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Abstract

We consider an optimal stochastic target problem for branching diffusion processes.
This problem consists in finding the minimal condition for which a control allows the
underlying branching process to reach a target set at a finite terminal time for each of
its branches. This problem is motivated by an example from fintech where we look for
the super-replication price of options on blockchain based cryptocurrencies. We first
state a dynamic programming principle for the value function of the stochastic target
problem. We then show that the value function can be reduced to a new function
with a finite dimensional argument by a so called branching property. Under wide
conditions, this last function is shown to be the unique viscosity solution to an HJB
variational inequality.

MSC Classification- 35K10, 491.20, 491.25, 60J80, 91G20

Keywords— Stochastic control, fintech, cryptocurrencies options, super-replication branching
diffusion process, dynamic programming principle, Hamilton-Jacobi-Bellman equation, viscosity
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1 Introduction

The theory of optimal stochastic control has been extensively developed since the pioneering works
in the 1950 decade. One reason for the growing attraction of this theory is the variety of its
applications, such as physics, biology, economics or finance.

In the last field, stochastic control theory appears to be a very natural tool as it provides
solutions to the optimal portfolio choice issue. The need to control the risks related to financial
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investments leads to new kind of stochastic optimization problems. Here, one looks for the minimal
initial endowment needed to find a financial strategy whose final position satisfies some given
constraints. Such optimization problems are called optimal stochastic target problem and have
been widely studied (see e.g. [24] 25, 2, 4] 3]).

The classical stochastic control theory has also been developed for other kind of stochastic
processes such as branching diffusions. Those processes describe the evolution of a population
of individuals with similar features concerning their dynamics and their reproduction. Branching
processes have been first studied by Skorohod [23] and Ikeda et al. [I3| 14) 5], who provided
Feynmann-Kac presentation of solution to parabolic semi-linear PDEs. Since those pioneering
works, branching processes have been extensively studied in particular their scaling limits and the
link with superprocesses (see [§]). Recently, they were also used by Henry-Labordere et al. [12] for
Monte Carlo based numerical approximation of solutions to semilinear parabolic PDEs.

In the case where the branching processes are controlled, Ustiinel [27] considers a finite hori-
zon optimization problem. He restricted to Markov controls acting only on the drift coefficient.
Following a martingale problem approach, he proved existence of optimal controls under wide con-
ditions. Nisio [21] considers the case where both the drift and diffusion coefficients are controlled.
She characterizes the related value function as a viscosity solution to a nonlinear parabolic PDE
of HJB type. Then, Claisse [5] extends the previous results by allowing controls that may not
preserve independance of the particles and considering the lifespan and the progeny coefficients to
depend on the position and the control. Following the approach of Fleming and Soner [11] which
relies on a result due to Krylov [19], the value function is approximated by a sequence of smooth
value functions corresponding to small perturbations of the initial problem. This allows to prove
a dynamic programming principle and to derive a related dynamic programming equation.

In this paper, we investigate the stochastic target problem in the case where the underlying
controlled process is a branching diffusion. The problem consists in finding a minimal initial
condition for a given target branching diffusion such that it dominates a function of another
controlled branching diffusion for each alive particle.

As the starting point of the target branching process can be seen as a measure and may contain
several atoms, the previous problem is not well posed. We therefore give an extended equivalent
formulation of the problem which consists in finding the minimal value for which one can find
an initial measure condition whose atoms are dominated by this value and such that the related
branching processes satisfy the terminal constraint.

Such a problem finds an application in mathematical finance, when dealing with the optimal
investment on crypto-currencies. For these assets, branching may appear due to their structure,
leading to new assets (see e.g. [10]). In this framework, the super-replication issue remains unsolved
and our framework provides a possible solution. A detailed example is given in this article.

To characterize the value function of our branching stochastic target problem, we adopt a dy-
namic programming principle approach. Contrary to [5], our argument do not rely on the existence
of regular solution to approximated PDEs. Instead, our proof of the dynamic programming prin-
ciple relies on probabilistic arguments. We use a measurable selection theorem similar to that of
[24] and combine it with a conditioning property for the law of the controlled process getting the
dynamic programming principle.

We use the dynamic programming programming principle to characterize the value function
as a solution to a dynamic programming partial differential equation. We first show, as in [5], a
branching property on the value function. This branching property relates the value function at
a given starting measure to the values taken on its atoms. This allows to see the value function
as a sequence of function from [0, 7] x R? to R indexed by the (countable) set Z of particle labels.
Contrary to the classical branching property, ours writes the value function at the starting measure



as the maximum of values at the atoms of the measure. Hence, it entails irregularity in the value
function brings us out of the range of regular solutions.

We therefore adopt the framework of viscosity solutions. Using the dynamic programming prin-
ciple, the value function is characterized by a viscosity solution to a partial differential inequality
of two terms. The first term is the classical nonlinear second order operator for classical diffusion
processes, written as a supremum of a linear operator over controls that kill the diffusive part (see
[4]). The restriction to those controls is due to the terminal constraint imposed with probability
one. The second term expresses a monotonicity with respect to the label. More precisely, the value
function taken at some label must be greater than its value on any other offspring label. Surpris-
ingly, our PDE do not contain any polynomial of the value function function as we classically have
in PDEs related to branching processes. This is actually due to the particular structure of the
control problem we consider. We complete this parabolic PDE property by a terminal condition.

To get a complete characterization of our value function, we finally consider the uniqueness
to the PDE. Under an additional assumption on the asymptotic behaviour of the value function
in the space variable and the label variable, we prove a comparison theorem using the classical
approach of doubling variable and applying Ishii’s lemma. This characterizes the value function as
the unique viscosity solution to the PDE and shows its continuity on the parabolic interior of the
domain.

The remainder of the paper is organized as follows. In Section [2| we present the branching
stochastic target problem and provide an example of application inspired from fintech. In Section
we set the dynamic programming principle. We finally show in Section [4] viscosity properties of
the value function and provide a uniqueness result to the related PDE. Finally we relegate some
technical results needed in the proof of the conditionning property to the appendix.

2 The problem

2.1 Branching diffusions

We start by a description of the underling controlled processes. As those processes are of branching
type, we first introduce the label set.

Label set For n > 1, a multi-integer i = (i1,...,i,) € N is simply denoted by i = 47 ...1iy.
For n,m > 1 and two multi-integers ¢ = ¢1...9, € N* and j = j1...jm € N, we define their
concatenation ij € N by

ij o= 1. ing1...gm - (2.1)

To describe the evolution of the particle population, we introduce the set of labels Z defined by
—+00
7 = {gtulN".
n=1

The label & corresponds to the mother particle. We extend the concatenation (2.1 to the whole
set Z by



for all ¢ € Z. When the particle labelled ¢ = iy .. .4, € N gives birth to k particles, the off-springs
are labelled 0,...,i(k —1). We also define the partial ordering relation < (resp. <) by

j=i & eI :i=jl
(resp. j <1 & HeI\{@} :i=jI

for all 7,5 € Z. We introduce the distance dz on Z defined by

d'ig) = > (ie+ D)+ > (e +1),
{=p+1 V'=p+1

for i =1+ in € N*,j = j1 - jm € N™, with
p = max{{>1 : i, =js}.

We next write |i| := d%(i, () for i € T.

Set of finite measures In the sequel we shall consider finite measure on Z x Rf for £ > 1. For
that, we endow the set Z x R with the metric d defined by

d((27x)a(.]7y)) = dI(i,j)—F’.I'—y’, Z',jEI,x,yERK.

T x RY is then separable and complete. We denote by Mp(Z x R) set of the set of finite measures
on Z x RY. From Lemma 4.5 [17], M p(Z x RY) endowed with the topology of the weak convergence
is Polish. We recall that we say that a sequence (vp,),>0 weakly converges to v in Mp(Z x RY)
if [fdv, — [ fdv as n — +oo for any continuous and bounded function f from Z x R’ to R.
A possible metric associated to the weak topology on Mp(Z x R) is the Prokhorov metric (see
Lemma 4.3 in [I7]). We next define the subset E; of Mp(Z x Rf) by

E, = {Z%x) .V CZ,V finite, 2' e R and i £ j fori,j € v} . (2.2)
eV

By Proposition [A6], E, is Polish as well.

Probabilistic setting We fix a deterministic terminal time 7" > 0 and a filtered probability

space (Q, F,F = (Ft)tefo,r), IP) satisfying the usual conditions. Suppose that this probability space
is endowed with a family of processes (B?, Q%);ez such that

~ (Bf)tepo,1) is an F-standard Brownian motion in R™ for all i € Z;

— Q(dt, dk) is an F-Poisson random measure on [0, T] x N with intensity measure dt ypdy for
all i € Z, with v > 0, pr > 0 for £ > 0 and Zkzo pr = 1, 0 being the Dirac measure at k;

~ {B%, @/ ,i,j € T} forms a family of mutually independent processes.
Having in mind these processes, we precise a better probability space.

— Let QY be the space of continuous functions from [0, 7] that are R™-valued starting at 0. Let

FO := (F?)sepo,r) the filtration generated by the canonical process B(w’) := w°, w® € QY.

We endow (0, F2) with the Wiener measure PY.



— Let Q' be the set of measures w! on R, x N of the form w! = > k>0 Oty Let Fl .=

(ftl)te[O,T] be the filtration generated by the canonical process Q(w!) = w':

Fli=0(Q(0,s] x {k}) :5€[0,t], keN), tc0,T].
We endow (!, F1) with the Poisson measure P! of intensity dty > k>0 Prdk, that is the
probability measure such that () is a Poisson point process with intensity dt -y Zkzo P0k.
Following the structure we expect for { B*, Q7 ,i,j € T}, we define the filtered space (€2, F,F,P),
where Q = (Q°x Q1T P = (P'®@P')®%, F is the P-augmentation of (FR@F1)%% and F = (F¢)iejo7)
is the P-augmentation of the filtration ((F? @ F})®% )telo,r]- On this space we extend the definition

of the processes B' and @’ for i € Z as the previously described processes B and @ composed with
the projections on each component, i.e.

Bi(w) = w0t Qj(w) =w, w= (wo’i,wl’i)iez cQ.

We also define the process ¢ valued in Mp(Z x N x R™*1) by

1
& = D i OnBLQi0x ) (2:3)
1€Z,neN
for t € [0,7]. We then notice that the filtration F is the completed filtration generated by the

process £.
To stress the dependence in time, we will use the following notations. For ¢ € [0,7] and
w = (W, w!) € Q, we define the stopped path at time t by w s = (W%, wl,;) where

W,OAt = (WS/\t)SZO and W.l/\t = wl(-ﬁ[O,t] x N) .

For a process (Xt).e(o,r) and a random time 7 : Q — [0, 7], we denote by (X¢ar)iec[o,7] the process
defined by

XtM(w) = Xt(w'/\f(wﬂ , te [O,T], weN.
For w, @ € 2 and a random time 7 : Q — [0,7], we define the concatenation path w @&, & =
(WO’i Sr ao’ivwl’i bSr wl’i)iEI by

0,i

(woj D @0,1‘)8 = wg’i]ls<7(w) + (w(s)ﬂ - (:}(M ) + wT(w))ﬂszf(w) , SE€ [OvT] )

T(w
and
wh? Br(w) o = MN[0, 7(w)] x N) + &Y (- N (7(w), T] x N) .

for ¢ € Z. For a random variable S valued in some Polish space, we also define the shifted random
variable S™% by

S(@) = Sword), Q. (2.4)

Alive particles We define the set V; of alive particles at time t as follows.
— At time ¢t = 0, the set is reduced to the mother particle : Vy = {@}.

— For a time ¢t > 0, a particle i € V; dies at the first time 7; > ¢ the related Poisson measure
Q" jumps after t, i.e.

= inf{s>t : Q'((t,s] x N)=1}.
— At time 7;, this particle gives birth to k particles 40, ..., i(k — 1), with k such that Q*({r;} x
{k}) = 1
Ve = (V- \{i})u{i0,...,i(k—1)}.



Controlled population Take A a Polish space with metric d4. We assume d4 to be bounded
(if not so, we replace d4 by da A 1 and still have a Polish space). We define a control « as a
family (a?);ez of F-progressively measurable processes valued in A. We denote by A the set of such
controls.

Let \: R?x A = R%and 0 : R%x A — R¥™ be measurable functions. For a given control
a € A, each particle i € Z of the controlled population is born, evolves and dies to give birth to
off-springs according to the set V defined above. We denote by X! the position at time s of a
particle ¢ € V,. For i € T alive at time ¢, let 7; > t be the random time of its death, giving birth
to k off-springs. The position at a time s > 7; of the off-springs 0, ...,i(k — 1) are given by

xi - xi
dx¥ = MXY al)ds+o(XY,al)dBY

for £=0,...,k — 1, such that i/ is alive at time s. We represent the population of alive particles
by the following measure valued process

> duxy, 820
1€Vs
The process Z takes values in the Polish space Ey defined by (2.2]).
For a function f :Z x R? — R, and a measure p = Yicv O(ie;) € Fa, we set
f = [ i = 3 g
IxR eV

We introduce the second order local operators L%, a € A defined by
1
L%(z) = Ma,a) Do(x)+ 2Tr ( (z,a)D*p(x )) , xeRY

for ¢ € C?(R?), where Dy and D?p denote respectively, the gradient and the Hessian matrix of (.
For a control a € A and a function f: [0,7] x Z x R? — R such that f;(-) € CY2([0, 7] x R%)
for all ¢ € Z, the following SDE characterises the behaviour of Z:

f(62) = f(s.25) / S° Dfi(u, X0)To(Xi, ol )dB,

leVu

/Z@t—i—l) ) fi(u, X2)du (2.7)

lEVu
o XS (S ) e
(S’t]XN’LGV k>0
for all s,¢ € [0,T] such that s < ¢t.
Target branching diffusion To each alive particle ¢ € Vs, we associate a target position at

time s denoted by Y. Let Ay : RIxRx A — R and oy : R*x A — R*™ he measurable functions.
Let 7; > t be the random time of death of ¢ € Z, the target position at time s > 7; is given by

Vi = v} (2.8)
ayy = My (X1 Y5 0l ) ds + oy (X9, o) dBY (2.9)

6



for £ =0,...,k — 1, such that particle if is alive at time s.

We use the notation * to define the quantities associated to the pair (ig%), considering the

E]

MXE al) = < X a) ) and

previous problem but on R4, Therefore, we have X; = (X;> A Ay (XY ace)

i )
YS

&(X ial) = (O(J;((X)éaj:)) Under those hypotheses, assuming ¢ is alive, its position X evolves

according to
dX! = MXal)ds+6(XLal)dB. (2.10)
The resulting population process valued in F411 is

Zi = ) Suxiyy, $20.
1€Vs

As before, we define the related second order local operators f/a, a € A by
. . 1
L&) = Mé,a)" D@() + §Tr(6&T(:fc,a)D2<,b(i:)) , & e R

for ¢ € C?(R¥1), where D¢ and D?p denote respectively, the gradient and the Hessian matrix of

p.
For a control a € A and a function f : [0,T]xZxR¥*! — R such that f;(-) € C12(]0, T] xR +1)
for all ¢ € Z, the SDE related to Z takes the following form:

t . A . . .
ft.2) = fs2)+ [ DR XD oK al)dB;
S eV,
t o N
+/ > (@ + L) fi(u, X2)du (2.11)
S iV,
k=1 A -
oYy ( - fi) (u, £1)Q(dudk)
(XN ey, k>0
for all s,t € [0, T] such that s < ¢.
Well posedness To ensure the well definition of the presented controlled processes, we make
the following assumption.

Assumption Al. (i) The coefficients py, k > 0, satisfy

kak =M < +o0.
k>0

(i) The functions \, o, Ay and oy satisfy
sup [A(0,a)| + |o(0,a)| + [Ay(0,0,a)| + |oy(0,a)] < +oo .
acA

(i1i) There ezists a constant L > 0 such that

Mz, a) =A@’ a)| + |o(z,a) — o(2’, a)]
—i—])\y(:c,y,a) - Ay(l./?y/aa,” + ‘O'Y(.%',a) - UY(m/7a)’ < L (‘.YJ - 1'/| + ‘y - y/’)

for all z,2' € RY, y,y/ €R and a € A.



(iv) There exists a nondecreasing function w: Ry — Ry such that w(r) -~ 0 and
T—
Az, a) = A@,d)| +|o(z,a) — o(z,d)
+‘)‘Y(:E7y7a) - AY(‘T7G/)| + ‘O'Y(l', CL) - UY($’ CL/)| < U)(dA(CL, a/))
forallz € RY, y € R and a,d’ € A.

For any initial condition t € [0,T], p = >,y (i) € Ea and y; € R for 1 € V, we extend the
controlled branching processes (X,Y). For that the set of alive particles V4* is defined as follows.

— For s € [0,t], Vi* = V.

— For s > t, a particle i € Vs dies at the first time 7; > s the related Poisson measure Q° jumps
after s:

i = inf{r>s : Q'(Js,r] x N) =1} .
— At time 74, the particle 4 gives birth to k particles 40, ..., i(k— 1), with k such that Q*({r;} x
(k) =1
vir = (V) u o, ik — 1)}
Then, the controlled branching population process Xt** = (Xﬁ’” ’O"i,i e ViH )sefo,] is defined by
the initial condition
X = (2, i€V), se0,t],
together with dynamics (2.5)-(2.6). We also denote by i € F441 the extended measure as
o= Z 5(1',961',1/1') )
eV
and Ybhe = (Yol ;g phe )sejo,r] the controlled branching target process with initial condition
Yst’ﬂ,aﬂz = Y, S € [Oat] )
for all i € V, together with dynamics (2.8))-(2.9). Let Zt#< and Zbe he
Zeme =y Ofixtmasy  and - Zohe = > O xtmat y ey
ieViH iever
for s € [0, 7).
In this setting, we have the following non-explosion result.

Proposition 2.1. Suppose that Assumptions (i)-(ii)-(i1i) hold. Fixt € [0,T], pp = icy 0z, €
By, = Zie\/ 5(2-73;1.7%) € Egi1 and a € A.

(i) The set of alive particles \AT uniquely defined and is finite for all s € [0,T]. More precisely,
we have

E | sup |VEH|

s€[0,T7

< |V|67M(T—t)

where |V| stands for the cardinal of a subsetV of T.
(i) There exists a unique F-adapted process (Z**) (resp. (Z9%)) valued in Eg (resp. Eqy1).
Moreover, the process ZbH® (resp. (Zb%*)) satisfies [2.7) (resp. ([2.11))).
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We refer to [0, Proposition 2.1] for the proof of this proposition.
Remark 2.1. For any i € T the processes X% and Y5 gre defined on times s € [t,T] such

that i € Vi*. However, we can extend their definition to the whole interval [t,T]. Suppose first
that © has no ancestor in Vf’“:

j £ i forall jeVit.
Then we define processes Xt and Y gs the unique solutions to

t, ot ot t t, ot 1 7
AXbroi = \(XERT 61)ds + (XD ol Bl

o, [HTNeK) N IRR A ] ty,on,d 1 %
dy;t = Ay (XHO YR al)ds + oy (XoH*' al) dB;

for s € [t,T], with initial condition XZ’“’O"i =0 and Ytt’“’a’i = 0. On the complementary case, it
erists j € Vf’” such that 7 <14i. Then there exists k > 1 and {1, ... ¢, such that

i = jly.. .l

We denote the associated branching times by (So, ..., Sk):

S = inf{s > Sy Qi ((Sm—1,8] x {nm}) = 1}

where Ny > U1 +1 form =0,... k with S_1 = t. Then we define the extended processes X
and Yot by
k—1
Xﬁymw — ﬂ[tﬂo)(s)XﬁmaJ + Z 1[Sm7175m)(S)X;,u,a,yh---fm + ]l[sk_l,+oo)(3)X§’“’a’l
m=1
k—1
YIRS g (YT 4 3 g, g (VIR g ()Y
m=1

for s € [t,T].
These extended processes can be seen as solution to a Brownian stochastic differential equation

with Lipschitz coefficients. Obvious in the first case, to show it in the second one, we consider the
ancestor Brownian motion B? defined by

k-1
3 ] 01l 01 L, 01 L —
Bi = By + Y L, ysu(s) (Bl = BYim 4 piit-int)
m=1

1 1
; i jl1..Lg—
(s, o(s) (BL— By, + BE0)

for s € [t,T]. This process is continuous, centered, with independent increments and variance equal
to t, therefore a Brownian motion by Lévy’s characterisation. Then the extended processes Xt
and YU gre the unique solutions to the SDE

AXL = X(s, XP0)ds + o (s, X0 dB, (2.12)
AY PRt = Ny (s, X! YIRS ds + Gy (s, X ) dB; (2.13)



for s € [t, T, with initial condition Xf’“’a’i =x; and Yf’“’a’i = ;. The coefficients being given by

k—

H

5‘(87 .CC) = ]l[t So + 1 [Sm— 1,Sm )‘( a?flmem) + ]]'[Sk,1,+oo)(s))‘(x7 O‘;)
m=1
. k_l .
5(s,x) = lpgyolz,od)+ > 1, s0(s)o(@ ol + 1, | o)(s)o(z,al)
m=1
Ay (s,z,y) = Lpgyrv(z,y.al)+ Z Lis, 150 ($)Av (2, y, 0l ) + 1g, | 4oy (s)Av (2,9, al)
k—1 ‘
oy(s,x) = Lyt s0) oy (z, oﬂ )+ Z Lis,. 1,5 ay(x,affl'”gm) + ll[sk_lﬂroo)(s)ay(ac,a;)
m=1

for (s,z,y) € [0,T] x RT x R. Under Assumption those coefficients satisfy classical Lipschitz
and boundedness assumption to have uniqueness and stability of solutions. In the sequel, we shall
refer by Xb#t gnd YH% either to the processes themselves or to their extended definitions if
the processes are considered outside their living interval.

Under the additional regularity assumption on the coefficients with respect to the control, we
have a stability result for the branching system.

Proposition 2.2. Suppose that Assumptions holds and fir t € [0,T], p = Y ey O(iw;) €
Ed; [1, = ZiEV 5(2-@“%) S Ed+1, a e A Let (tn)nzl; (ﬂn = ZiEVn 5(i7$?7y?))n>1 and (an)nzl be
sequences of Ry, Eqi1 and A such that B

(tn, itn) n—>+oo> (t, f1)

and

T
E/ dA(ai,a?’i) ds —— 0
0

n—-+o0o

foralli € Z. Then,

t sHn 0 ’/L' . t,ﬂ,a,i 2 3 7.[L Q 7i — t:ﬂza’i 2
E [ (|xgeenin XL P [Vt e, = YR )] ——— 0

; tn,pun
1€Vs n——+o00

for all s € [t,T], where pin =3 ey, O(iar) € Eq for any n > 1.

Proof. We proceed in three steps.
Step 1. We first prove that

for all ¢ € Z. For that, we distinguish two cases.
Case 1. Suppose that 1 vt (7)) = 1. Then, there exist j € V; bl and £y, ..., 0, such that i = jly ... 0
and

t< S << S <s< S,

10



where S, ..., Sk are the successive branching times:
S, = inf {r > St 0 QIO (Sp1, 7] X {nm}) = 1} (2.14)

with ny,, > €1+ 1 form=1,... k. Since i, — 1 and j € Vf’“, there exists N > 1 such that

j € V' foralln > N. (2.15)

We then get from (2.14) and (2.15)) that

i € VYlmbn,

for n large enough.
Case 2. Suppose that 1,..(i) = 0. We then have two subcases.

Subcase 2.1. There exist j € Vf’“ and fq,...,¢; such that ¢ = j¢1...¢;. We then have
s > 8, or s < Sp_y (2.16)

where Si,..., Sk are defined by (2.14). Since fi,, — fi, we have i € Vf:’” ™ for n large enough and
we get from (2.16) that 1., (7) = 0 large enough.

Subcase 2.1. j ¢ Vtt’“ for any 5 = 4. Since the set of ancestor of i is finite and [, — [i, we get
Jjé¢ V,f:’” " for any j < i for n large enough. Therefore, we have 1,tn.n (i) = 0 for n large enough.

Step 2. We prove that

t ] t 012 tn, it ] t,f,00,1 |2
E |:<|Xsnnu"n7an77' _ XS’#’Q7Z| + |Ys nyHn,On,t }/suu"aﬂ| >i| 5 0

n—-+o0o

for s € [0,7] and ¢ € Z. Since fi,, — fi as n — +00, we have Xf:’“"’a”’i — Xf’”’a’i and Yti"’ﬂ"’a"’i —
Y% as i — 400. Using Assumption |A1] (iii), we can apply Theorem 8.1 in [I8] and we get the
result.

Step 3. We then write

E [(’Xﬁwm%iﬂiev@“" - Xﬁ’“’a’iﬂiev?”z + |Yst"’ﬂn’a"’i]lz‘ev§"’“n - }@t’ﬂ’a’iﬂz‘ev@ﬁ)} -
QE |:(|X§nnu‘n7an,i _ Xgnuﬂa)i 2 + D/stnuﬂn,anui _ Yst“&’a’i 2):|
2
t7 b 1‘ 2 t7A7 ?‘ 2
+2E [(‘Xsﬂaz‘ + [y ) (]lievé”‘ - ]lieV’é""‘”) ] '
Using the dominated convergence theorem we get from Step 1
11,002 i |2 2
E <|Xs’”’ T YR ) (111'61/;‘“ - ]liGV§"’“"> m 0.
This last convergence and Step 2 give the result. O

Focusing on conditional laws of the controlled processes, we have a representation result. Define
D([0, T], Mp(I x R™T1)) as the set of cadlag functions from [0, 7] to Mp(I x R™F1). We endow
this set with the Skrorkhod metric related to the Prokhorov distance and the related Borel o-
algebra. From Doob’s functional representation Theorem (see e.g. Lemma 1.13 in [16]) for any
control a, there exists a B([0,7]) @ B(D([0,T], Mp(I x R™*1))-measurable function & : [0,7] x

11



D([0,T), Mp(I x R™*1)) — AT such that of(w) = @(s,&(w.ps)) = @'(s,&(w)) for any s € [0, 7],
w € Qand i € Z . In the sequel, we identify the control « with its related function & and we still
denote by A the set of those controls.

For a € A, an F-stopping time 7 and w € €2, we define the control a7 (@) by

(@) (6@ = o (56@=@))

forieZ,s>0and @ € Q, where €47 is given by (2.4).

Theorem 2.1 (Conditioning property). Suppose that Assumption holds and fix t € [0,T], i1
Y icv O(iesys) € Ear1 anda € A. Then, for any bounded measurable function f = D([0,T], Eqy1) —
R and any F-stopping time 7, we have

E {f (Xt’ﬂ’a) ‘]—"T} (w) = F (T(w),Xf;\’i’a(w),aT(w)’“’) , P(dw) — a.s.
where

F(s,8,8) = E[f ((0ulics + X" Uiz e )|
for all s € [0,T], & € D([0,T], Eg+1) and 5 € A.

The proof of this result is postponed to Appendix It follows the same lines as the proof
of Theorem 2 in [6], and relies on a uniqueness property for the related branching martingale
controlled problem which is studied in Appendix

2.2 The stochastic target problem

To define the stochastic target problem, let g: Z x R? — R be a function satisfying the following
assumption.

Assumption A2. The function g; is continuous on R¢ for all i € T.

Fix an initial time ¢ € [0, 7] and an initial population = ;i d(;z,). We look for an initial
position y for the target process and a control o € A such that

}/;t,/,L,Oé,i — y , Z E ‘/’
and Y54 and Xt satisfies the terminal constraints
Ytn[l7a17: > . thu7a)i y thu
T = gz( T ) , teVp.

More precisely, we look for the reachability set

R(t, ) = {yeR, C e A YR > g (XY e Vbt
with g = Zé(i@i’y)} .
eV

for t € [0,T] and p1 =}y 0(s,2,) € Fa- Since the target processes Y has an explicit impact only
on its drift Ay and not on its diffusion coefficient oy, the reachability set satisfies the following
monotonicity property.

12



Proposition 2.3. Suppose that Assumptions holds. For p =3 ;cy 8(iw,) € Eq and y € R(t, 1)
we have [y, 00[C R(t, ).

Proof. Fix a control a = (a');cz and a starting point (¢, ). We take y € R(t, 1), ¥ > y and write

fu (vesp. ') for 3. O(iziy) (TSP D iy O(i,zsa))s Y? (resp. Y') for YH7 (resp. Yt,;/,a,z’) and
Y for Y" — Y*. We then have

Yy = (y’y)+/ Xu0Yydu
t

for s > t, where y is given by

o = (X ¥e) “dv (0 Xe V) g
5Y,

with Ay defined in Remark From the Lipschitz property of Ay in Assumption X is bounded
and

T
5% = (f —y)exp (/ xudu) >0, Poas
t
Since y € Y(t, u), we get
Y%7#7a)y/7i Z leznuya7y)i Z gl <X§lﬂ7a,l> , IP) — a.s.

This is true for all i € V3, therefore i € R(t, ). O

From Proposition the closure R(t, 1) of the reachability set is a half line interval charac-
terized by its lower bound. We then define the value function v as the infimum of R:

ot,p) = InfR(¢, p)
- inf{yeR CJdae A, YR = yvieV,

and Vi > g (XpPT) vie Vit as ) (217)

forall t € [0,T] and p = Y,y (i z,) € Eq, with the usual convention that inf(()) = +-00. Our aim
is to provide an analytical characterisation of the value function v.

Remark 2.2. The value function v or the reachability set R might not be well defined in the case
where an extinction of the alive population of particle happens before T'. In this case we take the

convention that the terminal condition is always satisfied if V;’“ = (0. In the sequel, we keep this

. ' A
convention for other constraints on (X " Y, 1)

with Vé’“ =0 and 6 a stopping time.
We next provide a new formulation of the function v.

Proposition 2.4. Under Assumptions the value function function v satisfies the following
identity

v(t,p) = inf {y eR : Jac A, Jp= Z‘S(i,zi,yi) € Eqi1 such that
eV

yi < yVieV, and Yfiﬂ’a’i > gi(X?”’a’i) Vi € V;i“ a.s.} (2.18)

forallt € 0,T] and pp =Yy 0(iz,) € Ea-

13



Proof. Denote by v(t, ) the right hand side of (2.18]). Since the set whose infimum is v(¢, ) is
included in the one whose infimum is (¢, 1), we obviously have

ot ) < ot p).

Fix now y € R for which there exist o € A and 1 =} ;0 € E441 such that

1,24,Y;)
vi <y, 1€V,
and
YEROT > g (XEROTy e Vit

Set fi = > iy O(izi ) € Far1. By the comparison argument used in the proof of Proposition
we have

t9ﬂ9a7i t,ﬂ,a,i . t’)u’a:i y tuu'
Y, > Yr > gz(XT ), i€ Vi

Therefore y > v(t, u) and 0(t, u) > v(t, ). O

2.3 An example of application from fintech

Fintech is the contraction of the words finance and technology. It refers to recent technologies that
allows for the improvement and the automation of the delivery and use of financial services. The
field has emerged at the beginning of the 21-st century and covered technologies used by established
financial institutions. Since that time, the field has evolved to also include crypto-currencies which
are decentralised financial assets. Those assets are based on the block-chain technology. The main
idea of that structure is to keep any new transaction registered in a chain by adding new blocks
and sharing the extension of the original chain over the network, so that every user keeps in mind
the transaction and can certify it. We refer to [20] for a description of how a block-chain base
crypto-currency works in the case of the Bitcoin.

Due to the structure of this kind of assets, a fork can appear in the chain (see [10]). In this
case, the original asset is transformed into several assets. A natural question that arises is how to
evaluate an option on crypto-currencies in this case. We present here the example of the super-
replication of options on asset that may fork and show that it is a particular case of the branching
stochastic target presented above.

We consider a financial market on which is defined a crypto-currency with price process
(St)te[ng]. We suppose that the process S is a branching diffusion and describe its dynamics.
We first define the set V, of alive particles at time ¢t € [0,7] as previously done in Section
The initial condition for the process S is a constant (Sy > 0). Assume the version ¢ € Z of the
crypto-currency is alive at time t € [0, 7], dies at some random time 7; > t and gives birth to k

new versions i0,...,i(k — 1). The position at a time s > 7; of the new the crypto-currencies are
given by
St = s (2.19)
dsit = git (bds + ch;f) , (2.20)
for =0,...,k—1 and s > 7; such that version £ is alive at time s. Here b and ¢ are two positive
constants.

In addition to that asset, we assume that there exists on the market a non-risky asset S° with
deterministic interest rate 7 > 0 and with initial condition SJ = 1, that is S; = €" for ¢t € [0, 7).

14



An investment strategy consists in a process ™ = (Wg)te[O,T],ieZ of F-progressive processes valued
in [0, 1], where 7} represents the proportion of the wealth invested in the version S* of the crypto-
currency. We denote by A the set of such strategies. For 7 € A, we also denote by V0™ the self

financing wealth process related to the initial capital V) and strategy 7. According to (2.19)-([2.20)
it is given by

VT‘Z_/OJF,% _ VT‘ifo,mi (2.21)
d‘/;VO,ﬂ',ig — ‘/:SVOJTJ.Z (((b — 7’)7[';6 —|— T)ds + Cﬂ—;EdB;Z> Y (222)
for £=0,...,k—1 and s > 7; such that version £ is alive at time s.

We then consider a financial derivative on the asset S that consists in a Put Option but with a
strike K; depending on the version of the crypto-currency S. Such a product can express the need
to hedge againts a decrease of the value of the asset S that depends on the branch.

The computation of the super-replication problem leads to solve the following stochastic target
problem

wy = inf{V€R+ cdre A, qu’” > (K; — Sh)y +k Vi€V, a.s.},

where k is a positive constant representing some friction. We next modify this problem to satisfy
our assumptions. For that, we first define the processes

Y;y,ﬂ,i = log (Vzey,fr,i)
X! = log(SZ)

for t € [0, 7] and ¢ € V;. From (2.19)-(2.20) and (2.21))-(2.21), we get

. . . 2 .
X* = xi o dx¥ = (b—%)dsﬂdB;f, (2.23)

S

YTZZ{ﬂmé — YTZZJ_,mz , dYsyﬂr,zZ _ ((b _ T)?ng _ 502(7r;£)2 —|—7“> ds +C7T;£dB;é ’ (2.24)

for / =0,...,k—1 and s > 7; such that version i/ is alive at time s. We observe that the dynamics
of the processes Y and X satisfy Assumption We also define the functions g as

gi(x) = log((Ki—e"), +r), (2,i)eRXT,
which satisfies Assumption Finally, we define the optimal value
vo = inf {y ER : Irc A, VI > gi(XE)VieVy a.s.} ,
a special case of . We notice that the optimal value wy is related to vy by
wo = exp(vp) .
We suppose that K := sup;cz K; < +00. The value function v related to vp is then bounded.
Indeed, by taking the initial condition ¢ € [0,7T] and y = —r(T — t) + log(K + k) and the control

7t =0 for i € Z and t € [0,T], we get from (2.24)

t,ﬂ,ﬂ',l‘ t7l"‘7i y t7p’
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for p=73% iy iz € Baand p =) iy 6(; 26 ) € Eay1. Therefore
U(talu) < _T(T - t) + log(}? + "<‘3> ) (t,/,l,) S [OvT] X Ey .

Moreover, for any y € R(t, ) and 7 the related admissible control, we have

((br)w;'f;c%;'f)Mr) < (b_r>2+r

Cc

Therefore we get

C

Therefore,

b—r\? -
o(t,p) > —(( - ) +r>(T—t)+log(K+l-e), (t,pu) €0, T] x Eq .

In particular, v satisfies the growth condition (4.66)) of the comparison Theorem If we suppose
also that r = 0 and g; = 0 for ¢ € Z of the form ¢ = 4y - - -4, with iy > I for some £ where [ is a
given bound, then v also satisfies condition (4.65)) of Theorem

3 Dynamic programming

3.1 Measurable selection

In establishing a dynamic programming principle, we need an admissible control as concatenation
of admissible controls depending on the position of the branching processes at an intermediary
time. For this end, we use a measurable selection approach.

Let U be the target set defined by

Ut ) = {a SV Y:ﬁ’ﬂ’a’i > gi(erp’””a’i) Vi € Vr}’“’aa.s.} ,

for (t, 1) € [0,T] x Egyq with o = ZiGV (5(1'7%,%) and p = ZiEV 5(1’11) € Eq. Let S:=1[0,T] X Eg11
and

D = {({t,p) €S : Ut,p)#0} .

Our aim is to exhibit a function that associates to each (t,1) € D a control o € U(t, 1) in a
measurable way.

We denote by P(S) the set of probability measures on (S, B([0,7]) ® B(E4+1)) and we endow
A with the Borel o-algebra B(.A) related to the distance

! 1 E g ) /id
(a7a> = Zﬁ/\ 0 ‘045—045’8
i€l

where |i| = i1+ -+1, for i = (i1,...,1,) € N* and n > 1. We then have the following measurable
selection result.
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Lemma 3.1. Suppose that Assumptions and hold. For each v € P(S), there exists a
measurable function ¢, : (D,B(D)) — (A, B(A)) such that

ou(t, i) € U(t, i) for v-a.e. (t,i) € D .

Proof. S being endowed with the product o-algebra B([0,7]) ® B(E44+1) is a Borel space as product
of Borel spaces. Also A endowed with B(A) is a Borel space. Let C' be the following set

C = {(t,p)eSxA: acl(t,p)} .

From Proposition [2.2] and Assumption [A2] C is closed and a fortiori a Borel subset of S x A.

e Step 1: Measurable selector.

Since C is a Borel set, it is analytic by [Il, Proposition 7.36]. From the Jankov-von Neumann
measurable selection theorem (see e.g. [I, Proposition 7.49]), there exists an analytically measur-
able function ¢ : D — A such that

{(t @ ot p) : tp)esy c C.

e Step 2: Construction of a Borel measurable ¢, such that ¢, = ¢ v-almost everywhere.

Fix v € P(S) and denote by B, (S) the completion of the Borel o-algebra B(.S) under v. From [T,
Corollary 7.42.1] any analytic set is universally measurable. Therefore ¢ is universally measurable,
and, from the definition of the universal o-algebra, ¢ is B,(S)-measurable. Since B,(S) is the
completion of B(S) under v, there exists a Borel measurable map ¢, such that ¢, (¢, 1) = ¢(t, 1)
for v-almost every (t,f1) € S. O

3.2 Dynamic programming principle

For t € [0,T], we denote by T 7] the set of F stopping times valued in [¢t,7]. The dynamic
programming principle may be stated as follows.

Theorem 3.2. Under Assumptions and[A3, the value function satisfies

v(t,p) = inf {y eR : Jae A, Ja= Z‘S(i,zi,yi) € Egi1 such that
eV
v < yVieeV, and Y;”l’a’i > v (0, 5(i Xt,,u,a,i)) Vi € Vé’“ a.s.} (3.25)
g
for any (t, 1) € [0,T] x Eg and 0 € Ty 1.

Proof. We first define the reachability sets by

Vit = {idev €RY 5 U 20 with fi= 3 b |-

2%

and

Wit,n) = {(yi)iev €RY : 3a € A such that

Yyt 2 0 (6,8, yumes) ) Vi € VP as. with i = > 81, ) € EdH} .
Ao
eV
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fort € [0,T] and pp =Y,y 6(iz;) € Eaand 0 € Ty Fixnow ¢ € [0,T] and p1 = >y 0 a,) € Ea-
Denote by vg(t, 1) the right hand side of (3.25).

To prove v(t, i) > vg(t, i), we show that Y (t, u) C VO(t, ). Let (yi)icv € V(t, u). By definition
there exists a € A such that

thv 7' t7 ’ 7' y t7
yhied > g (XT’“”> Vi e Vi

From the uniqueness of solutions to (2.5)-(2.6) and (2.8)-(2.9) (or equivalently (2.12)-(2.12))) we

get the following flow property

9,5(%)(;,“,0‘,1),04]'

t7/”/7a7j JE—
XT - XT b
976 PN TN I A Y T TN IR 7Ol7j
iy gy
T - T )
f y t7/1/ y t7l"/ y y
or all i € V" and j € V" such that i < j.
We therefore get
976. o, 0i ot f,a,i) Q] 0,0, to,a,i 0,0, typ,00,1
(5, x a0t y et B (4, x i) 9 B3, x L)
i’ 7o 0 - 0
YT > gj XT ) J € VT )

for all i € V", Given the definition of the value function v, we get y et >0 (0,6, ¢t | for
0 0 (z,X9 )

all 7 € V;’“ a.s. and (y;)iev € VO(t,p).
We now turn to the reverse inequality vg(t, ) > v(t, u). To this end, we prove that V9 (t, u) C
Y(t, u) for any £ > 0, where

Hitow) = {@+ehev + Wev €Yt} .

Let (yi)iev € Y?(t, 1) and a € A such that Yet’ﬂ’a’i > <9, 5(7;’Xé,,u,o¢,i)> for all 7 € Vg’“ a.s. where

=2 iy O(ies ) Fix now e > 0 and set i = Y ;v 0(i 2, 4,) a0 fle = D iy iz, y,4¢)- From the

definition of the value function and the strict monotonicity of the flow w.r.t. the initial value, we

get Y;’“’a’l(w) < Y;’”g’a’l(w) cy (9, 5(2. XW"“')) (w) for all 7 € Vé’“ for P-a.e. w € ). Consider the
L

probability measure v induced on S by
w (9, Zg’ﬂg’a> (W),
and ¢, the measurable map defined in Lemma We have
yLRas ERDE 5 (Xéﬁvd’”(f’””’) Vi € Vr P-as. for v-ace. (i,i,5) € D . (3.26)

We define = := (9, Z;’f‘ﬁva) and = = (9, Zé’“’a). For ip € VA, if iy € VE! such that ig < ir,
the initial conditions at time 6 for YQ’;T and X}T are respectively = and =.
Binding flow properties with the measurable selector, we can find a negligible set Ny of F such
that there exists negligible set Na, of F for each w; € N{ such that
YTE(wl),%(E(wl)),i(wz) > gi (X:E(wl)’¢”(5(w1))’i(w2)> Vi € V;(wl)((x)g)

for all w1 € N{ and wy € N3, .
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We now define the set N := {w : w € Nf ,w € Ny} and we prove that N is negligible. We
first have N C Nf N Ny where

. =E(w E(w ,,éw,i Ew,ué(i)w,i
Ny = {w GQ:HzEVT( )(w), YT()’¢(()) (w)<gi<XT()¢( ) (w))}

The set Ny can be rewritten as

Ny = w €0: H 1Y§,¢V(é),izgi(X§,¢y(é),i) (w)=0

i€V

Taking the conditional expectation w.r.t. Fy, we have up to a negligible set

Ny = quw e E| [ 1 coei, maealFol@=0
o= T 792< T )
iEVE

Using Theorem [2.1] wet get

N o= Qe [ ]
Q=) ,
1€V (wBew’)

= {w €Q: P(Nyy) =0} .

1 - g ; = 2 ; dP(w') =0
Y;<w>’¢y(H(W))’Z(w@gw/)zgi(X;(W)’¢V(“(W>>’Z(w®gw’)> ( )

Therefore we get, up to a negligible set, Ny C Ny and P(Nz) = 0
We now fix a € A and define the control & = (a%);ez by

at(w) == @ (W) jo,pw)) + SL(E@) W) pu)r  ifweQ\N
e ifweN

for all ¢ € Z wirth a € A. Since (YTE’%(E),X;’%(E)’i) = (Y%’ﬂf’@’i,X%“’a’i> for each ¢ € V;’“ a.s.
and Ny is negligible, we get (y; + €)icy € V(t, ). O

4 PDE characterisation

4.1 Branching property

Conditionally to their birth, the alive particles , and consequently their branches, are independent
in the uncontrolled case. In out case, this branching property is passed down to the value function
in the following way.

Proposition 4.5 (Branching property). Let Assumption[A]] holds. The value function v satisfies

forany (t, 1 =73 icy 6(ai)) €10, T] x Eq.
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Proof. For 1 =73,y 6(i 2,y € Ea, we define

K* = {y eR : 3ae A Y > gi(XEN) vie Vi a.s. with | fi = Za(i,mi,y)} .
eV

Proving v(t, p) > max;ey v(t, 0(; 4i)) comes to verify that K* C ;o K°Gah) ie. KM C K°Gah)
for each j € V. If y € K*, there exists a satisfying the constraints in T a.s. With this same «,
zooming in on the sub-population generated by each j € V, we must satisfy the condition of
KG9, Therefore, y € K%Gah),

Let j be the index that realises the maximum in the righthand side of . The monotonicity
property given by Proposition implies K°0e) C K°Ge" for all i € V. Then, if ye K %G.ad) | let
o' be a control for i € V that meets the demand of K=", To prove y € K* we must exhibit
a control that satisfies the requirements of such a set. Having a control a taken as o' on the
branches generated by each i € V', we meet the conditions of K*. Therefore, max;cy v(t, 6(1-,961-)) =

’U(ta 5(],:(;])) < ’U(t, M) o
From this result, we can focus on the function # defined on Z x [0,T] x R? by
T)i(tvx) = U(tvé(i,x))

for (i,t,x) € Zx[0,T] x R%. We provide in the next sections a PDE characterisation of the function

V.

4.2 Dynamic programming equation
4.2.1 The equation on the parabolic interior

In a stochastic target problem, wishing to hit a given target with probability one, we must de-
generate along certain directions. Moreover, we also need to control the uncertainty related the
possible branching. This property enables the characterisation of the value function v as a solution
the following PDE

min { —0,0;(t, ) + F (z,0;(t, ), Dv;(t,x), D3v;(t,x)) ; vi(t,x) — sup vg(t,z)p = 0 (4.28)
0<k<K
for (t,z) € [0,T) x RY, where
K = sup{k+1€N : p, >0},

F(©) = sup {/\y(:n,y, a) — Az, a)Tp— %Tr (O'UT(.’L‘, a)M> D a€ N(x,p)}

for © = (z,y,p, M) € R x R x R% x §¢, and
N(z,p)={a€ A : NYx,p) =0} and N%=z,p)=oy(z,a)—o(z,a) p

for z,p € R%.

Since the control set A is not necessarily compact, the operator associated to this PDE may not
be continuous. We therefore need to define a weak formulation of . For that, we introduce
the relaxed semilimits of F' given by

F*(©) = limsup F.(©') and F.(0©)= liminf F.(©’)
e—0,0/'—06 £—0,6/—06
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where
F.(©) =sup {/\y(a:,y, a) — Mxz,a) p — %Tr (O’O’T(aj, a)M) NS Na(m,p)}

for © = (x,9,p, M) € R x R x R? x §¢ and £ > 0, and
Ne(z,p) ={a€ A : [N%z,p)| <e} and N°(z,p) = oy(z,a) - o(z,a)"p
for z,p € R%. Observe that (N).>o is non-decreasing so that

F,(©) = liminf Fy(0') (4.29)
0'—06

Since some N (z,p) may be empty, we shall use the standard convention sup ) = —co all over
this paper. For ease of notations, we also write Fp(t, z) in place of F(x, p(t, ), Dp(t, z), D2¢(t, )
for a regular function . We similarly use the notations F*¢ and Fyo.

As the value function may not be regular, we use the framework of discontinuous viscosity
solutions. To this end, we define the lower- and upper-semicontinuous envelopes f, and f* of a
locally bounded function f: [0,7] x R? x T — R by

fi(t,z) = limsup fi(t,2') and fi.(t,z)= » li%n 1n<f : fi(t', 2 (4.30)
(t',z') = (t,z) = — (t,x
t'<T t'<T

for (t,z,i) € [0,T] x R? x Z. We are now able to provide the definition of a viscosity solution to
@29).

Definition 4.1. Let u: [0,7] x R? x T — R be a locally bounded function.
(i) u is a viscosity supersolution to ([#.28)) if for any (to,xo,i0) € [0,T) x R? x T and any ¢; €
CH2([0,T] x RY) fori € T and @ € C°([0,T] x RY) such that

sup |ei(t,z)] < @(t,x), V(t,x) € [0,T] x R? ,
i€l

0 = (Ui« = ¥io) (to,20) = Lin (U =)

we have

min {—875%‘0 (to, zo) + F @iy (to, zo) ; (%‘0 — sup SOiok) (to, $o)} > 0.
0<k<K

(ii) u is a viscosity subsolution to ([#28) if for any (to,z0,i0) € [0,T) x R x T and any ¢; €
CY2([0,T] x RY) fori € T and @ € CY([0,T] x RY) such that

sup |ei(t,z)| < @(t,x), V(t,z)e[0,T] x R?
€T
0= e = =)
we have
min{—aﬂpio(to,xo) + Fypiy(to, o) ; <<Pz‘o — sup %@k) (to,xo)} < 0.

0<k<K

(i4i) u is a viscosity solution to (4.28|) if it is both a viscosity sub and supersolution to (4.28)).
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We notice that the definition of viscosity solution is slightly different from the classical one as
we impose a bound in the label particle ¢ for test functions.

Following [4], we introduce the a continuity assumption on the kernel that is used to prove the
subsolution property.

Assumption A3. Let B be a subset of R? x R? such that Ny # 0 on B. Then, for every e > 0,
(x0,po) € int(B), and ag € Ny(zo,po), there exists an open neighborhood B’ of (zo,po) and a locally
Lipschitz map a defined on B' such that |a(xg,po) — ag| < € and

a(z,p) € No(z,p) for all (x,p) € B .
We are now able to state our result.
Theorem 4.3. Suppose that v is locally bounded on [0,T] x R? x T.

(i) Under Assumptions[Al] the value function v is a viscosity supersolution to (4.28)

(ii) If in addition Assumption holds, v is a viscosity subsolution to (4.28))

4.2.2 Terminal condition

To get a complete characterisation of the function v, we need to add a terminal equation to (4.28)).
By the definition of the stochastic target problem, we have

(T, x) = gi(x) (4.31)

for every (x,i) € R? x Z. The possible discontinuities of & might imply that ¥, and #* do not
agree with the boundary condition (4.31)). To get the proper terminal condition, we introduce the
set-valued map

N(z,p) ={r e R™ : r = N%=x,p) for some a € A}
together with the signed distance function from its complement set IN¢ to the origin
0 = dist(0,N¢) — dist(0,N) ,
where dist stands for the Euclidean distance. Then,
0 € intN(z,p) < d(x,p) >0. (4.32)

For simplicity of notations, we will write dp(z) for d(x, Dp(x)) for a regular function . Then, the
terminal condition takes the following form

min{ (T, x) — gi(x) ; 6v(T,x) ; <vi — sup_ vik> (T, x) } =0 (4.33)
0<k<K

for (z,i) € RY x Z.
We give the definition of a viscosity solution to (4.33)). We recall that the definitions of the
envelopes u* and u, of a locally bounded function u are given by (4.30)).
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Definition 4.2. Let u : [0,T] x RY x T — R be a locally bounded function.
(i) u is a viscosity supersolution to ([#.33)) if for any (xo,i0) € R? x Z and any @; € C*(R?) for
i €T and ¢ € CO(R?) such that

sup|gi(z)] < @(x), VoeR?,
1€L
0 = u (T,70) — piy(T0) = g%{(uf"(T,-)—@.)
we have

min{ 4,01'0(1') _gio(‘ro) ) 5*90i0(x0) ; Qoio(Ta ZEO) - Sb ‘Piok(Ta ZEO) } > 0.
0<k<K

(ii) u is a viscosity subrsolution solution to ([4.33) if for any (xo,i0) € RYx T and any ¢; € C*(R?)
fori €T and ¢ € CO(R?) such that

sup |pi(z)] < @(z), VreR?,
€L

0 = uip+(T,20) — @ig(zo) = max(u.«(T,-) —.)
IxR4

we have

min {((PiO(ZU) - gz(x)) ]lF*cpiO(a:)<oo5 6*90@'0('7}) ) (Pio(wa) — Sup_ (Piok(T,lU) } < 0.
0<k<K

(i4i) u is a viscosity solution to (4.33|) if it is both a viscosity sub and supersolution to (4.33)).
The terminal viscosity property is stated as follows.
Theorem 4.4. Suppose that v is locally bounded on [0,T] x R? x T.

(i) Under Assumptions and[A3, v is a viscosity supersolution to (4.33)).
(ii) If in addition Assumption holds, v is a viscosity subsolution to (4.33]).

4.3 Viscosity properties on [0,7) x R? x T
4.3.1 Viscosity supersolution property

Fix (i, t0,70) € Z x [0,T) x R% and let ¢ € CY([0,T] x R?) and ¢; € CH2([0,T] x R?) for i € T be
such that

sup [@i| < o (4.34)
7

and

0 = (Vipx — ¥ig) (to,0) =~ min (Vi — i) (t, ) - (4.35)
(4,t,2) T X [0,T]xR4

Without loss of generality we can assume this minimum to be strict in (¢, x) once fixed ig.
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Step 1. We first prove that o4, (to, 20) — SupPg<s<k_1 Piok(to, o) > 0 for any k such that pj > 0.
Let (t,, ;) be a sequence in [0, 7] x R? such that

(tn,zn) = (to,z0) and vy (ty,xn) — Uiy «(to, xo) as n — oo.

Set yo = i, (to, o), To = (xo,yo),' Yn = Viy(tn,xn) + 1/n and &, := (Tn,yn). Define the
stopping time 6, = inf{s > ¢, : Q" ((tn,s] x N) > 1} and the random variable k, such that
Q" ((tn,0n] x {ks}) = 1. From Theorem the continuity of the trajectories and since y, >
Vs, (tn, ) there exists o™ € A such that

tny0(in 2n )" 10 _ tn,d(; ™ ig tn,0(; ,a™ ig
Yen—(lo’gc") > max Ui <9n,Xen_(lo’wn) ) > max Q¢ (en,Xen (f0en) ) )
" 0<t<kn—1 n 0<t<kn—1 n

; tny0(ig ) 3
on {#, < T}. To alleviate the notation, we shall denote X/ := X, 00" * " anq y™ .=

tns0(ig ap ) Yn Qs
y, o mm Y ESt ok 0 > 1 and t € [t,, T). Therefore, we get

+o00 T
szopk/o s<On<T Lym. 0 <maxo<s<p_1 %02<S7Xs’ 0) )

which means

T
E|1 1 .. ; ds = 0
/0 5560, <T st710<maxogegk—1 %OZ(S’X?,%O)

for all £ > 1 such that py > 0. We therefore get

E |:]ls<9n<T]1Yn,i0 0 (4.36)

n,i,
s <maX0§£§k71WiOZ<57Xs 0)}

for Lebesgue almost all s € [t,, T]. Since the process Y% —maxo<s<k_1 ©ige ( X ’”0) is continuous
and P (6,, € [tn,T]) > 0, Fatou’s Lemma applied to a sequence (si)x converging to t,, and satisfying

([139) gives

> max int(tn, @
Yn =2 Ogﬂgk—lwld( ) n)

for all k > 1 such that p;y > 0. Sending n to infinity gives the result.

Step 2. We now prove that
_ Do
ot

Assume to the contrary that (—dipi, + F*¢i,)(to,z9) = —2n for some 1 > 0, and let us work
towards a contradiction. By definition of F™* | we may find € € (0,7 — tp), such that

(to,z0) + F* @i (to,z0) > 0

—Opiy (t, ) + Ay (x,y,a) — L%, (t,x) < —n  for all a € Nz(z, Dy;, (t,z)) (4.37)
and (t,z,y) € [0,T] x R? x R such that (,z) € B.(tg,zo) and |y — wio(t,z)| <e,

where B.(tg,x¢) denotes the ball of radius ¢ around (to,zo). Let 9pBc(to,z0) = {to + e} X
cl(Be(to, xo)) U [to,to + €) x OB:(xg) denote the parabolic boundary of B.(ty,zo) and observe
that

— : *Z. ) >0 438
¢ apBrﬁi?,mo)(”“’ Dio) (4.38)

since (to, o) is a strict minimizer of @y, » — ¢, on [0,T) x R
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Step 3. We now show that (4.37) and (4.38]) lead to a contradiction to (3.25)). Let (¢, x,) in
[0, 7] x R? such that

(tn,xn) = (to,x0) and Uiy (ty, Tn) — Uiy«(to,xo) as n — oo.

We then set yo = @i, (to, z0), Zo = (20,Y0), Yn = Vig(tn,Tn) + 1/n, Tn = (Tn,Yn), Bn =
Yn — i (tn, Tn) and notice that

Bn =0 asn — oo . (4.39)

From the definition of the value functlon and the fact that y, > Um (tn, =p) for each n > 1, there
L x ny tnvéz xT tnv(sz x
exists some a” mAsuchthatY 2tgsem) s Z>9i<XT (osem Z) for all 4 € V"0 ORI

alleviate the notation, we shall denote

X — th,ls(zo Tn)s i ’ }/;n,i — }/;tn:(s(io,zn):ynvan ) d Vt - Vt"’é(ZOvln)’an
for n > 1 and t € [t,,T]. Define the following stopping times
T, = inf{s>t, : Je V', (s,X) ¢ Be(to,m0)} .
TS o= inf{s>t, : FEV!, Y — g (s, X)) | > e},
= inf{s >t, : QO((ty,s] xN) =11},
O == ToAT.AT)
We also set
A, = {s € [tn,On) + —Oupig (s, X170) + Ay (X0, VM0 ot ) — La?ogpio(s,X;l’iO) > —77} ,(4.40)

Yy = N%(XP70, Dgy(s, X110)) .
We notice that implies
Y| > e forse A, . (4.41)
It follows from Theorem [B3.2] that
Vi, = 0 (EA 0 X030, ) Vi€ Ving,s tE [t T].
and since v; > U; 5« > ¢;
Yo > o (9n Aty XA t) Vie vy (4.42)

Ot —

Using the definition of ¢ in (4.38) and 6,,, and the continuity of the trajectories, we get

Vi 2 i (EA 00, X[ ) + (Clgumr) + €1z, <) L (0n <1100 <75)
> Wi (75 A O, XZLAZQ(;) + (A elyg, <tinfon<rr) -
Therefore, from (4.42) and the previous inequality, we have

—( N elig, 50—y < —CAE+ Y5 — @i (t N, Xy )
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al n;éi T ) n . . .
Applying the dynamics (2.11]) of Zim%Go#n %" o e function (t,z,y,7) — y — wi, (t, z), it follows
from the definition of v, and 0, and (4.40) that

Oy '
CAelggguaney S Ba—CAEt / ar
tn

tAOn, " A
* / |: 8t907’0 (U Xn ZO) + )\Y (Xn o Yn ZO n ZO) - Lau 0(707:0 (U, szzﬂo)] du
tn

+ / > ((k —1)ymlo — <Z Diot — gp,o> X{}’io)> Q™ (dudk)
(tn,0n ] 130

tAby, ,
< Bn—CAs+/ YT dBo
tn

N

t/\gn . . . . N, .
+ / { i (u XZ}’“’) + Ay (XL”D,Yu"’lO,aZ”O) — L% O@io (u,X{Z”O)] 14, (u)du

+ / k- 1)y — ZW eio | (1, X00) | Q(dud)
tm(’n“] k>0

We then get
B
~CAELpg o=y S M + MG (4.43)
S S .
MBn = ﬂn—C/\e—i—/ bidu+ [ Yt TdBo
tn tn

vp = [—8,530 (8, X210) 4+ Ay (X0, Ym0 qfio) — Loy (s, ngio)} La,(s)+
k—1
—I—Z ( — 1)y — (Z Pigl — s%) (S,Xg’i°)> Pk
k>0 =
( -1 Yn o — (Z Pigl — @10) XZLMO)) (Qio (dUdk) - 7pkdu) .

e

for s € [t,,, T]. From to Step 1, the definition of 6,,, the domination condition (4.34)) and Assumption
M /\707,: is a pure jump martingale. Let L™ be the exponential local martingale defined by L}’ =1
and

(tnys] ;>0

ALY = —LbL |2 0ila, (s)  dBY

for s € [tn,T]. L™ is well defined by (4.41), Assumption and the definition of the set of
admissible controls A. Moreover, From the definition of 6,,, L7, is a martingale. From Girsanov
Theorem for jump diffusion processes (see e.g. Theorem 1.35 in [22]) and the definition of 6,,, we
get that LﬁAenMﬁ’oﬁ + L7, M_%Z is a martingale. It follows from that

~CAeE[(g,—mpy L] < E|L§Mp"+ L5 MZ"|

< LPMP" 4L MO =B, — ( Ae.
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Since L, is a martingale and ¢,, is a stopping time bounded by ¢, we have E[Ly | = L} = 1.
Therefore, the previous inequality becomes

CAeR [Lgg,<rriLf ] < B (4.44)
We next define the probability measure on Fr by the Radon-Nikodym derivative
dp”
= — I
dP |z, on

and denote by E™ the expectation under P". Using Girsanov Theorem, we notice that 7,, has the
same law under P and P". In particular, we have

E[Liperili,] = Bllimsgli,] = E'[ligsg] = Ellgsg] = ep(-er).
Comparing with , we have
0<pBn—CAe exp(—ey),
which contradicts for n large enough.

4.3.2 Viscosity subsolution property

Step 1. Let ¢ € CO([0,T] x R?Y), p; € C12([0,T] x RY) for i € Z and (tg, zo,i0) € [0,T) x R4 x T
such that

sup [pi| < ¢
7

and

0= (v — ;) (to, = 7:—1' t, . 4.45
(0~ ow) (toy0) = max (5] = i) (t,) (4.45)

Without loss of generality we can assume that the maximum is strict in (¢, ) once fixed ig. We
then argue by contradiction and assume that

4p = min {(—atgoio + Fipiy) (to, o) ; ((pio — sup_ goiok> (to,xo)} >0 . (4.46)
0<k<K

By (4.29), Assumption and (4.46) we may find € > 0 such that
p(tv Z, y) = —at%'o (ta x) + >\Y (:I:a Y, &(:L'a D@Zo (t7 l‘))) - L&(x’D(PiO (tw))@io (t7 l‘) > U (447)

(@z‘o— SUP_%ﬁk) (t,z) > n (4.48)

0<k<K

for all (¢t,z,y) € [0,T) x R? x R such that (¢,z) € B(tg,z0) and |y — @4, (¢, )| < &, where a is a
locally Lipschitz map satisfying

a(x, Diy(t, x)) € No(z, Diy(t, z)) on Be(to, zo) - (4.49)
Observe that, since (tg,xg) is a strict maximizer, we have

—( = U5 — ©io) (t, < 0, 4.50
¢ apéns(?ﬁfzo)(% ®io)(t, ) (4.50)

where 0,Bc(to,z0) = {to + €} x cl(B:(to,z0)) U [to, to + €) x 0B(to, o) denotes the parabolic
boundary of B (tg,xo).
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Step 2. We now show that (4.47), (4.48), (4.49) and (4.50) lead to a contradiction to ([3.25]).
Let (t,,zn)n>1 be a sequence such that

(tn, zn) — (to, o) and vy (tn, rn) — v, (to,v0) as n — +oo.
Set yo := @i, (to, To), T0 = (T0,v0) and yp, = Uiy (tn, Tp) —n 7L, &y := (T, Yn) for n > 1 and notice
that

Bn = Yn — Qpio(tnafn) — 0. (4.51)

n——+o00

Define the following stopping times

T = inf{s>t, : eV, (s,X1) ¢ Be(to,m0)} .
e o= inf{s>t, : eV, [V~ (s, X)) | > e},
" = inf{s >t, : QO((tn,s] xN)>1},

O = T AT, AT, .

To alleviate the notations, we shall write
X"’ — X.tnv(s(io,xn)van,i 7 Yn,i — Ytn,é(io,xn),yn,a”,i 7 Xni — (X_n,i’y_n,i)

At"ﬁ(io’ﬁn)’&n

n=7

0(i,wn) 0"

and V"' =V.

where 4" is the feedback control process given by a™" = a(X™", Dy, (-, X™")) defined on [t,,6,)
for n > 1. Since a is locally Lipschitz, this solution is well-defined. Since v; < v} < ¢;, we then
deduce from (4.50)) and the definition of 6, that on {0, < 7, } we have

R (Hn, Xg:b) > g —re) (YHZ’iO . <9m X;Z%))
Lo (%0 =70 (0. 5G°))
= elyg,=rsy + Lig,=r, <7} (yé:io — <9n7X;:i0>>
elgg,=rey + Lig, =7, <r2} <y67:io +C— i (97“ X;L;i()))

= eNCH ]l{en:Tn<TrEL} (}/97::1'0 — Pig <0na X;le)) '

v

Secondly, on {6, = 7.}, using the continuity of the trajectories of the particles YZSE = Ygs and
Xé?f = Xéi for all iof € V' , we have

Yg:io@ — Qigt (Gn, Xg:ioE) — Y;};io — ©ig (T;,Xﬁim) + ©ig <7_7:’ X:Zio) — Vit (Tyru X:f;io) ’
and from (4.48]),
Yoo — it (9n7 Xéif“) R (Hn, ngfo) +7, (4.52)

for all igl € Vg .
From (4.47)) and (4.49), we get by Itd’s formula

nz’i—@i(en,xgj) > eANCAN+ By VieV .

Since y,, = iy (tn, Tn) — n~1 < iy (tn, T,), this is in contradiction with the dynamic programming

principle (3.25)) for sufficiently large n by (4.51)).
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4.4 Viscosity properties on {T} x R x T
4.4.1 Viscosity supersolution
Let (z0,10) € R? x T and ¢; € C%(R?) for i € T satisfying

0 = (T, 20) — @ip(x0) = In;l%ld (0.(T,) —p.) .

Without loss of generalities we can take this minimum to be strict in z once fixed ig.

Step 1. From the convention sup () := —oco and since ¥ is a viscosity supersolution for (4.28)) on
[0,T) x R? x Z, we have

5*5.. >0 on [0,T) xRYx T

in the viscosity sense. From the upper-semicontinuity of 6*, we can then deduce by a standard
argument (see e.g. proof of Lemma 5.2 in [25]) that §*p(zg) > 0.

Step 2. We now prove

Pio (I‘o) - Sup7 ‘Piok(f()) > 0.
0<k<K
From the definition of 0., there exists a sequence (s, &, )n>1 converging to (7', zp) such that s, < T
for n >1 and

11151010 T)i(),*(sna gn) = ,Dio,*(Ta :CO) .

For n > 1, consider the auxiliary test function

1 T—1t
oni(t,z) == pi(x) — 5\36 — xo)? + ( (t,z,7) € [0,T] x RY x T.

T — s,)?
Let Bi(zo) be the unit open ball in R? centered at zo. Choose (ty, zn) € [sn,T] X Bi(zq), which
minimizes the difference v;, « — @n.i, on [sn, T] X Bi(zo).

We claim that, for n large enough ¢, < T, and x,, converges to xg. Indeed, for sufficiently large
n we have

(@io,*—¢n7i0)(8n,mo) < —m < 0.

On the other hand, for any = € By (zq)
1
(i, — Pnjio) (Thx) = Viga(T, ) — pig(x) + §|x - x0|2 > Vi« (T, ) — pig(x) = 0.

Comparing the two inequalities leads us to conclude that t,, < T for large n. Let x* be an adherence
value of the sequence (xy,),>1. Since t, > s, and (t,,z,) minimizes the difference (T, « — ©n.iy),
we have

(@ioy*(Tv ) - Wio)(x*) - (@ioy*(Tv ) - (Pio)(xo) <
linlggf@im* — Pnio) (tns Tn) — (Vig,x — Pniig) (8ns&n) — 5‘3% - 330|2 <
lim SUP('Dio,* - Spn,io)(tm Tp) — (ﬂio,* - ‘Pn,i())(snagn) - i‘wn - $0|2 <

n—oo
— Sl — ol

29



Since zp minimizes the difference v;, (T, -) — ¢i, we have

0 < (Eio,*(Tv ) - (Pio)(x*) - (Eio,*(Tv ) - (pio)(xo) < - %‘x* - CC0|2 :

Hence z* = 2 and (x5,),>1 converges to zg.
We now use the viscosity supersolution property of ¥ on [0,T") X R? x 7 with the test function
On = ©n + Us g (tn, Tn) — ©nig (tn, Tn) and we have

957171'0 (tn,xn) — Ssup San,iok(tnvxn) > 0 (453)
0<k<K

for all n > 1. We clearly have

Pig (xn) — sup (Piok(xn) = @n,io (tm xn) — sup @n,iok(tm xn) .
0<k<K 0<k<K

Since w,, converges to xp, we get by sending n to infinity that ¢;,(z0) — supg<y<g Piok(70) > 0

Step 3. We now prove the last assertion. Assume that
Frpig(w0) < oo and i, (z0) = ig (T’ 70) < gig

and let us work towards a contradiction. Since v.(T,-) = ¢. by the definition of the problem, there
is a constant n > 0 such that

©io = 0ig(T,-) = @ip —giy, < —n on Be(xo)
for some € > 0. Since xg is a strict minimizer, let ¢ be

2= min oy, (T,z)— i (2) >0 .
¢ xeé%ﬁm%( T) — iy ()

It follows that there exists 7 > 0 such that v;,(t, ) — @i, (x) > ¢ > 0 for all (¢t,z) € [T —r,T] x
O0B:(x0). This holds, otherwise, for each r > 0, we could find (¢,,z,) € [T —r,T] x 0B(xo) such
that v, (tr, zr) — pio(zr) < (. Sending r to 0, since 0B (o) is compact, up to a subsequence we
would have v, (T, 2*) — @i, (z*) < ¢ for some z* € B (zg), in contradiction with the definition
of (.

Therefore, we have

Uiy (t, ) — ig(x) > CAn >0 for (t,x) € ([I'—r,T] x 0B (x0)) U ({T'} x B:(x0)) -
Since F*;,(xp) < 0o, up to smaller € > 0, we have

Ay (z,y,a) — L% () < C  for all a € N(z, Dp;,(x))
and (z,y) € R? x R such that = € B.(xg) and |y — i (z)] <e.

for some constant C' > 0. Let ¢;(t,x) := p;(x) +2C(t —T). Then, for sufficiently small r > 0,

@io(t, .CC) — gbio(t,x) > %(C A 77) > 0
for (t,z) € ([T —r,T] x 0B:(x0)) U ({T'} x Bs(xp)), and
_875‘151'0 (t, .%') + )‘Y(xa Y, a) - La(tbio (ta 37) < -C

for all a € Nz(x, D@;,(t,x)) and (x,y) € R? x R such that x € B.(xg) and |y — @;, (¢, 2)| < e.
By following the same arguments as in Step 3 of Section the latter inequalities lead to a

contradiction of (3.25)).
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4.4.2 Viscosity subsolution
Let (w0,40) € R? x T and ¢; € C?(RY) for i € T satisfying

0 = 7,(T520) = pig(z0) = max(v(T,) — ).

Without loss of generalities we can take this maximum to be strict in = once have fixed ig. We
argue by contradiction and assume d,p;,(zo) > 0 and

4n = min {%0(1‘0) = gio(20) 3 (s% — sup_ %k) (1‘0)} >0 . (4.54)

0<k<K

Step 1. By (4.32) and Assumption[A3] we can find 7 > 0 and a locally Lipschitz map a satisfying
a(z, Dy (x)) € No(x, Dpi,(x)) (4.55)

for all x € By(z0) Set @i(t,z) := @i(x) ++/T —t. Since 0p;(t,z) - —oo as t — T', we deduce that,
for r,& > 0 small enough,

P(t, z, y) = _8(/3730 (t> :E) + Ay (.CC, Y, a <$, D¢i0 (tv .%'))) - L&(LD@O(t’x))@io (t7 .%') >, (456)

for all (t,2,y) € [T —r,T) x R? x R such that € B,(zo) and |y — $;,(t, )| < e. We can also
notice that

(@io — sup_ @mk) (t,x0) = (%‘o " ockek SOiok> (o) -
0<k<K 0<k<K

Therefore, we get from ((4.54))

iy — Sup @ik | (t,x) >n, forall (t,x) € [T —r,T] x By(x) . (4.57)
0<k<K

for » > 0 small enough.
Also observe that, since v} — ¢, is upper-semicontinuous and (17;"0 — (ﬁio) (T, z9) = 0, we have

vy (t, ) < Py (t, ) +¢/2 for all (t,z) € [T —r,T] x Br(x0) . (4.58)
for 7 > 0 small enough. Since ©.(T,-) = g., we have for r small enough
i — Uig (T, -) = Piy — giy =1 on Br(xo) -
Since zg is a strict maximizer for v, (T, ) — @j,, we can define ¢ > 0 such that

—-2( = ur (T, x) — <0.
¢ xegﬂ;ﬁmo)vm( ) — @iy ()

for r > 0 small enough. It follows that, for > 0 small enough, v;,(t,z) — ¢;,(z) < —( < 0 for all
(t,z) € [T —r,T] x 0By(xp). This means

Vi (t, ) — Pig(z) < —=C A for all (t,z) € ([T — 7' T] x @Br(ajg)) U{T} x Br(zo)) . (4.59)

By following the arguments in Step 2 of Section we see that (4.55), (4.56)), (4.57), (4.58)),
(4.59), lead to a contradiction of (3.25).
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4.5 Uniqueness

We turn to the uniqueness of solution to the dynamic programming equation (4.28])-(4.33)). To this
end, we need to introduce additional assumptions. We first recall that the Hausdorff distance dy
on closed subsets of A is defined by

dy(B,C) = min{r>0: BCC,and C C B,}
for B,C C A closed and nonempty, with
D, = {a€A :3d €D, daa,d) <r} (4.60)
for any D C A and any r > 0. We use the convention
dy(B,C) = +oo
if B=0or C=1{.

Assumption A4. (i) The functions X\ and o do not depend on the control, i.e. X : R¢ — RY
and o : R — R¥>™,

(i) There exist two constants C > 0 and n € (0,1] such that the function w appearing in As-
sumption [A|(iii) satisfies w(z) < Cx" for x € Ry.

(i1i) There ezists a constant C > 0 such that
dy (Ne(z,p) , No(a,p') ) <C(Ip—p/l+e+¢) A+ ]z]) + Clz — 2]
foralle, e’ >0, x,2',p,p € R%
(iv) No(0,0) # 0.

Remark 4.3. Since we use the convention (4.60), the combination of (iii) and (iv) implies that
Nz(z,p) # O for any (e, z,p) € Ry x R? x RY,

In particular we always have that 5@ > 0 for any ¢ € C?(RY). Therefore, the terminal viscosity
supersolution solution property takes the following form

min{ vi(z) — gi(x) ; (cpi — sup cpik> (z) } > 0 (4.61)

0<k<K
for (z,i) € R x T and (¢j)jer a test function according to Deﬁnition (i).

Lemma 4.2. let u : [0,T] x R? x T be a lower semi-continuous supersolution of (4.28))-(.61)).
Define the function A : [0,T] x R = R by

A(t,z) = 0e (1 + |z[22),  (t,z) € [0,T] x RY .

with 0, k,v € Ry. Then, under Assumptions and[A4], for any v > 0 there exists ko > 0 such
that for any k > ko and 0 > 0, the function u + A is a supersolution to (4.28))-(4.33).
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Proof. Let ¢; € CY2([0,T] x RY) for j € Z be such that the function . — (u + A) has a local
maximum in (¢, ,i) which is equal to 0 and @ € C°([0,T] x R?) such that sup;ez i < @. Since
u is a supersolution for (4.28)), we have

min {—&:(w = A)(t,z) + F*(pi = A)(t, @) ; ((‘Pi —A) - Ojgpk(@ik - A)) (t, x)} > 0.
We then have

<<p2- — sup_ gpik> (t,z) = <(<,01 —A)— sup (pix — A)) (t,z) > 0. (4.62)

0<k<K 0<k<K

We now prove that
_at(Pi(ta .’IJ) + F*Spi(twr) > 0.

If F*p;(t,x) = 400, then the inequality is obvious. Suppose that F*p;(t,x) < +oo. From
Assumption we get that F™* is locally bounded. Since u is a viscosity supersolution to (4.28)),
we have

—0(pi — N)(t, ) + F*(p; — N)(t,z) > 0.

Using the definition of A and F, Assumption [A4] and the continuity of the functions considered,
we get

—0ppi(t, ) — Ore " (1 + |a:|27+2)

+ lim sup sup  {Ay(',y,a)}
&0 o - o' <e aEN:(a' ,p)
l(pi = M) (t,2) —y'| < e
[D(¢i — M) (t,z) —p| < e

~\z) " D;(t, z) + e " \(z) " D|z|?7+?
1 1
faTr (O‘O’T(J/‘)D2g0i(7f,$)> + He_miTr (JUT(:U)D2]:L“|27+2) > 0. (4.63)

We next define the function Ty : R x R x RY = R by I'.("z, ¢/, p) = SUPgen. (2 p) 1AY (7,9, @)} for
(«',y,p) € R* x R x R% Then, we get from (4.63)

. ro
—8%01(757 .Z') + 1111(1) sup Fé(x Y 7p)
e |z — 2’| < e
lpi(t,z) —y'| < e
[Dg;(t,z) —pl < e

“A@) Dgs(t, z) — %Tr (00T @ D?¢i(t.2)) >

Ore™ (Lt ol s Te )

lei(t,z) —y'| < e
[Dei(t,z) —p| < e

— lim sup I.(2',y,p)

e—0 lz—a'| <e

[(ps = A)(t,2) — 3| < e
[D(pi — M) (t, @) —p| < e

1
—fe " \(z) " D|x|P 2 — He_mgTr (JUT(x)D2]a:|2V+2) =
Ore " (1 + |2[212) — fe " \(z) " D|2|27 2

1
—He*“t§Tr (aaT(a:)DQIx\QVH) + ATt z) + AT%(t, z) | (4.64)
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where

1 . / / . / /
A" (t,z) = lim sup Ie(2',y/,p) — lim sup Te(2, 9, p) ,
e—0 le—a'| <e e—0 le—a'| <e
lpi(t, ) —y'| < e lpi(t,z) —y'| < e
[Dpi(t,z) —p| < e [D(pi —A)(t,z) —p| < ¢
2 . / / . / /
A*(t,z) = lim sup Ie(z',y',p) — lim sup Te(z',y',p) -
e—0 e —x'| < e =0 |z —a'| <e
lpi(t,z) —y'| < e [(pi = A)(t, @) —y'| < e
[D(p; —A)(t,z) —p| < e [D(p; —A)(t,z) —p| < e

From Assumptions and we get a constant C that does not depend on (¢, z,) such that

1 : A ~1 o~ ~
AT (tvl‘) Z — lim sup Fs(xayvp)_l—‘a(xvyap)
=0 poa<e lo—&'| < e
lpi(t,z) —y'| < e lpi(t,z) —§'| <&
[Dpi(t,z) —p| <e  [D(p; —A)(t,z) —p| < e

—C1[DAt, 2)["(1 + [2]")

v

Analogously, for the second term we get a constant Cy > 0 that does not depend on (¢, x,%) such
that

AT?%(t,z) > —CoA(t, ).

Considering the right-hand side of and taking into account the growth condition of the
different terms, there exists a constant kg, which does not depend on 6, such that if k > kg this
expression is non-negative. Henceforth, with , we obtain that u+ A is a viscosity supersolution
to (4.28]).

We finally take (i,7) € Z x R? and functions ¢; € C?(R?) and ¢ € CO(R?) such that
sup;er || < ¢ and

0 = ujp«(T,x) + AT, z) — pi(z) = %lez?lé(u.7*(T, J+AT,.) — ).

Since u is a supersolution to (4.33)), we have
ei(z) = AT, z) = gi(z),

since A > 0, we get ¢;(T,z) > gi(z). Combining it with (4.62)), we obtain from Remark that
u 4+ A is a viscosity supersolution to (4.33)). O

We turn to the main result of this section which is a comparison theorem. We recall that the
definition of |.| on Z is given in Section

Theorem 4.5. Let w. (resp. @.) be a lsc (resp. usc) viscosity supersolution (resp. subsolution) to

(4.28)-(4.61). Suppose that there exists v > 0 such that
@i (t, )| + |us(t, )|

sup < 4o (4.65)
(t,2,i)€[0,T]xREXT L+ |z
and
sup |w; (t, z)| + |ui(t,x)] —— 0. (4.66)
(t,z)€[0,T] xR |i|—o00

Then, under Assumption we have 4. < w. on [0,T] x R x .

Proof. We proceed in six steps.
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Step 1. We define Ag . (t,z) = Oe "(1 + |z|>7F2) for (t,z) € [0,T] x R? with 6,k € Ry. From
Lemma there exist x large enough such that for any 6 > 0, w. + Ag . is also a supersolution

for ([{.28)-(4.33)). Set w; . (t, x) = w;(t,z) + Ag x(t,2), (i,t,2) € T x [0,T] x RZ
For some 1, 7/ > 0 to be chosen below, let 8, = et for t € [0,T]. A straightforward
derivation shows that f;w; g, (resp. Bi;) is a viscosity supersolution (resp. subsolution) to

- 1
min {nwi — Oyw; + F(t, z,w;, Dw;) — A Dw,; — §Tr (O’O’TD2U)Z‘) ;

w; — sup wik} = 0on[0,7T] x RY(4.67)

0<k<K
min< w; — § ;0w; ; w; — Sup W = 0Oon {T} x R? .(4.68)
0<k<K
where
F(tvxvyap) = sup Xy(a:,y,a) ; NO(tax7p) :NO(x76t_1p) ’

aeNy(t,z,p)
)\Y(taxa Y, (Z) = 57&)\}/(537@713/, (l) + 77,3/ ) gl(x) = /BTg’L(x) 5

for all (t,2,i,y,p,a) € [0,T] x R x T x R x R? x A. Since \y is Lipschitz, we can choose 7’ large
enough so that Ay and, consequently, F' are nondecreasing in .

Let € > 0. From an analogous computation, using the monotonicity of F , we see that Suw; +
e/ 21 is a viscosity supersolution to

~ 1
nw; — Oyw; + F(t, x,w;, Dw;) — A(m)TDwZ- - §Tr (O‘O’(l’)TDQUJZ) > 0, (4.69)
min{w;(T,-) — g ; dw;} > 0, (4.70)
€
w; — Sup Wi > o = A; > 0. (4.71)

0<k<K

Step 2. Set @; = fru; and W; 9, = Brvi + Belg s +e/21 = Bi; g 1. +¢/201 . To prove our result,
it is enough to show that

ﬂi(t,:c) < wi,e,n,a(taw)

for each (i,t,2) € Tx[0,7] xR? and 6,& > 0. Then taking the limit as § — 0 and £ — 0, we obtain
the desired result. For simplicity, we write w; g . for w; in the sequel. We argue by contradiction
and suppose that

sup @ — . > 0. (4.72)
Ix[0,T)xR%

Due to the growth condition on @. and ., there exist R > 0 such that
ﬂi(t, a:) — UNJZ‘(t, .CE) < 0 (473)

for all (i,t,2) € T x [0,T] x R? such that |z| > R. Then from (4.66) and since u. — 1. is upper
semicontinuous, there exist (g, tp, o) € Z x [0,T] x R? such that

sup (’LNLZ‘ — iﬂi)(t, $) = (’LNLZ‘O — Tf)io)(to,l’o) > 0. (4.74)
(i,t,2)EZX[0,T] x R4
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Step 3. For n > 1, we define the function
On(t,z,y,1) = Ui(t, x) — Wi(t,y) — en(t, z,y,1)
with
on(t,x,y,i) = nlx — y|2 + |z — :1:0]4 + |t — to\2 + Lz -

for all (t,z,y,4) € [0,T] x R? x R? x Z. By the growth assumption on % and ¢ and (4.66]), for all n,
there exists (tn, Zn, Yn, in) € [0, T]x R x R? x T attaining the maximum of ©,, on [0, 7] x R4 xR¢ x T.
We have

®n(tnvxnaynain) > Gn(to,f'?O,ﬂ?O»iO) = (ﬂlo - wio)(thxO) .

By (4.73) and (4.66)), up to a subsequence, (t,Zn,Yn,in) converge to (f,:i“,g),%). Sending n to
infinity, this provides

¢ :=limsup On(tn, Tn, Yn,in) < lmsup(a;, (tn, Tn) — Wi, (tn, Yn) — (Ti, — Wiy ) (to, To)]
n—oo n—oo

< gt &) — Wy (L, ) — (G — Wiy)(to, o) -

In particular, £ < +o0o and & = §. Using the definition of (g, 20, i) as a maximizer of @. — . , we
see that:

which implies

(tnaxnaynain) — (t(),.meIE(),i()) ’ (475)
n‘xn - yn’2 — 0 ) (4.76)
ain (tnv mn) - win (tm yn) - (ﬁio - wio)(t& yO) . (4'77)

Being 7 endowed with the discrete topology, we can assume 4,, = ig for all n > 1.

Step 4. We now show that for n large enough

aio (tn,l'n) — Sup_ aiok(tna xn) > 0. (478)
0<k<K

On the contrary, up to a subsequence, we would have for all n,

aio (tn,l‘n) — Sup ﬂiok’(tna xn) < 0. (479)
0<k<K

Moreover, by the viscosity supersolution property of w to (4.71]), we have

Wiy (tns Yn) — SUP Wigk(ln,yn) > Diy > 0.
0<k<K

We deduce from the two previous inequalities

aio (tm xn) — Sup ﬁiok(tm xn) < wio (tm yn) — Sup 'Lbiok(tm yn) - Aio

0<k<K 0<k<K
U (tnszn) — Wi (tnsyn) + A, < sup aiok(tm Tp) — sup ﬁ)iok(tm Yn)
0<k<K 0<k<K
S Sup_ [aiok(tn7 wn) - wiok(t’RJ yn)] * (480)
0<k<K
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Since A;, > 0, for all n there exists kj, such that

10

supi [aiok(tm mn) - w’iok(tna yn)] - S 'aiokn (tm mn) - wiokn (tm yn) .

0<k<K

From (4.66]), up to a subsequence, we may assume that (k,) converges to ko in N. Hence, by
sending n to infinity into (4.80)), it follows with (4.77) and the upper (resp. lower)-semicontinuity
of 4 (resp. W) that :

_ - A; _ .
(ig = Wig) (to, 20) + > < (Tighy — Wigho) (f0, o) ,
which is a contradiction to (4.74).

Step 5. Let us check that, up to a subsequence, t, < T for all n. On the contrary, t, =ty =T
for n large enough, and from (4.78)), and the viscosity subsolution property of @ to (4.68)), we would
get

Ui (T7 xn) < Gig (xn) .

On the other hand, by the viscosity supersolution property of w to (4.68)), we have w(T,y,) >
Gio(yn), and so

ﬂio (T7 xn) - ’LZJ(T, yn) < gio (:En) - gio (yn) .

By sending n to infinity, and from Assumption (A2) and (4.77)), this would imply a;,(to,zo) —
O(to, xo) < 0, a contradiction to (4.72)).

Step 6. We may then apply Ishii’s lemma (see Theorem 8.3 in [7]) to (tn, 75, yn) € [0,T) xR¥xRY
tPat attains the maximum of ©,,(., i) and we get (p2, g2, M) € J> 1, (tn, vp) and (pg, q2,Np) €
J? iy (tn, yn) such that

Pg —Pg = 8t@n(75m$mymio) = 2(tn - tO) 5
qu = ston(tnaxnaynyi()) = n(xn - yn) + 4(:1771 - mO)‘xn — 2o 2 ,
Qg = _Dy@n(tnvxmymio) = n(.an - yn) s
andx
M, 0 1,
< — .
< 0 —Nn> < Ant oAy, (4.81)
where

_ I, —I Alay — wo[*Lg + 8(2p — x0) (2 —20) T O
_ 2 _ d d\ _ n — Zo|"ld n 0 TR0 !

with I; and Oy respectively the identity and the zero matrix of R4*?. We can therefore bound the
right-hand side of (4.81)) by
1 2 ]Id —Hd Al (Dd
— < " .
A, + ZnA” < 3n <_]Id I > + ((Dd 0,) (4.82)
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with A/, such that limsup,,_, m“%‘ < 4o00. From the viscosity supersolution property of

W;, to (4.67), we have
- ~ 5 1
Nwi, (tna yn) - pg +F (tna Yn, Wiy (tna yn)a QE) - )\(yn)qu - iTr(O'O'T(yn)Nn) >0.
On the other hand, from (4.78) and the viscosity subsolution property of @ to (4.67), we have

N ~ - 1
Ny (tn, Tn) — Do + Fu(tn, Ty ig (tny Tn), ¢5 ) — /\(xn)qu — iT‘I‘(UUT(l‘n)Mn) <0.

By subtracting the two previous inequalities, we obtain
n(ﬂio (tm l’n) - wio (tnv yn)) < pg - pg} + F*(tna Yn, wio (tna yn), qg) - F*(tnv Ln, ﬂ’io (tna $n)a qg) +
1 1
+)\(xn)qu - )‘(yn)—rqg + §T1"(O'UT(1'n)Mn) - §Tr(UO-T(yn)Nn)

= Pl —pl+ ACL + AC? + ACE (4.83)
where
AC% = F*(tmymwio(tmyn)aqg) - F*(tmxmaio(tmxn)»qg) )
ACE = Man) qi = Myn) "d3
1 1
ACE = iTr(UJT(wn)Mn) - E’I‘r(aaT(yn)Nn) .

From ), we have pi — p% — 0 as n — 0. From the Lipschitz continuity of A and , we
have AC? — 0 as n — 0. From ([£.82), [4.75), (4.76), and the Lipschitz property of o, we also
have AC? — 0 as n — 0. Following the same argument as in the proof of lemma we get from
Assumptions and and AC! — 0 as n — oo.

Therefore, by sending n — oo into (4.83)), we conclude with (4.77)) that n(a;, (to, xo) —wi, (to, Y0)) <
0, a contradiction with (4.74)). O

From Theorems and we get the following characterisation of the function v.
Corollary 4.1. Suppose that v satisfies

5 (1 i (¢
sup ’U’L( a$)| + |U’L( ,fL‘)| < +o0 (484)
(t,2,0)€[0,T]xRIxT L+ [

for some v >0 and

sup |vi(t, )| + |ui(t,x)] —— 0. (4.85)
(t,z)€[0,T] xR |#]—o00

Under Assumptions U is the unique viscosity solution to (4.28|)-(4.61) satisfying
(4.84)-(E.85). Moreover, v is continuous on [0,T) x R% x T.

We recall that Section provides an example of a value function satisfying conditions (|4.28|)-
(4.61).
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A Appendix

A.1 Set of atomic finite measures

Proposition A.6. For { > 1, E, is a closed subset of Mp(T x RY) for the topology of the weak
convergence of measures.

Proof. Let (un)nen be a sequence of Ey such that u, = > iy 6 ai) B ue Mp(T xRY. We
prove that y is an element of Fy, i.e. it can be written as u = >,y 6(; 54y for some set V' C T,
|V| < oo and some points (x;)icy .

Consider the continuous functions 1, ge for ¢ € Z. We then have

1 ifieV,
n ]17, =
(b s L) {0 ifidV,

For each i € Z, we have that the sequence ((tn , Ly;re))n is a convergent sequence in {0, 1},
which is in particular stationary. Let V be defined as follow:

V= {ieI C (s Lgyupe) — 1} .

n—o0

Let ¢ € V. Since the functions previously described converge, they are constant from a certain
rank and there exists n; € N such that for n > n; we have ¢ € V,,. For f € C (RZ) and consider the
function 1y ® f:Z x R? — R. We have:

Fl@n) = (ns Ly @ f) — (w1 © f) €R.

This means that for each i € V and f € C(R’) the sequence (f(z})), converges, therefore (%),
converges to a point z' € RE

We then notice that any continuous and bounded function f on ZxR¥ is of the form f = Yier fi
with f; is continuous and bounded on R¢. In particular, we get

/wafu i;f(fv)

for n large enough, and

Aty ———— d 8 (i i
/Ixﬂv-f s n—+00 Zfof (Z G )>

eV

so we have 1=,y 8¢ ziy-

To finally prove that p € Ey we need to show that there do not exist 4,5 € V' such that i < j.
Fix i,j € V. From the previous steps, there exists some n such that ¢,j € V,,. Since u, € Ey, we
get ¢ £ j and j £ i. Therefore, we have p € Ej. O

A.2 Branching martingale controlled problem

We first set our controlled martingale problem. We define the set Em+1 as the set of finite measure
pwon Z x N x R of the form

1
K= Z 22(|z’|+n)5(i7n,bi,q“”)
1€Z,neN
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with b* € R™ and ¢*" € R for i € 7 and n € N. From the same argument as for Ey, we have that
Em+1 is Polish.

We then set X = ID([0, T, E4+1) xID([0, 17, Epni1) the space pairs of cadlag functions from [0, 7]
to E4q1 and E,,.1. We denote by x the canonical process and by G = (Gt)tefo,7) the canonical
filtration on X.

= . 1 . .
For z = (Zz’evs 5(1‘,562)7 Ziez,neN 22([i]+n) 5(i,nybé7q;vn))se[0,T] € X, we write

1
2% = .
(Z‘S“’f?)) and 57 = | DL e (4.86)
s€[0,T]

1€Vs 1€Z,neN s€[0,T]

We also define 'x and 2x the first and second component of the canonical process.

Let C12([0, T) x T x R41Y) (resp. CH2([0,T] x T x N x R™*1)) be the set of functions f : [0, 7] x
T xR 5 R (vesp. g: [0,7] x T x N x R™*1 — R) such that f;(-) € CH2([0,T] x R¥1) (resp.
gin(-) € C12([0,T] x R™1)) for all i € T (resp. (i,n) € T x N) and C22([0,T] x T x R4H1) (resp.
CH2(10,T] x T x N x R™1)) the set of f € C2([0,T] x Z x RH1) (resp. g € C12([0,T] x T x N x
R™*1)) such that there exists a compact K C R¥*! (resp. K C R™*1) satisfying f;(¢,z) = 0 (resp.
gin(t,z) = 0) for (t,i,x) € [0, 7] x I xR such that z ¢ K (vesp. (¢,i,n,7) € [0, T]xZxNx R+
such that =z ¢ K).

We define the operator A by

1 i 1n
Ag(s,p) = Z WAbgi,n(57Q’)
i€Z,neN

for g € 061’2([0,T] « T x N % Rm-i-l) and p € ZiEZ,nGN Wl\-i—n)(s(i,n,bi,qi*”) S Em+1, where Ay stands
for the Laplacian operator with respect to the third variable of the function g. For a given control
a € A, let L* be the following second order local operator

EaFf,g(saj) = alF(f(S xs) 9(572js)) Z (8t+La 5°@a )fz( )

1€Vs
+81F(f(s 12,), ¢(s, :vs))<8t+ A) (s, 27,)
+-= 811F(f(8 Zs), g(s, %Ts) Z|U ) Dfi(s, )‘2

1€Vs

+012F (f (s, 333) g(s, 23?5))
1 )
Z Wabgz n(svb37QS ) (aj Oé( 72j))TDfi(5,i'Zs)

1€Vs,neN
1 2
+5 522F(f(3 'Z),9(s, %)) Z mabgi,n(sabsaq ")
1€Z,neN
n—1
+’Y Z pn{F< S, xs +]1Vs Zfz@ffz )
1€Z,neN =0

_ 1
g(s’2ms) + W(g(z n, s,bs,qs +1)—g(i,n s,bs,qs ))

~F(f(s,'3,), 905, %)) }

40



_ 1,2
for s € [0,T], & = (zi@,s 8161y ez mens 7T S o, ai’"))ue[o o € X0 f € CH0,T] x T

R g € Co2([0,T) X I x N x R™*1) and F € C2(R2) with Fyq=Fo(f,g). We then define the
process Mb*Fr by

S
]\Z[ﬁ’a’Ff’g = Fy(s,xs) —/ I_LaFf’g(u,x)du, s€[t,T].
t

Definition A.3 (Martingale problem). Consider the initial condition (t,z) € [0,T] x X, and a
control a € A. A probability measure PH'2e s ¢ solution to the controlled martingale problem
if the process M“*Fts is o G-martingale under P4 % for any f € Co2([0,T] x T x RHHY), g €
CE2([0,T) x T x N x R™) and any F € C2(R?), Pt'®o(lx, = 1z, fors € [0,1]) = 1 and
I@t’lf’a(zx € 2G) = W(3G) for any G € %G, where W stands for the law of the process & and
G = (*Gt)ieo,r) stands for the canonical filtration on D([0,T], Emi1).

Definition A.4 (Shifted martingale problem). Consider the initial condition (t,z) € [0,T] x X,
and a control o € A. A probability measure P>*< is a solution to the shifted controlled martingale
problem if the process M“*Fr9 is a G-martingale under P4 for any f € 001’2([0, T] x T x R+,
g € C2([0,T] x I x R™Y), and any F € C2(R), and P%%(x, = T, for s € [0,t]) = 1.

We are now able to state the main result of this section. For that we need the following
notations. We first extend the definition of the concatenation operator @ on D([0,T], Eyp4+1) as
follows:

- 1
WD = D e e edin).)
i€Z,neN

with

(bi Dt i?z)s bi/\t]ls<t + (62 - I;zzt + bi)]lszt
(qw D¢ (jz’n)s = qz/r\Lt]ls<t + (QQ’n - (ﬁ’n + qz”n)]lSZt

_ 1 ) ~ 1 )
for s € [0,T], y = (Ziez,neN Wé(i,n,bzyqun))ue[of] and y = (ZiEZ,nEN W(S(i,n%@fln))ue[o’jﬂ]'
In particular, we have

{wdrw) = {(w) e (@)
for w,0 € Q and t € [0,T]. For n:[0,7] x 2X — R and Z € X we finally define the function nt’e
by
nt’%(s, 27y = n(s, %z @, %F)
for #/ € X and s € [0, 7).
Theorem A.6. Suppose that Assumption holds and that there exists a unique solution to the

martingale problem and the shifted martingale problem for each initial condition and control. Let
(t,z,a) € [0, T] x X x A and 7 a G-stopping time valued in [t,T]). Then, we have

/

=t 17,0 7).z (@)% =t F 1
L Te = pr@)aha . PY(dz’) — a.s.

' -

<

where (I?’;,ﬂE @ 7' € X) is a regular conditional probability distribution of Pv®% given G, .
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Proof. We first define the function A\* and 6 by
A(s,7) = AM('Zs, (s,%2))  and  6(s, %) = 6(‘Zs, s, 7)), (s,%) €[0,T] x X,

for « € A. Since C2(R2) x Cr2([0,T] x T x RE1) x C1%([0,T] x T x N x R™1) admits a dense
countable subset, we can apply Theorem 6.1.3 of [26] to our framework and we get a negligible set
N € G, such that for any (F, f, g) € C2(R2) x C+*([0,T] x T x RT1) x C22([0,T] x Z x N x R™+1),

Ot,Ff,g)

_ 1=
the process (M, ; se[r(z),7] 15 @ G-martingale under Ptj’, “% for any 7/ € X'\ N. We notice that

_ — ~ (% 2&’ ~
pt o <{x~ex AT (6,8") = X (s,2") forall s € [T(x’),:r]}> = 1

and

/),25:/

]f”;’,lj’a <{:c” ex : 6" (5,7") = 6%(s,7") for all s € [T(@*’),T]}) =1
for any z’ € X \ N. Therefore, for any (F, f,g) € C2(R2?) x C>*([0,T] x Z x R¥1) x C22([0,T] x
Pt,lf,a

_ =y 73,25
T x N x R™1), the process (MST(I ) ’Ff’g)se[T(jz)’T] is a G-martingale under P, ™ for any
7' € X'\ N. By uniqueness to the shifted controlled martingale problem with initial condition
(7(z'), ') and control @)% e get

=t,1%,«
PL, "

for any 7’ € X'\ N. O

- 2 -
:[P)T(i_/)’i,/7a7'($/), &

Theorem A.7. Under Assumption[A1], the martingale problem and the shifted martingale problem
admit unique solutions for any initial condition (t,z) € [0,T] x X and any control a € A.

To prove Theorem [A.7] we need to consider an extended process ¢ defined by
Is = (5> (Xu/\s)) , SE [taT]

The process ¢ is valued in X = R x X which is separable. We introduce the domain D as the set
of function i : X — R of the form

h(s, ) = H (F}17gl(s,:ﬁs/\t1),...,Ffp’gp(s,fs/\tp» . (s,7) €X,

for some p > 1,0 < t; < -~ <t, <T, He C*RP), F},... FP ¢ CH(RY), f1,... fP €
CH2([0,T] x T x R*1Y) and ¢',..., g7 € Co2([0,T] x T x N x R™1). We then define on D the
operator L% by

L"h(s,z) = £%(s,2) - DH(h'(s,Zsnty)s- -+ hP (8, Tsnt,))

1 « « — _ _
5T (6 (&) (5, &) D’ H(F} j1(5,pts)s- - -+ Fly (s, xwp)))

i€
p
+ Z ]ltj_1<5§tj Z Z TPk
7=1 i€Z k>0

.779.7

(H <F}l’gl(8’ Tia)seo ’F;;1179j*1(57 Tt; 1), 62',ij' (8, %5), .-+, jS,kF}JP,gP(S; is))
—-H <F}1791(8, Tspty)s- - - ,Ffpyp(s,fs/\tp)) )

42



with tg = 0, where
]lsgtlst’a’l(s, i’)
gh(s, ) = :
ﬂsgtlgt’am(sa i‘)

with

&5, 7) = LOF}, (5,7)

n—1
Y (0 20 + 0, () S — 1)),
1€Z,neN /=0

1
gq(372js) + 92([i|+n) (gq(Z n vas7qs + 1) -9 (Z n, vasaqs ))

FO(f9(s, 7). 9%(5,722)) )

and
Gt’a’l(s,i)
&"(s,7) = :
SHP (s, T)
with
& (s,7) = ;nsqq(azF%fq(s,lfs>,gQ<s,2:zs>>%mabgm@,bs,qs>

FLicn, D F(f9(s, 24),g(s, 22,)) D (5, 28) T 6 (2 (s, %7))

forg=1,...,p, (s,z) € [0,T] x X and

n—1
®ianF}j7gj (87‘;%) = F(f(s xS + ]]‘V.s Z flf - f”L )
=0

_ 1
9(3,2365) 4 m(g(z n s,bs,qS +1)—g(i,n, S,bs,qs ))

for (s,7) € [0,T] x X, i € T and n > 0. We then notice that for Pt % (resp. P4%9) solution to the
martingale problem (resp. shifted martingale problem) with initial condition (¢,'Z) (resp. (t,7))
and control o the process

S
e~ [T, t<usT
t

is a G-martingale under P59 (resp. PL5:)

Lemma A.3. Let (t,7,0) € [0,T] x X x A and P" T nd Pt’lj’a (resp. PO and PE™) two
solutions to the martingale problem (resp. shifted martmgale pmblem) with mztzal condition (t,17)
(resp. (t,Z)) and control a. Then, PY™* and P5™* have the same one dimensional marginals:

=t 1T, 0 =t 1 Z, 0
Py "t €B) = Py "(x; € B) (A.87)
(resp. PY"*(ts € B) = Py (x5 € B)) (A.88)

for s e [t,T] and B € B(X).
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Proof. We first endow the measurable space (X x X, Gy ® Gr) with the probability measure P =
— 1= —1 15 _ — 1 = =
PY P @ PY P (resp. P =P @ PY™). For h € D, we have

EF [h® h(rs )] = EF[h®h(x,5)]

Indeed, the processes

h @ h(xs, &) — / LYh(ro)h(r)du, t<s<T
t

and
h® hz,ts) - / he) L h(r)du, t<s<T
t

are both martingales under P. Since all the considered functions are bounded, we can take the
expectation and we get

EF [h X h(?td‘s)] = EF [h ® h(?s; ?t)]
and
B )] = B [h(e)
(resp. EFU [h(rs)] = EP7 ()] ) -

Since any bounded B(X)-measurable function can be approximated almost everywhere for Pi’lf’a
and ]1_3’3’1“%’0‘ (resp. PP and P5™%) by a sequence of D we get (A.87) (resp. (A.88)). O

Proof of Theorem [A7. The proof is a direct consequence of Theorem 4.2 in [9] and Lemma[A.3] [

A.3 Proof of Theorem 2.1]

We keep the notations of Section Fix (t, 1, ) € [0,T] x E441 x A. From Proposition the
law LF(ZtR €) under P of (Z4# €) provides a solution to the controlled martingale problem
with initial condition (t,Z), where & € X such that 'z; = ji for s € [0, T], and control « given by
Definition [AZ3] Therefore, we get from Theorem [A.7]

ﬁ]P’(ZAt,;l,oz’g) — Ptﬂ:@a (A.89)

In the same way, for 8 € A, @ € Q such that (@) = 2z, the law LF(Z548 £(@ @, -)) under P of
(ZbB ¢(@ @y +)) is the unique solution to the shifted controlled martingale problem with initial
condition (¢,z) and control S given by Definition Therefore, we also get from Theorem [A.7]
that

LE(ZH8 (@) = PHEF (A.90)

Fix now an F,-measurable random variable Y.
From Doob’s functional representation Theorem (see Lemma 1.13 in [16]) there exists a random

time 7 : D([0,T], Emm+1) — R4 that is a stopping time with respect to the filtration generated

by the canonical process on ([0, T, Ep,+1), and a measurable function gy : D([0,T], Eppt1) — R
such that

T(w) = 7€) and Y(w) = gy ({(wrw)n)) = gy (EWw)) -
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We then define 7 : X — R by 7 = 7 0 2x where we recall that !x and 2x are given by 1A.86: . We
observe that 7 is a G-stopping time and gy o ?x is G--measurable. We therefore have from jA.89i

. {f <Zt’ﬁ’a> Y} = B [f ("%) gv (*x)]
N /XEP;}IYQ [f (1X)] QY(Qx(g?’))dPtJ@a(j,) '

where (Pg?’a, 7' € X) stands for a regular conditional probability distribution of PH®* given Gj.
Using Theorem we finally get

s[r(#)] -

Then, using , we get
E [ f (Ztvﬂva) Y} - /Q F (T(w),Z%’a(w),aT(w)’w> Y (w)dP(w) .
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