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The presence of interlayer interactions in twisted bilayer graphene (TBG) enhances several 

characteristics, including the optical and electrical properties. We theoretically investigate the 

magic angle of TBG according to the vanishing of Fermi velocity and find double magic angles in 

a series. The thermal radiation from TBG can be tuned to the far infrared range by changing twist 

angles. The peculiar radiation spectrum is out of atmospheric window, which can be of great use 

in invisibility and keeping warm. The total radiation of TBG is slightly more than twice of a single 

layer graphene.  

 

 

I.  Introduction 

The twisted bilayer graphene (TBG) superlattice is formed by stacking two layers of graphene and twisting a 

small angle. The interlayer interactions in TBG generate extraordinary optical and electronic properties in such 

system, which attracts great interest from researchers both theoretically and experimentally[1-3]. The studies 

on TBG have been exciting and challenging thus far, especially after superconductivity was reported at the 

magic angle[4, 5]. 

Due to the unique structure of bilayer graphene, the twist angle is regarded as a controlled degree of 

freedom to regulate the electronic and optical properties of TBG[6-9]. Experimental and theoretical works 

quickly followed on the electronic structure, transport, disorder and interactions of TBG[1, 2, 10]. Tight-

binding model, continuum model and density functional theory are brought up to investigate electronic band 

structures of TBG [8, 10, 11]. Interactions between layers lead to saddle points in band structure, which create 

greatly enhanced peaks in density of states (DOS) [11]. These DOS peaks are referred to as van Hove 

singularities [6, 10]. 

Tarnopolsky et al. reported a fundamental continuum model for TBG and brought up three criteria for magic 

angle, which are flattening of lowest bands, maximum energy gap between lowest level and lowest excited 

level and vanishing of Fermi velocity at Dirac point[12]. Magic angles occur in a sequence of 1.08 / n =   

with 1.08  being the first magic angle[10]. Wilson et al. developed a theory for twist angle disorder in bilayer 

graphene, and found the energy gaps and miniband width are strongly affected by this kind of disorder while 

the renormalized velocity remains unchanged[13].  

Among other phenomena, TBG with magic angle hosts superconductivity, interaction-induced insulating 

state, quantized anomalous Hall states[2]. Cao et al. have experimentally discovered correlated insulating 

behavior and superconductivity at a fractional filling of an isolated narrow band on magic-angle TBG[5, 14]. 



They also find strange metal behavior in magic-angle TBG with near Planckian Dissipation[15]. Chen et al. 

investigated photonic spin Hall effect and found spin splitting in TBG experimentally. They used a theoretical 

framework of light-matter interaction based on surface optical conductivities [16]. Li et al. investigated 

thermal conductivity of TBG experimentally. They found that the thermal conductivity of TBG is lower than 

that of monolayer graphene and ascribed to phonons in TBG do not behave in the same way as in individual 

graphene layers[17]. It’s no doubt that TBG enters a new phase[18].  

Although electronic, optical and thermal conduction of TBG have been extensively investigated, radiation 

property of TBG has far less attention. Inspired by the above theoretical and experimental works, we decide to 

investigate thermal radiation properties of TBG. The aim is to explore the physical mechanism and find 

methods to realize thermal management[19, 20]. 

In this paper, we study optical conductivity and thermal radiation of TBG at small twist angles. We use a 

continuum model including more than 200 plane waves to achieve convergent energy bands. This method is 

valid for quite small angles. Optical conductivity of TBG with different twist angles is numerically calculated 

by the Kubo formula. Based on far-field radiation theory of previous works[21-23], we explore thermal 

radiation property of TBG. Radiation spectrum of TBG shows tunable high intensity and peak positions by 

changing twist angle. With magic angle, TBG radiation can be tuned to concentrate in the range of 0.05eV to 

0.08eV, which is out of atmospheric transparency windows[24]. This range of electromagnetic (EM) waves are 

hardly transmitted in the atmosphere, such that it could not be detected by infrared (IR) cameras. Devices 

made of or covered with such materials are IR invisible. Such materials can also be used to fabricate textile 

materials for keeping warm as thermal radiation are unlikely to be transmitted through atmosphere. Our results 

establish magic-angle bilayer graphene as a highly tunable platform to investigate invisibility and keeping 

warm materials.   

In section II, we introduce continuum model of TBG and investigate the magic angle from the criterion of 

vanishing Fermi velocity, flattening Fermi energy bands and sharp peaks in DOS. Far-field thermal radiation 

theory is presented in section III and numerical results of optical conductivity as well as radiative properties 

are investigated in section IV. TBG radiation can be tuned away from atmospheric window by changing twist 

angle. Finally, a conclusion is presented in section V.    

 

II. Magic angle in TBG 

 

 

Fig. 1(a) is Moire superlattice formed by twisted bilayer graphene (TBG). (b) is the reciprocal lattice.  

 



  We start from AA-stacked bilayer graphene (i.e., perfectly overlapping honeycomb lattices) and rotate the two 

layers around a pair of registered A sites by / 2 , respectively. Moire pattern in TBG is formed. Fig.1(a) 

shows the TBG with a twist angle of 6.85°. In Fig.1(b), the black and yellow hexagons are Brillouin zones of 

the two graphene layers. They are twisted with a small angle relatively. Same Dirac points of two layers are 

coupled as they are very close. The red small hexagon is Brillouin zone of the Moire suplerlattice. Opposite 

Dirac points do not couple. Due to large Moire lattice constant, the Moire Brillouin zone is quite small. 

 

As the Fermi velocity is angle-dependent in TBG, we first study how twist angle changes Fermi velocity. 

We use the continuum TBG Hamiltonian[6, 10]. It is composed of three parts: the part of layer 1, the part of 

layer 2 and the part of the coupling between the two layers. The low-energy effective Hamiltonian, near K  

point, is 
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Where k  is the wave vector in the Moire Brillouin zone,  is reduced Planck constant and 
Fv  is the bare 

Fermi velocity of single layer graphene (SLG). The same k  vector in both layers correspond to the same 

plane waves in the original lattices; the Dirac cones occur at / 2k K=   for layer 1 and layer 2 respectively, 

with 2 sin
2

DK K


 =  is displacement between Dirac points of the two layers while 
4

3
DK

a


=  is Dirac 

point wave vector of SLG. ( , )x y  = , z zi ie e  + −= , and ,x y   are the Pauli matrices. ( )t G

⊥  is the 

Fourier component of interlayer hopping, which is nonzero only at reciprocal Moire superlattice vectors of G . 

For a particular Bloch vector k  in the Moiré Brillouin zone, the interlayer coupling hybridizes the graphene’s 

eigenstates of one layer with eigenstates in the other layer at q k G= + . As stated in the literature [10], only 

three reciprocal lattice vectors 0G = , 1G G= −  and 1 2G G G= − −  are selected, as the Fourier components 

of these vectors have relatively large amplitudes, and all other components are ignored for small amplitudes. 

, ,i k 
  is the Fourier component of -thi  layer   sublattice wave-function. 

  Explicitly, the Hamiltonian of TBG can be written as: 
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This is a12 12  Hamiltonian which includes only 6 plane waves. However, it is not a closed system as each 

k  point in one layer couples to three points in the other layer. In order to achieve convergence, we have to 

include as many plane waves as necessary. Especially in the small angle limit, when the variation of interlayer 

hopping becomes larger. That’s a huge consumption of calculation time. In real calculation, more than 

hundreds of plane waves are included, and maximum size of the Hamiltonian is 450 by 450.  

Electronic properties such as density of states, dispersion relations and eigenfunctions are obtained by 

solving the Dirac equation ( ) ( ) ( ) ( )H k k E k k = , where ( )k  is a two-component spinor representing 

two inequivalent sublattices. Effective interlayer hopping 110meV and bare Fermi velocity in SLG  

60.9 10Fv =  m/s are adopted in all calculation except specification otherwise[12]. The low energy levels 

dispersion is shown in Fig.2. Due to interlayer coupling, there are numerous energy bands for TBG. Only 

lowest levels are displayed in the figures. We can see condensed levels for smaller twist angle and dispersive 

levels for relatively large angles. Almost absolute flat bands appear when the twist angle is 1.1 =  . This 

angle is considered as one of the magic angles for TBG.  
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Fig.2 Dispersion of TBG for small twist angles. Only lowest levels are displayed in the plots. Effective 

interlayer hopping is 110meV and bare Fermi velocity in SLG is 
60.9 10Fv =  m/s.

 

The density of states (DOS) of TBG with this magic angle 1.1 =   is plotted in Fig.3. Two giant peaks occur 



at the energy of 
0t ( hopping parameter), just like the case in single layer graphene. But there appear sharp 

peaks in the low energy range, especially an extremely sharp peak near zero energy. These sharp peaks are 

induced by interlayer coupling which causes low energy levels little variation and even flat near Fermi level. 

This band structure of TBG is distinct from single layer graphene. Panel (b) and (c) are enlarged versions of 

panel (a) in order to show low energy band structures. Many van Hove singularities are observed in low energy 

ranges. Interlayer coupling of TBG has strong effect on low energy bands. 
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Fig.3 Density of states of TBG with twist angle 1.1 . (a) DOS in the energy range of -4.0eV~4.0eV. (b) DOS 

in the energy range of -500meV~500meV. (c) DOS in the energy range of -200meV~200meV.  

 

Then we focus on the Fermi velocity. With the eigenfunctions, the group velocity is calculated by   

 ,

1
n n n

H
v

k




 


=


 (3)  

Where 
n  represents eigenfunctions of the two flat bands and ,x y =  is a Cartesian direction. So the Fermi 

velocity of TBG is 
2 2

, ,F n x n yv v v= + . TBG Fermi velocity as functions of twist angle are displayed in Fig.4.
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Fig.4 Fermi velocity 
Fv  of TBG changes with twist angle. Effective interlayer hopping is 110meV and bare 



Fermi velocity in SLG is 
60.9 10Fv =  m/s. The black (red) curve represents K -point velocity of the flat 

band most close to but below (above) zero energy. 

 

Fermi velocity of the lowest levels of TBG at Dirac point is calculated with the above formula. Due to the 

flat levels, Fermi velocity of TBG is quite slow at small angles. It can be seen from Fig.4 that velocity 

completely vanishes at angles of 1.0  and 1.12 . These angles can be regarded as magic angles. There are 

second and third magic angles 0.54  and 0.38  with which velocity are very close to zero. All these magic 

angles make up a sequence which conforms to the relation of 
1 1

~ 1.08
2 F

t a

v n n



⊥    with 1.08  the 

first magic angle [10]. In fact, Fig.4 shows double values for magic angles, 1.12  and 1.0  for the 1st magic 

angle, 0.54  and 0.46  for the 2nd magic angle and 0.38  and 0.3  for the 3rd magic angle. They form two 

sequences with the relation of 1

1
~ st

n
   . This explains Cao’s report that the typical values of the resistivity 

~ temperature slope are large near 1.08° and 1.16° respectively[15], which implies both 1.08° and 1.16° are 

magic angles. The first magic angles in our calculation are slightly different from Ref.[10, 15] or other 

literatures due to different values of 
Fv  adopted in calculation.  

 

III. Theory of thermal radiation of a plane geometry  

In general terms, emission refers to how the radiative energy emanates from an object, where its internal 

energy is converted to propagating electromagnetic waves[25, 26]. The energy flux of thermal radiation can be 

obtained from  
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here normal order operation is aimed at removing the zero-point energy, so as to avoid divergence. Using 

Coulomb gauge, the electric and magnetic fields are related to vector potential by tE A⊥ = − , A A=  . 
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By taking the Fourier transform and incorporating contributions of all frequency photons, we have 
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 The material property is incorporated by the Keldysh equation 
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is advanced Green’s function and 

  is the current-current correlation or self-energy of the system.  

  In real space, the correlation function is defined as 
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  By performing the Fourier transform, in the reciprocal space the current takes the form   

†1
( ) ( )[ ( ) ( )] ( )

2
q

k

e
I c k q V k q V k c k

N
= − + + +  with 

1
( ) ( )

k
V k H k=   the group velocity.  

After transforming to mode space with 
† † †( ) ( ) , ( ) ( )n n m m

n m

c k k c c k c k = =  , and expressing ( )n k  

in the form of ,k n , the explicit form of current-current correlation in the long wave approximation is 

obtained
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Here ( )m k  is the energy of -thm  mode and 
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 is Fermi distribution 

function,  is the chemical potential, 
Bk  is the Boltzmann constant and T  is temperature.  

 

The optical conductivity is related to the retarded component of the current-current correlation function as 

( ) ( )r i    = − [27]. Therefore, optical conductivity can be expressed as 
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By inserting these formulae into energy flux in Eq. (5) we obtain total energy radiation. For the plane 

geometry of material, in the far place, 0x yS S= = . So finally, the radiation is [22] 
0
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In which ( ) 1/ [exp( / ) 1]BN k T = −  is Bose distribution function. 

 

IV. Numerical results 

Optical conductivity represents property of material and plays import role in radiation. Firstly, we calculate 

the conductivity as well as radiation spectrum of TBG. Fig.5 is the result at temperature of 300K.  
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Fig.5 (a) Optical conductivity and (b) Radiation power of TBG with different twist angles change with 

frequency of photon energy (T=300K).  

 

Generally, optical conductivities change with   or photon energy with peaks at low frequency and 

approach constant at high frequency. The value of flat part is roughly 20.5 /xx e = , which is consistent with 

Ref[28]. This value is twice of the single layer graphene conductivity with 2

0 0.25 /e = [29]. This implies that 

at low frequency twist angle has great effect on TBG properties, while at high frequency TBG exhibits like two 

isolated graphene layers. The prominent peaks appear at low frequency of TBG with 1.1 =  . They reflect 

electron transitions between van Hove singularities in the plot of density of states, as shown in Fig.3 . The low 

frequency peaks for TBG with twist angle of 0.82  and 1.79  are a little squatty. This is due to strong 

interlayer coupling for small angles. Interlayer coupling varies rigously with twist angle, especially for small 

angles.  

  Conductivity for twisted angle of 0.82  drops a little when frequency is more than half of 1.0eV. Because for 

small angles, more levels concentrate in low energy range. In calculation we cannot take all those bands into 

consideration for limited calculation power. This doesn’t affect our study of radiation, as high frequency 

conductivity contribute infinitesimally small, as can be seen in the radiation spectrum plot. Fig.5(b) is radiation 

spectrum of TBG with different twisted angles. The radiation spectrum of TBG is not as smooth as that of 

black body. There are main peak and side peaks with any twist angle. The main peak of TBG with magic angle 

1.1 =   is sharper than other cases, corresponding to electron transitions between zero energy flat band and 

low energy bands. The full width at half maximum (FWHM) of radiation with 1.1 =   is between 



0.05 ~ 0.08eV , which converted to wavelength between 15 ~ 24 m . This wavelength range is out of 

atmospheric window. This means radiative waves from 1.1  TBG at room temperature are unlikely transmitted 

in atmosphere. In other words, it is hardly detected by IR camera from a certain distance so as to realize aim of 

invisibility. Basing on this point, TBG could be one of the ideal stealth materials to make some devices 

infrared invisible. It can also be used to make fabric for keeping warm. On the other hand, as such waves are 

unlikely dissipated by atmosphere, electronic devices made of TBG are difficult to cool down. This difficult 

situation could be solved by changing twist angle to 1.79  or larger, so the radiation is moved to atmospheric 

window.  

Since twist angle 1.1 =   is supposed to be magic angle of TBG, we explore more of TBG with this angle. 

Conductivity of TBG at different temperatures is displayed inFig.6(a). 
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Fig.6 (a)Optical conductivity and (b)radiation spectrum of TBG with twist angle of 1.1 =   at different 

temperatures. 

 

Main features happen at low frequency range. Peak positions are almost the same at different temperatures. 

When temperature increases, peak values drops and small peaks appear between the two giant peaks. Fig.6(b) 

is radiation spectrum of magic angle TBG. Radiation increases greatly with temperature. The maximum values 

move to higher frequency, roughly reflecting Wien’s displacement law. There are small structures in each of 

the curves, which deviate from Planckian black body radiation. However, these deviations are averaged when 

integrating over frequency. Therefore, total radiation of TBG is close to the black body radiation with straight 

lines in the log-log plot, see Fig.7.  
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Fig.7 (a)Total radiation of small angle TBG vs temperature, by comparison with black body and single layer 

graphene. (b) Emissivity of TBG with different twist angles. 

 

Fig.7(a) is the total radiation power of TBG with four different twist angles change with temperature. In this 

log-log plot, radiation of TBG with small twist angles are roughly straight lines as temperature increases. 

These lines are close to each other, implying small differences in radiation with twist angles. The grey line 

represents black body radiation. TBG radiation lines parallel to that of black body, signifying radiation of small 

angles TBG obey 
4T  law. The purple line is radiation of single layer graphene, which also observes 

4T  law 

except at low temperature range. The inset of Fig.7(a) reveals how radiation changes with twist angle. No 

matter at 200K or 500K, radiation generally decreases with twist angle, with small fluctuation for quite small 

angles. This reflects strong coupling between layers for small twist angles, while for bigger twist angles, 

interlayer coupling nearly disappears. As stated above, when 200T = K, bilayer graphene with twist angle of 

1.0  produces highest power. At temperature of 500T = K, TBG with twist angle of 1.1  radiates relatively 

less compared with 1.0  or 1.2 .  

Both TBG and SLG radiation are far less than a black body. If we define emissivity as the ratio of radiation 

of a practical object to the ideal black body [30] , we can plot emissivity of TBG accordingly. This would also 

clearly show radiation property of bilayer graphene of different angles, as displayed in Fig.7(b). They are 

distinct at low temperatures, but approach identical as temperature increases, reflecting interlayer coupling 

sensitive to small twist angle. The emissivity of TBG and SLG change vastly when temperature is lower than 

300K. But at high temperature range, the emissivity of TBG is roughly twice of that of single layer graphene. 

The value of TBG emissivity is around 0.05, signifying TBG kind of metal.  

  Radiation of TBG changes when doped with electrons or holes. Fig.8 is radiation of TBG as function of twist 

angle with different chemical potentials at 300K. 
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Fig.8 Total radiation of TBG as a function of twist angle（T=300K）. 

 

  The black curve is for neutrality TBG. Radiation decreases with twist angle when the angle is quite small or 

relatively large. But for medium angles, radiation is almost constant. This implies the interlayer coupling does 

not vary in this range. For small angles, interlayer coupling is strong. If the TBG is doped, no matter with 

electrons or holes, radiation decreased a lot. As doping results in chemical potential raised or lowed, electrons 

in some of the lowest levels are prohibited from transitions. 

  In the above investigation, effective interlayer coupling 
1w  is taken to be 110meV [11], which is widely used 

in tight-binding model or continuum models [6, 10, 12]. However, the effective coupling varies with the 

interlayer distance. Conventionally the distance between layers is 0.335nm, as in graphite. When the distance 

in TBG is increased, the coupling becomes weak. Fig.9 investigates how the coupling affect radiation of TBG 

with twist angle of 1.0 . Radiation increases with coupling, no matter at high temperatures or low 

temperatures. T4 law is always satisfied. The inset is log-log plot of TBG radiation with different coupling, 

showing more details at low temperatures. It can be seen clearly that TBG emits more heat energy when 

coupling is strong, even at low temperatures. This suggests controlling measures include decreasing twist angle 

and increasing interlay coupling in order to achieve more radiation.  
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Fig.9 Total radiation of magic angle TBG with different interlayer coupling. The twist angle is 1.0°. 



 

V. Conclusion: 

We theoretically investigate Fermi velocity of TBG to determine magic angles. The presence of interlayer 

interactions in twisted bilayer graphene (TBG) enhances characteristic of the optical and electronic properties. 

The thermal radiation spectrum can be tuned away from atmospheric window by changing twist angles. The 

peculiar radiation spectrum can be of great use in invisibility and keeping warm. The radiation spectrum of 

TBG is not smooth, which is different from black body and grey body radiation. The captivating property 

originates from interlayer interactions and can also be obtained by doping electrons or holes to TBG or varying 

distance between layers to alter the effective coupling strength.  
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