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For an Eulerian graph G with 2 n edges., we give a new method of generating all Euler trails in G in parallel efficiently by using 2-chain cover of G.

A trail is a walk with no repeated edges. An Eulerian trail in a graph G is a walk in G passing through every edge exactly once. A graph G has an Eulerian trail if and only if it has either 0 or 2 vertices of odd degree. A graph is eulerian if it admits an Euler trail.

Since we deal with only graphs G with 2 n edges, we can consider an Euler trail a sequence of 2-chains of G. A 2-chain is a simple path of length two. A 2-chain cover of G is a set of edge-disjoint 2-chains that covers all edges of G.

A 2-chain cover of G is obtained efficiently in parallel by the following manner [1]: let T denote extended spanning tree of G and let f denote the number of descendants function of T . Let v be a vertex in T

(1) If f (v) is even, we can get the edge-disjoint 2-chains by using all edges in {(v, v i )|f (v i )} is even.

(2) If f (v) is odd and z is the parent of vertex v, we can get the edge-disjoint 2-chains by using all edges in {(z, v)|(v, v i ), f (v i )} is even.

We use the following fact mentioned in [START_REF] Fujimura | On the number of perfect matchings of line graphs[END_REF]:

Fact. If G has an even number of edges, all 2-chain covers of G are obtained.

By the above Fact an Euler trail corresponds to an either one of 2-chain covers in G. Now consider the converse. Let C be a 2-chain cover of G. We regard each 2-chain c = {n, m} in C (n, m are edge labels) as one new edge of which endpoints are the same of the 2-chain c. The new edge is then labeled by nm.

We call here such reduction 2-chain contraction of G and denote the resulting graph by G/2. We repeat above 2-chain contraction process until the edge size of G/2 i is two or G/2 j is disconnected.

If the edge size of G/2 i is two, we obtain an Euler trail by writing down the labels of edges of G/2 i . If G/2 j is disconnected, the 2-chain cover does not correspond to an Euler trail.

We summarize this result as follows:

Let G be an eulerian graph with 2 n edges. Then all Euler trails in G are generated in parallel efficiently.

About the complexity of 2-chain cover of G, see [START_REF] Shiraishi | A parallel algorithm for the maximum 2-chain edge packing problem[END_REF]. We give the above procedure by considering a detailed example. Let G = (V, E) , where V = {a, b, c, d, e, f }, E = {1, 2, 3, 4, 5, 6, 7, 8} (Fig. 1a) and its spanning tree S with root a. (red line in Fig. 1b). Note that we can choose an arbitrary spanning tree. The construction of an extended spanning tree based on S using non-tree edges labelling 1,4, 6 of G\S is shown in Fig. 2b T Below are the lists of all 2-chain covers of G:

{1,3}, {2,5}, {4,8}, {6,7} … C 1 {1,3}, {2,7}, {4,8}, {5,6} … C 2 {1,3}, {2,4}, {5,8}, {6,7} … C 3 {1,3}, {2,7}, {4,6}, {5,8} … C 4 {1,2}, {3,4}, {5,8}, {6,7} … C 5 {1,6}, {2,7}, {3,4}, {5,8} … C 6 {1,2}, {3,8}, {4,5}, {6,7} … C 7-1 {1,4}, {2,5}, {3,8}, {6,7} … C 7-2 {1,5}, {2,4}, {3,8}, {6,7} … C 7-3 {1,4}, {2,7}, {3,8}, {5,6} … C 8-1 {1,5}, {2,7}, {3,8}, {4,6} … C 8-2 {1,6}, {2,7}, {3,8}, {4,5} … C 8-3
Case C 1 : The procedure of generating Euler trails by 2-chain cover C 1 is the following: First, we construct the graph Next for the 2-chain contracted graph G ′ and its spanning treeS ′ , we obtain the 2-chain covers 

G ′ = G/2 by 2-chain contraction of G based on C 1 . G ′ = (V, E), where V = {b, c, d, e}, E = {13,
C ′ 1 = {{31, 48}, {25, 67}}, C ′ 2 = {{31, 67}, {25, 84}} of G ′ (
Like the Case C 1 , 2-chain covers C ′ 1 = {{31, 48}, {27, 65}}, C ′ 2 = {{27, 31}, {65, 84}} of G ′ and 2-chain covers C ′′ 1 = {3148, 5672}, C ′′ 2 = {3127, 6584} of G ′′ are obtained.
C 1 '' C 2 '' Fig. 8: 2-chain covers C ′ 1 , C ′ 2 of G ′ and 2-chain covers C ′′ 1 , C ′′ 2 of G ′′

S'

Fig. 9 shows 2-chain covers C 4 '' Fig. 12 shows 2-chain covers Fig. 14 shows the 2-chain cover 

C ′ 1 = {{31, 58}, {24, 67}}, C ′ 2 = {{31, 67}, {42, 85}} ,C ′ 3 = {{31, 85}, {24, 67}}, C ′ 4 = {{31, 42}, {58, 67}} of G ′ and 2-chain covers C ′′ 1 = {3148, 5672}, C ′′ 2 = {3127, 6584}, C ′′ 3 = {3148, 5672}, C ′′ 4 = {3127, 6584} of G ′′ .
Fig. 9: 2-chain covers C ′ 1 , C ′ 2 , C ′ 3 , C ′ 4 of G ′ and 2-chain covers C ′′ 1 , C ′′ 2 ,C ′′ 3 , C ′′ 4 of G ′′
C ′ 1 = {{31, 58}, {27, 64}}, C ′ 2 = {{27, 31}, {46, 85}} ,C ′ 3 = {{27, 64}, {31, 85}}, C ′ 4 = {{27, 58}, {31, 46}} of G ′ and 2-chain covers C ′′ 1 = {3158, 4672}, C ′′ 2 = {5846, 7213} ,C ′′ 3 = {1385, 2764}, C ′′ 4 = {1346, 7258} of G ′′ . Note that C ′′ 1 , C ′′ 3 have loops.
C 4 '' Fig. 10: 2-chain covers C ′ 1 , C ′ 2 , C ′ 3 , C ′ 4 of G ′ and 2-chain covers C ′′ 1 , C ′′ 2 ,C ′′ 3 , C ′′ 4 of G ′′
C ′ 1 = {{43, 85}, {21, 67}}, C ′ 2 = {{67, 85}, {21, 34}} of G ′ and 2-chain covers C ′′ 1 = {8543, 1276}, C ′′ 2 = {8567, 2134} of G ′′ .
C 2 '' Fig. 11: 2-chain covers C ′ 1 , C ′ 2 of G ′ and 2-chain covers C ′′ 1 , C ′′ 2 of G ′′
C ′ 1 = {{43, 85}, {27, 61}}, C ′ 2 = {{27, 85}, {34, 61}} of G ′ and 2-chain covers C ′′ 1 = {8543, 1672}, C ′′ 2 = {8527, 6134} of G ′′ .
C ′ 1 = {{45, 83}, {12, 76}} of G ′ and 2-chain cover C ′′ 1 = {4583, 1276} of G ′′ .
′ 1 = {{38, 41}, {52, 76}} of G ′ and 2-chain cover C ′′ 1 = {4138, 5276} of G ′′ .

Fig. 1 :

 1 Fig. 1: G and its spanning tree S with root a

Fig. 2 :Fig. 3 :

 23 Fig. 2: Vertex split and extended spanning tree T1 based on S

Fig. 4 :

 4 Fig. 4: All 2-chain covers of G

  Fig. 5: 2-chain contracted graph G ′ based on C1

Fig. 6 :Fig. 7 :

 67 Fig.6:Spanning tree S ′ of G ′ and 2-chain covers C ′ 1 , C ′ 2 of G ′

3 :

 3 The figure below shows that G ′ is the 2-chain contracted graph of G based on C 3 and its spanning tree S ′ .

  Fig.10 shows 2-chain covers C′ 1 = {{31, 58}, {27, 64}}, C ′ 2 = {{27, 31}, {46, 85}} ,C ′ 3 = {{27, 64}, {31, 85}}, C ′ 4 = {{27, 58}, {31, 46}} of G ′ and 2-chain covers C ′′ 1 = {3158, 4672}, C ′′ 2 = {5846, 7213} ,C ′′ 3 = {1385, 2764}, C ′′ 4 = {1346, 7258} of G ′′ . Note that C ′′ 1 , C ′′ 3 have loops.

Case C 5 :

 5 Fig.11shows 2-chain coversC ′ 1 = {{43, 85}, {21, 67}}, C ′ 2 = {{67, 85}, {21, 34}} of G ′ and 2-chain covers C ′′ 1 = {8543, 1276}, C ′′ 2 = {8567, 2134} of G ′′ .

6 :

 6 The figure below shows that G ′ is the 2-chain contracted graph of G based on C 6 and its spanning tree S ′ .

Fig. 12 :Fig. 13 :

 1213 Fig. 12: 2-chain covers C ′ 1 , C ′ 2 of G ′ and 2-chain covers C ′′ 1 , C ′′ 2 of G ′′

  Fig. 14: 2-chain cover C ′ 1 of G ′ and 2-chain cover C ′′ 1 of G ′′

Fig. 16 :

 16 Fig. 15: 2-chain cover C ′ 1 of G ′ and 2-chain cover C ′′ 1 of G ′′