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ROUGH PATHS AND SYMMETRIC-STRATONOVICH INTEGRALS
DRIVEN BY SINGULAR COVARIANCE GAUSSIAN PROCESSES

ALBERTO OHASHI' AND FRANCESCO RUSSO?

ABSTRACT. We examine the relation between a stochastic version of the rough inte-
gral with the symmetric-Stratonovich integral in the sense of regularization. Under
mild regularity conditions in the sense of Malliavin calculus, we establish equality
between stochastic rough and symmetric-Stratonovich integrals driven by a class of
Gaussian processes. As a by-product, we show that solutions of multi-dimensional
rough differential equations driven by a large class of Gaussian rough paths they are
actually solutions to Stratonovich stochastic differential equations. We obtain almost
sure convergence rates of the first-order Stratonovich scheme to rough integrals in the
sense of Gubinelli. In case the time-increment of the Malliavin derivative of the inte-
grands is regular enough, the rates are essentially sharp. The framework applies to a
large class of Gaussian processes whose the second-order derivative of the covariance
function is a sigma-finite non-positive measure on Ri off diagonal.

1. INTRODUCTION

Let X be a d-dimensional continuous Gaussian process over a bounded interval [0, T']
and equipped with a second-order process X so that X = (X, X) is a #-Holder rough
path for § < 6 < % (see e.g. [37] and [29]). Let D¥(R?) be the space of controlled
rough paths of pairs (Y, Y”) satisfying

YV, - Y, =Y/(X, - X))+ R ,;0<s<t<T, (1.1)

s,t)
where RY, = O(|t — s/*) a.s. and Y” is an R%%-valued #-Holder continuous process.
The Sewing lemma (see e.g. [17, 29]) plays a fundamental role in the construction
of the so-called rough integral (Y,Y”) — ( [YdX,Y) which is described by

t
/ }/SdXS = lim Z {(Y;fzv Xti+1 - Xti) + }/lfliXtiyti+l}7 (1'2)
0 =0 =1

almost surely, as the mesh of partitions ||II|| — 0, for 0 < ¢ < T. The role of the
underlying probability measure is totally restricted to the construction of the second-
order process X and the Sewing lemma is applied pathwisely. See also [34] for a
stochastic version of Sewing lemma and other extensions by [38], [4] and [20].

For a given d-dimensional process Y, let I°(¢,Y,dX) be the first-order symmetric

Stratonovich scheme given by

1 t
1%, Y, dX)(t) == 2—/ <YS,XS+€ - XH>ds; 0<t<T, (1.3)
€Jo
1
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where by convention, we set X; = X, fort < 0 and X; = Xy fort > T. The symmetric-
Stratonovich integral (in the sense of stochastic calculus via regularizations, see e.g.
[45, 47]) is defined by

t
/ Y, d’X, := hfél I°(e,Y,dX)(t) (in probability), (1.4)
0 €.

when it exists (see also Remark 3.1). In the language of regularization, the rough
integral (1.2) can be naturally formulated as

t

! 1
/ Y.dX, = lim - ((YS, Xove — X3 + YS’X&HE) ds (in probability),  (1.5)
0

&LO 6 0

where the area process X is given by

X, = / (X, —X)©dX,; 0<u<v<T (1.6)

The goal of this paper is to establish equality of the rough integral (1.5) with the
symmetric-Stratonovich integral (1.4) for a given stochastically controlled process Y
w.r.t. X in the sense that there exists a R?*?-valued process Y’ such that

Yi— Y, = Y/(X, - X,) + RY (L.7)

s,t)

where a two-parameter process RY implicitly defined by (1.7) satisfies
t

1
lim =~ [ (RY

i | Besre Xeie — Xs)ds =0 (in probability), (1.8)

for each ¢ > 0. This class of processes was recently introduced by [25] when the
reference driving noise X is a continuous semimartingale. A typical example of a pair
(Y,Y") satisfying (1.7) and (1.8) is a controlled rough path in D¥(R9) as described in
(1.1) (see Example 3.4 in [25]). In particular, we study the problem of the (almost sure)
convergence rate of the first-order Stratonovich approximation scheme I°(e, Y, dX)(T)
to rough integrals fOT Y,dX, driven by X and (Y,Y’) € D¥(R?) as described in (1.1).

Stratonovich integrals play a prominent role in stochastic analysis. Since the pioneer-
ing work of [49], we know that the Stratonovich formulation of stochastic differential
equations (SDEs)

dYy = f(Y)dX; (1.9)

has the important interpretation of being approximated by a sequence of ordinary dif-
ferential equations driven by smooth approximations X" for a continuous semimartin-
gale driving noise X. In his seminal work, [37] uses a Wong-Zakai-type argument to
establish well-posedness of SDEs (1.9) driven by rather general noises. Rough path
theory provides a robust pathwise solution which is continuous with respect to the
driving path X. Lyons’s deep insight was to realize that what really controls the dy-
namics in (1.9) is not just the path of X but rather a “natural” lift of X to a random
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rough path X. [29] observes that a consistent integration theory can be formulated by
fixing X which results in (1.2).

Another approach of stochastic calculus for irregular noises is via regularization ([45])
which is based on integral-type approximations of the form

t 1 t
/ Yd*' X, = lim — [ (Y, X(¢,8))ds, *=+,—,0, (1.10)
0

e—0t € 0

where %X (e,s) encodes a sort of “derivative approximation” of X and convergence
(1.10) should be interpreted in probability. This gives rise to three different types
of stochastic integrals called backward (+), forward (—) and symmetric-Stratonovich
(0) integrals. In this approach, none higher-order approximation scheme is employed.
The connection with semimartingale theory, Young and Skorohod integrals has been
studied over the years by many authors (see e.g. [46], [24], [1], [10], [26]). When the
driving noise has very low regularity, it turns out that symmetric-Stratonovich integral
is the correct choice (see e.g. [10], [27], [28]). A one-dimensional theory of symmetric-
Stratonovich SDEs is constructed by [14], where the driving noise is a combination of a
general finite-cubic variation process (in the sense of [16]) with a semimartingale. We
refer the reader to [47] for a complete list of references.

In order to study the relation between symmetric-Stratonovich and rough integrals,
we make use of the set Dx (R?) of all stochastically controlled processes (Y, Y”) realizing
(1.7) and (1.8). In the case the driving noise X is a continuous local martingale, [25]
show that Dy (Rd) coincides with the space of weak Dirichlet processes. Motivated by
the study of rough SDEs driven by Brownian motion on a given filtration (F;) and
a deterministic §-Holder rough path, [20] have recently introduced a different notion
of stochastic controllability w.r.t. a deterministic rough path, where remainders th
satisfy a higher-order 26-Hdélder-type condition based on the two-increment process

In the case the reference driving noise X is a continuous semimartingale and the class
of integrands is Dx(R?), [25] show that the classical Stratonovich stochastic integral
coincides with the stochastic rough integral (1.5) driven by a Stratonovich second-
order process X. We also drive attention to [35] where the authors produce first-order
trapezoidal approximations for (1.2) in case X belongs to a rather general class of
Gaussian processes and Y’ is also controllable in the sense of [29]. [42] show that the
presence of X in (1.2) can be neglected in case X is a “typical price path” with finite
quadratic variation, which confirms earlier considerations given by [13]. In the case Y
is a gradient system or a solution of a rough differential equation driven by a class of
Gaussian geometric rough paths, then it is known that Skorohod correction terms can
be derived. In this direction, see e.g. [30] and [7, 8], respectively.

The above results suggest that the rough integral (1.5) of any pair (Y,Y”) € Dx (R¢)
driven by Gaussian geometric rough paths X = (X, X) can be recast as a purely first-
order symmetric-Stratonovich stochastic integral in the sense of regularization. The
main result of this paper demonstrates that this is almost the case, at least for a
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large class of Gaussian driving noises and pairs (Y,Y”) € Dx(R?) whose derivative Y’
satisfies weak regularity conditions in the sense of Malliavin calculus.

1.1. Summary of the main results. In this article, we show equivalence between
(1.5) and (1.4) in the following sense. For a given Hilbert space £ and 1 < p < oo,
let (D,D'?(E)) be the Malliavin derivative defined on the Malliavin-Watanabe space
DYP(E) of E-valued random elements supported by a probability measure P (see e.g.
[40]). The equivalence is stated below in an informal way.

Theorem 1.1. Let X be a d-dimensional continuous Gaussian process with covariance
kernel R whose Schwartz second-order derivative is a non-positive sigma-finite measure
du = 0*Rdx which is absolutely continuous w.r.t. Lebesque on [0, T)* off diagonal.
Assume (Y,Y") € Dx(RY) and there exist p,q > 2 such that t — Y, is a D'"P(R¥>9)-
valued continuous function (see section 3.1) and

/ / sup  |D,,Y. —D,,Y. HLQ(P |82R(v1,vg)}%dv1dv2 < 00. (1.11)
vy S2v1 or s<v2

Then, (1.4) exists if and only if (1.5) exists. Moreover, when (Y,Y') € Dx(R?) is

integrable (either in the sense of (1.4) or in the sense of (1.5)), then for each t € [0, T],

we have
¢ ¢
/stXs = /Y;dOXs
0 0

t

1
— lim - ((YS,XS+E—XS)+YS’Sym(XS7S+E))ds, (1.12)

e—0t € 0
in probability, where Sym(X) is the symmetric part of X given by (1.6).

Theorem 1.1 is the loose summary of Theorem 4.1. In particular, the second-order
process X in (1.12) is given by the symmetric-Stratonovich integral (1.6) whose exis-
tence is guaranteed by the assumption du = 0* Rdx up to some technical conditions on
the growth of the Radon-Nikodym derivative 9> R. See Proposition 3.2 for details. We
point out the choice of the symmetric-Stratonovich integral in (1.6) is fully dictated by
the singularity of the covariance of X. See Remark 3.2.

The Gaussian techniques employed in the proof of Theorem 1.1 relies on [32] who
develop a Malliavin calculus directly associated with the sigma-finite measure dy =
0? Rdx. In this direction, we also mention [18] who explore dy and give “complementary
Young regularity” for a large class of Gaussian processes. In the present work, we
explore regularity of the covariance away the diagonal to connect the rough integral
with first-order Stratonovich schemes. In general, complementary Young regularity for
singular covariance structures does not imply equivalence of Stratonovich calculus with
rough path integration. We give a precise condition for such equivalence in Theorem
1.1. We stress that equality (1.12) provided by Theorem 4.1 can fail outside the class of
integrands (Y,Y”) € Dx(R?). Indeed, in general, the existence of limjo I°(¢, Y, dX)(t)
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does not require the structure (1.7) and (1.8) imposed on the set Dy (R?). See Lemma
4.1 for a concrete example.

From a qualitative point of view, Theorem 1.1 implies (see Proposition 4.1) that
solutions of rough differential equations driven by X = (X,X) are also solutions to
multi-dimensional Stratonovich SDEs of the form

t
Yi=Yo+ [ V)PX, (1.13)
0

for smooth coefficients V. A first-order Stratonovich-scheme for one-dimensional rough
differential equations was studied by [39].

The equivalence presented in Theorem 1.1 yields the investigation of the (L?(P) and
almost sure) rate of convergence of the first-order Stratonovich approximation scheme
I°(e,Y,dX)(T) to a rough integral. For sake of conciseness, the present article presents
the convergence rates in the case of the fractional Brownian motion driving noise with
% < H < % In the sequel, we give a loose summary of Theorems 1.1 and 4.2.

Theorem 1.2. Let X be a d-dimensional fractional Brownian motion with exponent

s < H < 3. Let (Y,Y') € D¥(RY) be a controlled rough path, where 5 < 6 < H.

Assume that Y is adapted w.r.t. X and Y’ satisfies the assumptions of Theorem 1.1.
Then,

2

T
E / Y,dX, — I%(e,Y,dX)(T)| < e2H-1 4 20+2H-1) (1.14)
0

as € 1 0, where (y,m) € (0, H] x (0,1] are parameters such that 2y +2H —1 > 0 and
n+2H —-1>0.

For the precise meaning of the parameters (v, 7n) in Theorem 1.2, we refer the reader
to the statement of Theorem 4.2 and, in particular, Assumptions S1 and S2 related
to the integrand Y. At this point, we only stress (7y,7) in Theorem 1.2 are related to
the regularity of the increments of ¥ in D%?(R9) and the increments of the Malliavin
derivative of Y on the simplex of [0, T]?, respectively. If n > y+3 — H, then the leading
term in the right-hand side of (1.14) is €272 =1 and the rate becomes ¢*#~Y~ as long
as v T H. In this case, the rate is essentially sharp considering that the Lévy area
diverges when H = i, see e.g. [12]. Unfortunately, in case v + % — H > n, the leading
term in the right-hand side of (1.14) is ¢2"2H-1 and then the L?(P)-rate becomes
€®H=2)= a5 long as n T H. In this case, it may not be sharp.

At this point, it is important to stress one fundamental difference between the rates
derived in the present work and the previous literature on rough path theory. All
approximations schemes reminiscent from rough path theory rely either on the Lipschitz
continuity of the It6-Lyons map (see [37]) or the stability of the rough integral (in
the sense of [29]) w.r.t. smooth approximations (typically Wong-Zakai-type) of the
driving noises via Gaussian rough path lifts. In this direction, we refer the reader
to e.g. [23, 22, 15, 21, 11, 19, 29]. Inspired by [31], one notable exception is [36]
which constructs convergence rates of a simplified Euler scheme for rough differential
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equations based on the continuity of an “augmented” rough path lift associated to a
triple of processes involving the driving noise, the scheme process and the normalized
error pProcess.

Theorem 1.2 establishes convergence rates to rough integrals solely through the in-
crements of the driving Gaussian noise

1
3¢ (X sr0 = X0}

without relying on any sort of continuity of random rough path lifts w.r.t. approxima-
tions. This is possible because the equality of rough path and symmetric-Stratonovich
integrals as described in Theorem 1.1 only depends on the (stochastic) regularity (see
(1.11)) of the derivative Y’ of a pair (Y,Y”) € Dx(R?) and not on continuity properties
of random rough path lifts w.r.t. smooth approximations.

1.2. Idea of the proofs. In this section, we discuss the proofs of Theorems 1.1 and
1.2. In the sequel, we fix a Gaussian process X with covariance kernel R satisfying the
assumptions of Theorem 1.1. We fix a parameter —% < a < —1 which encodes the
singularity of the Radon-Nikodym derivative 8* R on the diagonal of [0, T]>. One typical
example is a = 2H K —2, where R is the covariance of the bifractional Brownian motion
(see Example 3.2) with exponents H € (0,1) and K € (0,1] such that § < HK < 1.
See e.g. [44] for basic properties of the bifractional Brownian motion.

Under the regularity condition (1.11), Theorem 1.1 implies that if one relax almost
sure convergence to convergence in probability, the anti-symmetric part Anti(X) plays
no role in the convergence of the integral in (1.12). Moreover, one can compute the
stochastic rough integral (1.5) through a first-order symmetric-Stratonovich scheme
I°(¢e,Y,dX) without involving the higher-order term X. Let X = (X,X) be the geo-
metric process defined by (1.6) and let Anti(X) be the antisymmetric part of X. The
main argument in the proof of Theorem 1.1 is the verification that the convergence

t

1
lim - <Y Anti(Xs7s+E)>Fds —0 (in probability) (1.15)

el0 € Jy

holds true in typical situations for (Y,Y’) € Dx(R?%), where (-,-)g denotes the Frobe-
nius inner product on the space of d x d-matrices. The analysis of (1.15) starts with
the representation of Anti(X) in terms of the divergence operator. In a second step,
we provide delicate estimates on Skorohod integrals involving Y’ and components of
Anti(X). Convergence (1.15) (in the sense of Riemann sum) is analyzed by [35], where
the authors assume a pathwise second-order additional decomposition for Y, where Y’
follows (1.1) equipped with a second Gubinelli’s derivative Y”. On the one hand, in
contrast to [35], none second-order pathwise expansion of Y is employed in our frame-
work. On the other hand, we assume Malliavin-type regularity on Y’. We believe
(1.11) is the natural stochastic regularity condition to insure (1.15) and, indeed, (1.11)
it is fulfilled for a large class of examples.

We stress the simplest possible case takes place when (Y,Y’) € Dx(R?) is a con-
trolled rough path in the Gubinelli’s sense and Y’ is symmetric. This case is exam-
ined by [19] and one can reduce the relevant information to the reduced rough path
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X = (X, Sym(X)). In this work, we show that this phenomenon takes place in typical
situations much beyond the symmetric case. For instance, when Y’ is deterministic,
condition (1.11) requires only continuity of ¢ — Y. We emphasize Theorem 1.1 can be
extended to a less regular case —% <a< —% by working with a corresponding level-3
Stratonovich geometric process. We postpone this analysis to a future work.

Theorem 4.2 presents the precise limiting behavior of I°(e, Y, dX)(T) to a symmetric-
Stratonovich integral in a broader regime —% < a < —1. The rate of convergence to
a rough integral given by (1.14) in Theorem 1.2 is then obtained by Theorem 4.2 and
restricting to the case —% < a < —1, where @« = 2H — 2. In the proof of (1.14), we
exploit a decomposition of (1.3) in terms of “Skorohod component plus a trace term”.
This type of approximate decomposition has already appeared in the seminal work of
[41] in the Brownian motion context and also in the fractional Brownian motion context
in [3, 1, 24]. They both exploited undirect density-type arguments of simple processes
which do not allow the obtention of convergence rates. Recently, in the particular case
of rough differential equations, [7, 8] also exploit such type of decomposition without
convergence rates.

In this work, under some natural conditions (see Theorem 4.1 and Assumptions S1
and S2) on (Y,Y’) € Dx(R?), we decompose

t t 1t
/ Y.dX, = / Y. 0 X, + 5 / tr[Ds_Ys]dR(s, s)
0 0 0

+ / tr[D,, Y, — DTQ,K2]82R(7“1,T2)dr1dr2, (1.16)
0<r1<ro<t

where d X denotes the Skorohod integral. In the present work, the convergence rate
(1.14) is derived by means of representation (1.16), the regularity of the shifted pro-
cess Y., when r — 0 (see Proposition 3.1) and a detailed analysis on Tr (DY), (see
(6.10)) in terms of Assumptions S1 and S2. We stress that [48] obtains a different
representation of the rough integral for a non-anticipative second-order controlled inte-
grand process, where the Stratonovich-Skorohod correction term mixes the Malliavin
derivative trace with Gubinelli’s derivative.

The paper is organized as follows. In Section 2, we fix some notation and we define
some basic objects. Section 3 presents the basic elements of the Gaussian space of the
driving noise and some important tools from Malliavin calculus. Section 4 presents
the main results of this article, namely Theorems 4.1 and 4.2. Sections 5 and 6.5
present the proofs of Theorems 4.1 and 4.2, respectively. Several technical lemmas are
presented in Section 6.

2. PRELIMINARIES

At first, we introduce some notation. In the sequel, finite-dimensional spaces will
be equipped with a norm |- | and 7' is a finite terminal time. The notation C* is
reserved for a-Holder continuous paths defined on [0, 7] for a € (0, 1], with values in
some finite-dimensional space. For f € C®, the usual seminorm is given by
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|f _fs|
[ fllo == sup =
5,t€[0,T] |t — s

The sup-norm on the space of continuous functions will be denoted by || - [|~. For a
two-parameter function g, we write g € 625 if

|gs t|
= : <
l9les S G <%

for 3 > 0. The set £(R? R") denotes the space of all linear operators from R¢ to R
and tr ) denotes the trace of a matrix (). We further write a < b for two positive
quantities to express an estimate of the form a < Cb, where C' is a generic constant
which may differ from line to line. By convention, any continuous function f defined
on [0, 7] will be extended to the real line R as

0); ift<0
f(#) ::{ f(%; ift>T.

Throughout this article, we are given a reference continuous R%valued stochastic
process X equipped with a second-order R%*?-valued stochastic process X which sat-
isfies the Chen’s relation (see e.g. [19])

Xop — Xow — Xy = (X! = XI)(X] = XI);1<i,5 < d, (2.1)
for every (s,u,t) € [0,T]>. We then write X = (X, X). Let us consider

1l seid) o Yig <o
Koo = (L) (R -XD)1<ii<d
= Sym(X,) + Anti(X,,).

Throughout this paper, all stochastic processes are defined on a given probability space

(Q,F,P).
Definition 2.1. We say that a pair X = (X, X) is a geometric process if

1
Sym(X,;) = 5[(Xt - X,) ® (X; — X,)]
1 ) . ) )
= S(XI-XD(X - X)) i1<ij<d ste0T].  (22)

Definition 2.2. Given a reference process X, we say that an L(R?, R™)-valued stochas-
tic process Y is stochastically controlled by X if there exists an L(RY, L(RY R"))-
valued stochastic process Y' so that the remainder term RY given implicitly by the
relation

Y, Y, =Y/(X, - X,) + R.,, (2.3)

1s orthogonal to X, in the sense that
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t

!
lim = [ RY ., (Xere — X,)ds =0, (2.4)
0

e—0t €

in probability for each t € [0,T].

This defines the set Dy (L(R?,R")) of all stochastically controlled processes (Y,Y”)
satisfying (2.3) and (2.4). When n = 1, we write Dx(R?) := Dx(L(R% R)).

Remark 2.1. Clearly, the concept of stochastically controlled processes does not depend
on a Gaussian structure for the driving noise. In fact, if F is a filtration and X is
a continuous F-local martingale, then the class of stochastically controlled processes
coincides with the class of continuous F-weak Dirichlet processes, see Prop 3.7 in [25].

Inspired by [29], let us now give the definition of the integral in the sense of regular-
ization.

Definition 2.3. For a given pair X = (X, X), we say that (Y,Y") € Dx(R?) is rough
stochastically integrable if

t 1 t
/ VolX, i=lim = | (Ya(Xore = X0) + YIX, o1 )ds (2.5)
0

GJ/O € 0
exists in probability for each t € [0, T].

We observe Y’ can be viewed as an L(R%*? R)-valued process via the canonical
injection £(R?, L(RY, R)) — L(R¥? R). Moreover, we make an abuse of notation: we
omit the dependence of the integral on Y.

The next result is a simple consequence of the Sewing Lemma in the context of
geometric rough paths (see e.g. [29, 19, 37, 23]). For a proof of Lemma 2.1, see
Example 3.4 and Proposition 5.3 in [25].

Lemma 2.1. Let X = (X,X) be a random ~y-geometric rough path in the sense of
[29], where X € C7 and X € C3' a.s. with 5 <7 <3 Let (YY) be a controlled
rough path in sense of [29], i.e., Y is an R¥-valued process with vy-Hélder continuous
paths, Y is an L(RY, L(R? R))-valued process with ~y-Hélder continuous paths so that

the remainder term RY given implicitly by relation

Y, - Y, =Y/(X, - X,) + R, (2.6)
satisfies RY € C37 a.s. Then, (Y,Y") € Dx(R%) and the limit

oy
lim - <YS(XS+E X))+ YS’Xs,He) ds

e—0t € 0
exists almost surely and uniformly on [0,T]. Moreover, it coincides with the rough
integral as described in [29].

Remark 2.2. We recall the Gubinelli’s derivative introduced in [29] may not be unique
and uniqueness holds under the so-called true roughness property for the driving noise
(see e.g. Section 6.2 in [19]). Therefore, in general, the process Y’ for a given (Y,Y') €
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Dx (RY) is not unique. We postpone the investigation of the uniqueness of Y’ to a future
project. In case X is a continuous local-martingale, then Y is unique. See Propositions
3.7 and 3.9 in [25].

3. THE GAUSSIAN SPACE AND SOME TOOLS FROM MALLIAVIN CALCULUS

Recall that any zero-mean continuous Gaussian process carries an abstract Wiener
space structure which allows us to construct a Gross-Sobolev-Malliavin derivative and
its associated adjoint. In general, this construction is abstract and a common strategy
is to find a kernel representation for the covariance (see e.g. [2]) or make use of the
two-dimensional p-variation with 1 < p < 2 (see e.g. [5]) for the underlying covariance
kernel. We follow the Gaussian analysis developed by [33] and [32] in terms of Schwartz
distributions associated with the underlying covariance kernel. In an unpublished work,
[32] extend [33] and they treat covariance structures admitting singularities on the
diagonal of [0, T]?. This section presents a brief account of [32].

Next, we describe the class of the Gaussian driving noises that we will consider in
this article. In the sequel, W is a (zero mean) real-valued Gaussian continuous process
such that Wy = 0 a.s. Let us denote

R(Sl, 82) = E[WSIWSQ]; (Sl, 82) € [O, T]2
By recalling our convention that W; = W for t > T, we observe R can be naturally

extended to R2. A priori, R is only continuous on R? and hence 9*R := affg; will be
interpreted in the sense of distributions. We denote

D :={(s1,59) € R%; 81 = 59}

A priori, 9, R(u,v), 0, R(u,v) and §? R(u, v) are Schwartz distributions. We explore reg-
ularity of R outside the diagonal D. Throughout the paper, the following assumptions
will be in force.

Assumption A. For every s € [0,7T], R(dz,s) := 0,R(z, s)dx is a finite non-negative
measure with compact support on [0, 7.

Assumption B. We suppose the product of the distribution 9*R with the smooth
function (s; — s2)

82R(81, 82)(81 — 82)

is a regular distribution on R? which is a real Radon measure that we denote by fi.
Assumption C.
(i) 9*R is a sigma-finite non-positive measure and absolutely continuous w.r.t. Lebesgue

on R2 \ D. With a slight abuse of notation, we denote it by dy = 9*Rdx on R2 \ D.
We assume that the Radon-Nikodym derivative satisfies
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}82}%(51,52)’ S |81 —$2|a+¢(81,82), (3].)
for (s1,s2) € [0,T]?\ D, where —3 < a < —1 and there exists L > 1 such that
¢ : 10,7\ D — R, is a symmetric p-integrable function over [0,7]>\ D for every
pe(L,L).

(ii) Var(W,; — Wy) S [t — s[**2, for s,t € [0,T].

In addition, for the exponent —2 < a < —1 given in Assumption C (i), (i), we

2
assuime:
(i)

|R(v1,T) — R(v2, T)| < oy — va|**?
for every vy, vy € [0, 712\ D.

(iv) There exists a non-increasing integrable function v : [0,7] — R, such that

(1) [, |@(ryra)ldry < |b— a] "2 ¢(r2)

(2) fcdw(y)dy < |d—c|*2", for every a,b,c,d in [0,T].

(3) 2 4(s) € L0, 7.
Under Assumption B, one can check the total variation measure |u| is absolutely con-
tinuous w.r.t. the total variation measure || with Radon-Nikodym derivative given
by le‘ Of course, Assumption C(ii) and the Gaussian property imply that W has
v-Hélder continuous paths for any < v < £ +1. Assumption C (iii) and (iv) are tech-
nical hypotheses which will play a role in the proofs of Proposition 3.1 and Theorem
4.1.
Example 3.1. Let W be a fractional Brownian motion with exponent 0 < H < %
Then,

1/, . L
R(s1,$2) = 5(5%H + &5 15, - 51\2H>; (s1,82) € RZ,

where §; = s; N'T for i = 1,2. Assumptions A, B and C are fulfilled. Indeed, s; —
R(s1,8) is absolutely continuous for each s € R, where

H[S2H (T — )1 ifs; < T
%Rwﬂvz{ %1 =) §§>T

Moreover,

fi(dsidss) = H(2H — 1)|s1 — so|*"sgn(s1 — s2) Lo 92\ p(51, s2)ds1dss
and

82R(81, 82) = H(2H - 1)|81 - $2|2H721[0,T12\D(81, 82),
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for (s1,82) € RZ\ D. Assumption C is fulfilled for o =2H —2, 1 <H < 1 and ¢ = 0.
Example 3.2. Let W = B™E be q bifractional Brownian motion with parameters
H € (0,1),K € (0,1]. It is known (see e.g. [44])

R(Sl, 82) = 27K [<§%H —+ §§H>K — |§1 — §2|2HK},

where 5; = s; N'T. One can easily check

05, R(s1,80) =2HK2™% [(S%H + 2 EAGZHL ) — 5o PP E L sign(s; — 52)]

for s1,s9 € (0, T). Then,

0’R(s1,50) =275 [(4H K(K —1))(SfH+s§H)K*2(slsg)2H*1+2HK(2HK—1)|51—52|2HK*2] ,

for (s1,89) € [0, T)?\ D,

2HK2 K [(S%H §RH) K1 2HAL (1 sl)ZHK—l}; if 51 € (0,T)
0; ifsy>T,

Os, R(s1,00) = {

and

fi(dsidss) = Lpqpe(sy, s2)27" [4H2K(K — 1)(sH 4 s2H)E2(5159)2H (51 — 59)2

v 2HK(QHK —1)|s) — SQPHK} ds1dss.

Since 2K=2(s15,)HE=2) > (s2H 4 2HYK=2 e notice the existence of a positive constant
C(H,K,T) such that

Ouy R(s1,T) < COH, K, T){ s34 4 (T — 52151 | (3.2)
for every sy > 0,
0% R(s1,55)| < C(H, K, T){(slsQ)HKfl + s — 52|2HK*2}, (3.3)

for every (s1,s9) € [0, T\ D. The function, ¢(s1,s2) = (s182)75~1 is p-integrable
over [0, T)>\ D for every 1 < p < ﬁ Therefore, Assumptions A, B and C are
fulfilled for 3 < HK < & and ¢(t) = t"5~1. We observe bifractional Brownian motion
does not have stationary increments for K < 1, it is H K-self similar with v-Hélder

continuous paths for v < HK. See e.g. [44] for details.
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3.1. The “reproducing kernel” Hilbert space and related operators. In this
section, we set the basic elements of the reproducing kernel Hilbert space associated
with R as introduced by [32]. Throughout this paper, X = (X', ..., X9) is a d-
dimensional centered process with iid components satisfying Assumptions A, B and
C. In the sequel, let C}(R,,R?) be the space of R%-valued C*-functions with compact
support in Ry and (-,-) is the standard inner product on R?. We also denote e;;j =

1,...,d as the canonical basis of R and 1 = E?Zl ey.
Let I : C}(R,,R%) — L?(P) be the linear mapping defined by

e’} +oo
1(f) = / FdX, = (f(+00), Xuo) — / (X, df (),

where (f(+00), Xoo) 1= limy, 1o (f(t), X1) = 0.
Let Lp(R?) be the linear space of all Borel functions f : R, — R? such that

i [,71f12(s)|RI(ds, 00) < o0,
ii: fRi\D |f(51) - f(82)|2|[£|(d81d$2) < 00.

For f € Li(R?), we define

e = [ 1IORRET) =5 [ 1500 = fe)Putdnds). (34)

It is possible to show f/R(Rd) is a Hilbert space w.r.t. the inner-product associated

with (3.4) and

B = 111w, (3.5)
for every f € C§(Ry,RY). Let Lr(R?) be the closure of C§ (R4, RY) w.r.t. || |1, as
a subset of Lz(RY). If d = 1, we will write L = Lg(R). Then, I : C}(R,,R%) — L*(P)
can be uniquely extended to a linear isometry

I: Lp(RY) — L*(P). (3.6)

One can check Lr(R?) is a real separable Hilbert space and
| eix = [“oxag), (3.7)
0 0
for every bounded variation function ¢ with compact support. This implies that

R(S,t) = <]l[07t}, 1[0,3]>LR; s,t € [O,T] (38)

See Propositions 6.18, 6.14, 6.22, 6.32 and 6.33 in [32] for the proof of these results.
The Paley - Wiener integral associated with X is given by

1(f) = /0 " FdX; ] € La(®).
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With the Paley-Wiener integral (3.6) at hand, one can construct a Malliavin calculus
based on the Gaussian Hilbert space Lr(R?) (see e.g. [40]). Let S be the set of
cylindrical real-valued random variables of the form

F:f(/oooqbldX,...,/OooqudX), (3.9)

where f € Cp°(R™) (here f is a smooth real-valued function on R™, where f and all its
partial derivatives are bounded), ¢1, ..., ¢, € C¢(R,,R?) and m > 1. For a cylinder
random variable F' of the form (3.9), we then define

DtF:Z;@J(/OoogbldX,...,/Ooogbde)gbi(t);tZO.

We recall D : S — L2(Q2, Lr(R?)) is a densely defined and closable operator satisfying
the classical properties of the Gross-Sobolev-Malliavin derivative on the Gaussian space

((Q, F,P); LR(Rd)). For details, we refer the reader to [40].

In this article, we will frequently work with Hilbert space-valued smooth random
elements in the sense of Malliavin calculus. Let V' be a real separable Hilbert space
with a norm || - ||y. Let Sy be the set of smooth V-valued stochastic processes of the
form

F=> FujvcV,FeS.
j=1
We recall D can also be viewed a closable operator from Sy C LP(§;V) into
LP(Q; VRLR(RY), where V@Lg(R?) is the Hilbert tensor product of the pair (V, Lg(R?))
equipped with its standard norm || - [|ygr,e). Let D'P(V) be the completion of Sy
w.r.t.

[Flpy = |E[F]Y + E[DF]| ,

p
V®LR(R?)

for p > 1. To keep notation simple, we simply write D'? = DVP(RR).

Throughout this article, Ly g(R??) := L(R?)®Lr(R?) is the Hilbert tensor product
of Lr(R?). The space Ly r(R¥?) can be identified as the closure of the algebraic tensor
product Lr(R?) @ Lr(R?) w.r.t. the norm

o 1
91137 == / lg(t, 7 ey R(dE,T) — —/ lg(t,) = g(s, ML a0 R(s, t)dsdt,
0 2 Jr2\p
for an elementary tensor product g = g; ® g, where gy, go € Lp(R?).
The Gross-Sobolev-Malliavin derivative operator (D, ]]])1’2) admits an adjoint which
is a densely defined closable linear operator (8, dom &), where D'2?(Lg(R?)) C dom 4.
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We recall the classical inequalities

18l < Bl gy + Dl o (3.10)

]HLR(]Rd ;L2 r(RI*d))
and

[6(u)llz2@y S lullprzzp@ay, (3.11)
for u € DY2(Lg(RY)). See e.g. Prop. 1.5.8 in [40]. We observe that Du is identified as
a two-parameter matrix-valued process for u € DV?(Lg(R?)). We also make use of the
well-known multiplication rule of smooth random variables with Skorohod integrals:
Let u € dom &, F € D'? such that F [[* u6X, € L*(P). Then, Fu € dom & and

/ F’U/S(SXS - F/ 'U,S(sXs - <DF7 u>LR(Rd)' (312)
0 0

Definition 3.1. If ulyy € dom & for everyt > 0, then we define

t
/ 60X, = 0(ulpy);t > 0.
0

Of course, if u € Lz(R?), then fot u 60X, = I(ulpy) for every ¢ > 0.
Next, we recall the concept of the symmetric stochastic integral via regularization
in the sense of [45].

Definition 3.2. Let Y be an R-valued process with locally integrable paths. Let

€

1 t
I°(e,Y,dX)(t) := 2—/ (Vo Xgro — X, 0)ds; 0 <t < T.
0
We set

t
/ Yd'X = ligl I°%e,Y,dX)(t) (P — probability); 0 <t <T,
0 €.

when it exists. The random variable fot Yd°X is called the symmetric-Stratonovich
integral of Y w.r.t. X.

Remark 3.1. We observe the symmetric-Stratonovich integral (if it exists) is the limit
in probability of

t 1 t
/ Yd°X = lim —/ (Vore + Yo, Xupe — Xo)du; 0<t<T.
0 0

el0 2Z€
See Remark 3.2 in [16].

Next, we present two technical lemmas which will play a key role in this work.
Lemma 3.1. Under Assumptions A, B, C (i,ii), we have X € DY?(Lg(R?)).

Lemma 3.2. Let p be a finite Borel measure on Ry, a : RY — R be a Borel function
and Y be a R¥-valued stochastic process. We suppose the following.

(1) a(s,-) € Lg for a.e. s w.r.t. p.
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(2) Jo lla(s, [ ,p(ds) < oo
(3) t Y, € DY3(RY) is continuous and bounded on supp p.
Then, the process

Zy :/ a(s,t)Ysp(ds)
0
belongs to DY2(Li(R?)) and

D.Z, :/ a(t,s)D;Ysp(ds), T > 0.
0

The proof of Lemma 3.1 is given in the Supplementary Material. The proof of
Lemma 3.2 (when d = 1) is given in Prop. 9.14 in [32]. The same arguments apply to
the multidimensional case.

Let us now present two assumptions which will be essential in Theorem 4.2.

Assumption S1: There exists v € (0, 1] such that

I1Ye = Yallprogey S I8 = s, (3.13)
where 2y + a4+ 1> 0 and o € (-3, —1) is the exponent of Assumption C.

Assumption S2: Let o € (—3, —1) be the exponent in Assumption C. Assume there
exists n > 0 such that n +a +1 > 0 and

E|tr(D,,Y, — D, Yi[" < [ra — ], (3.14)
forevery 0 <ry <ry <s<T.

In the sequel, we present a technical lemma which play a key role in the approx-
imation scheme for Skorohod integrals. The proof of Lemma 3.3 is given in Section
6.

Lemma 3.3. Let X = (Xy,...,Xy) be a d-dimensional Gaussian process satisfying
Assumptions A, B and C (i,ii). Let o € (—%, —1) be the exponent of Assumption C.
Assume Y € DY2(Lg(RY)) satisfies Assumption S1 with 2y + a + 1 > 0. Then, Y
satisfies

1Yo — YH]]2]>1’2(LR(]Rd)) < frPrrett
for every |r| € (0,1).

For a given Y € DY?(Lz(R%)), we denote

1 T—e

Y= % Yilju—eurq(s)ds, (3.15)
€

€

for0<wu<Tand 2e < T.
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Proposition 3.1. Let X be a Gaussian process satisfying Assumption A, B, C(i,ii,iii)
with —3 < o < —1. Assume Y € D"*(Lg(R?)) satisfies Assumptions S1 with 2+ o+
1>0andy <5 +1. Let Y€ be the process defined in (3.15). Then,

2
< 62’y+o¢+1
~Y )

E

T —
| o=y,
0

T
for every e < 7 A L.

Proof. Let —% < a < —1 be the parameter in Assumption C. Assume Y € D2 (LR(Rd))
satisfies Assumptions S1 with 2y +a+1 > 0 and v < § +1 < % At first, we
notice ¢t — Y; € DY?(R?) is continuous and hence Lemma 3.2 allows us to state

Ve e DY (Lg(RY)). We may assume € < T A1, where € | 0. Let us denote

Ai(€) == [2¢,T — 2¢], As(e) :=1[0,2¢) and As(e) := (T' — 2¢,T7.
By (3.11), we have

2

< Y- Y”l%)lﬂ(LR(Rd))

T —
| -vex,
0

_ \€ 2 e 2
= EIY =Y} o +E[DE = V)|, g
for every € < % A 1. In order to shorten notation, let us denote
1 €
I —/ Vi —Yi]dri0<t<T.

T 2 e

We observe ff = Y —Y; for t € Aj(e) and by applying Lemma 3.2, we have f¢ €
D'2(Lg(R?)) for every € < £ A'1. We observe

_ 1 t+e _ 1 T—e
Y =— Y,dr; t € Ay(e) and Y = 2—/ Y,dr; t € As(e). (3.16)
t—e

2€ |, €

Clearly,

/A2( )\DE|(Y; —Yi) — (Y5 = Y)IP0*R(s, t)|dsdt
1 €

g/ EIff — fS210%R(s, 0)|dsdt S BIFI, g
[0,T]2\D

By using Jensen’s inequality on the Bochner integral (see e.g. [43]) and Lemma 3.3,
we get

2
Ellf} @y = E
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1 [ .
< 5B [ IV = VIR e S €770,
This shows
/ E|[(YS —Y,) — (Vs = Y)P|0*R(s, t)|dsdt < et (3.17)
(O\D

for every € < % A 1. Next, we observe

sup sup E[(YS —Y,) — (Y= Y,)P S sup E|Y,]* < o0,
< I AL (5:)EAF (€)X AL (\D 0<r<T
where
2e T—2¢ T T— 26
/ / (t — s)*dtds + / / (s —t)*dtds < 2.
0 2¢ T—2€ J 2
Therefore,
/ B|(V¢ = Y)) — (V5 — Vo) PIOPR(s, )ldsdt S ¥, (3.18)
A1(e)x A§(e)\D

for every e < % A 1. By applying Jensen’s inequality, using (3.16) and Assumption S1,
we get

1 Y, —Yy) 2
y__y

- ~ ) t+e
Bl — ¥ - (- < 0B [ [vg - S

s+€

(t—s) 2 2
S ——— sup ElY, "+ (t—9)7;0<s <t < 2e
4€?  o<p<T
Therefore,
| BT ) - (3 - YO R(s ldsdt S / / $)*2dsdt
A3(e)\D

/ / s) T dsdt

s mequahty, using (3.16) and

N+

for every e < % A 1. Similarly, by applying Jensen
Assumption S1, we get

_ _ t—e 1 Y, — Y,) 2
B[V = Y) — (Vs - V)" < (t—s)E/ 1@2—+(;—) dr
s € —S

—€

t — 2
LzélSM>MKP+u—sVMF—%<s<th,
€ 0<r<T
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Therefore,
[ B Y0 - (0 - YOP R ldsdt £ / / — s)2dsdt
A%(e)\D T—2¢ JT—2¢
+ / / s)2 7t dsdt
T—2¢ JT—2¢
< et (3.19)

for every € < % A 1. By using (3.16), one can easily check

sup  E|Yf|? < sup E|Y,]* < oo.
teAs(e)UAs(e) 0<r<T
Therefore, by using Assumption C(iii) and Jensen’s inequality on the Bochner integral,
we have

T
B [ 17 - viPor( T ZE / ~YPO.R(, T)dt
0

N IEHf ”LR ray + €2
1 2 a+2
S % HYH Y‘H]DJL?(LR(Rd))dT e
S 62’y+a+1’ (320)

for every e < £ A'1. Summing up (3.17), (3.18), (3.19) and (3.20), we get

BT = VI S €777,

for every € < % A 1. Next, we investigate

T
EIDE = V), sy = B [ DT~ VI o 0T
1 _ _
+ 51@/ DYy = ¥i) = D(Y7 = Vi)|[} oy |0° Rls, 1) dsclt.
0.712\D

The analysis is similar to the first part so we omit some details. Indeed, by using (3.16)
jointly with Jensen’s inequality on the Bochner integral and Lemma 3.3, we get

E/AQ( | D (Y = Vi) = D(Vs = Vo)|[}, | 0° Rls, )| dsclt

5 | W= Viar

2e J_,

2

<N NBr2 ey =

D2 (Lg(R?))

1 [ o
S R (3.21)
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for every € < % A 1. Moreover,

sup sup E|DYY|] g+ sup EIDYL, ey ST + [Yollprogs, — (3.22)
e<T A1 0<t<T 0<t<T
e e 2 (t — s)? )
EHD(Y; _Kf) _D(Y; _Ys)HLR(Rd) N T_'_(t_S) i (3.23)

for 0 <s<t<2o0rT—2<s<t<T. The estimates (3.21), (3.22), (3.23) and
Assumption S1 yield

E[D(Y* -

Y) HigyR(RdXd) S 62W+a+17

for every € < % A 1. This concludes the proof. 0

Next, we construct the second-order process which will allow us to connect (stochas-
tic) rough integral with the symmetric-Stratonovich integral.

Proposition 3.2. Assume X is a d-dimensional Gaussian process (with iid compo-
nents), where Assumptions A, B and C (i,ii,iii) are fulfilled. Then, the R -yalued
two-parameter process

Xii — { Jo X = X)X ifi
K 3 (X — X% ifi=
is geometric, it satisfies the Chen’s relation (2.1) and we have the following represen-
tation outside the diagonal

XU, = 6 (X' = XDTse;). (3.24)
fori#j.
Proof. Fix i # j and 0 < s < t. Let us consider Z = (X' — X!)1[,4e;. By Lemma 3.1,
Z € DY?(Lg(RY)). Clearly, Z, = 0 for a < s or a >t and one can easily check

Var(Xg—X;); if s<ab<t
120 = Zollprogey S § Var(Xi,, — Xi); ifs<aAb<t<aVvb (3.25)
Var(X!, — X!); ifanb<s<aVb<t.

The estimate (3.25) shows that a — Z, € DY?(R?) is continuous except at t. Since
i # j, we have (D(X! — Xg)]l[&ﬂ (u), ﬂ[u,e,uﬂ]eﬂLR(Rd) =0;0 <u <T. Then, (3.12),
Lemma 3.2 and Fubini’s theorem for Skorohod integral (see Prop 10.3 in [32]) yield
1 o o
~ | 7 X — X, Ndr = / 76X, (3.26)
2¢e Jo 0
where Z¢ = (2¢)" [*"9(X? — X))1 (s 4(u)due;. By (3.11), we have
2

E /OO (zc-2)6x| < ||z (3.27)

o ZH]?))L?(LR(Rd))'
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By definition,

T
1Z = ZI3s2(ppmey = / 1Z5 = Zallp1.2 a0 R(a, T)da (3.28)
0
1
b3 [ N = 2 (7 Dl Rl ) dad
(0,712\D

By using the Jensen’s inequality on the Bochner integral (see e.g. [43]) and the
Lebesgue almost everywhere continuity of a — Z, € DV?(R%), we get pointwise con-
vergence

¢ 1 [
HZa_ZaHl%)l,Q(Rd): _/ [Zm+a—Za]dm

1 €
2¢ J_. = o /_ | Zivta=Zallpr2aydm — 0,

e (3.29)

for each a # t and

1 €
(2~ 2)~ (2~ Dl < o / 1 Zmsa—Zat Zo—Zoim PBaaydim — 0, (3.30)

for each (a,b) € Ry \ {t} x Ry \ {t}, as € | 0. Assumption C (i,ii), (3.25), (3.29) and

bounded convergence theorem yield

T
/0 12 = Zall5n.2(gay0aR(a, T)da — 0,

as € | 0. For the second term, by using the inequality in (3.30), Assumption C (i,ii)
and (3.25), one can easily check there exists p > 1 such that

sup / (25 = Z)a = (2° = Z)o|Z. |0 R(a, B)Pdadb < 0. (3:31)
0<e<1 [O,TP\D

Then (3.28), (3.29), (3.30) and (3.31) yield ||Z¢ — Z||]]2]>1v2(LR(Rd)) — 0ase | 0. By
using (3.26) and (3.27), we conclude (3.24). The Chen’s relation is obvious because the
Stratonovich integral is constructed by regularization via limits of Riemann’s integrals.
A simple integration by parts argument on the symmetric-Stratonovich integrals yields
X is geometric. This completes the proof.

0

Remark 3.2. (1) In Proposition 3.2 we define the two-parameter rough path pro-
cess X in terms of symmetric-Stratonovich integrals. In general, we remark
that those integrals cannot be replaced by forward (or backward) integrals via
reqularization. In fact, it is well-known, see e.q. Lemma 6.1 of [47], given a
real process X, the forward integral fo Xd~X exists if and only if X is a finite
quadratic variation process. If X is such a Gaussian process, then this gener-
ally happens when the covariance Rx of the process is associated with a finite
measure on [0,T)?, see e.g. Proposition 3.1 of [33].
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(2) On the other hand, the theory expanded in this paper could be adjusted to the
“reqular” case, i.e. for the case when Rx is associated to a finite measure. In
that case the definition of the rough path process X% could be built making use
of forward integrals fo X,d=X7. In that case X still fulfills the Chen’s relation

(2.1) but it is not a geometric rough path.

In order to integrate a controlled rough path in the sense of [29] against X = (X, X),
one has to check X € C22'Y a.s. Next, we give a class of examples in this direction,
including a Gaussian process with non-stationary increments. In the sequel, if g is a
two-parameter continuous function, > 0 and p > 1, we write

|gst|p !
st | [ [ ]

By using (3.10), one can easily check the following example.

Example 3.3. If X is a bifractional Brownian motion with parameter i < HK < %
with H € (0,1) and K € (0,1], then X given in Proposition 3.2 satisfies

It — S|2pKH

E[Uz%p(X)] 5 /;) , mdet < oo,

whenever 0 < v < HK and p > m By Corollary 4 in [29], this implies X € C3
a.s. for every v < HK. Other examples of symmetric-Stratonovich-type second-order

processes for Gaussian processes can be similarly treated by looking at Ug, and using
a Skorohod-type representation of the form (3.24).

4. MAIN RESULTS

This section presents the main results of this paper. The proofs of Theorems 4.1 and
4.2 are given in sections 5 and 6.5, respectively.

Theorem 4.1. Let X be a Gaussian process satisfying assumptions A, B and C with
—% <a< —1. Let X = (X, X) be the geometric process given by (3.24). Assume that
(Y,Y") € Dx(R?), where Y' satisfies the properties below:

(1) s = D,Y/ is continuous a.s. on (0,T)\ {v} for Lebesgue almost all v.

(2) There exists p > 2 such that t — Y, is a D"?(R™%)-valued continuous function
and

sup E|Y, |+ sup E[D,Y/|]’ < cc. (4.1)

0<t<T 0<t,r<T

(3) There exists ¢ > 2 such that

/ / sup  ||D,,Y, —D,,Y, ||, )|82R(vl,v2)}%dv1dv2 < 00. (4.2)
v2

s>v1 or s<v2
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Then, (Y,Y') € Dx(RY) is rough (stochastically) integrable if and only if Y is
symmetric-Stratonovich integrable and, in this case, both integrals coincide

t t
/ Y,dX, = / Y, d°X;0<t<T. (4.3)
0 0

Remark 4.1. The reader should be aware of the restriction —% < a < —1 in Theorem
4.1. For instance, in case of fractional Brownian motion, o = 2H — 2 and hence
s < H < 1. Under assumptions 1, 2 and 3 for a pair (Y,Y') € Dx(R?) in Theorem
4.1, the symmetric-Stratonovich integral behaves like a stochastic rough integral driven
by a reduced geometric process X = (X, Sym(X)). See (5.1) and (5.2) for details.

Example 4.1. If f : R? - R? € C? and X is a Gaussian process satisfying assump-
tions A, B and C with —5 < a < —1. Then, (f(X),Vf(X)) € Dx(R?) satisfies the
assumptions in Theorem 4.1.

Proposition 4.1. Assume that V € C}(RY, L(R? R?)), ¢ € R? and let X be a Gauss-
ian process satisfying Assumptions A, B and C with —% < a < —1. In addition, we
assume the second order process (3.24) satisfies X € C37 a.s. (3<7<%+1)and R
has finite two-dimensional p-variation for 1 < p < 2 (see e.g. Def. 5.50 in [23]). Let
Y be the solution of the rough differential equation

t
Y, =¢ +/ V(Y,)dX;0 <t <T. (4.4)
0

Then, Y satisfies the assumptions in Theorem 4.1. In particular, Y is a solution to
the Stratonovich differential equation interpreted in the sense of [45]

t
Y, =¢ +/ V(Y)d"X,;;0<t<T. (4.5)
0

Proof. Let V. = (V1 ..., V%) where V! : R? — R¢ are C}(R% RY) vector fields. It
is known that Y/ = V(Y;) (see e.g. Prop 8.3 in [19]) and hence chain rule yields
DV (Y;) = (DV'(Y,),...,.DVY(Y})) = (VV(Y,) o DY,,..., VV(Y;) o DY}). It is well-
known (see e.g. [6]) that D,Y; = Jy0J; 1 oV (Y;)14(s), where J; denotes the Jacobian
of the solution Y; where Yy = £. Here, J; ! is the inverse of the matrix-valued Jacobian
Js. Weﬁx%<7<%+1. Then,

sup D, Y, =D, Y| < max [VVI(Y) ol ool S LIV Y )l

s>max (vi,v2) or s<min (v1,v2) 1<i<d
X |1)1 — 1)2|’\/

+ max [[VVI(Y) ||| oo |7 oo IV ()],

1<i<d

X ‘Ul _,U2|fy7

for 3 < < 3. By invoking [9], we know that
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(1 lpvars 1~ lp—var) € () L(P)
q=1
for 2 < p < 3. Here, || - ||p—var denotes the p-variation norm. If R has finite two-
dimensional p-variation, it is actually possible to prove (see e.g. Remark 7.3 in [6])

{170 1T e 110, 1174} < () L9(P).
g1
Under Assumption C, assumptions (4.2) and (4.1) hold true. Indeed, since —3 < o <

1 1 -1 D -1
—1l and 3 <~ < 3, then 5o > 3 so that py +af +1>0aslongas 2 < p < o

The proof of (4.5) follows by routine arguments based on chain rule and application of
Theorem 4.1 to V(Y'), so we omit details.

O

Next, we discuss convergence rates of first-order Stratonovich approximation schemes.
For simplicity of exposition, we present the results in the case X is the fractional Brow-
nian motion.

Theorem 4.2. Let X be a d-dimensional fractional Brownian motion with i < H < %
Assume Y € DY2(Lp(R?)) is adapted w.r.t. X and it satisfies the following regularity
conditions.

o There exists ¢ > 2 such that supy<,<p E[Y;|? < co.
e trD.Y;] has continuous paths on [0, s] for every s <T and

sup E|tr{DoY;]|* < oo.
0<t<T

o Assumption S1 s fulfilled for 0 < v < H such that 2y +2H —1 > 0.
o Assumption S2 is fulfilled for n > 0 such that n+2H —1 > 0.

Then, Y is symmetric-Stratonovich integrable w.r.t. X and we have the representation

T T T
/ Y, d°X, = / Y0 X, +H / tr{D,_Ys]|s*ds
0 0 0

+ / tr{D,, Yy, — Dy, Y,,]0*R(ry, 7o) dridrs. (4.6)
0<ry <ra<T

In addition, there exists a constant C' which depends on (3.13) and (3.14) such that

2

T
E/ Yid'X, — I°(e,Y,dX)(T)| < C{&T= 4 20mHDy - (47)

0

for every € > 0 sufficiently small. In particular, when we restrict to the case % <H<1

2
and (Y,Y') € Dx(R?) satisfies items 1, 2 and 3 in Theorem 4.1, then (Y,Y’) € Dx(R?)
is rough stochastically integrable, representation (4.6) and the estimate (4.7) hold for

the stochastic rough integral as well.
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Remark 4.2. The assumption that Y is adapted w.r.t. X in the representation (4.6)
in Theorem 4.2 is not essential. Indeed, in case Y 1is not necessarily adapted, there
will be two additional terms related to tr{D,,Y,] and tr{D,,Y,, — D, Y,,]0*R(ry,15)
on 0 < ry <ry <t For simplicity of exposition, we only discuss in detail the case
where Y s adapted.

We now present two classes of significant examples which illustrate Theorem 4.2 and
its relation with Theorem 4.1.

4.1. The case Y = f(X).

Lemma 4.1. Fix i < H < % and let f : R — R? be a continuously differentiable
function such that f and V f are 0-Hélder continuous functions with ﬁ —1<6<1.

Then, f(X) € DY2(Lr(RY)), Assumption S2 is fulfilled with ezponentn =1 and

1F(Xe) = F(X)Bragay S 16— s, (4.8)
for s,t > 0. Therefore, f(X) satisfies the Assumptions of Theorem 4.2 and it is
symmetric-Stratonovich integrable. In particular, when we restrict to the case é <
H<iands=—-1<60<L-2 then Vf(X) is 6y-Holder continuous for every v < H
and

F(X0) = F(X0) = VIX)(X = X,) = Ot — 5@+, (4.9)
where (0 + 1)y +~v < 1 for every v < H. In particular, the classical Sewing lemma
fails.

The proof of Lemma 4.1 is given in Section 6. Next, we illustrate Theorem 4.2 with
the almost sure convergence rate.

Corollary 4.1. Let X = (Xy,...,Xy) be a d-dimensional fractional Brownian motion
1

with parameter % < H < 5. Let X = (X,X) be the geometric rough path given in

Proposition 3.2. Assume that f : R — R? € CF and fix p > 0 such that 0 < p < 2H—%.
There exists a square-integrable random variable C' such that

/T f(X)dX, —I°(27", f(X),dX)(T)| < C27™ — 0, (4.10)

almost surely, as n — +00.

Proof. Since

Dr1f<XS) - Drzf(Xs) = 07
for every 0 < r; <19 < s < T, we can take any n = 1 in Assumption S2. A direct
application of Lemma 4.1, Theorems 4.1 and 4.2 and Example 4.1 yields

2

E / F(X)dX, — 127", f(X), dX)(T)

S max { [ VA2 1 £15 [V £(O) f270D,
(4.11)
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for every n > 1 sufficiently large. Let us define

C = (szp

m>1

Then, (4.11) implies E|C|? < oco. Therefore, (4.10) holds true.

1
2)2

4.2. The case of rough differential equations. In this section, we apply Theorem
4.2 to the class of rough differential equations of the form (4.4), where X = (X, X)
is a y-Holder geometric rough path lift for the fractional Brownian motion X with
parameter % < H < % and v < H. Just like in the proof of Proposition 4.1, let J; be
the Jacobian of the solution Y; where Y, = £ is an arbitrary initial condition and let
J; ! be the inverse of J;. We recall the following fundamental result due to [9] and [6]:

Y Wl (170l 17 € Mgza L9(P), (4.12)

/0 F(X)AX, — 1@, f(X).dX)(T)

0

and
1Y lloos 11 llocs 17 loo € Mgz L4 (P). (4.13)
See also Remark 2.7 in [6]. It is convenient to work with the norms

[ llses = [ Flloe + [[fllx;

for a one-parameter function f and 0 < x < 1.
The following result is an almost immediate consequence of the Holder-type estimates
(4.12) and (4.13). The proof of Lemma 4.2 is given in Section 6.

Lemma 4.2. For a given % <v< HK< %, there exists a constant C' which depends on
the moments of ||J]|oons || Hloors 1Y lloors |VV oo, H and T such that

1Y: — YSH]]Q])L?(]Rd) < Clt = 5|7, (4.14)
for every s, t > 0.
Next, we illustrate Theorem 4.2 with the almost sure convergence rate.

Corollary 4.2. Let X = (Xy,...,Xy) be a d-dimensional fractional Brownian motion

with parameter % < H < % Let X = (X,X) be the geometric rough path given
in Proposition 3.2 and V € C’g’(Rd,E(Rd,Rd)). Let Y be the solution of the rough

differential equation

t
Yt=Yo+/ V(Y)dX, 0 <t <T.
0
Fix % <n < H and p such that 0 < p < n+2H — 1. Then, there exists a square-

integrable random variable C' such that

T
/ Y.dX, — I°(27",Y,dX)(T)| < 027" — 0, (4.15)
0
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almost surely, as n — 400.

Proof. First, we observe the solution of the rough differential equation (4.4) belongs
to Db 2(LR(Rd)) Indeed, the proof follows the same lines of Lemma 4.1, (4 12), (4.13)
and the well-known facts Y; € DV?(R?) for every ¢ > 0, D,Y; = Jy0 J; oV (Ys) L 4(s).
Therefore, we omit the details. Moreover, (4.12) and (4.13) imply

E|DT‘1YS - DT2Y9|2 5 |T1 - r2|277’
on0<ry <ry<s<T,for any n such that % <n< H< % Then, Lemma 4.2 yields

Assumption S2 and S1 are fulfilled. By applying Proposition 4.1, Theorems 4.1, 4.2
and noticing the leading term in the right-hand side of (4.7) is 27 "2+2H=1) " we get

< 2—”{2(n+2H—1>}, (4.16)

1
2)2

T
E / Y,dX, — I°27", Y, dX)(T)
0

for every n > 1 sufficiently large. Let us define

T
/ Y, dX, — I°(27", Y, dX)(T)
0

C = (ZQW

m>1

Then, (4.16) implies E|C|? < co. Therefore, (4.15) holds true.

5. PROOF OF THEOREM 4.1

In this section, in order to keep notation simple, we write fs; := fi — fs for a one-
parameter function f defined over R,. Before we present the proof of Theorem 4.1, it
is convenient to summarize the main idea. Under the assumptions of Theorem 4.1, it
is enough to prove that

1 [t
lim - <YS’,Anti(X578+E)> ds =0 (5.1)
e—0t € Jg F
in probability, where (-, -)p denotes the Frobenius inner product on the space of d x d-
matrices. Indeed, if (Y,Y”) € Dx(R?), then we can take advantage of decomposition
(2.3) and the geometric property of X to write

1<}/s+}/;‘+e

1
9 7Xs,s+e> = _<Y;‘7Xs s+6> <Y Xs ) ss+e> + 5 <R5 s+e ss+e>

1
€

€

}/sa Xs ,5+¢€ + 5 <Y,’ s,st€ ® X575+5>F + O]P(l)

(Vo Xouie) + 5
<YS,XSS+E> <  Sym (X, o) + 05(1) (5.2)
(Yo Xore) + 1<Y’ Xyste)p
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— <Y’ Anti(X, S+€>>F + op(1),

where (-, -) above denotes the standard inner product on R¢. We will analyze

t
/<Y Anti( ss+6)>Fd3:el/ tr[(Ys/)TAnti(Xs,sﬂ) ds,
0

where T denotes the transpose operation. By using Proposition 3.2, (3.12) and Fubini’s
theorem for Skorohod integrals (see Prop. 10.3 in [32]), we observe the (7, j)-th element
of the matrix ¢! fo )T Anti(X, 4, )ds is given by

Z / Yo (Anti(Xo ) yds = Z/ (/ Y XT e — X! e]}ds>6X

(5.3)

d
1 g . ‘
—Ej DY, [e,X] — »ans”.> d
2¢ 521/0 < s ,[65 5 € 87'] [’Jr]() Lr(R%) >

for every t € [0,T], € > 0. In the sequel, we are going to fix i,¢,5 € {1,...,d} and
t € [0,T] and prove that the second component in the right-hand side of (5.3) vanishes
in L'(P) as € ] 0.

Let us write D,Y,* = (DLY."* ... DY) in Lp(R%). Then, we have

K74
(DY ferXd, = e XL (),

/ DLY, X! 8,R(r,T)dr
—/ D/Y,* X! 0,R(r,T)dr

1 14 !l ¢ X7 j i
+2 /[0 T\D <Dr1Ys - DY, ) (XS,TI]I[S,ere}(n) = X7, 15 s q(r )) || (drydira)

1 o, o,
5 [ (DAY DY) (X Esg () = X L glr2)) (i)
2 [O7T]2\D 1 2 1 ;T2
=+ I24+12+1) as.
The components I' and I? can be estimated as follows. In order to keep notation
simple, we set f = § +1 € (%, %) By using (4.1), Assumption C(iii) and Hélder’s
inequality, we get

1 t t 1 s+e
E}—/ Islds} < eﬁ/ —/ OR(r,T)dr |ds — 0
€Jo 0 \€Js

as € — 07. The term I? is similar. By symmetry, the analysis of the term I3 is similar
to I*. Again, by using (4.1), Assumption C and Hélder’s inequality, we get
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1 [t 1 [
_/ Igds N _/ / {(Tl — 7“2)6+a + (r1 — TQ)BQb(Tl,TQ)}dTldTQdS
€ Jo € Jo J{s<ra<ri<s+e}

1 t
+— / / {(n — S)B(rl — o)+ (r; — s)ﬁqb(rl, T2)}dT1dT2d8
€ Jo J{ra<s<ri<s+e}

E

1 t
e / / {(TZ = 5)7(r = 12)* + (r2 = 5) (1, Tz)}dmdrzds,
€ 0 {3<7’2<s+e<r1}

for € > 0. By invoking Assumption C(iv), we observe

6_1/ (ry — r9)P (11, o) drydry < TP, (5.4)
{s<ro<ri<s4e}
for every s € [0,t]. Moreover,
e_l/ (ro — S)ﬁ¢(T1,T2)dT1dT2 = / / T9 — S) 5@5 (r1,m2)dridry
{s<ro<s+e<ri} +e
S NI = (s 4+ us)
s+e

X / (ro — S)Bd'rg

S ST (s), (5:5)
and

s+e s
61/ (r1 — 5)%5(7’1, ro)dridry = e ! / (r1 — s)ﬁgb('rl, o) dradry
{ro<s<ri<s+e} 0

a+2

2 w(’l"l)d’l"l

N
™

(ry — S)BS

A
;
=
&,
\.mm

(5.6)

for each s € [0,t]. Moreover,

/ (ry = o) Pdrydry S €47, / (r1 — ro)%dridry S €2,
{s<ro<ri<s+e} {s<ro<s+e<ri}

(5.7)

and

/ (r1 = r2)*dridry S |s%72 4+ €% — (s + €)% < €12, (5.8)
{re<s<ri<s+e}

for every s € [0,t]. Then, (5.4), (5.5), (5.6), (5.7) and (5.8), allow us to conclude



30 ALBERTO OHASHI' AND FRANCESCO RUSSO?

t
/ Ids
0

as € | 0, because a + 1 + § > 0. This shows that the second part of (5.3) vanishes.

1
E=

€

S, 65+o¢+1 SN O,

5.1. Estimating the Skorohod integral in (5.3). Let us now devote our attention
to the first component in the right-hand side of (5.3), namely the Skorohod integral.
In the sequel, we are going to fix i,¢,7 € {1,...,d} and t € [0,T] and prove that the
first part in the right-hand side of (5.3) vanishes in L'(P) as € | 0.

In the sequel, to keep notation simple, we set

T
g . !l _] . !l
Uy .—/ X! ds= / (r—er)(8)Yy " ds.
T—E€

The following technical result is an almost immediate consequence of the assumptions
in Theorem 4.1. Indeed, it is an application of Lemma 3.2.

Lemma 5.1. Suppose that the assumptions of Theorem 4.1 hold true. Then, for every
i,0,5€{l,...,d} and e >0, we have

(u ep —u'l e;) € DY*(Lg(R?)). (5.9)

In particular, the (only) non-null £-th column of Dvufﬁj&,,,eg equals to
/ ' {XngUYS/’M+Ys/’w]1[57r](v)ej}ds (5.10)
and the (only) non-null j-th column of Dvu,, E,,ej equals to
/r {varDUYS"” + Y, (v)e }ds (5.11)

a.s. for every v,r € [0,T] and € > 0.
By (5.9) and (3.10),

t T
. / ( / YALXT e — q}ds) 5X, = 3(L (w0 ™ )11y,
0 r—e

where

6(1 (wh o0 — “-i%vej)ﬂ[o’to

E[ LS P LAY }H
. (H S ueei) oy Lp(RY)
L2(P)

1, s i
P [E (wd Lo ger — “-ﬁij[@ﬂeﬂ')} ‘

=: Ji(e,t) + Jo(e, T 5.12
LQ(Q§L2,R(RdXd))> et)+hiet).  (512)

for every ¢t € [0,7] and € > 0.
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5.2. Analysis of J(¢,t). In the sequel, we set 3 = § 4 1, where —% <a<-—1. To
shorten notation, we set

S1—€,S1 S,81

Ug’fﬂﬁ — E[uw’i ] = / E[Y ¢l ]d
and

A(S;t)Uw’j’E = Uéf’j’gﬂ[o’t](sl) — U;s’j751[0,t](52)
for s = (s1,82) € [0,T]?\ D. Then, for £ # j, we have

1 il,j i il,7,€ il,0,€
(2 (0 oy er — il )| Lo (o0) = = (U900 — U¢; ) 1y (1)

€
t
J
t
o
0
o
[0,712\D
.
[0,7]2\D

By Holder’s inequality, assumption (4.1) and Assumption C (ii), we have

/

and

2

1

EF (u”’jeg — uiz’éej)]l[ovﬂ] —/ E[Y ZZXJ ds‘ ‘8 R(r,T) ‘d’r

AN

€

Lr(R%)

1 /" > 2
o Ev

€

A(St Uit \ p|(dsydsy)

A(st Uzﬁé €

|u|(d31d52) (5.13)

1 T
- / E[Y, "X ]ds

€

}8 R(r,T }dr < €2 /Ot (/T:(T - S)Bds>2’8rR(r, T)’dr

(5.14)

T
S 6_262(ﬁ+1)/ }&R(T,T)}dr.
0

By symmetry, the estimate (5.14) also holds for the second term in the right-hand side
of (5.13). Now, we split
0<s1<t<s2<T '€

Joro
1 il
Y Lo
[0,t]2\D

In the sequel, we will take advantage of assumption C (i). In case, s; < t < s9, mean
value theorem, assumption (4.1), Holder’s inequality and Assumption C (ii) yield

2
A(St Uitie |u|(ds1dsy)

1 o
nldsdss) =2 2 A5

|,u|(d51d32) (5.15)
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2

1
S(s1—m)¥ < €7

S1 2
—/ E[Y, X!, |ds

1 i5j62
’;Aw@U”

= B3, ]
€

for some r; satisfying s; — e < r; < s1 <t < s9. Then,

A<81<t<82§T

1 L
_A(s;t) UzZ,],e

€

2 T t
S1 — “dsqdss 2 S2 — 851 51452
|51 — 55|%dsydsy < 65//( )dsyd
t 0

T
S @ [ {0 - s s,
t

— 0, (5.16)
as € | 0. In addition,
1
/ A (st )Uw’]E gb(sl, S9)dsidsy S 626/ o(s1, 82)dsydss — 0,
0<s1<t<s2<T 0<s1<t<so<T

as € | 0.
The case s, < t and sy < t is trickier. At first, we observe a — E[Y, ZZXOJL p) 18
continuous for every b. Hence,

1 12
lim |~ Ay U =0, 5.17
sli%l ¢ e ( )
for each s = (s1,89) € [0,¢]>\ D. If s5 < 51 < t, then we shall write
L it _ 1 it
- E[Y " Xg ,51 =~ o Xg sl]d
€ Jo—e €
1 o Jil 1 zZ
+- R[Y, X7 ] s lds — = E[Y, X7, 1ds,
€ Js, €

and we arrive at

1 iel?
’ —Aen U™

1 [ 1 [
—/ E[Y, wxgsl]ds——/ E[Y, “X§52]d

€ €

2
1 [ 1[5 1[5
- / E[Y, “X§2 s )ds + = / E[Y, fogsl]ds—— / E[){;“Xisl]ds

€ 2—€ € Jsy € 2—€

(5.18)

Mean value theorem, assumption (4.1), Holder’s inequality and Assumption C (ii)
yield

1 [ 2
—/ B[ X7 ]ds‘ < (51— 89)2, (5.19)

S2,51
€ a—e

for every sy < s1 < t. In addition, the same argument yields
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€

2
1 S1 2 S1
)—/ E[Y, " X7 Sl]ds‘ < </ (s1— s)ﬁdse_1> < (51— 89)%, (5.20)

whenever (s; — ) < € and sg < 1 < t. Similarly,

2
1 S1—€ 2 S1—€
—/ E[Y, Zngsl]dS’ < €’ / (51— s)%ds
€ S9—€ So—€
< €51 — 59+ €)2FHD
< (s1—s2t6), (5.21)

whenever (s; — s3) < € and s9 < $1 < t.

We observe |s; — s5|?® is integrable w.r.t. the positive measures |s; — sy|%ds ds,
and ¢(s1, s2)ds1dsy (recall 28 +a+ 1> 0). Then, (5.17), the estimates (5.18), (5.19),
(5.20), (5.21) and Assumption C(i) allow us to apply bounded convergence theorem to

get
/{; s9<81<t,(s1—92)<e€}

as € [ 0. Now, Mean Value theorem yields

A(st Uzﬁ]s

|u|(d31d52) — 0, (5.22)

1 K
’;A(s;t) Uibie 1{5?52<51<t7(51_82)26}
2
rie il
)E Y Xgl(e) 31] E [Y'sz(e)st(e) sz} 1{5;32<s1<t7(81*52)26} (523>

for some (51(€), S2(€)) satlsfylng 51— € < 51(€) < 51 and sg — € < S9(€) < s9. Jensen’s
inequality, (4.1) and Assumption C (ii) yield

)E[Ys’,ii)Xgl(E),sl] Lisocsi<t(si-s2)z) (51— 51(€ )’ 1{5;32<31<t’(31782)26}
< (81— s9)% (5.24)
and
’E[Ys;é)Xs (o), 52] 21{5;32<sl<t,(s1732)26} S (s1— 52(5))261{S;S2<31<t7(31*52)26}
S (51— 80+ € g (51 50)>)
< (51— 59)%. (5.25)

Summing up (5.17), (5.23), (5.24), (5.25) and invoking bounded convergence theorem
and (3.1), we conclude

/ 1
{s;s2<s1<t,(s1—s2)>e} ' €

2
AU

|pe|(dsidse) — 0, (5.26)
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as € | 0. Summing up (5.13), (5.14), (5.15), (5.16), (5.22 and (5.26) and using symmetry
of the terms in (5.13), we conclude lim. o Ji(¢,¢) = 0 in (5.12) for each ¢ € [0, T7.

5.3. Analysis of Jy(¢,t). This section is devoted to the proof that

— 0,

1, .. A
Ta(e,t :HD[— I e — w1 }
2 (€, t) e(u LA pger — ulle A ge;) 12O n(RIXD)

as €0, for a given t € [0,T] and ¢,¢,57 € {1,...,d}.

In the sequel, with a slight abuse of notation, when no confusion is possible, we write
|| = || - ||gaxa. Let us fix r # v, i,£,j € {1,...,d} with £ # j and ¢t € [0,T]. We
recall the notation stated at the beginning of Section 5: We write f,;, = f, — f, for a
one-parameter function f. We also recall that {e,,}? _, is the canonical basis of R

Lemma 5.2. If Y’ satisfies the assumptions of Theorem 4.1, then

T

1 o
lim = {XgTDUYS’“’ Y (v)e }ds —0 (5.27)
e—0t € r—e ’

almost surely, for Lebesque almost all (r,v) € [0,T]*\ D.

Proof. If r < v, then 1[,)(v) = 0 whenever r — e < s < 7. Then, for Lebesgue almost
all (r,v) with r < v, we have

1 /" A , .
- / {Xg,rDst’w + Ysﬂg]l[sm] (v)e

€

1 /" . /s
= / XJ DY, "ds| -0  (5.28)
€ r—E€ ’

almost surely as € | 0. In case v < r, we observe v < r — € < r for every e sufficiently
small and 1(,,)(v) = 0 whenever v < r —e < s < r. Then, for each (r,v) with v < r,
one can take € = ¢(r,v) sufficiently small such that the estimate (5.28) holds true as
well. Then, we do have the almost sure convergence (5.27) pointwise in [0, 7]\ D. O

We shall write

J2<67 t) = EHh€|’%27R(RdXd))7

where h, is given by

1 % 7
he(v,r) = Dy | = (' Lo (ree = u Lpa (r)es)

HheH%Q’R(Rdm) = / / (v,7)|?|0uR(v, T)|ds|0,R(r, T)|dr

w5 [ honr) = holon, ) Plalonden) o, R T
R2\D

+ / / (v,71) — he(v,72) 2|0, R(v, T')|dv| | (dridrs)
R2\D
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/2 / |AAR (v, ) Plpl(derds) | (drdr)
R R

=: €) + Lo )+L3()+L4()
and
AAh(v,r) = he(vy, 1) — he(v1,72) — he(vo, 1) + he(vo,79)
for v = (vy,v9),r = (r1,72) € RY \ D.

In the sequel, we will analyze each element L;(€), Lo(€), L3(e) and Ly(e).

Analysis of L;(e). By using Jensen’s inequality, Lemma 5.1, Gaussian moments of
X, Assumptions A and (4.1), one can easily check there exists p > 1 such that

sup E/ / (r,v)|*?|0,R(r, T)0,R(v, T)|drdv < oo.

0<e<1
Lemma 5.2 and Vitali convergence theorem allow us to conclude E[L;(¢)] — 0 as € | 0.

Analysis of Ly(€). Next, we analyze

1, .. . 1, .. X 2
E /0 /[OT]Q\D(DM [ (7 pee=uy" ;)] =D, [E(u;@wef—u;ﬁ"wq)}‘ || (dvydvy)| R(dr, T)).

(5.29)
For this purpose, by symmetry and Lemma 5.1, it is sufficient to bound
1 /" ) , . , 2
)—/ Xgr(Dvmlysvw - Dgnw>ds‘ (5.30)
€ T—E€ '
for m # 7 and
1 [ ) . L, , . 2
- / {Xg,,(Dg,lyﬂ - D{,QYS’“) Y Mgy (01) = L) (02)] }ds . (531
€ r—€ ’

Clearly, we only need to check (5.31) because the term (5.30) is totally analogous. In

the sequel, to shorten notation, we denote A.(r, v, v2) as the square root of (5.31). By

using the same argument given in the proof of Lemma 5.2, we can safely state that
lim A (r,v1,v2) =0 a.s, (5.32)
e—07F

for each v # vy and r € [0, T]. In the sequel, let us write

6
e(r,v1,2) E Ac(r,v1,v2) Lo
=1

for v; < vy (without any loss of generality), where
o Fi(e) ={(r,v1,v9);v1 < vy <1 — €}
o Fy(e) ={(r,v,v);r < vy < vy}
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o Ei(e) ={(r,v,v2);v1 <r—€e<wy<r}
o Fy(e) ={(r,v,vm);r —e<v; <wvy <1}
o Es(e) = {(r,v,v2);r —e < v <71 < wa}
o Eg(e) = {(r,v1,v2);jv1 <71 —e<r <}
Here, for each positive small ¢, {E;(¢e);1 < i < 6} constitutes a partition of [0,7] x

{(vy,v9) € [0, T]?\ D;v; < v2}. By using Jensen, Holder’s inequalities and Assumption
A, C(ii) and (4.2), there exists ¢ > 1 such that

E / A7, 01,0 Pl (dondn) | R(dr, )]
E1(e)

/ [ S DY, = DY, g (o) = 0.

1 $>v2

as € | 0. Similarly, there exists ¢ > 1 such that

E / A7, 01, )l (dondn) | R(dr, )|

/ / sup [DoyY, — DY, e il (dindus) — 0,
v1

s<v1
as € | 0. Similar analysis can be made for F;(e) for 3 < i < 6. Indeed, one can show
that for each ¢ = 3,4, 5,6,

{|AE|2]1E1,(6)|82R|; O<e< 1}
is uniformly integrable w.r.t P x |R(-,T")| x Leb. Vitali convergence theorem combined
with (5.32) yield E[Ly(e)] — 0 as € | 0.

Analysis of L3(e) and Ly(¢). In order to shorten notation, we now set

. 1 :
—il,j,€ . 6,0
‘:‘r,v],t = DU |:E ( r—e rﬂ[o t]( ) urfe,r]l [0,t] (T)Gj):| )

—il,j,€ —il,j,€ —il,7,€ 1 b,
AE 2,5, (r, v,t) = :‘rl;’,]ﬂ,t — .:rt;’,jz;,t = —D [( Uy erlﬂ[o t](rl) ué’i@mﬂ[o,t](m))e@
(5.33)
it it
- (url € 7,1]1[0 t] (Tl) urg—e,rgll[o,t] (TQ))ej):| )
AJAZES (v v 1) = AZESI (v, 1) — A (1, vy, 1), (5.34)
for v = (v1,v2),r = (r1,72) € RL\ D.

Of course, we recall that the above multi-parameter processes take values on the
space of d x d-matrices. It remains to estimate

L, g i
E/ HD [_ (urelie,rl]l[o,t} (Tl)ef - url;’{e,rl]l[o,t} (7‘1)6]‘)]
[0,T]2\D €
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2

|| (dr1dry)

1 0,0
-D. [ ( r2 em]l[Ot](T?) Z_urg—em]l[ovt](w)ej)} Lp(Rdxd)

- | / IAZ (e, 0, 8) 2| R(dv, T) 1 (drsdlr)
0,712\ D

3 E/ / [AVAEL (2, v, 1) 2] | (dordus) || (drydrs) = Ly(€) + La(e).
[0,T)2\D J[0,T)2\D

Analysis of Ls(e). Since ¢ # j, by symmetry, Lemma 5.1 and the definition of (5.33),
we only need to check convergence to zero in L*(P x |R(dv,T)| x d|u|) of the (-th

column (the only non-null column) of 1D, [(uff;j_gn — ui€’167r2)eg].

Lemma 5.3. Assume that Y’ satisfies the assumptions in Theorem 4.1. Then, for
each £ # j and t € (0,T],

.1 i, it
elir(rﬁr EDv[(Urlj—e,rl]l[Qt}(Tl) Uy 6r2]1[07ﬂ(7’2))e4 =0a.s

for almost all (v,r1,75) € [0, T] %[0, T]*\ D w.r.t the product measure |R(dv, T)| x d|pu)|.
Proof. The (only) non-null /-th column of

’1Dvuff;]wleg]l[0 g(r1) — € leur2 er2€gﬂ[07t]<7“2)

equals to

1
- / {Xg,,lD Yl 1 y! @én[w(v)ej}dsn[o,t](n) (5.35)

€ Jr e
1 /™

——/ (XL DY Y gy (V)¢ bsT g (r2)

€ ro—e

a.s for Lebesgue almost all v, ry,ry € [0,7] and € > 0. Then, the argument is the same
as the one applied in the proof of Lemma 5.2. U

We need to investigate convergence to zero of (5.35) in L*(P X |R(dv,T)| x d|ul).
Again, the idea is to explore almost sure convergence stated in Lemma 5.3 and uniform
integrability. By symmetry, we may restrict ro < r; < t. Thecase ro <t <r; < T
is trivial because no singularity appears in 9?R(ry, o). We split [0, T] x {(r1,79);79 <
r1 <t} into three cases

Fr={(v,r,m) 0 <o <rp<rio<th, Fy={(v,r1,1);0 < <v<m <t}
Fy = {(U>T1>T2)§O <rg<r<v< T},
We will check that

2
1
0> R(ry, o)1,

;Dv |:(ui£1{677’1 ]]‘ [Ovt} (rl) - uigg,igrg ]]- [O,t} (TZ)) 6€i|

is uniformly integrable (along the parameter ¢ € (0,1)) over the measure space P x
|R(dv, T)| x Leb, for each z = 1,2, 3.
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The process (5.35) at the region Fy can be easily estimated by using (4.1) and (3.1),
assumption A and the fact that none singularity appears in 9?R. Indeed, there exists
p > 1 such that

g
Fy

2p

1
|0>R(r1,72) 7|0, R(v, T)|drdv

- / {Xg,,anvYS,’M + Ysl’wll[s,rm] (v)ej}ds

€

S / {(ry = 12) + ¢(r1,72)P }HO,R(v, T)|drdv < oo,
ro<v<ry <t

for every e € (0,1) and m = 1,2. At the region F3 (we may suppose r; < v), (5.35)
reduces to

67"25

1 m L[ iy
- / X1, DY, "ds — = X!, DY, "ds. (5.36)
r1—€

We split {(v,71,72);0 < ro < 1 < v} = {(v,7r1,72);0 < 19 < 1] < V7] — 1y <
et U{(v,r1,m2);0 <ry <1y <wv,rp —1y > €} =: K1 UK, On Ky, we can write (5.36)

as
1 " ,il K14 K14
= [ XI, DY, s + XI DY, "ds — X7 DY, "ds
€ r1—e€

and hence Assumption C yield

=)
1
+E / !
K| €
1 [
+E/ —/ X7, DY, "ds
Kq €Jr
/ / 2a+2d7‘ dT < 620er3 SN 0
r1—€

as € ] 0, because 2a + 3 > 0. On K,, we estimate (5.36) as follows: We take 1 < p <
L__ and again by Assumption C, we have

—2a—2
1 [
IE/ —/ mD Y, s
Ko € r1—e€

T T
< / / (ry — r2)P2 D drdry < oo,
0 ro
for every € € (0,1).

For the analysis on Fi, we write F} = UZZIFM, where

2

/ X9, D,V ds| |u|(drdrs) 0, R(v, T)|dv

2
T1
/ S”D Y. ds| |p|(dridry)|0,R (v, T)|dv

2
|pe|(dridrs) |0, R(v, T')|dv

2p

|0*R(ry, 79) [Pdridrs|0,R(v, T)|dv
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Fii={v<m—e<ri—e<ry<r}, Flao={v<r—e<ry<r —e<r},

F1,3={T2—6<v<7“1—e<7“2<T1}, F1,4={T2—€<v<7“2<T1—6<T1},

Fig={rm—e<rm—e<v<r<nr} Flg={rn—e<v<ry<r —e<nr},
Fir={ra—e<v<r—e<r<r}

We observe (4.1), Assumption C, Jensen and Hélder’inequality allow us to choose
1<g< Oi—f such that

]E/
Fl,z
S / (Tl — 7“2)“+2+qo‘dr < 0
ro<ri

for every € € (0,1), m = 1,2 and z = 3,4,6,7. Next, we analyze the set Fy 5. In this
case, we may write (5.35) equals to

1 r1—€ ;.
= / Y, "dse; + / X!, DY, "ds — / X7, DY, "ds

€
/ X7, DY, ds — / X7, DY, "ds
T1—€ r2—€

on Fi 5. At this point, we use Assumption C, (4.1) and Fubini’s theorem to get

1 r1—€ 2
E/ —/ Y ’gdsej
s

/ / TQ 7’1 — 6)) +2(7’1 - TQ)Q+2dT2dT1 S 62a+3 — 0

as € [ 0. We can write

2q
1 Tm . 7 1
= / {Xi,rmDst’w + Ys’w]l[s,rm}(v)ej}ds

€

|0*R(r1,72)|10,R(v, T)|drdv

|0, R(v, T)|dv|OR(r1,72)|dridrs

. 1 [ 1 [
/ XSTIDUYSv“ds——/ XI DY, s = —/ DY, "ds
€ v € v

1 m
+ = / X!, D,Y,"ds
€ o

on F} 5. Repeat the same argument used above to conclude
lim E /
e—0+ Fis

1
lim E / -
e—0t Fis €

]8 R(v,T)|dv|u|(dridry) =

/ X7, D,Y,"ds

2

T2 . /7 -
/ X1, ,, DY, ds| |0,R(v,T)|dv|p|(dridrs) = 0
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2
1 [V ) .
lim IE/ —/ Xi . DY, "ds| |0,R(v,T)|dv|p|(dr1drs) = 0,
e—0t Fis € Jri—e ’
T

2
1 1—€ , .
lim E/ —/ X!, DY, "ds| |0,R(v,T)|dv|u|(dr1drs) = 0.
e—0t Fis € Jry ’

—€

By using Jensen’s inequality, Assumptions A, C and (4.1), we can repeat the same
argument given in the analysis of (5.36) to conclude

lim E /
e—0t Fia

and there exists p > 2 such that

sup E/
0<e<1 Fio

Vitali convergence theorem combined with Lemma 5.3 allow us to conclude E[L3(t)] —
0ase—07.

AZI e, 0, 0)[ 10, T)\doul(dradrs) = 0

AE (0, )] |0, R (0. )| R, 72) B < .

Analysis of Ly(€). In the sequel, in view of assumption (3.1), we may suppose that
¢ =0, 1ie.,

‘GQR(rl,rg)} <y = ra|®; (r1,m0) € [0, T\ D.
The main difficulty lies on the singularity of the kernel |r; —73|% on [0, T)?\ D. Indeed,

by Assumption C, we recall there exists L > 1 such that ¢ is p-integrable on [0, T]*\ D
for every p € (1, L). Then, we may restrict the analysis to the case ¢ = 0.

Since ¢ # j, by symmetry, Lemma 5.1 and the definition of (5.34), we only need to
check convergence to zero in L*(P x |u| X |u|) of the ¢-th column (the only non-null
column) of

1 ” ” ” ”
— {Dvl [(uilfg,rl L0, (r1) =y, 1, Lj0,(r2)) ez] —D,, [(uilj—g,n L0, (r1) =y, 1,110, (r2)) ez] :

€

(5.37)
Without any loss of generality, we may assume 0 < ry <1y <t, vo < vy <T. We also
observe the case ry < t < r; can be easily treated because, in this case, no singularity
appears in |r; — r9|*. We can write (5.37) as

1 1 . , ,
- Xg 71 (DUIX/SJE - DU2}/S7Z£> dS
€ r1—e€ ’
1 "2 . ! !
- / Xg T (1:)111YV57Zz - DU2YVS’M> ds
€ ro—e€ '
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™ .
+= / Yy g(]l[smﬂ (v1) — L5 (UQ))ede

€ 1—€

[
- / Yy 6(1[8,7"2}(1)1) - ]1[87r2}(v2))6jd5

€

=:ay(r,v,€) —as(r,v,€) + by(r,v,e) — by(r, v, e).
To shorten notation, we denote a(r, v, €) = a1(r, v, €)—as(r,v,€),b(r,v,e) = by(r,v,e)—
ba(r, v, €).

Lemma 5.4. We have lim, g a;(r, v, €) = lim. o b;(r,v,€) = 0 a.s for Lebesque almost
all (v,v) € [0, T)>\ D x [0,T]*\ D, for eachi=1,2.

Proof. The same argument given in Lemmas 5.2 and 5.3 applies here. U

In the sequel, we will check that

[b(r, v, €)[*|0° R(r)|0” R(v)]
is an uniformly integrable family (in 0 < € < 1) w.r.t the measure P x Leb and hence
Vitali convergence theorem combined with Lemma 5.4 will imply

lim E / b(r, v, &) 2|62 R(r) |02 R(v)|drdv = 0.
V1 >v2,t>1T1>T0

e—0t

We observe b = 0 on {ry < < vy < v1} so that we only need to analyze b on r; > vs.
We split {(r,v);0 <ry <7 <t,0<wvy<wv; <T,r > vy} in terms of the partition

Glz{U2<U1<T2<T1}, GQI{T2<U2<U1<7’1}
G3:{1)2<T2<1)1<’I“1}, G4:{’UQ<T2<T1<1)1}, G5:{’I“2<1)2<’I“1<’Ul}
The most delicate cases are G; and GG5. We split (G; in terms of the partition

G ={ro—e<ri—e<ve<vy <rg<ri},Grn={ve <vy <rg—e<r—e<ry<rmr}

Giz={ve<vy<m—e<ra<r—e<ri},Gyu={ro—e<vy<ri—e<uv <ry<ri}

Gis={va<rm—e<v<ri—e<ry<ri},Gig={ve <rp—e<uvy <ry<ri—e<rnr}

Grr={rs—e<vy<vy<ri—e<ry<nr}, Gg={re—e<vy<vy <rg<r—e<rnr}
Go={ve<rg—e<r—1l—e<uv <ry<rm}.

We observe b = 0 on U;_,Gy,. Jensen’s inequality and assumption (4.1) yield

E / b(r, v, €)[P|0*R(r)|?|0*R(v)|? drdv < / |82 R(r)|2|0*R(v)|? drdv.
u8_,Gie u

?:4G1Z

Next, by using Assumption C and choosing 2 < p < %, we have

/ |82R(r)|5|82R(v)|5drdv§/ / / (r1 —72)2 (v — v2) 2 dvsdvydr
G1a ro<lry Jri—e Jro—e
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< / (ry —rs) 2 P2dr < 00
ro<ri

for every € € (0,1). Similar analysis can be made on G5 and Gys.
We can choose 0 < # < 1 such that 0 < —(a+1) < 3 < f < 2 <a+2 < 1. Then,
€ 2(ry —r9)? < e P(ry —12)? on Gyg. Then,

1
E/ b(r, v, €)]?|0°R(r)||0* R(v)|drdv < = (r1 —72)2(r1 — 72)*(v1 — v2)*drdv.
G19 G19

ro—e o
< EB/ / / (v1 — v2)%(ry — o) Pdr
ro<ry J0 r1i—e€

< 60‘+5_2/ (r; — 7“2)0‘+5dr -0
ro<ri

as € | 0. The analysis of the sets G17 and G1g is easy, so we omit the details. Next, we
split the set GGy into

Gglz{T2—€<T2<’U2<’U1<T’1—€<7’1}, GQQZ{T2—€<7’2<’U2<7’1—6<’01 <7’1}

G23:{T2—€<T2<7’1—6<’02<’01<7’1}, G24:{T2—€<7’1—€<7’2<U2<’01 <7’1}

We observe b = 0 on G5 and, for each ¢ = 2,3,4, one can easily check we can take
2<p< _?3 such that

E / b(r, v, €)[P|0°R(r)|? |0*R(v)|> drdv < / (ry — 1)+ 2dr < oo,
Gaj ro<ri

for every e € (0,1). The analysis over G, is similar to G5. The analysis of G3 and G5
is straightforward. By symmetry, we conclude

e—0t

lim E/ b(r, v, €)[*|0°R(r)|0* R(v)|drdv = 0.
[0,71\D

The analysis of the term a(r, v, €) is similar to b, so we may omit the details. Indeed,
we need to combine assumptions C and (4.2) to check uniform integrability of

la(r, v, €)|*|0*R(x)||0*R(v)|

just like we did for the term b. For the subset {(r,v);0 < ry < r; < t,0 < vy <
vy < T,ry > vy}, we make the analysis over the same partition ngle. For the subset
{(r,v);0<ry <r <t,0<1ry <m <wvy <wv; <T}, we decompose just like Gy and
use assumptions C and (4.2). By using symmetry and Vitali convergence theorem, we
conclude

e—0t

lim E/ la(r, v, €)]*|0* R(r)|0* R(v)|drdv = 0.
[0,7]\D

This concludes the proof that Jy(e,t) — 0, as € | 0.
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6. APPENDIX

6.1. Proof of Lemma 3.1. In this sufficient to check the one-dimensional case d = 1.
Let (vn)n>0 be an orthonormal basis of Lg. By Corollary 6.49 in [32], we know that
X € Lr a.s and hence we can write

X = ZFl-vi in Lg a.s.,
i=0
where
E == <X7 Ui>LR .

By Prop. 9.6 in [32], there exists ¢; € Ly such that F; = fooo ¢:dX so that F;, € DV?
for each ¢ > 0. This shows that X" := "  Fv; € D¥*(Lg) for each n > 0. We recall
that

o 1
E| X3, = / Var(X;)R(ds, 00) — —/ Var(X,, — X,,)0°R(s1, 82)ds1dsy < o0,
0 R3\D
(6.1)
which is finite due to Assumption C. The estimate (6.1) implies > _ EF? < 0o so
that -

: n 2
lim X" - X3, = 0. (6.2)

It remains to show that the sequence D(>"} | F;v;))n>0 is Cauchy in L? (Q; L27R).
It is enough to show

2

E 0, (6.3)

Lo r

iDE®Ui

as n — o0o. Indeed,

D _DR@ul| =B [DE[, = |léll,, = > EF —o.
i=n Lor i=n i=n =1

as n — +o00. The estimates (6.1), (6.2) and (6.3) allow us to conclude the proof.

2

E

6.2. Proof of Lemma 3.3. Fix —2 < o < —1. Recall that R(dt,T) is a finite non-
negative measure whose support is [0, 7] and |u| is a sigma-finite positive measure
whose support is [0, T]?. By definition, for a given —1 < r < 1, we have

Ve = Yl = [ [Vier = Villsagua QR0 T
0

1

t 3 / [(Yier = ) = (Yiir = Y)llprazay| 0" R(s, t)|dsdt
RZ\D
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1
S g [ M= Y0 = e = Yl 7R, s
R+ D

where |u|(dvidvs) = |0*R(vy,vo)|dvidvy and R(dt, T) = R(dt,oc0) = O, R(t, T)dt. At
first, one can easily check Assumption S1 yields

[Vir = Vi = Yorr + ValBrage S min { [t = 52, [r[*"}, (6.4)

for 0 < s <t <T and |r| € (0,1). Having said that, the idea is to split the region

{(s,t) ERZ;0< s <t <oo}={(s1);0<s<t<s+[r[JU{(s,t);0< s <s+]|r| <t}

By symmetry and using again Assumption S1 and (6.4), we shall write

[ M0 = Y0 = (Ve = Yo B 0 R(s. )i (6.5)
R2\D

S / [t — s|*|0°R(s,t)|dsdt
0<s<t<s+]|r|

+|r\2V/ |0°R(s,t)|dsdL.
0<s<s+r|<t
By assumption C,

[P R(s, )] S|t —s[* + (s, t); (s,1) € [0,T)*\ D,

where ¢ is integrable over [0,7]?\ D. For this reason, without any loss of generality,
we may assume ¢ = 0. A direct computation yields

/ it — s|*|0?R(s, t)|dsdt < |r[ ot (6.6)
0<s<t<s+]|r|

for every |r| € (0,1). We also have,

T—|r| T
/ 02R(s, 1)\ dsdt < / / (t— s)dtds < |r|**,  (6.7)
0<s<s+|r|<t 0 s+|7|

for every |r| € (0,1). Summing up, (6.5), (6.6) and (6.7), we have

1Yo — Y”]%ﬂﬂ(LR(Rd)) < frfrrett

for every |r| € (0,1) and we conclude the proof.
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6.3. Proof of Lemma 4.1. The proof follows from routine arguments as summarized

here. Let us fix i < H < % and let f : RY — R be a a continuously differentiable

function such that f and V f are 6-Holder continuous functions with ﬁ —1<6< 1.

Choose an orthonormal basis {v,;n > 1} of Lr(R?) of continuous functions (see Prop
6.2 in [32]). The conditions imposed on (f, Vf) yields f(X) € Lr(R%) a.s and we can
define

n

F, = Z(f(X),Ug>LR(Rd)Ug;TL >1,
=1
in such way that F,, — f(X) in L*(Q, Lr(R?)) as n — +o00. By Prop 8.12-8.14 in [32],
the subexponential behavior of V f and the assumption f € C! imply f(X,) € DY?3(R9)
and Df(X;) = Vf(X,)1j for every s € [0,7]. Moreover, by using Lemma 9.13 in
32], one can easily check (f(X),vn)ppre) € DY? and hence F, € DV?(Lg(RY)) for
every n > 1. By using the 6-Holder regularity of V f, we can check

sup E[DE, |, gacay < 00
This shows that f(X) € D"2(Lz(R?)). Clearly,

E|f(Xe) = [(X:)I2 S I FI51E = s,
for every 0 < s,t < 00, and
IV (Xa)| <Vl Xal® + [V F(0)]; a >0,
Then,
sup B[V f(X,)[" S max{[|V £}, |V /(0)]"} < oc.

s>0

By definition,
1F(Xe) = F(X)Bro@ey = EIf(Xe) — f(X)[
+ E|V (X)L — VI(X)Lpgll} ,@axa,
and triangle inequality yields

E|Vf (X)L — vf(Xs)]l[O,s}HiR(RdXd) S EIVA(X) = VX)) Pleglz,
+ E[V(X) M0y — Lol
< IVEIGIE = s 4t — s

Therefore,

1£(Xe) = F(X)Ipraey S {1t — s + ]t = s},
for every 0 < s,t < oo. Then, f(X) satisfies the assumptions of Theorem 4.2. In
particular, assumptions S1 and S2 hold with exponents §H and 1, respectively. Now,
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1 1 1
Weset§<H<§,ﬁ

Exercise 13.2 in [19])

—1<9§%—2and0<7<H. It is known that (see e.g

fly) = f(@) + Vf(@)(y —2) +O(ly — 2|"""); y,x € RY. (6.8)
Expansion (6.8) immediately implies that V f(X) is #y-Holder continuous. This con-
cludes the proof.

6.4. Proof of Lemma 4.2. Next, we devote our attention to the proof of Lemma 4.2
but at first, we need two technical lemmas. In the sequel, a <y b means a < Cb, where
C is a constant which depends on a parameter L.

Lemma 6.1. For a given % <v< H< %,

HJ_‘loV(Y)]l[QM}} i

Lr(R4)

Sty max {17 oo IVVIZ IV V) ool | a

for every M > 0.

Proof. In order to alleviate notation, we write v = (v1,v2) € RZ \ D. Fix an arbitrary
initial condition Yy = zo and M > 0. By assumption V € C3(R?% R%*?) so that

V)5 S IVVIELNY 1B + [zol”} + [V (z0) [,
for every 1 < p < oo. Since R(dt,T) is a positive finite measure on [0, 7], then

— 2 -

2
+2 / A< J;ll (0] V(Y;)l)]l[O,M]O}l) — J;Ql o V<Yv2)]1[O,M}<U2> |82R<V>|dv
<v1<v2
= Q1+ Q.
Let us decompose
2
Q2 = 2// It o V(Y )L (v1) — J,t o V(Yo ) Lo an(v2)| [0°R(v)|dv
0<v1 <va<M
2
wff T o V(Y (0r) — T o V(Y Lgn(on)| 10°R(V)ldv
0<v1 <M <wa
=: Q2,1 + Q2.
Clearly,
Q22 STV Y)ZT?T as.

We write

Tt oV(Yu) =t oV(Ye) = J, o V(Y) = I o V(Y,)
+ Sy o V(YY) = o V(YL,). (6.9)

By using (6.9), the y-Holder property of (J~1,Y), the Lipschitz property V and triangle
inequality, we have
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Qa5 max {IT RNV Y V)22

X / (vy — v) P20y < 0.
0<vi<va <M

This concludes the proof. O

Lemma 6.2. For a given % <v< H< %, we have

2

~Y

HJ?l o V(Y )L

Sy max {1 VOO 2 VIRV V) 2}

Lr(RY)
X {|T/\ M—TANPT £ |TA M—T/\N|2V+2H} a.s,
for every N < M < 0.
Proof. In order to alleviate notation, we write v = (v1,v2) € R2 \ D. Fix N < M.
Triangle inequality yields
2
|7t o vt SITEIVOO)IEIT A M - N
Lr(R9)

I | Vo Bean(en) = VO osan(e2)10° ROl

R

2
|0>R(v)|dv.

bl V) = It e VYL Liwan(es
R2\D

We split
/ V(Yo) L vany(01) — V(Y v (02) PP R(v) | dv
R2\D
- / V (Vi) = V (V) PIOP R(v) | dv
0<N<vi<ve<M
2 / IV (Vo) 210° R(v) v
0<N<v1 <M<wv2

= V(Yo P[0 R(v) dv.
0<v1<N<va<M
We observe

/ V(o) — V(Yo) PIPR(v) | dv
0<N<v1<ve<M

< !\VVllio!\Y!\i/ (v2 — v1)*[0*R(v)|dv,

N<vi<va<M
where [y, .y (v2 = 01)?[0°R(v)|dv =0 if T < N < M. Otherwise,
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TAM  MAT
ve — v1)P|PR(V)|dv = Dy — 1) 222y
( )
N<vi<va<M N o

< IMAT - N‘27+2H.
Therefore,
/ |V(Y;)1) - V(ng)|2|82R(V)|dv S ||VV||§O||Y||,2y|M AT — N|2«/+2H.
0<N<v1 <v2<M
Next, we observe
/ V(Yo )PIO*R(v)|dv S [V (V)2 (M = N)*,
0SN<v1 <M <w2

and

/ V(Yo P|0PRW)|dv S [V 2(M AT — N)*.
0<v1<N<voa<M

Lastly, we observe
2
/ )[J;ll o V(Yy,) — J,t o V(Ye,) | Liw,uy (vz)) |0?R(v)|dv
\D

<RIV [ | o s Loan ()| R(w) v

R2\D
2| BV [ o= 0| ()
0<vi<N<va<M
=2 BV | o1 — 0202 R(v)|dv
0<N<v1<va <M
< TRV (T A M = NP2 47 A M = N},
This concludes the proof. O

Proof of Lemma 4.2. Fix % <v< H< % and Yy = zo. At first, it is well-known
that V € C} implies that Y; € DY3(RY) for every ¢ > 0 and

DSY; = Jt o Js_l o V()@)]l[07t}(s).
The Holder regularity of Y yields

E|Y; - Y.]? < E|[Y |2t - o]

Moreover,

E[VY)IE S UIVVIEEIY]E + [V (o)}
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We know that
DY, - DY, =J,0J o V(Y)1lpg— Jso J o V(Y)1p.q-
Then, by applying Lemmas 6.1 and 6.2 above, we get

~

E|DY; - DY.|2, e E[|Jt — LT e v,

o[ s

v Bl

Lo V(Y mmﬂ_ﬂ“}H

< |t — s |t — s

~Y

Rdxd

This concludes the proof of Lemma 4.2.

6.5. Proof of Theorem 4.2. This section is devoted to the proof of Theorem 4.2.
Although it is possible to present a complete analysis under the general assumption C,
in order to keep presentation simple, we restrict the analysis to the concrete case of
the fractional Brownian motion i < H < % In the sequel, we assume the hypotheses
of Theorem 4.2 are in force. In this section, we fix + < H < 3 and Y € D"?(Lg(R?))
is adapted.

First, by using (3.12), we can write

Y (X;—I—e Xé—s) = }/SZ/OV 1[sfe,ere](74)62‘6)(7"

B / Yiljsmesra(r)eid Xy + (DY, Ujs—c i) pay:
0

for 1 <i<d, s>0and e > 0. By applying Fubini’s theorem for Skorohod integrals
(see Prop. 10.3 in [32]) and recalling (3.15), we have

1 T—e

T—e
> Yy, Xore — Xo_o)ds = /0 VEOX, + — / Z DY!, e fsc.srel) 1pra)ds:
If, in addition, there exists ¢ > 2 such that supy<;<r E|Yt|q < 00, then Assumption
C(ii), Jensen and Hélder’s inequality yield

1 T T
a_ <}/;7 Xere - X3,€>d8 = / Y;(SXU
2€ J, 0

1 T—e€ : N
+ % | ;(DYS7€z11[s—5,s+e]>LR(Rd)d8+OL2(P)(€ 2.

By Proposition 3.1, we know that

T —
/ (Y: - }/S)(sXs
0

2
< 2v+2H-1
~y € )

E
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for 0 < v < H and 2y 4+ 2H — 1 > 0. The next lemmas will present the precise
asymptotic behavior of

1 T—¢ d .
CTT’(D}/)E = Z / Z(D}/s , ei1[8—5,8+6]>LR(Rd)dS7
€ i=1

as € | 0 which allows us to prove Theorem 4.2.
We may decompose

1 T—e
(DY), = o tr{Ds-Yi(Ljp,g) Ljs-eard ), 08
1 6Tfe

<If7’[<DY; - Dsfyrs)]]l[o,s]u ]l[s—e,s+5}> ds

2¢e J, Lr

= Tn (DY)6 + Try (DY)E. (6.10)
Lemma 6.3. Assume that
sup E[tr{D,_Y;]|* < oo. (6.11)
0<s<T
Then,
1 T 2 6H—1
E|Tr (DY), — 3 trDs_Yi|dvg| Se 2 (6.12)
0

for every € > 0 such that €™ + 2e < T, where v(s) = s*H;5 > 0.

Proof. In the sequel, we denote v(s) := s?#:s > 0. The n-th derivative of a function
f will be denoted by f(™. We observe v satisfies the following properties: s — v(s) is
a C*(0,T) non-decreasing map and s + |[v®(s)] is non-increasing. In addition, there
exists B € (0,1) such that [v®(e)|e? — 0 and #CH+HD-1 5 0 as e — 0. Indeed,
v (s) = cys? =3 for a positive constant cy and notice

1 < 2
1+2H 3-2H

for H > %. Therefore, we can take any f realizing

0< <1, (6.13)

o8 <7 <3

and for any such choice, we have ?CH=3+2 _ (0 and #CH+D-1 5 0 as e — 0F.
Having said that, by using (3.8) and elementary computations for the covariance, we
can write

1 T—e

T—e
a_ <t7’[D37sz]]1[O,s}7 1[876,S+6]> ds = / tT[DS,sz} dFe<S)7
26 € LR €
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where

Fe(x) = _/ 1[07" 1[r er+e]> d

_ 5/01[ (r+6)26 (T_E)]dr;xzo.

v(s+e)—v(s—e)
2e
Taylor formula and mean value theorem yield

We denote

Ve(s) = —vW(s)e<s<T —e

Vi(s) = %v<3>(a(s,e)), (6.14)

where a(s,€) € (s—e,s+¢€)ande < s <T —e. Fix 0 < <1 according to (6.13). We
split

/ET_E tr[D, Y] |:Fe(1)(3) - %’v(l)(s)}ds = %/ET_E tr[D,-Y,]Vi(s)ds

B4e
1

ePte
+ 5/ tr[Ds,Ys}Ve(s)dS,

where we may assume € + 2¢ < T. By (6.14), we observe

Ve(s)| = |v(3 (s,6))| S €[], (6.15)

for every s € (¢’ + ¢, T —¢). By applymg Jensen’s inequality, using assumption (6.11)
and (6.15), we get

2

1
< (E[®(M))? =0, (6.16)

1 / DYV (s)ds

2 Jsie

E

as € — 07. Fubini’s theorem and (6.11) yield

2

E /E - tr[Ds_Y;|Ve(s)ds

_E / / D, Y. D, Y|V (s)V.(t)dsdt

ePte ePte
/ / |Ve(s)||Ve(t)|dsdt

< @sern-1, (6.17)
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for every e > 0 sufficiently small. Again, by (6.11), we have

T
E‘ / tr[DsJ/;] vgl)ds
T—e

2 € 2
+E‘/ tr[Ds,Ys]fug”ds‘ <t (6.18)
0

for every e sufficiently small. Summing up the estimates (6.16), (6.17) and (6.18), we
obtain

T
E‘ Tr (DY), — %/ tr[DS_YS]vgl)dsr < {(62v<3>(eﬁ))2 n EQWH“)—”}, (6.19)
0

for every € > 0 such that €’ + 2¢ < T. Now, we will optimize the right-hand side of
(6.19). Let us consider the following bound for the right-hand side of (6.19):

2 (2BH+B71) }

) )

2 (28H+2-33) n 62(251#[#1) < 2max {62 (28H+2-33)

where [ € (ﬁ, 3_%) Next, we aim to compute
arg min max {6<2ﬁH+2_3ﬁ) : 6(26H+ﬁ_1) } (6.20)
pe (w354 )

We observe

! < < 2 < 0.80 < <1

2 142H 3 ' 3—2H ’
and

20H+2—-38>20H+ 3 —1,

whenever ﬁ < B <075 < 3722H and

98H +2 —38 < 2BH + B — 1,

Moreover,

whenever 0.75 < 8 < 3722

28H —38+2=28H+ f—1 <= 3 =0.75.

-

The fact that § — 28H — 33 + 2 is strictly decreasing and the constant which appears
in the right-hand side of (6.19) does not depend on 3 allow us to choose 5* = 0.75 and
this is the optimal choice realizing (6.20). Therefore,

62(25H+2735) n E2(251{%71) < 262(2><0.75H+0.7571) _ ot

This concludes the proof. O

Next, we devote our attention to the component Try (DY)

e
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Lemma 6.4. Assume that tr[D.Y;] has continuous paths on [0, s] for every s < T and
Assumption S2 holds true with parameters o = 2H — 2, % 1< H <3 Landn+a+1>0.
Then,

2
< 2ntatl) _y

)

E TT’Q(DY)e — / IfT’[Dr Y DTQ,Y ]82R(7’1, 7’2)d7’1d7’2
0<r1<r2<T

as e — 0.

Proof. Let us denote Ay = {(a,b) € RZ \ D;a < b} and we define
h (7‘1, Tray S ) . {tT[DmY DS—Y]H[O s (Tl) tT[Dm}/S - DS—YS]]I[O,S} (TQ)}

X {]l[s—e,s-l—s} (Tl) - ]l[s—e,s-l—s}(rZ)}a

for (s1,7m2) € Ay and € < s < T — €. By the very definition,

1 T—e
Tn(DY). = o / / 0D, Y, — Dy Yi110. (") Lo (r)0, R(r, T)drds

T—e
/ 7’1,7’2, )8 R(Tl,Tg)drldTQdS = [16—|—[26 (621)
26 Ay

We can write

T—e
L= % / trD, Yy, — D,_Y,]0,R(r, T)drds.
€ S—e€

Jensen’s inequality and Assumptlon S2 yield

T— 61
S / / s — )"0, R(r,T)|*drds

< @t ), (6.22)

1 T—e s
E 2—/ / tr[D,Ys — D,_Y;]0,. R(r, T)drds
€ € S—e€

as e — 0%,
Now, we deal with the second term in (6.21). In case € < s, we observe

—tr[Drle—DmYs; if0<r<s—es—e<ry,<s
he(ri,m2;8) = —tr|D,,Ys — D, Yi|; if0<r;<s—es<r<s+e (6.23)
triD, Y —Ds Yi|; f0<s+e<ry,s—e<r <s.

As a result, we can write 5 as

T—e
/ (r1, 1258 )8 R(ry,7r9)dridryds
26 € Aq
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1 T—e¢ s—e s+e
=5 / / tr{D,, Y, — D,_Y.]0? R(ry, ro)drydrids
€ Je 0 s

1 T—e¢ s—e s

+2— / / tr{D,., Y, — D,,Y,]0*R(ry, 72)drodrids
€ Je 0 s—e
1 T—e

5 / / trD,., Yy — D,_Y]O?R(r1, r9)drdryds
€ € s+eJs—e

=1 D1+ Iyeo+ Ioes.

At first, we estimate /5 .3. By using Assumption S2, Fubini’s theorem and Cauchy-
Schwarz’s inequality, we have

1 [T [T s 2
E|]2,€73|2 S 2/ / / (s = 11)"(rg — r1)%dridrads | .
€ s+e Js—e

A direct computation shows that
1 T T s
—/ / / (s —11)"(ry — r1)%dridrods < M
€ Je s+e Js—e

E|ly.3)? < E0rteth), (6.24)

Therefore,

We now investigate

1 T s
Iye1— 5/ / tr{D,, Y, — D,_Y,]0*R(ry, s)dr,ds
o Jo

1 T s
+1gc0 — 3 / tr{D,, Y, — D,_Y,|0*R(ry, s)drids.
o Jo

It is convenient to split it as

1 T s
5/ / tr{D,,Ys — D,_Y,]0*R(r1, s)drids
o Jo

/ tr{D,, Y, — D,_Y,|0*R(ry, s)drds
0o Jo
1 T—e S—e€
+§/ / tr{D,,Ys — D,_Y,]0? R(r1, s)drids
€ 0
1 T—e s
+§/ / tr{D,,Ys — D,_Y,]0? R(r1, s)drids

T s
/ tr{D,., Y, — D,_Y,]0*R(ry, s)drds

= JLE + JZ,E + J3,E + J4,e-
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At first, we observe Fubini’s theorem, Assumption S2 and Cauchy-Schwartz’s inequality

yield
T—e s 2
E|Js > < </ / (5—7“1)"|82R(T1,s)|d7“1d3>

T s 2
< </ / (s—rl)"JrO‘drlds) 562(n+a+1)’

for every € > (0. Similarly,

€ S 2
Bl < ( / / (s = ra)"|0*R(ry, 5)|drids) S ot (6.25)
0 JO

and

T s 2
E|Jy|* < ( /T /0 (s—rl)"\82R(r1,s)\dr1dS) < et (6.26)

Now, we observe we can write

T—e
[261 J2e - / / DT1Y D Y]g€<T1, )dT1d8

where g.(r1, s) := %f;Jre O?R(ry,ma)dry — 0?R(ry,s) for 0 < r; < s —e. By Fubini’s
theorem and using Assumption S2 jointly with Cauchy-Schwartz’s inequality, we have

Bl — o2 = E / 41D, Y, — D, Y.]tr{Dy,Y. — D._Y.]g.(r1, 5)
QeXQe

€

2
X ge(vy, 2)dridsdvidz < (/ (s—rl)"|gg(rl,s)|drlds> :

where Q. = {(2,);0 <z < y—¢,e <y < T—e}. By using the fact that s — 5 QBT(TI,S)
is continuous on (1, T'), we can make use of Taylor expansion to estimate g.. We observe
for each r| < s < s + ¢, there exists 5. with r; < s < §. < s + € realizing

1 #R
2 68267“1

The function (- — 71)*"! is decreasing and hence

Ge(r1,8) = (r1,80)€; M <s<S<s+e<T.

1] R R
210s20r;

|9e(r1,8)] < 5 1Sl S (s =) e,

for every (71, s) € Q.. Therefore,
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2
Ellen — Joel* S (6/ (s — 7“1)”+“_1d7“1d8> S ertett), (6.27)

for every e > 0 sufficiently small. In view of (6.22), (6.24), (6.25), (6.25), (6.26) and
(6.27), it remains to estimate Iy — Jo . For this purpose, we write

1 T—e s—e s
Leo= 2—/ / / trD,, Ys — DTQYS]{82R(T1, re) — O*R(r1, S)}dngTldS
€ Je 0 s—e€

T—e
+26 / / 1D,,Ys — D,, Y0 R(r1, s)drydrids.

Mean value theorem yields

PR PR = PR r
(r1,8) — <T17T2>_08276T1<T17T)<8_T2)’
onr; <s—e<ry<r <s. Therefore,
|0?R(ry,8) — O°R(ry,72)| < 857}%(% Fle < elry —r)* 1, (6.28)
88 87“1

onry < s—e€<ry <t <s. Therefore, Assumption S2 and (6.28) allow us to apply
Fubini’s theorem and we get

2

1 T—e s—e s
E 2—/ / / tr[D,, Ys — DTQYS]{ﬁzR('rl, s) — O®R(ry, r2)}dr2d7’1ds
€ Je 0 s—e€

2
T—e s—e€ s
< (/ / / (7o —rl)”+0‘_1dr2dr1ds> < e2lntatl) (6.29)
€ 0 s—e€

as € — 0+. Next we observe

T—e
- / / Dr1Y DTQY]ﬁ R(Tl, )dT‘QdT‘ldS - JQE

T—e¢
/ / trD Ly -2 / [DTQY's]drg}82R(r1,s)d'r’lds. (6.30)

By mean value theorem, we can write

1 S
trDs_ Y] — —/ tr|D,, Y ]dry = tr[Ds_Y,] — tr{Dy Y], (6.31)
€ S—e€
onr < s—e< s <s. By (6.30), (6.31) and again by using Fubini’s theorem and

Assumption S2, we arrive at
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2

1 T—e¢ S—E€E s
5 Z / /; / tr[DTl}/S - DT’Q}/S]GQR(Tla S)dTQdT1d5 — ‘]275

T—e
( / / (s —11) dr1d3> < e2ntatl), (6.32)

as € — 07. The estimates (6.29) and (6.32) show

Ellyen — Jo > S et — 0, (6.33)
as € — 0. The estimates (6.22), (6.24), (6.25), (6.25), (6.26), (6.27), (6.33) allow us
to conclude the proof. O

Proof of Theorem 4.2: Fix i < H < %, 0 < v < H and n > 0 such that

2v4+2H —1>0and n+ 2H — 1 > 0. Recall, we can write

1 T T _
o | (Vo Xope = Xo)ds = / Y6 X, (6.34)
€Jo 0
1 T—c d
+ 2_6 Z DYZ €; ]l [s— e,s+e}>LR(Rd)d3
—+ OLQ(H:D)<€ ),

where Y is given by (3.15). By applying Proposition 3.1 and Lemmas 6.3 and 6.4
above, we get

T T T
/ Y, d°X, = / Y, 60X, +H / tr{D,_Ys)s*ds
0 0 0

+/ tr{D,, Yy, — Dy, Y,,]0*R(ry, 7o) dridrs.
0<r1<rs<T

In addition,
2

T
E / Y,d°X, — I, Y,dX)(T)| < {e"z + 214 20t2H-1)y (6.35)
0

for every € > 0 sufficiently small. The leading term in the right-hand side of (6.35) is
=Ly 20H2H=1) T case £+ < H < § and (Y,Y”) € Dx(R?) satisfies assumptions
1, 2 and 3 of Theorem 4.1, then (Y,Y’) € Dx(R%) is rough stochastically integrable
and the estimate (6.35) holds for the stochastic rough integral as well. This concludes
the proof of Theorem 4.2.
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