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THE MULTI-TYPE BISEXUAL GALTON-WATSON BRANCHING PROCESS

CORALIE FRITSCH!, DENIS VILLEMONAIS!, NICOLAS ZALDUENDO'

ABSTRACT. In this work we study the bisexual Galton-Watson process with a finite number of
types, where females and males mate according to a “mating function” and form couples of different
types. We assume that this function is superadditive, which in simple words implies that two groups
of females and males will form a larger number of couples together rather than separate. In the
absence of a linear reproduction operator which is the key to understand the behaviour of the model
in the asexual case, we build a concave reproduction operator and use a concave Perron-Frobenius
theory to ensure the existence of eigenelements. Using this tool, we find a necessary and sufficient
condition for almost sure extinction as well as a law of large numbers. Finally, we study the almost
sure long-time convergence of the rescaled process through the identification of a supermartingale,
and we give sufficient conditions to ensure a convergence in L' to a non-degenerate limit.

1. INTRODUCTION

The single-type bisexual Galton-Watson branching process is a modification of the standard
Galton-Watson process. It assumes that there exist two disjoint classes (sexes), males and females
who together form mating units (or couples) which can accomplish reproduction. This process
was first introduced by Daley in [Dal68]: it consists of a population where, in every generation
n=1,2,3,..., F, females and M,, males form Z,, = {(F,,, M,,) mating units, for £ a suitable and
deterministic mating function. Each mating unit reproduces independently of the others and with
identical distribution giving birth to the new generation of males and females.

Example 1. Some examples of mating functions are

(1) &(z,y) = zmin{l,y} called the promiscuous mating model.
(2) &(z,y) = min{z,y} called the perfect fidelity mating model.
(3) &(z,y) = =z, which corresponds to the classical Galton-Watson model.

Daley studied in [Dal68|] the properties for the first two mating functions of the previous example.
Since Daley’s work, extinction conditions have been studied for models with a more general family
of superadditive mating functions (see for instance [Hul82|, [Bru84], [DHTSR6]) and, in the last
decades, results on the limit behaviour of this kind of processes were obtained (see for example
[AR96], [ARO2], [GM96], [GMIT7]). From these works, new models of two-sex populations have
been developed, such as processes in random or varying environment ([Ma06], [MMO09], [MMRO03]),
processes with immigration ([GMMO0], [GM96], [MX06]), processes with mating function depending
on the number of couples ([MMRO02], [MMRO6], [XW05]) and more recently, processes with random
mating ([JMMI7], [MMI19]). The interested reader can also consult the surveys of Hull [Hul03],
Alsmeyer [Als02] and Molina [Mol10] for a wide description of the work accomplished on this family
of processes.

The asexual multi-type Galton-Watson branching process with a finite number of types (see
[Har63]) is a discrete time Markov Chain on NP, for p a fixed integer, and can be thought as a
system of particles where each particle is characterized by a type among p options. Each particle
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2 THE MULTI-TYPE BISEXUAL GALTON-WATSON BRANCHING PROCESS

reproduces independently and with an offspring distribution that depends only on its type, and if
we define X; ; € L' the number of type j particles produced by a type i progenitor, then, under
some assumptions on the process, the greatest eigenvalue of the matrix H; ; = E(X; ;) determines
if the process will be eventually extinct with probability 1.

Our focus of study is the multi-type bisexual process with a finite number of types. Although
specific models were studied in the two-sex population literature (see [KK73], [Hul9g]), no general
mathematical description for a superadditive multi-type model has yet been established. The aim
of this paper is to fill this gap.

We will consider a general model, which includes the natural extension of Daley’s bisexual model
to multi-type processes, where the vector of couples in the n—th generation is defined by

Zn = (Znas- s Znp) = E((Fnts oy Fung), (M, .o, Mpp,,)), (1)
where £ : N x N — NP is a positive function such that £(0,0) = 0 and (Fy1,..., Fun,)
and (Mp1,..., My, ) are the vectors of females and males respectively with p,ng, n, € N =

{0,1,2,...} the number of types of couples, females and males respectively. Each couple reproduces
independently from the others and produces females and males according to a distribution that
depends only on its type, such that

p Zn,i P Zn,i

Frprg =Y 3 X5 for 1< j <mypy Mugny =33 V0" for 1< j < np,
=1 k=1 =1 k=1

Where, (X(k,n)yy(k,n))kyneN is a family of i.i.d. Copies of ((Xi,j)lgigp,lgjfnfa (Yvi,j)lgigp,lgjgnm)

where X; ; represents the number of female offspring of type j produced by one couple of type ¢,

and similarly for the males and Y; ;. We recover Daley’s process by setting p = ny = n,, = 1.

Since types may also encode gender, and to simplify our notation, we present in Section
our definitions and main results in a more general setup, since they hold true for asexual and
multi-sexual Galton-Watson processes (as they appear for instance for several plants species [BK04]
and [BLVD™11, [BT12]). We present a law of large numbers (Theorem , necessary and sufficient
conditions for extinction (Theorem [3]) as well as asymptotic behaviour of the process (Theorems
and @ We compare our results with existing works at the end of Section [2| Section [3|is devoted
to the proof of Theorem [I} In Section [d, we turn our attention to some extra properties, such
as the eigenvalue problem for concave functions, which play a fundamental role in the study of
the extinction conditions, and prove Theorem [3] Section [f]is devoted to the proof of Theorem [}
Finally, we identify and establish properties on a supermartingale and prove Theorem [6] in Section

Gl

Notation: Unless otherwise stated, for z € (R4.)P, we denote by z; the i-th component of z. We set
S :={z € (R} )P, |z| = 1} to be the unitary ball for the 1—norm on (R4 )?, with |2| = 21 + -+ + 2p,
and define S* as the elements on S with strictly positive components. All random variables and
random vectors are defined on the same probability space (€2, F,P), we denote E for the expectation
associated to P and we let L' = L'(Q, F,P) be the set of integrable random variables defined on
this space.

2. MODEL DESCRIPTION AND MAIN RESULTS

2.1. Model description. For p,q € N* = {1,2,...}, we consider the process (Z,)nen with values
in N? and the process (W), )nen with values in N¢) where Z,, and W,, represent the mating units
(of p different types) and the individuals population (where individuals are of ¢ different types)
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respectively at the n-th generation. We assume that at each generation n > 1, Z,, is entirely
determined by W,,, through a mating function ¢ : N? — NP satisfying £(0) = 0, that is

Zn = (Zntr- s Znp) = EWnits . Waa),

where the individuals population W), at the n-th generation is produced by the Z,_; mating units
of the previous generation. Moreover, we assume that each mating unit reproduces independently
from the others and is such that

D Zn-1,
k, .
Waj=> 3 V" for1<j<q,
i=1 k=1
with (V&™) ey a family of ii.d. copies of V = (Vij)1<i<pi<j<q, where Vi. ..., V,. are p

mutually independent random vectors with values in N9. The random variable Vz(fn)

the number of offspring of type j produced by the k-th mating unit of type i of the (n — 1)-th

represents

generation. Note that the offspring K(fln) and Vz(jk;n) of type j1 and jo produced by the same
mating unit are not necessary independent.
Considering the empty sum as zero, (Z,)nen forms a discrete time Markov Chain on NP with

absorbing state 0. We define the probability of extinction with initial condition z € NP as
¢ =P(Fn eN, Z, =0|Zy = 2),

and declare that the process will be almost surely extinct if g, = 1 for all z € NP.

Although our model is sufficiently general to describe multi-type multi-sexual Galton-Watson
branching process (see Example , keeping in mind our motivation for the definition of this process,
we call (Z,,)nen the multi-type bisexual Galton-Watson branching process (from now on, multi-type
bGWhbp).

Throughout the paper, we make the assumption that the mating function £ of the process is
superadditive, that is,

§(x1 +x2) = €(21) + €(22), Va1, 22 € N (2)
The intuition for this type of processes is that two populations form a bigger number of mating
units together rather than separate. The idea of a superadditive bisexual Galton-Watson process for
the single-type case was first introduced by Hull in [Hul82] and necessary and sufficient conditions
for certain extinction were given by Daley et al. in [DHTS6].

Remark 1. It will be useful in the proof to observe that, if we consider two superadditive functions
&1,& such that & () < &(x), Vo € N9, then a multi-type bGWbp with mating function & is
stochastically dominated from above by a process with the same offspring distribution but with
mating function &s.

Example 2 (Multi-type bisexual Galton-Watson process). We recover the multi-type bGWbp
setup presented in the introduction if we set ¢ = ny + ny, and (Wp 1, ..., Wny,) as the vector of
females and (Wnynf_i_l, cey annﬁnm) as the vector of males of the n — th generation. We can also
extend this definition to a multi-sexual process by separating the set of possible types into a larger
number of sexes.

We assume that all the random variables (V; j)i1<i<p1<j<q are integrable and define the matrix
V € RP? by
Vij=E(Vi;), V1<i<p 1<j<gq
We assume that, for all j € {1,...,q}, >0, V;; > 0.
We now define M : RE. — (R4 U {+00})? by

M(z) = lim §(rv) sup g(TZV), (3)

r—-+00 r r>1 T
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where £ is any superadditive extension of & to Ri (see Remark [2[ below). The limit is well defined
and equal to the supremum according to Fekete’s Lemma.

As we will see, the convergence is in fact uniform on any compact subset of S where 9 is
continuous (see Proposition . In addition 901 is concave on RY (see Proposition .

Remark 2. A superadditive function £ on N? can always be extended to a superadditive function
on RY (for instance setting z € RY — £(|z])) and it will appear that 9t does not depend on the
choice of this extension (see Proposition .

Remark 3. The functional 9 plays a similar role as the reproduction matrix in the classical
multi-type Galton-Watson case (see Example below). However in our case, it is not necessarily
linear, but only concave. In order to analyse the function 9t and its iterates, we make use of
concave Perron-Frobenius theory and, more precisely, of the results developed by Krause [Kra94]

(see Section [4.1)).

2.2. Main results. Our first main result is a law of large numbers which relates 9t with the
behaviour of Z in a large initial population setting and which is proved in Section [3.2l We set
IM™ = Mo--- oM composed n times with the convention that M is the identity function, and, for
alli € {1,...,p}, M; is the i*" component of IN.

Theorem 1 (Law of large numbers). Let (2p)m>1 be a random sequence in NPand zo, € RE \ {0}
a deterministic value such that zy, ~m— 100 MzZoo almost surely. For all m > 1, denote by (Z)")n>0
a multi-type bGWbp with common mating function and offspring distribution, but with initial
configuration Zy' = z,,. Define M as in and assume it is finite over S. Then, for alln > 0,

Z ~ms oo MM (200) almost surely.

If in addition (zmy,/m)m>1 s independent of the random variables Vz(fn) and uniformly integrable,
then Z™/m converges to MM™(2o0) in LL.

As a consequence, considering for z € Rﬂ the sequence z,, = [mz] for all m € N, we have the
following corollary (the second equality is a classical consequence for superadditive sequences).
Corollary 2. We have for all z € R,

E(Z, | Zy = E(Z | Zy =
M(z) = lim (Z1] 2o = [m2]) = sup (Z1] 2o Lsz)

m——+00 m m>1 m

The function 9t extends to the multi-type case the mean growth rate introduced in the single-type
case by Bruss in [Bru84] and used by Daley et al. in [DHT86] to study the extinction conditions
for the process. Note also that, in the situation where z, = |mz], one can adapt the proof of
Klebaner [Kle93|] to obtain convergence in law in Theorem |1} as detailed in [Adal6]. However,
almost sure and L' convergence obtained in Theorem [I| are needed in the proofs of the following
results.

For the rest of the results of this section, we add the following transitivity and primitivity
assumptions for the process.
Assumption 1. We assume that:

(1) The process is transitive, which means that
P(lim |Z,| € {0,400} | Zg=2) =1, VzeN.

(2) The process is primitive, that is, for all ¢ € {1,...,p}, there exist n;, k; € N big enough
such that for all m > n,,
E(Zm|Z0 = kiei) >0



THE MULTI-TYPE BISEXUAL GALTON-WATSON BRANCHING PROCESS 5

where e; is the i—th canonical vector in RP.

Assumption is a classical transitivity condition. The following cases are some examples where
it holds.

(1) Foralli € {1,...,p}, P(W1 =0|Zp = e;) > 0.

(2) In the context of the bisexual setting, Vi € {1,...,p}, P(M1 = 0|Zp = ¢;) > 0 and
&(z,0) =0, Vo € R"f.

(3) 3¢ € {1,...,p}, P(|Z1| = 2|Zy = e;) > 0 and the process is strongly primitive, that is
Assumption is satisfied with k; = 1 for all i € {1,...,p} (see Appendix |A| for details).
Note that the (not strong) primitivity of the process is not sufficient. In fact, choosing
qg=p=2and

1 1
§(x,y) = (BJ w) , Vi~ 3 d(2,0) + 3 00,2, Vo~ (0,1

leads to a (not strongly) primitive branching process, satisfying P(|Z1| = 2|Zy = (1,0)) =
1/2 > 0 and such that {(1,0), (0,2)} is a recurrent class.

The following result provides a necessary and sufficient condition for almost sure extinction. This
result is proved in Section [4.2)

Theorem 3 (Extinction criterion). Assume that Assumption (1| holds and that I is finite over S.
Then there exist a unique \* > 0 and a unique z* € S* such that M(z*) = X\*z*, and we have

g =1,Vze NP < \* < 1.

If X* > 1 or if there exists 2/ € NP such that one of the components of M(Z') is not finite, then
there exists r > 0 such that, if |z| > r, then ¢, < 1.

Before turning to the next result, we point out that the last theorem encompasses the well known
extinction criteria for the classical multi-type Galton-Watson process and single-type bisexual
Galton-Watson process. Further examples are provided in Section

Example 3 (Multi-type Galton-Watson process). The Galton-Watson case corresponds to the
case where p = ¢ and the mating function is given by the identity function, £(x) = x, so that the
process forms a classical asexual multi-type Galton-Watson process. In this case it is easy to see
that M(z) = 2V and hence M is a linear function and \* is its greatest eigenvalue. We thus recover
the well known fact that A* < 1 is a necessary and sufficient condition for certain extinction.

Example 4 (Single-type bisexual Galton-Watson process). The single-type bisexual Galton-Watson
case corresponds to the case where p = 1 and ¢ = 2. In this case it is easy to see that M(z) = rz
for some 7 > 0, that z* = 1 and that A* = r. We recover the fact that A\* <1 is a necessary and
sufficient condition for certain extinction (see [DHTS6]).

In the following theorem, we deal with the long-time behaviour of the process. In particular we
prove that, on the non-extinction event {Z,, # 0, ¥n > 0}, the process will almost surely follow
the direction of the eigenvector z*. The proof of this theorem is in Section [5, We emphasize that,
for this result, we do not assume any L log L type condition. As far as we know, this result is new
even in the p =1 and ¢ = 2 (single type) case.

In what follows, given x,y € RP, we denote

|z, y| :=={2z € RP, x < z < y}.

Theorem 4 (Long time behaviour). Assume that Assumption || holds and that I is finite over S.
Let \* and z* given by Theorem |3| and assume that \* > 1. Then there exists ng > 1 such that, for



6 THE MULTL-TYPE BISEXUAL GALTON-WATSON BRANCHING PROCESS
alle € (0,1) and all n € (0,1), there exists r > 0 such that
P(Zn, #0 and Yn > ng, Zpt1 € |(1 —e)M(Z,), L +e)M(Z,)| | Zo=2) > 1—n, Y|z| >

In addition, on the non-extinction event {Z, # 0, ¥Yn > 0}, and up to a P(- | Zy = z)-negligible
event, for all k > 0,

. Lotk _ o (ye\k_x
A Z| (AT)72"

On the event of extinction, 9M(Z,,) vanishes for n large enough almost surely, which entails that

Zn+1 € |1 —e)M(Z,), (1 +e)M(Z,)| for all n large enough. For \* > 1 (so that extinction is not

almost sure), this also holds true with probability one, as proved alongside Theorem {4 We thus

obtain

Corollary 5. Assume that Assumption (1| holds and that I is finite over S. Then, for all e € (0,1)
and all z € NP,

P (3N > 0 such that, Yn > N, Zpi1 € |(1 —e)M(Z,), (1 +)IM(Z,)| | Zo = 2) = 1. (4)

Remark 4. As it will be clear from the proof, the value of ng in Theorem [4 is in fact chosen
deterministically as the minimal n € N such that 9" (z) > 0 for all z € NP\ {0}, which exists
thanks to Proposition [I4] below.

We now state a theorem related to the rescaled processes of mating units and children and we
prove that they both have a non-negative limit with the same direction as the vector z* given by
Theorem [3| We also show that the event of extinction coincides (almost surely) with the event
where this limit is equal to zero. This last part is well known in the classical branching case. As
far as we know, it is new even in the p = 1 and ¢ = 2 (single type) bisexual branching case. This
theorem is proved in Section [6]

Theorem 6 (Asymptotic profile). Assume that Assumption (1| holds, that 9 is finite over S. Then,
for all z € NP there exists a real non-negative random variable C such that

Zyn  P(|Zo=2) a.s. % Wy P(|Zo=2) as. 1

Cz* and y —

(A*)n n—+4oo ()\*)n n—+oo A*

with \* and z* given by Theorem [3]
Assume in addition that C is non-degenerate at 0, which means that P(C > 0| Zy = z) > 0 for
all z € NP such that q, < 1. Then, for all z € NP and up to a P(- | Zy = z) negligible event,

{C=0}={3neN, Z, =0}.

C2*V, (5)

Remark 5. We observe that the transitivity assumption implies that the condition P(C > 0 | Zy =
z) > 0 for all z € NP such that ¢, < 1 is actually true if and only if P(C > 0| Zy = z) > 0 for some
z € NP,

A natural question that arises is to find conditions so that the previous convergence holds also in
L' and the limit is non-degenerate at 0. The following proposition, proved in Section deals
with this question, for which we consider the function P : R, — RE given by

» o |9 (2)
Vz € RE, P(z)—ngrfoo Doy (6)

which is well defined, according to Theorem [17]in Section below. The condition we present
is inspired by the work of Gonzalez and Molina in the single-type case [GM96] and Klebaner’s
article [Kle85].
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Proposition 7. Assume that Assumption [1] holds, that M is finite over S and that \* > 1. If
there exists a concave monotone increasing function U : Ry — Ry, such that for all y € Ry,

sup  B(|P(21) = PON(L2)))| | Z0 = [2]) < U(y), (7)

2€RY P(2)=y

with y — UW)/y non-increasing and

+ooU( )

/ g/ dy < 400,
Yy

1

then the convergence in Theorem |§| is in L' and the random variable C is non-degenerate at 0.

The existence of the function U in the previous theorem may be difficult to check. In the following
proposition we state sufficient conditions to ensure its existence, under a V' log V' condition and
extra assumptions on the functions P, £ and 91. The proof of this proposition is in Section

Proposition 8. Assume that 9 is finite over S. In addition assume that both functions P and &
are Lipschitz, that E(V; jlogV; ;) < 4+oo for alli e {1,...,p}, j €{1,...,q}, and that there exists

a > 0 such that
£(zV)  M(2)

2] E

Then, the condition 1s satisfied.

= O(|21™). V= € B%\ {0}.

Remark 6. Since originally ¢ is only defined over N9, the statement “¢ is a Lipschitz function” must
be interpreted as “there exists an extension of £ from N? to R%, that is Lipschitz”.

The previous conditions are not necessary conditions to ensure the existence of the function
U in . In fact, in Proposition |§|, we state that in the model of Example |§| below, for which
there is no Lipschitz extension for £ over all ]Ri, the V log V condition is sufficient to ensure the L
convergence to a non-degenerate random variable in ([5)).

2.3. Examples in the context of bGWhbp. The following examples are in the context of the
multi-type bisexual Galton-Watson process. We recall that in this case ¢ = ny + n,,, where
ng,n,m € N* are respectively the number of types for females and males. In order to be consistent
with our notation, we write {((1,...,Zn;), (Y1, Yn,m)) = §(T1-- Tnps Y1, Yny, ). In this
context, for i € {1,...p} and j € {1,...ns} we set X;; =V, ;, and similarly, for j € {1,...,np},
Yij = Vins+j- Finally, we define the matrices X € RP"/ and Y € RP""™ given by

Xij = E(Xij), Yi; = E(Y:;).

Example 5 (Perfect fidelity mating function). Consider the case where ny = n,, = p and the
mating function £(z,y) = min{z, y} := (min{x;, yi})igp? which is a natural extension of the perfect
fidelity case presented by Daley ([Dal68]) to the multi-dimensional case. In this case, we have
min{kzX, kzY}
k
Hence the function 9 takes the form M(z) = min{zX, 2Y}. Let us discuss different particular

= min{zX, 2Y}, Vk > 1.

instances of this model.

e If X <Y are aperiodic irreducible non-negative matrices, then 9(z) = 2X and so M is a
linear function and A* is its greatest eigenvalue. In the super-critical case (i.e. \* > 1), the
asymptotic profile of the types of the process in the non-extinction event is given by its
positive left eigenvector. We thus observe that, despite the interaction between males and
females, the extinction and growth characterization of the process is similar to the classical
Galton-Watson case.
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e The case X proportional with Y can be handled similarly: Let (Xi,j)lgigp,1 <j<p and
(Yij)1<i<p,1<j<p defined by

{=1 =L

where (U; j)1<i<p,1<j<p is a random integrable array with mean U and (&; j.¢)1<i<p,1<j<p,eN
is an array of i.i.d. {0,1} valued random variables independent from U. The variable U ;
describes the number of children of type j from a mating unit of type ¢ and ¢; j , determines
if the /-th child is a female or a male. Note that in this example X;; and Y;; are not
independent. Then, setting o = P(g; j» = 1), we have

X=aUand Y= (1-a)U.
As a consequence,
M(z) = min{a, 1 — a} 20

and 91 is a linear function. Assume now that U is an aperiodic irreducible non-negative
matrix with greatest eigenvalue Ay and positive left eigenvector zy. Then A* = min{a, 1 —
afAy and, in the super-critical case, the asymptotic profile of the types of the process
(Zn)nen on the non-extinction event is given by z* = zy.

e Let us now consider a non-linear case. Assume that X = al, + 1, and Y = /I, + 5’1,
where o,/ > 0 and 3, 8’ > 0 are constants, I, is the identity matrix of size p x p and 1, is
the matrix of size p x p filled with ones. Then, for all ¢ € {1,...,p},

9M;(z) = min {az; + Blz|, 'z + B'|z]} .

Note that, for any permutation o of {1,...,p}, we have

Dﬁ(za(l), e za(p)) = (fma(l)(z), . ,Sﬁa(p)(z)).
Hence z* is stable by permutation of its components, so that z* = (1/p,...,1/p). We deduce
that

A= |M(2%)| = pmin{a/p+ B,¢//p+ '} = min{a + Bp, o’ + f'p}.

Remark 7. The previous example also covers a polygamous mating by one of the sexes, if we fix
d € N and let £(z,y) = min{z,dy} = (min{z;, dy;}) as Daley did [Dal6§] in the single-type
case. In this situation, we recover the same criterion.

1<p’

Example 6 (Completely promiscuous mating function). The case studied by Karlin and Ka-
plan [KK73| corresponds to the case where the number of couples is equal to the number of females
present in every generation (in particular this implies that ny = p) given the condition that there
is at least one male of each type present in every generation. In other words, they consider the
mating function

E(@1y ), (Y155 Yn)) = (@1, 2p) [ [ Lgyisoy-
i=1
The function 997 in this case corresponds to
M(z) = X1 y>0-

We assume that X is aperiodic irreducible and that Vj < n,,,vi <p :Y;; > 0, (this last condition
ensures that Assumption (1) holds) then zY > 0 for all z € RY \ {0}. In particular M(z) = zX for
all z € Rﬁ, which implies that the unique unitary positive eigenvector of 99t and its corresponding
eigenvalue are the ones of X given by the Perron-Frobenious Theorem. This result already appeared
in [KKT73].
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In addition, Proposition[7]entails the following original convergence property, proved in Section[6.4}
In particular, this model satisfies the conditions of Theorem [6] As stated before, Example [6] does
not satisfy the assumptions of Proposition [§] since & : N7 — NP is not Lipschitz.

Proposition 9. Consider the model in Example |§| above. Assume in addition that E(X; jlog X; ;)
is finite for all i,5 € {1,...p}. Then, the rescaled process Zn/(x*)" converges almost surely and in
L' to a non-degenerate random vector, with the same direction as z*.

3. CHARACTERIZATION OF 991 AND PROOF OF THEOREM [I]

Let (Z,)nen be a multi-type bGWbp with superadditive mating function & and consider the
function 991 associated to this process given by . We start by stating and proving some properties
related to this function in Section [3.1] and prove Theorem [I]in Section [3.2]

3.1. Characterization of 9. In this section we give some fundamental properties of the operator
9 defined in Section [2| and relate it to the behaviour of the number of mating units in the
population. We start by proving that 9 is concave and positively homogeneous, then we prove that
it does not depend on the chosen extension for £ to R? and state first properties of this function.

Definition 1. A function F' : R, — R is said to be
(1) Concave if
Flar+ (1 —a)y) > aF(z) + (1 — a)F(y),
for all @ € [0,1] and all z,y € RY.

(2) Positively homogeneous if for all a > 0, F(az) = oF(z) for all z € RE.
(3) Primitive if there exists ng > 1 such that F™(z) > 0 for all m > ny and = € RE \ {0}.

Proposition 10. The function I is positively homogeneous and concave.

Proof. Let a > 0, then
m = 1 S\
(a2) k—l>rfoo k k=400 ak
and so I is positively homogeneous. Using this and the fact that £ (and hence 9) is a superadditive

function, we deduce that 91 is a concave mapping. U

Proposition 11. For all z € Rﬁ, we have

o) - 1 SV eV, -
r——+00 r r>1 r
In addition, for any compact set K C S such that MM is continuous on K, M is either bounded

on K or infinite on K. In the former case,

&(rzV)
M(z) — 0 9
jg}g (2) " i O (9)
and, in the latter case,
g SOV L (10)
z€EK r r——+00

Proof. For the first assertion consider z € Rﬁ_, u € {0,1}? given by u; = 1¢(2v); 0y and let n € N*
be such that 2V > %u Then, for all > 0,

E(L(r+n)2V]) _ E(lrzV+ul)  E(rzV) 7

r4+n = r+n - r r4+n
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Taking the limit when r — 400, we conclude that

m(z) < lim WV
r—+00 T
The reverse inequality is direct using the fact that £ is non-decreasing in all its components, which
concludes the proof of the first equality in . The second equality is a consequence of Fekete’s
Lemma and the fact that r — &([rzV]) is superadditive.
For the second part, let K be a compact subset of S such that 9 is continuous on K. Note that,
9N being continuous, it is either bounded or equal to +o0o0 on K.
We first consider the case where M is bounded on K. Since M(z) > £ for all 2 € S and

T
r > 0, we only have to prove that

lim sup sup (Sm(z) - 5<TZV)> <0.

r—4o0 zeK r

Assume the contrary. Then there exist € > 0 and two sequences (z,)nen € KN and (7 )nen €
(0, +00)N such that 7,  +oo and

f(TnZnV)
Tn

<M(z,) —e.

Since K is compact, there exists, up to a subsequence, z,, € K such that z;, — zy. In
particular, for all 6 € (0,1), there exists ns. such that, for all n > ns., 2z, > (1 — )z and
M(z,) < M(200) + €/2 and hence

E((1—=9)rnzaV)
Tn

By definition of 9t and Proposition the left hand side converges to M((1 — §)zo0) =

(1 —90)M(200) when n — 400, and hence

(1= )M (200) < M(200) — £/2.

<M(z200) — /2.

Since this is true for all 6 > 0, > 0 and since M(z) < +00 by assumption, this is a contradiction.
We thus proved @
The proof of is similar. Assume that it does not hold true. Then there exist A > 0 and two
sequences (2,)neny € KN and (7,)nen € (0, +00)Y such that 7, 400 and
E(rpznV)

Tn

< A.

This implies that, up to a subsequence, z, converges to zo € K and that, for any § € (0, 1),
(1 —=0)M(200) < A.

But 991 is equal to 400 on K and hence we obtained +o0o < A, which is a contradiction. This
concludes the proof of Proposition O

As a consequence of Proposition we have the following result in the case where 91 is continuous.

Corollary 12. Assume M is finite and continuous over S. Then, we have

Mz) LRV Jzlotoe
] E '

The following lemma, used in the proof of the forthcoming Proposition [I4] and Proposition [15]
relates the iterations of 9 with the expectation of the process. It is proved in the Section [3.2]
after the proof of Theorem [I| and Corollary Note that the proof of this lemma is based on
Corollary 2| however neither Theorem [1| nor Corollary [2] makes use of Lemma [I3] Proposition [14] or

Proposition
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Lemma 13. For alln >0 and all z € NP, we have
M (z) > E(Z,|Zp = z), Vn € N.
The following result states that the primitivity of the bGWbp entails the primitivity of 9.

Proposition 14. Assume that Assumption holds, that is, (Zp)nen is primitive, then M is a
primitive function.

Proof. Since (Zy,)nen is primitive, we can find N, k € N big enough so that for all i € {1,...,p} and
m > N we have that E(Z,,|Zy = ke;) > 0. Hence, for m > N and z € N\ {0}, using Lemma [13]
and the superadditivity of £ and then of z — E(Z,,|Zy = 2),

P
KM (2) = M™(kz) > B(Zm|Zo = k2) > 2E(Zm|Zo = ke;) > 0,
i=1
and so MM™(z) > 0, which concludes the proof. O

We finish this subsection by stating one last property on 9.

Proposition 15. Assume that Assumption holds. We have inf,cs |9MM(z)| > 0 and, for all
compact subset K C S* and for alli € {1,...,p}, inf,cx M;(2) > 0.

Proof. We start by proving the first assertion. Since 9 is primitive by Proposition [I4] there exists
no > 1 such that 9™ (e;) > 0 for all i € {1,...,p}. In particular, M(e;) # 0 for all i € {1,...,p}.
Using the concavity of 91, we deduce that

Z zlfm(ez)
=1

Let us now prove the second assertion. For z € K, if 9;(2) = +oo, by Proposition[10] 9;(2") = +oo
for all 2’ € K and the result follows directly. If 9 (2) < +o0, since M; is concave, it is locally
Lipschitz on S* and hence z — 9;(2) is continuous on the compact set K. It is thus sufficient to
prove the result for any fixed z € S*. For this, we simply observe that, for any two z,2’ € S*, we
have, using the fact that z — 9%;(2) is positively homogeneous and increasing,

inf [M(z)| > inf > min |[M(e;)| > 0.
z€S z€S

1€{1,...,p}

min; 2

M;(2) > Mgﬁi(g).

MmaXje(1,....p} %

Hence z — 9M;(z) is either null or positive on S*. Since 9 is primitive by Proposition {14} z — 9;(z)

is not null (take for instance z = 9" (e;)), which concludes the proof. O

3.2. Proof of Theorem [1. We start with the following lemma, where we do not assume that 91
is finite over S.

Lemma 16. Let (zx)r>0 be a random sequence in NP such that zj ~j—1o0 kzoo € Rﬁ almost surely.
We have

Zk,i

Ly (m)
— E E V. — M(200),
almost surely when k — 4o00.

The proof of this lemma is inspired by [DHTS6].

Proof. Since all the variables V; ; are integrable, then thanks to the strong law of large numbers,
we have that for all i <p, j <g,
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Assume first that z.,; > 0. In this case, since z;; — 400 almost surely we deduce that

Zh,i
1 - m a.s.

S VS v,

2k m—1 > k—+o0

and hence
1 2k,

Z z(m) a.s. Vz,]

kzooi = ) k—otoo

FixO0<e< /rgm;lé V;,j. Hence, with probability one there exists ko (random) such that if & > ko,
4,5/ Vi
then

Zh,i

kzooi(Vij —e) < Z Vz(;n) <kzeoi(Vij+e).

Assume now that z.,; = 0. Then, almost surely, there exists kg such that for all k& > ko, 2z1; = 0,
so that the last inequality also holds true.

We consider again the general case zo > 0. Summing on ¢ we obtain that, almost surely, there
exists ko such that, for all £ > kg and all j < ¢,

p 2k,i P
3 kzooi(Vij—¢) < Z Sy < > kooilVig+2),
VZj;éO i=1m=1 ?

where we used the fact that szjm) = 0 almost surely if V; ; = 0.
Define the matrices V¢ := ((Vi,j + 6)]1%’].7&0) and V& = ((Vi,j - s)llvz.,j#o)

e Il iy SRl

Since the function ¢ is superadditive, in particular it is non decreasing. Hence, we get

V) 1 (<Z§Vm>> ) o lha¥s) )
1<5<q

i=1 m=1

Let define
€
0= ————
min V; ,J
1,5/Vi ;70
and note that § < 1 thanks to our choice of €.

Assume first that 9 (2o) < +00 and note that

kzoo V& 1
limsupg(zki“:l’iﬁgig)kf Z k:zom(l—i-V )V
VisHo 1<j<q

p
< lim 75 (Z k:zoo,i(l + 5)Vijj>
k—-+oo k ( =1 1<j<q

=(146)M(200),
E(kzooVE)

and similarly, lim inf > (1 —0)M(200)-
k—4o00

Hence, taking £k — +o00 in , we obtain

(1 —0)M(200) < liminf f ((i zkf V’j ) ) < (14 9)M(200)
j=1

koo k i=1 m=1
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Finally, taking £ — 0, then § goes to 0 and we conclude the desired result when M (zo) < 400.
kzoo VE
M'Zk) > (1 — 6)My(200) still

holds and so the result follows in this case. O

If My(200) = +o00 for some £ € {1,...,p}, the inequality llimJian
—+00

We now proceed with the proof of Theorem [I]

Proof of Theorem [T We first prove the almost sure convergence in Step 1, and then the L!
convergence in Step 2.

Step 1. Almost sure convergence. The result is trivial for n = 0. By Lemma we have

Zin _ 1 P (1,k) a.s.
L= (DD VT s M), (12)

m—o0
meme N\ =

If My(200) > 0 for some £ € {1,...,p}, then this proves that Z7"y ~m— oo M My (200) almost surely.
If My(200) = 0, then §(k2o0V) vanishes for all £ > 1 and hence Z; 1 z,<c... = 0 almost surely for
all C' > 0. Since 2z, ~m—s+00 M2Zo0, We deduce that there exists a (random) mg > 1 such that, for
all m > my, foé = 0. Thus we proved that Z]" ~,— 100 mM(2o0) almost surely, which proves the
result when n = 1.

Assume now that Z" ~p, 400 mIMM"(z2s) a.s. for some n > 1. Then the previous step with
Zm = Z;' entails that

ZM 1 ~msoo MMM (200)) = m M (20) a.s.

This concludes the proof of the first assertion in Theorem

Step 2. Convergence in L*. We prove now the L'-convergence. Denote 1,eN91,=(1,...,1),and
fix 29 € NP such that zyV > 1,. Consider the bGWbp with initial position Z)* = z,,, m > 1, and
denote by W™ the number of children in the first generation. We have W™ < |W™|1, < [W{"|20V,
and so using the second equality in ,

27" = EW") < (W |20V) < DM (W[ 20) -
Using Proposition [I0], we deduce that
27" < (Wi (z0)- (13)
By assumption, the random vector
U™ = |z,/m] +1
is uniformly integrable, and we have z, < mU™ almost surely, so that

» mUi("L)
o<yl <> > v (14)
=1 k=1

Since U™ is independent from the other terms, we have

j=li=1 k=1

1 4 mUi(m)
Elln22 > (Vif?’”W))
5 S (Ve —w,y)

k=1

>|uy]P>(U<m>:u). (15)
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Using the law of large numbers, we deduce that, for each ¢ € {1,--- ,p} and 5 € {1,--- ,q},

o ([$ (5 -v.)

k=1

)0
m——+00

In particular, this ensures that the family

= max ZZ

ue(N\{0})r 7 MU (

Wff (ViS5 = vig)

k=1

)

converges to 0 when m — +o00. In addition, for all A > 0,

(v ) e (0 =

k=1

< ¥ fm]u\P<U(m):u)+ 3 maxfnyum(mm):u)

ue(NV{0})? ue(@yiopyr "N
lul|<A Ju|>A

< fn A+ E (U0 Do) s

ue(N\{0})r j=1i= 1M (

Since the family (U (m))mzo is uniformly integrable and choosing A large enough, E (‘ Um ’ Lromy)> A)
can be made arbitrarily small uniformly in m, and, for any fixed A, choosing m large enough, the
term f,, A can be chosen arbitrarily small. Using , this implies that

k1)

In particular, this shows that L Zq_l P Zk ; Vl(J converges in L' and is thus uniformly

integrable. By inequalities (|1 and , this entails that (Z]"/m)m>1 is uniformly integrable too.
Now, since we also proved that Z7"/m converges almost surely to (2 ), this implies that Z7*/m
converges in L' to M(2x0).

As above, the result for general n > 1 derives by iteration, which concludes the proof of
Theorem [1] O

We now turn to the proof of Corollary 2]

Proof of Corollary 2. Theorem [I] yields Corollary [2] when 9t takes finite values. In the situation
where 9 is not finite valued, we consider the vector 1, = (1,...,1) € NP and introduce the
superadditive function

{(z) = [z(1p.
Then, for all o € N, we define the superadditive mating function

§(o (@) = min{€ (), aé()} == (min{&(@);, ad(x)i})

and we denote by 9, the function associated if we consider §(,) as mating function with the same

1<i<p’

offspring distribution as the original process. We can check that 9 ,)(z) = min{M(z), aé(2V)}
and so we obtain that 9, (z) / M(z) as a — +o0, for all z € RY}. Since clearly £,y * §, using
the Monotone Convergence Theorem, for all z € NP and ¢ € {1,...,p},

E(Z1|Zo = 2) o= E(Z1|Zy = 2), (16)
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where E(,) is the probability law associated to the process with mating function (). In particular,
using Corollary 2 for the finite valued 9, for all z € Rﬁ,

E() (21120 = [mz])

IM(2) = sup M) (2) = sup sup

a>0 a>0m>1 m
B Ew (21|20 = [mz])  E(Zi|Zy = |mz])
= sup sup = sup .
m>1a>0 m m>1 m

Since m +— E(Z1]|Zy = [mz]) defines a superadditive sequence, we deduce that

M(z) = lim 2% = [mz])

m>1 m
which concludes the proof of Corollary O

Let us now prove Lemma hence also concluding the proof of Propositions [14] and

Proof of Lemma [13] Let z € NP. For n = 1, we use Corollary [2] and obtain that
E(Z1|Zy =k E(Z1|Zy =k
M(z) = lim E(%1120 = kz) :sup—( 11%0 2) > E(Z1|Zy = 2).
k—o00 k kEN k

Assume now that the inequality is true for some n € N. Using the fact that 9 is increasing
(since it is superadditive), we obtain

M (2) > M(E(Zn| Zo = 2))
> E(M(Za)|Z0 = 2)
> B (B(Z1|20 = ) o=z,|%0 = 2)
=E(Zn111%0 = 2),

where in the second step we have used Jensen’s inequality, since N is concave by Proposition
and the last inequality is due to the Markov property. The proof is then complete. O

4. EXISTENCE OF THE EIGENELEMENTS AND PROOF OF THEOREM
4.1. The concave eigenvalue problem. Consider A a real strictly positive N x N matrix. A
well-known result that goes back to Perron [Per(7] states that
R U
lim

n—oo \"

= c(z)v, Vo € RE,

where A is the greatest eigenvalue of A with v its corresponding eigenvector and ¢ is a suitable
function. This result and its consequences are among the main tools used to study the asymptotic
behaviour of the classical multi-type Galton-Watson process, applied to the expectation matrix
associated with the process. In this section we give similar results: a theorem that goes back to
Ulrich Krause [Kra94] that provides us with the necessary tools to study the extinction conditions
for the multi-type bGWhbp.

Theorem 17 (See [Kra94] Section 4). Consider M : RE. — RE a concave, primitive and positively
homogeneous mapping. Then,

(1) The eigenvalue problem M (z) = Az has a unique solution (\*, z*) € R x S*, with \* > 0. If
(A, z) € R x (RE \ {0}) is another solution of the problem, then it must hold that x = rz*
for some r >0 and A = \*.

(2) The function L : (Ry)P — Ryz* given by L(z) = kli_g)lo% exists on RY. and holds
L(z) = P(z)z* where P : RE. — Ry is a concave and positively homogeneous mapping
with P(z) > 0 for all z € RE \ {0}.
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(3) lim I = 2 for all x € R, \ {0},
(

. k1 . ) N
(4) Jim Hipest = X = lim [M*(2)[% for all @ € RY\ {0}.
(5) The convergence toward L(x) = P(x)z* is uniform on x € S.

4.2. Proof of Theorem |3, If 9 is finite, the existence of A\* and z* are guaranteed by Theorem
Propositions [I0] and Proposition [I[4] Note that, in the following of the proof, we make use of
Theorem [4] whose proof is developed in the next section and, except from the existence and
uniqueness of A* and z* which are yet established, does not use Theorem

If M takes finite values and A\* < 1, then, by assertion (2) in Theorem for all z € NP,
(O™ (2))nen is a bounded sequence. From Lemma |13} 9" (z) > E(Z,|Zy = z), hence E(Z,|Zy = 2)
is bounded for all n € N and so Z,, does not converge to +oo with positive probability. The
conclusion is then given by Assumption since then nh_{lgo |Zy| can only be almost surely 0, which
finishes the proof of the theorem in the case \* < 1.

If M(z) < +oo for all z € S and A* > 1, Theorem || entails that, for all € € (0, 1), there exists
no € N and r > 0 such that, if Zy = z € NP with |z| > r, we have that with positive probability
Zny #0and Z,, > (1 — g)" " "0O"—"0(Z,,) for all n > ng, with (1 — )" "0IM"""0(Z,,) # 0 (since
9N is primitive), and so we obtain ¢, < 1.

Assume now that there exist zp € S and ig € {1,...,p} such that (M(zp));, = +oo0. Consider,
in the same way as for the proof of Corollary 2, the vector 1, = (1,...,1) € N” and the function

g(ﬂ”) = |95’1p-
For o« € N we define the function
£(o)(z) = min{&(z), o ()},

which is superadditive, and we define 90, the function associated if we consider §(,) as mating
function with the same offspring distribution as the original process. We can check that 9, (2) =

min{9(z), € (zV)} and so we obtain that Moy (2) /M(2) as a — 400, for all z € R} Note that

in particular
(m(a)(zo))io azoo, +00. (17)

Since clearly &) " &, using the Monotone Convergence Theorem, for all m > 1 and i € {1,...,p},
E(a) (Zm|Z() = kel) m E(Zm’Z(] = /{62) (18)

where E ) is the probability law associated to the process with mating function ().
By Assumption there exists ¢g > 0,m > 1 and k > 1 such that for all i € {1,...,p},

E(Zm’ZO = ]{761) > Colp.
By (18], there exists ap > 0 (which depends on m) such that for all & > ag and all i € {1,...,p},

1
IE“(oe)(Zm|ZO = kei) > “p > o 20
2 2 max 2o j
J<p
This implies, by Lemma that for all i € {1,...,p},
o
m N> 0
My (ei) 2 2k max z =0
J<p
Hence, by (7)),
m € a—+00
(m(a#(ei)) > (M) (20) )iy “— +00.

io — 2kmax 2o ;
Jj<p
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This implies that

m+1 a—+00
;IGIE (sm( ) (z))ZO —— +o0.

We remark that, since M, is bounded over .S, concave, positively homogeneous and primitive,
there exists Ao > 0 and x, € S such that M, (7a) = AaTa. Using this we have that

At = M ()| == 400,

We conclude that there exists ag big enough such that \,, > 1 and thanks to the previous
computations the process with mating function £,, will not be almost surely extinct. Since §(,y) < &,
this process is stochastically dominated by the original process, and so we can find r,, > 0 such
that for all z € NP with |z| > rq,, given {Zp = z}, the original process has a positive probability of
survival.

5. PROOF OF THEOREM [

In order to prove Theorem {4} we first prove that, if A* > 1 and under the assumption that 91 is
bounded over S, we have that for all € € (0,1), ¢ € (0, 1/p],
lim P(VneN, Z,41€[(1—e)M(Z,),(1+e)M(Z,)]) =1, (19)

|z| =>+o0
z€Us

where Us is the set given by
={ze NP : 2> |z[01,}, (20)

where we recall that 1, = (1,...,1) € N? and for all a,b € RY, |a,b] :={z € R}, a <z <b}. We
remark that, for 6 > 0, Us is non-empty if and only if § € (0, 1/p].

Then, we prove that for any initial values, either the process goes to extinction or it reaches a
set Us in finite time. Both results then lead to the proof of Theorem [}

The second result is stated in Lemma [22] the first one is stated in Lemma [2I] and is based on
Lemmas [I§] [19) and [20] for which we introduction the following additional notation.

For any ¢ € (0,1) and n > 1, we consider the sequence of events
Ay =Avie{l,...,n}, Z; € [(1 — e)M(Zi—1), (1 + £)M(Zi-1) [},
or simply A,, when there is no risk of ambiguity. We also set Aj = (.

Lemma 18. Assume that M is bounded on S. For any § € (0,1/p] and € € (0,1), there exists
co > 0 such that for all z € Us and all n € N,

P(A5 | Zo=2)>1-) cF (]lAfilf(|Zi—1|) | Zo = Z) :
i=1

where
P V ]lV <CC)

)= >SS BV > ) 4 D0 > - e )

i=17=1 i=17=1

Proof. We prove this lemma in two steps.
Step 1. We first consider the case n = 1. That is, we prove that for § € (0,1/p] and ¢ € (0, 1), there

exists ¢; such that, for z € Uy,

P L E(VZ Ly, <))
P(Z1 € |(1— M), (1+ M) | Zo=2) > 1—erlsl 35 BV > |2 —a 33 L,
i=1j=1 i=1j=1

(21)
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For Zy = 2, we have Z; = £(Wi1,...,Wig) with Wi = Y0 3% VY for 1 < j < ¢. Fix
91 € (0,1) and 1 > 0 (depending on d;) such that, for all z € NP with |z] > rq,
(1= 80)Viy < Vil = E (Vigly, cp) < (14 80)Viy
For all |z| > r; with z € Us, we have
P(Wii,...,Wig) > (1 =062V | Zg=2) > P(Wig,...,Wig) > (1—08)2VSEl Z = 2)
>1- ZP(WLj < (1 — 51)221V§]‘Z| | Zo = Z)
i=1

j=1
but for j € {1,...,q},

p
P(Wiy < (1—61) Y 2V | Zo=2) <P(3ie{1,....ph ke {1,...,z} st VU > 2] | Zo = 2)

z;
<
<Z < i V(?’l)élz\ z]| |) < 51221 Z| | Zy = Z)

=1 k=1

Var ( 1 r ZJ )]lv(k,l)<| | | Zo = z>

B i=1 52 ( i=1 lefJ‘Zl)
P& (k1) g _
) > X Var (Vi L an | Zo =2
i=1k=1 7 Vj Sl
< \Z\ZP(W,J > |z|) + p 2
i=1 6262(1 — 61)2 (Z Vz’,j) |22
i=1
d 2
, S E(VAly, <)
=1
< |2 )_ P(Vig > |2) p 2
i=1 6202(1 — 01)2 (; Vz‘,j) ||

where we used the independence of the random variables Vﬁ’l), the fact that z; > 0|z| for all
ie{l,...,p}, and V; lz‘ > (1 —61)V; ;. Proceeding similarly for the event {(Wi1,...,Wi,4) <
(14 61)%2V}, we deduce that there exists a constant ¢ > 0 such that

P(Wy € [(1—61)%2V, (1+61)%2V| | Zp = 2)

>1- c|z]ZZIP’(V” > |z]) szhlz)’ (22)

i=1j=1 i=1j=1

where W1 = (Wl,la PN le,q)-
If we now apply Proposition [11f with the compact set Us N S, for all &’ > 0, there exists 7o > 0
such that if £ > ro(1 — §1)2,

<e,YVueUsns,

'g(m) _

l
and we deduce that for all z € Uy such that |z| > rg,

‘5((1 —01)%2V)  M(z)

/

(I—6)2zl 2
Hence, for all z € Us with |z| > 7o,

€((1—01)%V)
(1—61)%z]

> M(2/|z2]) —
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In addition, since 91 is concave on S, it is locally Lipschitz on S$* and in particular each of its
components are uniformly bounded away from 0 on Us NS C S* by a constant m; > 0 (which
depends on 0 € (0,1/p]). Hence, for all z € Us with |z| > ro,
E((1 = 61)%2V)
(1—61)%2|
Similarly, there exist r3 > 0 and mg > 0 such that, for all z € Us with |z| > rs,
E((L+61)%2V)
(1+61)%2|
Hence, for z € Uy with |z| > r1 V 1y V13,

> M(z/]2])(L —€'/m).
< M(2/[2])(1 +€'/ma).

{(lel, ey leq) S |(1 — 61)2ZV, (1 + (51)2ZV‘}
C{Z1 € 1M(z)(1 — &' /m1)(1 = 61)*,M(2)(1 + &' fma) (1 + 61)%[}. (23)
Choosing ¢’ and §; small enough, we deduce that there exists r4 > 0 such that, for all z € Us with

|z| > 74, holds true for some constant ¢;. Up to a change in the constant c¢;, we deduce that
this is true for all z € Usy.

Step 2. We iterate now the result obtained in the previous step. We have, for all z € Us.
P(Z1€|(1=e)M(z), (1 +)M(2)[ | Zo = 2) 21— f(|2])

for some constant ¢; > 0. Then, observing that Z; € [(1 — &)MM(z), (1 + &)M(z)| implies that

Z1 € ||z|(1 —e)M(z/|z]), (1 + €)|z|9M(z/|z|)| and hence that

(1 —e)M(z/l=]) 51,

Z1 /12| > (1+e)m(z/|z)] =

with
(1 - 5) minueUmS,ie{l,...,p} <9ﬁ(u)7 ei)

& =
! (1 +¢)sup [M(u)|
uesS

where min,cy;ns, ief1,...p} (M (u), e;) > 0 by Proposition Now, applying the same reasoning as
in Step 1 but with J; instead of §, we deduce that there exists a constant co > 0 such that, on the
event {Zy = z},

P(Zy € |(1 = )M(Z1), A +)M(Z1)| | Z1) = Lz e/1-e)m(z),(1+e)m(z) (1 — c2f(|Z1]))
=145 (1 — c2f (| Z1]))-
And hence, using Markov’s property at time 1,
P (A5 | Zo=2) > E(P(Z2 € |(1-)M(Z1), (1 +)M(Z1)| | Z1)las | Zo = 2)
> P(AS | Zo = 2) — E (Lazeaf(1Z1]) | Zo = 2)
>1 =i f(|2]) = eF (Las f(1Z1]) | Zo = 2)
Iterating this procedure, we deduce that there exists a positive sequence (¢, )n>1 such that, for

alln > 1,

P(AS | Zo=2)>1- ¢E (]lAfilf(\Zi_ﬂ) | Zo = z) :
=1

According to Theorem , there exists ng such that

1
su A)TOM0 () — P(uw)z*] < = infP  min Z’Zka
ueg|( ) (u) (u)e"] < 25 ie{l...p}
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so that 9" (u) € |(A*)"0P(u)z*/2,3(N\*)"P(u)z*/2|, Yu € S. Then, under A5 , we have

no?
Zng € (1= &)™ (2), (1 + )™M (2)] C (1 — )" (A")"P(2)27/2,3(1 + )" (A)"P(2)2"/2],
so that (recall that |z*| = 1)

(L) \)"P)z"/2 . . (1—¢)™
ProllZnol 2 S e ey p ()2 = B ey

(1—¢)"o
3(14¢)™0
does not depend on ¢ such that

P(Afl()—‘rl ‘ ZOa ceey Zno) > ]IAZO (1 - Cllf(‘ZTLoD) .

Since ¢’ := min z* does not depend on §, we deduce from Step 1 that there exists ¢} which

Iterating the procedure of the beginning of the proof, we deduce that there exist ¢, ... ,c;m which
do not depend on § > 0 such that, for all n € {ng+1,...,2n0},

n

ng
P(A, [ Zo=2) 2 1= aE (Las f(1Zial) | Zo=2) = > cuB (Laz  F(1Zinl) | Zo = 2)

i=1 i=ng+1
Under A3, , we have
Zang € [(1 = &)™ M (Zny), (14 €)"0M™ (Zny )| C (1 = €)™ (N)"OP(Zng)2"/2,3(1 + )" (A")"P(Zny)2" /2],
hence, using the same computations as above, we have

]P(A;no+1 | Zo, .-, ZQno) 2> ]lAénO (1 - Cllf(|22no|)) ’

with the same constant ¢. Iterating the procedure of the beginning of the proof, we deduce that,
for all n € {2ng+1,...,3n0},

o
P(AS [ Zo=2)>1-) ¢E (nAfflf(|zi,1|) | Zo = z)
=1
2ng

S B (Lae F(1Zia)) | Zo = )
i=ng+1
n

S B (07 20 )

i=2no+1

Proceeding by induction and taking cop = max;e(1,.. no) ¢ V ¢, this concludes the proof of the
lemma. [l

We prove now a useful auxiliary lemma.

Lemma 19. Let (x,)n>0 be a positive sequence such that, for some o > 1 and ¢ > 0,
Tp > e Fa, VYn>k>0. (24)

Then

V2
Z f(l:n) B 1= ljz:l <M>

with f defined in Lemmoa (18]

Proof. We first consider the first part and then the second part of f(z,,), for each i € {1,...,p}
and j € {1,...,q}.
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We have, using Fubini’s Theorem,

Z z,P(Vij > z,) =E (Z J?n]lvi,j>xn>

n>0 n>0

Nij
<E ]l\/i,j>rninzn Z In |
neN n=0

where N;; := max{n > 0,z, <V ;}, with the convention that max () = —1 (note that, since o > 1,
xy, — 400 so that N;; < +00). Inequality entails that min,cnx, > cxg and that, for all
n < Nyj, xp < a"*NiJ’xNij/c < anNii Vij/c. We deduce that

> wnP(Vij > 20) <E (1%,j>cmoVi,j > an Ny 0)

n>0 n=0

o
<8 (1ot )

2

a 2
< E b
~cla—1) ((ca:o) \% Vi,j> ’

where we used the fact that Ty, sce, < (mg@vﬁ

Using again Fubini’s Theorem, we have

E (V31vi, <o, 1y, <a, o
> (V1w ):E(ijzvf )ﬁE Vi > — |

almost surely.

n>0 In n>0 n

where Nj; = min{n > 0,z, > V;;} = N;; + 1. Inequality entails that, for all n > Njj,

1/x, < ozNi/J_n/(cxN(_). Hence, using the fact that x5/ > V; ; by definition of N{j, we obtain
1] )

ZE(m?jnvi,jgxn) el +Z°° QNG gE( V2 a )

Zn, b an, VVig S ¢ (cxo) V Vijcla—1)
ij

n>0
where we used the fact that x> cxg by .
ij
Summing over i € {1,...,p} and j € {1,...,q}, this concludes the proof of Lemma O

Now we state a second auxiliary lemma, where we prove that for all z € NP, the sequence
(M™(2)),,ey holds the property ([24).

Lemma 20. Assume that M is bounded on S and \* > 1. There exists a constant ¢y € (0,1] and
A € (1,\*) such that, for all z € NP and alln > 1 and k € {0,...,n},

(2" (2)] = coA"F |9 (2).
Proof. Let ¢ € (0,1) such that A := %)\* > 1. Fix z € NP\ {0}. If there exists > 0 such that

z € [(1 =0)xz*, (14 0)xz*|, then |z| < [(1 4 d)xz*| = (1 4+ )z, and, since M is increasing and
positively homogeneous,

MM (2)] = [M((1 = d)2z")[ = [(1 = 6)aM(2")| = [(1 = §)aA"2"| = (1 = §)zA™ = Al2|. (25)
Moreover, Theorem entails that there exists ng > 1 such that, for any z € .S and n > ny,
M (2) € [(1 = )(A")"C(2)2", (1 +6)(A)"C(2)="],
so that, according to , forn > k > nyg
[ (2)] 2 A" (2)] = AHEIE (2)] > Ao ()
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By homogeneity of 9, this extends to all z € NP,

For all n € {0,...,np} and all z € (N\ {0})?, we have, for all k € {0,...,n},
m"(z)
|9 (2)]
> CTllJrlkaﬂ—i-l—k|Djtk(z)|7

)| = o () 2] i ] 90 (2] > G )" o)

where ¢; = A~ infg [90]. Setting co = 1 A ¢} concludes the proof of Lemma O
We are now in position to compute the limit .

Lemma 21. Assume that 0 is bounded on S and \* > 1. For any § € (0,1/p] and € € (0,1), we
have

P AV Zg=2| ———— 1
(n@l N| ‘ ) |z| =400, 2z€Us

Proof. Take ¢y > 0 and A € (1, \*) from Lemma We assume without loss of generality that
a:=(1—¢e)A>1. Foralli >k >1, on the event A;, we have then

|Zz’ 2 |<1 — €)k9ﬁk(Zl,k)| Z Co/\k(l — E)k’ZZ',H = C()Oék‘Zi,k’.

Hence, according to Lemma almost surely, on the event {Zy = z},

20 P q 2
HXZ:I]IAnlfﬂanD < WZZE ((CO|Z|)\/VW> .

We deduce that
2a b V2,
EMa,  f(|Znal) | Zo=2) < ———< E <w> .
2 ) 2 2B\ G v

Letting n — +o00 in Lemma , we obtain that there exists ¢{, > 0 such that, for all z > §|z|1,
(recall that A,—1 C A, for all n > 1),

]P’(ﬂAn|Zozz> :nETmP<ﬂAn|Zozz>

n>1 k=1
>1—co Y E(a, f(1Znal) | Zo=2)

n>1

2chHa V2
>1— —— Ef——2 .
SRRETCEIPY <<cO|zr>v%,j

1’7]

But V; ; is integrable for all ¢, 7 and hence, by dominated convergence theorem,

V2
E i 0
((CO|Z|) \/%J) |z] =400

This concludes the proof of Lemma (I

Lemma [21] is useful for large starting values z such that z > §|z|1,. In order to use it for all
initial positions, we show that such values are eventually reached by the process in finite time.

Lemma 22. Assume that O is bounded on S. There exist 69 € (0,1/p] and ng > 1 such that, for
all v > 0, for all n € (0,1), there exists p > 0 such that

inf P (T <nglZp=2)>1-—
2€NP, |2|>p (Too.r S0 | Zo=2) 2 1=,
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where
Tsor = inf{n >0, Z,, > |Z,|001, and |Z,| > r}.
In addition,
Zggpp(%v’” ATy < +oo | Zy=2) =1,
with Ty := inf{n > 0, |Z,| = 0} the extinction time of the process.

Proof. Let ng > 1 and é; > 0 such that, for all i € {1,...,p}, M"(e;) > 611,. Such ng and d6;
exist as M is primitive by Proposition In order to prove the first inequality of the lemma, we
show that there exists a > 0 such that, for all n € (0,1), there exists k1 > 0 such that

P(Zn, > |2]021) | Zg=2) > 1—1/2, Y|z| > k1 (26)
with dy := 91/2p, and there exists ko > 0 such that
P(a|z| > |Zng| | Zo=2) > 1—n/2 V|z| > ka. (27)

Once this is proved, we set dp = d2/a (which does not depend on 7). Then for r > 0, setting
p = ki V kaV /s:p, we obtain from the general property P(AN B) > P(A) + P(B) — 1 that, for all z
such that |z| > p,
P (750 <o | Zo = 2) Zny > |Zno|001y and | Zy,,| > r and |Zp,| < a|z| | Zo = 2)
Zny > a|z| 001y and |Z,,| < a|z| | Zo = 2)

Zno > |2]021p | Zo = 2) + P (| Zpy| < |2| | Zog=2) — 1

AV AV AV V]
= 8 9 Y9

|
=

where we used for the second inequality that |a|z|dp1,| > r for all |z| > p.
Let us prove and . By definition of ng > 1 and §; > 0 and by Theorem |1, we deduce
that there exists kg > 1 such that, for all £ > kg and all i € {1,...,p},
P(Zny > kd11,/2 | Zo = ke;) > (1 —n/2)"7.

Using the auxiliary lemma in Appendix [A] we obtain

p p
P (Zno Z Z]lzizkoziéllp/Q | Z() = Z) Z HP(ZTLO Z ]lziZkozi(Sl]-p/Q | ZO = ziei)
=1

=
—_

S

> [[(—n/2)" =1-n/2.
=1

If in addition |z| > k1 := pko, then
51 o1 01
3 Lo tzioi 2 321~ (= Do) = G141

2
and holds.
Set a = 2|9M"0(1,)| (note that by definition of ngy, we have 9™ (1,) > 0). By superadditivity,
we have

L (= Dko

1)
)zlm=®m
|| p

P(|Zn,| = alz| | Zo = 2) < P(|Zny| > alz| | Zo = |2(1p).
Now Theorem [ entails that

z
B(|Zng| = am | Zo = m1,) _P(’"O‘
m

> 2|90 = :

> 2| (1p)" Zo mlp) P

Using this, we conclude that for all n € (0, 1), there exists k2 > 0 such that, for all |z| > ko,
P(|Zno| = l2| | Zo = 2) <n/2.

and holds, which concludes the proof of the first part of the lemma.
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In addition, setting 7, = inf{n > 0,|Z,| > p}, we have for all starting point in z € NP\ {0} such
that |z| < p, P(1, ANTo < +00 | Zo = 2) =1 (by Assumptionand because Z, € NP almost surely),
we deduce that, for all € (0, 1), there exists n; > 1 such that

P(ryANTo <mi | Zo=2)>1—-mn, V| <p
Using the strong Markov property at time 7',’) ATy, we deduce that
P (750 ANTo <mo+mn1| Zo=2)>(1-n)? VzeN\{0}.
Since this is true for all € (0,1) this concludes the proof of Lemma O

We are now in position to conclude the proof of Theorem 4| Consider oy € (0, 1/p| and ng € N*
given by Lemma According to Lemma 21} for all € € (0,1), for all n € (0, 1), there exists r > 0
such that, for all z € Us, with |z| > r,

P(Vn >0, Zny1 € (1 —e)M(Z,), (L +e)M(Z,)| | Zo=2) > 1—n/2. (28)
In addition, Lemma [22| entails that there exists p > 0 such that, for all |z| > p,
P (7500 <o | Zo=2)>1-1n/2,
and hence, using the strong Markov property, we deduce that for all |z| > p,
P (750» < mo and Vn > 750, Zny1 € [(1 —)M(Zy), 1+ )M(Z,)| | Zo=2) > 1 —n.
Finally, this implies that
P(Zn, # 0 and Vn > ng, Znpy1 € [(1 —e)M(Zy), (L +e)M(Z,)| | Zo=2) > 1 —n.
This concludes the proof of the first part of Theorem [4]

We now prove Corollary [5] the result holds true trivially if z = 0. Hence, using the Markov
property at time 75, » A Tp, we deduce from and the fact that P (75, , A Top < +00) = 1, that
for all z € NP,

P (7500 AN To < +00 and Vn > 750 » ATy, Zni1 € |(1 —)M(Zy,), (1 +)M(Zn)| | Zo=2) > 1 —n/2.
Hence,

P (3N > 0 such that, Vn > N, Z,41 € [(1 —e)M(Z,), (1 +e)M(Z,)| | Zo =2) > 1 —n/2.
Since the left hand term does not depend on 7, this conclude the proof of Corollary [5]

For the second part of Theorem {4} we simply observe that, P(- | Zyp = z)-almost surely, for
all € > 0, there exists N > 0 (random) such that for all m,k > 0, for all n > N, Z,,, €
[(1—¢e)™M™(Z,), (1 +&)™M™(Z,)|, hence
(1 _ €)m+k9ﬁm+k(Zn) (1 4 E)m—i—kmm—kk(zn)

(L+e)mmm(Za)l (1 —e)™Mmm(Zy)]
(1 — )™M Zy )| Zol) (1 + )™M (Z, /| Z,))

(L4 &)™ (Zn/|Znl)| 7 (L= &)™ (Z0 /| Zn]) |
(1 —e)ymtk — ommtE(y) (14 &)™tk IMMHF (1)

(e wes )] (T=o)™ ues [0 (u)]
where the infimum and supremum should be understood component-wise. But, according to
Theorem , %m converges uniformly in u € S toward (A*)¥z* when m — 400, and hence,
for all & > 0, choosing m large enough, we have, for all n > N,
(1 —¢)mtk (14 ¢)mtk

(14¢e)m (1—g)m

Zn+m+k

|Zn+m‘

)

Zn+m+k

(1 — & )(N*)k2*, (14 &) (AF)kz*|.

|Zn+m|
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We deduce that (again the liminf and lim sup should be understood component-wise)

1—g)mtk Z Z 1+¢g)mtk
¢(1 —&Y(A\)E2* < liminf Zntmtk < im gup 22k < (1+e)
(L+e)m n—=+00 | Zn i n—too | Zntml (I—g)m

(1+ )N

Taking, first the limit when ¢ — 0 (m depends on ¢’ but not on ¢), then the limit when & — 0,
concludes the proof of Theorem [

6. IDENTIFICATION OF AN INTRINSIC SUPERMARTINGALE AND PROOF OF THEOREM

In this section we prove Theorem [6] In order to do so, we start by introducing the process

(29)

where P is the function defined by @

We claim that a convergence (almost surely or in L!) of the process (Cy,)nen to a non-negative
random variable C implies the convergence of the process ((/\Zﬁ)neN. On the event of extinction,
the result is trivial. On the event of survival, as P is positively homogeneous by Theorem we

have
Z”:CZ" 1

M) T Z e (2
(A*) 1Zn| P (| Zn|)
Applying Theorem [4] and if C,, — C we deduce that

Zn 1

—— — (2" —— =C(Cz2", as n — +oo,
(AF)" P(z*)

is

and so the proof is complete. We also remark that the convergence of the sequence (&ﬁ) e b
n

of the same type as the convergence of (C),)pnen.

We divide this section into five parts. The first and second parts are dedicated to the proof
of both results in Theorem @ In the third part, we prove the convergence in L' under stronger
assumptions and prove that, under these assumptions, the limit is non-degenerate at 0. In the
fourth part, we prove Proposition [§ and Proposition [9]

6.1. Almost sure convergence. In this section, we prove the first statement of Theorem [6] The
proof comes from the following result.

Lemma 23. The sequence (Cp)nen 1S a supermartingale with respect to (Fn)nen, the natural
filtration of (Z,)nen-

Proof. First, from the definition of P and Theorem it follows that P o M = A*P. Then we
recall that, by Lemma we have for all n € N,

E(Zns1|Fn) <M(Zy).

Hence, Jensen’s inequality together with the fact that P is increasing (since 9 is) and concave
imply that
P(M(Zn)) _ P(Zn)

= (A*)ntl = )n = Cn.

E(P(Zn—i-l)‘}-n) < P(E(Zn-i-ﬂ]:n))

E(Cpy1|Fn) = (AF)ntl - (A*)nt+l

O

Since (Cy)nen is a non-negative supermartingale, then it exists a non-negative random variable
C such that C,, —=2— C.
n—-+00

We now prove the convergence of the process ( o > in Theorem|§| We follow the proof
neN

()"
for the single-type case presented in [GM96]
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Zn W,
Let Ny = ——.,5, =
(A ()

consider Zy = z and define for n > 1, S,, = (S’n,l, ... ,qu) with for j € {1,...,q},

and F, = 0(Zo, Vi), 1<i<p1<j<qkeN,1<0<n). We

Zn—1,i
N 1 C (k)
Snv] = ()\*)n Z Z V;J ]]-VUC n)S(A*)nil
i=1 k=1
Note that for j € {1,...,q},
. - 1 &
E(Sp+1,j | Fn) = e ZNn,iE(%JHVi,jS(A*)”)' (30)
i=1

Since A* > 1, we have that V; j1y, . <(x«» — V; ; almost surely as n — +oco. Hence, by the Monotone
Convergence Theorem, E(V; ;1y; <(x+)n) = E(V; ;). Then, taking n — +oo, we have that

E(Spi1|Fn) — Fczw a.s. (31)

We consider now the martingale given by
<Z (S0 —E(Sn | ﬁnl))> .
n=1 meN

We have that for all j € {1,...,¢q} andn € N

=1 k=1

P Zn,i
N N ~ (k,n)
Var (Sn+1,j —E(Sn+15 | ]:n)) Var ( Al Z Z ( i V(f’")g(»)n —E <sz 1\4{?’"@(»)0))

1 p
— W Z E(Z, ;) Var (VEJ]IVW'S(A*)")
=1

p M
< )7ty R Var (Vi <o)

o M) [
< ()Y (A*()n) | e oo dFiy (@),
1=1

where F; j(z) =P(V;; < x).
. M (z2) . o .
Since — is convergent, then it is bounded, and so there exists C' > 0 such that
neN

5 _ P oo
>~ Var (Sut1y = E(Sut1y | Fa)) < CZ/O Y /\* Locaryn Ay (2)

neN nEN

_cz/ + V) dFy(z) < 400,

and so applying the Martingale Convergence Theorem, we have that >, .y (gn_i_Lj —E(S,41 | fn))

is convergent almost surely and in L'. This implies that Sp11j — E(Spt1, | Fn) — 0 almost surely.
Thanks to , we have that §n+1 — (A)71C2*V. We finish by proving that (S,)nen is an
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equivalent sequence. Fix j € {1,...,¢}

> P(Snt1y # Surig) = 3 E(BEi < p,3k < Z,i, VI > ()" | F))
neN neN

p Zn,i
<) DE (Z P(V;; > <A*>”>)
k=1

neN =1

SCY D T(A)P(Vig > (A1)

i=1neN

p T

<O [ SO ey dFiy (@)
i=1 5 neN
400

P
=" [ 0@ dF(@) < +oo.
The conclusion then follows by the Borel-Cantelli lemma.

6.2. Extinction vs {C = 0}. In this section, we prove the second part of Theorem @
The inclusion {In € N, Z,, = 0} C {C = 0} is obvious. We then consider the case A* > 1 and
show that {Vn, Z, # 0) C {C > 0}.
For all € > 0, we set
P(Zn)
(A%)n
By assumption C is non-degenerate at 0 for all z such that ¢, < 1. Hence, for all z such that
q. < 1, there exists €, > 0 such that

7. = inf{n > 0, <e}.

P(r., =400 | Zp = z) > 0.
In addition, Theorem [4] entails that there exists ro € N such that, for all |z| > 79, ¢, < 1. Hence,
setting

€0 =  Mmin &py,
1=1,....,p

and using the fact that, by superadditivity, P(7., = +o00 | Zp = z) is increasing with z, we deduce
that, for all |z| > pro,
P(1ey = +00 | Zop = 2) > ag := 'Hllin P(re, = 400 | Zo = roe;)
=1,...,p
> min P(r, .. = +oo | Zo =ree;) > 0.

We define 7 =0, 7! = Te, and, for all n > 1,

ﬁ%ZZJ <:60}

ol — inf{n > 7" +1, O S

Then we obtain, for all |z| > prg and all n > 1,
P({r""! < 400} N {|Zm| > pro, Ym € [0,7"]} | Zy = 2)
<E (1T"<+OO, | Zum|>pro, ¥me[0,r] P(Teq < 400 | Zo = Zl)\z’:Z,-n | Zo = Z)
<P({r" < 400} N {|Zm| > pro, Ym € [0,7" 1} | Zo = 2) (1 — ap)

<. < (1—ap)"h (32)
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In addition, according to Theorem (I} and Theorem |4} for all n € (0, 1), there exists 7, > 0 such
that, for all |z| > 7y,
P(|Z,| > pro, Y/n>0|Zy=2)>1—mn.
Using this last inequality and , we deduce that, for all |z| > r, and all n > 1,
P(r" ! < 400 | Zy = 2) < P{7" ™ < +o0} N {|Z,| > pro, Yn € (0,7} | Zo = 2)
+ P(3n > 0 such that |Z,| < pro | Zo = 2)
< (1 —ap)" ™ +1.

Since {C = 0} C {7""! < +00, Vn > 1}, we deduce that, for all |z| > 7,

P(C=0|Zy=2)<n. (33)

Denoting 7}, := inf{n > 0, |Z,| > r,}, we deduce from the transitivity assumption that {7}, <
+oo} D {Vn, Z, # 0}. Hence, for all z € NP, using the strong Markov property at time 7}, and

then,
P(C=0and Vn, Z, #0| Zy=2) <P(C=0and T;; < 400 | Zy = 2)

- P(Z) )
=E(1 P lim =m0 =0 Z = =
( T, <+oo (n_lg_loo (A )tu | Zo =2 lu=Ty, /=71, | Zo = 2

=FE <1T,]<+OO]P’ (C=0|2)= 2/)\z':ZTn | Zo = z) <.
Since the last inequality holds true for all n € (0,1), we deduce that, for all z € NP,
P(C=0and Vn, Z, #0| Zy =z) =0.

6.3. L' convergence and non-degeneracy of the limit. In this section, we prove the conver-
gence of (Cy)nen in L to a non-degenerate limit C, which corresponds to Proposition |71 We recall
that in this part we assume that there exists a concave monotone increasing function U : Ry — R,
such that for all y € Ry,
sup  E(|P(Z1) = PNzl | Zo = [2]) < U(y),
z€RE P(2)=y
with y — U(¥)/y non-increasing and
+0o0

U
/ (Qy) dy < +o0.
Yy

The idea behind the proof is to use the following lemma.

Lemma 24. [See [Kle84] - Lemma 2] Let f : Ry — Ry be a non-increasing function, such that
x — xf(x) is non-decreasing and

+oo
n
Z M < 400.
n
n=1
Let (an)nen be a sequence of positive numbers satisfying for some m > 1 and alln >0
lan+1 — an| < anf(anm™).

Then

e lim a, = a exists,
n——+oo

e there exists a constant by depending only on the function f and m such that if ag > by then
a > 0.



THE MULTI-TYPE BISEXUAL GALTON-WATSON BRANCHING PROCESS 29

We start our proof by noticing that, for all z € NP,
[E(Cns1 | Zo = 2) —E(Ch | Zo = 2)| SE(|Cny1 — Cul | Z0 = 2)
=E(E(|Cpnt1 — Cnl | Fn) | Zo = 2)

= (A*;HE(E(\P(ZnH) “XNPZ)| | Fa) | Zo = 2)

1

< WHMU(P(ZH) | Zo = 2),

and so applying Jensen’s inequality, since U is concave, we get

UE(P(Zn) | Zo = 2))
E(P(Z,) | Zo = =z)

E(Cosr — Cul | Zo = 2) < (X) 'E(Cy | Zo = 2) (34)

From this inequality, we have that if we define

then, we obtain,
[E(Crt1 | Zo = 2) —E(Cq | Zo = 2)| SE(Cp | Zo = 2) F(E(C | Zo = 2)(A)"),
and we can apply Lemma [24] with f = F' and m = A*. This implies that, for all z € NP,
c(z) := ngrfm E(Cy|Zy = 2)

exists. It also implies that there exists by such that if P(z) > by, then ¢(z) > 0. Since P is
homogeneous and lower bounded away from 0 on S, we deduce that there exists ro > 0 such that,
for all z € NP with |z| > r, ¢(2) > 0. Since in addition ¢(z) is increasing with z, we deduce that

c:= _inf ¢(2)>0.
ZENPJZ‘ZTO

If we now define
T=inf{n e N : |Z,| > ro},
we have that, if z € NP is such that ¢, < 1, then P(T' < +o00 | Zy = z) > ¢, > 0 by transitivity
assumption and so, applying the strong Markov property we obtain

o(2) = lim E(CalZ0 =2) > lim E(E(Cn | Zo = y)y=riy A) " Irctoo | Zo = 2)

> cE ((A*)_T]IT<+OO | Zo = z) > 0.

Now fix z € N? such that ¢, < 1 and take € such that ¢(z) —e > 0. We can find Ny such that for
all n > N,
c(z) —e <E(Cp| Zyp=2) <c(z) +e.
Hence, using this in , we get that for all n > Ny, since x — U(2)/z is non-increasing,

E(|Cat1 = Cal | Zo = 2) < (X)7H(cl(2) +¢) UE(<(>)—+>2§A>))

and so we can find C' > 0 and 0 > 0, such that for all n € N,

U (A" )"
B(Cria — ol | 2= 2) < ¢ 00
+oo
On the other hand, since the integral / U(Qy ) dy is finite, we have that the series
1 Y
> U@)")
(A

neN
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converges (see [KIe85]). This implies that (C,)nen is a Cauchy sequence in L', which gives the L'
convergence.
Finally, we have that if z € NP is such that g, < 1, then

E(C|Zy = 2z) = lim E(C,|Zy=2z2) >0,
n——+00
which proves that the limit is non-degenerate at 0.

6.4. Sufficient Conditions for the existence of U. In this section, we prove Proposition |8l and
Proposition [0] We start the proof by stating and proving a lemma that is useful for the proof of
both results.

Lemma 25. Consider p non-negative independent and integrable random variables X1, ..., Xp.
Set z € NP and 8 > 0, then

Dz p T
N ( > (x E<Xi))|> <[ 4200y [ wdFiw),

i=1 k=1 =115
where (XYC), . ,ngk))keN are i.i.d. copies of (X1,...,X,), and Fj(x) =P(X; < z).

Proof. We have
E ( 33 (x - E(X»)D <E (

i=1 k=1
R (

We bound the two expectations above separately. For the first one we have, setting Y;(k

(k)
X; ]legk)S|Z‘5,

(5500 zo) 5 (55 00 -=o)

Pz
k
Z Z (Xz‘( )1X(k><|z\ﬁ - E<Xi]1XiS|zB)> ')
i=1 k=1 L
Pz (k)
>0 (Xz' Lytos e = E(Xi]IXP'”)) D '

i=1 k=1

) =

i=1 k=1

Pz

Pz
=323 ver (X1 ) <33R

i=1 k=1

For the second term, we have

Pz Pz
(k) (k) (k)
E ( >N (XZ. Lytrg e = E(X, ]1X;k)>|z|ﬂ)) |> <2 M'E (XZ. 11X£k>>|zﬁ)
i=1k=1 =1 k=1
+oo
=2 Z; / x]lx>|z‘/3 dFZ(ac)
=1

=

and the result follows. O

The following lemma is a key ingredient of the proof.
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Lemma 26. [See [Kle85| - Page 52] Let f be a positive function on [1,+00) such that x — @ is

non-increasing and
/ f( ) dx < +o0.
x?

1
Then there exists a monotone increasing function f such that for all x € Ry, f(x) > f(x),
x — @[z is non-increasing, [;7>°(f(@)/2?)dx < 400 and f is concave on R..

Proof of Proposition [§ 'We recall that for this proof, we have the following additional assumption.

Assumption 2. We assume that
(1) The mating function £ and the function P are Lipschitz.
(2) Forallie{l,...p} and j € {1,...,q}, we have E(V] jlogV; ;) < +oo.
(3) There exists « > 0 such that, Vz € RE \ {0},

V) ME)|

E 2]

O(|z|7®). (35)

Since P is continuous, positive on RY \ {0} and positively homogeneous, there exist Ly, Ly > 0
such that, for all z € RE,
Lq|z| < P(z) < Loz|. (36)
Let us consider first z € NP, Since P is Lipschitz, there exists K; > 0 such that
E([P(Z1) = NP (2)] | Zo = z) = E(|P(Z1) — P(M(2))] | Zo = 2)
< KiE (|21 = M(2)] [ Zo = 2)

<K (B2 - )] 1 20=2) + |2

).

Using that £ is also Lipschitz, there exists Ko > 0 such that

£V) _ M(2)
E(121 - (V)| | 20 = 2) <KQZE<ZZVk)

Ed
£ )
)

i=1 k=1

Making use of Lemma [25( with 5 € (0,1/2) and applying Assumption 3, we obtain that there
exists K3 such that for all z € NP,

p g Tt
B(P(21) - NP)| | Zo=2) < K [ 2 4 2120 [ wdbte) + 11 |,
i=15=1 15
for « > 0 and F; j(z) =P(V;; < ).
To extend the previous bound to z ¢ NP, note that if z € RY with |z| > 2p, we have 0 < 3|z| <
|lz]| < |z|. Hence there exist Ky, K5 > 0 such that for all z € R with |z| > 2p,

g T

E(|P(Zl) — )\*'P(LZJN ‘ Zy = LZ < Ky | |ZZ / .%‘dEJ ) + |Z|5+1/2 + ‘z|1—a
i=17j= 1K5|z\5
Finally, applying , we get that there exists C1, Cy > 0, such that for all z € R} with |z > 2p

p q ™
E(|P(Z1) = N*P([z)]| Zo = |2)) < C1 | P(2) > / v dF;j(x) + P(2)"T7? + P(z)'

1 1
=lj= CEP(2)P
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Now define
Cor= __max | B(P(2) = P(2])|| Z0=2) < +oe.
Then, for all z € RE,
p ¢ T
E(|P(Z1)-XNP(l2)) | Zo = |z]) < C1 [ P(2) YD / x dF; j(z) + P(2)P T2 4 P(2)1 = | +-Cs.
==l CEP(2)P

This implies that for all y € Ry,

+00
s E(P(Z) - NP Zo= 1) < [y 30Y [ wdby@ 1y | 1o
=P(2)=y p o
ChyP
Now set F': Ry — R, given by
+00
AD> / zdF (@) + yP eyt | 4 G
i=1j= 1C§y6
Then we have on one hand that
g T C
= ZZ / wdF(z) + " Py | + =2,
i=1j= 1C§yﬁ Yy

defines a non-increasing function on (0, +00) since 5 € (0,1/2) and @ > 0. On the other hand

q+oooo

400 400
F(y P 1 Cs
[ zz// B dy+/(s/z o) |+ [ Sl

1 1

=1j=117

Once again, since a > 0 and § € (0, 1/2), we only need to prove that the first integral is finite. In
fact, applying Fubini’s Theorem,

1 s
+00 +00 +oo O
x dy
/ / *dFiJ(‘T) dy S / T / delJ(l‘)
1 ngﬁ v 0 1 4
“+00

= / z O(logz) dF; j(x),
0
where the last integral is finite, since E(V; jlogV; ;) < 400 by assumption.
Applying Lemma there exists a concave monotone increasing function U : Ry — R, with

. . oo Uly)
y — U(¥)/y non-increasing and / 5~ dy < +00, and such that for all y € R,
1 Yy

sup  E(|P(Z1) = N*P([z))| | Zo = [2]) < F(y) < U(y).
zP(2)=y

The proof is then complete. 0

Proof of Proposition [9] For this proof, we consider the case of the Promiscuous mating of Example [6]
We set p = ny and

§((wr, - mp), (W15 Un)) = (215 H Ly, >0.
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Hence, we have M(z) = 2X1,ysp. Since Y;; > 0 for all i € {1,...p} and all j € {1,...n,}, we
have M(z) = zX. We also note that

()
n——+o00 ()\*)n

L(z) =

= (u*, z)z",

where u* is the positive right eigenvector of X such that (u*,z*) = 1 and (-,-) stands for the
Euclidean product. In particular, P(z) = (u*, z).
Consider z € NP, then
B(IP(Z1) = N'P(:)| | Zo = 2) = E(l(u", 21) — (", 2X) | Zo = 2)
= E(|{u", 21 = 2X)| | Zo = 2)

p
< Co Y E(|Z1;— (2X)] | Zo = 2),
j=1

for some constant Cy > 0 and hence

p Pz p
E(IP(Z1) = NP(2)| | Zo = 2) < C Z ( > XZ-(,?)]1VZSnm,M1,e>0 - =Xy )

7j=1 i=1 k=1 =1

p Pz (k)

oy e (L3 (x - ) )

7j=1 =1 k=1

p

+COZZZE< ]1ae<nm,Mu O‘ZO—Z>

j=1i=1k=1

with (X*)).en a family of i.i.d copies of X = (X;;)i<ij<p. For the second term, we have for
i,j€e{l,...,ptand k € {1,...%} fixed

’L]]]'Mlé o)Z():Z)

Pz
(x;g) 1111 ]1Y.(k,):0>

E (X;f?]laggnm, MM:O’ Zy = z) < Z
MNm, ]E
=1

i

with v = max;<p ¢<p,, P(Yir ¢ = 0) € [0,1). Then, applying Lemma 25| with 8 € (0, 1/2), we deduce
that there exists C7 > 0 such that, for all z € NP,

g *
E(|P(Z1) = XNP()| | Zo=2) < C4 ZIZZ / wdF,j(x) + |27 4 |21
i=1j= 1‘ |8
The result then follows as in the proof of Proposition O

APPENDIX A. TRANSITIVITY CONDITION UNDER STRONG PRIMITIVITY

Our aim is to show that the transitivity condition of Assumption holds true under the
third criterion provided below Assumption [II We use the following auxiliary lemma, which is a
consequence of superadditivity.
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Lemma 27. For all zg, Zg, 21, Z1 € NP,
(Zn221+21’Z0:ZQ+20)
(anzl‘Z(]:ZO) X]P)(an,ﬁ’ZO:Zo).

]P(Zn 221+§1|ZQ 22’04-20) ZP
>P
Proof. First observe that the first inequality is a direct consequent of the fact that £ is an increasing
function, so we deal only with the second inequality. Consider zy, Zo, 21, 21 € NP. We first treat the

case n = 1, and then proceed by induction. We have

p 20,it20,i
P(Zy > 2+ 7% | Zo =20+ 20) = Z Z Vkl > 21+ %

=1 =
D 20, p 20,120,
3¢ (ZZVJ.’“” s(z s e zwl)
i=1 k=1

)+
iilk‘:ZO’i-‘rl
p ZOZ p  20,itZ20,i (k1)
Pf( >221,§ZZV’
i=1k=1 i=1 k=zp;+1
) X

IV
l\zz

(e(BE ) 2] (B )%)

i=1 k=1
—P(Zl>21’Z0—ZO (21221’Z0:§0).

Observe that the first inequality in particular entails that if (Z,(2))nen for z € NP denotes a
bGWbp with Zy = z, then for all zg, Zp € NP, Z; (29 + Zy) stochastically dominates Z1(z0) + Z1(20).
Assume now that the result is true for some n € N and we prove it for n + 1.

P n 1(Z0+Z0
P(Zn41 2 21+ 21 | Zo = 20 + Z0) ( (Z Z Vif.k’nﬂ)> >z + 51)
i=1
P Zn,i(zo) & P Zn 1(20)+Zn i(ZO) i
>P|¢ Z sz ;n+1) > 28 Z Z Vzg n+1) %

=1 k= Zn ’L(ZO)+1
P Z’ﬂy’i(zo) Zn Z(ZO)JFZn i ZO)
=P Vif.k’nﬂ) >z | xP Z > V;f_k’nﬂ) > 7
=1 k=1 =1 k= an(zo)-i-l

which finishes the proof.

v

O

We now prove that the third criterion provided below Assumption [I] leads to Assumption
by contradiction. If this assumption is not satisfied, then there exits a non empty recurrent
states class in NP\ {0}. We can chose z = (z1,...,%,) € N?\ {0} with the minimal size in its
class, so that P(|Z,| > |z|| Zy = z) = 1 for all n > 1. We prove that 2z is reachable from z,
that is, there exist n > 1 such that P(Z, > 2z|Zp = z) > 0. Once this is proved, we deduce
from Lemma that P(|Zy| > 212||Z0 > 22) > P(|Z,] > |2]|Z0 = 2)? = 1, which implies that
P(3n, Z,, = 2| Zp > 2z) = 0 and contradicts the fact that z is recurrent. We thus deduce that
there is no recurrent state, except the absorbing state {0}, and Assumption is satisfied.

Let us prove that 2z is reachable from z (in fact, we prove that every population can be doubled).
As the process is strongly primitive, for all i € {1,...,p}, there exists n; such that for all m > n;,
P(me >1|Zy =e;) > 0. Let m = maxi<i<p 1, then for all i € {1,...,p},

P(Zm > ey ‘ Zy = 62') > 0. (37)
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Moreover, as P(|Z1| = 2|Zy = eg) > 0, there exist ji,j2 € {1,...,p} such that
P(Z1 > ej, + €5, | Zo =er) > 0. (38)
By strongly primitive assumption, for n = max{n; ,n;,},
P(Z, >ei| Zy=¢€j) >0 and P(Z, >e;|Zy=ej) >0,
hence, by Lemma [27],
P(Z, > 2e;| Zo = ej, +€j,) > P(Z,, > ;| Zo = €5,) P(Zn, > ei| Zo = ej,) > 0. (39)
Finally,
P(Zptm+1 > 26 | Zog = €i) > P(Zppms1 > 2€; | Zig1 > €5, +€5,)
X P(Zmy1 > e, + €5y | Zim > €)
X P(Zy > er| Zo = €;)

then, from (37), (38), and the Markov property, P(Z,1m+1 > 2¢;|Zy = €;) > 0 for all
i€{l,...,p}, and we conclude by Lemma 27| that P(Z,, 1111 > 22| Zo = z) > 0.
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