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The problem associated with the zero-point energy (ZPE) leak in classical trajectory calculations is well known. Since ZPE is a manifestation of the quantum uncertainty principle, there are no restrictions on energy during the classical propagation of nuclei. This phenomenon can lead to unphysical results, such as forming products without the ZPE in the internal vibrational degrees of freedom (DOFs). The ZPE leakage also permits reactions below the quantum threshold for the reaction. We have developed a new Hessian-free method, inspired by the Lowe-Andersen thermostat model, to prevent energy dipping below a threshold in the local-pair (LP) vibrational DOFs. The idea is to pump the leaked energy to the corresponding local vibrational mode, taken from the other vibrational DOFs. We have applied the new correction protocol on the ab initio ground-state molecular dynamics simulation of the water dimer (H2O)2, which dissociates due to unphysical ZPE spilling from the high-frequency OH modes. The LP-ZPE method has been able to prevent the ZPE spilling of the OH stretching modes by pumping back the leaked energy into the corresponding modes while this energy is taken from the other modes of the dimer itself, keeping the system as a microcanonical ensemble.

Introduction

Zero-point energy (ZPE) is a consequence of the quantum uncertainty principle, and thereby, an inherent error creeps into the propagation of classical trajectories in mixed quantum-classical (MQC) methods by neglecting it. The classical nuclear motion approximation permits reactions below the quantum threshold of energy leading to unphysical results where products can be formed with less energy than ZPE in the internal vibration degrees of freedom. The problem becomes serious if the ZPE flows out of several modes and pumps into a specific weak bond to make it unphysically hot. This ZPE leakage phenomenon is well discussed in the literature, [START_REF] Wu | Analytical Mechanics of Chemical Reactions. V. Application to the Linear Reactive H +H2 Systems[END_REF][START_REF] Truhlar | Quantum Mechanics of the H+H2 Reaction: Exact Scattering Probabilities for Collinear Collisions[END_REF][START_REF] Lu | Classical Mechanics of Intramolecular Vibrational Energy Flow in Benzene. IV. Models with Reduced Dimensionality[END_REF][START_REF] Wang | Trajectory Studies of SN2 Nucleophilic Substitution. 4. Intramolecular and Unimolecular Dynamics of the Cl----CH3Br and ClCH3---Br-Complexes[END_REF][START_REF] Guo | Analysis of the Zero-point Energy Problem in Classical Trajectory Simulations[END_REF][START_REF] Ben-Nun | On the Zero Point Energy in Classical Trajectory Computations[END_REF][START_REF] Paul | Zero-Point Energy Constraint for Unimolecular Dissociation Reactions. Giving Trajectories Multiple Chances To Dissociate Correctly[END_REF] and few strategies have been designed to reinforce ZPE maintenance during quasiclassical trajectories (QCT).

Independently, Bowman et al. [START_REF] Bowman | A Method to Constrain Vibrational Energy in Quasiclassical Trajectory Calculations[END_REF] and Miller and Hase [START_REF] Miller | A Simple Model for Correcting the Zero Point Energy Problem in Classical Trajectory Simulations of Polyatomic Molecules[END_REF][START_REF] Peslherbe | Analysis and Extension of a Model for Constraining Zero-point Energy Flow in Classical Trajectory Simulations[END_REF] proposed a method to constrain the ZPE spilling by timereversal of the momentum of any normal mode undergoing ZPE leakage. In other words, they imposed a hard-wall sphere in the phase space, inside of which the energy is less than the ZPE of the corresponding normal mode. Whenever a mode loses energy and the resultant trajectory tends to enter the hard-wall sphere, it is forced to bounce back. This protocol was achieved by monitoring normal harmonic modes at each timestep and reversing the sign of the momentum of the particular mode, which drops its energy below the corresponding ZPE. However, this treatment is valid only when the system is not far from the well-defined equilibrium region. The same algorithm should be applied at any arbitrary nuclear configuration outside the equilibrium region on instantaneous normal modes. However, the method has some apparent shortcomings as the impulsive kicks produce discontinuous linear momenta and vibrational phase of the altered mode.

Lim and McCormack modified [START_REF] Lim | The Conservation of Quantum Zero-point Energies in Classical Trajectory Simulations[END_REF] the hard-sphere model by incorporating a rigid but inelastic wall sphere, where the trajectory is repelled from entering the quantum forbidden zone and is made to "skid" along the ZPE orbit. This prescription, named trajectory projection onto the ZPE orbit (TRAPZ), was achieved by applying a non-Newtonian force in holonomic constraints dynamics, which showed that each corrected mode's momentum and vibrational phase are continuous. The TRAPZ method was used to study the dissociation of the Al3 cluster and found a highly vibrationally excited molecular fragment of Al2. [START_REF] Mccormack | Zero-Point Energy Constraints in RRKM and Non-RRKM Molecules[END_REF] The overestimation can be rationalized because each mode has to conserve its ZPE even if all the other modes have energy much higher than their ZPE. mTRAPZ [START_REF] Bonhommeau | Mixed Quantum/Classical Investigation of the Photodissociation of NH3(Ã) and a Practical Method for Maintaining Zero-Point Energy in Classical Trajectories[END_REF] In the past decade, the quantum thermal bath (QTB) model [START_REF] Brieuc | Zero-Point Energy Leakage in Quantum Thermal Bath Molecular Dynamics Simulations[END_REF] was introduced to quantify the ZPE leakage in molecular simulations using colored-noise Langevin dynamics. In this framework, temporal prevention of the ZPE leakage could also be achieved by increasing the damping coefficient value, but the simulation's accuracy will be questionable. Recently, an adaptive QTB model (adQTB) has been proposed [START_REF] Mangaud | The Fluctuation-Dissipation Theorem as a Diagnosis and Cure for Zero-Point Energy Leakage in Quantum Thermal Bath Simulations[END_REF][START_REF] Mauger | Nuclear Quantum Effects in Liquid Water at Near Classical Computational Cost Using the Adaptive Quantum Thermal Bath[END_REF] to suppress the ZPE leakage phenomenon, where the quantum fluctuation-dissipation criterion is actively enforced by adjusting the system-bath coupling parameter during the simulation. In other words, instead of a constant coupling, an "on-the-fly" tuned frequency-dependent coupling parameter is used to construct the Langevin equation of motion. As a result, each vibrational mode of the system is thermalized at an effective temperature that includes the appropriate ZPE, and thereby, the dynamics always accounts for the quantum ZPE effect.

A different approach [START_REF] Lee | Zero-Point Energy Conservation in Classical Trajectory Simulations: Application to H2CO[END_REF] 

Theory

The LP-ZPE correction method is a collisional model inspired by the Lowe-Andersen thermostat. [START_REF] Koopman | Advantages of a Lowe-Andersen Thermostat in Molecular Dynamics Simulations[END_REF] LP-ZPE shares with the Varandas-Marques approach [START_REF] Varandas | Method for Quasiclassical Trajectory Calculations on Potential Energy Surfaces Defined from Gradients and Hessians, and Model to Constrain the Energy in Vibrational Modes[END_REF] mentioned in the Introduction the general idea that the mode undergoing ZPE leakage can be corrected by pumping energy from the remaining modes. However, this is the only common point between the two methods. From there, they diverge entirely in terms of concept and implementation.

The core difference is that LP-ZPE correction does not require Hessian matrices, making it tailored for correcting ZPE leakage in long-timescale excited-state dynamics simulations based on on-the-fly calculation of the ab-initio electronic structure. [START_REF] Mukherjee | Simulations of Molecular Photodynamics in Long Timescales[END_REF] The LP-ZPE workflow can be described as follows:

(1) The atom pairs of the molecule are classified into two groups: (a) the high-frequency modes built from the atom pairs, mainly prone to ZPE leakage (such as hydride bonds), are named as AH bonds. These AH bonds will be monitored for ZPE leakage, and if necessary, energy will be added to them. (b) All the other atom pairs, not necessarily bonded, are named BC pairs. These atom pairs will donate energy to the energy pool from where energy will be pumped to the leaked bond.

(2) The average parallel component of the A and H velocities to the kinetic energy for each AH bond is calculated at the beginning of the dynamics over time .
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We use bold letters for vectors and matrices throughout the article.

(3) At a later time c t , the mean contribution of the parallel velocity components to the kinetic energy for each AH bond is again calculated over the same time period ,  ( ) ( )
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the leaked energy is added to the AH bond in terms of the velocities of A and H atoms as
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(5) The same amount of pumped energy is removed from each of the BC atom pairs (not containing an H atom) by adjusting the velocities of B and C atoms as
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The term BC f is a weight factor, which determines how much energy is taken from the corresponding BC atom pair among all the BC  atom pairs to construct the energy pool. There is some methodological freedom to choose this function. In this first application of the LP-ZPE method, it is defined as
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(6) A problematic situation may arise when there is no sufficient kinetic energy available in a BC atom pair, that is ( )
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then, the velocities of that particular BC pair are not changed. In that case, the weight factor where the sum excludes the BC pair with imaginary components.

The LP-ZPE correction is constructed to cause minimum impact on the dynamics. First, we keep the number of adjustable parameters to a minimum, only three (, tc, and ), independently of the system size. Moreover, the system's total energy, the system's total linear momentum, and the atom pairs' total angular momentum are perfectly conserved.

It is instructive to inspect Eq. ( 4) in more detail. It alters the velocity of A and H in the direction parallel to the vector connecting these two atoms ( ˆAH u ). The change in velocity is determined by AH  defined in Eq. ( 5). It first removes the parallel component of A and H velocities (rightmost parenthesis in Eq. ( 5)) and then adds it again but summed to the correction energy  (bracket in Eq. ( 5)). The result of the operation is that the kinetic energy stored in the AH pair is increased by  . This kinetic energy increase is explicitly derived in Eq. SI-9 of the Supporting Information (SI). Because the velocity changes are carried out only in the parallel direction, it works as a central force, with the advantage of conserving the linear and angular momenta of the AH pair (see Eqs. SI-16 and SI-17). [START_REF] Goldstein | Classical Mechanics[END_REF] The effect of changing the velocities of the BC pair through Eq. ( 6) is similar. The velocity is changed in the direction parallel to the vector connecting B and C ( ˆBC u ).

BC

 removes the velocity parallel component and adds it again, subtracting  . Thus, the kinetic energy stored in the BC pair is reduced by  , compensating for the kinetic energy addition to AH. In the SI, we discuss the energy conservation (Eqs. SI- a CCSD(T)-F12b/CBS extrapolation scheme with the aug-cc-pVQZ/aug-cc-pV5Z basis sets.

b CCSD(T)(FULL)/IO275 (IO275: interaction optimized basis set with 275 basis functions for the H2O dimer. O: 7s5p5d3f2g1h; Hd: 2s4p1d, H: 2s3p, BF: 3s3p2d1f).

c De is the total bond energy (BSSE corrected) from the bottom of the well.

d Reference [START_REF] Curtiss | Studies of Molecular Association in H 2 O and D 2 O Vapors by Measurement of Thermal Conductivity[END_REF] . De was estimated by adding the ZPE calculated at the HF/4-21G level.

We have sampled 125 initial conditions from a correlated quantum-harmonic-oscillator distribution such that the total energy of the system remains fixed at its ZPE value (1.26 eV). While keeping the total energy fixed at the ZPE value, Figure S2 in SI depicts the distribution of the kinetic and potential energy for the 125 sampled initial conditions that are to be fed in the dynamics simulation. Ground-state classical trajectory simulations are carried out with these 125 initial conditions by a homegrown newly written Newton-X suit of codes [START_REF] Mukherjee | Simulations of Molecular Photodynamics in Long Timescales[END_REF][START_REF] Barbatti | Newton-X: A Surface-hopping Program for Nonadiabatic Molecular Dynamics[END_REF][START_REF] Barbatti | NEWTON-X: A Package for Newtonian Dynamics Close to the Crossing Seam (v. 2.2)[END_REF] (Newton-X NS) in two ways: To validate our ground state classical dynamics, we have simulated the power spectra from the classical trajectories by Fourier transform and the velocity autocorrelation function using TRAVIS software, [START_REF] Brehm | TRAVIS -A Free Analyzer and Visualizer for Monte Carlo and Molecular Dynamics Trajectories[END_REF][START_REF] Thomas | Computing Vibrational Spectra from Ab Initio Molecular Dynamics[END_REF] ( ) ( )
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where m is the reduced mass of the oscillator and r is the velocity vector. 

Results and Discussion

Water dimer, a prototypical hydrogen-bonded complex, has been serving as a classic testbed for benchmarking the electronic structure methods for more than twenty years, not only because of its small size but also its fundamental physical properties and important role in atmospheric chemistry. The interested readers are referred to the detailed chronological reviews of experimental [START_REF] Mukhopadhyay | The Water Dimer I: Experimental Characterization[END_REF] and theoretical [START_REF] Mukhopadhyay | The Water Dimer II: Theoretical Investigations[END_REF] studies on the water dimer by Mukhopadhyay et al. Since a detailed discussion [START_REF] Morokuma | Molecular-Orbital Studies of Hydrogen Bonds. An Ab Initio Calculation for Dimeric H2O[END_REF][START_REF] Scheiner | AB Initio Studies of Hydrogen Bonds: The Water Dimer Paradigm[END_REF][START_REF] Xu | Bonding Properties of the Water Dimer: A Comparative Study of Density Functional Theories[END_REF][START_REF] Tschumper | Anchoring the Water Dimer Potential Energy Surface with Explicitly Correlated Computations and Focal Point Analyses[END_REF] on the electronic structure calculation of water dimer is outside the scope of this article, we limit ourselves by comparing only the geometry, harmonic normal mode frequencies, and the dissociation energy of our optimized cluster with previously reported theoretical and experimental findings (Table 1 and Table S1). As expected, compared to the sophisticated electronic structure methods with high basis sets, our results obtained by the MP2/aug-cc-pVDZ level of theory are not the best estimates [START_REF] Xu | Bonding Properties of the Water Dimer: A Comparative Study of Density Functional Theories[END_REF] This peak may indicate some residual artifact from the LP-ZPE correction.

Bowman et al. also applied the hard-wall sphere model to avoid ZPE leak in molecular dynamics on the water dimer system [START_REF] Czakó | A Practical Method to Avoid Zero-Point Leak in Molecular Dynamics Calculations: Application to the Water Dimer[END_REF] 100 trajectories with a timestep of 0.0484 fs, and the correction was invoked at every 0.242 fs.

We have also achieved similar results by applying our proposed method to prevent ZPE leak in classical trajectories with a much longer timestep of 0.25 fs, and the correction is invoked at every 10 fs. Moreover, it is a Hessian-free method making the simulation computationally more effective.

Figure 4. Power spectra are calculated using Eq. ( 11) and averaged over 125 trajectories with the LP-ZPE correction scheme. The grey dashed lines correspond to the scaled normal mode frequencies of the water dimer calculated in this present work. A scaling factor of 1.0999 is used for the low-frequency normal modes (< 1000 cm -1 ) and 0.9604 for the high-frequency modes. [START_REF] Sinha | Harmonic Vibrational Frequencies: Scaling Factors for HF, B3LYP, and MP2 Methods in Combination with Correlation Consistent Basis Sets[END_REF] In the Hase-Miller approach 9 for correcting ZPE leak by calculating instantaneous normal modes at each correction time step, one must exclude modes with imaginary frequencies from the ZPE constrain. In a similar context, in the present method, a BC atom pair may not have enough kinetic energy to donate, resulting in imaginary terms in Eq. (7). In that case, we ignore the particular pair and try to redistribute the energy in the other BC pairs. If no BC pair is ready to donate energy for constructing the pool from where the energy can be pumped to the leaked modes, we do not change the velocities at that time step, this is, we do not apply the correction and proceed further, hoping that the correction will be applied at the next correction time step ( ) c t .

Conclusions

We 

  is a softened version of TRAPZ, where the linear momentum transformation is only performed when the total instantaneous vibrational energy drops below the total local ZPE. In other words, now the checking of ZPE leakage is carried out not for individual modes but for the total local vibrational energy of the system to prevent excess addition of vibrational energy at the expense of translational energy.Varandas and Marques modified the Bowman-Hase-Miller approach of constraining ZPE in quasi-classical trajectory calculations by compensating the amount of energy leak of a bound vibrational mode from the remaining modes of the molecular system.[START_REF] Varandas | Method for Quasiclassical Trajectory Calculations on Potential Energy Surfaces Defined from Gradients and Hessians, and Model to Constrain the Energy in Vibrational Modes[END_REF] The protocol is the following: at each time step, the local normal mode coordinates (instantaneous normal modes) are determined, and the amount of energy leak for each vibrational mode is calculated. This leaked energy will be given to the local normal mode and withdrawn from the energy pool constructed by the sum of energy in the remaining vibrational modes.Keeping in mind that the intermode coupling terms in a multimode Hamiltonian govern the energy transfer between the modes, Xie and Bowman proposed 15 a method of annihilating mode coupling by introducing a smooth switching function when the energy of the corresponding mode drops below the ZPE. In principle, this method can be applied to the on-the-fly dynamics of a general polyatomic system. However, it has not yet been tested in this context.

  It monitors the local vibration of hydride modes (AH), where A is any atom without losing any generality. When the kinetic energy of such vibration drops below the zero-point energy of the AH mode, the kinetic energy difference is added to the AH bond. This addition is compensated by removing the same energy amount from an energy pool constructed by the other atoms of the molecule. In contrast with the thermostat model, the energy is taken from the molecule itself, and the velocity change conserves the total energy, keeping the system as a microcanonical ensemble. In this sense, LP-ZPE is less intrusive than the use of a thermostat algorithm.

BCf

  is recomputed, excluding the BC pair with the imaginary component, and the same amount of pumped energy (  ) is removed from the other BC pairs to maintain energy conservation.

  (a) without any constrain or ZPE leakage correction and (b) applying the LP-ZPE correction in the dynamics. In both cases, BOMD trajectories are propagated via Newtonian equations of motion up to 20 ps with the velocity-Verlet algorithm with a timestep of 0.25 fs. The forces acting on the nuclei are proportional to the gradient of the ground state BO potential energy surface, where the latter is calculated on the fly by MP2/aug-cc-pVDZ theory using te TURBOMOLE (version 7.3) suite of quantum chemistryprograms.[START_REF] Ahlrichs | Electronic Structure Calculations on Workstation Computers: The Program System Turbomole[END_REF]41 The outputs for LP-ZPE corrected and without LP-ZPE corrected (unconstrained) dynamics for 125 trajectories are stored in H5MD files and available for download.[START_REF] Mukherjee | Water Dimer Ground State BOMD Simulation Dataset[END_REF] In the LP-ZPE correction scheme on the water dimer, we identified the four OH bonds as local AH pairs, and all the other 11 atom pairs (even those not bonded) are considered BC atom pairs. Hence, the four local AH pairs are (O1-H2), (O1-H3), (O4-H5), and (O4-H6), and the eleven BC atom pairs are (O1-O4), (O1-H5), (O1-H6), (H2-H3), (H2-O4), (H2-H5), (H2-H6), (H3-O4), (H3-H5), (H3-H6), and (H5-H6) as shown in Figure 1. Since non-bonded atom pairs are considered in the BC pair ensemble, energy is pumped from all types of vibrations (and not only stretching modes) into the leaked modes.

Figure 1 .

 1 Figure 1. The equilibrium structure of the water dimer. We have chosen the three parameters needed to set up this model as

  We have codified the LP-ZPE correction scheme in a Fortran 2008 written module, which can be interfaced readily with any classical trajectory propagator. The LP-ZPE correction code mainly requires the nuclear geometries to determine the AH bond and BC atom pairs, and velocities to add and remove energies from AH bond and BC atom pairs, respectively, at the correction timestep. The code can be freely downloaded from GitLab [https://gitlab.com/saikat.mukherjee/lp-zpe-correction].

  but fall within the margin of error. Hence, we can safely proceed with the present level of theory and apply our LP-ZPE correction during the propagation of the classical trajectories. The total energy conservation during the dynamics is checked in both types of simulation, with and without applying the LP-ZPE correction scheme. The distribution of total-energy variation from time zero considering all the 125 trajectories (20 ps propagation with a timestep of 0.25 fs; a total of 10 7 entries) has the mean value of 0.0013 eV with a 0.0022 eV standard deviation in the case of the uncorrected simulation. Applying the LP-ZPE correction on the 125 trajectories yields a distribution of total-energy variation with -0.00003 eV mean and a 0.0031 eV standard deviation (see Figure S3 in the SI). Hence, the numerical errors associated with the correction scheme are negligible. On average, LP-ZPE corrects 1.5 OH bonds every time it is applied (set as every 10 fs by parameter tc). A histogram of the added energy to each OH bond obtained for all the trajectories and considering each correction time (see Figure S5 in SI) attains a half-normal distribution peaked at 1 meV (the value of the parameter ) with a 2.8 meV mean and a 1.4 meV standard deviation. This energy is removed from a pool of 11 atom pairs, implying that each pair contributes with only 0.26 meV to correct an OH bond at each application. These tiny energy values (near to or even smaller than the uncorrected dynamics' accuracy) ensure that the LP-ZPE correction minimally impacts the dynamics.

Figure 2

 2 Figure2shows the distance between the oxygen atoms of the monomers as a function of time for the 125 trajectories in gray lines for both types of dynamics, with and without the LP-ZPE correction. The monomeric distances are averaged over the 125 trajectories in both cases and shown in thick lines. It is evident that if we do not prevent the ZPE leakage from the AH bonds (in this case, the fast OH stretching modes), the dimer starts to dissociate rapidly after 4 ps. The same phenomenon was reported[START_REF] Czakó | A Practical Method to Avoid Zero-Point Leak in Molecular Dynamics Calculations: Application to the Water Dimer[END_REF] previously by Bowman and his group. Applying our LP-ZPE correction scheme, most of the trajectories do not dissociate up to the end of the simulation, 20 ps. It can be argued that those few

Figure 2 .

 2 Figure 2. The distances between the two oxygen atoms of the monomers as a function of time (gray lines) for the trajectories without ZPE correction are shown in panel (a). Same quantity is shown in panel (b) for trajectories starting from the same initial conditions but with LP-ZPE correction. The thick lines represent the averaged distances between the two monomers (O1-O4) in both cases. The radial distribution functions (RDFs) of the two oxygen atoms in Figure 3 also show that dissociation of the dimer prevails in the trajectories calculated without applying any ZPE correction. Since the O-O distance of water dimer in equilibrium is 2.91 Å, the RDFs peak around 3 Å in both cases. The O-O RDF obtained from the trajectories without ZPE correction (blue bars) leaves a long tail at higher O-O distances implying dissociation of the trajectories. The O-O RDF generated from the LP-ZPE corrected trajectories is much more localized, maintaining the dimer during the dynamics. The other RDFs of OH and H-H pairs (see Figure S4 in the SI) also vouch for the necessity of applying the LP-ZPE correction to prevent the artificial dissociation of the water dimer due to ZPE leakage from the highfrequency OH modes.

Figure 3 .

 3 Figure 3. Radial distribution functions (RDFs) of O1-O4 atoms in water dimer are calculated from trajectories with (red) and without (blue) the LP-ZPE correction. Each RDF is normalized such that the area under each curve is unity.

Figure 4

 4 Figure 4 shows the averaged power spectrum over 125 trajectories with the LP-ZPE correction scheme. The frequencies obtained from the power spectra calculated from ground-state BOMD trajectories lie within the acceptable range of the scaled 51 normal mode frequencies of the water dimer calculated in this work, thereby validating our LP-ZPE correction protocol on classical trajectory simulation. A peak around 3200 cm -1 is seen in the power spectrum, which does not correspond to any normal mode frequencies of the water dimer. It approximately matches the frequency of the hydroxyl cation (OH + ), whose experimental value in a solid argon matrix is 2979.6 cm -1 , and the scaled value calculated by the MP2/6-31++G(d,p) level of theory is 3110 cm -1 . 52

  scheme is distributed freely with this article. This module can be interfaced readily with any trajectory propagator to prevent the ZPE leakage in classical trajectory-guided dynamics.

Table 1 .

 1 Geometric properties (Angstrom, degree) and dissociation energy (eV) of the water dimer in this present calculation are compared with previously reported results.

	The main advantage of the LP-ZPE correction over most
	other approaches is that it does not require the computation
	of Hessian matrices because the ZPE leakage is monitored
	for local AH pairs, not normal modes. We can justify using
	local AH stretching vibrations as the basis for applying ZPE
	corrections by noticing that the high-frequency normal
	modes can be well described in terms of local fragment
	modes. For instance, Huix-Rottlant and Ferré 32 showed that
	the high-frequency normal modes of benzene are
	combinations of single internal local oscillators (the local

12 and SI-13)

. Once more, constraining the changes to the parallel component of the velocity leads to linear and angular momentum conservation (Eqs. SI-18 and SI-19).
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