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Abstract

This work is devoted to the construction of multiscale numerical schemes efficient in the finite Larmor
radius approximation of the collisional Vlasov equation. Following the paper of Bostan and Finot (2019),
the system involves two different regimes, a highly oscillatory and a dissipative regimes, whose asymptotic
limits do not commute. In this work, we consider a Particle-In-Cell discretization of the collisional Vlasov
system which enables to deal with the multiscale characteristics equations. Different multiscale time
integrators are then constructed and analysed. We prove asymptotic properties of these schemes in the
highly oscillatory regime and in the collisional regime. In particular, the asymptotic preserving property
towards the modified equilibrium of the averaged collision operator is recovered. Numerical experiments
are then shown to illustrate the properties of the numerical schemes.
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1 Introduction

In this work, we consider the three dimensional collisional Vlasov model under the so-called finite Larmor
radius scaling, whose unknown is the distribution function of a population of charged particles. Motivated
by the magnetic confinement, in the finite Larmor radius regime, the typical perpendicular spatial length is
of the same order as the Larmor radius and the parallel spatial length is much larger (see [3,19]). When the
collision effects are neglected, the finite Larmor limit leads to the so-called gyrokinetic model. However, when
a collision kernel is present, the gyrokinetic model is supplemented with an averaged collision operator whose
properties are different from the original one (see [4] and [2]). Indeed, under some quite general assumptions,
the authors proved in [4] that the averaged (or effective) collision operator satisfies a set of modified invariants
and have a modified equilibrium (compared to the non averaged version). As a consequence, the hydrodynamic
limit gives rise to a new system of conservation laws called the gyrofluid model.

More precisely, we are interested in the following collisional Vlasov model satisfied by the distribution
function f(t,x,v)

1

T

1 1
Ocf + Z (010, f + 0200, f) + 0305, f + E- Vo f + — (0200, f = 0100, f) = ~Q(f), (L.1)
where (t,7,v) € Ry xR3xR3 (z = (21,22, 23) and v = (v1,v2,v3)), E = (E1, E2, E3) : R? — R? is an external
electric field and @ a collisional operator. Here the external magnetic field is supposed to be homogeneous
and oriented along the x5 direction. An initial condition f(0,z,v) = fo(x,v) and boundary conditions enable
to complete the model.



Our main motivation is to design and analyze multiscale numerical schemes for (1.1), which can run for
arbitrary values of ¢ (scaled cyclotronic period) and 7 (Knudsen number). Let us remark that the limit € — 0
(7 fixed) leads to highly-oscillatory (in time) behavior of f whereas the limit 7 — 0 (& fixed) corresponds to
a hydrodynamic limit. For the two different limits, several contributions have been performed. For instance,
uniformly accurate numerical schemes have been proposed for the finite Larmor radius limit in [8], using
two-scale strategies developed in [5-7,9,13,14]. On the other side, Asymptotic Preserving numerical schemes
efficient in the hydrodynamic limit have been widely studied [10, 11,16, 18, 22,23, 25]. However, when two
limits are combined, the literature is less abundant (see [12,26]).

To investigate these stiffnesses, from a numerical point of view, a Particle-In-Cell (PIC) method is employed
for the six-dimensional phase-space semi-discretization of (1.1). This method (see [1]) assumes the distribution
function is approximated by a sum of macro-particles whose positions z(t), velocities v(t), and weights w(t)
satisfy a set of ODEs which, in our case, turns out to be a multiscale (highly-oscillatory and highly dissipative)
set of ordinary differential equations (ODEs). Our goal is then to design efficient numerical time integrators
to handle these multiscale characters using PIC method. On the one side, observing that particles positions
and velocities are highly-oscillatory in time only, uniformly accurate (UA) time integrators can be derived
thanks to the two-scale framework [5,9,13]. On the other side, the particles weights, which traduce the
collision part, are solution to a nonlinear equation which combines the two stiff behaviors, highly oscillatory
and dissipative. Roughly speaking, considering a BGK collision operator for @) in (1.1), the particles weights
w(t) are solution to an equation of the form w(t) = (M (t/e,w(t)) — w(t)) with M(6,-) a nonlinear function
of w. In this context, different multiscale numerical schemes are designed and analysed.

We need to consider the two-scale form of the weights since the highly-oscillatory behavior of the particles
is transferred to the weights. Then, one of the main difficulties lies in the fact that the equilibria of the
averaged collision operator are modified by the averaging procedure and it is crucial to take this asymptotic
property into account in the numerical schemes. Indeed, in spite of its apparent simple relaxation form,
the equilibria of the averaged collision operator are the so-called gyromaxwellian and have to be included
in the numerical scheme to ensure its good asymptotic behavior. Following the penalty method combined
with exponential integrators [16,24], it is possible to design a scheme which enjoys the uniformly accuracy
property with respect to e (oscillations) and the asymptotic preserving property with respect to 7 (relaxation).
Moreover, in a reduced case where the filtered Maxwellian does not depend on the weigths, it is possible to
prove that the numerical scheme enjoys the uniform accuracy in both € and 7.

The rest of the paper is organized as follows. First, the different asymptotic models obtained from (1.1)
are presented in Section 2: the averaging procedure leads to the effective collisional gyrokinetic model and
the fluid asymptotic of this model leads to a gyrofluid model. Then, the multiscale numerical schemes are
presented in Section 3 and analysed in Section 4. Lastly in Section 5, numerical results are presented to
illustrate the properties of the numerical schemes in different configurations.

2 Presentation of the models

In this section, the different asymptotic models of (1.1) are recalled from [4]. We first recall the highly
oscillatory limit e — 0 (7 fixed): after filtering out the main oscillation, a collisional gyrokinetic model is
obtained by a standard averaging procedure. The main point highlighted in [4] lies in the fact that the
averaged collision operator (@) has modified properties compared to the original collision operator . This
is recalled in a second part. This paves the way of a new gyrofluid model whose properties are studied in the
third part.

2.1 Gyrokinetic model

To formally derive the collisional gyrokinetic model from the limit € — 0 of (1.1), we make explicit the e and
7 dependence in the distribution function unknown by denoting it f=7 (¢, z) with z = (z,v), so that (1.1) is
recast as

1 1
O fo7 + gAz SNV fOT Rt z) VL f57 = ;Q(fE’T), (2.1)



with

000 1 00 0
000 0 10 0
oo o 0o 0o s
A=lo 00 0o 1 0| M2 =1 g | (2:2)
000 -1 00 Ey(t,z)
000 0 00 Es(t,x)

On the one side, the perpendicular (to the magnetic field) dynamics %A generates oscillations caused by
purely imaginary eigenvalues of A. On the other side, the parallel dynamics h depends on the electric field
E = (F1, Es, E3).
The first step is to perform a change of variable in order to filter out the main oscillation

7 = e t4,, (2.3)
and denote by X = (X1, Xa, X3) the first 3 coordinates of Z and by V = (V1, V5, V3) the last 3 coordinates
of Z. This filtration is related to the flow 3 associated to Az - V. by the relation 3(s, Z) = e*AZ. The flow
is given by

3=(X,9),

X(s,2) = (X + (I, — R(—5))"V, X3), (2.4)
U(s,Z) = (R(—s)V, V3),

where X = (X1, X2), V = (W1, Va), Vo= (Va,—V1), Iz the 2x2 identity matrix and R(#) stands for the
rotation of angle §. Due to the spectral properties of A, one can prove that the flow s — 3(s, Z) is 27-
periodic, which will have important consequences from a numerical point of view. Let now define F*7 the
filtered distribution function F=7(t, Z) = f&7(t,2) (with z = €//*4Z from (2.3)) which satisfies the filtered
version of (2.1)

1
OFT + H(t,t/e,Z) - VzF=T = ;Qﬁlt[Fs’T}(t,t/e, Z), (2.5)
where
QunlF=7](t, 5, 2) = QIF="(t,e=*A))(*42), H(t,s,7) = e~ 4h(t,e42).  (2.6)

As one can see, the definition of Qgt requires two changes of variables. First, the inverse change of variables
enables to compute the moments in the original variables and then, the operator is evaluated in the new
variables. As we will see in the next section, this will induce difficulties in the numerical approximation of
Qsite-

The filtered model (2.5) highlights three time scales. First, the slow time scale corresponding to t —
H(t,s,Z) since the parallel dynamics evolves on a larger time scale than the perpendicular one; second the
fast cyclotronic periodic time scale corresponding to 8 — H (t, 0 /e, Z); lastly, the presence of the collision term
induces a collisional time scale ¢/7. The averaged model obtained when e goes to 0 is derived by averaging
with respect to the fast time variable t/c. Following [4], the collisional gyrokinetic model satisfied by F7™
(which is the limit as € — 0 of F=7) writes

O + (H) -V F7 = - {Q) [F], (27)
with
<m@m:%/Mij& «mwmmzi/%mmmgm& (2.8)
0 0

As (2.7) is still a collisional Vlasov equation, the hydrodynamic limit can be investigated and a fluid model
can be derived. To do so, a careful study (performed in [4]) of the equilibrium and collision invariants of (Q)
is necessary since, as 7 — 0, F'™ converges to an equilibrium of {(Q).



2.2 The average operator (QBGK)

In view of numerical simuations, we will use the standard BGK operator which is the easiest operator satisfying
the properties required by Theorem 4.1 of [4]. Indeed, the analysis presented in [4] does not depend on the
collision operator choice, as long as it satisfies some properties. It is classical to check that the following
BGK operator satisfies these properties (H-theorem, Maxwellian equilibria, moments conservation). In this
subsection, we omit the time dependence for simplicity. First, we recall definition of the BGK operator:

@eck(f) = M[f] = f, (2.9)
where the maxwellian M|[f] associated to f is defined by
__ n(z) v — u(@)[?
M[f](z,v) = (QWT(?C))F’/QGXP<2T(93)>’ (2.10)

where the moments n, v and T' are defined by

n(z) = / Fo)dv,  nu(z) = / F,0)v dv,
R3 B3

2 2
n <|u2| + 2T> (x) = /f(x,v)% dv.
RS

In this section, we make the filtered model (2.5) and the averaged model (2.7) more explicit under the choice
of Qpck. First, we define the filtered Maxwellian associated to a filtered density F' = F'(Z) (Z being defined
in (2.3))

Ma[F](s, Z) = M[F (e *4)](e*42), (2.11)
and the averaged Maxwellian by
M) [FI2) = 5 [ MnlF)(s,2) ds. (2.12)
0

We give now the expression of the average operator (Qpck)
(@Bek) [FI(Z2) = (M) [F](Z) = F(Z). (2.13)

Thanks to Proposition 4.5 of [4]77the equilibria of this averaged BGK operator are the so-called gyro-
maxwellians defined by (recalling X = (X1, X2) and V = (V1, V2))

GIF)(X, X3, V) = nM>us (V = T)My(Vs — U) M2(X + V= 7), (2.14)

n—0
with M (v) = (27T)~4/? exp(—%) where n(X3) € Ry, U(X3) € R3, Y(X3) € R?, §(X3) € RT and
w(Xs) € Ry are defined by integrating F' against the 8 collisional invariants of (Qpgk) (whereas Qpgk has
5 collisional invariants)

n(Xs) = | | F(X,V)dVdX, (2.152)
!
nU(Xs) = [ [ FQXL V)V AVAX, nY(X3) = | [ F(X,V)(X + V) dVdX, (2.15b)
! !
n<K+|U2|> (X3) = //F(X, V)% avdXx, (2.15¢)
R2R3



n<G+|Y2|—’U;> (Xs) = //F(X,V)

dVdX. (2.15d)

These quantities, which only depend on X3, are called gyromoments: n is the density of particules, U =
(Uy,Us,Us) is the average velocity, Y = (Y7,Y3) the Larmor-center velocity, K the internal kinetic energy
and G the internal gyration energy. Notice that n > 0, K > 0 and K + G > 0. The two temperatures 6 and
w1 then verify p > 6 > 0 and satisfy the following relations

10 0 o

K=—+- G=pu— . 2.16
ﬂ __0 +-27 M ﬂ __0 ( )
We can inverse the system to express 6 and p as a function of K and G to get
0=2(K+G)/(1+2v), w=vb, (2.17)
with
35 952 +16(S+1 G
_ 1 BTV HIGS D) 5= (2.18)

Moreover, we have the following relation: p + g =K+G.

Remark. We highlight the fact that F — (Qpck) [F] = (M) [F]—F and the relazation operator F — G[F]—F
are two different operators. As mentioned in [4], the average operator (Qpck) is more complicated than a
relaxzation type operator defined with gyromoments.

Remark. Let us remark that E:: Z + 17 is invariant under the change of variable i.e. T+ o=X+ lV,
Thus, in this set of variables (P, V),~U£ have dx dv = dX dV = dP dV and the above calculations can be
performed by replacing F(X,V) by F(P,X3,V) in (2.15) and the gyromazwellian can be written in a more
natural way by o o o

GIF)(P, X3,V) = nM>2u (V= U) Mg(Vs = Us) M(P —Y). (2.19)

n—0

The variables (P, X3,V) turn out to be natural for the gyrokinetic model (2.7).

2.3 Gyrofluid model’s properties

In this section, we study the gyrofluid model derived from the gyrokinetic model (2.7) with the BGK operator
when 7 — 0. The main interest of this gyrofluid model lies in the fact that the macroscopic unknown only
depend on time and on one spatial variable X3. For the sake of simplicity, we assume here that the electric field
is given and only depends on time: E = E(t) but the following calculations can be generalized to a given space
dependent electric field. Considering the gyromoments of (2.7) and replacing F'™ by the gyromaxwellian (2.14)
enables to get the following gyrofluid model satisfied by U(t, X3) = (n,nU,nUs,nY ,n(K + |U|*/2),n(G +
VI2/2 — [U[2/2))(t, Xa) € RS

on + dx,nUs = 0, (2.20a)
U + Ox,nUsU = 0, (2.20b)
OnUs + Ox, (nU3 +nb) = nEs, (2.20¢)
OnY + dx,nUsY =n" E, (2.20d)
O |n (K + |U22> + 0x, |nUs (K + |U2|2 + 9) = nU3Ej3, (2.20¢e)
=12 72 =12 72
8, n<G+|Y;‘U2|> +dx, |nUs <G+|Y2|‘U;> =ny 'E. (2.20f)




The gyrofluid model has also an entropic inequality, derived directly from H-theorem’s inequality

n n

n—0 n—0

w and 0 being defined by (2.17). A space dependent electric field would have given a different right hand side
in (2.20): the change of variable (2.3) and the averaging have to be applied to E to get an average electric
field as a source term. One can observe that the gyrofluid model (2.20) shares similarities with compressible
Euler equations but also has its own specificities. Indeed, in addition to the equation of continuity, there are
five equations on mean velocity (with Us as the main velocity), and two equations (2.20e) and (2.20f) on the
kinetic and gyration energies, the sum of which gives the equation on the total energy. The kinetic (resp.
gyration) energy is composed of an internal kinetic (resp. gyration) energy K (resp. G) and a kinetic (resp.
gyration) energy |U|?/2 (resp. (|?|2 - |ﬁ’2) /2). Moreover, as 6 is a function of the two internal energies K and
G, nf can be interpreted as an equivalent of the pressure in the compressible Euler equations. The right hand
side terms correspond to external electric field applied on the system. The gyrofluid model (2.20) is presented
in a conservative form with a source term. In order to study algebra and wave-structure of the model, we
rewrite it in a quasi-linear form expressed with primitive variables W (¢, X3) = (n,U,Y, K, G)(t, X3) € RS.
This is done in the following Proposition.

Proposition 1. The gyrofluid model (2.20) can be rewritten in a quasilinear form
KW + A(W)ox, W = B, (2.22)
with W (t, X3) = (n, U, Y, K,G)(t, X3) and with

o O O
o O O

)
Q
&

(2.23)

coocoscocoS
coo
|
=
N
—~

coocococo&fo
coococooSfoo

coSfoococoo
>
OSOON oo o

0
0
0
0
Us
0
0
0

cosocoSFfocos

Us 0.

Here 0k and Og are such that 0x,0 = 0xO0x, K + 0c0x,G, 0 being defined by (2.17). The gyrofluid model is
hyperbolic: A(W) is diagonalizable and presents the eigenvalue Ao = Us of multiplicity 6 and two eigenvalues
Ao =Us—c and Ay =Us + ¢ with ¢ = \/0(1 + 0k) of multiplicity 1. The associated eigenvectors for Ao are

r = (07 ]-7 07 01 07 07 07 O)u ro = (07 07 ]-7 07 07 07 07 0)7 r3 = (07 Oa 07 07 ]-7 07 01 0)7

2.24
rq = (0,0,0,0,0,1,0,0), r5 =(0,0,0,0,0,0,0q,—0k), r¢é =(—nbk,0,0,0,0,0,6,0). ( )

The other eigenvectors are given by
r— =(n,0,0,—¢,0,0,0,0) for \_, ry =(n,0,0,+¢,0,0,6,0) for A;.

Remark that similarly to the classical Euler equations, the gyrofluid model
presents two genuinely nonlinear fields associated to A = Us + ¢, as well as a linearly degenerated field
associated to A\g = Us.
To prove Proposition (1), we need the following Lemma.

Lemma 1. We have the relations below

=2 =2
U U
8tn% + 6X3nU3% =0, (2.25)
v L
2 2
ﬁtn% + 8X3nU3% = ’I’LU3E3 — U38X3n9. (2.27)



Proof. Starting from (2.20b) and use the continuity equation (2.20a) enables to get 9,U + U3dx,U = 0.
Consequently, developing (2.25) leads to

o) o _ o T (8T + U-8T
atn? + aXan3T = ?(8{11 + 8X3nU3) + n(U . (&gU + UgatU) =0.
Relations (2.26) and (2.27) are obtained by similar calculations. O

We prove now Proposition 1.

Proof. Using Lemma 1 together with some calculations, we will show that (2.20) can be written into (2.22)
for which the eigenstructure can be obtained easily. First, (2.20a) and (2.20b) give

O + UszOx,n +ndx,Us =0 and 0,U + UsOx,U =0,

whereas (2.20c) gives
0
o0 U3 + U36X3U3 + 6X30 + Eﬁxan = Fjg,

where 6 is a function of K and G which are independent of the other variables (see (2.17) and (2.18)). Then,
there exist Ok (K, Q) and 0¢(K, G) such that 0x,0 = 0x0x, K + 0c0x,G. Consequently, (2.20c) becomes

0
0 U3 + U33X3U3 + 9K8X3K + 0G6X3G + ﬁaxgn = Fj3. (2.28)

From (2.20d), we obtain
8,Y + Usdx,Y = E.

We use (2.27) of Lemma 1 together with (2.20e) to get
ohnK + 8X377,U3K + n98X3U3 =0,

or again
0K + U38X3K + 98X3U3 =0. (2.29)

We use (2.25) and (2.26) of Lemma 1 to recast (2.20f) into
0,G + U38X3G =0.

We then deduce that (2.20) can be written in the quasilinear form (2.22). Moreover, we can check that O > 0
which implies that ¢ = \/0(1 + 0k ) is well defined. Because of the shape of A, we see that the characteristic
polynomial is reduced to the computation of the determinant of a 3x3 matrix

U3 - A n 0
det(A — XId) = (U3 — \)°det [ 6/n  Us—X 0k
0 0  Us— A\

It follows that det(A — AId) = (Uz — A\)5(A\? — 2UsA + U2 — ¢?) = (U3 — \)°(\ — (U3 — ¢))(A — (U3 +¢)). In
the same way, we see that ry, 75,73 and r4 are eigen vectors associated to Us. Then, it remains to find other
eigen vectors on the 4x4 matrix
U3 n 0 0
O/n Us Ok 6g
0 6 Us O
0 0 0 Us

This concludes the proof. O



3 Discretisation of models

In this section, we develop multiscale numerical schemes for the kinetic model (1.1) or equivalently (2.1). The
goal is to design numerical schemes which overcome the stiffness induced by the two physical parameters e
and 7. The main ingredients are the following: we discretize the phase space with a weighted particle method
which transforms (2.1) into a set of ODEs; then, we construct uniformly accurate scheme in e using scales-
separation strategy developed in [5-9,13, 14| which introduces a new time periodic variable; the dissipative
stiffness in 7 is handled using IMEX and exponential time integrations which are widely used to achieve
asymptotic preserving properties [16,21, 24].

3.1 Particle-In-Cell framework

In order to discretize (2.1), we use a particle method. In the sequel, we will omit the notation referring to the
solution dependence in 7 and ¢ to alleviate notations. Let N, € N a number of numerical macro-particles of
positions x4, velocities v, and weights wy, ¢ = 1,..., N,. We will approximate the solution f of (2.1) by the
following particle ansatz

(L, z,v) qu )o(x — x4(t))0(v — vg(t qu )0(z — 2z4(2)), (3.1

with z = (z,v) and 2,(t) = (zp(¢),vp(t)). Inserting (3.1) into (2.1) and integrating against a test function
leads to the following ODE system for zq(t) = (z4(t),v4(%))

5(1) = 2z (1) + At 2p(1)), 25(0) = 20 (3.2)

We assume that 2,0 € QU D, C R® where Q C R? is the spatial domain and D, C R? the numerical
velocity domain. Due to the presence of the source term Q[f](t,z) = L(M]f](t,2z) — f(t,2)), the weights

=
wq(t) in (3.1) are not constant in time. We denote by s,(¢) = L (my(¢) —w,(t)) the weights of the source term

with the Maxwellian’s weights m,,(t) = M([f](t, z,(t))Vn, and wy(t) = f(t,2,(t))VN, the weights of f, with
VN, = [9Q[|Dy|/N, is the average volume of the phase space domain occupied by one particle. To compute the
moments of fy , we need to regularize fy, with respect to x. In this work we consider tensorial product of

first order B-splines: S(z1, 22, x3) = S(21)S(22)S(23). If Q = [Zmin, Tmaz)® and N, the grid point number,
we choose Az = (Tmaz — Tmin)/Nz, then we have

1 le) .
_ = (1= 2 it e < A,
S(a) = Ax( Ay ) HlelsAe (3.3)

0 else.

With the smooth kernel S, we define the regularized form ff,p of fn,

(t,z,0) qu 24(t))3(v — v,(t)), (3.4)

from which we can compute the moments of f ;\q,p following

2 Np
(ww ('“2 " §T>> (t.2) = 3~ w(O)S(a — 2, O) (L vy 0) e (O /2), (35)
q=1

and then, we can define ./\/l[ff,p] (using (2.10)) together with its weights

mp(t) = MIFX, It 2 () Vi, (3.6)



Notice that m,(t) does not only depend on z,, but also depends on all weights and particles through f j%p and
(3.4). To be consistent with the continuous case, we call the first one "functional”" dependence (dependence
with respect to z,) and the second one "operational" dependence (dependence with respect to all z, and all
wp, which determine f f,p) Finally, the weights w,, satisfy the following equation

Gp(t) = = (mp(t) — wp(t). (3.7)

T

The goal is then to solve numerically the multiscale system (3.2)-(3.7) endowed with initial conditions

(2p(0),wp(0)) = (2,0, wWp,0)-
As in the continuous case, the main oscillation generated by %, = (1/¢)Az, is filtered out by a change of

unknown. We set Z,(t) = e~ =42,(t) (with A given by (2.2)) so that (3.2) becomes
Zy(t) = Ht,t/e, Zy(8) = e~/ h(t, ¢¥/*4 2, (1)), (3.8)

Now, we explain how to compute m,(t) in (3.7) with filtered particules Z,(t) = (X,(¢),V,(¢)). In this
framework, the filtered distribution function writes

NP
Fn,(t,Z = (X,V)) = qu(t)é(X — X ()0(V = V4(2)).

To compute the moments, we need to apply the inverse change of variable. By using notations (2.4), we write
the regularized form F j?,p of Fi, thanks to the unfiltered particle density f f,p with filtered variables:

FR,(t,2) = ffr (t, X (t/e, 2), 0 (t/e, Z))
= qu X(t/e,2)=X(t/e, 24(1))) 0 (U (t/e, Z) =V (t/e, Z4(1))) -

We are now able to compute moments of F' j\g,p as

qu X(t/e, Z) — X(t/2, Zy(t)),

P

qu X(t/e, Z) = X(t/e, Z4(4)))D(t/¢, Z4 (1)), (3.10)

2
N(Vf; . T) zwq %(1/e,7) - x(t)e, 202U LOE

and to reconstruct the corresponding filtered Maxwellian Mg [F Jf,p] Let us remark that we have (N, U, T) (¢, Z) =
(n,u, T)(t,X(t/e, Z)) and that the weights of the Maxwellian M and the filtered Maxwellian Mgy [F] are equal
since the filtration only applies on the particles

NI?
=Y "m0z — 2 (1), MaFx ) Zmp Zy(1)),

and the same holds true for fy, and Fy,. Finally, once the filtered Maxwellian Mgy[F' j\g,p}(t, Z) has been

constructed, the weights are computed by evaluating it at the particles Z,(t): m,(t) = Mg [Ff,p] (t, Zp(t))Vn, .
To anticipate with the next subsection devoted to the numerical schemes, we introduce a new definition to
highlight the "operational" dependence of Mgy, (with respect to the weights and particles positions) and its
dependence with respect to the fast variable

mp(t) = Mﬁlt[Z(t)v w(t)}(h t/E, Zp(t))VNp7 (3'11)
where Z(t) = {Zq(t)}q:L...,Np and w(t) = {wq(t)}q:17...,Np'



3.2 Multiscale numerical schemes

The presence of a slow time scale and a fast one which is 27-periodic is amenable to the two-scale framework
[5-9,13,14]. Then, we consider the two time scales as independent by introducing Z,(t,s) (resp. Wy(t, s))
satisfying Z,(t,t/e) = Zp(t) (resp. W,(t,t/e) = wp(t)). We also introduce the following functions:

Hp(t,s) = H(t, s, Z,(t,5)),

3.12
M, (t,s) = Mg [Z(t,s), W(t,s)](t, s, Zp(t,s))Vn, (3.12)
With these notations, (3.8) and (3.7) become
1
O Zp(t,s) + —0s2p(t,s) = Hp(t,s),
€ (3.13)

1 1
O W, (t, s) + gast(t, s) = ;(./\/lp(t, s) —W,(t, s)),

where the calculation of the moments, the Maxwellian and its weights presented in Subsection 3.1 are adapted
to the two-scale framework.

Let us now discuss the time integration of (3.13). In this part, we present different multiscale numerical
schemes according to the considered asymptotic in € or/and 7. Since quantities are periodic in s, we will
consider the Fourier transform to approximate the functions in this direction. With a uniform mesh s; =
j2m/Ng,j =0,..., N, with Ny € N* (an even number), the Fourier transform writes, for an arbitrary function
g:s€[0,2m] — g(s) of Fourier coefficients g;,

N./2—1

gls)= > @

I=—N,/2

Applying the Fourier transform to (3.13) enables to get the following equations on the modes

d - il N

%Z ,l(t) + gZp,l(t) = Hp,l(t)7

d _+ il 1 A 1 -
awp,l(t) + (E + 7_) Wp’l(t) = ;Mp’l(t).

We introduce time discretisation ¢ = nAt, Vn € N with At > 0 the time step. Applying the variation of
constant formula between t" and t"*! leads to

tn+1
ép,l(tn+1) = 8_%At2p,l(tn) + / 6_%(

tn

tn+1

DL, ,(t) dt,
(3.14)

f"+1

~ i ~ 1 i n+1
Wy (£7H1) = e (SHDA0Y (47) 4 - / e~ (CH D=0 g (4) dt.

tn

These expressions will pave the way of the time integrators that will be described in the sequel.

3.3 Scheme A: uniform accuracy with respect to ¢

In this subsection, we introduce a first numerical scheme to approximate (3.13). The use of the two-scale
approach will make this scheme uniformly accurate with respect to ¢ for all fixed 7 > 0. Besides, this scheme
enjoys the asymptotic preserving property in the asymptotic 7 — 0 for all fixed ¢ > 0.

The starting point for the numerical scheme is (3.14). To discretize the integrals in (3.14), we use an
Adam-Bashforth type method. We consider here first and second order methods but higher order can be

10



considered as in [9], [27]. Denoting by g(t) a function representing H,,;(t) or M, (t) in (3.14), we replace
g(t) by the following approximations

g(t) = g(t") (first order approximation),

g(t") —g(t" 1)

g(t) ~ g(t") + (¢ - 1) T

(second order approximation).
To simplify the final expression of the scheme, we introduce for all & € N, z € C, the following function

efz(l t)ta dt = ( )a+1 <ez . i (lj)k> ’

k=0

i
2|~
o _

so that

e 2T (4 gmye qt = ol At o, (2A8). (3.15)

tn

We denote Z(s) (resp. W;'(s)) an approximation of Z,(t",s) (resp. W,(t",s)), and ZA,’;LJ (resp. W;l) the
coefficients of the Fourier transform of Z7(s) (resp. W,'(s)). With these above notations, the first order
numerical scheme writes

. A 5 il
Zt = e_?lAtZZZl + Atypg ( At) ol (3.16a)
A il At 'l

and the second order one is

Dyl Dyl

A i o il il . N
Zrit = e AN 4 Aty <AtZ€) Ay, + Atgy <A ZE) (He, — 1o,
A — (€4 n At 7l 1 ~n
pj—l =e (E AtW 1 + 7@0 (At < T)) Mp,l (317)
At il 1 ~n e
+7<P1 (At<€ T)) ( p,l—Mp,zl)-

Then, once the two-scale (Fourier) numerical solutions are computed, one can evaluate the Fourier series

Ns/2—-1 Ng/2—1
Z Z;lells, Wy (s) = Z ngeds, (3.18)
I=—N,/2 I=—N,/2

and the original solutions are obtained by evaluating on the diagonal s = ¢" /¢ and applying the inverse change
of variable

Zn Zn tn n o__ ﬁAZn Wn tn 3.19
=) (xp,vy) =2, =e<"27, =) (3.19)

Let us discuss the initial condition. By introducing the variable s, we obtain a degree of freedom on the
initial condition for (3.13). The only constraint is Z,(0,0) = Z,(0) and W,(0,0) = w,(0). We use this
degree of freedom to control the smoothness of Z,(t) and W,(t). To do so, well-prepared initial conditions
can be constructed that allow the scheme to be uniformly accurate with respect to €. For the first order
approximation, we consider constant in s initial condition

Z(0,5) = Zp(0) = (2,(0),vp(0)), W (0, 5) = wp(0). (3.20)

11



For the second order approximation, we consider

Z,(0,5) = Z, 0+s/(IfH)H(O 0, Z,) do,

(3.21)
W, (0, ) _wp0+5/1 1) M, (0,6) do,
T
0
where IIg = f g(s)ds is the averaging operator (see [5] for more details). This preparation is only required

to ensure umform estimates of the time derivatives with respect to ¢ and is not used in the classical fluid
limit (¢ > 0 fixed and 7 — 0). The two-scale framework provides uniform accuracy for (3.16) and (3.17) with
respect to €, for fixed 7. Conversely, for a fixed € and looking for the limit 7 — 0, the problem becomes
nonstiff in € and dissipative in 7. For such a problem, several numerical schemes have been proposed, entering
in the category of Asymptotic Preserving schemes [22]. This is the purpose of the next part.

3.4 Scheme A: Asymptotic property with respect to 7

In this subsection, the asymptotic behavior of the first order scheme (3.16) is investigated. Let us recall the
scheme on the weights (3.16b) (the equation on the particles (3.16a) being unchanged)
Am+l o —(Z24+L)Atyan _ (DAL Ay
Wi =e ( ) Wi ilT+£(1 e ( ) )./\/lp,l,

Wlth M /\;l"’l. To get a correct asymptotic behavior when 7 — 0, an implicit scheme is required by taking

il ™

= M"'H However, computing MZJ{l requires the knowledge of 2;71 and W;Tl according to (3.11).
Actually, Mp,l depends on the weights through the moments, but here, contrary to the usual Maxwellian
case [11,22], the moments (3.10) are not constant during this (collisional) step. Indeed, to compute the
filtered Maxwellian, the moments of (2.1) have to be considered and we observe that not only they evolve in
time but they are stiff with respect to €. Thus, to avoid a costly fully implicit scheme, we consider a hybrid
approximation of (3.11) computed from the knowledge of 2%;;’1 and Wg I

The procedure is then the following: we first compute Z'*!(s) from the first equation of (3.16) and then
we compute the moments according to

x) = ZWS(S)S(x —X(s+ %, Z;‘H(s + %)))m(‘ﬂ(s + %,Z;LH(S + ?))), (3.22)

where m(v) = (1, v, [v|*/2). Then, we are able to compute the Maxwellian weights M (s) according to these
moments:

M (s) = M (27T (s + At/e), W (s)](t" T, s + At /e, Zg“(s + At/e))Vn,. (3.23)
Once the weights of the filtered Maxwellien are computed, we then update the weights with
Ar —(&4+L)Atyam € di1)a
Wit =er(BRanin 4 = (1- (02 g5, (3.24)

with ./\;l;’l computed with (3.23). Then, when 7 — 0, VVnJr1 converges towards M;’l

3.5 Scheme B: AP properties in the gyrofluid limit

In the gyrofluid limit, the distribution function converges towards the gyromaxwellian (2.14) which belongs to
the kernel of the averaged BGK operator (@pgk). This important property is not ensured by the scheme A

12



presented in Subsections 3.3 and 3.4. When ¢ — 0, the averaged BGK operator (Qpck) [F] = (M) [F] — F
turns out to be more complicated than standard BGK-like operator. Indeed, as 7 — 0, F' converges towards
G[F] and not (Mg);)[F]. Hence, the averaged BGK operator (Qpgk) shares similarities with more complex
nonlinear operators like the Boltzmann or Landau operator for which specific Asymptotic Preserving schemes
have been developed (see [16,17]) to ensure the relaxation of the distribution function towards the Maxwellian
equilibria which are not captured by standard schemes. A similar strategy is used here to enforce the relaxation
of the scheme to the gyromaxwellian G[F] defined in (2.14).

In this section, we focus on the relaxation part (7 — 0) and thus, we only consider the equation on the
weights, the particles positions being approximated by (3.16a). Starting from the equation (3.13) on the
weights, we add and substract the gyromaxwellian weights (denoted by (1/7) G,). We compute G,(t, s) in a
similar way than maxwellian weights: we compute gyromoments associated to W, which determines a unique
gyromaxwellian G. Then we compute gyromaxwellian weights as in (3.12) with G instead of Mygy. Equation
(3.13) on the weights becomes

1 1 1 1
Considering the Fourier transform in s, the variation of constant formula leads to
N il il 1, - ~ 14
Oy (Wp)le(?’-i_%)t) = 8(?,+%)t |:;(Mp7[ — gp,l) + ;gp)l . (3.26)

We now integrate between " and t"t! to get
tn+l

Woal ) = 08,0 1 2 [ 00 0) — Gyate) o

tn

+l / e (F43)( NG () dt
.
t'n,
and perform different quadratures (Lawson and exponential integrators type strategies) on the two last right
hand side terms as follows

il At

- (L4 1IVAt A m £ - -4 A" e
= e £ (-4 (3,

€ (i1 n
i+ ¢ (1_6 (E+T)At) H’ L#0, (3.27)
n —M A At — At n n —At\ 5p
W +1 T Wp,O + Te T ( p,0 p,O) + (1 —€ 7 )gp:(l)»l.

To compute Q”H we need to compute the gyromoments U™! defined by (2.15). To do so, we integrate
(3.25) with respect to the invariants (assuming that particles have already evolved and are frozen during this
step) to get

1 1,
0, U+ -0,U = —(U — 1),
g T

where U denotes the gyromoments of the filtered Maxwellian Mg, ( whose weights are denoted by M,). An
exponential scheme to update the Fourier modes of U from ™ to t"*! is given by

il 9

ﬁln-u _ 67(?+%)Atﬂn +

- (1767(%+ )At) ?7 17&07

it +A€ (3.28)
Uptl = 505 + (1— e )03,

As we will see in the next section, this scheme is AP in the gyrokinetic limit (¢ — 0 and 7 > 0 fixed) and in

the gyrofiuid limit (¢ — 0 then 7 — 0). However, for this scheme, the classical fluid limit (7 — 0 and £ > 0
fixed) is not recovered since Ve > 0, Wg?‘l g”“ when 7 — 0.
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3.6 Convex combined scheme

The scheme B presented in the last subsection does not capture the correct limit when 7 — 0 for a fixed €

since it converges to a gyromaxwellian by construction. With the notation W;L ?’LA obtained from (3.24) and

VAVZ ;Fl’B obtained from (3.27)-(3.28), we consider a convex combination of these two numerical schemes with
coefficients - and (1 — Tie) so that, according to the desired regimes, the coefficients degenerate towards

the correct scheme:

Amtl _ € Jain+l,A € Aym+1,B
SR Y (R pe
To summarise the different asymptotics of this convex combined scheme, when € > 0 fixed and 7 — 0, the
scheme degenerates into scheme A which has right behaviour in the classical fluid limit. When 7 > ¢ — 0,
the scheme degenerates into scheme B which has the good behaviour in the gyrofluid limit.

4 Asymptotic properties of the schemes

In this section, we study the asymptotic properties of the schemes presented above. As we will see in the first
subsection, scheme B is AP in the gyrofluid limit (¢ — 0 then 7 — 0). In the second subsection, we show
that, when the Maxwellian is independent of weights, scheme A is UA in ¢ and in 7.

4.1 AP properties of scheme B for the gyrofluid limit

We investigate the gyrofluid limit of scheme B. The next proposition shows that scheme B enjoys the Asymp-
totic Preserving property in the gyrofluid limit.

Proposition 2. The scheme B defined by (3.16a)-(3.27)-(3.28) enjoys the Asymptotic Preserving property in
the gyrofiuid limit € — O then 7 — 0.

Proof. We first consider the limit € — 0 in the scheme B, which corresponds to looking at the mode [ = 0 in
Fourier (observing that all the Fourier modes converge towards 0 as € — 0 except for the mode { = 0). Then,
in (3.16b), we obtain when £ — 0

ZnEl = 2Zn 0+ AHE,
whereas for the weights equations (3.27)-(3.28), we obtain when € — 0

A At A At _ae N A At\ 4
Widh = e W+ S ¥ (M- G ) + (1- ¥ ) gii, (4.1)
(yn+1 e B —At\Fop 1
U; = e ~Uj+(1—e 7)Uy=Ujg, (4.2)
since U = U when ¢ = 0 (indeed, (Qpgk) conserves gyromoments). This scheme is a consistent explicit

first order time discretization of the gyrokinetic equation (2.7).

We now focus on the limit 7 — 0. Following [11,28,30] in which an asymptotic preserving particle method
is used to deal with the hydrodynamic limit, we check that the weights of the unknown degenerate when
7 — 0 towards the gyromaxwellian weights. It is clear from (4.1)-(4.2) that W;ﬂl converges to QA;gl which
means that the asymptotic scheme is a consistent discretization of the gyrofluid equations (2.20). O

4.2 Uniform Accuracy for scheme A

In this section, we study the convergence of scheme A presented above. As the full collisional context remains
difficult to analyse, we first consider the case where the Maxwellian is a given function depending on Z only.
In this case, one can prove uniform accuracy in time with respect to both ¢ and 7. When the Maxwellian
depends on the weights W, we are able to prove uniform accuracy in time with respect to ¢ (using classical
tools from [5], [29]) and an asymptotic property in 7.

The equation on Z), enters in the two-scale framework proposed and analysed in [5-9,13,14]. The additional
variable s € [0, 27] offers a degree of freedom to choose the initial condition Z,(0, s) which is well-prepared, i.e.
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Z,(t, s) becomes smooth with respect to €. To be more precise, following a Chapman-Enskog type expansion,
the first order initial condition chosen as (3.21) ensures that the time derivatives of Z,(¢,s) are uniformly
bounded

sup  |0F Z,(t, )|l < C, k=0,1,2. (4.3)

t€[0,tmax]

We consider the model for (Z,,W,) : (t,8) € [0, tmax] X [0,27] — (Z,W)(t,s) € RON» x RN,

0 Z,(t, s)+ 8 Z,(t,s) = Hpy(t,s),
1 1 (4.4)
OW,(t, s) + g@SWp(t, s) = ;(/\/lp(t, s) = Wy(t, s)),

where H,(t,s) = H(t,s, Z,(t,s)) € R*Ne and M, (t,s) = M(t, s, Z,(t,s)) € RV», with a well-prepared initial
condition Z,(0, s), W, (0, s) computed as in (3.21). Obviously, some assumptions are required. In the sequel,
the norm || - || of a vector refers to the standard euclidean norm in R? (d € N*). Some smoothness is required
for H and M (C? regularity). Under these assumptions, it can be proved that (4.3) is true. Let us remark
that we assumed here that M is independent of w. This point will be discussed below.

Theorem 1. Under the above assumptions, the scheme (3.17)-(3.18)-(3.19)
with initial condition (3.21) is uniformly accurate in € and 7: there exists a constant C' > 0, independent of
€ and T such that

127 (" [e) = 2(t") | ot W™ (" /) = w(t") | oo < CAL?, 0<n <N, NAt = tax, (4.5)
where z(t), w(t) are the solutions of (3.2) and (3.7).

Proof. Recall that
Hp(ta S) = H(t7 S, Zp(t7 5))7

M, (t,s) = Maw[Z(t, s), W(t, s)](t, s, Z,(t, ),

and

Hy(s) = H(t",s, Z,(s)),
M (s) = Mgy [Z2"(s), W"(s)(t", 5, 2} (5))-

The solution Z,, of the two-scale equation (4.4) satisfies

tn+1 8 ZZ tn-i—l ils

lEL
¢t (4.6)
- e*%mzp,l(tnw/e*‘:( 03 () dt | et
leZ tn

A second order Taylor-Lagrange formula enables to expand the term ’}%p,l(t) at t =t" to get

t7L+l
Z,(" ) =) | e T B + / e SO dt
leZ tn

tn+1
i n+1 d A .
+ / e st *t)(t—t”)%Hp,l(t") dt | ets

tn

tn+1
i n L d2 ;
+) / e e =y t”)Q[/ (1-0) 5 SHp(t" +0(t — ™)) do | dt | ™.
leZ tn 0
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Using >,y e H, 1 (t") = H,(t", s) and a Taylor-Lagrange formula on %ﬁp’l(t”L we get

o vt
Z,(t"Th s) = Z,(1", / Hoo( ——)dt
tn+1 (4.7)
(t B tn) n o (tn+1 7 t) o n—1 (tn+1 — t) n
+ / Al Hp(t", s — ) — Hp(t" s f) dt +ry(s),

tn

where 77 (s) denotes the truncature error defined by

tn+1 . . d2 |
OB /e_?(t —ﬂ(t—t”)[/( — O) Al F, (1" — OAL) de} dt | eits
1€Z \ in 0 dt
tn+1
i n+1 1 d2 A -
+y° /e SO t")2/0 (1= 0) 5 Hpa(t" +0(t —17)) d0 dt el
leZ n
AN (4.8)
o1
o, @ tntl — ¢
//1— J(E = )AL Hy (17— 0AL s — ———) df dt
tn+1
n+1 _
//170 Yt —t™) 5 Hp(t" +6(t —t"),s ftsit)dodt.

t7l
Let us recall that the time derivative of 7—Alp)l also involves time derivatives of Z, and derivatives (’927:[17 ;. With

the assumptions performed above, these quantities are all uniformly bounded. In the same way, the numerical
lez

scheme (3.16) on Z rewrites
T yn—1
pt = My
At
tn+1

At N il
2 (s)=2) (s - 6) +y (Attpo < t) Hy + At <Z€At>
" At " tntl —¢
=2Z; <5€>+ / Hy, (s E ) dt (4.9)
tﬂ,

tn-f—l
(t—1t") tntl ¢ 1 tntl —¢
ns (s dt
+ / At A% € " ° € ’
in
tn+1 il n+1
where we recall that At Ty, (£At) = f —E( ) (t—t")* dt for a =0, 1.

Now, in view of deriving an 1nduct10n on the error e (s) = 2, (t",s) — Z} (s), we define, for n <N

tn+1—t tn+1_
s 09— 2 (s 20)

9 3
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With this, considering the difference between (4.7) and (4.9), we obtain the following induction on e (s)

tn+1
At
e%:—l(s) =z, <s - 5) + / AHy(s) dt
tn
tn+1

+ / (t;fn) [AH;(S)fAHg*I(sf§)] dt + 17 (s).

(4.10)

tTL
In the following, we denote by C all constants involved, even if it means taking the maximum of them.
Constant C' does not depend on ¢ and 7 because of (4.3). Under the assumptions on the nonlinear term H,
we have

|AHZ(S)| <C e}p(s)‘ < Clle%, Lot
Moreover, the uniform estimates of 0F Z,, (k = 0,1,2) ensure that the local error can be estimated by
d2
n 3 3
[r(s)]| < At EHp . < CAP. (4.11)

Setting tmax = NAt and taking the maximum on p leads to

lex™]] o < (L+ CAY)||e%]| o + CAL|le2| o + CAL. (4.12)
Let us denote U™ = (|[€%||; e%_lﬂLm)T,
g (1HCAL CALY CAt?
- 1 o) 7 0 '
We write (4.12) as U1 = AU™ + b to get recursively U™ = AU + S"7_) A¥b. Taking the norm, we get
N—1
UV < (1+420A0NU° + ) (1+2CAL)"D.
k=0
Once again, we denote by C' the constant involved. Since UY = max(||e?||,|le™!||) = |le™}|| = CAt? (iteration
n = —1 computed with the order 1 scheme), we have finally
N—1
UN < CeCTAE? + €T Z b < CeCTAL.
k=0

Let consider now the numerical scheme on the weights. First, using the same calculations (Taylor-Lagrange
formula on M,,;(t)) as before, the two-scale solution W, of (4.4) satisfies

tr
At 1 i 1y . ,
W, s) = e~ F W, (", s — —)+ ;Z / e~ (EFDET=D (7Y dt | el
1€z \ n
. (4.13)
1 (il Ly(gmtl_ M l(t")—M l(ﬁ"_l)
- (£+2)¢ t) (4 _ 0 D, D n
+TZ /e (t —t") N dt | +q;(s),
ez \ i
where gy (s) denotes the truncature error
tn+1
n 1 —(Z 4Lyt y) n ! d2 - n ils
gy (5)=— > e (ts (t —t") 0(1 = O) Atz My (1" — OAL) A0 dt e
LEZL tn
- (4.14)
1 il 1 n+1 1 d2 ~ .
+ - S| [er TN gy /(1 = 0) 2z My (t" +0(t — ")) d9 dt ells.
LEZ tn 0
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Considering the difference between (4.13) and the scheme (3.17) on W leads to an induction on the error

tn+1

t At\ 1 A
G = e, (=) e [T Ao @

1 Cntlo f — " n n—1 n
+; / e - A dt [AMZ, (s) =AM (s)] +q,(s), (4.15)

where we introduced the following notation for n < N
" no T —t n tntt—¢
AMG(s) =M, <t , 5 — 5> -M, (s €> .

Thanks to the definition of the ¢ function (3.15) and the assumptions on M, the truncature error g, (s) given
by (4.14) satisfies the following estimate

n+1 gt
d2 1 n n
()] < || L /e‘%(t =) -y At dt+/e_%(t P -y ae
p dt? || =T
in in
M A3 At At
< P f— — 2 — .
<[] 5 (F) o (T)]
Consequently, under the assumptions on M and the uniform estimates on ez, , we have |AMZ’;(3)| <Cllek]l e <
CAt?. Then, the second term in the right hand side of (4.15) can be estimated by
tn+1
1 tntl ¢ At? At
- / e 7 AMJ(s)dt| < C—pp <) ,
T T T
tn
whereas the third term satisfies
tn+1 1
1 1y AM (s) =AM (s) At3 At
= T (b=t dt—2 k <20—op1 [ — .
T / ¢ ( ) At - r A\ 7
tn
Thus, (4.15) becomes
: At? At At At
n+1 < *AT n Ci —_— 3 e 2 — .
e om <& Flele + €5 [0 (57) +300 (5) 4262 (5
By induction, we have, with NAt = tax,
At (1 — e tmax/T) At
N —tmax/T|] .0 f—
el < ol O o 2 ().
AAE? — 27 At
—tmax/T 0 —tmax/T 2 2
One can prove that 22 +2 — 3z + 41{%25 < 522 for all z > 0 from which we deduce, using He?,VHLw =0,
lewll o < e /T lehy|| o + C(1 — et/ T)5AE < C(1 — e e/ T) A2,
which concludes the proof. O

Remark. When M depends on w, the proof can not be extended since O, VW will appear in the truncature
error (4.14). Contrary to the highly oscillatory case, W is not uniformly bounded with respect to .
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5 Numerical results

This section is devoted to numerical illustrations of the properties of the schemes presented above. We first
focus on a one-particle case and then on a PIC example where all the particles are coupled through the
collision operator.

5.1 ODE framework

We consider the following multiscale ODE satisfied by z = (z,v) € RS and w € R

(1) = %Az(t) +h(t,2),
4 (5.1)
olt) = (M, 2) - w0,

with A and h given by (2.2) and E(t,z) = ((x1 + x3) cos(t), z122 sin(t), f:c%e*trz). Two examples for M will
be investigated. In a first example, M(w,z) = 1+ \z|2 +ew” (M depends on w) whereas in a second example
M(z) =1+ |z> (M does not depend on w). The initial condition is z(0) = (1,1,0,1/2,1/2,3/2),w(0) = 1
and the final time of the simulation is ¢, = 1.

In order to illustrate the properties of the schemes, we plot the error between the numerical and the exact
solutions. As we do not know the exact one, we replace it by a reference solution obtained with a small time
step At = 2714, The error considered is the sum of the L™-error of the solution components. In all tests, we
consider the second order scheme (3.17)-(3.18)-(3.19) with the initial condition (3.21) and Ny = 16 are used
to discretize the s variable.

In Figures 1, we consider the case M(w,z). We plot the error as a fonction of the time step At =
27k k =3,...,13 for different values of e = 107%(k = 0,...,6) with 7 = 1 (left figure) and of 7 = 107%(k =
0,...,4) with ¢ = 1 (right figure). We observe the uniform accuracy with respect to € (left figure) since for all
the values of ¢, the error remains the same and the second order is recovered, as expected. However, it is not
the case when 7 varies (right figure) since the order is observed only when 7 < At. In Figure 2, we consider
the case M(z) for which Theorem 1 ensures uniform accuracy in both € and 7 parameters. As expected, we
obtain the uniform accuracy property in 7 (the uniform accuracy in € is ensured by the two-scale strategy).
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(a) L*-Error for 7 = 1 and different e. (b) L°°-Error for £ = 1 and different 7.

Figure 1: Case M(w, ).
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Figure 2: Case M(z): L*>-Error for ¢ = 1 and different 7.

In Figures 3, we plot the time history of the Maxwellian weights M (z(t)) together with w(¢) for different
values of ¢ and 7, with At = 2.5 x 10™4. These two figures illustrate the asymptotic properties (gyrokinetic
limit € — 0 and fluid limit 7 — 0) of (5.1). Indeed, when ¢ is fixed, we observe the convergence when 7 — 0 of
w(t) to M(z(t)) which oscillates in time (see Figure 3-(a)). However, for 7 > 0 fixed, and ¢ — 0, we observe
the convergence of w(t) towards the average of M(z(t)).
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(a) (b)

Figure 3: Time history of the M(z(t)) and of w(t) for different values of € and 7.

Finally, in Figure 4, we illustrate the Uniform Accuracy property in both parameters € and 7. We take
e = 7 = 0.01 and plot the time history of w for two different values of the time step: At = 2.5 x 10~* and
At = 0.05. We can observe that even if At is bigger, the numerical scheme is able to capture the strong
relaxation (at the very beginning of the simulation) and the highly oscillatory behavior, without resolving
these two stiffnesses.
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Figure 4: Weights trajectories for At bigger than 7.

5.2 PDE framework

In this part, we consider the PIC discretization of (2.1)-(2.2) with a BGK operator. The goal is to observe
the relaxation to the gyromaxwellian equilibria. Since the problem is inherently six-dimensional and as such,
is very costly from a numerical point of view, we simplify the problem by considering h = 0 in (2.1)-(2.2)
and remove the dependence with respect to x3. As a consequence, the filtered model satisfied by F*7(t, Z)
becomes

1 1
O FT = ;Qﬁlt [FoT)(t,t)e, Z) = ;(Mﬁlt [F&T] = F=7),

where Mgy is defined in (2.11). It follows that the gyromoments, and thus the equilibria, are independent
of time. The goal is to observe the relaxation towards the gyromaxwellian in the gyrofluid limit (¢ — 0
then 7 — 0). Hence, from an out-of-equilibria initial data Fp, we compute its associated equilibria G[Fp],
and observe the relaxation of F'*7 towards G[Fp]. For the initial condition Fy, we choose it as the sum of
two different gyromaxwellians of same mass characterized respectively by the following macroscopic quan-
tities U, = (n,Uq, Y4, Ko, Go) and Uy, = (n, Uy, Yy, Kp, Gy).  After some computations, we find that the
gyromaxwellian G[Fp] associated to Fp is characterized by

- o |2 = 7|2
Us+Up, Yo+Y, Ko+K Uo—Up|? GotG Yo—Ys Ua—Up
Uab: 2n’ JQrb7 ;’b’ ;rb_|_\ 8b|7 ‘2‘l’b+‘ . |_| S ‘

For the first test, we consider the scheme B (3.16a)-(3.27)-(3.28) with the following numerical parameters:
N, = 1.6 x 107 particles, N; = 8 for the s direction and At =2 x 10~% whereas ¢ = 1078 and 7 = 1074,

In Figure 5, we illustrate the relaxation from a sum of two gyromaxwellians of gyromoments U, =
(0.5,0,0,0,-1,0,0.3,0) and U, = (0.5,0,0,0,1,0,0.3,0) to a gyromaxwellian G[Fy] of gyromoments U, =
(1,0,0,0,0,0,0.3,0.5). More precisely, from the particle approximation of F7 (¢, Z), we plot a reconstruction
of FE’T(t = O,Xl,XQ = O,V‘l = O,VQ = 0, V3 = 0) and FE’T(t = tmaanlaX2 = O,Vl = O,‘/Q = 0,‘/3 = 0) (let
us recall that the X3-dimension has been removed). These X;-slices are plotted in Figure 5 together with
the analytical expression of Fy and G[Fp] slices. Let us remark that computing a one-dimensional slice of a
particles ensemble requires some interpolation operators. Here, before taking slice we have regularized the
particle density in space and velocity variables with the same B-spline as before. Even if the method has
some noise, we clearly observe the relaxation to the correct limit represented by the gyromaxwellian.
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Figure 5: Particle density relaxing to a gyromaxwellian.

We are now interested in more quantitative results by considering the time evolution of the error between
the particles weights and the gyromaxwellian weights. To do so, we plot at each time iteration the three
following errors: e} = > |wy — G%[, €5 = > |wy —Gp| and e} = >_ |G — G;*|, where G* denotes the
weights computed from analytical gyromaxwellian G[Fp] (which are constant in time) and G, are numerical
gyromaxwellian weights G, computed as in part 3.5. These quantities are plotted for the two schemes
introduced above: the scheme A (3.16a)-(3.24) and the scheme B (3.16a)-(3.27)-(3.28). The parameters taken
are N, = 12288000,¢ = 1078, At = 1073, Ny = 4, Az ~ 0.37 and we look at different values of 7.

In Figures 6 and 7, we can see that e} increases in time whereas it should remain small. This is due
to the fact that gyromoments are not conserved exactly by our scheme which deteriorates the computation
of the gyromaxwellian G7. A first way to improve this conservation is to increase the number of particles
(we checked that the conservations are improved by adding particles). A second option would be to use a
projection technique as discussed in [15,20] to enforce the conservation of the gyromoments at the discrete
level.

Let now focus on the other errors e} and e for the two schemes. In Figure 6, the error ej computed with
the scheme A does not present the good behavior since the convergence towards the gyromaxwellian is too
slow. However, we can observe in Figure 7 that the scheme B is able to capture the right limit in one iteration
(since At > 7) thanks to its AP property. The error e} is the error e with the effect of non conservation of
gyromoments which are deteriorated with time.
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Figure 6: Evolution of the three errors e, ¢ = 1,2, 3 for scheme A for two different 7.
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Figure 7: Evolution of the three errors e, ¢ = 1,2, 3 for scheme B for two different 7.
6 Conclusion and opening

In this paper, we have constructed and analysed multiscale numerical schemes for the collisional Vlasov
equation in the finite Larmor radius approximation regime. This model, proposed in [4], involves two scaling
parameters: € drives the oscillation due to the presence of the strong external magnetic field and 7 drives the
hydrodynamic limit. We also made an analysis of the gyrofluid limit model.

Further developments can be performed. First, regarding the computational cost (due to high dimension-
ality of the problem), it would be interesting to investigate a micro-macro approach where the one-dimensional
gyrofluid model would be coupled to a particle discretization of a collisional Vlasov equation, in the spirit

of [11,25]. Considering the coupling with the self-consistent electromagnetic field governed by Maxwell equa-
tion could be also considered.
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