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2 HUAYI CHEN AND ATSUSHI MORIWAKI

1. INTRODUCTION

The positivity of line bundles is one of the most fundamental and important
notions in algebraic geometry. In Arakelov geometry, the analogue of ampleness
and Nakai-Moishezon criterion have been studied by Zhang [21, 22]. The arithmetic
bigness has been introduced in the works [17, 19, 18] of Moriwaki and Yuan. These
positivity conditions and their properties have various applications in Diophantine
geometry.

The purpose of this article is to revisit the arithmetic positivity notions in the
context of Arakelov geometry over adelic curves. Recall that an adelic curve consists
of a field K equipped with a family of a family of absolute values on K (with possible
repetitions), which is parametrized by a measure space. This notion is a very natural
generalization to any countable field of Weil’s adelic approche of number theory.
The fundament of height theory and Arakelov geometry for projective varieties
over an adelic curve have been established in the works of Gubler [14] (in a slightly
different setting of M-fields) and Chen-Moriwaki [10].

Let S be an adelic curve with a countable and perfect underlying field K. We
assume that S is proper, namely the family of absolute values in S satisfies an
analogue of product formula in the number field case. Let X be a projective scheme
over Spec K. Given an adelic line bundle L on X, namely an invertible O x-module
equipped with a measurable and dominated family of continuous metrics on the
analytification of X (in the sense of Berkovich [2]) according to absolute values of K
in the adelic curve structure of S, we are interested in various positivity conditions
of the adelic line bundle L. We say that the adelic line bundle L is relatively ample
if the invertible Ox-module is ample and if the metrics of L are all semi-positive.
The relative nefness can then been defined in a limit form of relative ampleness,
similarly to the classic case in algebraic geometry. Recall that the global intersection
number of relatively ample adelic line bundles (or more generally, integral adelic
line bundles) can be defined as the integral of local heights along the measure space
in the adelic structure (cf. [11]). This construction is fundamental in the Arakelov
height theory of projective varieties.

The first contribution of the current article is to introduce a numerical invariant
— asymptotic minimal slope — to describe the global positivity of an adelic line

bundle L such that L is ample. This invariant, which is denoted by fo (L),
describes the asymptotic behaviour (when n — +00) of the minimal slopes of the
sectional spaces H°(X, L®") equipped with sup norms (which are adelic vector
bundles on S). It turns out that this invariant is super-additive with respect to
L. This convexity property allows to extend the construction of the asymptotic
minimal slope to the cone of adelic line bundles with nef underlying invertible
Ox-module (see §3.2 for the construction of the asymptotic minimal slope and its
properties). The importance of this invariant can be shown by the following height
estimate (see Theorem 3.10 for the proof and Proposition 3.18 for its generalization
to the relatively nef case).

Theorem 1.1. Let X be a reduced projective k-scheme of dimension d > 0 over

Spec K, and Ly,...,Lq be a family of relatively ample adelic line bundles on X.
For any i € {0,...,d}, let §; be the geometric intersection number

(Lo-++Li—1Liy1--- La).
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Then the following inequality holds:
d
(Lo Z i fiin (L

where (fo - 'Zd)S denotes the arithmetic intersection number of Lo, ..., Lq (cf.
[11]).

The asymptotic minimal slope always increases if one replaces the adelic line
bundle by its pull-back by a projective morphism (see Theorem 3.25): if g: X — P
is a projective morphism of reduced K-schemes of dimension > 0, then for any
adelic line bundle M on P such that M is nef, one has fit:, (g (M )) = ey (M).
Typical situations includes a closed embedding of X into a projective space, or
a finite covering over a projective space, which allows to obtain lower bounds of
fiesy (L;) in the application of the above theorem. Note that the particular case
where Ly, ..., Ly are all equal to the same adelic line bundle L gives the following
inequality
T+ B

A rTie > @) (1)
which relates the normalized height of X with respect to L and the asymptotic
minimal slope of the latter. This inequality is similar to the first part of [22, Theo-
rem 5.2|. However, the imitation of the devissage argument using the intersection
of hypersurfaces defined by small sections would not work in the setting of general
adelic curves. This is mainly due to the fact that the analogue of Minkowski’s first
theorem fails for adelic vector bundles on a general adelic curve. Although the
inequality (1.1) could be obtained in an alternative way by using the arithmetic
Hilbert-Samuel formula of L (cf. [12]), together with the fact that the minimal
slope of an adelic vector bundle on S is always bounded from the above by its slope
(see Proposition 3.26), the proof of Theorem 1.1 needs a new idea. Our approach
consists in combining an analogue of the slope theory of Bost [4, 5] with the height
of multi-resultant to achieve the proof.

Bigness is another type of positivity conditions which describes the growth of
the total graded linear series of a line bundle. In Arakelov geometry of number
fields, the arithmetic bigness describes the asymptotic behaviour of the number
of small sections in the graded sectional algebra of adelic vector bundles. This
notion can be generalized to the setting of Arakelov geometry of adelic curve in
replace the logarithm of the number of small sections by the positive degree of an
adelic vector bundle (namely the supremum of the Arakelov degrees of adelic vector
subbundles). In [10, Proposition 6.4.18], the arithmetic bigness has been related
to an arithmetic sectional invariant — asymptotic maximal slope, which is quite
similar to asymptotic minimal slope: for any integral projective K-scheme and any
adelic line bundle L on X such that L is big, we introduce a numerical invariant

28y (L) which describes the asymptotic behaviour (when n — +00) of the maximal

slopes of H%(X, L®") equipped with sup norms (see §4.2 for its construction and
properties) It turns out that this invariant is also super-additive with respect to
L, which allows to extend the function 2% (.) to the cone of adelic line bundles L

max

such that L is pseudo-effective. Moreover, in the case where L is nef, the inequality
fesy (L) < 2y, (L) holds.

max
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Recall that Fujita’s approximation theorem asserts that a big line bundle can
be decomposed in a birational modification into the tensor product of two Q-line
bundles which are respectively ample and effective, with a good approximation
of the volume function. In this article, establish the following relative version of
Fujita’s approximation theorem for the asymptotic maximal slope (see Theorem
4.16 and Remark 4.17).

Theorem 1.2. Let L be an adelic line bundle on X such that L is big. For any

real number t < 2 (L), there exist a positive integer p, a birational projective

K-morphism g : X' — X, a relatively ample adelic line bundle A and an effective
adelic line bundle M on X' such that A is big, g*(f®p) is isomorphic to A ® M,
and fiy}, (A) > pt.

As an application, in the case where X is an integral scheme, we can improve
the height inequality in Theorem 1.1 in relaxing the positivity condition of one of
the adelic line bundles and in replacing the asymptotic minimal slope of this adelic
line bundle by the asymptotic maximal slope (see Theorem 4.18).

Theorem 1.3. Let X be an integral projective scheme of degree d over Spec K,
and Ly, . .., Lq be adelic line bundles on X such that L1, ..., Ly are relatively ample
and Lg is big. For any i € {0,...,d}, let 6; = (Lo---L;—1L;41---Lg). Then the
following inequality holds:

(Lo +La)s = 0o figax (Lo) +Z5 rin (L

_ In the case where Lo, ..., Lq are all equal to the same relatively adelic line bundle
L, the above inequality leads to
(zd+1

s > D) + a7 D)

In the case where the adelic curve S comes from the canonical adelic structure
of a number field, if L is a relatively ample adelic line bundle, then iy, (L) is
equal to the absolue minimum of the Arakelov (absolute) height function A on the
set of closed points of X. This is essentially a consequence of [22, Corollary 5.7]|.
Similarly, the asymptotic maximal slope 5™ (L) is equal to the essential minimum
of the height function hy. This is a result of Ballay [1, Theorem 1.1]. In this article,
we show that these results can essentially be extended to the case of general adelic
curves, if we consider all integral closed subschemes of X. More precisely, we obtain
the following result (see Theorem 4.23 and Proposition 4.32).

Theorem 1.4. Let X be a non-empty reduced projective scheme over Spec K and
Ox be the set of integral closed subschemes of X. For any relatively ample adelic
line bundle L on X, the following equality holds:
o Z|dim(Y)+1)
~asy . ( S . asy
lj‘min(L) = _inf inf /j‘max(L|Y)'
VEO (dim(Y) + (L") vEos

Moreover, if X is an integral scheme, the followmg equality holds:

figos(L) = sup inf [ (Lly).
YeOx ZeOx
Y#X ZZY
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We also show that a property similar to Minkowski’s first theorem permits to
recover the link between the asymptotic maximal/minimal slopes and the Arakelov
height of closed points in the number field case. More precisely, we say that a
relatively ample adelic line bundle L is strongly Minkowskian if for any Y € Ox
one has T

7 dim
lim 1 sup d/e\g(s) > (Lly iin(y) .
noee seHC’(;be\%") (dim(Y) + 1)(L[y )
S
This condition is automatically satisfied always satisfied notably when the adelic
curve S comes from a number field (consequence of Minkowski’s first theorem) or
a function field of a projective curve (consequence of Riemann-Roch theorem). We
then establish the following result (see Corollary 4.28).

Theorem 1.5. Let X be an integral projective scheme over Spec K and L be a
relatively ample adelic line bundle on X which is strongly Minkowskian. Denote
by X©) the set of closed points of X. Then the equality fitsy, (L) = inf, ¢ x ) h(x)
holds.

Motivated by Theorem 1.4, we propose the following analogue of successive min-
ima for relatively ample adelic line bundles. Let X be an integral projective scheme
of dimension d over Spec K and L be a relatively ample adelic line bundle on X.
Forie {1,...,d+ 1}, let

ei(L)=  sup inf 725 (L|z).

/J’max
Y C X closed Z € Ox
codim(Y)»i ZZY

With this notation, one can rewrite the assertion of Theorem 1.4 as

e1(L) = g (L), ear(L) = Hnin (L)-

We show in Remark 4.33 that, in the number field case, one has

Vie{l,...,d+1}, e(L)= sup inf  hy(z). (1.2)
Y C X closed ze(X\Y)©
codim(Y)>1
Thus we recover the definition of successive minima in the sens of [21, §5]. We
propose several fundamental questions about these invariants:

(1) Do the equalities holds in the case of a general adelic curve, under the
assumption that the L is strongly Minkowskian?

(2) What is the relation between the invariants ea(L),...,eq(L) and the sec-
tional algebra @, .y H°(X, L®™) in adelic vector bundles?

(3) Does the analogue of some classic results in Diophantine geometry concern-

ing the successive minima, such as the inequality

T+ 41
S = el

still holds for general adelic curve?

(4) In the case where (X, L) is a polarized toric variety and the metrics in
( are toric metrics, is it possible to describe in a combinatoric way the
positivity conditions of L, and express the the invariants e;(L) in terms
of the combinatoric data of (X, L), generalizing some results of [6, 7] for
example?
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The last part of the article is devoted to the study of global positivity of adelic
line bundles. Motivated by Nakai-Moishezon criterion of ampleness, we say that an
adelic line bundle L on X is ample if it is relatively ample and if the normalized
height with respect to L of integral closed subschemes of X has a positive lower
bound. We show that this condition is equivalent to the relative ampleness together
with the positivity of the invariant fifs (L). Therefore, we deduced from Theorem
1.1 that, if Ly, . .., Ly are ample adelic line bundles on X, where d is the dimension

of X, then one has (see Proposition 5.3)
(fo .- 'Zd)S > 0.

In the case where L is strongly Minkowskian, L is ample if and only if it is relatively
ample and the height function h7 on the set of closed points of X has a positive lower
bound (see Proposition 5.4). Once the ample cone is specified, one can naturally
define the nef cone as its closure. It turns out that the nefness can also be described
in a numerical way: an adelic line bundle L is nef if and only if it is relatively nef
and 71> (L) > 0 (see Proposition 5.6).

Bigness and pseudo-effectivity are also described in a numerical way by the
invariant %Y, (-): an adelic line bundle L is big if and only if L is big and 2%, (L) >

0 (which coincides with the bigness in [10]); it is pseudo-effective if and only if L

is pseudo-effective and 2%y (L) > 0 (see [10, Proposition 6.4.18] and Proposition
5.13). We deduce from Theorem 1.3 that, if Lo, ..., Ly are adelic line bundles on
X such that Ly is pseudo-effective and that L1, ..., Ly are nef, then the inequality
(Lo,...,Laq)s = 0 holds (see Proposition 5.14).

The article is organized as follows. In the second section, we recall some termi-
nologies and facts of Arakelov geometry over adelic curves. In the third section,
we study relative ampleness and nefness. In the fourth section, we focus on the
asymptotic maximal slope and its relation with positivity of adelic line bundles. In
the fifth and last section, we discuss global positivity conditions.
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2. NOTATION AND PRELIMINARIES

2.1. By proper adelic curve, we mean the data S = (K, (Q,A,v),¢) consisting
of a field K, a measure space (2,4,v) and a family ¢ = (]-|u)weq of absolute
values on K, such that, for any a € K \ {0}, the function (w € Q) — In|a|, is
integrable on (€2, A, v) and of integral 0. In this article, we consider an adelic curve
S =(K,(Q,A,v),¢) which satisfies the following conditions:
(a) K is a perfect field, that is, either K is of characteristic 0, or K is of
characteristic p > 0 and the Frobenius map (a € K) > a? is surjective;
(b) either the field K is countable, or the o-algebra A is discrete.
For any w € (), we denote by K, the completion of K with respect to the absolute
value |-|,.

2.2. We call adelic vector bundle on S the data E = (E, (||-||w)weq) consisting of
a finite-dimensional vector space E over K and family of norms, where each |||,
is a norm on E, = F ®k K,, which satisfy the following conditions:

(1) (measurability) for any s € E, the function
(w e ) — |is]lw

is A-measurable,
(2) (dominancy) there exists a basis e = (e;)7_; of E over K and an integrable
function A(-) on (Q,A,v) such that, for any w € Q and any (A1,...,\.) €

KGN (0,00}
In|[Arer + -+ Arerllw — Inmax{|A1|w, - -y | Ar]w}] < Alw).

In this article, all adelic vector bundles are assumed to be ultrametric on non-
Archimedean places, namely we assume that ||-||,, is ultrametric when ||, is non-
Archimedean.

2.3. Let E = (E,(||||lo)wea) be an adelic vector bundle on S and 7 be the dimen-
sion of E over Spec K. The Arakelov degree of E is defined as

deg(E) = —/an||el A Aer|lwdes v(dw),

where the determinant norm |||, det on det(E,) is define as

Vnedet(Ey), |n)wdet = inf
(zi)i—1€E,
N=T1 N\ NZp

(2| PP | | e

If E is non-zero, we define the slope of E as
o deg(E)
E)=—"—
1(E) dimy (B’

the mazimal slope of E as
ﬁmaX(E) ‘= sup ﬁ(ﬁ)a
0£FCE

where F runs over the set of non-zero vector subspaces of E equipped with restricted
norms, and the minimal slope of E as

ﬁmin(E) = Ei»Ile¢O ﬁ(é)v
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where G runs over the set of non-zero quotient vector spaces of E equipped with
quotient norms.

2.4. Let E and F be two adelic vector bundles on S and ¢ : E — F be a K-linear
map. We define the height of ¢ as

W) = /Q In ]l (dw),

where ||¢||, denotes the operator norm of the K,-linear map E, — F,, induced
by ¢. Moreover, if E is non-zero and if ¢ is injective, then the following slope
inequality holds (see [10, Proposition 4.3.31]):

ﬁmax(E) < //J\/max(F) + h(@)
25. Let E = (E,(|||pw)wen) and F = (F,(||-| Fw)weq) be two adelic vector
bundles on S. We denote by E ®. . F' the adelic vector bundle (E ® F, (||||u)wen)
defined as follows: when ||, is non-Archimedean (resp. Archimedean), the norm
||| is the e-tensor product (resp. m-tensor product) of ||| .. and ||| 7w, which is
the greatest ultrametric norm (resp. greatest norm) on E,, ® F,, such that

V(s:t) € By X Foo, s @ tlle = [|s]| Ewlltll re-

2.6. Let f: X — SpecK be a reduced projective scheme over Spec K (which is
geometrically reduced since K is assumed to be perfect). For any w € Q, let X, be
X Xgpec k Spec K, and let X2" be the analytic space associated with X, (in the
sense of Berkovich if |-|, is non-Archimedean). If L is an invertible Ox-module,
we call metric family on L any family ¢ = (¢, )weq, where ¢, is a continuous
metric on L, = L|x_,. We say that L = (L, ) is an adelic line bundle on X if
the metric family ¢ is dominated and measurable (see [10, §6.1]). For example, if
E is an adelic vector bundle on S, g : X — P(E) is a projective K-morphism and
L = g*(Og(1)), then the invertible O x-module L, equipped with the pullbacks of
Fubini-Study metrics (called a quotient metric family), forms and adelic line bundle
on X.

Let L = (L,¢) be an adelic line bundle on X. We denote by f.(L) the couple
(HY(X, L), (|||l )wes), where for s € H*(X,,, L),

[slle. = sup |s]e, (2).
TeXan

It turns out that f.(L) is an adelic line bundle on S (see [10, Theorems 6.1.13 and
6.1.32]).

2.7. Let X be a reduced projective scheme over Spec K. Let L be an invertible
Ox-module, ¢ = (Yw)wen and ¥ = (Y,)wen be metric families on L such that
(L, ) and (L, 1) are both adelic line bundles. Then we define the distance between

@ and ¥ as
e ()
d = 1 dw).
(90»7/}) /Q:vseu)l()w ! ||ww(93) V( W)

If L is semiample and if there exists a positive integer m and a sequence (©y,)nen
of quotient metric families (where ¢, is a metric family of L®"™), such that

lim d(nme, p,) =0,

n—-+o0o

we say that the metric family ¢ is semi-positive.
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2.8. Let X be a non-empty reduced projective scheme over Spec K and d be the
dimension of X. We denote by Int(X) the set of adelic line bundles L on X which

can be written in the form A; ® Z; , where each A; is an ample invertible Ox-
module equipped with a semi-positive metric family. In [11], we have constructed
an arithmetic intersection product

(Lo, -, La) € It(X)™Y) — (Lo -+ La)s € R,

which is multi-linear with respect to tensor product. We have also related the
arithmetic intersection number (Lo - - Lg)s to the height of the multi-resultant of
Lo,...,Lq.

2.9. Let f: X — Spec K be an integral projective scheme over Spec K and L be
an adelic line bundle on X such that L is ample. Then the sequence

deg(f.(L°™)

cogtl.ly ) N
nd @y e

converges to a real number which is denoted by ;(;lx(f). This result has been
proved in [12, Theorem-Definition 5.5] under the assumption that X is geometrically
integral. This hypothesis has been used there to ensure that the K-scheme X
remains integral by a base change to the perfect closure of K. Since here we
assume the field K to be perfect, this result also applies to integral K-schemes.
Moreover, in the case where the metrics in the adelic line bundle structure of L are
all semi-positive, the following Hilbert-Samuel formula holds:

voly (L) = (T,

where d is the dimension of X.
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3. RELATIVE AMPLENESS AND NEFNESS

Throughout the section, we fix a proper adelic curve S = (K, (2,4, v), ¢) such
that, either K is countable, or (£2,.4) is discrete. We assume in addition that K is
perfect.

3.1. Convergence of minimal slopes.

Lemma 3.1. Let k be a field, X and Y be projective k-schemes and g : Y — X be
a projective k-morphism such that g.(Oy) = Ox. Let L be an ample line bundle
onY and M be an ample line bundle on X. Then there exists N € Ny such that,
for any (n,m) € N? satisfying min{n,m} > N, the k-linear map
HY(Y, L®") @ HO(X, M®™) = H°(Y, L®") @ HO(Y,g"(M®™))
— H(Y, L®" @ g*(M)®™)
defined by multiplication of sections is surjective.

Proof. Consider the graphe
Iy:Y —Y x; X

of the morphism ¢ : Y — X. It is a closed immersion since g is separated. Denote
by I the ideal sheaf of the image of I'y. Let p: Y X3 X =Y and ¢: Y x, X — X
be the two projections, and A = p*(L) ® ¢*(M). Since M and L are both ample,
the line bundle A on Y x; X is ample. Moreover, one has I';(A) = L®g*(M). The
short exact sequence

OHIHOYXKXHOYXIMX/IHO

induces, by tensor product with the invertible sheaf p*(L®™) @ ¢*(M®™) and then
by taking cohomology groups on Y x; X, an exact sequence of K-vector spaces
HO(Y, LE™) @ HO(Y, g"(M)®™) — H°(Y, L®" @ g*(M)®™)
— HY Y x3 X, I @ p*(L®™) @ ¢*(M®™)).
By [15, Example 1.4.4], the line bundles p*(L) and ¢*(M) are nef. By Fujita’s

vanishing theorem (cf. [13, Theorem 5.1]), there exists N € N3, such that, for any
(n,m) € N2 such that min{n,m} > N, one has

HY(Y x X, T@p" (L") ® ¢"(M™))
= HYY x X, T® A®N @ p* (L2 =Ny @ ¢* (M®m=N))) = 0,
Therefore the assertion follows. d
Lemma 3.2. Let (k,||) be a filed equipped with a complete absolute value. Let X
be a projective scheme over k, L be a semi-ample line bundle on X and ¢ be a

semi-positive metric of L. Then, for any projective K-morphism g : Y — X, g*(v)
is also semi-positive.

Proof. Replacing L by a tensor power, we may assume that L is generated by global
sections, and that there exists a sequence of quotient metric families (¢, )nen such
that )

lim —d(ny,¢,) =0.

n—+oo n



POSITIVITY OF ADELIC LINE BUNDLES OVER AN ADELIC CURVE 11

Note that for each n € N, the pull-back g*(,,) is still a quotient metric, and one
has

d(ng™ (), 9" (¢n)) < d(nep, ¢n).
Therefore we obtain that g*(¢) is semi-positive. O

In the remaining of the section, we let f : X — Spec K be a non-empty and
reduced projective scheme over Spec K. Since the base field K is supposed to be
perfect, the K-scheme X is geometrically reduced.

Proposition 3.3. Let L = (L, ) be an adelic line bundle on X such that L is
ample. Then the sequence

~ +@n
min\J* L

wv neN, n>1 (3.1)

n

converges in R.

Proof. For any n € N3 let E,, = (E,,&,) be the adelic vector bundle f, (Z®n).
Since L is ample, by Lemma 3.1 there exists N € N5; such that, for any (n,m) €
N; N> the map

E,®x Eym — Epym, sSQt— st
is surjective. Moreover, if we equip E,, ® F,, with the &, 7-tensor product of the
norm families &, and &,,, the above map has height < 0. By [10, Proposition 4.3.31],
one has

//Zmin(Ener) 2 //J\min(En ®5,7r Em)

Moreover, since the field K is assumed to be perfect, by [10, Corollary 5.6.2] (see
also [12, Remark C.3|), one has

ﬁmin (En ®5,7r E’H’L) 2 ,amin (En) + ///Zmin (E’I)’L)
3
- iu(Qm)(ln(dimK(En)) + In(dimg (Ep))).-
Note that
In(dimg (E,)) = O(In(n)),

and, by [10, Propositions 6.4.4 and 6.2.7], there exists a constant C' > 0 such that
ﬂmin(En) < ﬁmax(En) g CTL
Therefore, by [9, Corollary 3.6], we obtain the convergence of the sequence (3.1). O

3.2. Relative ampleness and asymptotic minimal slope.

Definition 3.4. Let L = (L, ) be an Edelic line bundle on X. If L is ample, we
define the asymptotic minimal slope of L as

~ —@n

=2 min\J * L

(D) =ty P
n—+o0o n

By definition, for any m € N such that m > 1, one has

A (L9™) = m sy, (D). (3.2)

Proposition 3.5. Let L = (L,p) and M = (M,1)) be adelic line bundles on X
such that L and M are ample. Then one has

i (L ® M) > [ (L) + figgiy (M). (3-3)

min
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Proof. By Lemma 3.1, for sufficiently large natural number n, the K-linear map
HY(X, L") @ H (X, M®") — H°(X,(L ® M)®"), s®t+ st
is surjective. Moreover, for any w € €2, the following inequality holds:
V(s,1) € H(Xu, LE™) x HOXots ME™), tlnon) < Isllnge, - [Ellnve.

Therefore, if we equip H(X, L®") @ H(X, M®") with the e, m-tensor product
norm family, then the above K-linear map has height < 0. Hence, by [10, Proposi-
tion 4.3.31 and Corollary 5.6.2] (see also [12, Remark C.3]), we obtain

~ —Qn _ =—=Qn ~ —Qn ~ 3N
Mmm(f*(L ®M )) 2 Mmm(f*(L )) +/’Lm1n(f*(M ))
- gu(gm) ( In(dimg (HO(X, L)) + In(dim g (H°(X, M®"))))‘
We divide the two sides of the inequality by n and then take the limit when n —

400, using
. 1 . 0 SnaNy 1 1 . 0 Snay
ngrfw - In(dimg (H (X, L®™))) = ngrfw - In(dimg (H (X, M®™))) = 0.

we obtain the inequality (3.3). O

Proposition 3.6. Let L be an ample line bundle on X and @1 and po be metric
families on L such that (L, 1) and (L, @2) are both adelic line bundles. Then the
following inequality holds:

Fiin (L 1) = B (L, 02) | < d(01, 02). (3.4)
Proof. For any n € N, the identity maps
Fo(LE" np1) — fo(LO7 nepa)
and
fo(LE" npa) — [ (L2, ngpy)

have heights < d(np1,nps) = nd(e1,p2). By [10, Proposition 4.3.31], we obtain
that

ﬁmin(f*(L®n7n@1)) - //Imin(f*(L®n»n902)) < nd(%l» 302)

Dividing the two sides of the inequality by n and then taking the limit when n —
+00, we obtain (3.4). O

3.3. Asymptotic slope and intersection number. In this subsection, we as-
sume that X is integral. Let L be an adelic line bundle on X such that L is ample.
Note that
dim 0 XN _ (Ld) d d
k(HY (X, L®™)) = TR +o(n%), n— +oo.
Therefore, one has

A(f(IE")  vol (D)

AT T A ) (3:5)
- vol, (T)

We denote by 1% (L) the value and call it the asymptotic slope of L.

(d+1)(L%)
We recall below the Hilbert-Samuel formula for adelic line bundles in the frame-
work of Arakelov geometry over an adelic curve.
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Theorem 3.7 (Hilbert-Samuel formula). If L = (L, ) is an adelic line bundle on
X such that L is ample and o is semi-positive, that is, L is relatively ample in the
sense of Definition 3.9 below, then vol, (L) = (fdﬂ)g and hence
—d+1
—~asy [T (L )s
(L) = —F. 3.6
Proof. See [12, Theorem 1.2] or §2.9. O

Remark 3.8. Let L be an adelic line bundle on X such that L is ample. By definition
the following inequality holds:

(L) 2 Ty (L)- (3.7)

3.4. Lower bound of intersection number for relatively ample adelic line
bundles.

Definition 3.9. Let (L, ¢) be an adelic line bundle on X. We say (L, ¢) is relatively
ample if L is ample and ¢ is semi-positive. By [10, Proposition 2.3.5], if L and M
are relatively ample adelic line bundle, then the tensor product L @ M is relatively
ample.

Theorem 3.10. Let L; = (L;, ;) be a family of relatively ample adelic line bundles
on X, where i € {0,...,d}. For anyi € {0,...,d}, let

0 =(Lo--+Li—1Liy1--- La).
Then the following inequality holds:

d
(Lo La)s = Y _ 6 fipn (Lo). (3.8)
i=0
Proof. Without loss of generality, we may assume that Lo, ..., Ly are very ample.

For any n € N3q and any ¢ € {0,...,d}, we denote by E;, the K-vector space
HO(X, Ll@”), and set r; , = dimg(F; ) — 1. We denote by &,,, the norm family
(I'llngs. Jwea on E;p, and let &, be a Hermitian norm family on Ej,, such that
(Ein,&in) forms an adelic vector bundle and that

1
dus(iin: Ene:) < 5log (W) In(rin +2).
The existence of such a Hermitian norm family is ensured by [10, Theorem 4.1.26].

Let @En) be the metric family on L; such that ngol(-n) identifies with the quotient
metric family induced by the closed embedding X — P(E; ,,) and the norm family
&in. Since
1
lim —In(r;,, +2)=0
n—+oco n

and the metric families ¢; are semi-positive, by [11, Proposition 3.3.12], we obtain
that

lim d(cpl(-")7 i) = lim dw(goz(-n), i) v(dw) = 0.

n—-+oo n——+oo Q

For any n € N>, let R,, be the one-dimensional vector space of

S0 (EY) @y - - @ SV0U(EY,) (3.9)



14 HUAYI CHEN AND ATSUSHI MORIWAKI

spanned by any resultant of the closed embeddings X — P(E;,,). We equip each
§ndo (E},) with the orthogonal symmetric power norm famlly of ¢, and the

tensor product space (3.9) with the orthogonal tensor product norm family. By
[11, Remark 4.2.14] and [3, Corollary 1.4.3 and Lemma 4.3.8|, we obtain that

" n 1 ri,n—l—ndéi
(Lo, 26”) -+ (Lao))s > =i (deg( Zl( i, ))

1
Z - L (deg( an(S In(rip + 1),
(3.10)

where the second inequality comes from

b
V(a,b) € Ny, (“j )<<a+1>b.
Note that

deg(Rn) < Fimax (87 (Ey 1, €0) ® --- @ S0U(EY €1 ). (3.11)

In the case where K is of characteristic 0, by [12, Remark B.6] and [10, Proposition
4.3.31], we obtain

ﬁmax (Sndé0 (E(\)/,na 5(\J/,n) @ Snd&d (E(\i/,nv E;/,n))

—~ na n?
< Fimas (B s €00) 2™ @+ @ (BY 1, 60,08 %) + v(Qe0) > n%6; In(ns;).

(3.12)
By [10, Corollaries 4.3.27 and 5.6.2|, we have
- nd nd
/Jmax((ES/,nv ga/,n)(@ %0 - ® (Egl/ﬁw fl\i/,n)® 6d)
d 1
I A S ST B
1
= Z nd(s ( ,Umm i,na gi,n) + 57/(900) ln(ri,n + 1))
Combining (3.10), (3.11), (3.12) and (3.13), we obtain
S 7 §in)
((LO,SOE)H)) (Ld7 Zé IIlll’l zn7 i,m
=0 (3.14)
3 45 sy
— 57(2) ; —In(rin + 1) = () ZO —In(ns;).

In the case where K is of positive characteristic, by [12, Corollary C.2 and Theorem
C.5], we obtain

d
ﬂmax (Snd&0 (E(\)Cnv g(\J/,n) R Sndéd (Egl/,na fl\jcn)) < Z nd(si ﬁmax (Ez\fnv gz\{n)
=0
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Hence the inequality (3.14) still holds in this case. Since r;,, = O(n?), taking the
limit when n goes to the infinity, we obtain the inequality (3.8). O

~asy

3.5. Relative nefness and continuous extension of i .

Proposition 3.11. Let L and A be adelic line bundle on X. Assume that L is nef
and A is ample. Then the sequence

1
= fite) (I®" ®4), neNs (3.15)

min

converges in R U {—oo}, and the limit does not depend on the choice of A. In
particular, in the case where L is ample, the following equality holds:

1 _
lim  — fimin (25" ® A) = fimin(L). (3.16)

n—+oco n

Proof. Let p be a positive integer. By Proposition 3.5, for any ¢ € N3; and any
r € {1,...,p}, one has

a8 1 sy +®+1) ®(4+1)
@ @A) = g B (L7 oA

> 7 (A @ o @) 4 g 0T 9 ) + (- DELA))-
Taking the limit superior when ¢p + r — 400, we obtain
R (T @A) > plimsup © 7, (L7 0 ) + 723, (4),
which leads to
lim inf % (L @A) > > limsup - i (L7 @A),

Therefore the sequence (3.15) converges in [—o0, +00]. Moreover, still by Proposi-
tion 3.5, for any p € N3, one has

~as) s 1 Aas 1 Aas -1 Aas x
p p p
which shows that
1
lim -3 (I @A) < i (T o 4) — 3™ (4 .
pigloo p :umm( ® ) ,Lme( 29 ) p’mm( ) < 400

To prove the second assertion, we first show that the limit of the sequence does
not depend on the choice of the metric family on A. For this purpose, we consider
two metric families ¢1 et w2 on A such that both (A, 1) and (A, @) are adelic line
bundles on X. By Proposition 3.6, for any n € N one has

~asy /TN as, N
fiin (L7 @ (A, 1)) = igin (L @ (A, 1)) < d(1, 92),
so that
1o 1 n
lim =Y (L7 @ (A1) = lim = @ (7" @ (A, ¢2)). (3.17)

n—+oo n min n—+oo n

We then show that, for any p € N34, the following inequality holds:

1 n_ — 1 _as n __ —
lim — 2 (L% @A) = lim — 5> (%" @ 4A°7). (3.18)
n n
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In fact, by (3.2), for any n € N>; one has

1 sy ~&n _ — 1 sy ~®np _ —
S (T @A) = — iy (L7 9 &),
n np
Taking the limit when n — 400, we obtain the equality (3.18).
Note that if B is another adelic line bundle such that B is ample, then the
following inequality holds:
1 —en _— 1 oer —om  — —
lim — Y (" ®@4)< lim - (I @ A2 B). (3.19)

n—+oco n n—+oo n
In fact, by Proposition 3.5, for any n € N>, one has

lAas TN vy ) 1/\as N e lAaS
Eun;gn(L@ ©A9B)> ] v (L ®A) + — i (B)-

min min

Taking the limit when n — 400, we obtain (3.19).
Finally, we show that, if B is an arbitrary adelic line bundle such that B is
ample, then the equality

1 ey —om  — 1 ey —on  —
lim Y (%" ®4)= lim -3 (" @ B) (3.20)
n n

holds. In fact, there exists p € N> such that N = B¥? ® AV is ample. We equip it
with an arbitrary metric family such that N forms an adelic line bundle. By (3.19)
we obtain

1 —gn _ — 1 s om
lim - (I @A) < lim - (I @ daN).

n—+oco n n—+4oo n

Since A ® N is isomorphic to B®P, by (3.17) and (3.18) we obtain

sy (7O X4 o AT 1 ~asy [ E5)
Y (I @AdeN)= lim - (Z°" @ B).

1
n—+oo N n—+oo n

Therefore, we deduce

. 1 ~asy —®n s . 1 ~asy —@n )
Interchanging the roles of A and B we obtain the converse inequality.
To obtain the equality (3.16), it suffices to apply the equality (3.20) in the

particular case where A = L. The proposition is thus proved. (I

Definition 3.12. Let L be an adelic line bundle on X such that L is nef, we define

(D)= lim — A% (I%" @A),
n

min

where A is an arbitrary adelic line bundle such that A is ample. The element
~asy

fesy (L) of RU {—o0} is called asymptotic minimal slope of L.

Remark 3.13. Tt is an interesting question to ask when the asymptotic minimal
slope is a real number. As we will show in Theorem 3.25, the asymptotic minimal
slope does not decrease if we replace the adelic line bundle by its pullback by a
projective morphism. In particular, if L is the pullback of an ample line bundle by

a projective morphism, then 5 (L) € R.
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Proposition 3.14. Let L and M be adelic line bundles on X such that L and M
are nef. One has

ignin (L ® M) = [y (L) =+ figgiy, (M). (3.21)
Moreover, one has
. 1 o~ —Q@n —_— N —
| — (L M a8y ([ 22
Jim i (L ® M) = Fingy (L) (3.22)

provided that 2% (M) > —oo0.

min

Proof. Let A be an adelic line bundle on X such that A is ample. For any n € N>,
by Proposition 3.5 one has

%Aasy (L®7L®M ®A ) %Aasy (L ®A) Aasy (M ®A)

mm mm mm

Taking the limit when n — 400, we obtain the inequality (3.21).
By (3.21), we obtain that, for any positive integer n, the inequality

1 1
= e (7" @ M) = (L) + — ~ Hogin (M)
n

asy
min

Since 1i2*Y (M) € R, taking the limit inferior when n — 400, we obtain

lim inf — u?ﬁy (L "® M) > ﬁ?jiz](L)

n—+oo N

Pick an adelic line bundle A on X such that A is ample. Since A ® M is ample,
one has

1 n__ — ~
lim — ™ (Z%" @ M @ 4) = i (T). (3.23)

n—4+oo N

Moreover, by (3.21) one has

1 1 1 —
ST e Mo A) 2 — i (T @ M) + — i, (A).
n n n
Taking the limit superior, by (3.23) we obtain
1
timsup © 72 (T 7) < i, (D).
n—-+o0o
Hence the equality (3.22) holds. O

Definition 3.15. Let L = (L, ) be an adelic line bundle on X. We say that L
is relatively nef if there exists a relatively ample adelic line bundle A on X and
a positive integer N such that, for any n € Nsy, the tensor product L®" @ A is
relatively ample.

Proposition 3.16. Let L = (L,¢) be an adelic line bundle on X such that L is
semi-ample and ¢ is semi-positive. Then, for any adelic line bundle A = (A, 1)) on

X which is relatively ample and any n € N, the tensor product I ® A is relatively
ample. In particular, L is relatively nef.

Proof. Since L is semi-ample, we obtain that, for any n € N, L®" ® A is ample.
Moreover, by [10, Proposition 2.3.5], n¢ + ¢ is semi-positive. Hence e ® A is
relatively ample. ([l

Proposition 3.17. Let L anﬂﬁibe adelic line bundles on X which are relatively
nef. Then the tensor product L ® M is also relatively nef.
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Proof. Let A and B be relatively ample adelic line bundles on X, and N be a

positive integer such that e ® A and Mgl ® B are relatively ample for any
integer n > N. We then obtain that (L ® M)®" @ (A ® B) is relatively ample.
Therefore L ® M is relatively nef. O

Proposition 3.18. Let Ly, ..., Lq be a family of relatively nef adelic line bundles
on X. For any i € {0,...,d}, let
0i=(Lo---Li—1Liy1--- La).
Assume that §; > 0 for those i € {0,...,d} such that e, (L;) = —oc. Then the
following inequality holds:
d

(Lo Z i Fipin (L (3.24)

=0

Proof. If there is i € {0,...,d} such that i (L;) = —oo, then the assertion is
obvious, so that we may assume that i (L;) > —oo for all i € {0,...,d}.

min

Let A; be a relatively ample adelic line bundle on X such that Z? "® A, is
relatively ample for sufficiently large positive integer n. For any i € {0,...,d} and
any positive integer n, let

Zi,n = Z?n ® A,
Oim = (Lo - LicinLit1.n- - Lan)-

By the multi-linearity of intersection product, we obtain that

51,,71 (ZO,H o 'Zd,n)S - -
A S =l SRS~ (T T,
Note that Theorem 3.10 leads to
d

(ZO n Ld n z n Aas 7 n)
> mm
=0

for sufficiently large positive integer n. D1V1d1ng the two sides by n?*! and then
taking the limit when n — 400, we obtain the inequality (3.24). |

3.6. Pull-back by a projective morphism.

Lemma 3.19. If L = (L, ) is a relatively nef adelic line bundle on X and if
g Y — X is projective morphism from a reduced K-scheme Y to X, then the

pull-back g* (L) is a relatively nef adelic line bundle on Y.

Proof. Let A = (A,1) be a relatively ample line bundle on X and N be a positive
integer such that T ed = (L®"® A, np+1)) is relatively ample for any n € Nx .
Note that L®"® A is ample and hence g*(L)®"®g*(A) is semi-ample. Moreover, by
Lemma 3.2, np+1 is semi-positive. We choose an arbitrary relatively ample adelic
line bundle B on Y. By Proposition 3.16, we obtain that g*(L)*" ® (¢*(A) ® B) is
relatively ample for any n € Ny . Thus the assertion follows. ([

Proposition 3.20. Let L = (L, ) be an adelic line bundle on X such that L is nef.
For any non-empty and reduced closed subscheme Y of X, the following inequality
holds:

a2 (Lly) = a2 (L). (3.25)

mm = mm
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Proof. We first consider the case where L is ample. Clearly the restriction of L to
Y is ample, and there exists ng € N such that the restriction map

s HO(X, L®") — HO(Y, LI$™)

is surjective for any n € Ns,,,. Moreover, if we denote by ¢} the restriction of the
metric o, to Ly, , then, for any s € HY(X,,, L"), the inequality

[sllng., = [17n,w(s) Hngo{

holds, so that, by [10, Proposition 4.3.31], we obtain
Finin (HO (Y, LIS™), (- llngy Jwen) = Fimin(HO(X, LE™), ([, Jwen)

for any n € N3,,. Dividing the two sides of the inequality by n and taking the
limit when n — +00, we obtain the inequality (3.25).

In general, let A be an adelic line bundle on X such that A is ample. By the
above argument, one has %Y (Aly) > %Y (A) > —oo. Since L is nef, L]y is also
nef (see [15, Example 1.4.4]) and therefore gty (L|y) is well defined. By (3.22) and

the above case, one has
. 1 . — . 1 . ~
fan(@ly) = lim —pgd (L9 @ Aly) > lim (07" ©4) = e, (L),
as required. ([
Proposition 3.21. Let Y be a reduced and non-empty closed subscheme of X and

r be the dimension of Y. Let Ly,...,L, be a family of relatively nef adelic line
bundles on X. For any i € {0,...,r}, let

0; = (Loly - -+ Li—1ly Litaly - - Lr|y)-
Assume that, for any i € {0,...,7}, & > 0 once i (Lily) = —oco. Then the
following inequality holds:

(Loly - Lvly)s Zé % (Lily ). (3.26)

Proof. This is a consequence of Proposition 3.18 and Lemma 3.19. O

Proposition 3.22. Let Lo = (Lo, o), ..., Lq = (Lq,0q) be a family of adelic line
bundles on X. For any i € {0,...,d}, let

0; = (Lo---Li—1Liy1--- La).

Assume that Ly, ..., Ly are relatively nef, Ly admits a global section s which is a
regular meromorphic section, and, for any i € {1,...,d}, 8 > 0 once i (L;) =
—oo. Then the following inequality holds:

M&
)
=R
5‘<

/ / 1 5]l g0 01 (Lt 91.0) - 1 (Lt ) ().
(3.27)
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Proof. If there exists i € {1,...,d} such that ) (L;) = —oo, then the inequality

lLtmln

(3.27) is trivial. Therefore, we can assume that fi>>> (L;) € R for any i € {1,...,n}.
Let div(s) = a1Z1+- - - +a,Z,, be the decomposition of div(s) as linear combination
of prime divisors, where aq,...,a, are non-negative integers since s is a global
section. By proposition 3.20, for any i € {1,...,d} and and any j € {1,...,n}, one
has

T (Lil z;) 2 i (Li)- (3.28)
By [11, Proposition 4.4.4], one has

(Lo La)s = Zaa (Lilz, - Lalz,)s

/ / 10 (8]0 . (2) €1 (L1 o 91.0) - €1 (Lo 9u.0) () ().

By Proposition 3.21, one has
n n d n d
> aj(Talz, - Talz)s 2> a5 > 0, mn(Lilz,) =D a5 bij i (La),
j=1 j=1  i=1 j=1  i=1

where
0ij = (L1lz; - Li—1lz; Lit1lz; -+ - Lalz;),
and the second inequality comes from (3.28). Note that, for any ¢ € {1,...,d}, one

has
n
> ajbij =0
j=1
Hence we obtain the desired inequality. [

3.7. Asymptotic minimal slope of a quotient adelic line bundle.

Proposition 3.23. Let (E, &) be an adelic vector bundle on S, L be a quotient line
bundle of f*(E) and ¢ be the quotient metric family induced by §. Then the adelic
line bundle (L, p) is relatively nef. Moreover, the following inequality holds:

P () = in(B) — 3v(0e0) In(dimc () (329)

Proof. By [16, Propositions 6.1.8 and 6.1.2], f*(F) is a nef vector bundle on X and
hence L is a nef line bundle. Moreover, since quotient metrics are semi-positive (see
[10, Remark 2.3.1]), the adelic line bundle L is relatively nef.

In the following, we prove the inequality (3.29). Let p be an integer and A be
a relatively ample adelic line bundle on X. Then r ® A is relatively ample.
Let Y = P(f*(E)®?) and g : Y — X be the structural morphism. The quotient
homomorphism f*(E) — L induces by taking the tensor product a surjective ho-
momorphism f*(E)®P — L®P_ which corresponds to a section s : X — Y such that
s*(Oy (1)) = L®P. Hence

s (Oy (1) ® g*(A)) = L®P ® A.
By Proposition 3.20, one has
A (L™ @A) > @i (Oy (1) @ g* (A)), (3.30)

mln mll’l
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where we consider Fubini-Study metric fiber by fiber on Oy (1). Note that, for any
integer n € N1, by the adjunction formula one has
HO(Y, Oy ()@ g"(A)®") = H*(X, S"(f*(E)*")® A®") = S"(E®P) @ H" (X, A®™).
Moreover, the projection map

E®" @ HO(X, A®™) — S™(E®P) @ H°(X, A®™),

where we consider the e, 7-tensor product norm family on the left hagd side of the
arrow, and the adelic vector bundle structure of (fg).(Oy(n) ® g*(A)®™) on the
right hand side. By [10, Corollary 5.6.2] (see also [12, Remark C.3|), we obtain

Mmm(g*(OY( ) g (A n))

1 ~ — ~ —Qn
2 ﬁ (np Hmin(E) + /J/min(f* (A ))

- gy(szoo) In ( dimg (B)" - dim g (H(X, A®")))).
Taking the limit when n — +00, we obtain

B (O (1) @ 9 (A)) > pinin(B) + B (A) — 2 v(Quc)pIn(dimye ().

Combining this inequality with (3.30), we obtain

CREE 97 > fuin(B) + 2 A — 50(0) In(lini (),
Thus, due to Definition 3.12, we obtain
AER(E) > limsup - 7% (07 © 2) > finin(B) = 50(0c) In(dimc (),
p—oo
as required. O

3.8. Asymptotic minimal slope of a pull-back.

Proposition 3.24. Let g: Y — X be a projective morphism of K -schemes, which
is surjective and such that g.(Oy) = Ox. Let L be an adelic line bundle on X such
that L is nef. Then the following inequality holds:

fiin (97 (L)) 2 figgia (L)
Proof. By |15, Example 1.4.4], the line bundle g*(L) is nef, and hence fite (g*(L))
is well defined. We first consider the case where L is ample. Let p be a positive

integer and A be an adelic line bundle on Y such that A is ample. By Lemma 3.1,
for sufficiently positive integer n, the K-linear map

HO(Y,A®") @ HO(X,L®"") — H°(Y,A®" @ g*(L)*"")

is surjective. Moreover, if we equip the left hand side of the arrow with the ¢, 7-

tensor product norm family of those of (fg).(A ) and f.(L ®pn) then the K-linear
map has height < 0. Therefore, by [10, Corollary 5.6.2] we obtain

Fimin (f9)+(A7" @g" (D)) = Famin ((£9)+(A™")) + fimin (£ (L")

- ;V(Qoo) In(dim g (H°(Y, A®™)) dimg (HO(X, L®P™))).
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Dividing the two sides of the inequality by pn and then taking the limit when
n — 400, we obtain

! ALY

p (@@ (D)) > ==+ i (D)

which leads to

~ - 1 e —
firnin (9" (L)) = limsup = A (A @ g™ (L)*7) > figgh, (L)
p—+oo P
We now consider the general case. Let B be an adelic line bundle on X such that
B is ample. By the above argument we obtain that oy (¢*(B)) = i (B) > —oc
and, for any positive integer n,

1 ~as % TON * (T ~asy /7
—Bin(g"(L) @ g°(B)) = — finin (L

Taking the limit when n — 400, by (3.22) we obtain a>¥ (¢*(L)) > > (L). O

Theorem 3.25. Let g : Y — X be a projective morphism of K-schemes. We
assume that Y is non-empty and reduced. For any adelic line bundle L on X such
that L is nef, one has fiee. (g* (L)) = ey (L).

min min

Proof. The projective morphism g can be written as the composition of a closed
immersion from Y into a projective bundle on X and the projection from the
projective bundle to X. Hence the inequality follows from Propositions 3.24 and
3.20. 0

3.9. Comparison with the normalized height. The following height estimate
can be deduced from Theorem 3.18. Here we provide an alternative proof in the
particular case where X is integral by using the arithmetic Hilbert-Samuel formula.

Proposition 3.26. Let L be a relatively nef adelic line bundle on X such that
(L%) > 0. Then the following inequality holds

(zd+1>5 ~asy [T
Proof. We assume that X is integral. In the case where L is relatively ample, it is
a consequence of Theorem 3.7 and Remark 3.8.
We now consider the general case where L is only relatively nef. Let A be a
relatively ample adelic line bundle and N be a positive integer such that L®" @ A
is relatively ample for any n € N>py. For any n € Nyy, the adelic line bundle

T, =L @4 is relatively ample. Hence the particular case of the proposition
proved above shows that

—d+1
(Ln )5' S 728y (Z )

Moreover, by the multi-linearity of intersection product, one has

Vn e N)N,

lim @:(Edﬂ)s, lim (L) = (L%).

nS+4oo pdtl n—-+oo TLd
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Therefore, one obtains

—d+1 —d+1

v — 1 _ L 7
@ = dim L@y < g s )
n—+oo n n—-400 ’Il(d—‘r 1)(Ln) (d+1)(L )

|
Corollary 3.27. Let L be a relatively nef adelic line bundle on X. For any non-
empty and reduced closed subscheme Y of X, the following inequality holds:
~asy (T hz(Y
P (L) < 7= ) :
(dimp(Y) + 1) deg, (V)

In particular, for any closed point x, one has

(3.32)

firnin (L) < hz(2).
Proof. By Lemma 3.19, the restriction of L to Y is relatively nef. By Proposition
3.26 one has B (V)
~asy Z < i )
Frain 1Y) S T 7 + 1) deg (V)
By Proposition 3.20, we obtain (3.32). O




24 HUAYI CHEN AND ATSUSHI MORIWAKI

4. GEOMETRICALLY BIG AND PSEUDOEFFECTIVE ADELIC LINE BUNDLES

As in the previous section, we fix a proper adelic curve S = (K, (2, A, v), ¢) such
that, either K is countable, or (€,.4) is discrete. We assume that K is perfect.
4.1. Convergence of maximal slopes.

Proposition 4.1. Let X be an integral projective scheme over Spec K, and L=
(L,o) and M = (M,v) be adelic line bundles on X such that H°(X,L) and
H%(X, M) are non-zero. Then the following inequality holds:

fimax (f+(L ® M)) 2 Bmax(f« (L)) + Amax(f«(M)) — gv(ﬂoo)(lﬂ(ho(L) -RO(M))),
where h°(L) = dimg (H°(X, L)) and h°(M) = dimy (H°(X, M)).

Proof. By [10, Theorem 4.3.58], there exist non-zero vector subspaces E and F' of
HO(X,L) and H°(X, M), respectively, such that

ﬁmin (E) = //Zmax(f* (I))7 ﬁmin(ﬁ) = //jmax(f* (M))’

where we consider restricted norm families on £ and F. Since X is integral, the
map

E@x F— HY (X, L@ M), s@trs st
is non-zero. Moreover, for any w € €2, one has
V(s:t) € B X Fuo,  lstllpu v < lIsllon - [t

Therefore, the height of the above K-linear map is < 0 if we consider the €, T-tensor
product norm family on F ® g F. By [10, Theorem 4.3.31 and Corollary 5.6.2], we
obtain

> finin(E @z F) > nin(B) + finin(F) — 50() In(dimge () - dime (F)
= i+ (D) (o () = 5 0(0c) In(clitnic () - i (F)

> P -(E)) + B (- (V1)) = S0(0c) (n(0(L) - RO(M))),

as required. 0

Corollary 4.2. Let L be an adelic line bundle on X such that H°(X,L®") is
non-zero for sufficiently large natural number n. The sequence

1. —®
ﬁ ﬂmax(f*(L "))’ n e N>1

converges in R.

Proof. The convergence of the sequence follows from Proposition 4.1, using the
same argument as in the proof of Proposition 3.3. (]
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4.2. Asymptotic maximal slope. In this subsection, we let f : X — Spec K be
an integral projective K-scheme.

Definition 4.3. Let L be an adelic line bundle on X such that L is big. We define
~asy [T . ,amax(f* (E@m))
A (D)=l Hmedie )

By definition, for any p € N>, the following equality holds:

~as; +® ~as T
A (L") = pis (D).

max

Proposition 4.4. Let L and M be adelic line bundles on X such that L and M
are both big. One has

iy (Lo M) > iy (T) + Ay (), (4.1)

/’Lmax /“Lmax :u’max

Proof. For any n € Nxq, let a,, = dimg(H°(X,L®")) and b, = dimg (X, M®™).
One has

In(a,) = O(In(n)), In(b,) =O(ln(n)), n — +oo.
By Proposition 4.1, for sufficiently large n, one has

s (P (L@ DD®) B (£ L") | e (L (17") 3 () In(anbi)
n = n n 2 n )

Taking the limit when n — 400, we obtain the inequality (4.1). a

Proposition 4.5. Let L and A be adelic line bundle on X. We assume that L is
pseudo-effective and A is big. Then the sequence

1 —®n __ —
sy (L% @A), neNs

% Hmax

converges in R U {—occ}. Moreover, its limit does not depend on the choice of A.
In particular, in the case where L is big, the following equality holds:

1 ~as —®n — ~as -
lim — 2™ (L A) =z (L). 4.2
Jim (L ® A) = finay (L) (4.2)
Proof. The proof relies on the super-additivity of the function 2%, (-) (see Propo-
sition 4.4) and follows the same strategy as that of Proposition 3.11. We omit the

details. O

Definition 4.6. Let L be an adelic line bundle on X such that L is pseudo-effective.

We define 2% (L) as the limite

max

1 . ~@n  —
lim — 2y (Z°" ® 4),

n—-+oo N max

where A is an arbitrary adelic line bundle on X such that A is big. The element
asy

asy (L) of RU {—oc} is called the asymptotic mazimal slope of L.

Proposition 4.7. Let L and M be adelic line bundles on X such that L and M
are pseudo-effective. Then the following inequality holds:

~asy (Z®M) 2 ~asy (Z) + ~asy (M)

p’max /‘Lmax /"LmaX
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Proof. Let A be an adelic line bundle on X such that A is big. For any n € N,
(L@ M)®"® A®? = (L®" @ A) ® (M®" ® A)
is big. Moreover, by Proposition 4.4, one has

1 == — 1 —@n — 1,\ —QRn —_
S (T oM 9 A%) > —py (%" o A) + ~ a1 o A).
n n n

:umax :umax :umax
Taking the limit when n — +o00, we obtain
~asy (E®M) 2 ~asy (Z) + —~asy (M)

.umax :umax :u‘max

O

4.3. Pullback by a surjective projective morphism. Let X and Y be integral
projective K-schemes and g : Y — X be a surjective projective morphism.

Lemma 4.8. Let L be an invertible Ox-module. If L is pseudo-effective, then the
pullback g*(L) is also pseudo-effective.

Proof. Let A be a big invertible Ox-module and B be a big invertible Oy-module.
For any positive integer p, the invertible Ox-module L®? ® A is big and hence
g*(L®” @ A) is pseudo-effective since it has a tensor power which is effective.
Similarly, ¢g*(A) is also pseudo-effective. Thus we obtain that ¢*(A) ® B and
g*(L)®? ® g*(A) @ B are big. In particular, g*(L) is pseudo-effective. O

Proposition 4.9. Let L be an adelic line bundle on X such that L is pseudo-
effective. Then the following inequality holds:

fima (97 (L)) = fimi (L)-
Proof. We have seen in Lemma 4.8 that the invertible Ox-module L is pseudo-

effective, so that %Y, (L) is well defined. We choose an adelic line bundle A on X

Mmax

such that A is big.
We first assume that L is big. Let n and p be positive integers. We consider the
K-linear map

HO(X, g.(A®")) @ HO(X, L") — H(X, g.(A®") & L")
= HO(Y, A% @ ¢ (L")

induced by multiplication of sections. Let E be the destabilizing vector subspace
of (fg)*(ZQ%) and let F' be the destabilizing vector subspace of f, (Z@mp). By [10,

Proposition 4.3.31], one has
~ - - ~ —®n % /TN
fimin (£ ®c . F) < Hmax((f9)«(A™ @ g"(L p))).
by [10, Corollary 5.6.2 and Remark 4.3.48] (see also [12, Remark C.3]), one deduces

fimax (f9)«(A°" @ " (T°™)))

> Finin (B) + fnin (F) — S0(00) ((dimic () + In(clnnsc ()

~ —®n ~ =& . n
> fimax ((£9) (A7) + Fmax(fo (L)) = 20(Qoc) Indim (HO(Y, A®™))
—20(Qoo) Indim g (HO(X, LO"P)).
If we divide the two sides by np, taking the limit when n — +o00, we obtain

1Aas A * (T 1Aas A -~ T
;j:umz};x(A ®g (L p)) 2 I;/u‘mgx(A) + H’max(L)'
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Taking the limit when p — 400, we obtain 2, (¢* (L)) = ¥ (L), as required.
We then consider the general case where L is only assumed to be pseudo-effective.
Let B be an adelic line bundle on X such that B is big. Note that, for any positive
integer p, L®? ® B is big. Hence, by the particular case of the proposition shown
above, one has
(g (@) © 9" (B)) > AL ® B).
Therefore, by Proposition 4.7, we obtain

lf\as * (T * (Y A 1Aas T n 1Aas A
2;:umg‘,x(g (L)@P ® g (B) ® A) 2 Eumgx(lj g ® B) + Eumgx(A)

Taking the limit when p — +o0, we obtain %Y, (¢*(L)) > 12 (L). O

Mmax /J“max

Remark 4.10. Let L be an adelic line bundle on X. Assume that L is the pull-back
of a big line bundle by a surjective projective morphism. Then Proposition 4.9
shows that 2% (L) € R.

H’max

4.4. Relative Fujita approximation. Let f : X — Spec K be a projective K-
scheme, K(X) be the field of rational functions on X, and .#x be the sheaf of
meromorphic function on X.

Definition 4.11. Let L be a big line bundle on X. Note that #x ®o, L is
isomorphic to the trivial invertible .#x-module. In particular, if s and ¢ are two
global sections of L such that s £ 0, then there existe a unique rational function
A € K(X) such that ¢ = As. We denote by t/s this rational function. If F is a
K-vector subspace of H°(X, L). We denote by K (E) the sub-extension of K (X)/K
generated by elements of the form ¢/s, where ¢ and s are non-zero sections in K (FE).
We say that E is birational if K(E) = K(X). Moreover L is said to be birational
if K(H°(X,L)) = K(X).
Remark 4.12. Let L and M be line bundle on X, E be a vector subspace of
H(X, L), s be a non-zero global section of M and

F={ts|te B} C H'(X,L® M).
Then by definition one has K(F) = K(F). In particular, if E is birational, so is F}
if L is birational, so is L ® M.

Proposition 4.13. Let L be a big line bundle on X. For sufficiently positive integer
p, the line bundle L®P is birational.

Proof. Since L is big, there exists a positive integer ¢, an ample line bundle A and
an effective line bundle M on X such that L®? =2 A ® M. By replacing ¢ by a
multiple, we may assume that the graded K-algebra

@ HO(X, A®n)
neN
is generated by HY(X, A) and that L&+ g effective. For any a € N1, one has
X = Proj (@ HO(X, A®“”)),
neN

which implies that A®¢ is birational and hence L®% is birational. Moreover, since
L®a+1) s effective, for any b € Nsp, the line bundle L&+ is also effective.
Therefore, for any (a,b) € N%,, the line bundle L®aqtbla+1) g birational. Since
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g and ¢ + 1 are coprime, we obtain that L®P is birational for sufficiently large
peN. O

Definition 4.14. Let L = (L, ¢) be an adelic line bundle on X. If s € H(X, L) is
a non-zero global section such that [s||,,, < 1 for any w € ©, we say that the global
section s is effective. We say that L is effective if it admits at least an effective
global section.

Lemma 4.15. Let L be an adelic line bundle such that L is big. For any t <
ey (L) and any N € N1, there exists an integer p > N and a vector subspace E
of H°(X, L®P) such that K(E) = K(X) and [imin(E) > pt.
Proof. By replacing L by one of its tensor powers, we may assume without loss of
generality that L is birational. For any n € N, let 7, = dimg (H(X, L®™)). Since
t < 2y (L), for sufficiently large n € N, one has

~ —Qn ~ — 3

Mmax(f*(L )) > (n + l)t - :umin(f*(L)) + 5’/(900) In (Tn : Tl)-
Let F be a vector subspace of H°(X, L®™) such that

~ ~ —®n
Nmin(F) = Mmax(f* (L ))
The existence of F is ensured by [10, Theorem 4.3.58]. Let E be the image of
F ®x H°(X, L) by the K-linear map
HY(X,L®*") @ HY(X,L) — H°(X,L®""), s®t+— st.
Since L is birational and F is non-zero, we obtain that E is birational. By [10,
Corollary 5.6.2], one has

ﬁmin (E) 2 ﬁmin (F ®s,ﬂ' f* (E))
3

2 ﬂmin(ﬁ) + ﬁmin(f* (Z)) — 51/(900) ln(dlmK(F) . Tl)

— s £o(E°") 4 B £ () = (@) Il (F) - 1) > (4 1)1
(]

Theorem 4.16 (Relative Fujita approximation). Let L be an adelic line bundle
on X such that L is big. For any real number t < % (L), there exist a positive
integer p, a birational projective K-morphism g : X' — X, a relatively nef adelic
line bundle A and an effective adelic line bundle M on X' such that A is big,
g*(L®P) is isomorphic to A® M and iy (A) = pt.

Proof. We pick a positive integer p and a birational vector subspace V of H?(X, L®P)}}
such that

~ ~ —® 3 .
Fimin (V') = fimax (f«(L ;v)) = pt + 5’/(900) ln(dlmK(HO(X, L®p)))'
Let g : X’ — X be the blow-up of L along the base locus of V', namely

X' = Proj (Im (@ S™(f*(V)) — @L@W)).

neN neN
Denote by E the exceptional divisor and by sg the global section of Ox (E) which
trivializes Ox (E) outside of the exceptional divisor. One has

Ox:(1) =2 ¢*(L*?) @ Ox(—E).



POSITIVITY OF ADELIC LINE BUNDLES OVER AN ADELIC CURVE 29

Moreover, the canonical surjective homomorphism

g*(f*(V)) — Ox:(1) (4.3)
induces a K-morphism i : X’ — P(V) such that i*(Oy (1)) = Ox/(1), where Oy (1)
denotes the universal invertible sheaf on P(V'). Since V is birational, the line bundle
Ox(1) is big.

We equip V' with the induced norm family of (||-||p,, )wen and Ox/(1) with the
quotient metric family ¢’ = (¢}, )weq induced by (|||lpe., )wen and the surjective
homomorphism (4.3). We identify Ox(E) with ¢g*(L®?) ® Ox(1)¥ and equip it
with the tensor product metric family. Then the section sg is effective. Moreover,
by Proposition 3.23, the adelic line bundle Ox/(1) is relatively nef, and the following
inequality holds

T (Ox1(1)) = fimin (V) — 5(Qoo) In(dimg (V) > pt,

N W

as required.
O

Remark 4.17. Let L be an adelic line bundle on X such that L is big. Let B be
a relatively ample adelic line bundle. There exists a positive integer N such that
L®™ @ BY is big for any m € N> . Let ¢ be a real number such that ¢ < %% (L).
There exists m € N>y such that

mt — i*Y (B) < (m — N) a2 (L) + iy (L°

p’max lu’max

YoB) <imLL" e B,

where the second inequality comes from If we apply Theorem 4.16 to o ® Ev,
we obtain the existence of a positive integer p, a birational projective K-morphism
g: X' — X, a relatively nef adelic line bundle A and an effective adelic line bundle

M on X’ such that A is big, g*(f®mp ® §V®p) is isomorphic to A ® M and
fiin (A) = p(mt — [ (B)). (4.4)
Let N = A® g*(B)®P. This is a relatively ample line bundle, and one has

NeM~AeMeg*(B)® =g (T°"™).

Moreover, one has

faia (V) 2 [t (A) + p it (97(B)) = figain (A) + p g (B),
where the first inequality comes from Proposition 3.14, and the second comes from
Theorem 3.25. By (4.4), we obtain

fgin(N) = pmt.

Therefore, in Theorem 4.16, the adelic line bundle A can be taken to be relatively
ample.

4.5. Lower bound of intersection product.

Theorem 4.18. Let X be an integral projective K -scheme, and Lo, . . ., Lq be adelic
line bundles on X. For any i € {0,...,d}, let
0= (Lo +Li—1Liy1--- La).
Suppose that
(1) Ly,...,Lq are relatively nef and Lo is pseudo-effective.
(2) if 9o = 0, then 2% (Lo) > —o0,

max
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(3) for any i€ {1,...,d}, if 6; =0, then i (L;) > —oc.
Then the following inequality holds:

(Lo - -~ La)s = 6o figax (Lo) + 25 fiin (L (4.5)

Proof. If the set
{//'Z?I?Zx( ) ﬁile([/l)’vﬂ?;};(l/d)}
contains —oo, then the inequality (4.5) is trivial. So we may assume without loss
of generality that
{Amxx(Lo), i (L1), -+ i (La) } € R.
Let M be an adelic line bundle on X such that M is big. For any n € N>, let
Lon =Ly ® M.
For any 7 € {1,...,n}, let
§i=(MLy---Li_1Liyy---Lq)
5i,n = (LO,nLl .o Li—lLi+1 oo Ld) = 7161 =+ 6; ne

By Theorem 4.16 (see also Remark 4.17), for any real number ¢ < %y (Lon),

max

there exists a positive integer p, a birational projective morphism g : X "—w X, a
relatively ample adelic line bundle A and an effective adelic line bundle F on X'
such that

g (Lon) =ARE, E3.A)>pt
By Theorem 3.25 for any 7 € {1,...,d}, one has
Bt (97 (Li)) = Finin (La)-
Therefore, by Proposition 3.22 and Proposition 3.18, we obtain

(E-g"(L1)---g"(La))s = Z(E "Ly Liy - Li -+~ La) fign (L),
=1

d
(A-g"(L1) - 9" (La))s = 6o fipn(A) + Y (A~ Ly---Lim1 - Li--- La) i (L).
i=1

Taking the sum, we obtain

7® — — ~ ~ —
(Lo - L1+ La)s = 0o fioss, (A) + Zpéz n Fiin(Li) > Gopt + Zpéz n i (Z)-
=1
Since t is arbitrary, we deduce
d
7® — — —~ — ~ —
(Lo - L1+ La)s = 0o A (Lom) + Y 8in Ao (L3).-
i=1

Dividing the two sides by n and then taking the limit when n — +o00, we obtain

(Lo -+ La)s = 0o figax(Lo) +Z5 Fipin (L
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4.6. Convergence of the first minimum. In this section, we let f : X — Spec K
be an integral projective scheme over Spec K.

Definition 4.19. Let E = (E, (||-||w)weq) be an adelic vector bundle on S. For
any non-zero element s in F, let

deg(s) := —/an||s||w v(dw).

If F is non zero, we define

Amax(E) :=  sup deg(s).
seE\{0}

Clearly one has
)\max(E) < //Zmax(E)~ (46)

Proposition 4.20. Let L = (L, ) and M = (M,) be adelic line bundles on X
such that both H°(X, L) and H°(X, M) are non-zero. Then the following inequality
holds:

Amaxc (f«(L @ M)) 2 Amax(f«(L)) + Amax (f« (M)).
X7

Proof. Let s and t be respectively non-zero elements of H(X, L) and H°(X, M).

For any w € (), one has

5t g+ < I8llpn - Il
which leads to

Amax (f+(L @ D)) > deg(st) > deg(s) + deg(t).

Taking the supremum with respect to s and ¢, we obtain the required inequality. [J

Let L be an adelic line bundle on X such that L is big. Similarly to Corollary

4.2, the sequence

1 —®n
uax(F(L7), n €Nz

converges to a real number, which we denote by A%Y (L) and called the asymptotic

first minimum of L. By definition, for any p € N> one has

Ay (T7) = pAXY (D).

max max

Proposition 4.20 also implies that, if L and M are adelic line bundles on X such
that both L and M are big, one has

sy (L@ M) = A (T) + Ao (W), (4.7)

max max max

Similarly to Proposition 4.5, this inequality allows to extend continuously the func-
tion A2 (.) to the cone of adelic line bundles L such that L is pseudo-effective: if

Lis an adelic line bundle on X such that L is pseudo-effective, then, for any adelic
line bundle A on X, the sequence

1 . —~ —
A (I*" ®4A), neNs (4.8)

converges in R U {—o00} and its limit does not depend on the choice of A. For the
proof of this statement one can following the strategy of the proof of Proposition
3.11 in using the inequality 4.7 and the fact that, if A is a big line bundle and B



32 HUAYI CHEN AND ATSUSHI MORIWAKI

is a line bundle on X, then there exists a positive integer p such that BY @ A®P? is

big. We denote the limit of the sequence (4.8) by A2 (L). By (4.6) we obtain that

max

Amie (L) < i (L) (4.9)

max :U’max

for any adelic line bundle L such that L is pseudo-effective.
4.7. Height inequalities.

Proposition 4.21. Let f : X — Spec K be an integral projective scheme over
Spec K and L be an adelic line bundle on X which is relatively nef and such that
(L% > 0. Then the following inequality holds:
—d+1
~asy (T (L~ s ~asy (T
WY(L) = ———— < 5% (L). 4.10

(@) = e <A@ (410)
Proof. We first consider the case where L is relatively ample. As in the proof of
Proposition 3.26, one has

T s BT i (o (27) _ oy

Sy = lim S i ERERERS — e (T),
(d+ 1)(Ld)  noiee 7 pm - Himax (L)

We now consider the general case. Let A be a relatively ample adelic line bundle
on X such that %" ® A is relatively ample for sufficiently large positive integer n.

For any n € N>y, let L,, = o ® A. The particular case of the proposition proved

above shows that
d+1

(L )s  _ —asy (7
i IS pasy (T
if n is sufficiently large. Taking the limit when n — 400, by the relations

—d+1

(L )s a1 (L)
Jm s = (L )s, lim =g = (L)
and Proposition 4.5 we obtain the desired result. ([l

Remark 4.22. Combining Propositions 4.21 and 3.26, we obtain that, if L is rela-

tively nef and if (L¢) > 0, then the inequality fi‘s (L) < [, (L). This inequality

also holds for relatively nef adelic line bundle L with (L%) = 0. It suffices to choose
an auxiliary relatively ample adelic line bundle M and deduce the inequality from

]-Aas —Q)1 - 1,\ 5 —Q@n =
BT @ M) < SEE (T @ M)

by taking the limit when n — 4-oc0.
Theorem 4.23. Let X be a non-empty and reduced projective K-scheme and ©x

be the set of all integral closed subschemes of X. Let L = (L,¢) be a relatively
ample adelic line bundle on X. Then the following equality holds:

e - hz(Y)
a2 (L) = inf ® (L|ly)= inf L .
mm( ) Ylen@x :LLmax( |Y) Ylen@x (dlm(Y) + 1) degL (Y)
Proof. For any Y € ©x and any n € N, let Vy ,,(L) be the image of the restriction
map

(4.11)

HY(X,L®™) — H(Y,L|$™).
We equip Vy,,, (L) with the quotient norm family &Y induced by &, = (|| [lne., Jwen
to obtain adelic vector bundle on S.
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Claim 4.24. For any Y € Ox, the following equality holds

//Zmax(VY,n(L)vgg) _ ’\aSV (L‘Y)

Proof. Since L is ample, there exists N € N3 such that, for any n € N>y, the
following conditions hold:

lim

n—-+oo n

(a) L®" is generated by global sections, and the canonical K-morphism
Jn s X — P(HO(X, L5™)
is a closed embedding,

(b) one has Vy,,(L) = HO(Y, L|$™).
For any n € N3, we denote by 1), the metric family on L such that ni, coincides
with the quotient metric family induced by .. Similarly, we denote by Y the
metric family on L]y such that ni) coincides with the quotient metric family
induced by ¢Y. By definition, v} identifies with the restriction of v, to Ll|y.

Moreover, we denote by ¢¥ the restriction of the metric family ¢ to L|y. By [10,
Proposition 2.2.22], for any w € €2, one has 1/1Y > Y and

&n = (Fllnpy Jwen-

Since ¢ is semi-positive, for any w € €0, one has
. Y Yy _
ngr-ir-loo dw (wn y P ) - 0

Denote by &,,v the norm family (||| Jweq. Since

lney,
dw( Z,fmp!/) < dw(”d’}«jvn@ ) = nd,, ( v (PY)’
we obtain

lim 7d (§7L’§n<p ) 0. (412)

n—+oo n

By [10, Proposition 2.2.22 (5)], the function

(w € Q) — dw( zvfnapy)
is dominated. Therefore, by Lebesgue’s dominated convergence theorem we obtain

1 v
Jim (€ ) = tim | L l€ G ). (413)

Finally, by [10, Proposition 4.3.31], one has

ﬁmaX(Vy,n(L),éf) _ //’Zmax(VYm( ) gmp ) ( g )
n n ne”
Passing to limit when n — 400, we obtain the desired equahty. O

Combining Claim 4.24 with [10, Theorem 7.2.4], we obtain
Fan(@) > int AL (Tly).

/J‘max
By Proposition 4.21, for any Y € Ox, one has
h=(Y s
_ ) < ()
(dim(Y) + 1) deg; (V)
Finally, by Corollary 3.27, for any Y € O, one has

hﬁ(y) ~asy [T
(dim(Y) - 1) dog, (v = Fmin(L)
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Thus (4.11) is proved.
O

Corollary 4.25. Let X be an integral projective K-scheme and ©x be the set of
all integral closed subschemes of X. Let L = (L, ) be a relatively ample adelic line
bundle on X. Then the following inequality holds:

T“)s d
= Aas‘y Z _ inf 7738y . 4.14
(d_|_ ]_)(Ld) d+1 ma,x( ) + d+1 YG@IE\{X} Mmax( |Y) ( )

In particular, if

—(d+1)
(L)

W G

max

then the inequality
T“"™)s
- > inf sy 4.15
(d+ 1)(L9) méﬂ\{xﬂmax( [v) (4.15)
holds.

Proof. The case where d = 0 is trivial. In the following, we suppose that d > 1. By
replacing L by a tensor power, we may assume that

Va(L) = @ HO(X, L")
neN

is generated as K-algebra by V4 (L). For any n € N, we let h%(L®™) be the dimension
of H°(X,L®") over K. Let s be a non-zero global section of L and I, be the
homogeneous ideal of V, (L) generated by s. Then one can find a sequence

I.=05LH.ChL.C...CI..=V,(L)

=

of homogeneous ideals of R, and non-zero homogeneous prime ideals P;,, i €
{1,...,r}, of V,(L) such that

Vie{la"'ar}7 Pi,o'Ii,o Cli—l,r

We denote by Y; the integral closed subscheme of X defined by the homogeneous
ideal P, i,0n
Consider the following sequence

Vo(L) =% Iog < Lp - Ly=V(L)

*S

— _[07]. (S Y Ii,j SRR
-8
AN IO,j+1 [ Y Ii,j+1 [N

I.;=V;(L)
L1 ="Vju(L)

U

-S

— oy == L, = I, =V,(L)
By [10, Proposition 4.3.13], one has

n

deg(f.(L"")) > szeg L /i1 ;) + deg(s Zho (LEF). (4.16)

j=11:=1
By [10, Proposition 7.1.6] and (4.13), one has

hIIl lIlf /Ufmin(Ii,m/Ii—l,m) > ~asy (E

Y;)- (4.17)

m——+o0 m
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Moreover, by the asymptotic Riemann-Roch formula, one has

hO (L) = LDy O(k*),

d!
which leads to
— 1
lim L®J
nﬁlJroo nho L®" Z d+1 +1°
For any integers n and m such that 1 < m < n, we deduce from (4.16) that
deg f* ZZdeg ZJ/Il 1)
j=11i=1

n

. . ﬁmin(-[i,é/jifl,f) L2 0/7®5\ _ 10/ 7®(—1)
it P S g ey

+ deg(s Z RO(L®F).

Dividing the two sides by nhO(L®") and taking the limit when n — 400, we obtain
—(d+1 e
s o od o AT/l |
(d + ].)(Ld) = d + 1 ie{l,...,r} LeN>, V4 d + 1
Since m is arbitrary, taking the limit when m — 400, by (4.17) we obtain
—(d+1)
(L )S d min /J/asy< |Y) +
(d+1)(L9) = d+1ief1,..rp| ™0
By Theorem 4.23, for any i € {1,... r}, one has

Pin(Llvi) = inf B3 (Llz) > inf (L (L]z).

deg(s).

1 —
ir 1deg(s).

ZeOx\{X}
Since s is arbitrary, we obtain

—(d+1)
T | d
(L~ s o g S (Tl

@D > av e T+ 1y, i

Finally, replacing L by L P for p € N3 1, we obtain

—(d+1)

(L )s 1 N ®p d . N

= max \J * R — f asy (T, .
@ D@D = plag 1y )+ rEage s (Tly)

Taking the limite when p — +00, we obtain the inequality (4.14). a

Proposition 4.26. Let X be an integral projective scheme over Spec K and L be
an adelic line bundle on X such that L is big. Then the following inequality holds:

7 hz(x)
2y (L) < su inf L
(L) Ye®pX ze(xX\V)©@ [K(z): K]

Y#AX

where (X \ Y)(© denotes the set of closed points of X \ Y.
Proof. See [10, Proposition 6.4.4]. O
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4.8. Minkowskian adelic line bundles.

Definition 4.27. Let X be a reduced projective K-scheme and L be an adelic line
bundle on X. We say that L is Minkowskian if the inequality below holds:

hz(X)

ML) 2 B E) = () + 1) deg, (0

max

Moreover, L is said to be strongly Minkowskian if for any integral closed sub-scheme
Y of X, one has L]y is Minkowskian. Note that the strongly Minkowskian condition
is satisfied in the following cases:

(1) S is the adelic curve associated with a number field, and the metrics of L
over non-Archimedean places are almost everywhere induced by a common
integral model defined over the ring of algebraic integers in the number
field;

(2) S is the adelic curve associated with a regular projective curve over a field,
and the metrics of L are induced by an integral model of L over the base
curve;

(3) S is the adelic curve of a single copy of the trivial absolute value.

The case (1) comes from the classic Minkowski theory of Euclidean lattices. The
case (2) is a consequence of Riemann-Roch theorem on curves. The case (3) follows
from [10, Remark 4.3.63].

Corollary 4.28. Let X be an integral projective K-scheme and L be a relatively
ample adelic line bundle on X. Assume that L is strongly Minkowskian. Then the
following inequality holds:

@Iy = .o, hr@) (4.18)

where X(©) denotes the set of closed points of X. Moreover, one has
- hi(x)
Ay (L) = inf ——E—o 4.1
/’l’mln( ) IEH)lf(U) [K(SL’) . K] ( 9)

Proof. We reason by induction on the dimension d of X. The case where d = 0 is
trivial. Assume that d > 1 and that the result is true for any integral projective
K-scheme of dimension < d. By Corollary 4.25 one has

—(d+1)

(L )s : asy (T . hz(Y)
IR f I (Lly) 2 f . :
AT D@7 = vea oo fmEv) 2 0f e ) 4 1) deg, (V)

where the second inequality comes from Proposition 4.21. For any Y € ©x such
that Y # X, one has dim(Y) < 1. Hence the induction hypothesis leads to

h(Y) . hr(x) : hz(z)
@) + 1) dozs (V) = ool Rw) - K] 2 b R(0) - T

(4.20)

The inequality (4.18) is thus proved.
By Corollary 3.27, the inequality
7 hz(z)

asy L < f A AP
/’[’mln( ) £€1r)1((0) [K(CC) . K}
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holds. Conversely, by Theorem 4.23 and the inequality (4.20), one has

78y (T — hi(Y)
Fiin (L) = | inf (dim(Y) i 1) deg(Y)
> inf hf(x) . L@

inf —=—~— = f
YEOx say® [K(z) : K] X ©® [K ()

K]
O

Lemma 4.29. Let m : X — Y be a generically finite and surjective morphism
of d-dimensional projective integral schemes over K. Let M be a relatively ample
adelic line bundle on'Y . Then we have the following:

(1) = (x*(M)) = p* (M).
(2) AR (™ (M) = AR (M).

(3) If M is Minkowskian, then 7*(M) is also Minkowskian.
Proof. (1) By the Hilbert-Samual formula,
o (Md-s-l

ﬁaSy(M) _ (W*(M)d+1)s

) qasy (L x (A1) —
s and (" (M) = o A dm X £ 1)

(M) (dimY + 1)
and hence the assertion follows because

(7 (M)")s = (degm)(M")s and (" (M)?) = (degm)(M?).

(2) is obvious because deg(s) = deg(r*(s)) for s € HO(Y, M) \ {0}. Moreover,
(3) is a consequence (1) and (2). O

Proposition 4.30. Let m : X — Y be a finite morphism of projective integral
schemes over K. Let M be an adelic line bundle on Y such that M is ample and
M is semi-positive. If M is strongly Minkowskian, then 7*(M) is also strongly
Minkowskian.

Proof. Let Z be a subvariety of X. Then w|, : Z — n(Z) is a finite and sur-
jective morphism, and hence, by Lemma 4.29, W*(M)‘Z = (7T|Z)*(M{ﬂ(z)) is
Minkowskian, as required.

Remark 4.31. Let L be a very ample line bundle on X. Then there exist a finite
and surjective morphism 7 : X — P% such that 7 (Opa (1)) ~ L. It is not dif-
ficult to give a semipositive metric family 1 on Opa (1) such that (Opq (1),7) is
Minkowskian, so that, by Lemma 4.29, (L, 7*(¢))) is Minkowskian.

4.9. Successive minima. Let X be a reduce projective scheme over Spec K and
L be a relatively ample adelic line bundle on X. For any i € {1,...,d + 1}, let
e;(L) = su inf 02 (L|z).
i) = SR a2 Hax (L] 2)
codim(Y)»i Z&Y

By definition, the following inequalities hold:

El(Z) 2 e 2 €d+1(L).

Moreover, by Theorem 4.23, one has

€at1(L) = My (L)-
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Proposition 4.32. Assume that the scheme X is integral. For any relatively ample
adelic line bundle L on X, the equality e1 (L) = 2% (L) holds.

:p’max

Proof. If Y is a closed subscheme of codimension 1 of X, then X € Y. Therefore,

the inequality eq(L) < 2% (L) holds. In the following, we show the converse
inequality. Let ¢ be a real number such that ¢ > e;(L). By definition, there exists
a family (Z;);e; of integral closed subschemes of Y such that 3y (L|z,) < t for
any 7 € I and that the generic points of Z; form a Zariski dense family in X.

Let m be a positive integer and E,, be a vector subspace of H°(X, L®™) such

that

~ = ~ —Q@m
/j/min(Em) = /J/max(f*(L )) (421)
For any positive integer n, let F,, ,, be the image of ES™ by the multiplication map

H(X,L®™)®" — H(X,L®™").
By [10, Proposition 4.3.31 and Corollary 5.6.2] (see also [12, Remark C.3]), one has

finin(Fan) = n(ﬁmm(Em) _ gu(gm) ln(dimK(Em))). (4.22)

Moreover, there exists ¢ € I such that the generic point of Z; does not belong to
the base locus of E,, (namely the closed subscheme of X defined by the ideal sheaf
Im(E,, ® LY®™ — Ox)). Therefore the image of F,, ,, by the restriction map

HO(X, L®™") — H°(Z;, L®™"|3,)

is non-zero. By [10, Proposition 4.3.31], one has

ﬁmin(ﬁm,n) < ﬁmax((f Z7)*(Z ?mn))

Combining this inequality with (4.21) and (4.22), we obtain

1. —gm 1 . 3 ,
—imax (fo(L77)) S ——Thmax ((f12)+ (LIZ"") + 5—v(Qoo) In(dimc ().
Taking the limit when n — +00, we obtain

%ﬁmax(f*(z®m)) < t+ %V(Qoo) ln(dlmK(Em))

Taking the limit when m — oo, we obtain ey (L) < t. Since t > ey(L) is
arbitrary, we get 2% (L) < e1(L), as required. O

Remark 4.33. Let L be a relatively ample adelic line bundle on X. For any ¢t € R
and any positive integer n, we let V!(L) be the vector subspace of H°(X, L®")
generated by non-zero vector subspaces of minimal slope > nt and r,(t) be the
dimension of the base locus of V;!(L). For t € R, let

r(t) = lﬁg}rr;of rn(t).
By using the method used in the proof of Proposition 4.32, we can show that, for
any i € {1,...,d+ 1}
sup{t € R|r(t) <i} < e;(L).
It is a natural question to ask if the equality holds. Moreover, we expect that the
following inequality is true:

d+1
@+ V(@) > Y e(D). (4.23)
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For any 7 € {1,...,d + 1}, one has

. ~as - .
e;(L) = sup inf 75y (Llz) < sup inf  hy(x),
Y C X closed Z € Ox Y C X closed z€(X\Y)©
codim(Y)>i ZZYy codim(Y)>i

where (X \ Y)(© denotes the set of closed points of X outside of Y. In the case
where S is the adelic curve consisting of places of a number field, by [1, Theorem
1.5], for any integral closed subscheme Z of X, one has

~asy

asy (L|z) = sup inf h7(x).
Hma, ( |Z) Weo, se(Z\W)©® L( )
W#Z

If Z is not contained in Y, then

Y (Llz) > inf  hgy(z) >

h+(x).
Himac et o) (x)

inf
z€(X\Y)©
Therefore, in this case e;(L) identifies with the i-th minimum of the height function

ht in the sense of Zhang. In particular, the inequality follows from [22, Theorem
5.2].
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5. POSITIVITY CONDITIONS FOR ADELIC LINE BUNDLES

Let K be a perfect field and S = (K, (2, A, v), ¢) be a proper adelic curve whose
underlying field is K. We assume that, either the field K is countable, or the o-
algebra A is discrete. We also assume that v(A) € {0,000}, and hence there exists
an integrable function ¥ on € such that

/ I(w) v(dw) > 0,
Q

5.1. Ampleness and nefness. In this subsection, we let X be a non-empty and
reduced projective scheme over Spec K, and let d be the dimension of X.

Definition 5.1. We say that an adelic line bundle L on X is ample if it is relatively
ample and if there exists € > 0 such that the inequality

h(Y) > edegp (Y)(dim(Y') + 1)
holds for any integral closed subscheme Y of X.

Proposition 5.2. Let L be an adelic line bundle which is relatively ample. Then
the following statements are equivalent:

(1) L is ample,

(2) @2(D) > 0,

(3) there exists € > 0 such that, for any integral closed subscheme Y of X, one
has 12 _(Lly) > e.

max

Proof. This is a consequence of Theorem 4.23. (]

Proposition 5.3. If Ly,..., Lq are ample adelic line bundles on X, then the in-
equality

(Lo---Lq)s >0
holds.

Proof. This is a consequence of Theorem 3.10 and Proposition 5.2. (]

Proposition 5.4. Let L be an adelic line bundle which is relatively ample and
strongly Minkowskian. Then the following conditions are equivalent:

(1) L is ample,

(2) there exists € > 0 such that, for any closed point x of X, one has hy(x) > €.

Proof. This is a consequence of Corollary 4.28. O

Definition 5.5. We say that an adelic line bundle L on X is nef if there exists an
ample adelic line bundle 4 and a positive integer N such that L°" ® A is ample
for any n € Ny n.

Proposition 5.6. Let L be an adelic line bundle on X. The following conditions
are equivalent:

(1) L is nef,

(2) L is relatively nef and [y (L) > 0.

min
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Proof. Assume that L is nef. By definition, it is relatively nef. Let A be an ample
adelic line bundle and N be a positive integer such that e ® A is ample for any
n € Nsy. Then one has i (Z°" @ A) > 0, which leads to

W = 1 oy ~0n  —
(L) = lim - (2% @4) > 0.

min n—-+oo N min

Conversely, we assume that L is relatively nef and > (L) > 0. Since L is

relatively nef, there exists a relatively ample line bundle A and a positive integer
N such that %" ® A is relatively ample for any n € N y. By dilating the metrics

~asy ([

of A, we may assume that 7i>>Y (L) > 0. Then, by Proposition 3.14 we obtain that

¥neNsy, Aah(E™" ©A) > ni (D) + s (A) > i, (4) > 0.

Hmin Hmin
Therefore L= ® A is ample. (I

Proposition 5.7. (1) If Lo, ..., Lq are nef adelic line bundles on X, then the
inequality (Lo -+ Lq)s = 0 holds.
(2) If L is a nef adelic line bundle on X and if g : Y — X is a projective
K -morphism, then the pullback g*(L) is nef.
(3) If L is a nef adelic line bundle on X, for any integral closed subscheme Y
of X, one has h(Y') > 0.
(4) If L is a relatively ample adelic line bundle on X such that h(Y) > 0 for
any integral closed subscheme Y of X, then L is nef.
(5) If L is a relatively ample adelic line bundle on X such that %Y, (L|y) > 0
for any integral closed subscheme Y of X, then L is nef.

Proof. The first statement is a consequence of Proposition 3.18 and Proposition 5.6.
The second statement follows from Lemma 3.19, Theorem 3.25 and Proposition 5.6.
The third statement is a consequence of the first and the second ones. The last two
statements are consequences of Theorem 4.23 and Proposition 5.6. (]

5.2. Bigness and pseudo-effectivity. In this subsection, we let X be an integral
projective K-scheme f: X — Spec K and let d be its dimension.

Definition 5.8. Let L be an adelic line bundle on X. We define the arithmetic
volume of L as - o
o deg, (f.(T™"))
(L) =1 ol
vol(L) =t sup =g 1)1
If \a(f) > 0, we say that L is big. It has been shown in [10, Proposition 6.4.18]
that L is big if and only if L is big and 2% (L) > 0.

max

Proposition 5.9. An ample adelic line bundle is big.

Proof. Let L be an ample adelic line bundle on X. Then one has fit (L) > 0,

namely for sufficiently large positive integer n one has fimin(f« (f®n)) > 0. By [10,
Proposition 4.3.13], for such n one has

= . 79 — +®
deg(fu(L™")) = deg (f(L™")),

which leads to, by Theorem 3.7,
vol(I) = (T

where the inequality comes from Proposition 5.3. Hence L is big. (]

d+1
)s >0,
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Remark 5.10. We expect that a variant of the method in the proof of Theorem 4.16
leads to an arithmetic version of Fujita’s approximation theorem for big adelic line
bundles, which generalizes the results of [8, 20].

Proposition 5.11. Let Lo, ..., Lq be adelic line bundles on X. Assume that Lg is
big and L1,...,Lg are ample, then

(ZO .- 'Zd)S > 0.
Proof. This is a consequence of Theorem 4.18. O

Definition 5.12. Let L be an adelic line bundle on X. We say L is pseudo-effective
if there exist a big adelic line bundle M on X and a positive integer ny such that

" @M is big for any n € Ny p,,.

Proposition 5.13. Let L be an adelic line bundle on X. The following assertions
are equivalent:

(1) L is pseudo-effective,

(2) L is pseudo-effective and 2, (L) > 0.

max

Proof. Assume that L is pseudo-effective. Let M be a big adelic line bundle and ng
be a positive integer such that A ® M is big for any integer n > ng. In particular,
L®" @ M is big for any integer n > ng. Hence L is pseudo-effective. Moreover, for

n = ng, one has 2% (f®n ® M) > 0, which implies that

max

N 1oy —n  —
iy ()= lim —a*Y (T°" @ M) > 0.

/j‘max TLA)“’OOTI,

Conversely, assume that L is pseudo-effective and %Y (L) > 0. Let M be a
big adelic line bundle on X. Since L is pseudo-effective, for any positive integer n,

L®" @ M is big. Moreover, by Proposition 4.7 one has
A (L7 @ M) = n i (L) © sy, (M) > 0.

umax ILLIIlaX

Hence " ® M is big for any n € N, which shows that L is pseudo-effective. 0O

Proposition 5.14. (1) Let Ly,...,Lq be adelic line bundles on X. Assume
that Lo is pseudo-effective and that Ly, ..., Lq are nef, then the inequality
(ZO . 'Zd)S 2 0 holds.
(2) If L is a pseudo-effective adelic line bundle on X and if g : Y — X is a
surjective and projective morphism, then the pullback g* (L) is also pseudo-
effective.

(3) If L is nef, then it is pseudo-effective.

Proof. The first statement is a consequence of Theorem 4.18; the second one is a
consequence of Proposition 4.9.

(3) Since L is nef, we obtain that L is nef, and hence is pseudo-effective. Let A
be an ample adelic line bundle. For any positive integer p, by Proposition 4.7 one
has

1 ~as T A —~as T 1 ~as, A
Elumgjx(L g ® A) 2 MmXX(L) + Eumgx(A)

Taking the limit when p — 400, we obtain i®Y (L) > 0. By Proposition 5.13, L is

max

pseudo-effective. O



(1]
2]

(3]

(4]

[5]
(6]

[7]

B

[9

(10]
(11]

[12]
13]

[14]

[15]

[16]

(17]
(18]
19]
20]
[21]

[22]

POSITIVITY OF ADELIC LINE BUNDLES OVER AN ADELIC CURVE 43

REFERENCES

Francois Ballaj. Successive minima and asymptotic slopes in Arakelov geometry. Compositio
Mathematica, 157(6):1302-1339, 2021.

Vladimir G. Berkovich. Spectral theory and analytic geometry over non-Archimedean fields,
volume 33 of Mathematical Surveys and Monographs. American Mathematical Society, Prov-
idence, RI, 1990.

J.-B. Bost, H. Gillet, and C. Soulé. Heights of projective varieties and positive Green forms.
Journal of the American Mathematical Society, 7(4):903-1027, 1994.

Jean-Benoit Bost. Périodes et isogenies des variétés abéliennes sur les corps de nombres
(d’aprés D. Masser et G. Wiistholz). Number 237, pages Exp. No. 795, 4, 115-161. 1996.
Séminaire Bourbaki, Vol. 1994/95.

Jean-Benoit Bost. Algebraic leaves of algebraic foliations over number fields. Publications
Mathématiques. Institut de Hautes Etudes Scientifiques, (93):161-221, 2001.

José Ignacio Burgos Gil, Atsushi Moriwaki, Patrice Philippon, and Martin Sombra. Arith-
metic positivity on toric varieties. Journal of Algebraic Geometry, 25(2):201-272, 2016.
José Ignacio Burgos Gil, Patrice Philippon, and Martin Sombra. Successive minima of toric
height functions. Université de Grenoble. Annales de UInstitut Fourier, 65(5):2145-2197,
2015.

Huayi Chen. Arithmetic Fujita approximation. Annales Scientifiques de 1’Ecole Normale
Supérieure. Quatrieme Série, 43(4):555-578, 2010.

Huayi Chen. Convergence des polygones de Harder-Narasimhan. Mémoires de la Société
Mathématique de France. Nouvelle Série, (120):116, 2010.

Huayi Chen and Atsushi Moriwaki. Arakelov geometry over adelic curves, volume 2258 of
Lecture Notes in Mathematics. Springer-Verlag, Singapore, 2020.

Huayi Chen and Atsushi Moriwaki. Arithmetic intersection theory over adelic curves. 2022.
preprint.

Huayi Chen and Atsushi Moriwaki. Hilbert-Samuel formula over adelic curves. 2022. preprint.
Takao Fujita. Semipositive line bundles. Journal of the Faculty of Science. University of
Tokyo. Section IA. Mathematics, 30(2):353-378, 1983.

Walter Gubler. Heights of subvarieties over M-fields. In Arithmetic geometry (Cortona,
1994), Sympos. Math., XXXVII, pages 190-227. Cambridge Univ. Press, Cambridge, 1997.
Robert Lazarsfeld. Positivity in algebraic geometry. I, volume 48 of Ergebnisse der Mathe-
matik und threr Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results
in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]/.
Springer-Verlag, Berlin, 2004. Classical setting: line bundles and linear series.

Robert Lazarsfeld. Positivity in algebraic geometry. II, volume 49 of Ergebnisse der Mathe-
matik und threr Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results
in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics].
Springer-Verlag, Berlin, 2004. Positivity for vector bundles, and multiplier ideals.

Atsushi Moriwaki. Arithmetic height functions over finitely generated fields. Inventiones
Mathematicae, 140(1):101-142, 2000.

Atsushi Moriwaki. Continuity of volumes on arithmetic varieties. J. Algebraic Geom.,
18(3):407-457, 2009.

Xinyi Yuan. Big line bundles over arithmetic varieties. Inventiones Mathematicae, 173(3):603—
649, 2008.

Xinyi Yuan. On volumes of arithmetic line bundles. Compositio Mathematica, 145(6):1447—
1464, 2009.

Shouwu Zhang. Positive line bundles on arithmetic surfaces. Annals of Mathematics. Second
Series, 136(3):569-587, 1992.

Shouwu Zhang. Positive line bundles on arithmetic varieties. Journal of the American Math-
ematical Society, 8(1):187-221, 1995.



44 HUAYI CHEN AND ATSUSHI MORIWAKI

UNIVERSITE Paris CiTE, SorBONNE UNIVERSITE, CNRS, INRIA, IMJ-PRG, F-75013
Paris, FRANCE
Email address: huayi.chen@imj-prg.fr

DEPARTMENT OF MATHEMATICS, FacuLTY OF SciENCE, KyoTo UNIVERSITY, KyoTo, 606-
8502, JAPAN
Email address: moriwaki@math.kyoto-u.ac.jp



