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Abstract: Space-time light structuring has emerged as a very powerful tool for controlling the 

propagation dynamics of pulsed beam. The ability to manipulate and generate space-time distributions of 

light has been remarkably enhanced in past few years, letting envision applications across the entire 

spectrum of optics. Space-time invariant optical wavepackets manipulated up to now are usually two-

dimensional objects (one space dimension and time) whose mode-resolved spectra lie in a conical 

section. Using simple symmetry and invariance principles, we show that such wavepackets are particular 

cases of more general three-dimensional structures whose space-time frequencies lie on quadric surfaces. 

Our proposed framework allows here classifying invariant space-time wavepackets localized in all 

dimensions, in any group-velocity dispersion regime, both in bulk and waveguides. Particular emphasis 

is placed on longitudinal orbital angular momentum-carrying space-time wavepackets. This 

unprecedented theoretical approach opens the way for versatile synthesizing of space-time optics. 
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Introduction. Symmetry and invariant principles play 

a fundamental role in modern physics.
1-2

 Major examples 

from classical mechanics are the total energy, and linear 

and angular momenta obeying respective conservation 

law associated with continuous symmetries (time 

translation, space translation and rotation). The group 

theory is the prominent mathematical approach for 

studying symmetries in various branches ranging from 

solid state physics to quantum physics. It allows to 

analyze symmetries and their implications in a unified 

way for distinct physical systems, including solving or 

simplifying various problems, such as obtaining analytic 

solutions of differential equations (e.g. Lie’s method). 

Application of symmetries in optical physics can be easily 

found in geometrical optics and optical aberrations,
3-4

 as 

well as the derivation of non-diffracting solutions in free 

space.
5-7

 For the latter, the symmetry group associated 

with Helmholtz equation and the coordinate systems in 

which variables separate give rise to various solution 

families of invariant or accelerating waves and beams 

such as plane waves, Bessel and Mathieu beams, and 

Weber waves.
8-10

 Orbital angular momentum (OAM)-

carrying beams (i.e., vortex beams) are other possible 

monochromatic solutions (not always diffraction-free) 

associated to screw axis symmetry.
11

 Besides the intense 

research activities on optical vortex beams carrying 

longitudinal OAM (i.e., the spiral phase twists in the 

spatial domain), the recent studies on spatiotemporal 

optical vortices (STOVs) carrying transverse or tilted 

OAM (here the phase rotates in the spatiotemporal 

domain) have opened up new opportunities for structuring 

light.
12-17

 

More generally, structured light, particle beams, and 

invariant wavepackets are nowadays indispensable tools 

in numerous fields of science and technology,
18-24

 and a 

new step forward in the advanced control of wave 

propagation would facilitate the emergence of new 

functionalities. While most of the above examples have 

been deeply studied in the monochromatic regime, strong 

interest is currently shown for space-time (ST) invariant 

wavepackets. Among them, one can cite space-time light 

sheets,
25

 needle pulses,
26

 X- and O-waves.
27-29

 Invariant 

STOVs have also been observed in the anomalous 

dispersion regime.
16

 Structuring the space-time 

characteristics of a field turns out to be a very versatile 

way to engineer the pulse propagation dynamics, 

allowing, for instance, to control the group velocity
25,30

 or 

group velocity dispersion,
31-32

 as well as OAM 

features
16,33

 of the structured wavepackets. Not only used 

for sculpting “at will” the propagation dynamics, the 

framework of invariant ST wavepackets has provided a 

deeper understanding of the mechanisms responsible for 

supercontinua generation during the nonlinear 

propagation of ultrashort pulses.
27,34-35

 In a geometrical 

point of view, all the aforementioned studied space-time 

structures are two-dimensional and share the particularity 

to own a frequency-resolved modal decomposition that 

lies on a conic section. Since extremely fast progresses 

are currently made for generating more and more 

complex three-dimensional light structures,
33,36

 it then 

seems particularly important at this point to provide an 

exhaustive classification of three-dimensional invariant 

ST wavepackets. 

 In the present work, we provide a general approach 

for structuring three-dimensional light ultrashort pulses in 
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both bulk and structured dispersive media. We show that, 

in two different space coordinates systems (Cartesian and 

cylindrical), ST wavepackets that are invariant under 

uniform rectilinear-motion and spatial rotation operations 

can be built from the coherent superposition of modes that 

lie on quadric surfaces in the frequency-resolved modal 

space. The nature of surfaces depends on the considered 

dispersion regime and the group-velocity of the 

wavepacket. The geometrical study of the considered 

quadrics then allows constructing invariant ST 

wavepackets propagating with arbitrarily chosen group 

velocity and rotation. Every invariant ST wavepackets 

studied so far could be investigated within a similar 

framework. Note that the same analysis could be 

performed in spherical coordinates
37

 or space-time 

cylindrical coordinates,
16

 the quest for invariant 

wavepackets being intertwined with symmetries of the 

considered medium of propagation. 

 

Propagation equation in the modal representation. The 

partial differential equation driving the linear propagation 

in bulk media of an electric field   is given by: 

                
                         ,  (1) 

where      
     

 
,   is the light velocity in vacuum, 

     is the refractive index at the angular frequency  , 

  is the transverse Laplacian operator,     is the transverse 

position vector, and    is the Fourier transform of    with 

respect to the time coordinate. The very first step for 

studying z-invariant ST wavepackets is to express the 

eigenvectors (called hereafter “modes”) of the operator 

      
       

  . In the Cartesian (resp. cylindrical) case, 

they simply correspond to monochromatic plane waves 

                [resp. orbital angular momentum Bessel 

monochromatic waves                  ] with 

eigenvalues   
          

 , where   
    

    
 . 

The evolution of a field   along the   direction is given 

by: 

          ,    (2) 

where    is the decomposition coefficients of the field in 

the basis composed of the eigenvector of      Any electric 

field  can be then represented in the modal basis 

          in Cartesian coordinates, and          in 

cylindrical coordinates.  

 

Galilean-transformed (uniform rectilinear motion) 

invariant wavepackets. The first example of invariant ST 

wavepackets are those propagating without any 

deformation in a frame propagating at their group velocity 

  . In this case, the transformation linking the field at a 

given propagation distance   with the initial field is simply 

         . Finding the spatiotemporal wavepackets 

invariant under uniform rectilinear motion (and invariant 

under phase transformation), amounts to find the fields 

that belong to the kernel of the differential operator 

           , where 1/   is the group velocity of the 

built wavepacket and    is its propagation constant. It 

immediately follows that the decomposition of rectilinear 

motion-invariant wavepackets only embeds eigenvectors 

whose eigenvalues respect: 

         .   (3) 

One can now study how the mode-resolved spectrum of 

such invariant fields are structured in bulk media. For 

simplicity, we will consider the dispersive properties of 

the medium by means of the usual Taylor expansion 

around a given arbitrarily chosen frequency    and up to 

the second-order dispersion coefficient. Now, Eq. 3 reads: 

  
     

           ,        (4) 

where       ,          ,            , 

     
       ,       

         
  ,    

           , and       
    

    The above algebraic 

expression in 3D-space refers to a quadric surface of 

dimension 2 (note that higher order terms in   have been 

neglected). Such quadrics are easily classified and named 

by their shape. Here the surface depends on the signs of    

and     
      , and the considered coordinates 

system. Similar analysis for bulk media has been 

performed to define 2D conical waves.
38-39

 Table 1 

summarizes the distinct regimes and associated quadrics 

of rectilinear motion-invariant wavepackets. It reveals that 

the nature of quadrics is not fully driven by the considered 

dispersion regime (normal or anomalous). 

 

Quadric 

surface 
     

Coordinate 

system 

Hyperboloid 

one sheet 
      Cartesian 

Hyperboloid 

two sheets 
      Cartesian 

Elliptic 

cone 
      Cartesian 

Ellipsoid       Cartesian 

Elliptic 

paraboloid  
    Cartesian 

Paraboloid 

cylinder 
    Cylindrical 

Hyperbolic 

cylinder 
    Cylindrical 

Elliptic 

cylinder 
      Cylindrical 



                                                                                                                                                                     

Table 1: Rectilinear motion-invariant wavepackets in bulk 

media. 

 

- Case 1: normal dispersion (    ). 

In the normal dispersion regime, the common situation 

corresponds to      (   close to   ). Figure 1(a-b) 

shows the corresponding surfaces for negative and 

positive values of   in Cartesian coordinates (i.e., in the 

          space), namely hyperboloids of one or two 

sheets. When this term is null, we find an elliptic cone as 

shown in Fig. 1(c).  As shown in subplots (a-c), the term   

mainly governs the existence of involved frequencies 

around the central wavelength of the invariant ST 

wavepacket. This effect is also clearly visible on the 

limiting case of ST wave sheets [see conic sections 

defined as the intersection of the quadric with the plane 

     in Fig. 1(f-h)]. Such programmable correlations 

between the spatiotemporal degrees of freedom have 

recently been studied in detail.
25,30,40,41

 Such waves take 

the forms of different hyperbola in the        and 
               planes with baseband or passband 

features, while the relation between    and   is simply 

linear, whose slope corresponds to the chosen group 

velocity. In those subplots, in the vicinity of conic 

sections, we also point out the local curvature of phase-

matching induced by dispersion, in strong contrast to 

standard light cones
25,30,40,41

 restricted to free-space 

propagation of narrowband wavepackets. Next, it is worth 

mentioning that the sign of parameter    can become 

negative when      . As a consequence, one can define 

a critical group velocity      below which     , and 

we then retrieve the typical quadric surface usually 

obtained in the anomalous dispersion regime (i.e., an 

ellipsoid) investigated below. Finally, in the case of 

cylindrical coordinates, note that quadric surfaces [in the 

         space] naturally embed the typical patterns of X-

wave (or conical wave) solutions previously studied in 

bulk
28-29

 or guiding
27,42

 media, obtained as the intersection 

of the quadric surfaces and the plane defined by     (see 

Table 1). 

 

- Case 2: anomalous dispersion (    ). 

In that dispersion regime, the common situation 

corresponds here to     . The associated quadric is an 

ellipsoid in Cartesian coordinates, as shown in Fig. 1(d) or 

an elliptic cylinder in cylindrical coordinates. In the latter 

case, one retrieves the typical signature of O-waves (light 

bullets) previously studied in bulk media
28-29

. Again, the 

limiting case of ST wave sheet can be obtained for      

in Fig. 1(i). This wave takes the form of distinct ellipses in 

the        and                planes, while the 

linear relation between    and   is again driven by the 

chosen group velocity. As previously, the sign of 

parameter    can nevertheless change by strongly varying 

  . Here, one can define a critical group velocity      

beyond which     , and the corresponding quadric 

becomes a hyperboloid (typical feature of normal 

dispersion regime above-studied). 

 

Figure 1. Quadrics governing (uniform rectilinear motion) 

invariant ST wavepacket in bulk fused silica. (a-c) Center 

wavelength at 800 nm in normal dispersion. (d-e) Center 

wavelength at 1600 nm in anomalous dispersion. (a) 

Hyperboloid of one sheet for            cm-1 and     
      ps/m. (b) Hyperboloid of two sheets for        and 
          ps/m. (c) Elliptic cone for        and      . 

(d) Ellipsoid for            cm-1 and      . (e) Elliptic 

paraboloid for        and               ps/m. In 



 

subplots (a-e), blue lines indicate the limiting case of space-time 

light sheets when     . Corresponding conic sections are 

depicted in subplots (f-j) with their projections onto the distinct 

planes. Local curvatures induced by dispersion are mapped in the 

vicinity of conic sections. 

Such cross-overs from one to another type of surfaces 

shows that, by carefully choosing   , one can easily 

overcome limitations in the design of ST wavepackets 

related to the dispersion of the medium under study.  

 

Finally, a specific configuration of light structuring for 

invariant ST wavepackets is obtained when     , again 

whatever the dispersion regime. Equation (4) becomes 

linear in terms of frequencies  . The associated quadric of 

rank 2 is an elliptic paraboloid in Cartesian coordinates, as 

shown in Fig. 1(e) or a paraboloid cylinder in cylindrical 

coordinates. In the limiting case of ST wave sheet in Fig. 

1(j), the conic section degenerates into a simple parabola. 

 

 

Galilean-transformed (uniform motion and rotation) 

invariant wavepackets. One can push further the 

classification of invariant ST wavepackets by noticing that 

rectilinear motion-invariant fields form a subgroup of the 

family which is not only invariant under uniform motion 

but also invariant at a given rotation around the   axis. 

The latter, called spatiotemporal helicon wavepackets,
28

 

belong to the kernel of the space-time screw axis 

symmetry differential operator                
   , where    is an arbitrarily chosen constant and 

              is the z-component of the angular 

momentum operator. In the following, the study of ST 

helicon wavepackets is treated in the more general 

framework of cylindrically symmetric waveguides, i.e., in 

media whose refractive index   may exhibit a radial 

dependence. The bulk case can then be seen as the limiting 

case of waveguide of infinite dimension.  

For simplicity, we will restrict our study to a scalar 

approach by considering the weak guidance 

approximation. The partial differential equation driving 

the linear propagation of an electric field   is then given 

in cylindrical coordinates by: 

   
    

  
 

 
   

 

    
  

         

                , (5) 

where        is the radial-dependent refractive index at 

 . By using the separation of transverse and longitudinal 

variables, the linear evolution of the field along the 

propagation axis is given in the modal basis
35

 by:  

                 ,   (6) 

where           is the propagation constant of the OAM 

mode       at the frequency  . Recall that   and   refer 

here to azimuthal and radial indices, where 

                is the topological charge, related to 

the phase front of OAM modes. The modes form an 

orthonormal basis so that any electric field   can be 

expressed as 

                                              ,  (7) 

where           is the transverse envelope of the mode 

        and           are the electric field coordinates in 

the modal basis. Looking for fields that belong to the 

kernel of   immediately implies that the decomposition of 

such wavepackets only embeds a family of eigenvectors 

whose eigenvalues respect: 

                        .  (8) 

Accordingly, any electric field built from a given 

family is a diffraction- and dispersion-free ST wavepacket 

propagating at the group velocity      whose intensity 

continuously rotates around the propagation axis with a 

spatial period      . Before studying how the mode-

resolved spectrum of such invariant fields is structured in 

the modal space        , one has to emphasize that, 

generally speaking, the propagation constant in a 

waveguide (nonlinearly) depends on the topological 

charge  . Hence, still considering only second-order 

dispersion around a given arbitrarily chosen frequency   , 

the propagation constant of a waveguide can be well 

approximated as 

  
          

  

 
   

 

         , (9) 

with  is a three-dimensional second-order polynomial: 

                                         

        
         

         
 

                                

where the coefficients        depend on the geometry of the 

considered waveguide. For the case of homogeneous bulk 

media, all coefficients vanish except        with   being 

replaced by   .  

Note that the propagation constant    usually does not 

depend on the sign of  . This will have some consequences 

in the geometric nature of the surfaces describing 

spatiotemporal helicon wavepackets. Inserting Eq. 9 in Eq. 

8, it follows that spatiotemporal helicon wavepackets are 

contained in surfaces whose algebraic expression are 

            
    

            

                 ,  (10) 

First, since          depends on    , it is straightforward 

to notice that the surface embedding spatiotemporal 

wavepackets will be composed of two different quadrics 

(one for     and another for    ). However, it appears 

that the rank and nature of the two involved quadrics is the 

same. The only difference between the two will be the 



                                                                                                                                                                     

position of their respective principal axis. Then, it is 

sufficient to study the nature of the quadric for positive   
only. To this purpose, one has to study the associated 

matrix    to relation (10): 

   

 

 
 

         
       

 

      

 
     

      

 
      

      

 
      

 
     

      

 
         

 

 
 

        (11) 

The relative signs of the eigenvalues            of    

completely classify the nature of the quadric surface in the 

frequency-resolved modal space.  

As an example, we investigate below ST wave 

structures in a simple and analytical case at the frontier 

between bulk media and fibers, namely a dispersive 

medium of finite transversal dimension (radius  ). Thus, 

the propagation constants can be simply described through 

            
    , where     is the     root of     

Bessel function of first kind   . Using the formalism 

described above, with a second-order polynomial fit of    
  

(independent of  ), namely                ,        

        ,         ,                ,         , and 

        , one can find the following matrix       :  

        

     

     
      

       

     

   

     

   

        

    (12) 

It appears that analytical formula for eigenvalues of such a 

matrix of the silica rod remains too complex to be 

presented here. However, in order to get a simple 

overview of the nature of quadrics, we considered small 

values of   . This allows to approximatively find the 

following eigenvalues:  

   
    

       
    

         .  (13) 

Accordingly, the quadric surface associated to ST helicon 

wavepackets in finite bulk media has a rank of 3 (unless 

    ). Moreover, since       , the quadric surfaces 

for     and     are necessarily either one- or two-

sheet hyperboloids or elliptic cones in this approximated 

framework. In the limiting case of (infinite) bulk media, 

one can easily find tractable analytical formula of 

eigenvalues from matrix associated to relation (10) with 

    
 . 

 

In the general framework of matrix        (12), typical 

examples of quadrics are shown in Fig. 2(a-b) in both 

dispersion regimes. Note that for a clearer illustration, 

surfaces are plotted even if only discrete values can be 

found for parameters        . We confirm that for each 

configuration the global surface is composed of two 

different quadrics (one for     and another for    ), 

namely hyperboloids of one or two sheets. Discrete values 

are then shown for limited cases corresponding to conic 

sections when     or    . In the limiting case of 

infinite bulk media, the quadrics involved for structuring 

ST helicon wavepackets are theoretically hyperboloids, 

however, in practice one eigenvalue tends to zero so that 

surfaces approaches an elliptic/hyperbolic paraboloid, 

depending on the respective value of   , see Fig. 2(c-d). 

Note that for     , we retrieve an elliptic/hyperbolic 

cylinder as described in Table 1. 

 

 

 

Figure 2. Examples of quadric surfaces (from Eq. 10) governing 

phasematching of space-time helicon wavepackets in a fused 

silica rod with radius       µm (a-b) and bulk fused silica (c-

d). Subplots (a: Two hyperboloids of one sheet, c: hyperbolic 

paraboloid) correspond to the normal dispersion regime with 

central wavelength fixed at 800 nm, and       ,         
   ps/m,          cm. Subplots (b: Two hyperboloids of two 

sheets, d: elliptic paraboloid) correspond to the anomalous 

dispersion regime with central wavelength fixed at 1600 nm. 

      ,             ps/m, and         cm (6 cm in 

subplot d). Blue lines/circles indicate conic sections regarding 

the limiting cases of non-rotating space-time wavepackets 

(without superposed OAM) when    . Red lines/crosses 

indicate the simple cases when      or    .  
 

 

Numerical construction of wavepackets. Next, we 

present some examples illustrating our general approach 

of synthesizing rotating ST wavepackets through quadric 

phasematching of their spatiotemporal optical components 

(Eq. 10). In particular, we construct such ST wave 

structures in the simple case of a fused silica rod with 



 

radius       µm, both in normal and anomalous 

dispersion regimes. As a result, for each couple      , one 

must find the roots of the quadric, thus corresponding to 

frequencies     that depict the family of phase-matched 

modes          . Figure 3(a) shows the overall three-

dimensional pattern of phasematching obtained in the 

normal dispersion regime, when considering a central 

wavelength            800 nm, and the arbitrary 

choice of the constants       and       (i.e., 

propagation constants of the wavepacket are those of   ). 

The rotation period is here fixed equal to           cm. 

The linear construction of a helicon wavepacket then 

results from the superposition of the calculated 

frequencies    . Figure 3(b) presents an example 

corresponding to a particular case of selected modes with 

various radial and angular indices       , and 

     ), and with equal spectral amplitudes and 

phases (see circles in Fig. 3a). The successive subplots 

display the isosurface of the spatiotemporal intensity at 

half-maximum at distinct propagation distances. The 

wavepacket looks like a corkscrew in space-time 

coordinates with extreme localization since all frequencies 

are in phase. It clearly reveals the spiraling trajectory of 

the intensity pattern while maintaining its initial 

distribution over propagation. This helicon wavepacket 

does not disperse and simply rotates during its propagation 

around the z- and t-axes because of its inherent invariant 

nature. The direction of rotation is driven by the sign of 

  . Note that complex engineered 3D-patterns can be 

obtained by a careful selection of multiple higher-order 

modes at the phase-matched discrete frequencies.  

Another example of quadric phasematching obtained 

in the anomalous dispersion regime is shown in Fig. 3(c), 

when considering a central wavelength            

1800 nm, and the arbitrary choice of the constants 

      and      . The rotation period is now fixed 

equal to             cm. Figure 3(d) presents an 

example of constructed helicon wavepacket obtained from 

the superposition of modes with the following radial and 

angular indices:        , and      , and with 

equal spectral amplitudes and phases (see circles in Fig. 

3c). Again we retrieve the typical invariant spiraling 

trajectory of the intensity pattern. However, we here 

notice the more complex spatiotemporal pattern made of 

three consecutive high-intensity sub-pulses with distinct 

spatial arrangements. 

 

Discussion and conclusion. The concept of invariant ST 

wavepackets has emerged as a very promising and 

powerful tool for controlling the propagation dynamics of 

pulsed electromagnetic fields. By finely tailoring the 

modal distribution of the spectral components embedded, 

one can control in large extent both trajectory and velocity 

of ST wavepackets, but also the way they spread both in 

time and space, and this, whatever the dispersion regime.  

This degree of control let envision extremely exciting 

applications and new all-optical functionalities. Here, by 

invoking symmetry arguments, we have shown that 

invariant ST wavepackets refer to three-dimensional 

objects whose modal spectral distributions lie on quadrics 

surfaces. 

 



                                                                                                                                                                     

Figure 3. Examples of helicon wavepackets constructed from quadric phasematching of spatiotemporal components (from Eq. 10) in a 

fused silica rod with radius       µm. (a,c) Quadric surfaces obtained both in normal and anomalous dispersion regimes. Green dots 

indicate discretized conic sections for each   coordinate. Black circles correspond to the selected modes used for the linear construction 

of helicon wavepackets depicted in (b,d) through iso-surfaces of their spatiotemporal intensity pattern at half-maximum. The successive 

subplots obtained every           confirm the invariant nature of helicon wavepackets over propagation. The dashed blue line indicates 

the origin          . Projections on planes (shadow plots) are also provided for a clear observation of rotation.

With the extremely rapid progresses made for 

manipulating ST wavepackets,
16,33

 we hope this work will 

inspire a wealth of applications, such as recent 3D 

wavepackets with intriguing vortices and singularities,
17,43-

44
 and for which ST invariance feature would require 

further investigations. Beyond this simple but far-reaching 

concept of structured light for controlling the linear pulse 

propagation dynamics, note that the study of quadric 

waves, the general concept embedding conical waves, will 

also help in understanding the physics underlying the 

mechanism of supercontinua generation. For instance, a 

recent numerical work
35

 has already reported that the 

supercontinuum generated by a helicon pulse is naturally 

structured in a quadric wave that respects the underlying 

symmetry imposed by the nonlinear propagation of the 

pump. Finally, the formalism of quadric phasematching is 

not limited to electromagnetic fields and could find 

applications in various branches of wave physics,
45-49

 such 

as acoustics, polaritonics, plasma, gravity, and Bose 

condensate physics, in order to explore the dynamics of 

three-dimensional spiraling wavepackets with topological 

properties. 
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