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Introduction

A Hadamard matrix, named after French mathematician Jacques Hadamard [START_REF] Hadamard | Résolution d'une question relative aux déterminants[END_REF], is a square matrix whose entries are either +1 or -1 and whose rows are mutually orthogonal. In combinatorial terms, it means that each pair of rows has matching entries in exactly half of their columns and mismatched entries in the remaining columns. It is a consequence of this definition that the corresponding properties hold for columns as well. A Hadamard matrix has maximal determinant among matrices with entries of absolute value less than or equal to 1 and so is an extremal solution of Hadamard's maximal determinant problem [START_REF] Hadamard | Résolution d'une question relative aux déterminants[END_REF]. The last indicates that the order of a Hadamard matrix must be 1, 2, or a multiple of 4.

The Hadamard conjecture proposes that a Hadamard matrix of order 4k exists for every natural k. Many authors developed methods to construct Hadamard matrices (Sylvester's construction [START_REF] Joseph | Thoughts on inverse orthogonal matrices, simultaneous sign successions, and tessellated pavements in two or more colours, with applications to Newton's rule, ornamental tile-work, and the theory of numbers[END_REF] and Paley's work [START_REF] Edward | On orthogonal matrices[END_REF] are the most famous). There are infinitely many orders of Hadamard matrices have been constructed. However, the conjecture has been open (the smallest order, for which the existence of a Hadamard matrix is in doubt, is currently 668 = 4 • 167).

It is apparent that if the rows and columns of a Hadamard matrix are permuted, the matrix remains Hadamard. It is also true that if any row or column is multiplied by -1, the Hadamard property is retained. Thus, it is always possible to arrange to have the first row and first column of a Hadamard matrix contain only +1 entries. A Hadamard matrix in this form is said to be normalized.

If H 4k is a normalized Hadamard matrix of order 4k, then every row/column except the first has 2k minus ones and 2k plus ones. Further, k minus ones in any row/column overlap with k minus ones in each other row/column.

Hadamard matrices can be regarded as generalizations of the Walsh matrices (a non-standard branch of discrete Fourier analysis) and can almost directly be used as an error-correcting codes. Moreover, Hadamard matrices find applications in balanced repeated replication and in appraisal of the variance of a parameter estimator, see [START_REF] Horadam | Hadamard Matrices and Their Application[END_REF][5] [START_REF] Bose | A note on a result in the theory of code construction[END_REF] and references therein.

In this paper we construct a Hadamard matrix of order 4n from a Hadamard matrix of order 4nm for any natural n and m. The outcome (along with known constructions of Hadamard matrices) gives the resulting solution and the closure of the Hadamard conjecture since it is left to show that for any prime number p there exists a natural number k that a Hadamard matrix of order 4pk can be constructed using known results.

Indeed, Paley's construction [START_REF] Edward | On orthogonal matrices[END_REF] produces a Hadamard matrix of order q + 1 when q is any prime power that is congruent to 3 modulo 4 and a Hadamard matrix of order 2(q + 1) when q is a prime power that is congruent to 1 modulo 4. So, the question about divisors of q + 1 with prime q raises. But it can be reformulated as existence of a prime number of the form 4pk -1 with fixed prime p and any natural k. The last amounts to Dirichlet's theorem on primes in arithmetic progressions.

It is worthy to mention that Hadamard matrices of order 4k 4 exist for all odd k [START_REF] Muzychuk | Symmetric Bush-type Hadamard matrices of order 4m 4 exist for all odd m[END_REF].

There are at least three possible ways (the last one is the most evident). The implication 4nm ⇒ 4n guarantees that the chain survives. Notice that a Hadamard matrix is symmetric if H 4k = H t 4k and is skew if H 4k -I 4k is skew-symmetric, i.e. H 4k + H t 4k = 2I 4k . Paley's first construction gives skew Hadamard matrices and the second construction gives symmetric ones [START_REF] Edward | On orthogonal matrices[END_REF].

For more constructions of Hadamard matrices check [START_REF] Seberry | Hadamard Matrices: Constructions using Number Theory and Linear Algebra[END_REF].

Pigeonhole principle

The pigeonhole principle states that if n items are put into m containers, with n > m, then at least one container must contain more than one item. In a more quantified version: for natural numbers k and m, if n = km + 1 objects are distributed among m sets, then the pigeonhole principle asserts that at least one of the sets will contain at least k + 1 objects.

Hadamard codes

Hadamard codes are obtained from an 4n-by-4n Hadamard matrix H [START_REF] Bose | A note on a result in the theory of code construction[END_REF]. In particular, the 8n codewords of the code are the rows of H and the rows of -H. To obtain a code over the alphabet {0, 1}, the mapping

x -→ (1 -x)/2
is applied to the matrix elements.

That the minimum distance of the code is 2n follows from the defining property of Hadamard matrices, namely that their rows are mutually orthogonal. This implies that two distinct rows of a Hadamard matrix differ in exactly 2n positions, and, since negation of a row does not affect orthogonality, that any row of H differs from any row of -H in 2n positions as well, except when the rows correspond, in which case they differ in 4n positions. Thus, a Hadamard code is a [4n, 2n, 2n] not-necessarily-linear code and it will correct any error pattern of weight (n -1), see Theorem 1 from [START_REF] Bose | A note on a result in the theory of code construction[END_REF].

It is needed to use the techniques of puncturing and shortening from coding theory.

Integer lattices

Let L be an integer lattice and S a set of lattice points in L. It is said that the set S is optimal if it minimises the number of rectangular sublattices of L (including degenerate ones) which contain an even number of points in S. The resolution of the Hadamard conjecture is equivalent to the determination of |S| for an optimal set S in a (4s -1) × (4s -1) integer lattice L, see [START_REF] Mccall | The Hadamard conjecture and integer lattices[END_REF].