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ON NEIGHBORHOODS OF EMBEDDED COMPLEX TORI

XIANGHONG GONG' AND LAURENT STOLOVITCHTT

ABSTRACT. The goal of the article is to show that an n-dimensional complex
torus embedded in a complex manifold of dimensional n + d, with a split
tangent bundle, has a neighborhood biholomorphic to a neighborhood of the
zero section in its normal bundle, provided the latter has locally constant and
diagonalizable transition functions and satisfies a non-resonant Diophantine
condition.

In memory of Jean-Pierre Demailly

1. INTRODUCTION

To classify two neighborhoods U, U’ of an embedded compact complex manifold
C in complex manifolds M, M’ up to biholomorphisms with a prescribed isomor-
phism of the normal bundles of C' in M, M’, one may first try to compare them to
a neighborhood of the zero section of N, the normal bundle of C in M, regarding
N¢ as a “first-order approximation” of the neighborhoods. When a neighborhood
U is equivalent to a neighbourhood of the zero section of Ng, U is said to be
linearizable. However, not all neighborhoods are even formally linearizable. One
way to measure the complexity of the embedding is to consider for each positive
integer k, the kth-neighborhood of C in M, OM/jCkH. Here, Jo denotes the
defining ideal of C. As already devised by Nirenberg-Spencer [NS60] and Morrow-
Rossi [MR&0, MR&1] starting from the 60’s, for an embedding U’ that is close to
U up to order k the obstruction to U’ being close to U up to order k + 1 lies in
H' (C,(Om)|c ® S¥T(NE)). Here, (©1)|c denotes the sheaf of holomorphic tan-
gent bundle of M restricted to C and S*+1(Ng) is the (k + 1)-symmetric power of
the dual bundle N¢,. If the obstruction vanishes for each k, then there is a formal
equivalence between the neighborhood U and U’. A natural question is the follow-
ing: Does such a formal equivalence give rise to a genuine holomorphic equivalence
between the (possibly smaller) neighborhoods? This is what Grauert called “Das
Formale Prinzip” (e.g [Gra62, [Kos88]).

Here the curvature in differential geometry enters into the play. Indeed, if the
normal bundle N¢ is negative, then Grauert [Gra62] and Hironaka-Rossi [HR64]
proved a rigidity statement: formally equivalent neighborhoods of C' in M and
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M’ are actually biholomorphic. In the case the normal bundle is 2-positive, Grif-
fiths [Gri66] proved that there are only finitely many obstructions to being formally
equivalent to U. He then proved, under some assumptions, that if the neighbor-
hood U’ is formally equivalent to U, then it is also biholomorphic to it (see [GS24]
on finite dimensionality of the moduli space). When the normal bundle is flat, dy-
namical systems methods are more appropriate. Indeed, Arnol’d [Arn76](see also
[Arn88| Chap. 5, sect. 27]) studied the embedding of an elliptic curve into a complex
surface when the normal bundle has zero self-intersection number (i.e. flat). He
showed that under a small divisors condition, the neighborhood is biholomorphic
to a (unspecific) neighborhood of the zero section of the normal bundle N¢. This
was generalized by Ilyashenko and Pyartly [IP79)] to direct product of 1 dimensional
tori. In this paper we extend this last result to general complex tori :

Theorem 1.1. Let C' be an n-dimensional complex torus embedded in a complex
manifold M of dimensional n+d. Assume that Tc M, the restriction of TM on C,
splits as TC' @& N¢. Suppose that the normal bundle of C' in M admits transition
functions that are locally constant and diagonalizable matrices and satisfy a non-
resonant Diophantine condition (see Definition d3l). Then a neighborhood of C' in
M is biholomorphic to a neighborhood of the zero section in the normal bundle.

Our non-resonant Diophantine condition on N¢ is weaker than the one used by
II’yashenko-Pyartli in their restricted case. Of course, the study of neighborhood
of embedded compact complex manifolds has a long history though mostly under
curvature assumptions on the normal bundle. See some recent works in different
context in [Hwal9l [LTT19 Koi21l [GS22].

We first describe the organization of the proof of our main theorem.

A complex torus C' can be identified with the quotient of C™ by a lattice A
spanned by the standard unit vectors eq,...,e, in C™ and n additional vectors

el,...,el in C", where Ime),...,Ime] are linearly independent vectors in R™. Let

’rn
A’ be the lattice in the cylinder C' := R"/Z" 4+ iR™ spanned by ¢/, ..., e/, mod Z".
There are two coverings for the torus C = C"/A = C /A’: the universal covering
m: C" — C and the covering by cylinder, 75 : C — C that extends to a covering M
over M. In section two we recall some facts about factors of automorphy for vector
bundles on C' via the covering by C™. In section three, we study the flat vector
bundles on C. The pull back of the flat vector bundle N¢ to the cylinder C is the
normal bundle Ng of C in M. We show that N & 1s always the holomorphically triv-

ial vector bundle C' x C¢. By “vertical coordinates”, we mean “coordinates on C?%”,
the normal component of the normal bundle N¢, while “horizontal coordinates”
mean the tangential components of N¢.

Since C is a Stein manifold, a theorem of Siu [Siu77] says that a neighborhood of
Cin M is biholomorphic to a neighborhood of the zero section in its normal bundle,
which is trivial as mentioned above. We show that the holomorphic classification of
neighborhoods M of C with flat N¢ is equivalent to the holomorphic classification
of the family of the deck transformations of covering M of M in a neighborhood
of C (see Proposition (ii)). These deck transformations are “higher-order”
(in the vertical coordinates) perturbations 71,...,7, of 71, ..., 7,, where the latter
are the deck transformations of the covering ]\Nfc over N¢. Therefore, classifying
neighborhoods of a given complex torus C' with flat N¢ is equivalent to classifying
the deck transformations {71, ..., 7,} which are vertical higher-order perturbations



of {71,...,7n}. As the latter can be interpreted as a dynamical system-like problem,
this allows us to study the problem by similar methods as those used in normal
form theory of dynamical systems as in [Gon12] [Stol5] [Yin15l [GS19, [Kri22l TY0]].

There are two useful features. First, since the fundamental group of C' is abelian,
the deck transformations 71,... ; Tn, commute pairwise. Second, we can also in-
troduce suitable coordinates on C' so that the ”horizontal” components of deck
transformations have diagonal linear parts. While the full theory for the above-
mentioned deck transformation classification is out the scope of this paper, we study
the case when N¢ admits locally constant and diagonalizable transition functions.
This is the case, in particular, when N¢ admits Hermitian transition functions. Un-
der these assumptions the deck transformations 7; can be considered as diagonal lin-
ear maps. The convergence proof for Theorem [[1lis given in section four and is sim-
ilar, in essence, to the one used in KAM theory in [Sev03] [EFK15, BKM21], [SZ22].
It relies on a Newton rapid convergence scheme adapted to our situation based
on an appropriate Diophantine condition among quantities defining the lattice and
the normal bundle. At step k of the iteration scheme, let d; be the error of the
deck transformations {Tl(k), . ,T7(1k)} defined on domain D® to #1,...,7, in suit-
able norms. By an appropriate transformation ®*), we conjugate to a new set
of deck transformations {Tl(kﬂ), e ,ﬂ(lkﬂ)} of which the error to the linear ones
is now 041 on a slightly smaller domain D**1) . Using our Diophantine condi-
tions, related to the lattice A and the normal bundle, we show that the sequence
O o... 0 M) converges to a holomorphic transformation ® on an open domain
D) where we linearize {71,...,7,}.

Acknowledgments. This work benefited from helpful discussions with Jean-
Pierre Demailly. Part of work was finished when X. G. was supported by CNRS
and UCA for a visiting position at UCA. The authors thank the referee for helping
improving their text.

2. VECTOR BUNDLES ON TORI AND FACTORS OF AUTOMORPHY

In this section, we identify vector bundles on a complex torus with factors of
automorphy. The latter gives us a useful alternative definition of vector bundles on
a higher dimensional complex torus C' and the isomorphisms of two vector bundles.
General references for line bundle on complex tori are [BLO4L [Deb05l Menll] and
[GH94, p. 307].

Let A be a 2n-dimensional lattice in C™. We may assume that A is defined by
2n vectors eq, ..., en, €},..., el of C", where e; = (0,...,0,1,0,...,0) with 1 being
at the i-th place, e; = (€ ;,...,€;,,) and the matrix (Ime] ;)1<; j<n is invertible
[BLO4, exerc. 2, p. 21]. The compact complex manifold C' := C™/A is called an (n-
dimensional) complex torus. Unless the lattice is equivalent to another one defined

by a diagonal matrix e’ whose rows are €),...,e/,, C' is not biholomorphic to a

» Eno

product of one-dimensional tori. Let m : C® — C be the universal cover of C. Its
group I' of deck transformations consists of translations

Th:z—=z4+ A MNEA.

Note that I is abelian and is isomorphic to Z?". T is also isomorphic to 71 (C,0)
since C™ is a universal covering of C.

Next, we consider equivalence relations for holomorphic vectors bundles on C'
and C", following the realization proof of Theorem 3.2 in [lenll]. Let E be a
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vector bundle of rank c{ over C'. The pull-back bundle 7*F on C™ is trivial and
has global coordinates . Let {U;} be an open covering of C' so that coordinates
& =(&1,-.-,&,a)" of E are well-defined (injective) on U;. Then we have

(2.1) €= h&;(m),

where h; is a non-singular holomorphic matrix on 7= (U;). The transition functions
gk; satisfy

(2.2) grj(m) = by thy,  on 7Y (U) N (U).

For any z, A, we know that both 7(z 4+ A) and n(z) are in the same U; for some j.
Then we have

£z +X) = hj(z + N (m(2)) = hj(z + Mh;(2) 7 €(2).
We can define
(2.3) p(\,z) =hj(z+ A)hj(Z)il, z € wil(Uj)

as the latter is independent of the choice of j by (Z2]). Therefore,

(2.4) A +2) =p(A 2)6(2), p(A 2) € GL(d,C),
(2.5) p: A x C" — GL(d, C).

Here p is called a factor of automorphy. We can verify that

(2.6) PA+ 1, 2) = p(A, 1+ 2)p(p, 2).

In particular, if all p(), z) = p(\) are independent of z, then p(A) is an abelian
group.

The above construction from a vector bundle E on C to a factor of automorphy
can be reversed. Namely, given (24)-(2.4), define the vector bundle E on C as the
quotient vector space of C" x C? via the equivalence relation

(2.7) (2,6) ~ (z4+ X\, p(\, 2)E), zeC", £€Ch NeA.

We denote the projection from the cylinder C =R JZ™ +iR™ = C"/Z" onto C by
7. Therefore, we can define F%E on the cylinder C by the equivalence relation

(2.8) (2,6) ~ (z4+ X\, p(\, 2)E), ze€C", £€C Nezn.

Of course, global coordinates é , p, and gj are not uniquely determined by E.
However, their equivalence classes are determined. Two vector bundles E, E are
isomorphic if their corresponding transitions g, ;i satisfy g;x = h;lgjkhk where
h; are non-singular holomorphic matrices. Replacing global coordinates f by I/é
where v: C" — GL(n,d) is holomorphic, we can verify that

(2.9) v(A 4 2)p\, 2)v(2) 7 =: p(), 2)

is also a factor of automorphy. Define two factors of automorphy p, p to be equiv-
alent if (2Z9) holds. Therefore, the classification of holomorphic vector bundles is
identified with the classification of factors of automorphy.



3. FLAT VECTOR BUNDLES

In this section, we will show that the pull-back of a flat vector bundle E on C'
to the cylinder C=Cr /Z" is always trivial.

When FE is flat, we can choose global coordinates as follows. We know that 7*E
is also flat and we can choose its global flat basis, or global flat coordinates é by
using analytic continuation on C™ and pulling back flat local coordinates of E. In
other words, in ([2.1)) h; are locally constants while {; are locally flat coordinates.
Then p(A, z) depend only on A, in which case we write p()) for p(}, z). As remarked
above, p(A) is abelian. When FE is unitary (flat), by the same reasoning ©*F is
unitary and we can choose h; and p(\) to be unitary.

A d x d Jordan block Jy(A) is a matrix of the form Al + Ny, where I is the
d x d identity matrix and Ny is the d x d matrix with all entries being 0, except all
the (i,i+ 1)-th entries being 1. A matrix T commutes with J if and only if

T =Ty(a) :==agly + Z aiNé.
i>0
Note that N = 0 for i > d. Following [Gan98, p. 218], we call the above T as well
as the following two types of matrices, reqular upper triangular matrices w.r.t. J:

A=(0,Ts(a)), or B= (Td'éa/)>,

where 0 in A (resp. B) denotes a 0 matrix of d rows (resp. d' columns). Given a
Jordan matrix

J = diag(Ja, (A1)s -, Ja, (Ae)),

the matrices that commute with .J are precisely the block matrices

X = (Xaﬁ)mxm

where X3 = 01if Ay # Ag, while X,z is a regular upper triangular (d, x dg) matrix
if Ao = Ag. Such a matrix X is said to be a regular upper triangular matriz w.r.t.
J

From the structure of matrices commuting with a Jordan matrix, we can verify
the following two results.

Proposition 3.1. Let Ay,..., Ay be 2 X 2 matrices commuting pairwise. Then
there is a mon-singular matriz S such that all STYA;S are Jordan matrices.

Example 3.2. The 3 x 3 matrices A3 + N3, uls + N3 commute, but they cannot
be transformed into the Jordan normal forms simultaneously.

The following results on logarithms are likely classical. However, we cannot find
a reference. Therefore, we give proofs emphasizing commutativity of logarithms of
matrices.

We start with the following.

Lemma 3.3. Let Aq,..., A, be pairwise commuting matrices. Then there is a
non-singular matriz S such that

ST'A;S = (Aap)icapcs =0 Aj, 1<j<m

where Ay is a Jordan matriz and all Aj are upper triangular matrices. Assume
further that each A; is diagonalizable, then they are simultaneously diagonalizable.
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Proof. We may assume that A; is a Jordan matrix J = diag(Jg, (A1), ..., Ja. (As))-
Then

Ay = (X] p)1<ap<s

are regular w.r.t J. Note that pairwise commuting non-singular matrices have non-
trivial common eigenspaces. The eigenspace of J are spanned by eg, ..., eq, with
dy =1landdj =d;+---dj_1+1. To simplify the indices, we may assume that e; is
an eigenvector of all A;. Then the first column of A; is aje; with a; # 0. The new
matrices AJ, obtained by removmg all first rows and first columns, still commute
pairwise. In particular all A are regular to the new Jordan matrix J = A;. By
induction on d, we can find a non-singular matrix S which is regular to J so that
all S~1A4;S are upper-triangular. Let S = diag(1,5). Now S~! = diag(1,S5~1).
We can check that all Aj := S71A;S are upper triangular. Then /11, J have the
same entries, with only one possible exception

A2 = su1dio.

If A1 12 # 0, dilating the first coordinate can transform A1 into the orlglnal J
while A remain upper-triangular. If s12J12 = 0, then J12 must be 0, i.e. A =
because one cannot transform a Jordan matrix, A; = .J, into a new Jordan matrlx
Ay, by changing an entry 1 to 0 and keeping other entries unchanged.

When each A; is diagnalizable, an induction on m and the number of eigenspaces
of A; yields a proof. O

The above simultaneous normalization of upper-triangular matrices allows us to
define the logarithms. The construction of logarithms of non-singular matrices can
be found in [Gan98 p. 239]. Here we need to find a definition that is suitable to
determine the commutativity of the logarithm of pairwise commuting non-singular
matrices.

Recall that for a dx d matrix A, the generalized eigenspace Ey(A) with eigenvalue
A is the kernel of (A — AI)?, while C? is the direct sum of all Ex(A4). A matrix
B that commutes with A leaves each E)(A) invariant, i.e. B(Ex(A)) C Ex(A).
Thus if Ay,..., A, commute pairwise, we can decompose C?% as a direct sum of
liner subspaces V; such that each Vj is invariant by A; and admits exactly one
eigenvalue of A;. Thus to define In A;, we will assume that each A; has a single
eigenvalue on C? if we wish.

Given a non-singular matrix A, a logarithm of A is a matrix In A satisfying

elnA — A

where the exponential matrix e = 3 BT? is always well-defined. However, In A is
not unique.
For a non-singular upper triangular matrix

(31) A = /\Id + a, a = (aij)lgingd, CLl'j:() VZ Z j,

we have a*¥ = 0 for k > d. Using the identity ef+¢ = ePe® for two commuting
matrices B, C, we see that ¢4 = A for

(3.2) A= (M- ﬁ

k>0



with 0 < Imln(.) < 27. For a non-singular Jordan matrix, we can define
Indiag(Ja, (A1), .- -, Ja,, (Am)) = diag(In Jg, (A1), ..., InJq,, (Am)).

Note that In A, = In Ag if and only if A, = Ag. Since matrices that commute with a
fixed matrix is closed under multiplication by a scalar, addition and multiplication,
it is clear that if A is an upper triangular matrix that is regular to a non-singular
Jordan matrix J = diag(Jg, (M1),...,Ja,(As)), then In A remains regular to J.
Equivalently and more importantly, In A is regular to the Jordan normal form of
In J, which is

diag(Jg, (In A1), ..., Ja (In Xs)).

Proposition 3.4. Let Aq,..., Ay be pairwise commuting d X d matrices. Then

there is a non-singular matriz S such that A; := S='A;S are block diagonal ma-
trices of the form
(3.3) Aj = diag(flj,dl, ce 7Aj7dk)

where all A; 4, are upper triangular d; x d; matrices, and each A; 4, has only one
eigenvalue \; ;. Assume further that all A; are non-singular. Then

(3.4) InA; := Sdiag(ln Ajq,,...,In4;4)S™!, 1<j<m
commute pairwise and e™ 4 = A;, where In A; 4, are defined by @B1)-B2).
Proof. Note that for pairwise commuting matrices Ay, ..., A,,, we have a decom-
position C¢ = @Ezl Vi where each A; preserves V; and has only one eigenvalue
Aji. Their restrictions of Aj,..., A, on V; remain commutative pairwise. Let
dimV; = d;,dy = 0,d;,, — dj = d;. By Lemma 3.3} we can find a basis

62;71_,’_1, ey 62271+di

for V; such that Ai|v;,..., Anm Using the new
basis e],...,e}; we can find the matrix S for the decomposition (B3]). Therefore,

At g, ,/Almﬁdi commute pairwise.
Assume now that all A} ; are non-zero. It remains to show that In ALdm ..., In flm)d.
commute pairwise. Write
Aji= Ny, + Wy,
where W;; are upper triangular matrices and WJdZ = 0. By a straightforward
computation, we have

Wi Wi = [Aj Agri] = 0.
Therefore, W ; commutes with W , for any k, . Consequently, the finite sum
(= W0

In Aj,i =1In j\j,ildi - Z L

k>0

commutes with In Aj’,i' Therefore, In Ay, ...,In 4,, in B4) commute pairwise. 0O

Lemma 3.5. Let A;,..., A, be non-singular upper triangular d X d matrices.
Suppose that Ay, ..., A, commute pairwise. There exists a linear mapping w —

¥ (w) = v(z)w in (Cd that is linear in w € C¢ and entire in z € C" such
that v(z) € GLq(C), v(O) = Id and v(e;) = A; for j = 1,...,n. Furthermore,
v(z +2") = v(2)v(2’) for all z,2" € C™.
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Proof. By Proposition [3.4] we define pairwise commuting matrices In Ay,...,In A,
such that €47 = A;. Then the Lie brackets of the vector fields for 1 = In A,w, j =
1,...,n vanish and their flows go‘; (w) commute pairwise. Note that

w?(w) =w, w}(w) =iy = Ajw.

Define
¥ (w) = it - (w).
We conclude 207 (w) = 9*+* (w), that is v(z +2') = v(z)v(7). O
By Proposition[3.4] we define In p(el) ,In p(esy,) and they commute pairwise.
We now define In p(X) for all A = Z] 1mje; € A as follows

2n 2n
Inp ijej :=ij In p(e;).
j=1 j=1

Thus the matrices In p(A) for A € A commute pairwise.

Proposition 3.6. Let E be a flat vector bundle on C. Then F%E admits a factor
of automorphy p satisfying p(e;) = Id for j = 1,...,n; in particular, ﬂ'*aE 18
holomorphically trivial.

Proof. Let d be the rank of E. Let A; = p(e;)™! for j = 1,...,n. With v(e;) = 4;
and v(0) = Idy, we first see that

(A, 2) = v(z + N)p(No(2) ™!

satisfies p(e;,0) = Idy. We want to show that (A, z) depends only on A. Fix
A= EJ L mje; € A. By definition, the matrix In p(A) commutes with each In p(e;),
j = 1,...,2n. Thus the flow ¢§ of @ = Inp(A\)w commutes with the flows of
w=1In p(e])w j=1,...,2n. As in the proof of the previous lemma, we know that
o4 (w) is linear in w and entire in ¢t € C. For z € C" and w € C4, let 9 (w) be as
defined in the previous lemma. Thus we have

PAD* (w) = 77} (w).

Taking derivatives in w and plugging in t = 1, we get

exp(ln p(N)o(2) = v(2) exp(ln p(A)).

Since exp(ln p(A)) = p()\), we have p(A)v(z) = v(z)p(A) for all
Considering z = z1e1+ -+ -+ zpen, € A, we have v(z+ \) = v( Jo(A
is independent of z.

We have achieved p(A) = v(z + A)p(2)v(2)~t and p(ej) = Idg for j =1,...,n.
Therefore, m|ZE is trivial, by the equivalence relation (Z.8). O

It is known that there are Stein manifolds with non-trivial vector bundle [FR6S].
Furthermore, we conclude the section by emphasizing that the triviality 7*|5E
relies on the extra assumption that it is a pull-back bundle. The following result is
likely known, but we include a short proof for completeness.

A€ A z e C
). Hence, p(A, 2)

Proposition 3.7. The set of holomorphic equivalence classes of flat holomorphic
line bundles on C can be identified with Hl(C C*). The latter is non-trivial.
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Proof. Each element {c;;} in HY(C,C*) is clearly an element in H*(C,0*). We
want to show that if {c;z},{éx} € H'(C,C*) represent the same element in
H'(C,0%), then they are also the same in H'(C,C*). Indeed, we can cover C
by convex open sets U;, Uy, Us, Uy such that Uy NU; N Us N Uy is non empty. Thus
{U;} is a Leray covering. If &, = hjc;rh; *, where each hj; is a non-vanishing holo-
morphic function on U;. Take p in all U;. We get &, = cjcjkc,;l for ¢; = h;(p).
Note that Hl(é,C*) is non-trivial. Otherwise, the exact sequences 0 — Z —
C—C* = 0and 0 — H°(C,Z) — H°(C,C) — H(C,C*) — 0 would imply that
HY(C,Z) =~ H'(C,C), a contradiction. O

4. EQUIVALENCE OF NEIGHBORHOODS AND COMMUTING DECK
TRANSFORMATIONS

In this section, we will discuss how the classification of neighborhoods U of a
compact complex manifold C'is related to the classification of deck transformations
of a holomorphic covering U — U, where U, U are chosen carefully and U contains
C* that covers C. When C* is additionally Stein, we can choose U to be a neigh-
borhood of C* in its normal bundle Nc*(U ) by applying a result of Siu. After
preliminary results in Lemma [£.] and Lemma 2] we will return to our previous
study where C' is a complex torus, its covering is the Stein manifold C* = C, and
N¢ (M) is Hermitian flat. We then prove the main result of this paper by using a
KAM rapid iteration scheme.

Let us start with + : C' < M, a holomorphic embedding of a compact complex
manifold C. We shall still denote +(C) by C. Let U be a neighborhood of C' in
M such that U admits a smooth, possibly non-holomorphic, deformation or strong
retract C; namely there is a smooth mapping R: U x [0,1] — U such that R(-,0) =
Id on U, R(-,t) = Id on C, and R(-,1)(U) = C. Thus, m (U,z) = m(C,z0)
for zog € C (see [Mun0Q, p. 361]). When M is N¢g, we can find a holomorphic
deformation retraction from a suitable neighborhood of its the zero section onto C,
by using a Hermitian metric on N¢.

Let X be a complex manifold and X be a universal covering of X. Then the

group of deck transformations of the covering is identified with 7 (X, zg). The set
of equivalence classes of coverings of X is identified with the conjugate classes of
subgroups of m1 (X, zg); see [Mun00, Thm. 79.4, p. 492]. Furthermore, m (X, xo)
acts transitively and freely on each fiber of the covering and X is the quotient of
X by 7T1(X, $0).
Lemma 4.1. Let C be a compact complexr manifold. Let w: C* — C be a holomor-
phic covering and m(xl) = xo. Suppose that (M,C) (resp. (M',C)) is a holomor-
phic neighborhood of C. There exist a neighborhood U in M (resp. U’ in M’') of
C and a holomorphic neighborhood U (resp. ﬁ/’) of C* such that p: U — U (resp
p: U — U’) is an extended covering of the covering w: C* — C and C (resp. C*)
is a smooth strong retract of U,U’ (resp. U, ﬁ/’) Consequently,

Wl(U,,TS):Wl(C*,xa), 7T1(U,,T0):7T1(C,JJQ).

Suppose that (M,C) is biholomorphic to (M’',C). Then U, U’,[},ﬁ can be so
chosen that there is a covering transformation sending U onto U and fixzing C*
pointwise. Conversely, if there is a covering transformation sending U onto U’
fizing C* pointwise, then (U, C), (U’,C) are holomorphically equivalent.
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Proof. Since w: C* — (' is a covering map, according to [Vic94, Thm. 4.9], i
extends to a covering map p : U — U such that U contains C* and plex = 7.
Suppose that R is a strong retraction of U onto C. We can lift R(z,-): [0,1] = U
to a continuous mapping R(%,-): [0,1] = U such that R(%,0) = % and pR( )=
R(p(2),.) for all Z € U. One can verify that R is a strong retraction of U onto C*.
Suppose that a biholomorphic map f sends (M, C) onto (M’, C) fixing C' point-
wise. We may assume that f is a biholomorphic mapping from U onto U’. Then we
can lift the mapping fp: U — U’ to obtain a desired covering biholomorphism F’,
since (fp).mi (U, ) = mem1 (C*, x%). Conversely, a covering biholomorphism from
U onto U’ fixing C* pointwise clearly induces a biholomorphism from U onto U’
fixing C' pointwise. O

With the covering, we can identity (M, C) with (M, C*)/~ where § ~ p if and
only if p, p are in the same stack of the covering 7.
Applying the above to (N¢, C) and a covering 7|¢c+ : C* — C', we have a covering

7: No — N¢ such that
C* C]/V\g, Wl(jv\g,l'S):Fl(C*,xa), Wl(Nc,xo):Wl(C,,To).

To simplify the notation, we denote U,U by M, M respectively. Thus we have
commuting diagrams for the coverings:

Ne « C* < M
#l meel  pl
Ne <« C — M

The set of deck transformations of p (resp. #) will be denoted by {r1,..., 7} (resp.
{#1,..yTn}). I 7: U — U is a covering map, Deck(U) denotes the set of deck
transformations.

Lemma 4.2. Let C,C*, M be as in Lemma 1l Suppose that C* is a Stein man-
ifold. Let w§ be an open set of]fV\c/ such that T(wy) contains C. Then there is an
open subset w* of w§ such that 7t(w*) contains C and (M, C) is holomorphically
equivalent to the quotient space of w* by Deck(]f\]\c/).

Proof. By a result of Siu [Siu77, Cor. 1], we find a biholomorphism L from a
holomorphic strong retraction neighborhood of C* in M, still denoted by M into
Nc* (M ) and a blholomorphlsm L' from a strong retraction neighborhood of C* in

Nc, still denoted by Nc into Nc*(Nc) Furthermore, L, L’ fix C* pointwise. We
have
oL w1 (Now (M), 25) = pami (M, 25) = m(C, x0) = #um (Ne, o)
= 7 (L) (m(Ne- (Ne), 73))-
Both # o L'"1: Ne«(N¢) — N and po L~1: New (M) — M are coverings and the

above identifications show that the lifts of the two coverings yield a biholomorphism
between neighborhoods of C* in M and N¢-(N¢) fixing C* pointwise. O
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Recall that C' is the quotient by the lattice spanned by e, ..., e,, €}, ..., el,. We
define the fundamental domain wq for C:

2n
wp = thej €eC™:te[0,1)* %, eppii=¢;, i=1,...,n.
j=1
We also define a fundamental domain )y for the covering C of C by
Qo = {(e¥™ Py Cewe), QF ={(z1l--s|2al): 2 € Qo

Thus € is a Reinhardt domain, being {(v1R1,...,vnRy): V| =1: R € QF}. We
have

i=1

For € > 0, define a (Reinhardt) neighborhood €2, of Qg by

Qa- _ {(627TR1,...,€27TR"): R: Ztllm€;7t S [O,l)n} .

2n
We 1= thej: te[0,1)" x (—e, 1+ 6)" 3, Q= {(e2™ ... ™). ¢ € w}.
j=1

With A, = {z € C: |z| < r}, we also define

(4.1) Wer = we X A% Q=0 x AL
Throughout the paper, a mapping (2/,v') = ¥°(z,v) from w,, into C**¢ that
commutes with z; — z; +1 for j = 1,...,n will be identified with a well-defined

mapping (h',v") = ¢ (h,v) from Q. , into C**% where z, h and 2/, h’ are related as
in (@6) below. A function on we, that has period 1 in all z; is identified with a
function on €. ,. We shall use these identifications as we wish.

Proposition 4.3. Let C be the complex torus and ws: C = C™/Z"™ — C be the
covering. Let (M, C) be a neighborhood of C. Assume that N¢ is flat.
(i) Then one can take wey r, = we, X AL such that (M, C) is biholomorphic to
the quotient of Weyro by 7,...,70. Let 7; be the mapping defined on Qe r,
corresponding to TJQ. Then 11, ...,T, commute pairwise wherever they are
defined, i.e.
TiTj(h,’U) = TjTi(h,’U) Vi 75_]
for (h,v) € Q¢yrg N T;lQéo,To N ijlQeomo.
(ii) Let (M, C) be another such neighborhood having the corresponding genera-
tors 71, ..., Tn of deck transformations defined on Q¢ 7,. Then (M,C) and
(M, C) are holomorphically equivalent if and only if there is a biholomor-
phic mapping F from Q. into Q¢ 7 for some positive €,r, €, 7 such that
Frj(h,v) =7;F(h,v), j=1,...,n,

wherever both sides are defined, i.e. (h,v) € 7';1(9677‘) NQer NF1(Qe7).

Proof. We now apply Lemma 2] in which C* is replaced by C =R /72" + iR™
is a Stein manifold. Assume that N¢ is flat. Then according to Proposition [3.6]
Ng(Ne) = N@(]\Zf) = m%(Nc) is the trivial vector bundle C' x C? with coordinates
(h,v), while C x {0} is defined by v = 0. The proposition then follows from
Lemma [£.]] O
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Set
(4.2) Pj—{Ztilme;GR”:tE(—e,l—l—e)"},
i=1
(4.3) Qf ={(e7> ™, ..., e7 ) RePFY.
Note that P, Py are n-dimensional parallelotopes, and QF contains (1,...,1), the

image of 0 € PX, corresponding to the real torus (S*)™.
Since €. is Reinhardt, we have

(44) QD Qf, (8997 =0(f), (0Q)" = {(lhl,- .., hal): h € 8}

We now apply the above general results to the case where C is a complex torus,
C* = C and N¢ (M) is Hermitian flat.

As in [IP79], the deck transformations of (N¢, C') are generated by n biholomor-
phisms 74, ..., 7, that preserve C. Write

(45) %j(h, ’U) = (Tjh, Mj’l)), Mj = diag(uﬂ, N ,/Lj)d)
with h,T; being defined by :
(4.6)  h= (2" o 2T T i=diag( Mg, Ajn)s Ak = €27

Here the invertible (d x d)-matrix M is the factor of automorphy p(en+;) of 7% Ne.

Recall that each deck transformation TJQ (z,v), 3 = 1,...,n, is a holomorphic

map defined on @, ,. In coordinates (h,v), TJQ becomes 7; defined on ﬁe,r. Since
TcM splits, it is a higher-order perturbation of 7; with

7;(h,0) = (T}h,0).

The above computation is based on the assumption that N¢o is flat. We now
assume that N¢ admits locally constant and diagonalizable transition matrices as
it is the case whenever N¢ is Hermitian and flat. Then all p(en4;), 1 < j < n are
actually simultaneously diagonalizable by Lemma [B.3] since they pairwise commute.
Hence, we can assume that M; = diag(p;1,...,15q). We recall from (L0) that
T; = diag(Aj1,...,Aj ) are already diagonal.

Definition 4.4. The normal bundle N¢o is said to be non-resonant if, for each
(Q,P) € N x Z" with |Q| > 1, eachi=1,...,n, and each j = 1,...,d, there exist
in = ip(Q, Pi) and iy, = 1,(Q, P, j) that are in {1,...,n} such that

)\PuiQh —Xini #0 and )\iug — Wiy, 7 0.

Th

Definition 4.5. The normal bundle N¢ is said to be Diophantine if there exist
positive constants D, T such that for all (Q,P) € N® x Z", |Q| > 1 and all i =
1,....n,and j=1,...,d, we have

D
4.7 max ’)\P ¢ =i >
(4.7) teltony R T A T P QDT
D
4.8 max ‘)\P @ | > s
(4.8) teltony N HE TR 2 PG

We shall choose iy, (resp. i,) to be the index that realizes the mazimum of (L10)

(resp. (&) ).
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Remark 4.6. If the right-hand sides of [@1)-([S8]) are replaced by 0, then it means
that N¢ is non-resonant in the sense of Definition[L4l The small divisor condition
in Arnold [ArnT6] corresponds to n = 1 = d.The condition used in [IPT9)] is : for
all1 <0 <n,

. D
mlﬂ{Mfﬂ? — Aeils |/\5H;72 - ,Ul,j|} > EEER

It is stronger than our condition. Indeed, the lower bound might hold only for an
index { that depends on P and @ and that index might change when P and @
change. In a similar but different context of germs of vector fields at a fized point
(e.g. [Sto00]), there are examples such that for each £, the inequality for all Q
(P =0 in this situation) is not satisfied while it is satisfied with the max over the
family.

Proposition 4.7. The properties of being non-resonant and Diophantine is a prop-
erty of the (abelian) group generated by {71,...,7,} and not the choice of the gen-
erators.

Proof. Recall that

A=ty Aep) = (€200 L e2mien),
Let G be the group generated by the 7,’s. Then, {7y}, defines another set of
generators of G if 7 = 7" -+ 7" £ = 1,...,n where A = (a; j)1<i j<n € GL,(Z)

with det A = £1. Then, the eigenvalues of 7, are

n

d
B ag k ~ _ ag k
Ati = H Akis Pej = H Por.j -

k=1 k=1
Hence, we have

MNREA = T HEAT) - (AL D) e,
Fix P,Q and i. Taking the logarithm, we have as n-vectors

(9)  (mAf ﬁ?/\“)“ :A(lnAfuﬁ/\;})“ . mod 2ri.

Since A, A~! € GL,(Z), then given P,Q and i,

PRREEY L]

(mA7AEA)) =0 mod 2ri
(=1

holds if and only if (ln )\fuf)\;})e — 0 mod 2ri. Similarly, by considering
=1

In ;\f ﬂ?ﬂ[il, we obtain that the non-resonant condition does not depend on the

choice of generators. Given P, (@, 1, if one of the )\f,uéQ/\;il’s is not close to 1, then
H (In Xf H? /\e i

close to 1, then | In A g /\ !| (with Im In in (=, 71]) is comparable to |AZ 1z
Furthermore, taking the module of (£9), we obtain

I AP k@A < [[an AP AZAE]| < 14l || an A7 uEAT] e

is bounded way from 0. On the other hand, if all /\fu?/\fl’s are
FA -1

where |[(a¢)¢|| = maxs|ag|. If the latter is bounded below by W, so is

|0 A AEATD| 0
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Theorem 4.8. Let C' be an n-dimensional complex torus, holomorphically embed-
ded into a complexr manifold M, q. Assume that TcM splits. Assume the normal
bundle N¢ has (locally constant) Hermitian transition functions. Assume that N¢
is Diophantine. Then some neighborhood of C is biholomorphic to a neighborhood
of the zero section in the normal bundle.

Remark 4.9. When C' is a product of 1-dimensional tori with normal bundle which
is a direct sum of line bundles, the above result is due to Il’yashenko-Pyartli [[PT9)
(under a stronger small-division condition when n > 1).

_ - o« _~ h :
We have 7; = 7 + 77 = 7 + (7}, 7} ). Here, functions

o)=Y Tohn?

QENY,|Q|>2

are holomorphic in (h,v) in a neighborhood of €2, , with values in C"*9.

To work with a function f that involving expressions f o 7; for i = 1,...,n
simultaneously, we need to define a norm of f, f o 7; on the same domain Q. x A%,
i.e. the norm |||f]||c.» of the f on the union of Q. x A? with all its images under
7;. We further remark that the definition of f that appears as coordinate functions
on the union is more subtle. This will be treated with care at the end of the proof
of Proposition 417 Thus, we will use the following notations.

Definition 4.10. Set Qc, := Q, x Al QQT = ﬁe,r uUr, ﬁ(ﬁw). Denote by
A (resp. -/Zle,’l‘) the set of holomorphic functions on Q. (resp. QQT). If f € Ac
(resp. f € Acr), we set

(4.10) fller =" suwp [f(h0)l, [[flller:= sup |f(h,0)]-
(h,v)€Qe,r (h,v)EQe

Each f € A., can be expressed as a convergent Taylor-Laurent series
fhoo)y= > forh?
PeZm,QeNd

for (h,v) € Qe = Qe x AL,
We need to introduce more subdomains of Q.. For an ¢-tuple J = (j1,...,j¢) of
indices in {1,...,n} and t = (¢, ¢") with ¢/, t"” € R"™ we define

(4.11) Zte] €0,)" ) —1€ (=€), t) € (—e,14€),k#ji, Vi,

(412) @/ =9 tiej: t € [0, 1) 8] € (—e, ), € (—¢, 1 +€), k # jj;, Vi

Note that @/*J¢ and wi'J¢ are subsets of we, and w!~" = {Zfil tiej; Ewe: t €
[0,1)™ x (—€,€)"}. Then

4
(4.13) QI =Q 0 () 15, Qe = {279, e C e wl I,
k=1
4
(4.14) QP9 = Qo0 () Ty Qe = {29, €2 ¢ e I}

k=1
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are connected non-empty Reinhardt domains. Moreover, Q} " := NesoQL ™ and
QL™ = Nes oL are diffeomorphic to the real torus (S1)"™. We remark that T;0Tj
maps Y into €2 for ¢ # j, while T; o T; does not map Q into .. Since 71,...,7,
are diagonal, we obtain analogously

Q0 = Qe Oy 75 05 = O g

Q2TE = Qe Moy 75, Q70 = QI8 X Ay X X Ay
where 7/, 7" depend on ji,...,j, and r. We can record the following, for later use :

Lemma 4.11. For i # j, the set f'jﬁe)r NT7; (ﬁe)r) is a connected Reinhardt domain
containing QX" x A4, in C"+ when r' > 0 is sufficiently small.

4.1. Holomorphic functions on () ,. In this section, we study elementary prop-
erties and estimate holomorphic functions f on Q.

Lemma 4.12. An element f(h) of Ae, that is a holomorphic function in a neigh-
borhood of Q., admits a Laurent series expansion in h

(4.15) f(h)y =Y cph®.
VASYAL

The series converges normally on Q. Moreover, the Laurent coefficients

1
@e = | FQCF0 dG A A,
(2Ti)™ Jic|=s1,0lcnl=sn
are independent of s € QF and
(4.17) lep| < sup|f| inf s~ F.
Q. seqt
Proof. Obviously, estimate (£I7) follows from (LIG). Define A(a,b) = {w € C:
a <|w| <b}. Fix h € Q.. Then |h|:= (|h1],...,|hs|) € QF. The latter is an open
set and we have for a small positive number € = €(h),

1 f(Q)dG ... d¢
h) = .
F(h) (2mi)n ~/8A(h1|—e,|h1|+e) /é)A(|hn—e,hn|+e) (Gt = h1) -+ (Cu — D)

By Laurent expansion in one-variable, we get the expansion ([@IH]) in which c¢p are
given by ([@I6) if we take s; = |h;| £ € according to the sign of p; € ZF.

We want to show that cp is independent of s € Q. Note that Q} is a connected
open set. For any two points s, § can be connected by a union of line segments in
QF which are parallel to coordinate axes in R™. Using such line segments, say a line
segment [a, b] X (s2, ..., s,) in QF, we know that f(¢)¢~~(1 is holomorphic in
¢1 in the closure of A(a,b) when |(2| = s2,...,|(s| = $n. By Cauchy theorem, the
integrals are independent of s € [a,b] for these s,...,s,. This shows that ([@I0)
is independent of s.

Finally the series converges uniformly on each compact subset of €. Indeed, for
a small perturbation of h, we can choose €(h) to be independent of h. Then we can
see easily that the series converges locally uniformly in h. ([l

Recall that

Pr= {Ztilme’i: te (—6,1+6)n},

i=1
Qf ={(e7, e ) Re P}
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Lemma 4.13. There is a constant ko > 0 that depends only on Imej, ..., Ime),

such that if P € R"™ and € > €, there exists R € P& such that for all R' € P} we
have

(4.18) (R'=R)-P:=> (R, - R;)P; < —ro(e — €)|P|.

j=1
Proof. Without loss of generality, we may assume that P is a unit vector. Let 7(x)P
with w(z) € R be the orthogonal projection from z € R™ onto the line spanned by

P. Choose R € f: so that 7(R) has the largest value for R € P Note that R
must be on the boundary of P and latter is contained in the half-space H defined
by 7(y) < 7(R) for y € R™. Hence, OH is orthogonal to P. Then for any R € P}

m(R) — n(R') = dist(R',0H) > dist(9PF, PF) > (e — €)/C.
Therefore, we obtain (R’ — R)- P = —(w(R) — n(R')) < —(e — €')/C. O

Remark 4.14. Since PF is a parallelotope, we can choose R to be a vertex of PF.

In what follows, we denote the fixed constant :
(4.19) K 1= 2TKo.

Lemma 4.15 (Cauchy estimates). If f =3 5cna pegn fophPv? € A ., then for
all (P,Q) € Z" x N4,

[ flle.r
4.20 < ’
( ) |fQ1P| = Q] max, o+ SP’
where QF = {(e7?™F1 . e 2™Bna): R e PF} (see (£.9)). If 0 < § < ke addition-
ally, then
Cllfller
v

||f||e—5/ﬁ,re*5 <
where C' and v depend only on n and d.

Proof. According to Lemma [4.12] and Cauchy estimates on polydiscs, we have for
any s € QF,

fo()| _ swa,, |7

sP - sPriel

According to Lemma and Cauchy estimates for polydiscs, we have if (h,v) €
Qs re-s, then for all s € QF,

| < Supq,

|fq.p

supyead | f (7, v)]

1 ﬁdgl/\---/\dg‘n
(271'7/)" /<1|_51 [Cn|=5n fQ(C) CP Cl e Cn ’

.....

\fo.ph"| <

Set s; = e 2™ |h;| = e > R = (Ry,...,R,) and R’ = (R),...,R,). By
Lemma [£13]in which €/, P are ¢ — §, — P respectively, we obtain
hP

I3

(4.21) inf sup (B =R (=P) < o=rd'|P|

(I¢1],0|Cn])=5€QT heQ, s

= inf  sup
+
RePS R/ e”P:é/
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where the positive constant x, defined by Lemma T3] and (£I9)), is independent
of P,(,h. Thus

upQ |f|6_H6/IP‘7‘|QIe_6IQI

S ’
4.22 phfo?] < <su e~ nIPl=dlQl
( Q. p

rlQl Il
Hence, setting ¢’ := §/k, we have
C'supg, , |f]
||f||€75/n,re*5 S Z |fQ,PhPUQ| S Ta
QeNd, pPezr
where C' and v depend only on n and d. ([l

4.2. Conjugacy of the deck transformations. Let us show that there is a bi-
holomorphism ® = (h,v) 4+ ¢(h, v) of some neighborhood Q¢ 7, fixing C pointwise
(i.e. ®(h,0) = (h,0)) conjugating the deck transformations {7;}i=1, .. of M to the
deck transformations {7;};=1,. ., of Ne¢, that is :

.....

Pot,=71,0P, i=1,...,n.
This reads 7; + ¢(7;) = 7(Id + ¢) + 7 (Id + ¢), that is, for all i = 1,...n,
(4.23) Li(p) =12(Id+ ¢)+ (7(Id+ ¢) — 7 — D7) = 77 (Id + ).
Here we define £;(¢) := ¢(7;) — D7;.¢ and (LE(¢"), L (¢?)) := Li(¢). Since 7; are
linear, then D7; = 7;. We have
(LH@"), £(8%) = (8"(Tih, M) = Tig" (h,v), ¢" (Tih, Miv) — Mig" (h,v)) .

Expand the latter in Taylor-Laurent expansions as

Lhgh) = > ( > ()\fu? x Id, — Ti) qb’g?)PhP) w9, ¢h p €CT,
QENY,|Q|>1 \PeZn

LU(¢%) = > ( > ()\fu? x Idg — Mi) qS”Q’PhP) 09, ¢4 peCh
QeN4 |Q|>1 \PezZ"

Recall the notations Ay = (Ag1,...,Aen) and pe = (o1, ..., te,q). With P =
(P1,.--,pn) €Z"™ and Q = (q1, .. .,qq4) € N, we have

n n
P Q. _ Pi q;
Ao g = H Ar H 1 -
i=1 j=1

Lemma 4.16. Let 7; € A"t with 7; = #; — F; and Fj(h,v) = O([v|7*!) with
q > 1. Suppose that T;7; = 7;7; in a neighborhood of Q™ x {0} in C"*? and
i # j. Then L;(F;) — L;(F;) = O(|v]*71).

Proof. Recall that 7;(h,v) are linear maps in h,v. Also, 7;7; sends QI x A? into
C . Since 7; € Af? and 7; = 7; + O(|v[?), the continuity implies that 7;7; is
well-defined on the product domain 7, x A% when €7 are sufficiently small. Fix
h € ©,. By Taylor expansions in v, we obtain

77 (hyv) = 77 (h,v) + 7 0 Fj(h,v) + F; 0 75(h,v) + O(Jo]*7™).

Since 7;7; = 7;7; and 7;7; = 7;7; in a neighborhood of Q)" x {0}, we get £;(F}) =
L;(F;) + O(Jv|??*1) in a possibly smaller neighborhood of Q™ x {0}. O
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We will apply the following result to F; = 7; — J?(7;), where J?(7;) denotes
the 2g-jet at 0 in the variable v. They are holomorphic on €2, ,. Recall that
OF = Qo N7 Qe ) N7 (Qer ).

Recall that || f|le,» is defined in (@I0) for a holomorphic function f € A, (see Defi-
nitionLI0). For a holomorphic mapping F' € A¢ ., define || F||..,. = max{|| Filc.r,-- -, |

e,r}-

€, T
Proposition 4.17. Assume N¢ is Diophantine. Fix €y, ro,d0 in (0,1). Let0 < € <

€<e€, 0<r <1<y, 0<3<dy, and & < e. Suppose that F; = O(|v|?) € Arrd,
i=1,...,n, satisfy

(121) Li(Fy) — £(F) =0 on Q.
There exists a mapping G € A?Jréd/ﬁ e—s (see Definition[{.10) such that
(4.25) Li(G)=F; on Qe_s5) re—s-
Furthermore, the G satisfies
/

(1.26) G lesprre-s < max | Bl ez

c’
(4.27) G oTille—s/nre—s < max HFiHﬁ,rW

for some constant C' that is independent of F,q,0,r, € and v that depends only on
n and d. Furthermore, if Fj(h,v) = J* F;(h,v) = O(|v|9") for all j, then G can
be chosen so that

(4.28) G(h,v) = O(jo]™Y),  G(h,v) = J¥G(h,v).

Proof. Since F; € A%, we can write

€T
Fi(h,’U) = Z Z FinyphPUQ,
QEN4,|Q|>2 PeZ

which converges normally for (h,v) € Qc,. We emphasize that F; g p are vectors,
and its kth component is denoted by F; x.q,p. For each (Q P) € N? x Z", each

=1,...,n, and each j = 1,...,d, let i, := ip(Q, P,i),iy := i,(Q, P,j) be in
{1, ce n} as in Definition 4 Let us set

(4.29) Gl = > Z WQP KPR, i=1,....n

QeNd,2<|Q|<2q PEL Zhuzh Aip i

(4.30) GY = > > AP/\%’J’QP RPQ, j=1,....d.
QEN4 2<|Q|<2q PEZ My iy — Hivi
According to [@24]), we have

(4.31) (A2 =N )ER op =S =N ) o 2<1Q] < 2q.

Th,

Therefore, using (@31)), the ith-component of £ (G") reads

h (b Fliar .po
(L (G"))i = Z Z AP B2 — A Ao —hv

P o
QEeN4 2<|Q|<2q PEZ" (Ai th Aip i)

YD S T )

QEN?,2<|Q|<2q PEZ"
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Proceeding similarly for the vertical components, we have obtained the formal so-
lution G to the following equations :

(4.32) Ln(G)=Fn, m=1,...,n
Let us estimate these solutions. According to Definition 5 and formulas ([@29])-

@30), we have

v (1P + QD"
(4.33) max (|Gl g pl. |G q.pl) < max|Fig,p|> 5.
Let (h,v) € Qc_g/x,pe-s- According to [.22)), we have
Pl+1QN"
Gh o hPuQ|| < £l e-s0ri+ien (P14 1QDT
1Go,p I max|| lle.r >
< ma || | pe8/20P11@)_27)]
o D(ed)™’

where the last inequality is obtained by using the maximum value of 37e=% for
y > 0 at the critical point 7/§. Summing over P and @, we obtain
Cl
||G||675/I1,T675 < miax ||Fi||€,’r‘m7

for some constants C’, v that are independent of F, ¢, . Hence, G € AZ:LS/KM,5.

Let us prove (£21). Let B := 2maxy; ; (| i, |1k, ;). Then, there is a constant
D’ such that

D’ maxy, |)\kp,ug|

4.34 max  (Apl — N > TRk
(4.34) el T = TP Q)
D' maxy, | AL u |
435 a ‘AP Q _ ’ > 2 HaXk Ak Ay |
(4.35) el 1 TR = TP QN)
Indeed, if maxy, [AE uy 9| < B, then Definition Bl gives [@34) with D’ := 2. Other-
wise, if

|)‘koﬂko| = max|)\k My | > B,

Ay pi |
then |Ag,i| < £ < Zf*0 Hence, we have

. /‘k |
> |G R = Al | = e

P
‘Akougo = ko i

Finally, we define D’ = min{£,1}. We have verified (M) S1m1larly, we can
verified ([d35). Finally, combining all cases gives us, for m = 1,.

’

Am m
G o Fmlop| = [Ga.pAm iy | < max|Fo g pl pt |
NP p = N, il
A P
s AIUPL+ QL
¢ D’ maxy, |\E uy 9
P|+
< max|Fg7Q7p|%.
Hence, Gy := G o 7y € AZ*‘[?/N re—s- We can define G e AZ+§Z/ _s such that

G = Gm%,;l on 7, . We verify that G extends to a single- valued holomorphic
function of class A . Indeed, Gﬁi_l = Gj%j_l on 738 » N 78 r, since the latter is
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connected by Lemma[ T and the two functions agree with G on 7;€2, »N7;Q »NQ
that contains a neighborhood of €, x {0} in C**+.

Finally, we remark that our result is mainly on the existence of G' and its
estimates. The G = O(Jv;]?) is unique under the non-resonance condition. In
fact, the G = O(2) is given by (@29)-(30). The uniqueness also implies that
G(h,v) = J¥G(h,v) = O(Jv|?T) if Fj(h,v) = J?1F;(h,v) = O(|v]?*!) for all
J O

In what follows, we shall set 7y = Id and for any f € (A.,)"*? and F €

(Ac.)"t? we modify the norm ||| - |||c.» in @I0) for a function to define a norm
for a mapping f by the following

n n
A e == 1 flle,r + Z ”721‘71 o fofille,= Z ||7A'z'71 o fofillesr
i=1 i=0
Foy=4"oFofi€ A, Fo=F i=1,...,n

4.3. Tteration scheme. We shall prove the main result through a Newton scheme.
For 8¢, r0,€0 to be determined in (0,1), let us define sequences of positive real

numbers

Th4l :=Tge °F €yl 1= €pg———

b = T -

such that
(4.36) o= 6 < 20p.
k>0

We assume the following conditions hold :

K

(4.37) dp < 20€0a
In2

4. —_—.

(4.38) do < 10

Condition (#3T) ensures that

5 10
—a<—50<6—0, so that ek>€—0, k> 0.
K K 2 2

Condition (#.38) ensures that
r
Sk >o.

1
e 97 > 71000 5 3 so that ry > 5

Let m = 5 be fixed. We define €41 < egf) <€ and T < r,(f) <rp,f=1,...m

as follows :

0 _ ok _ (m)

€, = €k— s €kl = €
K

(0) —t8 (m)

T, = TRe O, Tl =T .

We emphasize that condition (£37) ensures e,(f) > 0. Let us assume that for each

i=1,...,n, Ti(k) =7+ T;(k), is holomorphic and for g > 0 to be chosen at the end
of the proof of Proposition [4.19 on §), ,, we have

(4.39) 17 eorie < 81 70 (hv) = O(jo]#FH).
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k) (K ij iti
( ),T; ) commute on Q7 ., C Qe for some positive

We further assume that 7;
€ <ep, v <ri. We take
Qo1 =2qk + 1 > qo2"
for gg > 1 to be determined.
We will define a sequence ®*) with ®*)(h,0) = (h,0). Let us write on appro-

priate domains
M =I1d 4¢P, (@F)L .= [d —p*) = *)
Ti(k—’_l) = ok o T(k) o (fl)(k))fl, i=1,..

A 3T

Note that there is a constant C' > 0 (depending only on the y; ;’s) such that if
e’ <€, Cr" <r' then
g J p g
Qg/’,,‘// C Qe’ X AT‘” Qe” X A’r‘” C QZ&‘Z,’I‘"

Since the Ti(k)

,T;k) commute on Q¢ x A% for some € > 0 and ®*) (h,v) = (h,v) +
O(|v|?), then Tl-(kH) ) T;kﬂ) still commute on the same kind of domains for a possibly
smaller €. By Lemma [£.16] we obtain :

(4.40) Ej(T;(k)) . Ei(Tj‘(k)) ZO(|’U|2%+1),

We want to find ¢(*) so that
441) 7Y =g D = o) 6 2B 6 (@)

= #(Id — ®) +7°F (1d — p®))
+ 6 (7(1d =) + 770 (1d - p®))
is defined and bounded on ¢, r.,,-
We now define ®*) by applying Proposition .17 with these Fj := —.J?d (Ti.(k)).

Let ¢(®) stand for G. Therefore, given 0 < § < Iieg), #® is holomorphic and
bounded on QEF 5 ppe—? and it satisfies on QeuLé RCOPPY
k Kk

PRl

(4.42) Li(¢™) := B (#;) — DF.¢® = — 2 (z2®)y i =1 .. n.
Writing formally ®®*) o (¥) = Id and using linearity of 7;, we obtain
(4.43) ¢§f)> - ¢§f)> (Id — ngf))), i=1,....n,

defining the notation ¢Ef)) =77 0¢® o#;. According to Proposition EIT7, we have

o Cl —T—Vv
(4.44) [T ——— | (k)llewkm ST,

We recall that the constant C’ does not depend on k, nor on 7°(*),

Lemma 4.18. There is constant D > 0 (independent of k) such that if positive
numbers p and § < min{D,In2, 2} satisfy

(4.45) 2MTECISHSTTTV T <

where m =5, then for all 0 < <m andi=0,...,n, the maps @gf)) = Id+ QSES)

are biholomorphisms satisfying

(k).
(I)(i) : Qek—(lt_l)é,rke*(”l)“ — Qekfea

K

7,rke—@(5
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. . k k ;
with inverse \Ilgi)) = Id — 1/)51.)) : Qek_(ztz)ayrkef(lﬂ)é — Qek_(ltl)éyrkei([+1)5 satis-
fying

o) o wlt) =270 (@M o wM) o = Id

on S, @28 1o erms-

Proof. Before we compute, we mention that the lemma will be applied to § =
0 where the d; is the deceasing sequence in ([£36) with o < 1 to be further
determined. Thus p will be a fixed number bigger than 7+v+3 so that (5,’:_7_1'_3 <
1
27C7 "
We have 1 —e™% > §/2 and 3 < e~ for 0 < § <In2. Assuming § < %2, we have
0 < 7 so that
@ 5 62
dlSt(AT o (IH)(;,(’?ATW ) =rpe (1 —e"%) > S0
On the other hand, by ([@.4]), we have

diSt(QEk_ (e+1)8 8(2%7%) = dist(ij_ (e4+1)5 9 89;7%)

Let (672ﬂR7672ﬂRl) € Q:_ t1)s X 89;27@- By @2)-@3), (R, R') € P:_ (+ns X

k= n K kE— r ~
873;:7 5o Since the matrix (Imej;)i<ij<n is invertible, there is a constant Cy
(independent of k) such that

16
: + + ~1
dist(P?_y0s. 0P ) > Gy

Since R — (e~ 2781 ... e~?7f4) ig a diffeomorphism between bounded sets, then
there exists C' (independent of k) such that
/ ~ - 110
|67271-R _ 6727TR | > 071|R/ _ R| > Oo—lcfl_'
K
Let us set D := 2%. Assuming § < D, we have § < D < 2(t2D < 2m+2pD),
oUR
Assume 2mT2C7§157777=3 < 1. Then according to (L44)), we have, for (h,v) €
Q 25

ep—L2,re )

k L 53 5 62
(146) ol (o) SO < o < St

d ..
< 3 dlSt(QEk, D5 o (04135 oN 25 45).

6]6—* TL€E
By the Cauchy inequality, we have, for (h,v) € Q, _wins o eras
2,
I SHS—T—V
C'o)0
dlSt(QEk, (Hf)é e (E+2)8) aQEk, (Hml)& mke—(EJrl)S)

1

(4.47) |D¢(k) (h,v)| < <3

l\DIOq

We can apply the contraction mapping theorem to (£43)) together with the last
inequality of ({40). We find a holomorphic solution 1/)8@)) such that for (h,v) €

Qek_ (24;3)6 rRe— (£+3)8

53
e—T—V
rpe— (£+2)8 < C 5 o < om+2

(4.48) o) (hv) < [le{Il., -

5
< W dlSt(QEki (1423)5 rpe—(E+3)8) aQEki (e+’€2)5 rpe—(E+2)8 )
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Hence, we have found a mapping ‘IJE =1Id— 1/1 (i) such that

() N~ A0
Qeki @3 ey T ‘Ij(i) (ka* (e+3)0 1%8,(“3)5) - Qék* (4205 o (e42)5

Also, @gf)) o \1/8“)) =IdonQ, _wims . - qins- Therefore

(k).
q)(i) : Qek_ (£+NS)6 rpe—(E+3)8 — Qek_ (Hj’)s rpe—(E+3)5

is an (onto) biholomorphism such that (@Ef)))_l = \IJES). O
Proposition 4.19. Keep conditions on d, i in Lemma 418 as well as conditions
@E37),[E38)). If 6o is small enough there is possibly larger > 0 such that if for
ali=1,...,n, Tl-(o) € (Acy.ry)" e satisfy |||T.(O leo,ro < 08, then for all k >0 we
have the following :

k+1 k+1
7 e (Ui )" D = O(jufPart),

(4.49) [Eemanl]
provided qo > C(do, 1t)-

o
€k4+1:Tk+1 < 5k+17

Proof. Let us first show that T(k+l) o) o Ti(k) o (@)~ is well defined on
Q, sy, 005 form > £>0and all i = 1,...,n. Here m is fixed from Lemma [£.18
Indeed, we have

W = A4 o) e (147 M) o (000)

o (k)

Since 7; " is of order > 2¢g;—1 + 1, the Schwarz inequality gives

P — k
U=)d gy e—(6=1)8 < m?XHTi 1||Eo,roce (2%71—’_1)6”7".( )Hek

~—1 (k)
1777 ®) P

£—2)8 _(e—2)5
€h— _ N) rre—(£=2)8

We recall that 0 satisfies (£37) and ([£3])). Setting ¢ := d; and if gy large enough,

we have
max ”721'_1||eo,rocei(2qk71+1)5 < m?x||%i_l||éo,r0067%qo5o < 1.
According to Lemma [£18] (£45]) and the distance estimate in (£40), we have
(L4377 0) 0 (@)@, sy ers) € Qs oo

Thus, Tl-(kH) is defined on Q¢ ,, e for £ =4 < m since P ;) 1s defined on
Qc,—5/w,rpe—s/x- For the rest of the proof, we fix £ = 4. From the argument above,

we have

k41 . . .
Ti( )(Qek—46/n,rke*45/") - 7_1((1)1(2) (Qek—é/n,rke*‘;/")) C Ti(Qék,Tk) C Ti(Qéo,To)'
Hence, 7, (1) g uniformly bounded on Q¢ 45/, rpe—10/x Wort k

(k+1)
||T ||e;c 46/ Kk, re 40 < C.

On the other hand, on Q, 45/, y,c—1/~, We have
(150) ) 2 (60 - ) (T;““’ (1d - ) - 72®)
+ (¢(k) (7.Z — % w f(k) (Id — ¢(k))) _ ¢(k) (ﬁ))
+ (0™ (7)) = 7,0 + Ti.(k))-
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The last term is equal to 77*) — J22(r*®)) = O(|v|2a+1). We also have ¢*) —
Yp*) = O(Jv|?m+1), ¢¥) = O(|v|?F1). Thus

(4.51) 7D O]ty

Improving the estimate by the Schwarz inequality, we obtain

HT-.(k-i_l)

—qr+19
i Hekf%,rke*“ < Ce .

We have e™® < 1/x for x > 0. For 6 := 0 < min{D,ln2,%"}, let p satisfy
2m+2C’5,‘:777V73 < 1, in which case assumptions of Lemma I8 are satisfied. We
then obtain

. 422\ 1
osteand <o (XD 1y
k+1° - < do q02k =
pt1
provided go > C(dp, ) := sup;, C (%) zik The last two displayed inequali-
ties for the chosen § = Jj, yield (£49). O

Finally, quite classically, since ([I47) and (@36, the sequence of diffeomorphisms
{®) 0 Pp_1 0--- 0Py}, converges uniformly on the open set Q%o)meﬂ, to a diffeo-
morphism ® which satisfies

bPor,=71,0P, i=1,...,n

provided ¢g > C(do, pt) and ||Tl-.(0)||€0)m < 6F for some dg, p are fixed. The condition
go > C(do, ut, 7,v) can be achieved by using finitely many @, ..., ®,,. Then initial
condition ||Tl-.(0)||€0)m < 4} can be achieved easily by a dilation in the v variable.
Indeed, we apply the dilation in v to the original 74, ..., 7, with go = 1. This allows
us to construct ®¢ in Proposition with & = 0 and define ‘1)07']'(1)51 to achieve
@1 > 2. Then ®g7;®, ", j =1,...,n still commute pairwise on Q. x A% for some
¢ > 0. Applying the procedure again, this allows us to find @1, ..., ®x_; to achieve
qx > 2% > C(6o, ). Finally using dilation we can apply the full version of Propo-
sition for all k to construction a new sequence of desired mapping ®q, @1, .. ..
Hence, the torus C' has a neighborhood in M biholomorphic to a neighborhood of
the zero section in its normal bundle N¢ since there is a biholomorphism fixing C
that conjugates the deck transformations of the covering of the latter to those of
the former.

Remark 4.20. The assumption “TcM splits” can be replaced by the condition that
there exist positive constant D, T such that for all P € 7", all Q € N¢ with |Q| =1,
and all i =1,...,n we have

D
ma M@ — N > ———.
P e S O R R (T
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