: n’ is uniformly continuous and n, satisfies Neumann boundary condition nl_(0) = 0. We
recall that n., does not depend on time. Moreover, the estimate implies that n/ is continuous
on (0, Rp]. Furthermore, from the estimates |(C1)H(C2), we obtain the absolute continuity in space
of the derivative of ns,. Indeed, for every 1,75 € (0, Rp) we obtain

(O (r2))? = Orns (F)2 =2 [ Oy (1) Dy () I
=2 : M\;’%(T) VT O (1) dr

o [ ) ([ ot ar)

1 1

IN

From this estimate, we deduce that 0,n, is bounded so that by Sobolev embedding n is continuous
and

Noo(r2) — Noo(T1) = /7.2 OrNoo (1) dr.

Second, we discover that (0,Ry] > r +— (0,neo(r))? is uniformly continuous, so that by Lemma

below, n._(r) and |n’_(r)| are uniformly continuous on (0, Rp]. Therefore, there is the unique
extension of r — ny (1) to [0, Rp] which is uniformly continuous. Furthermore, in view of

/Rb L e
0

r

the extension has to be obtained by setting 0 at r = 0.

It remains to be proved that n. is differentiable (in the classical sense) at » = 0 and n/(0) = 0.
To this end, we write

M‘ < 1/ |0rnoo(u)|du < sup |0pneo(u)| — 0
r T Jo u€(0,r]

as 7 — 0 by uniform continuity which implies that n’_(0) exists and n’_(0) = 0.

Step 5: Neumann boundary condition n’_(Rp) = 0. The proof is similar to Step 6 in Section
For fixed k € N, there is a set of times N} C (0,7) of full measure such that if ¢ € N}, we have
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n.(t, Ry) = 0 and ng(t,-) € H*(Ro, Ry). Let N = NgenNg, which is again the set of full measure.
For t € N and ¢ as in Step 6 in Section we have

Ry
[ it 60 + ni(e.r) 6(r) dr =0,
Ro
We multiply by a smooth test function 7(t) and pass to the weak limit e — 0 to deduce

T Ry

[ awar [ i) + ) o) ar =

0 Ro
As no € H?(Ro, Ryy) we deduce n’_(Ry) = 0. O
Lemma 2.9. Let f : (a,b) — R be a continuous function such that f? is uniformly continuous.
Then |f| and f are also uniformly continuous.

Proof. First, we observe that | f| is uniformly continuous as a composition of a %—Hélder continuous
function and a uniformly continuous one. Therefore,

Ve>0 30>0 Vrye(ab) |z—yl <d = [lf@)]-[fy)l<e (2.25)

Fix e > 0 and choose § > 0 such that (2.25) holds with /2. Let =,y € (a,b) be such that |z —y| < 4.
If f(z), f(y) have the same sign we are done. Otherwise, by continuity, there exists z between x
and y such that f(z) =0. As |z — z|,|y — z| < 4, we can apply (2.25) again to deduce

1f (@) = fW <f(@) = fI+1f(2) = fly)| <e/2+¢/2=e.

3 Study of the stationary states

We now prove Theorems [2| and [3] limiting ourselves to V(1) = 72. We postpone to Appendix [A|the
case of a more general potential V().

3.1 Proof of Theorem [2| (A)

Lemma 3.1 (n is nonincreasing). With the notations of Theorem[9 (A), suppose there exists R, > 0
such that n(R.) > 0, n'(R,) = 0. Then, n'(r) <0 for all r < R,.

Proof. We argue by contradiction. Suppose that there is R € (0, R,) such that n'(r) > 0 for
r € (R, Ry). Let Ry = max{r € [0, R,) : n(r) = 0} (it is possible that Ry = 0). By C! regularity of
n and its nonnegativity, n’(Rg) = 0. Moreover, n is C? on (Rg, R.] because n solves

)
nY(r) — =n/(r) — on”(r) = C — r? r € (Ro, R.] (3.1)

T
for some constant C. By definition, n”(R,) = limj,_,o+ W < 0. As n/(Rp) =n/(R.) =0, by
Rolle’s theorem, there exists at least one R, € (Ry, R.) such that n”(R.) = 0. We distinguish two

cases.

e There exists maximal R. < R,. Then, by maximality, n”(r) is either strictly positive or
strictly negative on (R, R.). We deduce that it is strictly negative because n'(r) > 0 for all

r € (R,R.) and n'(r) = — fTR* n”’(p) dp. Then, the same formula actually shows that n’(r) > 0
for r € [R., R.) so in particular n/(R.) > 0. From (3.1) evaluated at R, and R, we have

)
n"(Ry) —nY(R.) + ;n'(RC) —on”(R,) = R - R

The (LHS) is nonnegative while the (RHS) is strictly negative raising contradiction.
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e There is no maximal R. < R,. In this case, we may choose R, arbitrarily close to R, and we
choose R, such that R. € (R, R.). Then n’(R.) > 0 and n”(R.) = 0 so that we can obtain
contradiction as above.

It follows that n’(r) < 0 in some left neighborhood of R,. To extend it for all » < R*, we suppose
that R, := sup{r € [0, R.) : n/(r) > 0} exists. We know that R, < R., n(R,) > n(R.) > 0 and
n’(r) < 0 in a left neighbourhood of R, raising contradiction with the first part of the proof (where
we replace R, with R),). O

Proof of Theorem@ (A). We recall that the stationary states satisfy the Neumann boundary con-
ditions n’(0) = n'(Rp) = 0.

Step 1: Stationary solutions such that n(Rp) = 0. By nonnegativity and conservation of mass, n
cannot be constantly zero so it has to be decreasing on some interval (Rq, R3) with n(R2) > 0 and
n(R3) = 0. Then, if n is strictly increasing on (R, Re) we have n'(Rz) = 0 and we apply Lemma
[B1] to obtain contradiction.

Step 2: Stationary solutions such that n(Ry) > 0. We apply directly Lemma with R, = Ry.

3.2 Proof of Theorem [2| (B)

In the sequel, we consider stationary states such that n(Rp) = 0. So there is an R € [0, Rp] such
that n(R) = 0. Since n is radially decreasing we have n(r) = 0 on [R, Rp] and n is positive on [0, R).
Hence, on [0, R], the relation shows that there exists C that we write C = R? — X such that
the stationary states are the radial solutions of

nY —6An=R?>—12— )X in Bp
n=20 on 0Bpr (3.2)
n>0 on Bpg.

Of course, as we will see in the next lemma, the previous problem does not admit a solution for every
A. Notice that we fixed only Dirichlet’s boundary conditions. We want to prove that there exists
only one A such that the solution of the previous equation also satisfies the Neumann boundary

condition g—ﬁ =0 on 0Bg.

First, we understand which values of A can be excluded.

Lemma 3.2. For every A, let n be the radially symmetric solution of

(3.3)

nY —5An=R%?—-7r2—-)\ inBp
n=20 on O0Br

Then,
o if \>R? thenn(r) <0 forr €[0,R] and n'(R) > 0,
o if A<0, then n(r) >0 forr € [0, R] and n'(R) < 0.

Proof. For A > R?, we multiply the equation by n, = max(n,0) and integrate by parts to get

/ )t 4o |Vn+|2:/ (R? —r? = X\)ny <0.
Br Bpr Br

19



so that ny = 0 and n < 0. It follows that »'(R) > 0. If n/(R) = 0 we obtain by the equation
n”(R) = 2 > 0 which is in a contradiction with the fact that n is nonpositive in a small neighbor-
hood of R.

For A <0, we first multiply the equation by n_ = min(n,0) and integrate by parts to get

5[ vnp :/ (R2—1%— \n_ <0.
Br Br
We recall here that the notation n” was a notation for max(0,n)7. Therefore n_ =0 and n > 0. It
follows that n'(R) < 0. Second, we exclude the possibility that n’(R) = 0. Suppose by contradiction
that n’(R) = 0. Since we also have n(R) = 0, we find that n”(R) = %. When A < 0, we find
contradiction with n > 0. On the other hand, when A = 0, we have n”(R) = 0. Differentiating the
equation, we find

1 !/
yn )0/ (1) — 60 () — 6%&) + 6%;) = —2r,
and thus n(® (R) = 2R/§ > 0. As n(R) = n/(R) = n”(R) = 0, it follows that in a small neighbour-
hood of R, n has to be negative raising contradiction. The lemma is proved. O

From Lemma we may conclude that there is at least one A € (0, R?) such that the Neumann
condition is satisfied

Lemma 3.3. There exists at most one A € (0, R?) such that the radial solution of (3.3) satisfies
n/(R) = 0.

Proof. For each A € (0, R?) let n be solution of (3.3) (it always exists). We differentiate (3.3)) in A
and obtain

0
An7 f —SAf=—1on Br, f=0ondBr, f= FZ'
Multiplying by a positive part f;, we deduce from this equation that f < 0. This means that n
is decreasing everywhere with A. However the inequality is not strict everywhere and we cannot

conclude directly from the condition n(R) = 0.

So suppose there are two radial solutions ny,ns to (3.3) with 0 < A\; < Ao < R? such that n;(R) =
ni(R) = 0fori = 1,2. From (3.3) in radial coordinates, we find n/(R) = 3. Therefore 0 < n/(R) <
n4(R) and we conclude by a Taylor expansion that n; is smaller than ns in a small neighborhood

of R. This is in contradiction with the behaviour of n with respect to A. O

Proof of Theorem@ (B). Clearly, ny, is a radial solution to the problem (3.2) with some A. By
Lemma we know that A € (0, R?) and then Lemma yields the unique value of A.

For the second assertion, if there are two solutions (ni, A1), (n2,A2) of (1.7)), we know from [21]
Theorem 1°, p. 13] that both n; and ny are radially symmetric. Then, Lemma applies and we
obtain that \; = Ay. The conclusion follows from uniqueness of solutions to elliptic PDE (3.3). O

3.3 Proof of Theorem [2| (C)

First, to simplify the notation, we write n for the stationary state n,, and R for the length of the
interval Rp. Second, we observe that if function n with n(R) > 0 is a stationary solution, it is a C*
solution of (L.6). Asn’ <0 (Theorem[2 (A)) and n(R) > 0, we have n > 0 so that (1.6) boils down
to

nY —5An=R%?2—-7r2—-)\ in Bp

n(z) =a, 92 = on 0Bg, (3.4)

m= fOR rn(r)dr
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where a > 0 and A is some constant. The target of this section is to prove that if R is sufficiently
large, there is no such solution to (3.4).

First, we provide lower and upper bound on admissible values of constant A only in terms of R.
Lemma 3.4. If2m < R? and 1 < R, then A\ > —R?.
Proof. From evaluated at R we have

n?(R) —on"(R) = -\ = A > -n"(R) (3.5)

because 6 > 0 and n”(R) > 0 because n is decreasing and n(R) = n/(R) = 0. By a lower bound
on mass, n(R) < 2m/R? so that by assumptions n(R) < 1 and n?(R) < 1. As R > 1, we have
nY(R) < R? so that (3.5)) implies A > —R?. O

Lemma 3.5. Suppose that 6 Jm < RS where J := > 0. Then A < R?/4.

S lg()

Proof. We consider function u solving equation

Su (3.6)

—6Au=R?>—-r2—-), in Bpg
u(r) =a, 2 =0 on OBg,

where A\, will be chosen to satisfy A\, < %2. In fact, we have explicit formula for u cf. Proposition

(A):

2

R, (P R2? RE-2\, .,
u(r) = a+ (R —2/\u)ln<ﬁ)+ e (R ),
by (RE=1rH)(R2 =12 —2),)

w(r) = 45r ’

Function v attains its maximum at r? = R? — 2), which equals

R? 2\, 402 R%Z -2\
VRE—2)0) =a+ (R —2),) | P VT gy
uVER J=at g5 (R )n< R2)+166+ 80

2

R, 2\ R?— A,
TR o) (1= B ) ey
—at gk )n< R2>+ 85

By Proposition (C) applied to functions n — a and u — a, we see that if A > A, then n > u.

After this preparatory steps, aiming at contradiction, let us assume that A > R?/4. We choose
Ay = R?/4 so that R? — 2\, = R?/2 and

n(B/VZ) > u(R/VZ) > Taa m(1y2)+ 28 _ K <3 - 10g(2)>

where we estimated a > 0. As n’ < 0, n(r) > n(R/v?2) for r € [0, R/v/2]. Therefore, we can
estimate the mass from below as follows:

m () | BB (3-1002) = o5 (3 -1oe2)).

which is a contradiction. O

Now, we provide a formula for fORrrﬂ dr which is the only mass-related information that comes
from the equation.
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Lemma 3.6. Let n be solution to (3.4). Then

R 20p2 _
/ rnYdr = R —2)) (R 2/\).
0 4

Proof. Thanks to the Neumann boundary condition,

R R
27r/ nTrdr = / nYdz = / (R —r? = \)dz = / 217 (R* — r% — \) dr.
0 Br Br 0

Then we conclude by computing

R 2(p2 _
/ r(R2—r2—)\)dr:7R (B 2>\>.
0

O

Proof of Theorem[3 (C). We find R(m) such that for all R > R(m) the following inequalities are

satisfied:
4

R
§>2R2m+m, R>>2m+1, RS >6Jm,

where J > 0 is a numerical constant from Lemma Now, suppose that there is a solution for

R > R(m). We want to estimate fOR n7rdr by the mass. This estimate is possible only when n < 1.
However, as n is nonincreasing, we can estimate the maximal interval [0, R;] where n > 1 by mass:

R Ry R2
m:/ rn(r)er/ rdr = =L
0 0 2

It follows that Ry < v/2m. Therefore,

R Ry R R2
/ n”rdrg/ n”rdr—i—/ nrdrﬁn“’(O)?l +m < n7(0)m+m. (3.7)
0 0 Ry

To estimate n7(0), we use the equation evaluated at 0

n7(0) — on”(0) = R* — \.
By definition, n”(0) = lim, o " < 0 so that

0<n"(0) <R*—- X< 2R?

thanks to Lemma Using Lemma and (3.7)) we conclude

2/ p2
MSQRQW—FWL

As X\ < R?/4 (Lemma we conclude

4
%§2R2m+m

which is a contradiction. O
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3.4 Preliminary steps for the proof of Theorem

We consider a sequence -y, — oo of stationary states, but to reduce notations, we drop the oo index
in the sequel and keep the full family -y, which is a posteriori possible by uniqueness of the limit.

In the limit v — 0o we expect to have n¥ — p where p(n — 1) = 0. So, when n < 1, we have p = 0.
Therefore, we study equation (3.8]) from the following theorem

Proposition 3.7 (Lower bound profile). Let n be a solution of (1.7)) as in Theorem and let u be
a solution of

{—5Au:R2 —r2 =X, in Bg\ {0} (3.8)

u(z) =24 =0 on OBR.
where \, € [0, R?] is arbitrary. Then,
(A) we have explicit formula for u which in radial coordinates reads

R, N (P —R? RP-2\,, .,
u(r) = 45 (R 72)\u)1n(é)+ o (R ),

N (R? —r?)(R? — %2 —2)\,)
w(r) = 465 r ’

(B) u(r) is strictly decreasing and nonnegative for v such that R?> —r? < 2X,,
(C) if X > Ay then n(r) > u(r) forr € (0, R].
Since n is radially decreasing and p(n — 1) = 0 in the limit we expect to have n = 1 in the zone

p > 0. Therefore, the limiting profile is expected to be the solution of the following theorem

Proposition 3.8 (Existence of unique limiting profile). Let m > 0 and suppose that 72 5172 < m.
Then there exists uniquely determined R, \. € (0, R?) and Ry € (0,R) such that the following
problem has solution

—8Au. = R?>—1? - ). in Br\ Bg,

ue(x) = % = on OBR, (3.9)
uc(a:):l,%jf =0 on 0BR,, '

Jo rc(x) dz = m,

where @ is the extension of u. to Bgr, by setting @« = 1. In fact, Ry = vR? —2\. and . =~
/6 R2/3 §1/3 for small 6 > 0.

Then, it remains to prove Theorem [3] i.e. the convergence of the stationary states to this limiting
profile.

3.5 Proof of Proposition [3.7}
Proof of (A): We first compute «’(r) and v’ (r):

R? 1 (r?—R%»)r R2-2) (R? —r?)(R? — 12 —2)\,)

/ _ 2 < . o u
) = g5 (B =20 T 5 5 e ’

won —Ar(R? —r?) + 4\, r B (R? —r?)(R? —r? —2)\,) _ RS /()
u”(r) = 157 1512 = (5(R e —Ay) .
Therefore,
!/
5w = —ou () — ) g2y,



as desired.

Proof of (B): We use directly the formula for «/(r): indeed, when R?—r%—2)\, < 0 we have u’(r) < 0
so that u is strictly decreasing. As u(R) = 0 this proves that u(r) > 0 when R? —r? — 2), < 0.

Proof of (C). We introduce h(r) = n(r) — u(r) and we have to prove that h(r) > 0. From the
equations we get
nY —6Ah =X, — Xin (0, R]

so from assumptions we have
Ah >0 in (0, R].

Now, in radial coordinates this reads

W (r)

h//
(rn+=

>0

so if we let ¢’'(r) = rh/(r) we have ¢”(r) > 0. Integrating this from r to R and using boundary
conditions we obtain
g(r)<0 = rh(r)<0 = K'(r) <0.

Integrating this once again and using boundary conditions, we discover h(r) > 0 as desired.

3.6 Proof of Proposition (3.8

The plan is to characterize A, and Ry using an explicit solution from Proposition [3.7] Indeed, we
are looking for A\, and Ry such that

(R® — R§)(R* — Rj — 2\.)
46 r

R RZ—R%)? RZ_2),
ue(Ro) = = (R = 2)c) 1n<];>+( ST L %

Lemma 3.9 (solving for Ry and A.). Let R > 0. Then (3.10)-(3.11) has a unique solution if and
only if 165 < R*. Moreover, the solution is given by

2
Ro = V/R? -2\, Ao = LT (3.12)

where x. 1s the unique solution of

U::(R(]) = = 0, (310)

R2

(R* - R2) = 1. (3.11)

86

1
(1—w) ln(1_$0>+71’2+(1_$c)$c: R

3.13
¥ (313)
Proof. We split the reasoning into a few steps.
Equation for Ry. From (3.10) we deduce Ry = R or R? — R2 = 2).. As the first possibility leads to
the contradiction, we conclude

Ry =+ R? - 2. (3.14)
Equation for .. We first plug (3.14) into (3.11) to deduce

VETILN AN R -2,
R 166 85

2
%(RQ —2).) In <

Ae = 1.
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Using properties of logarithm and simple algebra we have

R? D), N R -2
86 R*) " 45 6 T

(R* —2)\.) In (1 —

We introduce an auxiliary variable z. = R2 and multiply equation by & R4 to get

86

(1—x) ln(l—xc)—i— 22+ (1—2)w. = i

5%e (3.15)
It follows that if x. is a solution of ([3.15]), then A, = %.

Existence and uniqueness of 2. and \.. We prove that if 165 < R*, equation (3.15) has a unique
solution. To this end, we define

f@)y=01-2z)In(1—-2)+ %xQ +(1—-2z)x. (3.16)

)

flle)=—-In(l—-2)—1+2+1-22z=—In(l —x) — =z, ' (z) = !

= — 1. 3.17

T2 (3.17)
It follows that f”(z) > 0 for = € (0,1) so that f'(x) is increasing. As f'(0) = 0 it follows that
f'(z) > 0so that f(z) is increasing. It follows that f is a bijection from (0, 1) into (0, 3). Therefore,

when 165 < R*, there exists a unique z. € (0,1) such that f(z.) = 55. O

Lemma 3.10 (Estimates for z.). Let z. be a solution to (3.13) and 165 < R*. Then, Taylor
expansion implies

T~ 2V6 03RS, Ae = V66Y/3R/3 (asd —0).
More precisely, we have
T < 2V668Y3RTYE, (3.18)
Moreover, if 6* 8 < R*, we have
ze > 2V/5 03RS, (3.19)

Proof. First, we prove Taylor estimates. As J is small, we expect the solution of (3.13) to be small
too. Using (3.16) and ( we obtain f(0) = f’(0) = f”(0) = 0. Moreover, f©)(z)

that f((0) = 1. Hence7 by Taylor expansion, for small z, f(z) ~ % Plugging this approximation
into (3.15) and using A\, = RZ;ZC we deduce as desired.

_ 1
= 027 SO

Now, we prove precise lower and upper estimates. First, we observe that f(3) (z) = ﬁ Therefore,
by simple induction,

(k —2)!

FPN () = A=) T F#0) = (k —2)!.

In particular, Taylor expansion around x = 0 implies

k- 2)! 1
f(m)zz( k! )Ikzzk(kl)xk
k>3

k>3

Therefore, on the one hand, f(z) > On the other hand,

Z z - x) (3.20)

k>0

z°
6 °
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First, we deduce that z, < 2V/66/*R~*/3. Using this, we can find § such that 2¢/66/3R=%/3 < 1,
namely 685 < R*. Then, we have z, < % so that 1 — x,. > % and then the estimate (3.20) gives us

89 x3 x3
JR— < ¢ <L Z<C
i @) S gaT =5
so that 5 5 105
8 s 0 3 3/F ¢1/3 p—4/3

Lemma 3.11. If u. is as in Proposition[3.8 then the total mass of u. satisfies

R 6 43
M(ue) ::/O ruc(r)dr = RTcéR)

6 .3
Moreover, the map R +— B g%ép”) is strictly increasing if R*x3(R) > 326.

Proof. For solution u, satisfying u.(Ro) = 1, uL(Rg) = 0, its extension by 1 is a C! function.
Therefore, integrating by parts,

5 1 f 2,7 1 f 2,/
M(UC):/O ruc(r)drz—§/0 r uc(r)dr:—i/ reul(r) dr.

Plugging formula for u/,(r) we deduce
1 (R

M(U/C) = _876 n
0

T (R2 — 7“2)(R2 —r2—2)\.)dr.

Now, we observe that A\, := R2x0/2 and Ry = Rv/1 — . so that

1 R
Mue) = —— r(R? —r?)(R* —r? — R?z.)dr.
84 RyI=7a
We change variables 7 = R% — 2 to get
1 R’z ) RS.3
c) — T Tac - c dr = <.
M(ue) 165 /. 7(r — R°z.)dr 960

For the second assertion, it is sufficient to prove that the map R + RSz3(R) is strictly increasing.
Note that z.(R) is given implicitly via equation (3.15]). Differentiating it with respect to R, we
discover

%(x +lo (l—x))—gé:%— 320
dR e T8 /)= RS dR ~ RS (z. +log(1 —z.))’
Then, we study the derivative of RS z3(R):

d(R°z3(R)) 5 3 6 odze 5 3 966 R x?

—— "~ =6R 3Rz, — =6R <

R Te t TR et (e Flog(1 — 20))
Using a simple Taylor estimate
1 -2

- > _Z
z+log(l—x) = a2

we estimate

d(R°z(R))

1 > 6R°r> — 1926 R = 6R (R*x> — 320).
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Proof of Proposition[3.8, First, we notice that if (R, R, A) satisfy conditions of the Proposition [3.8]

then Ry, A. are given by (3.12) (Lemma j and Ig;? = m (Lemma . Then, by 6226/2 <m

as well as an upper bound on z., cf. (3.18]), we deduce

RS2 R?
62262 <m="—"—"2<— — 642 < R%.
=" 965 = 2 =
This means that we can apply the lower bound (3.19) to deduce
R*z3 > 4043,

It follows that the necessary condition for existence of (Rg, R,\) is 61426 < R* which implies
R*2? > 406'/3. Therefore, by Lemma the map R — R%z3(R) is invertible and we can find
uniquely determined R such that

_ R°23(R)

960

With such R (because 165 < R*), we can find unique Ry and A. solving (3.10)-(3.11)) so that the
formula for the mass is satisfied and the conclusion follows. O

3.7 Proof of Theorem [3|

Since the solutions of Theorem [2] are radially symmetric they satisfy
0
nl* —onj — -nj,=Ri —r* =X on (0,Ry), nr=0 on (R, Ry)
T

with boundary conditions n} (Ry) = n},(0) = ng(Rx) = 0. Using similar computations as in the proof
of Lemma, we obtain that the sequence {n}*}; is bounded in L>(Ig,). Moreover, multiplying
this equation by nj and using integration by parts we obtain

Ry (n/ )2 Ry
/ <6(n;€’)2 +yn)* " (ng)? + 52’“2> dr = / ny (R2 —r? — ) dr.
0 r 0

Since 0 < Ry, \x < R we see that the right-hand side is bounded by ngRk (n})? + C(8, Rp). Thus,
{n}}x is uniformly bounded in L?(0, Ry). Therefore, up to a subsequence, as k — oo

n)" —p weakly” in L*(Ig,),

nk —n in C*(Ig,).

We have that n < 1 which follows from the uniform estimate ||n}* ||~ < C and uniform convergence
ng — n.

We also have the graph relation p(n — 1) = 0. In fact, the inequality p(n — 1) < 0 is found in a
straightforward manner using p > 0 and n < 1. It remains to show that p(n — 1) > 0. For v > 0,
there exists ~yg such that for v, > g

nzkﬂ >nlt—v

(this is because the function z — z7(x — 1) is nonpositive on [0,1] and attains its minimum

3
— (ﬁ) ﬁ — 0 as v — 00). Then, from the strong convergence of nj and the weak convergence

of n* we know that n}*nj, converges weakly to pn. Passing to the limit, we obtain

pn=p-—v,
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for every v > 0. Letting v — 0 yields the result.

Since {\g}r and {Ry}i are also bounded subsequences we can extract converging subsequences to
A, R respectively. Thanks to the C' convergence we know that n satisfies the boundary condition
n(x) = g—z = 0 on OBR and n is radially decreasing as the uniform limit of radially decreasing

functions. Finally, we can pass to the limit in the equation of conservation of the mass and obtain

fOR rndr = m. To sum up, in the limit we obtain a C'!, nonincreasing function n satisfying

p—2n/—6n"=R*—r2—X i (0, R)
n(R) = n'(R) = n'(0) =0,

fOan(r) dr = m,

p(n—1)=0.

The limiting ODE is satisfied on (0, R) because the ODE for ny, is satisfied on (0, inf;>j Ry). Passing
to the limit, we obtain the ODE on (0, limy_, o inf;>x Ri) = (0, R) because R = limy_, o Ri-

We claim that n reaches value 1. To see this, we note that if n < 1 on [0, R], then p = 0 so that n
is a C'! solution to the following ODE on [0, R]:

O o = R?—r*—),  n(R)=n'(R)=1/(0)=0.
,

By Proposition (A) such a solution does not exists (it has to blow up at r = 0).

By monotonicity and the fact that n reaches value 1 we deduce that there are two zones. In the
zone {p > 0} we have n = 1, and thus p = R? — 72 — \. Then, when n < 1 (n is decreasing), let us
say at 7 = Ro we have p = 0. The pressure jump is equal to [p] = R?> — RZ — \.

Finally, the convergence of the whole sequence follows from uniqueness of the limiting profile as
stated in Proposition [3.8]

4 Conclusion and numerical simulations

We established proved that the stationary solutions of the radial Cahn-Hilliard system with a con-
fining potential present a jump of pressure at the boundary 0{n = 1} that we computed explicitly,
and is proportional to 6*/3. It is an open question to prove a similar result when the system admits
a source term as in [I3] for instance. There is a zone {n = 0} that induces a degeneracy which
is the main difficulty when establishing the a priori estimates. However we can provide numerical
simulations to such a system in radial coordinates. To be more precise we focus on the system

0 0 0
(Brtn = ar (Tnal:> =nG(p), in (0,+00) x Ip,, (4.1)
10 on
L - (rar> , in (0,400) % Ig,, (4.2)
p— (4.3)

When v — oo we expect to find

{—Ap =G(p) in{n=1},
[p] = —0[An] on 0{n = 1}.
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Then it remains to link the value of the pressure jump to the other parameters of the model, i.e. the
source term G, the parameter ¢ and the boundary’s curvature. In radial settings the curvature is +

R
where R is the radius of the tumor. We present below some numerical simulations for the evolution

of the density and the pressure of the tumor. If the pressure jump looks like it decreases to the

naked eye as the tumor grows, it is not numerically clear which criterion to choose to characterize
the point where the jump begins.

Numerical settings: To remove the degeneracy r = 0 in the numerical scheme, we consider r + ¢
instead of r for some small € > 0. For the source term we take G(p) = 10(1 — p). We use an explicit
scheme, with time step dt = le—7, final time ¢t = 2.11 and the interval is Iz, = [0,10] with 300
points. The initial condition is a truncated arctangent. The density is n and the pressure is n”.

1.5 T T T T T T 1.5 T T T

T T T

T
s clensity . Sty
== == pressure == == pressure

0.5

— - -
] - -

w -

4 5 6 7 8 9 10 1 2 4 5 6 7 8 9 10

(a) Initial condition (b) Evolution at ¢t = 0.31

T T . T T T T T T
m— density m— density
== == pressure == == pressure

0.5 0.5 -

\ 0 I L L I L L L

6 7 8 9 10 1 2 3 4 5 6 7

0 1 L L L
1 2 3 4

[
-7
-
» | 4
-
__.__——’

o

(c) Evolution at ¢t = 1.14 (d) Evolution at ¢t = 2.11
Note that the pressure p reaches the value 1 as the density. This is due to the homeostatic pressure
pr = 1 in the source term G(p) = 10(pp, — p). The homeostatic pressure is the lowest level of

pressure that prevents cell multiplication due to contact-inhibition. The pressure cannot exceed this
threshold. Of course, different values of p;, are possible.
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A Limit profile for general force in dimension 2

We generalize the pressure jump formula obtained when V(r) = 72 and, for a general strictly
increasing force V', we establish that
V12
2

ﬁ

Ar =283 (VI(R))/P.

An expression of the solution. We consider the solution of

—0An =V (R)—=V(r)— A\, n'(R) =n(R)=0 (A1)
and clain that its solution is given by

2 r 2 _ 2 R .
n(r) = % (V(R) — \) log (—) + RT(V(R) - )+ % / HE) g, (A.2)

R
with
R
H(z) ::/ uV(u) du.
Indeed, we immediately verify that n(R) = 0. Moreover, we have

2 r r
W) = S v(r) - N - i) -y - 24D (A3)

r

As H(R) = 0, we have n’(R) = 0. Finally, we compute n” using (A.3)

WI(r) = o (V(R) = X) o — 5= (V(R) = N) + $V(r) +

Therefore, using (A.3) and (A.4) we compute

Hr)
5r2

on (r) + (5@ =—(V(R)=AN)+V(r)==(V(R)=V(r) =}
so that is indeed satisfied.

Limit profile. We are looking for the solution n to (A.1) such that n(Ry) =1, n’(Ry) = 0 for some
Ry < R and some A, i.e. we have two parameters Ry and A to be found.

Condition n/(Rg) = 0. This condition, using (A.3]), is reduced to

R? 1 R
25 (VR) =) 2= = S0 (V(R) =) = F2 = 0.

Multiplying this equation by 20 Ry we obtain
(R* — R3) (V(R) — \) — 2H(Ro) = 0. (A.5)
Condition n(Ry) = 1. From (A.2]) we obtain

2 2 p2 R,
%(V(R)—)\) log (};O)er)(V(R)—)\)—Fl/ @) g, 21,
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Then, we use (A.5) to remove the term (V(R) — A), and multiply by 26 to get an equation for Ry

RQH(}%)1og(R3)+H(R0)+2/R?'iZ)dz:26.

R - R B\ R Ro
. . R?>—R? .
We introduce the variable 7 := 7z L SO that the equation reads
log(1 — R R? — R?
H(vV1—TR) (Og(T) + 1) +2 / Hz) dz = 20, To = 720. (A.6)
T VI—TR % R

Existence and uniqueness of 7y and Ry. We define function

F(r) = H(VI—7R) (bg(l;” " 1) +2 /;R Mo o

As H(R) = 0 and M is bounded near 7 = 0, we have F(7) = 0. Now, we want to compute
F'(1). First,

d B R R’V(JI—7R)
EH(\A —TR)=V1—-TRV(J/1—-7TR) N 5 ; (A.7)
d (2 /R H(z) dz) _ (_’H(\/l - TR)) R _H(1—7R)
ar \* Ja=n 2 VI—tR ) 2/i—r  1-7
d [log(l1—T7) B 1 log(1 —7)
W ()

Therefore, by product rule,
F'(r) =

R*V(v1—17R) (log(1—T) — 1 1 log(1 — 1)
- 2 < gT +1)+H( 1_TR)<1—T+T(T—1)_ g7-2 ) (A.8)

= (B0 ) (VYT i)

T T 2

By a standard calculus w +1 <0 for 7 € (0,1). Therefore, to prove F'(7) > 0, it is sufficient
that for 7 € (0,1)

2
V1=
RrV( : ) (T =7R) <0, (A.9)
This function vanishes in 7 = 0. Moreover, its derivative with respect to 7 is equal to
R*V(V1-71R) R?*7V'(V/1-7TR) -R RV (Y1 —-7R) R37V'(V1—7TR)
+ - = — (A.10)
2 2 21 -7 2 41 -7

where we used (A.7). As V' > 0, we conclude (A.9) which implies 7'(7) > 0. Hence, in some
neighborhood of 0 we can find exactly one 7 that solves the equation. Moreover, it is unique as F
is strictly increasing. Then the uniqueness of Ry and A follows.

Taylor approximation of 7. As F is strictly increasing, we expect the solution 7 to be small (if § is
small). This justifies to use Taylor expansion around 7 = 0. We already know that F(0) = F'(0) = 0.
Now, we claim F”(0) = 0. Indeed,

d(log(l—T) +1)__210g(1—7')+ T—2 2log(l—7)(1-7)+(2-7)7

dr T2 T T3 (1—7)72 - (I1—-7)73
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so that using (A.8) and (A.10)) we compute

w1 (log(l—7) R37V'(V1—TR)
Fir) = T( T +1) 431 —1 (A11)
2log(1 —7)(1—=7)+(2—-7)7 (R27V(VT1—7R) '
— 1=7)r ( 5 —H(\/l—TR))

A simple Taylor argument shows that 2log(1 — 7)(1 — 7) + (2 — 7) 7 ~ 73 for small 7. Therefore,
the expressions above are bounded in the neighborhood of 0. Evaluating them at 7 = 0, we obtain
F"(0)=0

Now, we claim that F®)(0) # 0. To see this, we write expression (A.11) in the form
F(7) = A(7) B(r) + C(7) D(7)

so that
FO (1) = A'(1) B(r) + A(r) B'(7) + C' () D(7) + C(7) D' (7).

We study the four terms above separately.

o A'(7)B(7)|r=0 = 0. Indeed, A’(7) = —C(7) and the latter is bounded in the neighbourhood
of 0 (see Taylor’s expansion above). Moreover, B(0) = 0.

o C(7) D'(7)|r=0 = 0. Indeed, C(7) is bounded around 7 = 0, while D’(0) = B(0) = 0.

o C'(1) D(7)|r=0 = 0. In fact, D(0) = 0, so it is sufficient to prove that C’(7) is bounded near

7 = 0. We have
C'(r) = 7 (272 — 97 +6) + 6log(1 — 7)(1 — 7)2'
(1 —172)
Using expansion log(1 — 7) & —7 — 72 — 173 we have around 7 = 0:

7(272=97 +6) + 6log(1 — 7)(1 — 7)% =~
~ 2713 — 972 + 67 — (67 + 372 4+ 27‘3)(1 +72 - 27)
=27° =972 + 67 — 67 — 37% — 27° — 67° — 37" — 27° + 1277 + 67° + 47%)

=7t -275%

o A(T)B'(T)|r=0 = w. Indeed, A(0) = 3. Moreover,

_RV(I-7R) R%V'(VI-7R) (-R)  R"V'(VI-7R)

B’ -
% Wi—7 N7 a7 s(i-rp”
R3V'(R)

which implies B’(0) = =5

Therefore, equation can be approximated with

LRVI(R) 5 _ e 3 %8 2126173
6 s T T RV/(R) "TRUVR)

Taylor approximation for \g. Small value of 7 means that Ry is close to R. Therefore, we expand
in Taylor series equation (A.5) around Ry = R. Writing

G(Ro) := (R* = R) (V(R) = \) = 2H(Ro) = 0,
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we have

G'(Ro) = —2Ro(V(R) — A\) + 2Ry V(Ro) = 2Ry (V(Ro) — V(R) + \),
G"(Ro) =2 (V(Ro) = V(R) + A) + 2Ry V'(Ro).

It follows that G(R) = 0, G'(R) = 2RogA and G”(R) = 2\ + 2RV’(R). Therefore, (A.5) can be
approximated with

2RoA(Ry — R) + %(m +2RV'(R))(Ry — R)> =0

which can be rewritten as

R(R— Ry) V'(R)
Ro+ R

A=

R?_R?

Using 79 = 55— we have R — Ry = TR’ oo that

R+Ro

R*1V'(R) RTV'(R) _ €/ﬁ51/3

A= ~
(RO + R)2 4 2

(V'(R))*3.

Case V(r) = r2. In this case we have V'(R) = 2R. Therefore, A ~ /6 §'/3R?/? as in the previous
approximation.
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