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Abstract

The characterization of the topological properties of complex networks remains a challenging subject, as it is
difficult to define sets of measurements capable of comprehensive characterization of their structure. In the present
work, we approach this important and interesting issue from the perspective of the similarity between the nodes of
network, while considering several local and global respective topological node properties. Capable of implementing a
particularly selective and robust quantification of the similarity between two mathematical structures, the coincidence
similarity is adopted in this work for that finality. Given a network, and having each of its nodes described in terms
of a set of topological features, the coincidence methodology can then be applied in order to reveal a respective
similarity network, which is here called the self-similarity structure of the original network. Several interesting results
are obtained by applying this method to model-theoretic as well as real-world networks, including the identification of
an opposite relationship between topological and coincidence links in some of the analyzed cases as well, small average
node similarity tending to result at hubs and nodes at the core of communities, the understanding of the node(s) with
maximum average node similarity as hubs of similarities, as well as the finding that the topological links do not tend

to be related to the respective coincidence similarity between the involved nodes.

1 Introduction

Thanks to the ability of graphs and networks to repre-
sent virtually any discrete structure and system, the area
of network science established itself as a dynamic and
important area along a relatively short period of time
(e [1, 2, 3, 1)),

Though a great deal of initiatives have addressed the
characterization of the topological properties of complex
networks (e.g. [1, 2, 3]), there is still no definitive answer
regarding sets of these measurements capable of providing
particularly comprehensive representations of the network
topology, eventually to the level of establishing a fully
invertible mapping between the original network and its
representation by a set of features. Thus, there is still
motivation for new approaches to the characterization of
the topological properties of complex networks.

In the present work, we resource to the coincidence sim-
ilarity index [5,
the product between the real-valued Jaccard [5,

, 7] for that finality. Corresponding to
] and
the interiority (or overlap, e.g. [8]) indices, the coinci-
dence similarity has been found to allow a particularly
selective, sensitive and accurate quantification of the sim-
ilarity between pairs of mathematical structures includ-
ing vectors, matrices, functions and fields (e.g. [6, 7, 9]),

therefore paving the way to several successful applications
to a diversity of fields (e.g. [6, 7, 10]).

Here, we address the promising perspective of quan-
tifying graphs and networks in terms of the respective
distribution of the similarity between several topological
properties of the involved nodes and/or subgraphs while
simultaneously considering several topological measure-
ments.

The derivation of coincidence networks from original
topological networks was brief and preliminary addressed
in [7], considering topological measurements taken for
each of the nodes in the original network as features to
be translated, by using the coincidence methodology sug-
gested in that same work [7], into a respective coinci-
dence network whose interconnections not necessarily cor-
respond to the original links. In this work, we address this
interesting possibility in a more systematic and compre-
hensive manner, taking into account additional topolog-
ical measurements as well several model-theoretical and
real-world networks to be analyzed from the perspective
of the distribution of respective similarities.

More specifically, the suggested quantification of the
network topological properties in terms of pair-wise sim-
ilarity values suggested involves the following two-steps:
(i) first, the similarity quantification is performed between



all possible pairs of nodes in a network, including a node
with itself; and (ii) the overall similarity of the network
is then gauged in terms of the average and standard de-
viation of the values obtained in (i).

In addition, the step (i) above immediately yields a re-
spective coincidence network, which can be respectively
visualized and studied in several manners. In the present
work, emphasis is given to comparing this resulting links
in the obtained coincidence network with the topological
links in the original network. In this way, it becomes pos-
sible, among other possibilities, to investigate if higher
coincidence values are eventually associated to the pres-
ence of an actual respective topological link in the original
network.

Thus, after presenting the proposed method for quan-
tifying the complexity of a network at its successive topo-
logical scales, the present work applies this approach to
three theoretical models, namely Erdés -Rényi, Barabasi-
Albert, and Watts-Strogatz, as well as to two real-world
data. Several noticeable results are reported, includ-
ing the tendency of hubs and nodes at the center of
communities to have small average node similarity, the
identification of an opposite relationship between topo-
logical and coincidence links, the possibility to under-
stand node(s) with maximum average node similarity as
hubs/prototypes of a network, as well as the verification
of lack of relationship between topological connectivity
and respective coincidence similarity, therefore suggesting
that the latter measurements has substantial potential for
complementing the characterization of networks.

This work is organized as follows. We start by briefly
presenting the involves basic concepts — including multi-
set concepts and the coincidence similarity, and follows
by describing the application of the similarity-based ap-
proach to the quantification of model-theoretical as well
as some networks derived from real-world data.

2 Basic Concepts

Three model-theoretical networks (e.g. [1, 2, 3]) are con-
sidered in the present work: Erdds-Rényi — ER, Barabasi-
Albert — BA, and Watts-Strogatz — WS in its ring config-
uration. These network types are respectively character-
ized by statistical uniformity, scale-free node distribution,
and small world property combined with geographical ad-
jacency, and geographical regularity. The ER and BA
models are characterized by small average shortest path
distances, and the WS model can present this property
depending on the rewiring probability. The present work
focuses on undirected networks.

Regarding the choice of measurements to be employed
for characterizing the topological properties of each node,

there are basically two main approaches that can be taken:
(a) to incorporate as many measurements as necessary to
provide a comprehensive representation of the topological
properties; and (b) to adopt a set of measurements that
are of particular interest respectively to each research and
applications. Here, we chose an intermediate possibility,
in the sense that we adopt a set of measurements that
is reasonably comprehensive and still convey information
about topological properties of special interest regarding
the distance between nodes, as well as the local inter-
connectivity around the nodes. More specifically, the fol-
lowing node-related measurements are employed in the
present work (e.g. [3]):

[1] - Node degree: The node degree, corresponding to
the number of connections existing between that node
and the remainder of the network, constitutes arguably
the most important topological property of a node in a
graph or network. Here, we consider its average k,v and
standard deviation kd;

[2] - Clustering coefficient: The clustering coefficient,
or transitivity, of a node measures how much the neigh-
bors of that node are interconnected. Here, we take into
account its average cc,v and standard deviation ccgd;

[3] - Average and standard deviation of the short-
est path lengths: Given a node, it is possible to identify
its shortest paths to all other nodes in the network, each
with its respective number of links, which is understood
as the length of the path. The average sh,v and stan-
dard deviation shgd of this measurement taken respec-
tively to all networks nodes is are adopted here as topo-
logical measurements, therefore providing valuable infor-
mation about the overall proximity between the network
nodes;

[4] - Betweeness centrality: This interesting measure-
ment quantifies the participation of a given node respec-
tively to the overall structure of shortest paths in the re-
spective network. We adopt its average bt,v and standard
deviation brsd in order to reflect this interesting property
of the nodes in the considered networks.

Thus, we have a total of five features characterizing
each of the network nodes according to a mixture of local
and global properties.

It is interesting to observe that the degree and clus-
tering coeflicient measurements can be understood as be-
ing local, as they reflect the topological properties around
the most immediate neighborhood of each node. The
other two measurements, namely the average shortest
path length and the betweeness centrality can be said to
be global because they convey information about the over-
all topology of the network. Therefore, the set of adopted



topological measurements constitute a good balance be-
tween local and global measurements.

Similarity indices have been often considered in or-
der to compare sets and other mathematical structure

(e.g. [11, 12,13, 14, 15, 16, 17]). The coincidence similar-
ity index was suggested [5, (] as an enhancement of the
widely applied Jaccard index (e.g. [18, 19, 16, 20, 21, 22])

with two main motivations in mind: (i) to complement the
Jaccard index in order to incorporate information about
the relative interiority between the two compared struc-
tures; and (ii) to allow consideration of real-valued real
values. The coincidence similarity is based on multiset
theory (e.g. [23, 24, 25, 26, 27, 28]).

Given that all adopted measurements are non-negative,
we can limit our attention to the multiset coincidence be-
tween two non-negative real vectores I and ¢, which can

be defined as:

Cg - SEED TawlED
P S (7.9 min {572 7)

where Y ¥ indicates the sum of the elements of vector
9. The two terms in the above equation correspond to
the Jaccard and interiority indices, respectively. Conve-
niently, we have that 0 < C(Z, %) < 1.

In the present work, the features to be compared by the
coincidence similarity are preliminary normalized by di-
viding each value by the respective average of each type of
feature. This normalization is related to normalizing the
features to result in densities with unit area, but larger
feature values are obtained by using the adopted normal-
ization.

The coincidence methodology to translate datasets
where each element is characterized in terms of M fea-
tures (or measurements) into a respective network [7] in-
volves representing each data element as a node, while
the weights of the links between two nodes correspond to
the respective pair-wise coincidence values between those
two nodes. Therefore, the higher the coincidence value,
the stronger the connection in the obtained coincidence
network.

3 Average Node Similarity and
the Self-Similarity Structure

In the present work, we transform the original network of
interest into a dataset of elements, corresponding to the
nodes, characterized in terms of respective feature vectors
involving the five topological measurements described in
Section 2. The coincidence methodology is then applied
in order to transform this dataset into a respective coin-
cidence network. The original network has N nodes.
The average similarity of a specific node ¢ can now be

defined as corresponding to:

N
(€)= 3 (7 ) e
k=1

where v; and v; are the feature vectors describing the
topological properties of nodes ¢ and k, respectively.

The self-similarity structure of the original is hence-
forth understood as the coincidence network derived from
the original network as described above. As such, it pro-
vides comprehensive information about the degree of sim-
ilarity, as revealed by the coincidence index, between all
pairs of nodes in the network of interest, including be-
tween the node and itself. This structure can be charac-
terized by the distribution of the average node similarity
of its nodes, as well as by the respective average ((C)) and
standard deviation o¢.

Interestingly, several interesting questions arise in con-
sequence of the introduction of the above measurements.
For instance, given a network or one of its subgraphs, the
respective node with the highest average node similarity
can be understood as a hub of similarity [29], therefore
representing a possible prototype for that network. An-
other interesting point regards if it is possible to have
networks specific distributions (e.g. scale free) of average
node similarity, also motivating the problem of designing
networks with given distributions of this measurement. In
a sense, all concepts and methods that have been devel-
oped in terms of the node degree and average node degree
can be extended or revisited from the perspective of the
average node similarity.

4 Model-Theoretic Networks

Having presented the basic concepts and methods to be
employed in the present work, we now proceed to ap-
plying them to study model-theoretical networks, more
specifically ER, BA and WS. All networks presented in
the subsequent figures have been threshold for the sake of
improved visualization.

Figure 1(a) shows the original networks (in blue) super-
imposed on the coincidence networks obtained for the ER
example, with N = 50 nodes and uniform interconnection
probability p = 0.15. The average node similarity is indi-
cated by the size of the nodes in the presented network.
Of particular relevance is the complete lack of relationship
between the original and coincidence links.

Figure 1(b) shows the respective histogram (a) of av-
erage node similarities (coincidences). Interestingly, the
average of the average node similarity resulted equal to
0.5733, which is not far from the middle of the possible
excursion of similarity values, which are constrained in
the interval [0,1]. A small standard deviation of 0.1937



has been obtained, corroborating the regularity expected
from ER networks.
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Figure 1: The ER network (a) and respective histogram of the aver-
age node similarity (b) considering each of the N = 50 nodes. Each
node was characterized by five features: node degree, clustering co-
efficient, betweenness centrality, as well as the average and standard
deviation of the the shortest path lengths. The overall average is
0.5733, with standard deviation 0.1937.

One aspect of particular interest regards possible re-
lationship between the average node similarity and node
degree. Figure 2 illustrates the respective scatterplot ob-
tained for the above ER network, which indicates very
small joint variation for this type of uniformly random
structure.

The considered BA network with m = 2 and N = 50
and respective histogram of average node similarities are
depicted in Figure 3, resulting in overall average of 0.4615
and standard deviation 0.2449. Interestingly, the aver-
age node similarities resulted much smaller than for the
ER, reflecting the more heterogeneous structure of this
network respectively to the several considered topologi-
cal measurements taken as features. It is interesting to
observe the small average similarity of the hubs.
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Figure 2: The scatterplot between the node degrees and the average
node similarities obtained for the above ER network. A Pearson
correlation coefficient of 0.1345 has been obtained, indicating lack
of joint variation between these two features regarding this type of
uniformly random networks.
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Figure 3: The considered BA and average networks (a) with m = 2
and respective histogram of average node similarity (b), with the
size of the nodes reflecting the respective average similarity values.

The considered WS network and its respective his-
togram of average node similarity is presented in Figure 4.
The WS network has N = 50 nodes, connections with
two neighbors ate each side of a node, and rewiring prob-
ability of p,, = 0.02. The resulting overall average node
similarity is 0.6463 and standard deviation 0.2175, which



is higher than the values obtained for the ER case above.
The histogram profile also resulted shifted to the right, as
could be expected given that the relatively small rewiring
probability has not been enough to substantially change
the original topological regularity of this network. It is
of particular interest to observe the small average node
similarity obtained for the nodes at the extremities of the
rewired connections.
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Figure 4: The considered WS network (a) with rewiring probabil-
ity pw = 0.02 and 2 connections to each side, and its respective
histogram of average node similarity (b).

5 Real-World Networks

In order to complement the study of the application of
the average node similarity concept for the characteriza-
tion of networks, we now consider two real-world struc-
tures, namely the Zachary karate club [30, 31] and a net-
work of interconnections between the cortical areas of the
macaque, [32, 31].

Figure 5 illustrates the Zachary karate club network,
which is understood to have two communities, superim-
posed to the average similarity network (a) and respective
histogram of average node similarity. The overall average

node similarity was 0.4728 with a standard deviation of
0.2590. Interestingly, this histogram bears similarity with
that obtained for the ER case.
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Figure 5: The Zachary karate club network (a) and its respective
histogram of average similarities established by each of the N = 34
nodes. A particularly heterogeneous distribution can be observed
that resembles that obtained for the BA case in Section 4.

We can observe that the center of the two communities,
which are hubs, resulted with substantially small average
node similarity in a similar manner to the hubs in the BA
case. Interestingly, the nodes mediating the two commu-
nities also resulted with small average node similarity as a
consequence of their connections to two distinct modules.

Indeed, as it can also be observed respectively to the
BA case, the topological links tend to opposite the coin-
cidence links. This tendency can be readily confirmed by
the scatterplot between the nodes degrees and the average
node similarity presented in Figure 6.

The macaque network and respective histogram of the
average node similarities are depicted in Figure 7, yield-
ing overall average 0.5647 and standard deviation 0.2065.
This originally directed network has been symmetrized
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Figure 6: Scatterplot of the average node similarities in terms of
the respective node degrees for the Zachary karate club network
confirms an opposite tendency of topological and coincidence links
for this network. The Pearson correlation coefficient is —0.86.

for the sake of compatibility with the clustering coeffi-
cient measurement. An interesting, moderately skewed
histogram has been obtained in this case, with median
average values, being similar to that obtained for the ER
networ.

The joint visualizations of the original and coincidence
similarities obtained for the macaque network, which can
be seen in Figure 7(a), has a moderately modular struc-
ture. Interestingly, relatively fewer coincidence links can
be observed at the core of the denser community, while
the hubs are again characterized by small average node
similarity. In addition, this network is characterized by a
remarkable uniformity of average node similarity values,
indicating that it is particularly uniform respectively to
the adopted features.

6 Concluding Remarks

The present work has addressed the still challenging issue
of topological characterization of the properties of com-
plex networks in terms of the concept of coincidence sim-
ilarity, which is capable of particularly selective, sensitive
and robust performance. After presenting the concepts
and methods, they were respectively applied to three
model-theoretic networks, as well as to two real-world
structures.

Several interesting concepts and results have been pre-
sented and discussed, including: (i) the strongly skewed
histogram obtained for the BA case; (ii) the fact that hubs
have been found to be invariably characterized by small
average node similarity; (iii) a strong negative correlation
between the node degrees and the average node similarity
in the case of the BA and Zachary networks; as well as
(iv) the identification, in the case of the macaque network,
that nodes more central to the cores of the modules tend
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Figure 7: The macaque network and average similarity networks (a)
and respective histogram of the average node similarities obtained
for the N = 45 nodes of this network.

to have small average similarity; (v) the verification that
the local topological structure of a network (individual
links) bears virtually no relationship with the strengths
of the respective links in coincidence networks; and (vi)
the understanding of the node(s) with the highest average
node similarity as a hub of similarity of the network (or
any of its subgraphs or modules), therefore constituting
a reasonable respective prototype.

The reported concepts, methods, and results corrobo-
rate the potential of the average node similarity for char-
acterizing in a comprehensive and effective manner the
topology of virtually every type of network, paving the
way to a number of interesting future works.
stance, it would be interesting to extend the analysis to
directed networks, as well as to understand the average
node similarity as an indication of the regularity or uni-
formity of networks.

For in-

Then, we have that all concepts
and methods developed with basis on the node degree
can be revisited and/or complemented from the perspec-
tive of the average node similarity. In addition, by calcu-
lating the average node similarity for successively larger
subgraphs, relationships can be established with the net-
work self-similarity (fractal). The identification of nodes



with particularly low average similarity also constitutes
a possible way to identify outliers. Another particularly
promising prospect regards the extension of the similar-
ity concept for quantifying the relationship and matching
between two or more networks, including applications to
auto and isomorphism.
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