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Non Linear Singular Drifts and Fractional Operators
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Abstract

We consider parabolic PDEs associated with fractional type operators drifted by non-linear sin-
gular first order terms. When the drift enjoys some boundedness properties in appropriate Lebesgue
and Besov spaces, we establish by exploiting a priori Besov-type estimates, the Holder continuity
of the solutions. In particular, we handle the almost critical case in whole generality.

Keywords: NonLinear PDE; Besov spaces; Holder regularity; Hardy spaces.
MSC2020: 35B65; 35K55.

1 Introduction

For a function 6 : [0, +00[xR"™ — R with n > 2, we consider the following equation:

010 — V - (A 0) + LY = 0, div(Ajg) = 0, 0<a<?2,
(1.1)
0(0,2) = bOp(z), =R,

where £ is an a-stable diffusion operator and where Ajg = K(0) is a nonlinear divergence free velocity
field which is given as a vector K of singular integrals of convolution type in the space variable (see
Section [2[ below for a precise definition of these objects). Observe that the general singular integral
setting allows to consider a wide range of non-linear drifts with remarkable properties studied in many
books (see e.g. [24,[30,B31]). Also, the divergence free condition for the drift is very natural in problems
arising from fluid dynamics.

When L% = (—A)% we mention as a key example the surface quasi-geostrophic equation (SQG)
where n = 2 and for which we have
K(0) = [-Rq0, R16],

where (R;)1<j<2 denotes the Riesz transforms given by }/3’,;\9 = —zl%@\ This equation has been consid-
ered from several points of view by many authors, see for example [4} [5 (6, 13}, 1T}, 14} 22}, 21} 29], where
problems of existence, uniqueness and regularity have been studied. Note that other examples of the
previous setting derived from magnetohydrodynamic equations (MHD) have also been studied, see [15].

It is usual to decompose the study of this type of equations following the values of the fractional
power of the Laplacian (or more generally following the smoothness degree « of the operator £%).
Indeed, if 1 < a < 2 then the regularizing effect of the operator (—A)% is strong enough to consider
singular drifts for existence and regularity issues and this case is know as sub-critical, for example
singular drifts in Morrey spaces were considered in [35]. The critical case is given when o = 1, here
the regularizing effect of the diffusion operator coincides with the derivative of the drift and Holder
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regularity properties of the solutions were obtained in [21] with a drift in the BMO space. Finally,
the super-critical case is given when 0 < a < 1 and some smoothness on the drift is asked in order
to obtain some Holder regularity for the solutions, see [I1]. We can refer as well to the works [2§], [9]
for linear equations which clearly emphasize how in the supercritical case the smoothness of the drift
is needed to derive a Schauder type theory.

This division into cases is mainly driven by homogeneity arguments which give a natural framework
to study this type of equations, and this is valid for linear drifts as well as for nonlinear drifts. Indeed,
in the case of linear equations (when the drift A is independent from the solution):

Oy £V - (AyY) + LY =0, div(A) = 0, 0<a<?2,
(1.2)
¢(073«°) = 1/}0('7;)7 T e an

we proved in [7] that if the drift A is bounded (in the space variable) in Morrey—Campanatd] spaces
M®*(R™) where the parameters ¢, a are related to the dimension n and to the smoothness degree «
of the diffusion operator £L* by the expression

=1-q, 1.3
. (1.3)

then from an initial data ¥y € L% (R"™) it is possible to derive some Hoélder regularity C7(R™) for
the solutions of where 0 < 7 < a. Remark in particular that, following this relationship
above, if 1 < o < 2 then the corresponding space M%*(R™) can contain singular objects (recall that
LY(R"™) c M9%9(R")), while if a = 1 we should have a = n and then the corresponding space is
M%™"(R") ~ BMO(R"). Finally, if 0 < o < 1, we have the identification M%*(R") ~ C!=%(R"),
which corresponds with the smoothness asked for the drift in order to obtain a gain of regularity for
the solutions. Thus, in all the cases stated above (sub-critical, critical and super-critical), as long
as the drift is bounded in Morrey-Campanato spaces and satisfies the relationship then it is
possible to obtain a gain of regularity for the solutions. However, if this condition is not fulfilled then
counterexamples to this gain of regularity can be produced, see [29].

As we can see, when looking for a gain of regularity, the linear case is very rigid as it is not possible
to by-pass the condition . However, if we consider nonlinear equations as where A = Ay
then, by exploiting suitable information, there is a hope to break down this relationship in the
following sense:

For an initial data 0y in some Lebesgque spaces (no regularity asked for the initial data) and for
a nonlinear drift A that salisfies some boundedness hypotheses, oblain a gain of regularity for the
solutions O(t,z) (in terms of Hélder spaces in the space variable) for a smoothness degree v smaller
than the one given by the “homogeneity” condition .

One particular example of this situation is given in the celebrated article [4] that studies the SQG
equation with a initial data 6y € L*(R?) c M?*°(R?). Following the relationship since n = 2 we
should have o = 2, but with a careful treatment of the nonlinear drift it is shown that o = 1 is enough
to obtain a gain of regularity for the solutions. Remark that this was done in two steps: first there
is a “de-singularization” procedure in the space variable from L{°L2 to L{°L° and then a hélderian
gain of regularity (in the space variable) is deduced for a corresponding smoothness degree a = 1.

Another example was discussed in [§] in the sub-critical case g < a < 2 where it was possible to
ask a little less regularity on the drift than the pure Morrey-Campanato condition . The main

!See [1] and [2] for a precise definition and for more properties of Morrey-Campanato spaces.



idea of this article was based in the remark that equation (1.1) admits a mazimum principle in terms
of Lebesgue spaces:
10, )llze < [|6o]|zr, (1.4)

for 2 < p < 400, but it also admits an a priori “energy” estimate given in terms of Besov spaces that
reads as follows:

o, - o, <C|6 for 2 < p < 400, 1.5

106, 550, < Clolzs <p (15)
which provides us with a small regularity information of order % for the solution and this information
can also be recovered for the nonlinear drift: indeed, in the nonlinear setting of equation (1.1f), by
assuming some mild boundedness properties for the drift Ay in Lebesgue (in the ¢ variable) and Besov
(in the z variable) spaces of the form

1A G, e < CIOC )

Sp
L{(Bya )

B

and coupling this estimate with the previous Besov control it was possible to break the homogene-
ity relation through an interplay between the Morrey-Campanato and Besov stability properties
of the drift. However, in the quoted work [§] we could only handle the sub-critical case % <a<?2
up to an additional mollification of the drift in the time variable. Indeed, we missed in [§] an L™ in
time and Besov in space control which is precisely established here (see Proposition below). This
amends the proofs in [§].

The main goal of this article is to break the condition , in the sense introduced above, for
the nonlinear equation in the sub-critical case where o = 1 4+ ¢ with € > 0 meant to be small,
improving in this way the results in [8] and considering the almost critical case for a large class of
non-linear drifts.

The underlying idea is to use the sub-criticality, 7.e. the fact that « = 1 + ¢ > 1, to deduce
a uniform in time gain of regularity in terms of Sobolev or Besov spaces. Then, by using all the a
priori informations available (maximum principle and Besov uniform estimates) we can obtain a better
control of the evolution of the profile of the solutions of the linear equation from which we will
deduce, by duality, a gain of regularity for the solutions é(t,z) of the equation .

2 Assumptions and Main Results

In order to state our theorems we need to be more precise about the objects that define the equation
(1.1) as some properties of these objects are essential in this work.

(A) The diffusion operator £%. The Lévy-type operator L% appearing in equation can be
viewed as a natural generalization of the usual fractional Laplacian (—A)%. Indeed, for 0 < oo < 2
and for a function ¢ : R — R regular enough, we can define the operator £% in the Fourier
variable by the expression

Log(€) = a()P(©),

where the symbol a is of the form a(§) = / (1 —cos(§ - y))ﬂ'(y)dy, with a symmetric function
R\ {0}
m, i.e. m(y) = w(—y), satisfying for all y € R™ the following bounds:

clyT" <m(y) < ey over |y| <1, o)
0<m(y) < eofy[™"™"  over |yl > 1. '

Here 0 < ¢ < ¢9 are positive constants that are fixed once and for all. The important point here
is that the parameter « (called the smoothness or reqularity degree) will rule the smoothness
properties of the operator £% in the sense that for such « the regularizing effect of £% is similar



=1
2

to the fractional Laplacian (—A)2. See [20] for additional properties concerning Lévy operators.

(B) The nonlinear Drift Ap. First, for 1 <i <n, we set

&wxmw—up/’mu—wMum@,

n

where k; = k;(x) is the associated kernel of the singular integral operator K; which acts only in
the space variable: in the previous formula the dependence in the time variable only comes from
the solution 6(¢,-). Then we consider the vector

A[@} (t,z) = [Ki(0),- -, Kn(0)](t, 2). (2.2)

(C) Boundedness conditions for the nonlinear drift term Ay). We set now the properties of
the vector A given in (2.2) that defines the nonlinear drift in equation (1.1]) above.

e Boundedness in Lebesgue spaces: as only integrability in the space variable is studied here,
for 1 < p < 400 we will need the following general condition

[Ap (&, )lle < ClOCE, )l Lr- (2:3)
Note that the condition ([2.3) amounts to ask for the space variable the boundedness assump-
tion [|K;(0)(¢,)||zr < C||0(t,-)||r for all the singular integral operators K;.

e Boundedness in Besov spaces: we study here the boundedness of the drift in terms of Besov
spaces in the space variable. Thus for 1 < p,q < 400 and 0 < 0 < 2 we will assume the
following boundedness property:

1At g0 < CIOCE g (2.4)
and we will also assume the following permutation property:
‘|(_A)§A[9} (t)er = HA[(,A)%Q] ()l (2.5)

foralll<p<+4ooandall 0 <o < 2.

It is worth noting here that all Calderén-Zygmund operators K; (such as the Riesz transforms)
satisfy these boundedness conditions and that no reqularity is asked in the space variable for K;.
The positive constants above depend on the operator A and will be fixed once and for all.

(D) The initial condition 6y. We will assume here that the initial data 6y : R” — R belongs to all
the Lebesgue space LP(R™) with 1 < p < p < 400. Remark in particular that neither regularity
nor boundedness are asked for the initial data. We will adopt from now on the following notation:

< u= .
1< p= maxff|r < o0, (2.6)

and the constant p will be denoted as the size of the initial data.

Within this framework we can state our results. We first present an existence result which is crucial
for our analysis but somehow standard, see e.g. [7], [].

Theorem 1 (The NonLinear case) Let n > 2. Under hypotheses (A), (B), (C) and (D), for all
fixzed T > 0, there exists a weak solution 6(t,x) to the nonlinear equation (1.1) in L*°([0,T], LP(R™))N

LP([0,T7, Bpg’p(R")) with 2 < p < Pp. Also, for all 0 < t < T the maximum principle holds:

10t Mzv < l6ollzr < a1 2.7)



and moreover we have the following Besov-norm a priori control

T P
a, = NP < < . 2.
161, 55, (/0 lo. >||Bp,pdt> < Cloollzr < (23)

P

Furthermore, for a =1+¢, 0 < e < 1, if the index of integrability is big enough, say p > %, there is
a unique weak solution satisfying the above properties.

The existence of such solutions, as well as the associated controls and , can be derived
proceeding similarly to Section 3 in [§]. The point is to use compactness arguments through a vanishing
viscosity approach combined with the stability conditions and . Uniqueness is then derived
in a second time, see Proposition below, from the fact that any weak solution enjoying the above
properties can be represented with an integral formulation (see Lemma below). This feature
specifically comes from the fact that we are considering the sub-critical regime. Observe as well that,
the integrability needed to derive uniqueness goes to infinity when approaching the critical case (i.e.
p — +ooife —0).

Note that the restriction 2 < p is mandatory to obtain the Besov-norm control which is one
of the key ingredients of this work. Indeed, this Besov-norm a priori information is no longer available
in the case 1 < p < 2, see [6]. Remark also that the Besov regularity given in is naturally linked
to the smoothness degree « of the diffusion operator £ it is maximal and equal to § when p = 2 and
vanishes when p — 4o0.

The main result of the current work is the following theorem.

Theorem 2 (Holder regularity) Let the dimension n > 2 and consider over R™ the equation
where the diffusion operator L% satisfies (A) for some « such that « = 1+ ¢ with 0 < ¢ < 1, the
nonlinear drift Ajg defined in (B) enjoys the stability properties of (C) and the initial data 6y satisfies

(D). Consider any weak solution 6 of (1.1)) in ﬂ L ([0, 7], LP(R™)) N LP(]0, T7, Bg’p(R")), which
2<p<p

for a =1+ ¢ is unique if p > %, there erists a time 0 < Ty <T such that for all t > Ty the solution

0(t,-) belongs to the Hélder space CY(R™) for some 0 < vy < 1.

As we can see, when o > 1 and although the initial data is not regular, we can deduce some Holder
regularity for weak solutions, however this gain of regularity is not instantaneous and some time is
needed in order to obtain the holder continuity. The main arguments used here to prove this theorem
are the following: first we need to prepare the information available on weak solutions, as at some point

we will require to pass from an L? (B, ;Up) control given by to an Ly (B, ;cp) estimate. Again, the
mild representation of Lemma [3.1]is here crucial. This first step is not absolutely trivial and the price
to pay in order to obtain an L° control in the time variable can be seen in the space variable with a
small loss of the regularity obtained (given by the fact that o < «/), but this small loss of regularity can
still be compensated by the regularity degree o > 1. Then with this L°°-Besov information at hand,
we can study the evolution of weak solutions of the problem via a dual equation (see Section
4.1). The main argument relies then in a suitable control of the elements of the Hardy space which
helps us characterize, by duality, the corresponding Holder spaces.

Let us remark that when a < 1 the regularity loss observed in the first step in order to obtain the
L*°-Besov information seems to be too strong and we believe that a further step is necessary in order
to study the case a = 1 or the case o < 1. Anyhow, we feel that the approach below should work
in the critical case a = 1 should we start form a bounded initial condition (see also e.g. the proof of
Proposition for related topics).



3 Preliminar estimates for the nonlinear system

As already indicated above, a crucial tool for the whole analysis is the integral representation of weak
solutions enjoying the properties indicated in Theorem [T}

Lemma 3.1 (Integral representation of the weak solutions) Let the dimensionn > 2 and con-
stder over R™ the equation where the diffusion operator L% satisfies (A) with a = 1+ ¢, the
nonlinear drift Ajg defined in (B) enjoys the stability properties of (C) and the initial data 6y satisfies
(D). Consider an associated weak solution 0(t, z) to the nonlinear equation (L.1]). Then, the following
integral representation of the solution holds. For all t > 0,

0(t,) = pf * Bo / P, V- (Agy 0(s, 2))ds, (3.1)

where pg stands for the semi-group kernel associated with the operator L% at time t.

The proof of this lemma, which mainly relies on properties of the underlying stable-type kernel, is
postponed to Appendix [A] to focus uniqueness and regularity issues. We anyhow provide now the
proof of uniqueness of the weak solutions in the current setting which can be seen as a first important
consequence of the previous integral representation.

3.1 On uniqueness of the weak solutions

We have the following uniqueness result.

Proposition 3.1 Under the assumptions of Theorem fora=1+ewith0<e<1andif p> 7%

there exists a unique solution 6 of (L.1)) in m L*>([0,T], L*(R™)) N Lp([O,T],Bp;’p(R”)).
2<p<p

Proof. Let us start from two weak solutions 61,605 to (T.1)) which belong to L°(L%) N LY (B} ) with
p € [2,p]. Denoting by dg := 0; — 02 and O(ag 0) = Afgy) 01 — Afgy) 02 it thus holds from Lemma
above that for fixed ¢,

t

1
oo < | [ ) i 0~ 0 )50
P 0 BY

t

1
< | [ tugaos] .
0 BY

Integrate next with respect to t € [0,7]. We get:

. .
[ st g i) < \
0 B

Lop

LY (Bga )

JAG e

Hence,

’ @ 11—«
JACISEI N CTPIEDIE S
0 LY (Bl )

, .
/ 1ot P o dt) <
0 BY

Let us now recall the thermic characterization of the homogeneous Besov norm (see e.g. Triebel [33]):

+oo dr
12 g [ 70t s Sy (32)



where b stands for the standard (gaussian) heat kernel on R™. Introduce now

t
G f(t,x) = /0 P2 f(s,2)ds,

the parabolic Green kernel, where P® denotes the semi-group generated by £ (with density p®). Let
us also define

(o3

W(s,) = (—A) = (Ja0)(5,). (3.3)

Hence, using the Fubini theorem, we can apply maximal-regularity type inequalities to the kernel
(—=A)2p® _. Precisely we have,
Lp T

I3l 5. <C [ [ o
P
dr

+o0 T
<o [T Er [ ay e s o) el

—o [T / I(-4) d

GO (t, )| dt
—
with U, (t,-) := Uxd,b,(t, ) using the associativity of the convolution product. The maximal regularity
now yields (recall that p € [2,p] with p < +00):

d
"

()G, )|

IS

P —55)P e p o, d7
106]l” &, <C 2 II‘I’T(t, MNppdt—
L (B T
oo dr
<c / / [0 Wt )t
AP _ 3-% AP
<c /0 (eI gt = /0 00 (I
using again the Fubini theorem and ({3.2))-(3.3)) for the last two inequality. Thus,
I8l 5. <C / 150000V 110l (3.9

In order to apply a Gronwall type inequality we are thus led to control the Besov norm of the product
of the differences. To this end we will use the following Kato-Ponce type inequality in homogeneous
Besov spaces. From Theorem 2.1 in [25] we get that for p € [1,4+o00[ and p < p1, p2, P1, P2 such that

i_ 1,1 _ 1, 1
p_P1+p2 ﬁ1+ﬁ2and8>0’

1fgllgge < CUS N ggallglize: +llgllgyall fllsa)- (3.5)

Write now:
16¢a50) (8 | & r1-cn = (1A 01 — Aoy 02](E, )] $Hi-ar:
P

and by the linearity of the quantity Ay we have

19¢a60) (8 g r1-a < 11 (Ajoy) = Aggy)01(E ) b1 + (1 A4 (01 = 02)(2, )] L 2s1-a

p D p

thus, using the estimate (3.5)) above we obtain

< C(H(A[ol] — Ay (1, ')||Bp%“*‘“’||91||m + (A = Aot ) [ Lr2 1] & v1-a
1

P1

(01 = 02)(, )| & r-cnllAggy) (8 ) llzea + (101 = O2)(2, )l ze [ Appyy (8, )] 51 ap)
P1



Recalling the stability of A in Besov and LP norms (see (2.3)) and (2.4)) we derive:

19¢a56) (85 I &1 §C<Il(91 = 02)(t )l g r1-an (1028 )l o2 + (1622, )] 2e2)
p

P1

1161 = 62t o2 (101 (1) 1m0 + 162085 41-00))-

P1 p1

Plugging this bound into (3.4) and using the maximum principle (1.4]) yields:

T
P A LT [P TP

P,z P1
T
+ / 180 (t, I (102N 2oy + 10202, )" g+1_a,p)dt>- (3.6)
0 B By
We also recall the following embedding between homogeneous Besov spaces (see Theorem A in [19] or
(1.1) in [34] and Proposition 2.2 in [27] in the inhomogeneous case see):

B3 o = Bat forpo,p1,q0,q1 € [1,+09], qo < q1, po < p1, S0 > s1such that so — n/py = s1 — n/p1.

Apply this estimate with sy = %, s$1 = % + 1 — « and pg = p, which gives so —s1 =a—1=¢ =

1 1 1 1 3 i
n(]TO—E) < HZ%—%aHdQOZQI:Pa to derive in "

o )dt

T T
106]l” o, SC/ H5e(t,')\|p.a,p(2\|90||LP2)pdt+C/ 100 (t, M T (1101t NP o, + 1028, )P
LP(BP) 0 B 0 By By’

t p,T

T T
P AP p D IP D|IP
SClleollm/O (|00 (2, )HBp%,pdtJrCHéell mgg)/o (101 (t, )HBp%,er 162(t, )IIBp%,p>dt

P

T
<Ol [ 100 I+ Ul g 117,
P

<C/dlI7

+ 10217 &
| zHLg(.,,p))

Lo
P
P

Leo(LR2) (3.7)

where, for the last inequality, we use the Gronwall lemma (recall the energy estimates (|1.5)), the

maximum principle 1) and the information ) Recall as well that we have }D = p% + p% =
]% -+ i <= p2 = 7 which is big but finite in the subcritical case. Also, since we have assumed

p>1=z the quantity ||dg]” is indeed finite (using again the maximum principle 1} To prove

Loo LPQ)
uniqueness it remains to Justlfy that ||dg|| Leo(rrzy = 0. Write for fixed ¢:

t
oot e < | [ VB * (i 62 = Ay B2)(s. )

t
/o HVP?—S * O (A 0) (S5 ')‘

with 1+ p% = % + % with 1 > 1 so that we still have some margin to apply the Holder inequality for
the contribution |[0(4, 6)(s,-)||zr> in which 73 < py. From Lemma in the appendix, observe that

LP2

IN

t
ds < /0 1985 i 18 oy (5 Mirads, (3.8)

LP2

o —amar 11
vatszLT'l < C(t — S) M17 — 4 - = 1’

oo

which for a = 1 + ¢ gives an integrable singularity provided r; is sufficiently close to 1. This is in fact

equivalent to L 2 <7y (since a =14 ¢). Now,
1,1
with = r2 = te

10(a60) (85 Mlzr2 < [(Afg) — Ajgy))01(s, )l Lra + [[(61 — 62)Agg,) (s, )l L7
< [1(Ajgy) = Ao ()l Le211601(s, )l Laz + [[(61 = 02)(s, )l Le2 | Aoy (s, )l o2



with go = 2222 Still from the stability of A (see (2.3) and (2.4)) we get:

p2—"T2
10(a60) (55 )[r2 < 101 = O2) (s, -)[[ w2 ([|02(s, )l a2 + [|02(s, )] La2)
< 106l oo 12y 101l poo (L32) + 1102]] oo (£22))
which plugged into yields for ¢ € [0,T] with fixed T' > 0,
180t Mirs < CT N e g2 W61 ze a2, + 1ol e )

for some exponent ¢ > 0. By the maximum principle , the right-hand side above is bounded
as long as we have po,qo < p. Observe that the relationships 1 + p% = % + % and % = p% + q%
imply that g2 = 77, thus by the previous condition 2 < 7| we need % < g2. Finally, since po = 2, we
deduce the condition 2 < p. Thus, we obtain the uniqueness in L°(L5?) if T' is small enough. From

(37) we eventually derive uniqueness in LP(BZy) () L°(LL). We again emphasize that for a fixed

q€[2,p]
a =1+ € > 0 a spatial integrability of order p := p(¢) which goes to infinity when ¢ goes to zero, is
needed to guarantee uniqueness of the weak solutions in the considered function class. |

3.2 From energy estimates to uniform in time controls

In order to prove our main Theorem [2| we need to perform a previous step which will prepare the
information available on the solutions. Indeed, by estimate (2.8]) of Theorem [I| we have for the weak

solutions of equation the information 6 € Lp([O,T],Bp;’p(R”)) with 2 < p < p < 400 and for
some 0 < T < 400, but this fact is not accurate enough for our purposes as we need some bounded
in time (Lg°)-regularity control. To establish such a result, we will start from a mild representation
of the weak solutions to . In this sense we have the following results.

Proposition 3.2 (From L{°(L%)- to L{°(LL)) Let the assumptions of Lemma be in force and
0 be a weak solution to the monlinear equation . Then this weak solution 6 belongs to the space
L>=([0,T], L*(R™)) and thus by interpolation, it belongs to the spaces L*([0,T], LP(R™)) with1 < p < p
and where 0 < T < 4o00.

Proof. Start from the mild representation (3.1)). By the Young inequalities for the convolution, one
obtains

t
10l < ||p$*9ouL1+H /0 B x V- (A O(s, ))ds

Lt

IA

t
195122 1901 + /0 108l Ay 85, )| ads
t
_1
< ol +C /0 (t— )% A2 165, |2

t
_1
< 10ll 2 + Cll e 10l o z2) /0 (t—s) &ds,

but since a = 14¢ > 1, the integral above is bounded and since we have by (2.3)) and by the maximum
principle (2.7]) the estimates

1Al Lse(z2) < CllOlLoer2) < Cll6ol|L2 < +o0,

we obtain the following control

_1
16Ct, )z < 160l + Cll6oll 721" =, (3.9)
which is bounded for 0 <t < T < +o0 and we finally deduce that the weak solution 6 belongs to the
space L>°([0,T], L*(R™)). [ |



Remark 3.1 Note that if 1 < p < 2, then by interpolation, for some 0 < v < 1 such that ]13 =1-3
we have

—v v 1-v v
101l o2y < 10152 I60% rzy < C 160Nz + 160122) "~ 100 152, (3.10)

where in the last estimate we used @) and the maximum principle . Note in particular that if
> 1, using the hypothesis (D) we have

1] 1) < Cri. (3.11)
Note that C' = C(T) but we will work with a fized 0 < T < 4o00.

In the next result we will show how to obtain a small gain of regularity for weak solutions.

Proposition 3.3 Let the dimension n > 2 and consider over R™ the equation where the diffusion
operator L% satisfies (A) with a = 1+ ¢, the nonlinear drift Ay defined in (B) enjoys the stability
properties of (C) and the initial data 6y satisfies (D). Consider an associated weak solution 0(t,z) to
the nonlinear equation (1.1)). Then this weak solution 6 belongs to the space L°°([1, N], W2 e (R™))
where 1 < pg < 2, with N > 10 and

oo =143 =a+ 2 <2a. (3.12)
Moreover we have the estimate

1—v v
161 o000 < C(160ll oot 180l 2 + (160l + 1601172) (160l 72 ) < +oo. (3.13)
L (We? 77)

Proof. We introduce a positive, smooth cut-off in time function ¢ € C§°(R) such that ¢(s) = 0

over [0, 1] N[N + 1, +o0[, such that ¢(s) = 1 over [1, N] and such that ||¢| 1~ = 1 and we define for
(t,z) € Ry x R™, the function

ult, ) = OO, 2).
Note that the functions u(¢, z) and 0(t, z) coincide if 1 < ¢ < N and moreover u satisfies the following
equation

Oy — V- (A[Q] u) + L% — (8t¢)9 =0, dZU(A[g]) =0, 0<a<?,
u(t,z) =0, telo, 3]
Similarly to Lemma and recalling that (p®);>o stands for the semi-group kernel associated with

the operator £, it holds from the Duhamel representation formula that for any ¢y € [0, %]

t t
U(t, 33‘) = . p?—s * V- (A[Q] 9(37 x)¢(s))ds + . p?—s * 0(87 x)as¢(s)d8
0 0

Since a = l+e for some small 0 < ¢ < 1. The point is now to investigate, for a fixed 1 <t < N, the
Sobolev W 2 #°_norm in the space variable of the function u(t,-) where o( satisfies 1) and where
the parameter pg satisfies 1 < pg < 2.

Indeed, write first for fixed ¢ and ¢q:

_l’_

LPo

/ (—A) P pe, 5 0(s, )0,0(s)ds

to

/ (—A)Fp3 %V - (Agy B(s,)b(s))ds

to

futt. Mg < |

Next we integrate with respect to to € [0, 4] and we obtain:

</oé fut '”'ﬁ,podfo)% < |/ o

i H/t(_A)TP?—s % 0(s, ) 0s9(s)ds

»‘g

(A 0(s,-)9(s))ds

L2 (L2)

L3, (L29)

10
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Since by (3.12)) we have 0y = 1 4 3¢ and thus we can write

14+3e 14+¢
4

t 1 o £ t o
< || [ arp. s a0 (i 065, o) ds +H [ 800590005005
i L2 LPO) . Lf() (LZO)
t 1 o t o0
<|| [ are e, s carepoe. goas +H [ 8% 005, 000505
- PRGN U 3, (120)
t o t o0
<|| [ amh, - i s do0)s +H [T s ots 0.0t .
L7, (L") : L7 (L5°)

Now, we can apply maximal-regularity type inequalities to the kernels (—A)%p?_s and (—A)%Opf‘_s
(since g < 2a by (3.12])), to obtain

1
1 2
2 oY
(/ Hu(t,->||§.vzg,,,odto> < ([ cari o), . + 10000550z, ) (3.14)
t x R
B Bz

For the term E; above we apply the Leibniz fractional rule (also known as the Kato-Ponce inequality):
Namely, for s > 0, v > 1 and p1, q1,p2, g2 €]1,+00] such that % = = —|— q—l —2 + q% it holds that for
two functions f,g: R" — R,

I(=2)3(fg)llz- < C(IIfIILm I(=2)2gl[za + II(—A)%fHLwllgllmz)- (3.15)

Inequality (3.15)) is a particular case of estimate (1) in [I§]. See also [25] for several versions of the
above fractional Leibniz derivation rule. Writing p% = % + ]% (where 1 < pg < 2 can be very close to

2 and 2 < po’ < P can be potentially very large) and taking p; = po’,q1 = 2,p2 = 2,92 = po’, we then
derive from (3.15)) and from the definition of E; given in (3.14) that:

B = ||(-2)% (A 00)

L2 (L%)

O([J1-2)% Agylzz o1l o

IN

o (LY [CNEL PP A B

L2
to

since ¢ € L™ and ||| < 400 we have

Loo LPO )

Br < Clglloe ([I(-2)F Az

(GNP

L§°L‘;0')'

A
i 1Al

Recalling now the estimates ||¢||p~ = 1 as well as the controls (as a consequence of ({2.5))-(2.3) and

(2.7))

I-8)5 Az < CI-)F0z and gl o) < CIONL . oo

we obtain the inequality

B1 < Ol e o, [I1=2) 3012 | , = I,

At this point we use the maximum principle (2.7) since pf, > 2:

161] < Cll0ol| o

/
Ly*(Lz)

11



and the a priori inequality 1' with p = 2 (since we have the identification B3 ’Q(R”) = H2(R"))

||9||L2 ng) —_ Y

to deduce that we have
Ey < C|10oll oo 1801 12

The term Fs of (3.14) is easier to study and we have, since 1 < pg < 2, by the expression ([3.10]) above:
1—-v
By < €10 e 120y 10:9112 < C (1600121 + [60]12) " [60]12-
Thus, coming back to (3.14]) we deduce that
It 2000 < ClOO o 1601122 + C (160122 + [16o]17.2) 6ol

but since u and 6 coincide over the interval [1, N|, we have that 8 € L>([1, N], W%O’po) and

16CE 570 00 < (H90||Lpo 160l 2 + (1l60llz: + [|60]72) _VHGOHEz) < o0, (3.16)
and Proposition [3.3]is proven. [ |

Remark 3.2 Note that the gain of reqularity oy given in is independent from the value of
1 < po < 2. Moreover, if po — 2 then p{, — +o0o and since we have pj < p we should have p — +oc.

Remark 3.3 Recall that by hypothesis (D) we have ||0o||rr < p < 400 for all1 < p < p. Then the
conclusion of the previous proposition can be rewritten as

1-v y
168,50 00 < C (12 + (4 12)'~70),
for 1 <t < N and since p > 1 we have
10t )| 5.2y < Cri®. (3.17)

Corollary 3.1 (From LP-Besov to L*>°-Besov)

1) For some 0 < g9 < € such that % = ¢ — &g, we have O € L®([1,N], H21%), in particular
we have

10, | g +20 < Cii.
2) For 0 < v <1, we set 2 < p, < P by the condition p% = % + 5. Then, for the same index
0 < &9 < € as in the first point above, we have § € L>®([1, N], B (§+EO)’py), ie. for1<t<N:

Ha(tﬂ .)HBV(%JFEO)J?U < CMQ
pPv

3) For 1 < pg <2 we have § € LOO([I,N],BQ%JFE’]DO):
16 )Ml 55 +2.m0 < Op.

Proof. For the first point, by the Sobolev embeddings if § +e9 — § = % — p% and since we have
09 = a + 2¢, we have for 1 <t < N:

10t )l 5420 < CUOE o0 0 < O (3.18)
For the second point, by the complex interpolation theory we have, for 0 < v < 1 and for 1 <t < N:

L (LP) L?O(H:B%'i‘a()) _ LOO(W v(5 +5O)p1/) c Ltoo(B;’E%:‘f'aO)vpu)’

v

12



S7p

1 _ 1-v v . . . 178,p d
where = + and since we have the space inclusion W** C B I

— we can write
P P}

e, < CIOIL

v(F+eo)pv L?O(LE)||9||Z§O(H§+EO)

101l ... < 1011, i
L (Bpy Ju ) LWy
< O(u)' ™" (1),

where we used the hypothesis (D) for the first norm, the estimate (3.18) for the second one and we
finally obtain

2

||9||LtOO(BV(%+SO)’pV) < C’N >

pv,T
since we have p > 1. For the last point, it is enough to recall that we have the space inclusion
. g . m
Wapo B,? P since 1 < py < 2. Thus, by (3.17) we have for 1 <t < N

2
10 g < NOCE .00 < O

PO —
2
to conclude recall that by (3.12)) we have g = a + 2¢. [

Remark 3.4 Due to the hypotheses over the drift A stated in , we have for 1 <t < N:
1) For 0 <v <1 and for 2 < p, <P given by the condition p% =1v 5

p
HA[Q} (t7 ')”BV(%+60),IM < CHe(ta .)HBU(%-"-EU),PU < C/'LQ (319>
pv pv
2) For 1 <py<2:
||A[9] (ta ')HB%JrE,Po < CHe(ta ')HB%+E,P0 < C,LL2. (320)
2 2

4 Holder Regularity

To study the Holder regularity of a solution 0(t, x) of equation (1.1]), we will use the fact that the dual
space of Hardy spaces h*(R") are preciselyﬂ the Holder spaces C7(R"). Indeed, let 15 <s <1 and
fix v by the relationship

1
0<y=n(;-1) <L, (4.1)

then the dual of the local Hardy space h*(R"™) is the Holder space C7(R™), i.e. we have the identification

(h®) =~ C7. We recall that the local Hardy space h®(R") is the set of distributions f that admits a

molecular decomposition of the form f = ZA]%/J]', where (););en is a sequence of numbers such that
jeN

Z|)\j|5 < 400 and (¢;)jen is a family of molecules given by the following definition.

jEN

Definition 4.1 Set nL—l—l < s < 1, define v by condition and fix a real number w such that
0 < v <w< 1. Consider a real parameter { > 0. For 0 < r < 1, we will say that an integrable
function v is a small molecule with center xg € R™ and size (r if we have

1
(Crym

Y(x)dz = 0. (4.3)
Rn

[ w@lle = oo < (¢r)° 7, foram €RY and [ilu < (12)

In the case when 1 < (r < 400 (i.e. for big molecules), we only require conditions for the
molecule 1 while the moment condition is dropped.

2See [16] for a proof of this fact and see [I0] and [30] for a detailed treatment on Hardy spaces.
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Remark 4.1 With the identification (h®) ~ C7 and using the molecular decomposition of Hardy
spaces, the fact that 6 € C7 is equivalent to the fact that [(0,1)cvxns| < +00 for all molecule 1.

Remark 4.2 The technical parameter w satisfies the inequalities 0 < v < w and thus gives a maximum
threshold for the Holder regularity v. We will always assume that we have

0<y<w<l<a=1+e¢, (4.4)

where « is the smoothness degree associated to the diffusion operator LY. These inequalities reflect the
fact that it is not possible to obtain (by the method displayed here) a Hélder regularity index ~y higher
than the smoothness degree c.

Remark 4.3 Conditions imply the estimate ||| ;1 < C(Cr)™7 (see e.g. Section 4.1, 3) in [7]).
Thus, every molecule belongs to L4(R™) with 1 < g < +00 since we have

9]l za < C(¢Cr)™™ a7, (4.5)

Recall also that the Schwartz class S(R™) is dense in h*(R™), this fact is of course very useful for
approximation procedures.

We refer to [7] for additional remarks about the former definition. See also [30, Chapter III, §5.7], [31]
Chapter XIV, §6.6] or the article [21].

4.1 The dual equation

Once we have described the elements of the Hardy spaces, we need to derive a dual equation from the
original problem , and for this we proceed as follows. For £ with a = 1+¢ a Lévy-type operator
satisfying (A), for a nonlinear drift Ay given by (B) and satisfying hypothesis (C) and for an initial
data 6y satisfying (D), it follows from Theorem (1| that we can construct on the interval [0, 7], with

0 < T < +oo fixed, a corresponding weak solution 6(-,-) € L>([0,T], LP(R™)) N LP([0, T, Bp;’p(R”))
to (|1.1)) that satisfies the inequalities (2.7)) and ([2.8)).

Fix now a time 2 < t < N with N large enough (say N > 10, recall Proposition , consider g
a molecule in the sense of the Definition and consider a dual time variable 0 < s < t. The choice
t > 2 is here arbitrary and mainly performed for simplicity. We could have considered t > ty > 0
provided p := pu(to) is small enough. With all these objects, to each molecule )y we can associate the
following linear dual equation

Ostp(s,2) +V - [Apg(t — s,2)(s,2)] + LYY (s,2) = 0, s € [0, ],

1/}(07 ‘7:) = ¢0('r)7

where £¢ is a Lévy-type operator of degree o = 1 + ¢ that satisfies hypothesis (A) and the drift A
satifies the hypothesis (B) and (C).

(4.6)

As said in the introduction, this equation shares many common features with the nonlinear equation
. However, since we are in a linear setting, there are some particularities that have to be taken
into account. We state below the main results that are needed for the sequel (the proofs are given [7]
and [§]). From the Proposition to the Proposition we state these results using for the sake of
simplicity an initial data 1y € L*(R™) N L°°(R™).

Proposition 4.1 (Existence) Let n > 2. If 1y € L*(R") N L®(R") is a initial data, L is a Lévy-
type operator that satisfy (A) with 0 < o < 2 and if the drift A satisfies the uniform boundedness
conditions given in Remark (equations (3.19) and ) as well as the controls given in the
hypothesis (C), then there exists a weak solution (s, x) to equation in L*°([0,t], LY(R™)) with
1< g < +oo.

14



Proposition 4.2 (Maximum principle and Besov information) Under the framework of Propo-
sition weak solutions of equation @ satisify the following maximum principle for s € [0,t]:

[9(s; Mza < lldbollea  with 1< g < +oo, (4.7)

and moreover we also have the following Besov a priori control for 2 < q < 4o00:

91,5 50, < Ol (43)

Proposition 4.3 (Positivity principle) Let ¢g € L'(R") N L®(R") be an initial data such that
0 <o <M ae. where M > 0 is a constant. Under the hypotheses (A) for the operator L* and
(B)-(C) for the drift Ay, then the weak solution of equation @) satisfies 0 < (s, x) < M for all
s € [0,t].

We can now state the following result (borrowed from [21I]) which is crucial to prove Theorem [2| by
using the Hardy-Holder duality.

Proposition 4.4 (Transfer Property) Let 6y be an initial data satisfying (D) and let 6(t,x) be
a weak solution of the equation in the interval [0,T] where the Lévy-type operator L% and the
nonlinear drift Ay satisfy the hypotheses (A), (B) and (C). Let 2 < t < N and let (s, x) be a
solution with a molecular initial data g of the backward problem @ for 0 < s <t. Then we have
the identity

O(t, )Y (0,x)dxr = 0(t—s,x)y(s,z)de. (4.9)
R7 R"

Proof. We first consider the expression

0s 0(t — s, x)Y(s,x)dx = / —00(t — s,2)Y(s,x) + 0s9h(s,2)0(t — s, x)dz.
R n

Using equations (|1.1)) and (4.6)) we obtain

0s 0(t — s, x)Y(s,x)de = /n {—V (A (t —5,2)0(t — s,x)) + L2O(t — s,x)]w(s, x)

R

+ { -V- ((A[g] (t —s,z)(s, 1:)) — L% (s, x)} 0t — s, xz)dx

— /n {—V (A (t —s,2)0(t — 5,2)) } (s, x)+ { = V- (Ap(t —s,2)¢(s, x)) ] 6(t — s, x)dz
+ / (Lt — s,2)) (s, x) — (LYY(s,2)) O(t — 8, 7)dz. (4.10)

From the symmetry of the operator £L* we have

/n (LYO(t — s,x)) Y(s,x)dx = / (L%Y(s,x)) O(t — s, x)dz,

n

and thus the second integral of the previous formula is null. Now, since the transport terms Ay is
divergence free we obtain

/nﬁp(AM@—&xw@_SJw}¢@@)_[_v.mmﬁ_ﬁﬂmm&@)9@_&xmx

_ _/n [A[g}(t—s,x) — A (t— s,a:)}@(t—s,x)-vw(s,x)dx —0

and this integral is null and all the expression (4.10) is equal to zero, so the integral quantity
/ O(t — s,x)1(s, x)dz, remains constant in time. [
Rn

15



5 Proof of Theorem [2.

We want to establish the Holder regularity CY(R™) for the solutions € of the nonlinear equation (1.1
and following Remark [4.1) we need to prove that the duality bracket |(8(, ), ¥0(-))cxrxps| is finite for
all molecule ¥g. Then by the transfer property given in Proposition we have the identity

<0(t7 ')7 wO(')>C>\><h5 = <0(t -5 ')7 w(& ')>Lp><Lp’7

which transforms a Holder-Hardy bracket into a pure Lebesgue one for some 2 < p < p and %—i— 1% =1.
Applying the maximum principle (2.7) and using the hypothesis (D) in the previous identity we can
deduce the following inequalities

[(0(, ), do(-))erxns] 10t = s, 2o l[¢(s, )l o

100ll oMl (s, I por < malleo (s, )l o (5.1)

VARVAN

where p is given in ([2.6). Thus, in order to prove Theorem [2| we only need to estimate the quantity
|¥(s, )|l .pr that comes from a molecular initial data .

Now, due to the maximum principle (applied this time to (s, x)) we can divide our proof into
two steps following the molecule’s size. Indeed, for big molecules, i.e. if (r > C, we have by (4.5) the
inequality

— +LL,,
(s, ) o < ol < CCr) ™7 77 < oo, (5.2)

which is immediately bounded. It only remains to study the L?" control for small molecules and this
is done in the following theorem:

Theorem 3 Let the assumptions of Theorem@ hold, 1y be a small molecule and consider (s, -) the
associated solution of the backward problem @) There exists a small time 0 < Ty < 1 such that we
have the following control of the LV -norm of W(s,):

_n+l/_
(s, )l <CTy 7 To<s<t—2 (5.3)

where 0 < v < a and where C > 0 is a positive constant.

Proof of Theorem [2} Accepting for a while the previous Theorem [3| we have then a good control
over the quantity |4 (s,-)||;,» for big and small molecules and getting back to we obtain that the
duality bracket [(0(t,-),¥o)cvxns| is always bounded for any molecule v)g. This proves Theorem [2| by
duality and thus the solutions 0(t, z) of the nonlinear equation are y-Holder regular. |

Remark 5.1 The controls and reflect a ~y-hélderian gain of regularity of the solutions
0(t,-) of the equation , however this gain is not instantaneous and some time t > 2 is needed to
obtain the wished result.

We will prove now Theorem [3|in two steps. First, in Section we study the evolution of the profile
of the solutions ¥ to the dual equation (4.6)) and then in Section by a suitable iteration we will
obtain the uniform bound (5.3).

5.1 Molecule’s evolution

The following theorem shows how the molecular properties are deformed with the evolution of the
dual/linear equation (4.6]) for a time 0 < 59 < 1.

Theorem 4 Assume that the hypotheses of Theorem@for the nonlinear equation are in force.
Consider 1o a small molecule in the sense of Definition for the local Hardy space h*(R™) where
nL_H < s < 1 and let ¥(so,x) be a solution at time sy of the dual problem @) associated with this
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molecular initial data 1.

Then there exist positive constants K and e small enough such that for all time 0 < sg < er®, we have
the following estimates:

[ 10snallle = a(so)de < (@) + Ks) = (5.4

1% (s0, )l < ! = (5.5)
((¢r)™ + Ksg) =

(o) < — 2o (5.:6)

((Cr)a + Kso)% ’

where 7y is defined in , w 18 the technical parameter given in Definition a =1-+c¢ is the
smoothness degree of the diffusion operator LY and vy, denotes the volume of the n-dimensional unit
ball.

The new molecule’s center x(sg) used in formula is given by the evolution of the differential
system

@'(s) = Ap(t—s,2(s)) = /HA[e](t —8,2(8) = Y)pp, (Y)dy, s € [0, s0], (5.7)
z(0) = o,

where pp,(x) = %gp(%o) (recall that Ay is given in ) Here ¢ is a positive function in C5°(R™)
such that supp(p) C B(0,1) with pg = (r < 1.

Proof of the Theorem [4. We will adopt the following strategy: we study first the Concentration

condition ([5.4) in Section and then we prove the Height condition (/5.5 in Section With

these two conditions at hand, the L! estimate ([5.6) will be easily obtained in Section

5.1.1 Concentration condition

To establish (5.4, we introduce for s € [0, so] the function Qg(x) = |z — z(s)|“. For a given molec-
ular initial data ¢y we write ¢o(z) = o +(z) — o,—(x) where the functions g +(z) > 0 have dis-
joint support and we denote by ¥4 (sg,z) two solutions of the dual equation (4.6) at time sy with

Y+(0,7) = 1o +(z).

The starting point for our study is the following: for all s € [0, o] we have

50
/ (50, )|, () = / o ()| () +/ , (/ (s, :c)\Qs(x)dx) ds,
now by the positivity principle stated in Proposition we have ¥4 (s, ) > 0, then
(50, )| = [¢+ (80, 7) — - (50, )| < P4(80,7) + ¥—(50,7),

and we can thus write

L womi@y@ds < [ oa)ifo()ds

S0 S0
—I—/ Os Yy (s,2)Qs(x)dx ds+/ 0s Y_(s,2)Qs(x)dx| ds.
0 R 0 R~
We may assume, without loss of generality, that we have
S0 S0
/ Os | Y_(s,2)Qs(x)dz|ds S/ Os [ Y4(s,x)Qs(x)dz|ds, (5.8)
0 R 0 R~
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and for the rest of the proof we will focus on the last term above. Since ¢4 (s, -) is the solution of the
corresponding dual/linear equation (4.6) with initial data g 4 (z), for s € [0, so] we can write

I, = |0s w—i-(svx)Qs(:U)dx

Rn

/n ( — V- (A (t — s, @) Py (s,2)) — L% (s, x)> Qs(x) + i (s, 2)0:Q5(x)dx

)

recalling that Q4(x) = |z — x(s)|* and reorganizing the previous terms we have

- —VQ(x) - 2 (5)04 (s, 2) — Qs(2)V - (A (t — 5, 2) P (s, ) — Qs(2) L4 (s, z)dx

By an integration by parts in the second term above and since the operator £ is symmetric we have

Iy = —VQ(@) - ()P4 (s, 7) + VQu(@) - Apgy(t = 5,2)4 (s, 7) — LY ()04 (5, 2)d
R
< VQs(z) - <A[9] (t—s,z) — x'(s)>¢+(s,x)da: + LYQs(x) )4 (s, x)dx
R’!L Rn
< Is,l + Is,27

and we obtain

S0 S0 50
/ Ids < / I 1ds +/ I 0ds. (5.9)
0 0 0

S0

50
We will study separately each of the quantities / Is1ds and / I 2ds with two different propo-

sitions. The first contribution in is studied gn Proposition below and constitutes the most
technical part of the article since it requires to exploit in a very specific way the Besov stability controls
stated in Corollary The contribution of the second term of is easier to handle as it relies
essentially on the properties of the operator £%. It will be treated in Proposition |5.2

50
Proposition 5.1 For the term / Is1ds, under conditions and stated below, we have
0

50
/ Is1ds < ©1 r*7 7% x s, (5.10)
0

where O1 is a small constant.

Proof of Proposition With pg = {r < 1, we consider the following dyadic decomposition
R" = B,, U U E}, where
E>1

By, ={zx € R": |x —x(s)] < po} and
(5.11)
Ep={z ¢ R": 2" 1py < |z — z(s)| < 2%po}, for k > 1.
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Then we write

I,; = VQs(z) - <A[g] (t—s,z)— x/(s)>¢+(s,x)dx
R™

_ / 1, +3 15, VQS(:B)-<A[9](t—s,:r)—x'(s)>w+(s,x)dx

k>1

IN

(5.12)

/n (]lBPOVQS(m) (At —s,2) = Ap(t—s,))) Yi(s, x)dx

Is,By,

+ /R ) D g, V(@) (Ap(t—s,2) — Ag(t —s,-) | by (s, 2)de|,  (5.13)

k>1

IS,E

recalling ([5.7)) for the last inequality. Thus we obtain

S0 S0 S0
/ Is1ds < / IS7Bp0dS + / I gds. (5.14)
0 0 0

The analysis of the terms appearing in (5.12)) and (5.13)) and represented in the previous right hand
side is rather similar. The first key argument to handle those contributions is provided by Lemma
which precisely allows to control, on the elements of the previous spatial partition, a Lebesgue
norm involving the difference of the drifts by a scaled Besov norm of the drift (which is again stable
in this norm, see ) The controls obtained in Lemma are then used in Lemmas and to
consider specifically the spatial domains appearing respectively in (5.12)) and (5.13)).

Lemma 5.1 (From Lebesgue to Besov) Let 1 < p < 400 and assume that the nonlinear drift A

satisfies the hypothesis (B)-(C). If moreover the term A[g] is defined as in equation en we
5. 11

have the following estimates over the sets B,, and Ej, with k > 1, defined in expression (5.11)):

A (t—s,-) — At —

IN

5 Mieop,y) < CrdlAm(t =5l 2 (5.15)

1A (t—5,) — Ayt — s, )o@y < C(2%p0)» (27)7 || A (t — s, ')HBP%"” (5.16)

for some regularity index 0 < o.

The proof of this result is given in Lemma 4.1 of [§].

With this previous lemma, we are going to estimate each term of . Although the general
treatment of these terms is quite similar, some particularities must be taken into account. For the
ball B, we have the following result.

Lemma 5.2 (Controls for the integrands over the ball B, ) With the notation of and
(5.12)) the following control holds for the small ball B, :

50
| Lngds < e s, (5.17)
0

where the technical quantity ©11 = ©1.1(p,(,r) defined in the expression below can be made
small.
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Proof of Lemma [5.2l We have

IsB,, = /]R” (]prOVQs(x) . (A[@}(t —8,x) — A[g](t - s,:c))) Yy(s,x)dx|,

and for 1 < g, qh < +oo with L + 2 =1 we have
q0 [*ls)

LB,y < |1, V() - (Apgy(t = 5.-) = Apgy(t = 5,)) || g 045, )| oo,

but since |VQs(z)| = clx — z(s)[“~!, we can write

1
Log,, < C [ =) Ag(t = s,2) = Ayt = 5,)||| L 5, oy (s ) oo
We need now to control the two previous Lebesgue norms and we need to handle the term |z —x(s)[~~!
which is integrable over the ball B,, under some conditions. Indeed, taking
1 1 1
- =—+— where 1<ap< L and 2 < py < +o0, (5.18)
4o apg  Po l-w
we thus derive from the Holder inequality
I57Bp0 < CH‘ : _‘T(S)|W71HL“0(BPO) HA[G] (t -5, ) - A[9] (t -5, ')HLPO(BPO)Hw-‘r(& ')HLqu
and after integration we obtain
w—l—l—% _
IsB,, < Cpy HA[G](t —8,1) — A[O](t -8 ')HLPO(BPO)Hw+(sv Mo
At this point, we apply the estimate ([5.15)) of Lemma with
1 1-
— o and o :pouo(g +¢9) forsome 0<yy<l1, (5.19)
Po p 2 2
to obtain
w—14+ S +eo)
Lip,, < Cpy ™ (p0 2 IAwE (=5 g eormn )1+ (s, ) Lo
Bpg
w—142-+vo(5+eo)
< Cpo ’ ’ ”A[G}(t_ S")HBVO(%JrEo)»Po”Q/)Jr(Sv')HLqO'
Po
Now, we integrate in the time variable this expression to obtain
50 w1+ gt 4o (G+eo) [0
/ SBp ds < CPO / HA[G](t_Sv ')HB’/O<%+5O)7PO||w+(8?')HLqu87
0 0 PO
at this point we use the uniform in time estimates ||¢4(s,")||rw0 < |[1(s, )||qu 140/ L0 given by

the maximum principle |D and the estimates || Ag (t — s, ')HB”O(%“D 1po < Cp? given in (3.19) (recall
Po

that 2 <t < N and 0 < s < 59 with 0 < sg < 1) to write

50 w=1+=+19(§ +€0) 50
[t <o gl i ol [ as
w—142-4vo (5 +e0)
< Cpy ol X so.
We recall now that py = (r < 1, see 1) and that [|1g]|pe0 < C’(C?")_THL%_AY by 1) and we get

50 2 w—=14+" 419 (F+e0) —n+ = —v
Is B, ,ds < Cu (¢r) ao 2 0 ' X 8.
0
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: n n o __ n 1 1
Slnce%—nﬁLq—o— by ([5.18), as we have 1 © = q

~ =, We can rewrite the previous inequality as
0

follows

vge ateg

S0 n
/ Ly g,y ds < Cp2(Cr) 2" x (¢r) 77 T TR s,
0

Now we define ©1,; by the expression

ateq

O11 = Cp(¢r) 2 v Tt (5.20)

and since pg = (r < 1 this quantity can be made very small and we have

S0 a+e
w—y—1—" 4y 0
| By ds < 000
0

thus, if we have the condition o > 1 + pﬂo — 1 anaO which is equivalent to

a > p0(2 - 1/060) + 277" (521)
~ po(2+w)

we have r* 77 1 TR 0% < pwmr—a and we finally obtain
50
/ Is,BpOdS < @1717‘{“7770‘ X S0,
0
and the proof of Lemma [5.2] is finished. [

Remark 5.2 In the proof of Lemmal[5.3 we used the following conditions on the parameters:

(pg >2, p>2,

1<qy<2<qo< oo with %*%:17

Y=Ll with 1<a< 2, (¢5)
p% = 1_15”0 + % and o =povo(§ +eo) for some 0<wvy<1,

oz M

S0
We now study the quantity / I, gds over the set ' = U FE.
0 k>1

Lemma 5.3 (Controls for the integrands over the Dyadic coronas J,~, E)
50
/ I; pds < ©1p rY77TY x s,
0

where the technical quantity ©12 = ©12(u,(, ) defined in the expression below can be made
small.

Proof of Lemma Since the set E = U Ej, is the union of disjoint dyadic coronas (see (5.11))),
k>1

we will need to derive estimates over each of the sets (Ej)x>1 and thus to deal with some convergence

issues. For this we write now, from the definition in (5.13)):

Isg = /Rn Z]lEkVQS(x) . (A[@](t —s,z) —2'(s)) | ¥4 (s, x)dw

k>1
2

/R" (15, VQs(z) - (A[Q] (t —s,2) —2'(s))) vy (s, z)dz|.
k>1

IN
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Now, by the Holder inequality with gs=landl<q <2< ¢y < +o0, we have
1

58 < Y[V - (At —

k>1

) - xl(s)) HLq/l(Ek) ||1/]+(87 ')HL‘H?
and since |VQ(z)| = |z — z(s)[*~! and 2/(s)

= A (t — s,x), we can write

op < 3 [ =al)E i (6= 5) = At = 5, g 165 G5
k>1

Since by the definition (5.11]) of the dyadic corona Ej we have |z — x(s)|“~ < O(

Is,E < CZ(Qka)wfl HA[@](t — 8, )

k>1

0)“~1, we have
- A[G] (t -, ')HL‘I/I (Ey) ”1/}4-(87 ')Hqu?

and with the help of the control ([5.16) given in Lemma with
i _ 1-— 141

V1

— 4+ and
@ p 2

Q
o= qil/l(i +¢e0) forsome 0<1y <1,
we can write

Le < O3 (@0 (20 EH0@YT Ayt = 5. g veonat ) 10 (5.
k>1

q1

+e0) Z 2k(w—1+u1(%+eo)+ﬁ)

AN
Q
>
=
|
VA

w—14+v1(§
M g oo 19405, Mlzarpg

9

k>1
and the condition
w—1+1/1( +€o)+—<0
2 ¢
guarantees that the previous sum converges
have

Now integrating with respect to the time variable we

S0 _ a S0

/ Ipds < Cpy T / 1A (t
0 0

Since we have |[¢4(s,)||za < [|[¥(s,)||za <

||o|lar by the maximum principle (4.7) and we have
the estimates ||Agp(t — s, )] 530 < Cu? given in (3.19)) (recall that ¢t € [I, N] and 0 < s < 50
q1
with 0 < 59 < 1), we thus get

S5, ')HBV1(%+50)¢1/1 Hw-&-(& ')”qu ds.
/

9

50 14v 0 =14+ (3
/ Lpds < Cpy 32 g / ds = Cpo st
0

)
Po 12 [[oll e x so.

We recall now that pp = {r < 1 and that by 1) we have |[¢o|[ra < C(Cr)_m_%_AY S0 we can write

S0 . §
/ Is,EdS < C,LLQ(CT)wflJer(§+€0)7n+ﬁffy
0

X 80.
Now we define ©1 2 by the expression

Y180 w— 1/&+ -n
Or2 = Cp(¢r) B o T

)

(5.22)
which can be made small since {r < 1, and we have

S0 a+50 n

w—1+uv1 n+-+—
/ I; pds < ©1 o1 TR 50
0
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Note now that if the condition ' (9 )
o> Al 7”150) e (5.23)
12+ 1)

w—l—&-ul(agj)—n—i—%—

holds, we then have r T < @77 We thus finally obtain

S0
/ Is’EdS < @1727"“)_7_& X 80,
0

and Lemma [5.3|is proven. |

Remark 5.3 In the proof of Lemma we used the following conditions on the parameters:

p>2,
q%jLi:l and 1< q <2<¢] <+4o0,
ézl})”l—l-%l and o=qui(§ +eo) forsome 0<uv<l, (6E)

w—1+ul(%+6o)+ﬁ<0,

" (2—vie0)+2n
> @ (
\a - q1(2+21)

End of the proof of Proposition From the estimates of Lemma [5.2] and and under the
conditions stated in (%)) and (€| for the involved parameters, we then derive:
S0 S0
| hads < [ Ln 4 Lpds < (011 + 010) x 147 x s,
0 0

and setting ©1 := 011 + ©1 2 < 1, this completes the proof of Proposition [ |

The contribution I 2 in (5.9) only depends on the operator. Precisely, we get:
50
Proposition 5.2 For the second integml/ Is2ds in , we have:
0

50
/ ISQdS <Oy x r¥77TT x s,
0

where ©9 = O2(() is given by

Ny
m0(1+e)[w—a—p1] n+F,1 v

+<

my [w—a—l—‘;’;]—n—&—p’é—ﬂ/)

)

GQ(C) =C <Cm0("-’0¢+n)n,}, n C

and the parameters above satisfy

1 1 1 1
0<mo <1 <my, 1<pi,pi,po,py <+00 and oo+ or = oo+ o0 =1,

(¢2)

n _In(1—¢(mi—mp)(p1(w—a)+n))
e SPLP2< oo and €= TG G

©2(¢)

Cona Can be made very small for ¢ large enough.

and O is such that the quantity

Proof of Proposition It is enough to follow essentially the same ideas used for Proposition
with minor modifications which make computations much easier: indeed, for { > 1, 0 < r < 1 and
0 <mp <1< my, we define tg, t; by the expressions

v =("r <1y =(¢Mr <1, (5.24)
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and we consider the decomposition R" = By, U C(y ;) U ( U Ek) where By, C(yy r,) and Ey are defined
in a very similar way as in but replacing pg, p1 by Ii,lrl. Indeed we have
By, ={x e R": |z — x(s)| < 1o}
Clror) =1 €R" 1o < |z —2(s)] <1} and
Ep={zxeR": 21y < |z —x(s)| < 2%u1}, for k > 1.

We thus can write

L0, (@) (5, 2)da

Rn

IN

ILBro£ Q(2)4 (s, z)dx

4] [ ey 20 @0 (5, 2)d

/RleEkﬁﬂ Vby (s, @)dx| . (5.25)

k>1

e For the first term of (5.25) we write

<L =2 ()%l L1 (Beg) 190+ (55 )| e

/ 1, LQs(x)Y (s, z)dx
Rn

note that the last term above is equivalent up to a change of variables to / | LY x|“|de,
B(O,to)

and by classical homogeneity arguments (see the book [I7]) we have |£%|z|| = C

obtain [[£%z — x(s)[“||1(B,,) < Cvy~**". Thus by the maximum principle, by the molecular

hypothesis (4.2)) and by the definition of vy given in (5.24) we obtain

and we

S Ccmo(w—a‘f‘n)_n_'Y X ,,,,UJ—’Y—OC' (526)

/ 1, LY (@) (s, x)dw

e For the second term of ([5.25)), we set 1 < pq,p} < +o00 such that p%—ké = land ;%5 <p1 < +oo,

and we write

IN

/]R g ) £ (@ (5, )

1E Q@) w1 (e o 1)

||£aQS (.17) HLPI (C(‘Ovtl)) ”/11[)0 ”Lpll ?

IN

where we used the maximum principle for the function ¢4 (s,-). Now, by homogenelty we have

1229 (@)l @y = Clll - =2 iprc ) £ CEEETH = 50 and i wo

consider
In(1 — g(ml —mo)(p1 (w—a)+N))

(p1(w — @) +n)mg In(C)
we have then by the definition of tg and v; given in (5.24):

€ =

1 n n
(tgl(w a)t+n t;il(wfa)Jrn)H _ Cmo(l—ke)[w—a—a]rw—a—kH’

and thus using (4.5 to estimate the molecular initial data [[4]| ,; we have

/ Lo o) L2%(@)iy (s, 2)de| < OCmOUFIR Tty o (o) T
Rn ’

< Ocmo(l-&—e)[w—Oé—E]_”""q_7  pWTTTa (5.27)
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e For the last term of (5.25]), by the Holder inequality with 1 < po, p, < 400 such that p% 1 =1
and w — a+ p% < 0 and by homogeneity arguments, we have

[ im0 @i ads] < ST =o6) sl (s,
R™ p>1 E>1
< O3 ) TR (5, )

k>1

note that by the condition w — o + % the previous sum is convergent. Now, by the definition of
1 given in ((5.24)), by the maximum principle for ¢, (s,-) and by (4.5) we obtain

w—a+= —n+T—
[ S tncwesad] < o0 e
n k>1
< Cé_mﬂw—a-i-g]—n-‘rg—’Yer_,y_a‘ (5.28)

Thus, with estimates (5.26)), (5.27)) and (5.28) we obtain the following control for (5.25)):

82 < C <<—m0 w—a+n)—n— ’Y+€ o(1+e)lw—a-— P1 prlmtr ’ - _’_le[w_a—i_;;]_n_‘—pz_,)/) X rW*’Y*a7

which becomes after an integration in the time variable

/ U aads < C (gmo wmatn)mnoy y (morOlTeTImRITY g‘m”w_aﬂ;}‘"*%‘”) X 7T s,
0
Moreover, if we set
05(¢) = <Cm0(w a+n)—n—y +C mo (L+€)[w—a— Pl] n—i—ﬁ—v n le[w—a—i-';;]—n-&-%—“/) ’ (5.29)
we finally obtain
50
/ IS,QdS < Oy X r77TY x sq.
0
To finish Proposition it only remains to show that the quantity
O2(¢)
Coa’ (5.30)

can be made small if ¢ is big enough: for this we only have to check the sign of the powers of ¢ of this
quantity, and from ([5.29) above we obtain the conditions

mo(w—a+n)—n+a—w<0,
(l—i-e)[w—a—p—l]—n—i- +a—-w<0, ()
ml[w—a+pﬂ2]—n+%+a—w<0.

Remark 5.4 Not that, unlike Proposz'tion the constraints above are essential to absorb the
constants that appear in the computations.
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We finish now the proof of the evolution of the concentration condition (5.4) and from equation (/5.8])

we write:
[ o0 < [ i [
n /0 “a, [ v (s 2@

Recall that / |10 (x)|Q0(x)dx = (¢r)“~7 (since the initial data is a molecule). Since the time sensitiv-

Os Yy (s, x)Qs(x)dz| ds
R”

ds.

ities of the positive and negative parts of ¢ are controlled in a similar way, we derive from Propositions
that setting © := 01 + 02 < 1:
[ 1osna)fu(@)ds < ()4 2(0x 7 x s)

@ S0
Cw—'y ,,Tx)

< (¢ (1 +2

Recalling that Qg (z) = |z — z(s0)|“ and that we assumed 0 < sp < er® we can choose ¢ small enough
to have:

w—

© S0 «
so, )|z — 2(s9)|“dz )Y
[ wnolie - als)d < (@ (14422
< ((Cr)a+4 fv@,@mﬂ) T o< () Kso) T, (531)

since we can set small enough in order to satisfy

N C
(W=7~

« ©
<K .32
w—ry g = (532

4

where K in (5.31]) is a (small) constant that intervenes in the height condition. Indeed, we have

€] 0, O,

Cw—v—a = Cw—'y—a + Cw—w—a’

and we note that the term Cwej = can be made very small as by , this quantity is governed by

the parameter 0 < r < 1, moreover, by l) we have that o W — can also made very small and this
concludes the proof of the concentration condition of Theorem (4] I |

5.1.2 Height condition

We study in this section the Height condition (5.5 given by the expression
1

((Cr)o‘ + Kso)%W '

To establish the control of the theorem we aim at proving that

1450, )L~ <

n -+

Dt o= < —K (D) ((@r)® + Ky @00 (s, LSO (5.3

Indeed, integrating (5.33)) yields

"y o
| & (a2 ) as

I (s0. )| o/ ) >

v

/50 j ([(CT) +KS](n+7)/(n+w)) dS,
0

Gy Ko 05 (0, [/ — [(grye ) )

[(
[(Cr)® + K so] (/)

Y
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Recalling the initial height condition ||1(0,-)|[z= < ({r)~ () for the last inequality, we therefore
derive

1 (s0, e < ((Cr)* + Kso) "/,

which is the required control.

Assume that the molecules we are working with are smooth enough and in particular continuous.
Following an idea of [I4] (Section 4, p. 522-523) (see also [20], p. 346), we will denote for s € [0, sq]
by Zs the point of R™ such that ¥(s,Zs) = ||1(s,-)|[z. Thus we can write, by the properties of
the function 7,

el < = [ [l = w57~ ] () dy

n

< _Cl/ IIZ)(S,ES) - @Z)(S,y) dy < 0. (534)
{Izs—yl<1}

‘fs - y|n+a

To establish the differential inequality (5.33]) for s € [0, so], let us first consider a corona centered in
Zs defined by C(R,pR) = {y € R": R < |[T5 — y| < pR}, where the parameter R > 0 to be specified
later on is such that 0 < pR < 1 with p > 2. Then,

/ ¢(87fs) B 11}(87 y) dy > / ¢(87fs) B 1/1(57 y) dy
{[ms—yl<1} "~ JC(R.pR)

[T — y|nte T — y|mte

Define now the sets By and By by
By = {y € C(R,pR) : (5, Ts) — (s, 9) > 5¢(s,Ts)},

By = {y € C(R,pR) : ¢(s,Ts) — ¥(s5,9) < 5¢(s,Ts)},
such that C(R, pR) = B; U By. We obtain then the inequalities

wsafs _w‘S?y w87fs _¢S7y 7/13753
[ MRt [ MBS, U,
C(R,pR) Zs — B Zs — yl p
P(s, T V(s, T n n
— (R )|~ Bal) 2 SR (" DR - (B, (539

where v,, denotes the volume of the unit ball.

To continue, we need to estimate the quantity |Bs| in the right-hand side of ([5.35]) in terms of
Y(s,Ts) and R. We will distinguish two cases and prove the following estimates:

1) If [7, — 2(s)| > 20R or [T, — 2(s)| < R/2, then
C1((¢r)™ + Ks)“ ™% (s, 7,) P R™ > | Bal. (5.36)
9) If R/2 < [z, — 2(s)| < 2pR, then
(Ca ((¢r) + Ks)“ ™ e (s, 7)) 2 > |By). (5.37)

For these two controls, our starting point is the concentration condition established in Theorem
eq. (5.4); indeed we can write

((CT)O[—I-KS)(W_’Y)/O( 2/

R”

> w(séxs) /32 ly — z(s)|* dy. (5.38)

(s, )|y — (s)| dy > / (5,9 [y — 2(s)|° dy

Ba

We just need to estimate the last integral following the cases given above.
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o Indeed, if |T5s — z(s)| > 2pR then we have

min —xz(s)|” > (pR)* = p“ R“,
yGBQCc(R’pR)Iy (s)[* = (pR)* = p

RUJ
while if [T, —2(s)| < R/2, one has min |y — z(s)|“ > ——. Applying these results to (|5.38

yE€B2CC(R,pR) = ow
we obtain
((Gr) + ) e > ST o o,
and
(e 4 K)o YT By

and since p > 2 we have the first desired estimate:

Ch ((Cr)o‘ + Ks) W=/
P(s,Ts) R¥

Vv

|BQ’, with Cl == 21+w'

e For the second case, since R/2 < |Ts — z(s)| < 2pR, we can write using the Cauchy—Schwarz
inequality,

/32 ly —a(s)[“ dy > |B2|2</]32 ly —x(s)| dy)_l. (5.39)

Now, observe that in this case we have By C B(z(s),5pR) and then
[ w-soleas [yl dy < o oR)
Bs B(z(s),5pR)
Getting back to (b.39)) we have
ly —a(s)[* dy > |Ba|* v, ! (5pR) ™",
B
and we use this estimate in ([5.38]) to obtain

02((<T)a + KS) (W_’Y)/(Q‘X)Rn/Q—wﬂ

(s, T )1/2 > |Bsa|, where Cy = (25" v, pnf(,())l/z'

Now, with estimates (5.36) and (5.37) at our disposal we can write
o if [Ty —x(s)| > 2pR or |Ts — z(s)| < R/2 then

[ snvea,
C(RpR)  |Ts —y["T

w(&fs) n n
> e i (0"~ D" - (s.7)

o if R/2 < |Zs— z(s)| < 2pR,

/ ¢(S7fs> — ¢(S7y) dy
C(R,pR)

‘fs _ y’n—l—a
(s, Ts) ( (p" —1)R" — CZ((CT)Q + KS)(M_W)/(M)RTZM_W/Z)
— 2 pnta Rrta Unip U(s,Ts)l/2 ’
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If we set
- ((CT)O‘ + Ks) (w=7)/(a(n+w)) w({g’fs)—l/(nﬁ-w)’

since we are working with small molecules we have 0 < R <« 1, and we obtain for all the previous
cases the following estimate:

/ w(safs) —¢(5afs) dy
C(R,pR)

|Ts — y[nte

n o _ (n—w)/2
> (vn (" —1) 2;/”2:21 (5p) )((Cr)a 4 K) @) (o e/,

At this point, once the dimension n and the parameters o, w are fixed, we obtain that the quantity

v (P = 1) = V20, (5p) ")/

CZ 2><,0n+0‘ ’

can be made a small positive constant provided p is large enough. Thus, and for all possible cases
considered before, we have the following estimate for (5.34):

d o —(w— n+w 14+a/(n+w
(sl < —er x € ((Gr)* + Ks) ™ ap(s, R0,
We recall now that the constant K given in (5.32)) can be small enough to write
d n—+-y o —(w— n+w 1+a/(n+w
(s, e < =K (P ) () + ) T s, 0,
which is exactly formula (5.33]).

The proof of the height condition is finished for regular molecules. In order to obtain the global
result, remark that, for viscosity solutions we have A (sp,Z) < 0 at the points T where 1 (sp, -) reaches
its maximum value so we only need to study the term £*(sp, ) as it was done here. We refer to [14]
and [7] for more details.

Remark 5.5 The constants obtained here do not depend on the molecule’s size but only on the di-
mension n and on parameters w, vy and c.

5.1.3 L! estimate

The L' control (5.6) is now a direct consequence of an optimization over the parameter D below
(splitting threshold):

/ p(s0,2)lde = / (50, 2) e + / (50, )\de
n {lz—z(s0)|<D} {lz—z(s0)|2D}
< D" (s0, )| + D / p(s0, )| — 2(s0) | d.
Rn

Now using the Concentration condition and the Height condition one has:
Dn —w [e% w=y
[P (s0,z)|de < vy =+ DTE((Cr)* + Kso)

" ((¢r)> + Kso) =

where v, denotes the volume of the unit ball. An optimization over the real parameter D yields:

211{[%
((CT)O‘ + Kso)

Theorem [4 is now completely proven. [

19 (s0, M1 <

QR

29



5.2 Iteration

Once we have a good control over the quantities ||¢(so,-)||z1 and |1 (s, )|z (from (5.6) and (5.5)),
by interpolation we obtain the following bound

1

4G50 o < o, M b, Mo < € [((€r)° + Koso)

P

Q=

] 77’L+£/7’Y

We thus see with Theorem 4| that it is possible to control the L¥ norm of the molecules ¥ from 0
to a small time sy, and applying inductively the same arguments we can extend the control from
time sp to time s; with a small increment s; — sgp ~ er®. Now we can see that the smallness of the
parameters ¢, r and of the time increments sg, $1 — Sg, ..., Sy —Sny—1 can be compensated by the number
of iterations IV: fix a small 0 < r < 1 and iterate as explained before. Since each small time increment
$0,81 — S0, ..., SN — Sy—1 has order er®, we have sy ~ Ner®. Thus, we will stop the iterations as soon
as Ner® > To. The number of iterations N = N(e,r) will depend on the smallness of the molecule’s
size r and on the size of the initial data p (controlled by the smallness of ¢), and it is enough to

consider N(e,r) ~ % in order to obtain this lower bound for N(e,r). Proceeding this way we will

. —n+7—y . ; i
obtain [[1(sy, )|l » < CTy ¥ < +oo, for all molecules of size r. Observe that once this estimate

is available, for larger times it is enough to apply the maximum principle.
Finally, and for all » > 0, we obtain after a time Tj a L? control for small molecules and we finish
the proof of the Theorem [ |

A Mild representation of weak solutions: proof of Lemma

We aim at proving that any weak solution 6 to (1.1)) which belongs to L{(L%) ﬂLf(Bg;p), p € [2,400]
actually satisfies the Duhamel type representation (3.1). Fix 7" > 0 and start from the identity:

T T
Ho(y)so(O,y)dy:/o 9(8,?4)(—85+£“)90(87y)dyd8+/0 /nA[eﬁ(s,y)-vw(s,y)dyds, (A1)

R" R

which holds for all ¢ € C§°(] — T, T[xR™). Similarly, for almost any ¢ €]0, 17,

L ootwe.nay = [ owwettnar+ [ [ otu)0,+ et gy
+/0 /Rn Ag0(s,y) - V(s y)dyds. (A.2)

Observe that, for a fixed pair (¢,2) € R4y xR™, the mild representation (3.1)) would formally follow from
(A.2)) taking therein ¢(s,y) as a smooth compactly supported approximation of p§*  (y — x) recalling
that

(=05 + LY)pis(y — @) = 6:(s5)02(y) (A.3)

and passing to the limit. We actually claim that, in the current subcritical regime (recall that we have
a =1+¢ > 0) and thanks to the available controls (maximum principle, Besov energy estimates) this
procedure can actually be justified and yields (3.1)) for almost any (¢,z) € R4 x R™. Precisely, define
for a fixed (t,2) € R% x R™ and € > 0 the function (s,y) — ©. 14)(s,y) = pi" . (y — ) where for

>0, p2E() = (pg(')ﬂ\'ISE*@*ﬁ)) * ¢.2(z) for some f > 0 and where for n > 0, ¢, is a standard
mollifier. Then ¢, (; ;) can be extended into a function in C§°([—7', T[xR") and from (A.2)):

[ owily = )dy =0(t.2) + // ) VpS(y — o)dyds
4 Re(t,x (A.4)
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This will precisely give (3.1]) provided we prove that R.(¢,z) tends to 0 with ¢ for almost any (t,z) €
10, 7] x R™. Write recalling (A.3]):

Re(t,z) = / 0(t, y)pe ) (L, y)dy — (L, ) / A 0(s,y)(=0s + L) e (t,2) (s, y)dyds

# [ B0 (Vonior(0) = V0t — ) s = S Reslta)
i=1

Before going further we state a Lemma giving some quantitative controls for the stable like heat-kernel
and its spatial sensitivities.

Lemma A.1 (Controls for the stable-like heat kernel) Let (A) be in force and p® denote the
heat-kernel associated with L*. There exists a function p satisfying that for all z € R", p(z) <
c(1 + |2|)~*®) for some constant C > 1 (obsem}e that p € LY(R")) and C > 1 such that for all
v>0,zZ€R", and any B,y € {0,1}, i € {1,--- ,n},

ve (8707, p3)(2)] _

Also, for allgy € R",z € B(0,R), ¢ > 0:

< Cv~P+3)p(z). (A.5)

va (9507 pS) (x + €22) — (9597 p5)( < C2o~ P+ at)p(p). (A.6)

v Yx;

The above results can be derived from the controls for the stable-like heat kernel and its sensitivities.
In the isotropic stable case we can e.g. refer to [23]. The general case considered in Assumption
(A), where the tails of the Lévy measure are upper-bounded by a stable one (which e.g. include
the truncated stable kernel) could be handled following the approach introduced in [?], consisting in
precisely splitting the Lévy measure into its small and large jumps part for the analysis of general
stable heat kernels, and extended to the tempered case in [?].

Observe first that Re1(t, z) = 0(t,-)*pc"(x) —0(t, ). It is then clear that || Re 1] Lr(j0,7,20(rR)) —

e—0
0. Indeed,

| Re 1l oo,y Lo mny) < 10 % 98 — Ol oo, 20 ®ny) + 101l Lo (0,17, 20 @) 1987 — 92 (| L1 (-

The convergence to zero of the first term in the right-hand side follows from the fact that p& is an
approximation of the identity whereas for the second one we have:

[pe* =2l = /R [(PE L) ccm20m) = PE) * Pe2(y) + (PE * P2 — P2 (y)dy
< [ EE @ [ on e ldy = PF o+ P,
|z\>s_(2+ﬁ) Rn
Thus, from (A.5) in Lemma taking v = ¢, 8 = 0 therein,
P; < p(Z)dz .
1<C ‘2|26—(2+ﬁ+é) p(2)dz e—>—>0 0

Similarly, for ¢.2(-) = 8%nqb(s—g) for a compactly supported in B(0, R) (centered ball of radius R) non
negative smooth ¢ such that / d(z)dz = / ¢(z)dz = 1, we have
R7 )

pe

< [ [ e - peploGiaseta

[ 62+ 2~ g ) )ds | <Hdy
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Still from Lemma [A.1} equation (A.6) with v =¢, 5 =~ = 0 then gives P5 = 0 and therefore yields
e—

the stated convergence for R ;. Write now,

t t
Realt,) = /0 B(s, ) % (— 0 + LOWEE, (2)ds = /0 B(s, ) % (— 0 + LY 25 . — i, ) (2)ds,

recalling ({A.3|) for the last equality. Then

| Re 2l e (fo,1), 20 ®7)) < ClON Lo (0,17, L0 (R7Y) / / 1(=0s + L) [t 1e — Pisielllpr@mydsdt. (A7)
We can then reproduce the previous analysis and write:
(s + L)y e — (05 + LYW oMl 1 ey
= /Rd |(0s + La)(p?+s—al\.|§5*(2+ﬁ) =P sre) * 02(y) + (Os + L) (Pilgye * 2 — Piii) () |dy

< / 1005 o (2)] + [0y e () 1£% 62 2 )bz + / |0+ LUV e b2 — D s12) (W) Idy
| |>g*(2+5) Rn

Q7 + 03
Let us first consider here Q5. Equation (A.5) with v =¢ —s+¢ and =1,y = 0 yields

(t=s+)2l0pi e (@ _,_,, 1, SClt—5+2)7"5(2). (A.8)
By homogeneity, we also get ||L%.z|| 1 < Ce2*. Hence,
Qi<C ((t=s+e)" +e2)p(2)dz.

12> (t—ste)~ & e=(2+8)
Recalling now that () < C(1 4+ |z])~ (") we get:
Q5 < OB 4 (¢t — s+ 2)e*P) — 0.

e—0

Write now for 5,

Q; < / n
< // |95 + L) (P e (T +°2) — Py (@) By

Similarly to the previous controls on the heat kernel we derive from (A.6) withv =t—s+e,8=1,7=0
(recall that z € B(0,R)) and (A.3):

[ @ £l 2) = b ()21 (t—s+2)2dy

1
I=(t—s+e)a g

H(2)dz(t — s+ €)ady.

-

t—s+te)ay

(t—s+2)al(0s + LY (P 1(T +22) — b o1 ()] <C(t—s+e) FDp(p)e?, (A9)

Z=(t—ste)Eg

which again readily gives Q5 < Cel=a. Plugging the above controls into (A.7) we derive the required
convergence for the term R. 2. Let us now turn to R 3.

12,

([0,7],LL(Rn)) = ”/ / A[e]e(&y) : (V%,(t,-)(y) — Vi (y — '))dyds

L([0,7], L (R™))

/ /HAW M IV, — Vg, adsdt
<6l ee 1Al 2y / / VRS, — Vpp .|l pidsdt

<Cl0o]2: / / IV, — Vil adsdt,
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using and by maximum principle for the last inequality. The contribution of the term
IVpere — Vi o llz1 can be handled just as the corresponding one for Rp., i.e. the quantity
(=05 + L) [ e =P sl L1y in (A7), noting that the associated time singularity will be milder.
Namely, its order will be (¢ — s + E)_é (usual time singularity associated with the spatial gradient of
the stable heat-kernel) instead of (t — s +&)~! (usual time singularity for the time derivative or the
fractional operator applied to the heat kernel) for the previous case. Applying with 8 =0,v=1,
the associated controls then write

(t — s+ 5)% ‘VP?75+€(£)|

T=(t—s+e) 3z

(t—s+ 5)g IV(pioie(@+ e%z) — p?—s-l—a('f)‘f

x:(tfers)ég
instead of (A.8)), (A.9).
This gives the convergence to 0 of R.3 and gives the representation (3.1) for almost all (t,z) €
[0, T]xR<. In the current sub-critical regime, the existence of a continuous in time version is immediate.

This therefore completes the proof of Lemma [
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