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Classical dynamic balancing techniques do not consider
the linkage elastic behavior. For mechanism or robot
design purpose, taking into account the flexibility of the
multibody system is of the utmost importance, in order to
be able to manufacture a mechanism / robot which is stiff
enough for a given task. This paper deals with a novel
approach that allows to design mechanisms by means of
structural topology optimization while specific dynamic
balancing conditions are considered. In our work, the
links are treated as three-dimensional flexible bodies, and
the optimization process is performed for all the bodies
simultaneously. Applying this methodology, the optimal
design of a dynamically balanced four-bar linkage is ac-
complished while its compliance is minimized.

Numerical validations of the optimized linkage prop-
erties are carried out using commercial software. The dy-
namic balancing performance of the optimized four-bar
linkage is numerically validated using ADAMS. Besides,
ANSYS software was used in order to perform the linkage
stiffness analysis and to compare it with the results of the
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optimization solver.
In order to verify the feasibility of the proposed

methodology, a prototype is built. Experimental studies
are carried out in order to evaluate its dynamic balanc-
ing performance.

1 INTRODUCTION
During high-speed tasks, large accelerations of

mechanisms and robots lead to the generation of high in-
ertial forces and moments, which are transmitted to the
ground, causing the so-called shaking forces and shaking
moments. These fluctuating loads are a significant source
of vibration excitation, and lead to noise, fatigue and
wear [1]. However, they can be canceled or reduced by
suitable dynamic balancing techniques. Thus, if a mech-
anism does not exert any unbalanced reaction at its base
it is called a “reactionless” or a “dynamically balanced”
mechanism.

Shaking forces and moments can be reduced or elim-
inated using specific mechanism design, and proper in-
ertia parameters. In order to obtain a reactionless mech-



anism, classical techniques like the addition of counter-
weights [2, 3], counter-rotations [4, 5, 6, 7], or also aux-
iliary mechanisms [8, 9, 10, 11] can be deployed. Other
researchers have proposed alternatives, like dynamic bal-
ancing via optimal motions of robot moving links [12,13,
14, 15, 16], or the design of reactionless robots based on
the dynamically balanced four-bar linkage (deleting the
counter-rotations) [17,18,19]. Besides, another approach
for dynamic balancing is the so-called inherent balanc-
ing method, which uses all elements of the mechanism to
contribute to the motion and the dynamic balance [20,21].
Exhaustive reviews of the classical balancing techniques
can be found in [22, 23].

In general, the solution of the classical dynamic bal-
ancing methods have the following major drawback: the
total mass / inertia in the system is increased. In order to
decrease the system mass or inertia, a temptation could be
to lighten the initial mechanism, at the price of a decrease
of its stiffness performances, making the mechanism po-
tentially no more viable for some given tasks. A better
idea would be to optimize the design so that in parallel we
may respect (or optimize) both balancing constraints and
elastic performances (e.g. deformations, natural frequen-
cies) in the same time in order to ensure that the manu-
factured balanced mechanism or robot is stiff enough for
a given task. Indeed, finding a way to optimize the de-
sign of a dynamically balanced mechanism or robot under
elastic behavior constraints or objectives is a very com-
plicated task, but it is an important issue to be solved in
high-speed robot design, which is the aim of the present
work.

In order to avoid the addition of counter-rotations,
the works [18, 19] proposed to design parallel robots by
using some particular reactionless four-bar linkages [17].
Indeed, it was shown in [17] that four-bar linkages can be
fully balanced without the addition of counter-rotations
or any auxiliary linkages by forcing a combination of geo-
metric relationships and proper mass distributions. There-
fore, it is possible to exploit these self-balanced four-
bar linkages as special modules for building reactionless
robots.

For robot design purposes, obtaining reactionless
four-bar linkage is of interest, but is usually necessary to
optimize other performances in parallel. There are some
works which explored the external link shape optimiza-
tion in order to minimize the inertial forces and moments.
Thus, in [24] the authors performed dynamic optimization
of the planar four-bar linkage controlling the changes in
the joint forces while the joint clearances are considered.
In addition a technique called “small element superpos-
ing method” was proposed in order to generate the exter-
nal link shape, based on the optimized link parameters.

This technique does not take into account the elasticity of
the links in its formulation. Another optimization frame-
work approach to optimize the four-bar linkage was pro-
posed in [25], where the authors used shape optimization
based on the rigid body dynamics for optimizing the ex-
ternal link shape (only). Since the approach is based on
rigid body formulation, the deformations of the link can-
not be considered in the optimization, which is a problem
because the mass and inertia reduction may lead to low
stiffness link designs. Moreover, there is no possibility to
modify the internal link shape (including some voids, for
instance).

In all the aforementioned works, the linkage elas-
tic performances (e.g. deformations under given loads,
natural frequencies) are never optimized, while for robot
design purposes, these performances are of the utmost
importance. Therefore, in order to optimize the self-
balanced four-bar linkage, and to take into account the
elastic behavior of the links, in this research work we pro-
pose to use structural topology optimization (TO) [26] as
a tool for the design of a reactionless four-bar linkage in
order to optimize the mechanism stiffness while ensuring
that the balancing constraints are respected. Structural
topology optimization is a powerful mathematical method
which aims to redistribute the material into an initial do-
main taking into account design specifications [26]. The
optimization process is based on the structural response,
typically computed by the finite element method (FEM).
Therefore, using this approach, we address the optimal
design of reactionless four-bar linkage as a flexible me-
chanical multibody system.

To the best of our knowledge, a single work attempts
to solve the dynamic balancing of flexible multibody sys-
tems. The optimal design based on TO for a reactionless
four-bar linkage was reported in [27]. In this work, the
bodies were treated as planar ones, the first natural fre-
quency was maximized, and the mechanism compliance
was constrained while ensuring the balancing conditions.
The results obtained in that work proved the potential of
topology optimization as a valuable tool for linkage de-
sign under dynamic balancing constraints. Nevertheless,
the optimized properties were not validated, and the links
of four-bar linkage were considered as a planar bodies.
This avoid the possibility to consider the links bending
out of the plane motions, and restricts the optimal design
for a planar loads system.

The design approach reported in the present paper
introduces several advantages with respect to previously
published researches related to dynamic balancing of flex-
ible multibody systems, mainly with respect to [27]. At
first, the links are treated as 3D flexible bodies, being thus
possible to optimize the links for a general loading sys-



tem. Secondly, in order to validate the reliability of our
solution proposal, numerical validations of the optimized
properties were realized using specialized software. In
third place, a prototype was built in order to carry out an
experimental evaluation of the linkage dynamic balancing
behavior. In our case study, we optimize the stiffness of
the four-bar linkage by minimizing its compliance while
the dynamic balancing conditions are satisfied. Optimiz-
ing the linkage stiffness can enhance the balancing per-
formance since it prevent negative effects due to exces-
sive deformations, such as wear, low accuracy, and even
vibrations.

The paper is written as follows. Section 2 describes
the modeling of the four-bar linkage as a flexible multi-
body system, and its dynamic balancing conditions. Af-
ter that, Section 3 introduces the definition of the opti-
mization problem; four different case studies are defined.
Then, in Section 4, the results of the optimization pro-
cess are analyzed, and we report the numerical validation
of the optimized properties. In addition, in this section
an experimental validation for the dynamic balancing is
carried out. Finally, in Section 5, the conclusions of this
research work are exposed.

2 PROBLEM FORMULATION
In the present paper, we perform the structural

topology optimization of a reactionless four-bar linkage.
Topology optimization uses FEM to model the body elas-
tic behavior. The optimization problem of any multi-
body system involves the complete finite element model
of n bodies connected by kinematic joints under bound-
ary conditions [28, 29]. This generates a large model
which requires an efficient problem formulation and suit-
able computational tools in order to find a solution in a
reasonable amount of time [30].

The approach used in this paper is adapted from [30],
where the authors addressed the topology optimization
problem of multibody mechanical robotized systems, but
where the balancing of the mechanism was not consid-
ered at all. The proposed methodology uses finite element
formalism to model each body of the linkage, and these
bodies are connected by ideal rigid joints. Additionally,
model reduction techniques are applied in order to reduce
the computational cost of solving the multibody model.

2.1 Elastostatic model of a single body
Usually the topology optimization problem [31, 32,

33, 34, 35, 36] is formulated for a single body, but in our
case it is necessary to model a system composed for mul-
tiple bodies connected by kinematic joints. In order to

Fig. 1: General scheme of the body Bi

describe the multibody system, we use subscripts to iden-
tify the element and the body. Thus the element j of the
body i is defined by the subscript ij. Figure 1 is used to
represent a general body Bi, from where we can notice
that the body has its own reference frame Oixiyizi, and
it is discretized in a regular mesh with Ni elements.

Density-based topology optimization relies on the fi-
nite element method, and it uses finite elements of regular
shape, where each element is associated with an artificial
density, which is the design variable. The design variable
is bound to take values between 0 and 1, however in or-
der to avoid optimization results with several intermediate
material densities, it is necessary to use a material inter-
polation scheme [26]. In this case, we use the modified
simplified isotropic material with penalization (SIMP) in-
terpolation scheme [37]. This method consists in assign-
ing to each finite element a density ρij that determines its
Young’s modulus Eij . Therefore the modulus of elastic-
ity for element j belonging to body Bi is given by:

Eij = Emin + ρpij (E0 − Emin) , with ρij ∈ [0, 1]. (1)

where p is the penalization power (usually p = 3, for elas-
ticity problems), Emin is the stiffness at ρij = 0 (Emin is
different from 0 in order to avoid singularity of the stiff-
ness matrix), and E0 is the Young’s modulus of the mate-
rial.

By using finite element discretization, and resort-
ing to the theory of linear elasticity, the stiffness matrix
Kij(ρij) of a single element is written under the SIMP
scheme as follows:

Kij = EijK
(0)
ij =

(
Emin + ρpij (E0 − Emin)

)
K

(0)
ij

(2)
where K(0)

ij is a constant stiffness matrix for an element
with Young’s modulus equal to one.

Therefore, using the SIMP approach and based on the
finite element formulation, the potential elastic energy of



the body Bi is computed as follows:

Uei =
1

2
uT
i Kiui (3)

where matrixKi is the body stiffness matrix, and ui is the
vector of independent coordinates. Thus, Ki is a stiffness
matrix which relates the nodal displacements ui to the
forces fi exerted on the nodes by the relation [29]:

fi =
∂Uei

∂ui
= Kiui (4)

Equation (4) shows an explicit relation between the exter-
nal loads acting in a single body and its nodal displace-
ments. Normally, the nodal displacements are the vari-
ables to be computed, and the accuracy of the displace-
ments relies upon body discretization. Nonetheless, the
size of the stiffness matrix Ki depends on the number
of elements in which the body is discretized: the larger
the size, the longer the computation time. Thereby it is
important to define the best trade-off between the mesh
resolution and the computational cost.

The complete elastostatic model of the linkage can
be derived using the body stiffness model given in Eq. (4).
Nevertheless, if the formulation is used in this basic form,
it generates a very large linkage stiffness matrix (in our
case studies the dimension of Ki is typically greater than
105 × 105). Therefore, the use of a classical approach is
not adequate for efficient computations, and it is neces-
sary to apply a model reduction technique.

Using a model reduction technique, such as static
condensation, it is possible to reduce the computational
cost of solving the elastostatic model [38]. The reduc-
tion technique uses interface nodes: they are artificial
nodes which control the surrounding nodes, in our case
by a rigid connection. Basically, the rigid connection im-
plies that the translations and rotations of the interface
node are transmitted directly to its surrounding nodes.
Figure ?? shows the schematic representation of the in-
terface nodes used for bodies connection: basically, in
what follows, they correspond to the center of the link-
age joints. Namely, two adjacent bodies are connected by
means of the interface nodes, but the bodies do not share
other nodes or elements. Consequently, without provid-
ing the details of the reduction process (see [30]), the total
nodes displacements ui can be linked to the coordinates
of the interface nodes uil by a relationship of the form:

ui = Jiluil (5)

,

(a) Connection of two bodies by interface nodes

(b) Detail on the interface nodes connection

Fig. 2: Interface nodes for bodies connection

where Jil is a constant matrix.
As a result, the body potential elastic energy after

applying static condensation is expressed as:

Uei =
1

2
uT
ilK

red
i uil. (6)

where Kred
i = JT

ilKiJil is the reduced stiffness matrix
associated with the displacements of the interface nodes
uil of the body Bi.

The advantage of using the model reduction tech-
nique is quite remarkable. The typical body stiffness ma-
trix usually has a considerable size which depends on the
discretization mesh, then using static condensation the
body stiffness matrix is compacted into the reduced body
stiffness matrix Kred

i with standard size of (6×6) for 2D
and (12×12) for 3D (in the case where only two interface
nodes per links are used), thus leading to a small stiffness
matrix for the assembled linkage.

2.2 Elastostatic model of the linkage
Once the elastostatic model for single body is de-

rived, it is possible to compute the elastostatic model of
the linkage. This multibody model considers the linkage
configuration and the boundary conditions.



In order to take into account the linkage configura-
tion, the orientation of each body should be considered.
Since the reduced body stiffness matrixKred

i is expressed
in its own local reference frame, it must be expressed
in the global frame, which is done using the coordinates
transformation. Therefore, the reduced body stiffness ma-
trix is expressed in the global coordinate system as fol-
lows:

(
Kred

i

)
0
= QiK

red
i QT

i (7)

where the matrix Qi is a block-diagonal rotation matrix.
Considering a linkage made of n bodies, as can be

seen in Fig. ??, the full potential elastic energy of the
system is given by:

Ue =

n∑
i=1

Uei =
1

2

n∑
i=1

(uil)
T
0

(
Kred

i

)
0
(uil)0

=
1

2
ured
tot

T
Kred

tot u
red
tot (8)

where:

• ured
tot =

[
(uil)

T
0 . . . (unl)

T
0

]T
is the vector of in-

terface nodes displacements for all n bodies in the
global frame.

• Kred
tot is a block-diagonal matrix stacking on its diag-

onal all bodies stiffness matrices as follows:

Kred
tot =


(
Kred

i

)
0

0
. . .

0
(
Kred

n

)
0

 . (9)

The linkage stiffness matrix Kr can be obtained con-
sidering the fact that the bodies are connected altogether
through the interface nodes. As a result, the expression of
the vector ured

tot is derived from a reduced set of indepen-
dent coordinates ur, as follows:

ured
tot = Jrur (10)

where Jr is a matrix depending on how the linkage bodies
are connected, namely depending on the kinematic rela-
tions of the linkage.

The kinematic relations between the interface nodes
are defined by the joint type. In the case of the revolute
joint, and assuming a rigid connection, all displacements
are constrained to be the same, and only the rotation about

the joint axis is independent. Thus, considering two ad-
jacent bodies, Bi and B(i+1) as we see in Fig. ??, we
have:

ured
tot =

[
uil u(i+1)l

]T
=

[
u
(1)
il u

(2)
il u

(1)
(i+1)l u

(2)
(i+1)l

]T
(11)

If these two bodies are connected by the joints u
(2)
il and

u
(1)
(i+1)l, and choosing u

(1)
(i+1)l as the dependent coordi-

nates set, the reduced set of independent coordinates is
given by:

ur =
[
u
(1)
il u

(2)
il θ(i+1)r u

(2)
(i+1)l

]T
(12)

where θ(i+1)r is the independent coordinate associated
with the rotation of body B(i+1). Furthermore, the bound-
ary conditions related to the linkage supports can be de-
fined using the remaining interface nodes in the reduced
set of independent coordinates vector.

Introducing (10) into (8), the potential elastic energy
of the linkage is computed by:

Ue =
1

2
uT
r Krur (13)

where the linkage stiffness matrix Kr is given by:

Kr = JT
r K

red
tot Jr (14)

Besides, the relation between linkage stiffness ma-
trix, the nodal displacements ur and external load fr ex-
erted on the linkage joints is given by:

fr =
∂Ue

∂ur
= Krur (15)

For a linkage with n bodies, the size of Kr is lower than
(6n × 6n) in the 2D case, and for 3D case the size is
lower than (12n× 12n).

Equation (15) describes the relation between the ex-
ternal loads acting on the linkage and its joint displace-
ments. By solving this model it is possible to compute
the joint displacements in the linkage when it is subject
to external loads. This model corresponds to the struc-
tural response of the whole linkage, which is used in the
optimization process.
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Fig. 3: General scheme of four-bar linkage

In the following section we use the described
methodology for multibody topology optimization in or-
der to perform the dynamic balancing of the four-bar link-
age. To achieve this goal the four-bar linkage is studied
as a flexible multibody system and its dynamic balancing
conditions are detailed.

2.3 Reactionless four-bar linkage parametrization
A general scheme of the four-bar linkage is given

in Fig. 3. It is composed of three moving bodies Bi,
i = 1, . . . 3, and one fixed body, B0. The mass of body
Bi is mi, and its length is defined as ℓi. The center of
mass (COM) Si of the moving bodies is represented by
distances r1, r2, r3, and constant angles ψ1, ψ2, and ψ3,
respectively. Furthermore, θ1 is the angular position of
body B1 with respect to the X0 axis.

Because the four-bar linkage is modeled using finite
elements, each moving body Bi is discretized in a total of
Ni elements, and the element j of the body i is defined by
the subscript ij. We definemij as the mass of the element
ij, and xij , yij and zij as the position of the originMij of
this element in its local frame Fi(Oi, xi, yi, zi) attached
to the body Bi. In Fig. 4 the location of the finite element
ij in the body Bi is represented. It is important to high-
light that in this work we perform topology optimization
of a planar reactionless four-bar linkage, and the mech-
anism is consider under planar motions, but the bodies
are treated as a three-dimensional ones. The aim of treat-
ing the bodies in 3D is to consider the bodies deflections
when a general (spatial) load system is applied

Besides, each body can be characterized by its in-
ertial parameters such as its mass, the first moments of
inertia, the main moments of inertia, and the products of
inertia. The inertia parameters are defined in a local frame

Fig. 4: The finite element ij in the body Bi

rigidly attached to a body, and they do not depend on the
linkage configuration. From [39], we have the formulas
for the computation of the body inertial parameters. Nev-
ertheless, these formulas must be rewritten as a function
of the design variables (element density ρij). Considering
a linear relation between the mass and the design variable,
the following body inertial parameters are obtained:

mi =

Ni∑
j=1

mijρij (16a)

Ixi =

Ni∑
j=1

mijxijρij , Iyi =

Ni∑
j=1

mijyijρij (16b)

Izzi =

Ni∑
j=1

mij

(
x2ij + y2ij

)
ρij (16c)

where Eq. (16a) gives the total mass of the body i, while
Eqs. (16b) and (16c) are the corresponding static mo-
ments and the moment of inertia, respectively.

The balancing conditions to achieve a full dy-
namic balancing of the four-bar linkage without counter-
rotations were settled down in the seminal paper [17].
These balancing conditions are based on a set of geomet-
ric relations and constraints on the inertial parameters of
the links. Indeed, there are three families of this reaction-
less four-bar linkage, characterized by their links lengths,
which are: S1: ℓ1 = ℓ4 and ℓ2 = ℓ3, S2: ℓ1 = ℓ3 and
ℓ2 = ℓ4, and S3: ℓ1 = ℓ2 and ℓ3 = ℓ4 [17], which lead to
the full dynamic balancing without the use of any counter-
rotations. The second set of link lengths is depicted in
Fig. 5, and this set has proven to be an effective option for
design reactionless parallel mechanisms [18, 19]. There-
fore, we decided to focus our work on this particular link-
age.

The dynamic balancing conditions, given in [17] for
the second set of link lengths, must be expressed in a
proper manner in order to take into account the elastic
model for topology optimization. Following [27], the dy-
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Fig. 5: Dynamically balanced four-bar linkage: Set S2:
ℓ1 = ℓ3 and ℓ2 = ℓ4

namic balancing conditions are given by:

Iy1 = 0, Iy2 = 0, Iy3 = 0 (17a)
Ix1
ℓ1

+m2 −
Ix2
ℓ2

= 0 (17b)

Ix3
ℓ3

+
Ix2
ℓ2

= 0 (17c)

Izz1 − Ix1ℓ1 + Izz2 − Ix2ℓ2 = 0 (17d)
Izz3 − Ix3ℓ3 + Izz2 − Ix2ℓ2 = 0 (17e)

Equations (17a) represent the dynamic balancing
conditions related to the value of the angles ψ1 = ψ3 = π
and ψ2 = 0 [17]. These conditions preserve the center
of mass of each link to be located along its longitudinal
axis, as it can be interpreted from the Fig. 3. Note that
the inertia parameters of each body are described with re-
spect to the body local frame Fi, whose origin is placed
on the jointOi, with axis xi along the line which connect-
ing the joints, and the zi axis is perpendicular to the plane
of motion.

3 TOPOLOGY OPTIMIZATION FOR DYNAMIC
BALANCING
In this section we report the optimal design of the

reactionless four-bar linkage using multibody topology
optimization. In the previous sections we described the
methodology for linkage modeling, and we presented the
dynamic balancing conditions. The optimization process
that we will define below, combined with the linkage
model presented in the previous section, enables to per-
form the optimization process for all the linkage bodies
simultaneously. The following section is dedicated to the
definition of the optimization problem and to its resolu-
tion.

Topology optimization for three dimensional multi-
body systems leads to large scale analysis. Therefore,
in order to solve this problem in a reasonable amount of
time, a suitable computational platform for fully paral-
lel processing was developed in C++ programming lan-
guage. It uses the object oriented paradigm and the dis-
tributed memory model for parallel computing. This plat-
form is based on the Portable, Extensible Toolkit for Sci-
entific Computation (PETSc) [40], and the platform in-
corporate some classes provided in [41]. This computa-
tional platform is not software dependent, and its results
are displayed with ParaView [42]. All the following an-
alyzes were carried out on a computer with a processor
AMD Ryzen 9 3900X, using the OS Ubuntu 20.04 64 bits,
and PETSc 3.13.3.

3.1 Optimization problem
The four-bar linkage under study was presented in

Fig. 5, and the following assumptions are referred to this
scheme. The link lengths selected for our studies are:
ℓ1 = ℓ3 = 60mm, and ℓ2 = ℓ4 = 200mm, which are
proposed in [27]. The initial design domain for the mov-
able links is presented in Fig. 6. Each link has two joints,
which are represented by holes of 4mm of diameter. Bod-
ies B1 and B3 have the same dimensions and thickness of
32mm, while body B2 has 10mm of thickness. The ini-
tial dimensions of the links were defined after several sim-
ulations, choosing the design/solution with less material
between the joints, but with a meaningful design. This
implies to have links with bigger thickness. Performing
specific analysis in order to select the dimensions of these
initial guesses can be a particular topic of study, which is
out of the scope of our paper.

The assembled linkage is subjected to external loads
which are applied, with respect of the global frame, as
follows (see Fig. 5): at O2 and O′

2 a force equal to f =
[10, 10, 10]T N, applied along the x, y and z global axes.
Additionally a moment at O3 of 1Nm is applied around
z-axis, while the joint O1 is fixed at θ1 = π/2.

The approach consists of generating a mesh for each
body and analyzing them as a multibody system under a
set of loads and boundary conditions, such as it was de-
scribed in Section 2. The mesh is generated as a struc-
tured 3D grid using 8-node linear hexahedral elements.
The finite element (FE) analysis is assumed linear elastic,
and a penalization factor for the SIMP scheme equal to
p = 3. The element size is equal to 2mm for all bodies
and each node has three degree of freedom for Cartesian
displacements. Hence, the four-bar linkage is modeled
using a total of 116,789 elements and it generates a FE
model with 362,700 degrees of freedom.
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(a) Initial design domain of bodies B1 and B3
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(b) Initial design domain of body B2

Fig. 6: Initial design domain of four-bar links. All dimen-
sions are in millimeters

In order to model a link we use passive and active ele-
ments. Both types of elements are considered in the finite
element analysis, but only the active ones are included in
the optimization process. Namely, the density of passive
elements never changes, and their initial state can be zero
or one (void or solid).

In our case, we use passive elements with the purpose
of modeling the link joints. A void region is used to create
the hole in the joint, and the solid region represents the
material required to create the joint. This solid region is
considered in the computation of inertial parameters.

As is usual in topology optimization problems, we
apply a filtering procedure in order to obtain a layout
without checkerboard problem. This filter modifies the
density variables based on the density of their neighbor-
hoods, it is know as density filter and was proposed in
[43].

Additionally, we study how materials combination
with different densities affects the mechanism footprint.
In our study, we consider the mechanism footprint to be
defined as the volume occupied by the mechanism, i.e.,
the total volume of the links. For this purpose, we con-
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Fig. 7: Initial design domain of bodies B1 and B3 when
the cylinder is included. All dimensions are in millimeters

sider to include in links B1 and B3 a cylinder made of
steel, while the link is made of material with lower den-
sity. Thus, using the cylinder of steel, the link volume
should be smaller compared with a link made of the same
material but without the cylinder.

Hence, we performed four optimization processes for
different links materials, and they are as follows:

• Case I: All the links are made of nylon.
• Case II: All the links are made of aluminium.
• Case III: All the links are made of nylon and bodies
B1 and B3 includes a cylinder of steel.

• Case IV: All the links are made of aluminium and
bodies B1 and B3 includes a cylinder of steel.

For case III and IV, the bodies B1 and B3 have a hole
to contain a cylinder, as can be seen in Fig. 7. The cylin-
der has diameter of 18mm and it length is 32mm, thus
its mass is 63.5 g. The cylinder of steel only affects the
inertial parameters and total mass of the links, which are
considered in the optimization process. Indeed, the cylin-
der is only a rigid body included in the FE model, but
its shape, density and location cannot be modified by the
topology optimization procedure. The cylinder should
help reducing the total footprint of the links due to the
higher density of the material. The material properties
used for the optimization process are summarized in Ta-
ble 1.

3.2 Definition of the optimization problem
In order to prevent negative effects due to excessive

deformations, such as wear, low accuracy, and even vi-
brations, we decide to optimize the linkage stiffness. For
this purpose, it is decided to minimize the strain energy



Fig. 8: Structural topology optimization process for flexible multibody systems

Table 1: Material properties

Material Density [kg/m3] E0 [GPa] Poisson ratio

Nylon (PA66) 1150 2.76 0.39

Aluminium 2700 68.9 0.33

Steel 7800 210 0.3

stored in the structure under a given loading, i.e. to min-
imize the compliance (or to maximize stiffness). Indeed,
compliance is a standard objective function for structural
topology optimization and it is used in many research
works [26]. Therefore, compliance is established as the
objective function, and it is minimized while constant
load is applied, under dynamic balancing constraints.

The set of balancing conditions given in Eq. (17) are
essentially equality constraints, but they are transformed
into inequalities in order to avoid a very restrictive opti-
mization scheme. It is done by replacing the equality con-
straint h = 0, with two inequality constraints, h − ϵ ≤ 0
and −h+ ϵ ≤ 0, where ϵ is a small number called relax-
ation parameter. Therefore, after generating the inequali-
ties, there are twice number of balancing conditions. This
relaxation procedure is a mathematical trick used in order
to replace an equality sometimes hard to maintain or to
reach by an optimization solver by two opposite inequal-

ities.
Consequently, the mathematical formulation for the

optimal design of a reactionless four-bar linkage is ex-
pressed as:

min
ρ∈[0, 1]

: f (ρ) = uTr Krur (18)

subject to : g(ρ) ≤ 0

where the compliance is computed using the linkage stiff-
ness matrix Kr, and ur is the reduced set of independent
coordinates, both given in Eq. (15). Moreover g(ρ) is the
set of dynamic balancing conditions expressed as inequal-
ities constraints. Besides, the objective function and the
constraints are normalized using their values computed
for the first iteration, excluding Eq. (17a) whose initial
values are null. Note that both objective and constraints
in the optimization problem (18) are computed for the en-
tire linkage, imposing that all links are optimized in the
same time by the TO solver.

On the other hand, the problem we face is charac-
terized by a high number of variables, typically greater
than 105 in our examples. In order to solve the optimiza-
tion problem it is necessary to use an optimization solver
(optimizer), with capacity to handle large number of vari-
able, as well as multiple constraints. Thus, the method
of moving asymptotes (MMA) introduced in [44] is the
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Table 2: Optimal solutions

Case Time [h] Max. const. violation [%] f(ρ)

I 23.63 6.64 · 10−4 1.24

II 20.91 1.09 · 10−4 1.16

III 23.05 1.69 · 10−4 1.13

IV 20.94 1.13 · 10−4 1.13

optimizer used for this research work. It is able to han-
dles multiple inequality and equality constraints, and is
the most accepted optimizer in the structural optimization
community because of its excellent convergence proper-
ties [26]. The parallel implementation of this method is
provided in [41]. Additionally the schematic represen-
tation of the general optimization process is depicted in
Fig. 8. Even if the figure illustrates the mechanism to be
optimized by depicting the four-bar linkage, the proce-
dure of our proposed approach is applicable for any gen-
eral multibody system.

It should be noted that the MMA requires to provide
the analytical expressions of the gradients of the objec-
tive function, as well as its constraints. The gradients are
derived analytically, and then included in the optimiza-
tion algorithm [30]. It is important to point out that the
dynamic balancing conditions, used as a constraints, are
linear with respect to the decision variable, which simpli-
fies the gradient computation.

3.3 Numerical results
In our case, constraint violation is defined as an in-

dex to evaluate the fulfillment of the dynamic balancing
conditions. Hence, because of optimization problem be-

havior is monotonic when approaching convergence, the
stopping criteria (convergence criterion) is defined based
on the number of iterations. Whereby the optimization
process was run for each case until it reached 1000 itera-
tions, in such a way that it is ensured a lowest constraints
violation. The constraints are normalized using their val-
ues for the initial design, thus the constraint violation per-
centage is computed based on the initial and final values
of the constraints.

The optimal solutions are summarized in Table 2,
where the computation time, maximum constraint viola-
tion and objective function values are displayed for each
case. The values of the constraint violation shows that the
constraints are properly satisfied. Besides, the objective
function evolution is shown in Fig. 9 for the four cases,
where it can be seen that the algorithm is properly con-
verging.

The next section provides the results after perform
the multibody topology optimization for the dynamic bal-
ancing of the four-bar linkage. The finite element model,
loads, boundary conditions, objective function, and con-
straints are the same for all study cases, the only differ-
ence is the material used in each case.

4 RESULTS
The results from our topology optimization proce-

dures are essentially structured meshes, where all the el-
ements are hexahedral of the same size, as it is shown in
Fig. 10. These type of results are known as a voxel-based
results. Figure 10a presents the results corresponding to
the body B1, where it shows a density field which ranging
from 0 to 1, and its corresponding colors are blue and red,
respectively. A section view of the link B1 is presented in
order to visualize its internal part, which can be seen in
Fig. 10b. Finally, Fig. 10c was generated after applying a
filter to remove the elements with density below 0.95.

In the following sections we examine the linkage
footprint reduction comparing the four described cases.
Then, we describe and analyze the linkage optimized
properties focusing on the results of Case I. Numerical
validations corresponding to the linkage compliance and
dynamic balancing were carried out using commercial
specialized software such as ANSYS and ADAMS, re-
spectively.

Considering the results from Case I, we built a pro-
totype in order to evaluate by an experiment the dynamic
balancing of the optimized linkage. Details on the manu-
facturing process and experimental setup are described at
the end of the section. Besides, the audiovisual material
is provided alongside the manuscript.

It is worth mentioning that the links shape obtained



(a) Full density field of body B1, ranging
from 0 to 1 (b) Internal section view

(c) Elements with a density higher than
0.95

Fig. 10: Voxel-based results of body B1 for Case I

(a) Case I: Optimized body B1 (b) Case III: Optimized body B1 with
cylinder

(c) Overlapping of results: Case I and III

Fig. 11: Linkage footprint comparison

for the optimization problems that we define are valid
only for those particular problems. While the optimized
dynamic balancing properties are valid for the general
linkage configuration, the structural properties are opti-
mized for the given linkage configuration.

4.1 Linkage footprint reduction
Based on the optimization results, we can consider,

for a practical point of view, that the optimized bodies
can generate a bulky mechanism. Thus, in order to re-
duce the footprint of the mechanism, we carried out the
optimization process for different material combinations,
described as a Case I, Case II, Case III, and Case IV.

We decide to use the volume of the bodies as an index
to evaluate the linkage footprint reduction. The volume
of each body is computed from the voxel-based results
of the optimization process, it means that we evaluate the
volume of the body taking into account the elements with
a density higher than 0.95. The results of the optimization
Cases I and III are presented in Fig. 11. In these figures
we show only body B1 for all optimization cases, but the
volumetric reduction is computed for the entire linkage.

Fig. 11a shows the optimized body B1 from Case I. If
we analyze the same problem, but including now a cylin-
der of steel (Case III), then we obtain the body shown in
Fig. 11b. In addition, in order to compare the differences

of using a material with higher density, the overlapping
meshes are presented in Fig. 11c. The volumetric re-
duction when Case I and Case III (including the cylinder
hole) are compared is 11.21 %. Besides, the volumetric
reduction when Case II and Case IV (including the cylin-
der hole) are compared is 7.44 %.

From the described results, we can conclude that the
cylinder works as a counterweight, and at the same time,
due to its high density less material is required to achieve
dynamic balancing in bodies B1 and B3. Indeed, the
dimensions and location of the cylinder should be opti-
mized for an optimum footprint reduction, which is left
as a future work. For our examples, we define the dimen-
sions and location performing several simulations, choos-
ing the dimensions and location that produced results that
converge to meaningful designs in all cases.

4.2 Numerical validations
The optimization results that have been presented

cannot be treated as a solid object in standard Computer-
Aided Design (CAD) software. In order to have an ed-
itable CAD file, it is mandatory to perform a body-fitted
post-processing, i.e., to convert the voxel-based results to
a smooth design suitable for a CAD software. Using Par-
aview we apply some filters in order to generate a trian-
gular mesh which can be exported to STL file. The STL



(a) Optimized body B1: represented by
structured mesh

(b) Optimized body B1: represented by
triangular mesh

(c) Optimized body B1: represented in
CAD model

(d) Optimized body B2: represented by
structured mesh

(e) Optimized body B2: represented by
triangular mesh

(f) Optimized body B2: represented in
CAD model

(g) Optimized body B3: represented by
structured mesh

(h) Optimized body B3: represented by
triangular mesh

(i) Optimized body B3: represented in
CAD model

Fig. 12: Post-processing of the optimized four-bar mechanism of Case I

format usually can be read by any standard CAD pack-
age, and then the CAD program converts the STL file
into its native format. These changes are necessary in
order to create an adequate CAD model for the physical
prototype and numerical validations. Figure 12 shows the
post-processing from voxel-based results to CAD mod-
els, corresponding to the links of the optimized reaction-
less four-bar linkage of Case I. It should be noted that the
optimized shapes of links B1 and B3 have only slight dif-
ferences, even if they are not constrained to be equal. The
shapes obtained for these links are necessary bulky due to
the necessity to have material on their left-hand side in or-
der to counterbalance the mass on the other side. On the
right-hand side, the obtained shape of the links B1 and B3

is well appropriate for resisting to bending effects in all
directions. Regarding the link B2, this link is subject to
tension/compression only, which explains its shape.

The optimized properties of the four-bar linkage are

the compliance and dynamic balancing. Hence, in order
to validate these properties, the compliance is evaluated
using ANSYS, and the dynamic balancing of the link-
age is analyzed with ADAMS. For this purpose the results
from Case I are considered. In Table 3 the inertial prop-
erties of the optimized reactionless four-bar linkage are
presented, where the center of mass location along Xi-
axis xi, the static moment of inertia (Ixi) and the moment
of inertia (Izzi) are defined with respect to the body lo-
cal frame Fi. Because of the balancing conditions given
in Eq. (17a), the value of the static moment Iyi of each
optimized body is Iyi ≈ 0 and consequently, are not dis-
played in Table 3.

Using the inertia properties of the bodies given
in Table 3, the balancing conditions can be verified:
Eqs. (17b,c) are of magnitude 10−3, Eq. (17d) of mag-
nitude 10−4 and Eq. (17e) of magnitude 10−5, i.e. in all
case all equations are much smaller than the amplitude of



Table 3: Properties of the optimized reactionless four-bar
linkage (Case I)

Bi

ℓi mi xi Ixi Izzi

[m] [kg] [m] [kg·m] [kg·m2]

1 0.06 0.13480 -0.01241 -1.6735·10−3 1.5740·10−4

2 0.2 0.04484 0.10278 4.6086·10−3 6.2334·10−4

3 0.06 0.13367 -0.01217 -1.6280·10−3 1.5642·10−4

the terms involved in them, meaning that the balancing
conditions are valid.

4.2.1 Compliance validation
The objective function was defined as the compli-

ance, and it was minimized in order to ensure the stiffest
linkage design. With the aim to verify the results obtained
with the proposed approach, we perform a numerical val-
idation of the linkage compliance using ANSYS.

The numerical validation with ANSYS is based on
the static structural analysis of the linkage. It was car-
ried out using the conditions described in the optimiza-
tion problem definition. Since the compliance is twice
the strain energy, considering the strain energy computed
with ANSYS, the compliance can be obtained by adding
up the strain energy of all elements. In the optimization
process we normalize the objective function, but in or-
der to compare the values, a non-normalized compliance
value is used. The compliance value from the optimiza-
tion procedure is 1.8346 · 10−3 J, and the ANSYS com-
pliance value is 1.8469 · 10−3 J, based on these results
we obtain a small error of 0.6704 %.

Even though the aim of this work is not to perform
an intensive linkage structural analysis, it is necessary to
verify the structural integrity of the linkage for the de-
scribed conditions. Thus, the total deformations were an-
alyzed in ANSYS, having a maximum total deformation
of 5.37 · 10−5 m. The total deformation plot is shown
in Fig. 13, where deformations are scale excessively for
display purposes.

Besides, Table 4 summarizes the computed joint de-
formations using ANSYS and the corresponding defor-
mations obtained with the optimization framework. From
Table 4, and considering the ANSYS results, the maxi-
mum joint displacement occurs at the joint O′

2. The link-
age has a less stiff behavior when is analyzed in ANSYS,
nevertheless the comparative error for the joints deforma-
tion is very low, having a value of 2.96% for jointO2, and
1.94 % for joint O′

2. In general, these results agree with
the compliance validation, the higher strain energy is due

Table 4: Joint deformations (meters)

Joint
ANSYS

X Y Z Norm

O2 4.36 · 10−5 2.55 · 10−9 8.85 · 10−6 4.45 · 10−5

O′
2 3.69 · 10−5 −2.50 · 10−5 4.49 · 10−6 4.48 · 10−5

Computational platform

X Y Z Norm

O2 4.30 · 10−5 2.48 · 10−9 4.10 · 10−6 4.32 · 10−5

O′
2 3.66 · 10−5 −2.37 · 10−5 4.78 · 10−6 4.39 · 10−5

to larger deformations when a constant load is applied.
Differences in the comparative analyses arise from

the particularities in each finite element model. In AN-
SYS, we use the CAD model obtained after file format
conversions, and the mesh is generate using the hex dom-
inant method with the option of low order elements (linear
hexahedral), but due to the complex shape of the links, in
some regions tetrahedral elements appears. In our opti-
mization program we use structured mesh with hexahe-
dral elements. Thus, we do not expect to have equal val-
ues, but very similar ones as they are shown.

4.2.2 Validation of dynamic balancing
Numerical validation of the dynamic balancing was

carried out using the ADAMS software. In order to an-
alyze the results, the optimized model is compared with
an unbalanced four-bar linkage. This unbalanced linkage
has been modeled with the same links length and mass
as the optimized links, but with the center of mass placed
between joints for each link.

The reactions loads on the base, for the balanced and
unbalanced linkages, have been simulated for arbitrary
motions. The input angular velocity in the body B3 is a
sinusoidal function equal to 0.37 sin(πt), and the gravity
is not considered. In Fig. 14 the corresponding results of
balanced and unbalanced models are presented. The Fig.
14a shows the corresponding reaction force of balanced
and unbalanced linkages. With respect to the shaking
moments, the reaction moment for the dynamic balanced
linkage and unbalanced one is shown in Fig. 14b. The
computed reaction forces and moments clearly demon-
strate the dynamic balancing of the four-bar linkage.

In addition, in Table 5 we present a comparison be-
tween the balanced and unbalanced linkages, taking into
account the RMS of the reaction loads. The body-fitted
post-processing produces numerical errors which gener-
ate the very small unbalance in the linkage. These nu-
merical errors can be reduced using a finer mesh, but finer
mesh lead to a huge computational cost, which is not jus-



Fig. 13: Total nodal coordinate change map using ANSYS

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0 0.5 1 1.5 2

Sh
ak

in
g

fo
rc

e
m

ag
ni

tu
de

[N
]

Time [s]

Reactionless linkage
Unbalanced linkage

(a) Comparative shaking force

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0 0.5 1 1.5 2

Sh
ak

in
g

m
om

en
tm

ag
ni

tu
de

[N
m

]

Time [s]

Reactionless linkage
Unbalanced linkage

(b) Comparative shaking moment

Fig. 14: Numerical validation of dynamic balancing using ADAMS

Table 5: Reaction loads comparison using their RMS val-
ues

Reaction load
(magnitude)

Unbalanced Reactionless Reduction (%)

SF [N] 0.0951 0.0026 97.26

SM [Nm] 0.0083 8.46 · 10−5 98.98

tified in our case due to the small remaining balancing
errors.

4.3 Prototype
Because of the complex shapes generated with topol-

ogy optimization, the best option to fabricate the opti-
mized bodies is the Additive Manufacturing (AM) tech-
nique. Nevertheless, there are some situations where the

optimization parameters generates shapes, which can be
fabricated with traditional manufacturing techniques.

In our optimization problems, the applied loads af-
fects considerably the resultant shapes. If the applied
load in Case I is replaced with a force equal to f =
[1, 1, 1]T N (ten times smaller than the original), some
cavities begin to emerge in the optimized bodies, what
makes impossible to fabricate the links with traditional
manufacturing techniques. In Fig. 15, the optimization
results based on this modified Case I are presented, and
as we can appreciate in Fig. 15b, the body has cavities.

For the load conditions that we defined in our opti-
mization problems, the resultant shapes do not present in-
ternal hollows. Thus, the prototype presented in this work
was manufactured with a CNC milling machine, using the
optimized design of the Case I. The CAD model and the
physical prototype are shown in Fig. 16. For the physi-



(a) Optimized body

Internal hole

(b) Section view with cavities

Fig. 15: Cavities in an optimized body

cal realization (not for numerical validations), the link B2

was divided in two parts in order to avoid link collisions,
while keeping the balancing conditions unchanged.

4.3.1 Prototype performance
In order to verify the dynamic balancing of the opti-

mized linkage, experimental tests were carried out. The
purpose is to evaluate the effects of the residual shaking
force and moment in the case of the dynamically balanced
linkage. The experimental setup consists in a fixed struc-
ture, the linkage base and the cables. Hence, the base of
the linkage was suspended from the fixed structure with
four cables, as it can be seen in Fig. 17. This arrange-
ment allows the linkage to move freely in the presence of
unbalanced reaction loads. We use a direct current motor
to provides oscillating movement in the linkage, which is
attached to body B3.

With the aim of studying the prototype performance,
we record with a camera the location of the suspended
base during the linkage motion, and the resultant oscil-
latory motion is analyzed using video processing1. In-
deed, the amplitude of the oscillatory motion of the plat-
form can be related to the amplitude of the shaking force
and shaking moment exerted by the moving linkage: the
smaller the motion, the smaller the unbalance effects.
This will be discussed below. For this task, we use the

1A movie of the camera records is available here:
https://uncloud.univ-nantes.fr/index.php/s/
xfzrJMipy6zJAYN

open source software called Tracker [45], which is an im-
age and video analysis package. Besides, in order to com-
pute the linkage base displacements, it is fundamental
to define an inertial reference frame, calibrate the video
scale, and designate the feature to be tracked. The video
scale is the ratio of a real dimension to an image dimen-
sion in pixels between two points, and it is computed pro-
viding the real dimension of an object in the video.

As it can been seen in Fig. 17, the linkage is recorded
from the top-view. The home position is defined by the
reference frame XY shown in Fig. 18, and it remains
fixed while the mechanism is in motion. We define the
bearing on the joint O1 as the feature of interest, this fea-
ture will be tracked in the video during the motion of the
linkage. Therefore, using the position of the tracked fea-
ture based on the reference frame, the linkage translations
were determined. Besides, the platform rotation is com-
puted around the Z-axis, using the translation of two fea-
tures belonging to the linkage.

The experiments were performed for two scenarios,
as we can see in Fig. 18. In the first scenario, we use the
optimized linkage to observe its behavior, Fig. 18a. Then,
for the second scenario we attach an extra mass (46.5 g)
on the body B2 in order to induce an unbalance. This
mass is placed near to the joint O2, that can be seen in
Fig. 18b. For the two scenarios we use the same input
motion equals to cos(1.6πt), which is generated by the
DC motor attached to body B3.

In Fig. 19 we present a comparative evolution of the
computed displacements for the first and second scenar-
ios. In Fig. 19a, the magnitude of the displacements for
the balanced linkage are presented, and the corresponding
displacements for the unbalanced case are given in Fig.
19b. The platform rotation is shown in Fig. 19c for the
balanced linkage, and the Fig. 19d shows the respective
platform rotation for the unbalanced linkage.

From the experimental results, we can observe small
translations and rotations in the case of the balanced link-
age, which implies that there are residual unbalanced re-
action loads. These unbalanced reaction loads can be
the consequence of numerical errors, generated when the
file format conversions were made, and of course due to
the errors generated for the manufacturing process, and
because of the quality of the mechanical components.
Nonetheless, if we compare the first and second scenarios,
the transnational displacement reduction based on their
RMS values is 85.48 %, having a maximum translation
of 1.16 · 10−3 m for balanced case, and 6.77 · 10−3 m for
unbalanced one. Regarding to the platform rotation, we
can find a maximum absolute value of 0.42 deg when the
mechanism is dynamically balanced, and a maximum ro-
tation of 3.36 deg for the unbalanced case, these results

https://uncloud.univ-nantes.fr/index.php/s/xfzrJMipy6zJAYN
https://uncloud.univ-nantes.fr/index.php/s/xfzrJMipy6zJAYN


(a) CAD model (b) Physical prototype

Fig. 16: Prototype of the optimized reactionless four-bar linkage
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Fig. 17: Experimental setup for the dynamically balanced
four-bar linkage

lead to a reduction of 89.26 % with respect of their RMS
values.

In order to analyze more these results, let us men-
tion that the lengths of the cables are identical in the bal-
anced and unbalanced case (1 meter), and that the change
in the mass of the device supported by the cables varies by
5 % from the balanced (860.7 g) to the unbalanced case
(907.2 g). As a result, the eigenfrequencies of both sys-
tems should be barely the same: this can be observed by
doing a FFT of the signals obtained by the camera. We
obtained the following frequencies for both systems:

• First oscillating frequency: of 0.50 Hz; This
frequency is indeed the pendulum frequency√
g/ℓ/2/π, with g = 9.81 m/s2 and ℓ = 1 m.

• Second oscillating frequency of 0.88 Hz; This fre-
quency is the frequency of oscillation of the device
around a vertical axis.

Origin O1
Y

X

(a) Dynamically balanced four-bar linkage

Additional mass
Y

X

(b) Four-bar linkage with additional mass

Fig. 18: The four-bar linkage in its home position for the
two scenarios

These results showed that the oscillation frequencies of
the pendulum are not impacted by the changes in mass.

The change of the device motion’s amplitude is thus
necessary due to the change of the solicitations made by
the mechanism on the cables. We tested several types
of input motions and several cable lengths, and in every
case, the unbalanced mechanism lead to large motions of
the suspended device, contrary to what happened with the
balanced linkage. Because this appears for several so-
licitations made by the linkage on the cables as well as
for several cable lengths, we may thus conclude that the
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(a) Balanced four-bar linkage translation on XY plane
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(b) Unbalanced four-bar linkage translation on XY plane
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(c) Balanced four-bar linkage rotation around the Z axis
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(d) Unbalanced four-bar linkage rotation around the Z axis

Fig. 19: Experimental platform displacements for the balanced and unbalanced four-bar linkages

larger amplitudes are related to larger shaking forces or
moments applied by the unbalanced mechanism.

All these results show that, by using TO, we were
able to design a reactionless four-bar linkage while tak-
ing into account its elastic behavior during the design pro-
cess. Note that a movie showing the frame’s motion for
the balanced and unbalanced cases is provided in the at-
tached multimedia content.

5 CONCLUSIONS
The research work described in this paper demon-

strated the feasibility and reliability of using structural
topology optimization as a tool for linkage design under
balancing constraints. Indeed, we have shown that dy-
namic balancing conditions can be fulfilled while the link
elasticity is considered.

In our research, the numerical validation of the re-
actionless four-bar linkage evinced an excellent dynamic
balancing performance. The residual shaking forces and
moments, that appeared in the simulation, were generated
because of the body-fitted post-processing, but this unbal-
ance was almost negligible. The dynamic balancing per-

formance of the optimized four-bar linkage was numer-
ically validated using ADAMS. The shaking force and
moment reduction is 97.26 % and 98.98 %, respectively.
This paper is the first work that explores numerical vali-
dation of the dynamic balancing behavior of an optimized
linkage generated with structural topology optimization.

Even if our main objective was not to perform an in-
tensive structural design, in order to take into account the
link elasticity, we optimized the linkage stiffness through
minimizing the compliance. In this way, we avoided
excessive deformations, which are source of low accu-
racy, wear and even vibrations. The linkage compliance
was validated with the commercial software ANSYS. The
comparison between the optimized compliance value and
the compliance obtained with ANSYS by structural anal-
ysis has an error of 0.6704 %. This small error indicated
that the optimization was successfully performed.

A prototype was built, and its dynamic balancing per-
formance was analyzed using video processing, where-
with the effects of the residual shaking force and moment
were evaluated. These effects are embodied as transla-
tions and rotations on the base of the optimized linkage,
which were measured and compared with those of an un-



balanced linkage. The experimental displacements of the
optimized linkage, compared with the unbalanced one,
are clearly reduced. This simple, but enlightening experi-
ment, allowed to evaluate the dynamic balance of the op-
timized linkage beyond a numerical validation. Hence,
comparing the balanced and unbalanced scenarios, the
translational displacement reduction based on their RMS
values is 85.48 %, while the reduction in the platform ro-
tation is 89.26 %.

It is worth to clarify that the presented results were
obtained in a computational framework specially de-
signed for the multibody topology optimization prob-
lem. This framework is software independent, written
in C++ programming language using the object oriented
paradigm, and it is based on the distributed memory
model for parallel computing. In consequence, this com-
putational platform has the potential to solve large-scale
problems, despite the fact that the results presented here
were obtained on a desktop computer.

The dynamic balancing of multibody systems us-
ing structural topology optimization is a novel approach
which has several potential directions to be explored. The
optimization of robotic mechanisms with more degrees of
freedom (planar/spatial), for a set of critical trajectories is
envisaged.
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Toward practical and real-time topology optimiza-
tion with conditional generative adversarial net-
works and transfer learning,” Journal of Mechanical
Design, 144(2).

[37] Sigmund, O., 2007, “Morphology-based black and
white filteres for topology optimization,” Structural
and Multidisciplinary Optimization, 33, pp. 401–
424.

[38] Qu, Z.-Q., 2004, Model order reduction tech-
niques with applications in finite element analysis
Springer-Verlag London, United Kingdom.

[39] Khalil, W., and Dombre, E., 2002, Modeling, Identi-
fication and Control of Robot Hermes Penton, Lon-
don.

[40] Balay, S., Gropp, W. D., McInnes, L. C., and Smith,
B. F., 1997, “Efficient management of parallelism
in object oriented numerical software libraries,” In
Modern Software Tools in Scientific Computing,
E. Arge, A. M. Bruaset, and H. P. Langtangen, eds.,
Birkhauser Press, pp. 163–202.

[41] Aage, N., Andreassen, E., and Lazarov, B. S., 2015,
“Topology optimization using PETSc: An easy-to-
use, fully parallel, open source topology optimiza-
tion framework,” Structural and Multidisciplinary



Optimization, 51, pp. 565–572.
[42] Ahrens, J. P., Geveci, B., and Law, C. C. W., 2005,

The Visualization Handbook Elsevier, ch. 36. Par-
aView: An End-User Tool for Large-Data Visual-
ization, pp. 717–731.

[43] Bourdin, B., 2001, “Filters in topology optimiza-
tion,” International Journal for Numerical Methods
in Engineering, 50(9), pp. 2143–2158.

[44] Svanberg, K., 1987, “The method of moving asymp-
totes - a new method for structural optimization,” In-
ternational Journal for Numerical Methods in Engi-
neerging, 24(2), pp. 359–373.

[45] Brown, D., 2008, “Video modeling: Combining
dynamic model simulations with traditional video
analysis,” In American Association of Physics
Teachers Summer Meeting.


	Introduction
	Problem formulation
	Elastostatic model of a single body
	Elastostatic model of the linkage
	Reactionless four-bar linkage parametrization

	Topology optimization for dynamic balancing
	Optimization problem
	Definition of the optimization problem
	Numerical results

	Results
	Linkage footprint reduction
	Numerical validations
	Compliance validation
	Validation of dynamic balancing

	Prototype
	Prototype performance


	Conclusions
	Acknowledgments

