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Sébastien Schwartz a, Julien Malrieu b, Alexandre Guigue c 
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A B S T R A C T   

Modal analyses are essential steps in structural design. Simple and quick numerical procedures and design tools 
for modal and dynamic analysis of bonded joints would be an attractive option to increase the efficiency of the 
design process in its early phases. This paper offers a simple and quick numerical tool dedicated to the modal 
analysis of single lap bonded joints with balanced and unbalanced adherends with various boundary conditions. 
Based on the macro-element technique developed with Taylor expansion in power series, this paper gives all the 
steps to develop the mass matrix associated with a macro-element. The mass matrix has been developed so far for 
1D-bar and 1D-beam kinematic frameworks. The results obtained with the macro-element technique and a Finite 
Element analysis give similar results.   

1. Introduction  

a. Context 

Adhesively bonded joints are an attractive option for structural 
design or repair thanks to their high mechanical performances (Hart- 
Smith, 1982; Kelly, 2006; da Silva et al., 2018). By joining the structures 
through a large contact area, the load transfer is distributed along the 
overlap and not located as it is for mechanical fasteners. The replace-
ment of mechanical fastening by adhesive bonding tends to increase the 
strength-to-weight ratio of the structure. Strong and lightweight struc-
tures are a commercial advantage for transport industries and are 
perfectly in line with modern environmental policy. 

The Finite Element (FE) method is commonly used to address the 
stress distribution in bonded joints and perform modal analyses. But due 
to the high ratio between the adherend thickness and the adhesive 
thickness, any simulation can be time-costly (Madenci, 2008). To 
address this, analytical analysis and simplified approaches have been 
developed to reduce the computing time or to be used as a preliminary 
design tool (Banea and da Silva, 2009). 

For static analysis or non-linear analysis, many of these simplified 
approaches are analytical or semi-analytical. The analytical or semi- 

analytical solutions are dedicated to specific configurations under 
restrictive assumptions. Other methods are based on special FE which 
includes the adherend and the adhesive layer in a single element defined 
on the thickness of the joint, which avoid meshing through the thickness 
contrary to classical FE formulation (Carpenter and Barsoum, 1989; 
Andruet et al., 2001). These elements are developed from the strain–-
stress equations of a bonded joint in 2D and 3D. Contrary to analytical 
approaches, the special FE approach needs a refined mesh, along the 
overlap, to converge. Contrary to the special FE approach mentioned 
before, a ME model does not need a refined mesh to converge. Thanks to 
the resolution of the governing equations of the joint, the exact shape 
functions of the element are computed. Then, a single ME represents the 
whole bonded overlap (Paroissien et al., 2013). 

For modal analysis, some analytical approaches have been developed 
(Miles and Reihall, 1986; Rao and Crocker, 1990; Saito and Tani, 1984) 
but they also suffer a lack of versatility. Indeed, the analytical analysis is 
dedicated to a specific geometry and the number of computable vibra-
tion modes is limited. As modal analysis is an essential step in any 
structural design process, a simplified and adaptable methodology for 
the modal analysis of bonded joints could increase the efficiency of 
structural design in its early phases. In particular, for special FE, the 
mass matrix is missing to perform modal analysis. 
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b. ME overview 

A ME is an element representing a whole bonded overlap joint in a 
single brick. Inspired by the FE method, a ME is characterised by its 
nodes and its stiffness matrix. Contrary to FE, the shape functions are 
derived from the governing equations of the system. It implies the mesh 
density of ME does not affect the stress distribution along the overlap. 
The accuracy of the results depends on the model and the resolution 
method used to derive the stiffness matrix and the shape functions. The 
modelling of a single lap bonded joint with a ME and 1D-bar/beam 
element is visible in Fig. 1. The nodes are all located at the neutral 
lines of the adherends. In this paper, the single lap joint is characterised 
by the adherend thicknesses e1, e2, the adhesive layer thickness ea and 
the width b. The total length of the single lap joint is divided into three 
parts: the lengths of the outer adherends L1, L2 and the half length of the 
overlap L. The total length of the overlap is Ltot = 2L. 

The first developed ME was dedicated to the static analysis of a 
homogeneous-adhesively-bonded joint in 1D-bar kinematics (Paroissien 
et al., 2007), using Arnovljevic’s and Volkersen’s 1D-bar bonded joint 
model (Arnovljevic, 1909; Volkersen, 1938). Based on Goland and 
Reissner’s bending plate model, the ME has been extended to 1D-beam 
kinematics (Paroissien et al., 2007) and some procedures using the ME 

technique take into account non-linear adhesive behaviour (Lélias et al., 
2015) or the progressive failure of the joint (Paroissien et al., 2013). 
Finally, using Tsaï et al.’s model, linear shear stress in the adherends is 
introduced into the equations to enrich the ME range (Tsaï et al., 1998). 

The ME modelling is developed on the classical approaches based on 
beams on an elastic foundation for the simplified analysis of bonded 
joints (Paroissien et al., 2007). In 1D-bar kinematics, the adherend stress 
tensor is reduced to the normal stress component, which is constant 
through the thickness. In 1D-beam kinematics, the adherend stress 
tensor is reduced to the normal stress components, varying linearly 
through the thickness, and a shear component is chosen regarding the 
model used. The adhesive stress tensor is represented as an elastic 
foundation. In other words, the adhesive layer is regarded as a bed of 
springs coupling the kinematics of the adherends. The adhesive stress 
tensor is then reduced to only the shear stress component (shear and peel 
stress components) in 1D-bar (1D-beam) kinematics. The elastic foun-
dation hypothesis implies the adhesive stresses are assumed to be con-
stant through the adhesive thickness. 

Three methods of resolution of differential equations have been used 
to develop all the different MEs. For the simplest configurations, the 
equations can be solved analytically. For multi-layered joints (Sekmen 
et al., 2020) or non-homogeneous joints (Paroissien et al., 2018; 2019), a 

Nomenclature 

symbols 
Aj extensional stiffness (N) of adherend j 
Cu vector of all the coefficients of all the TEPS 
Cu1 vector of the coefficients of the TEPS of the axial 

displacement of the upper adherend 
Cu2 vector of the coefficients of the TEPS of the axial 

displacement of the lower adherend 
Cv1 vector of the coefficients of the TEPS of the transverse 

displacement of the upper adherend 
Cv2 vector of the coefficients of the TEPS of the transverse 

displacement of the lower adherend 
Cθ1 vector of the coefficients of the TEPS of the rotation of the 

upper adherend 
Cθ2 vector of the coefficients of the TEPS of the rotation of the 

lower adherend 
Dj bending stiffness (N.mm2) of adherend j 
DT matrix of the recursive equation system with displacement 

boundary conditions 
Ea adhesive peel modulus (MPa) 
Ga adhesive shear modulus (MPa) 
Ea,min minimal adhesive peel modulus (MPa) 
Ea,max maximal adhesive peel modulus (MPa) 
Ga,min minimal adhesive shear modulus (MPa) 
Ga,max maximal adhesive shear modulus (MPa) 
K stiffness matrix 
KBBa elementary stiffness matrix of a bonded-bar element 
KBBe elementary stiffness matrix of a bonded-beam element 
KE kinetic energy (J) 
L half-length (mm) of bonded overlap 
Ltot total length (mm) of bonded overlap 
LT matrix with load boundary conditions 
Lgn n-th Legendre polynomial 
Mj bending moment (N.mm) in adherend j around the z- 

direction 
M mass matrix 
MBBa mass matrix of a ME in 1D bar kinematics 
MBBe mass matrix of a ME in 1D beam kinematics 
N shape function matrix 

NBBa shape function matrix of a ME in 1D bar kinematics 
NBBe shape function matrix of a ME in 1D beam kinematics 
Nj normal force (N) in adherend j in the x-direction 
Nu number of terms in the series uafter truncation 
Nv number of terms in the series vafter truncation 
Pn nth Gauss-Legendre polynomial 
Qi,j,k,l nodal axial force of node i, j,kand l 
Ri,j,k,l nodal shear force of node i, j,kand l 
Si,j,k,l nodal moment force of node i, j,kand l 
S adhesive peel stress (MPa) 
T adhesive shear stress (MPa) 
Ue vector of the nodal displacements 
Vj shear force (N) in adherend j in the y-direction 
b width (mm) of the adherends 
ea thickness (mm) of the adhesive layer 
nFE number of Finite Elements used to mesh the overlap 
nME number of Macro-Elements used to mesh the overlap 
u̇ velocity field in the bonded joint 
up displacement (mm) of adherend j in the x-direction 
vp displacement (mm) of adherend j in the y direction 
wi weight of the Gauss-Legendre quadrature 
θp bending angle (rad) of the adherend jaround the 

z-direction 
ρBBa density matrix (kg/m) of a bonded bar ME integrated over 

the cross section of the joint 
ρBBe density matrix (kg/m) of a bonded beam ME integrated 

over the cross section of the joint 
ρ1 density (kg/m3) of the upper adherend 
ρ2 density (kg/m3) of the lower adherend 
νa adhesive Poisson’s ratio 
ζ dimensionless variable along the xaxis 
ζi Gauss-Legendre integration points 

abbreviations 
BBa bonded-bars 
BBe bonded-beams 
FE Finite Element 
FGA functionally graded adhesive 
ME macro-element 
NF natural frequency  

http://N.mm
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methodology based on exponential matrix has been introduced. This 
method allows the development of a ME with always the same meth-
odology if the equations change due to a modification of model hy-
potheses. Contrary to the analytical resolution, the methodology based 
on exponential matrix implies the shape functions of the displacements 
and internal forces are not known anymore. They are only available at 
the nodes of the ME. To post-process the results at any abscissa, a 
dedicated mesh has to be used. The last resolution method makes use of 
TEPS. This method had been successfully used by Hart-Smith, in 1974, 
to address the stress distribution in a scarf joint (Hart-Smith, 1982). The 
use of TEPS led to the development of a ME dedicated to the static 
analysis of a joint with functionally graded properties (FGA) (Ordon-
neau et al., 2019). A single FGA ME represents the behaviour of a whole 
FGA bonded overlap and the shape functions can be easily computed to 
get the displacements of the adherends along the overlap. The accuracy 
of the results depends on the order of truncation of the power series.  

c. Overview of the paper 

In the present paper, the mass matrix associated with a ME, in 1D-bar 
and 1D-beam kinematics is presented. Its development follows the work 
(Ordonneau et al., 2019) in which the stiffness matrix of a ME is 
developed thanks to Taylor expansion power series (TEPS). 

With the stiffness matrix from (Ordonneau et al., 2019) and the mass 
matrix presented here, modal analyses are performed on homogeneous 
and functionally graded adhesive (FGA) joints. The results given by the 
ME model are computed with MATLAB and compared with a PATRAN 
NASTRAN FE model. 

Finally, the MATLAB codes used to do this work are provided as 

Supplementary Material for this paper. 

2. Me mass matrix development 

In this section, the development of the mass matrix of a ME, using 
TEPS, is presented in 1D-bar and 1D-beam kinematics. It is fully detailed 
in 1D –bar kinematics and only the main steps are given in 1D-beam 
kinematics. The details are available in Appendix A. 

2.1. Governing equations 

Before starting the development of the mass matrix of a ME, the 
hypotheses used to develop the stiffness matrix, in paper (Ordonneau 
et al., 2019) are presented. For both 1D-bar and 1D-beam cases, the 
adhesive layer thickness is assumed constant along the overlap. The 
materials have a linear elastic homogeneous behaviour. In 1D-bar ki-
nematics, the constitutive equations of the adherends are: 

Np(x) = Ap
dup(x)

dx
, p = 1, 2 (1)  

where up is the axial displacement of the adherend p, Ap the axial stiff-
ness of the adherend p and the Np the internal load in the adherend p. 
The constitutive equation of the adhesive layer is: 

T(x) =
Ga

ea
(u2(x) − u1(x) ) (2)  

where Ga, the adhesive shear modulus and T the shear stress in the 
adhesive layer. According to Fig. 2, the local equilibrium of the adher-
ends is expressed as: 

dNp(x)
dx

= ( − 1)pbT(x), p = 1, 2 (3) 

The constitutive equations associated with the joint in 1D-beam ki-
nematics are visible in equation (4). The adherends are modelled as 
laminated Euler-Bernoulli beams. It is indicated that the methodology 
presented in this paper could be applied to any other beam model such 
as Timoshenko’s or Tsaï et al’s (Tsaï et al., 1998). The bending stiffness 
Dp of the adherend p is added. Vp is the shear force in the adherend p and 
Mp the bending moment. 

The constitutive equations of the adherends are: 

Fig. 1. Geometry parameters of the single lap bonded joint and its model with 1D-bar or beam FE and a ME for two sets of boundary conditions: free ends and 
clamped end - free end. 

Fig. 2. Free body diagram of infinitesimal pieces included between x and x+dx 
of both adherends in the overlap region under 1D-bar kinematics. Subscript 1 
(2) refers to the upper (lower) adherend. 
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⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Np(x) = Ap
dup(x)

dx

Mp(x) = Dp
dθp(x)

dx

θp(x) =
dvp(x)

dx

, p = 1, 2 (4)  

where vp the deflection and θp the bending angle of the adherend p. The 
constitutive equations of the adhesive layer now include the peel stress S 
and the adhesive peel modulus Ea. It reads: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

T =
Ga

ea

(
u2 − u1 −

e2

2
θ2 −

e1

2
θ1

)

S =
Ea

ea
(v1 − v2)

(5) 

Finally, according to Fig. 3, the local equilibrium of the adherends is 
expressed by the following equations corresponding to Goland and 
Reissner’s model: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

dNp

dx
= ( − 1)pbT

dVp

dx
= ( − 1)p+1bS

dMp

dx
+ Vp +

bep

2
T = 0

, p = 1, 2 (6)  

2.2. Mass matrix development in 1D bar kinematics 

The derivation of the mass matrix in 1D-bar kinematics starts from 
the kinetic energy expression of the joint, say KE, which reads: 

KE =
1
2

∫∫∫

ρu̇(x, y)2dxdydz (7)  

where u̇ is the velocity field in 1D-bar kinematics. In the case of an 
adhesively bonded joint, the kinetic energy is the sum of the kinetic 
energy of the two adherends. The local axis of each adherend is visible in 
Fig. 1. 

KE =
1
2

∫∫∫

ρ1u̇1(x)2dxdydz+
1
2

∫∫∫

ρ2u̇2(x)2dxdydz (8) 

After integration over the cross-section the kinetic energy becomes: 

KE =
1
2

∫ +L

− L
ρ1be1u̇1(x)2dx+

1
2

∫ +L

− L
ρ2be2u̇2(x)2dx (9) 

The kinetic energy is now written in a matrix form: 

KE =
1
2

∫ +L

− L
[u̇1u̇2]

T
[

e1bρ1&0
0&e2bρ2

][
u̇1
u̇2

]

dx (10) 

In the ME, the displacements are expressed with TEPS. More pre-
cisely, the expression of the displacement vector u is a function of 
ζ ∈ [1, − 1] as the parameters of the series are chosen dimensionless 
(Ordonneau et al., 2019): 

u =

[
u1(ζ)
u2(ζ)

]

=

[ [
1ζζ2⋯ζNu − 1]Cu1[
1ζζ2⋯ζNu − 1]Cu2

]

(11)  

where Nu is the total number of coefficients in the series. Cu1 and Cu2 are 
the coefficient vectors of the series, with Nu lines and 1 row. The order of 
truncation is Nu − 1.

The use of TEPS to solve a system of differential equations (1) – (2) – 
(3) leads to a system with as many unknowns as coefficients of the series. 
Due to the order of the differential equations, four equations are missing 
in 1D-bar kinematics. Thus, four nodal boundary conditions are added to 
complete the system. In this paper, the matrix of the linear system 
associated with equations ((1)–(3)) and the nodal displacements equa-
tions, given in (Ordonneau et al., 2019), is called DT and defined in such 
a way that: 

DT

[
Cu1

Cu2

]

=

⎡

⎢
⎢
⎢
⎢
⎣

[0]2(Nu − 2)
ui
uj
uk
ul

⎤

⎥
⎥
⎥
⎥
⎦
=

[
[0]2(Nu − 2)

Ue

]

(12)  

where Ue is the nodal displacements vector, according to Fig. 4. The 
coefficients of the series are: 
[

Cu1

Cu2

]

= D− 1
T

[
[0]2(Nu − 2)

Ue

]

(13) 

The expression of the displacements becomes: 

[
u1(ζ)
u2(ζ)

]

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

[
1ζζ2⋯ζNu − 1]

[

D− 1
T

(
[0]2(Nu − 2)

Ue

)]

1⋯Nu

[
1ζζ2⋯ζNu − 1]

[

D− 1
T

(
[0]2(Nu − 2)

Ue

)]

Nu + 1⋯2Nu

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(14) 

Only the columns of the matrix D− 1
T linked to the nodal displacement 

are kept: 

[
u1(ζ)
u2(ζ)

]

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

[
1ζζ2⋯ζNu − 1][D− 1

T

]

1⋯Nu

2Nu − 3⋯2Nu

Ue

[
1ζζ2⋯ζNu − 1][D− 1

T

]

Nu + 1⋯2Nu

2Nu − 3⋯2Nu

Ue

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= NBBa(ζ)Ue (15)  

where NBBa appears as the shape function matrix of the ME in 1D-bar 
kinematics. After the variable change ζ = x

L introduced in equation 
(10), the kinetic energy becomes: 

KE =
1
2

∫ +1

− 1
U̇T

e NT
BBa(ζ)ρBBaNBBa(ζ)U̇eLdζ (16)  

where ρBBa is the density matrix of the ME in 1D-beam kinematics: 

Fig. 3. Free body diagram of infinitesimal pieces included between × and x +
dx of both adherends in the overlap region under 1D-beam kinematics. 
Subscript 1(2) refers to the upper (lower) adherend. 

Fig. 4. Nodal boundary conditions in 1D bar kinematics.  
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ρBBa =

[
e1bρ1&0
0&e2bρ2

]

(17) 

The mass matrix MBBa is identified as: 

MBBa =

∫1

− 1

NT
BBa(ζ)ρBBaNBBa(ζ)Ldζ (18) 

To integrate the matrix product, a Gauss-Legendre quadrature is 
used. The integral (18) becomes: 

MBBa =
∑Nu − 1

i=0
LwiNT

BBa(ζi)ρBBaNBBa(ζi) (19)  

where ζi are the integration points, between [-1,1], and wi the associated 
weights. The integration points are the roots of the orthogonal Legendre 
polynomial and the weights are computed with the formula: 

wi =
2

(1 − ζ2
i )
[
P′

Nu − 1(ζi)
] (20)  

where P′

n is the first derivative of the (Nu − 1)th Legendre polynomial 
(Abramowitz and Stegun, 1972). 

2.3. Mass matrix development in 1D-beam kinematics 

In this part, only the main steps to derive the mass matrix of the ME 
in 1D-beam kinematics are given. The kinetic energy in matrix form is: 

KE =
1
2

∫ +L

− L

[
u̇1u̇2 v̇1 v̇2θ̇1θ̇2

]T

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ρ1 be1 0 0 0 0 0

0 ρ2 be2 0 0 0 0

0 0 ρ1 be1 0 0 0

0 0 0 ρ2 be2 0 0

0 0 0 0 ρ1 b
e1

3

3
0

0 0 0 0 0 ρ2 b
e2

3

3

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

u̇1
u̇2
v̇1
v̇2
θ̇1
θ̇2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

dx

(21)  

where ˙u1, ˙u2, ˙v1, ˙v2,θ̇1 and θ̇2 are the axial, transverse and angular ve-
locities, respectively, of the upper adherend and the lower adherend. 
The displacement vector u, in 1D-beam kinematics, expressed with 
TEPS, is (Ordonneau et al., 2019): 

u =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

u1(ζ)
u2(ζ)
v1(ζ)
v2(ζ)
θ1(ζ)
θ2(ζ)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

[
1ζζ2⋯ζNu − 1]Cu1

[
1ζζ2⋯ζNu − 1]Cu2

[
1ζζ2⋯ζNv − 1]Cv1

[
1ζζ2⋯ζNv − 1]Cv2

[

1
ζ
L

ζ2

L2⋯
ζNv − 2

LNv − 2

]

Cθ1

[

1
ζ
L

ζ2

L2⋯
ζNv − 2

LNv − 2

]

Cθ2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(22)  

where Cu1 , Cu2 , Cv1 and Cv2 are the column vectors of the coefficients of 
the series. Cθ1 and Cθ2 are the column vectors used to compute the ro-
tations along the adherends. They are computed from the constitutive 
equation (4) and the vectors Cv1 and Cv2 . These coefficients are 
computed thanks to the following relationship: 

DT

⎡

⎢
⎢
⎣

Cu1

Cu2

Cv1

Cv2

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

[0]2Nu+2Nv− 12
ui
uj
uk
ul
vi
vj
vk
vl
θi
θj
θk
θl

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

[
[0]2Nu+2Nv− 12

Ue

]

(23)  

where Ue is the nodal displacements vector in 1D-beam kinematics 
(according to Fig. 13 in Appendix A) and DT is now the system matrix of 
the equations in 1D-beam kinematics. 

The mass matrix of a ME in 1D-beam kinematic is then written: 

MBBe =

∫1

− 1

NBBe
T ρBBe NBBeLdζ (24)  

where NBBe and ρBBe are, respectively, the shape function matrix and the 
density matrix of the ME in 1D-bar kinematics. The matrix product is 
integrated with a Gauss-Legendre quadrature. All steps are detailed in 
Appendix A. 

Table 1 
Mode shape of the first four non-zero NFs of a free-free end joint in 1D-bar and 
1D-beam kinematics.   

1D-bar kinematics 1D-beam kinematics 

NF n◦1 
(1st 
non- 
zero 
NF) 

NF n◦2 
(2nd 
non- 
zero 
NF) 

NF n◦3 
(3rd 
non- 
zero 
NF) 

NF n◦4 
(4th 
non- 
zero 
NF) 

Table 2 
Mode shape of the first four NFs of a clamped-free-end joint in 1D-bar and 1D- 
beam kinematics.   

1D-bar kinematics 1D-beam kinematics 

NF n◦1 

NF n◦2 

NF n◦3 

NF n◦4 
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3. ME modal analyses and convergence study 

3.1. Natural frequency extraction 

The natural frequencies (NFs) are derived from the eigenvalues of the 
stiffness matrix relatively to the mass matrix. They are defined as the 
square root of the eigenvalues, over two pi. Then, they are sorted out in 
ascending order. 

The mode shapes associated with each NF are presented in Table 1 
and Table 2. The original shape of the joint is sketched in grey and the 
mode shape in red. In 1D-bar kinematics, the original shape and the 
mode shape are separated to better visualize the deformation of the 
adhesive and the axial extension or compression of the adherends. In 1D- 
beam kinematics, the two shapes are superimposed to visualise the 
deflection of the joint. 

In 1D-bar kinematics, the behaviour of the adherends can be 
confusing as the structure only deforms in one direction. This behaviour 
is briefly described here. Considering Table 1, for the 1st non-zero NF, 
both upper and lower adherends are in compression. For the 2nd, the 
upper adherend is in extension and the lower adherend is in compres-
sion. For the 3rd, both upper and lower outer adherends are in 
compression while both upper and lower adherends in the overlap re-
gion are in extension. For the last, the upper outer adherend is in 
compression and the upper adherend in the overlap region is in exten-
sion while the lower adherend in the overlap region is in compression 
and the lower outer adherend is in extension. 

Considering now Table 2, for NF n◦1, both upper and lower adher-
ends are in compression. For NF n◦2, the upper adherend is in extension 
while the lower adherend is in compression. For NF n◦3, the upper outer 
adherend is in extension, the lower outer adherend is in compression 
while both upper and lower adherend in the overlap region are neither 
extended nor compressed. Finally, for NF n◦4, both upper and lower 
outer adherends are in extension while both upper and lower adherends 
in the overlap region are in compression. The extension or compression 
is not constant along the adherends which can lead to a different 
deformation of the adhesive at each end of the joint, as visible in the 
figures in Table 1 and Table 2. 

In 1D-beam kinematics, the behaviour of the adherends can be easily 
understood from the mode shapes in Table 2 and is not detailed. 

3.2. Convergence of the natural frequencies 

The convergence of the eigenvalues is linked to the number of de-
grees of freedom of the system. MEs are used to mesh the overlap and bar 
or beam elements are used to mesh the outer adherends. A convergence 
study is performed on the NFs as a function of the number of MEs, nbME, 
used to mesh the lap joint. The same number of elements nbME is used to 
mesh the overlap and to mesh each of the outer adherends with bar or 
beam elements. The total number of elements used to mesh the whole 
structure is thus 3nbME. 

Two homogeneous isotropic materials are used for the tests. 
Balanced (steel-steel) and unbalanced (steel-aluminium) joints are 

considered for both 1D-bar kinematics and 1D-beam kinematics and 
free-free end and clamped-free end boundary conditions are applied. In 
this paper, the terms balanced and unbalanced are used to describe 
joints with similar or dissimilar adherends. The dimensions and mate-
rials of the adherends are given in Table 3 and Table 4. 

In 1D-bar kinematics, the shear modulus of the adhesive is chosen as 
Ga = 1000MPa and the adhesive layer thickness is 0.1mm. In 1D-beam 
kinematics, the adhesive peel modulus is chosen as Ea = 2000MPa and 
the shear modulus of the adhesive, computed from the adhesive peel 
modulus, is Ga = 740MPa. The adhesive layer thickness is 0.2 mm. 

According to (Ordonneau et al., 2019), the stiffness matrix of a ho-
mogeneous ME converges for a truncation of the series at Nu ≥ 10 in 1D- 
bar kinematics and Nu ≥ 40 at 1D-beam kinematics. Then, the co-
efficients of the series are considered as converged and so is the mass 
matrix. 

The convergence of the first four non-zero NFs of a balanced joint 
with free-free end boundary conditions is presented in Fig. 5 in 1D-bar 
and Fig. 6 in 1D-beam kinematic frameworks. On the graphs, each NF 
is normalised by the NF obtained with the more refined mesh and is 
presented as a function of the number of ME, nbME, along the overlap. 
The convergence studies for clamped-free end joints and unbalanced 
joints show similar behaviour and so are not presented. 

In 1D-bar kinematics, the first four NFs converge at a number of ME 
along the overlap nbME = 20. In 1D-beam kinematics, the first four NFs 
converge at a number of ME along the overlap nbME = 5. 

Table 3 
Dimensions of the joint for the convergence study of the ME model.  

e1 e1 ea b Ltot L1 L2 

2 mm 2 mm 0.2 mm 25 mm 25 mm 55 mm 55 mm  

Table 4 
Materials of the adherends for the convergence study of the ME model.   

Young’s modulus Poisson’s ratio Density 

Steel 210 GPa  0.3 8400 kg/m3 

Aluminum 70 GPa  0.29 2700 kg/m3  

Fig. 5. Convergence of the first four non-zero NFs of a free-free end balanced 
joint in 1D-bar kinematics – ME model. 

Fig. 6. Convergence of the first four non-zero NFs of a free-free end balanced 
joint in 1D-beam kinematics. 
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4. Validation 

4.1. Description of the FE model 

Two FE models have been designed according to the hypothesis used 
to develop the ME. The first one is using 1D-bar and the second one is 
using 1D-beam kinematics. 

Fig. 7. FE model of the single lap bonded joint in 1D-beam kinematics.  

Fig. 8. Convergence of the first four non-zero NFs for a free-free end balanced 
joint in 1D-bar kinematics – FE model. 

Fig. 9. Convergence study of the first four non-zero NFs for a free-free end 
balanced joint in 1D beam kinematics – FE model. 

Table 5 
Results and comparison between the ME model and the FE model in 1D-bar 
kinematics.  

1D-BAR KINEMATICS 

Balanced Joint 

Free-free end configuration ME FE Error 

NF n◦ 1 19,640 19,640 0.00% 
NF n◦ 2 32,478 32,480 − 0.01% 
NF n◦ 3 58,196 58,167 0.05% 
NF n◦ 4 68,936 68,915 0.03%  

Clamped-free end configuration    
NF n◦ 1 8724 8724 0.00% 
NF n◦ 2 26,499 26,499 0.00% 
NF n◦ 3 44,857 44,851 0.01% 
NF n◦ 4 63,533 63,507 0.04%  

Unbalanced Joint 
Free-free end configuration ME FE Error 
NF n◦ 1 20,466 20,466 0.00% 
NF n◦ 2 32,533 32,535 − 0.01% 
NF n◦ 3 59,622 59,601 0.05% 
NF n◦ 4 69,568 69,549 0.03%  

Clamped-free end configuration    
NF n◦ 1 11,682 11,682 0.00% 
NF n◦ 2 24,935 24,936 − 0.00% 
NF n◦ 3 46,175 46,169 0.01% 
NF n◦ 4 65,341 65,317 0.04%  
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Based on the work presented in (Paroissien et al., 2018), the FE 
models developed are spring-based. The adherends are modelled with 
bar or beam elements with cubic interpolation functions and the nodes 
are located on the neutral lines. The adhesive layer is represented with 

shear springs only in 1D-bar kinematics and shear and peel springs in 
1D-beam kinematics. In 1D-bar kinematics, the end nodes of the springs 
are attached to the bar elements. In 1D beam kinematics, the end nodes 
of the spring elements are located at the actual interface of the adher-
ends. The connection between the nodes of the neutral lines and the 
nodes of the interface is made with rigid body elements, according to the 
Euler-Bernoulli beam theory. A scheme of the FE model in 1D-beam 
kinematics is shown in Fig. 7. The stiffness of the shear and peel 
springs are defined such as (Dechwayukul et al., 2003): 

kshear(x) = m(x)
L

nbFE
b

Ga(x)
ea

(25)  

kpeel(x) = m(x)
L

nbFE
b

Ea(x)
ea

(26) 

With m(0 < x < L) = 1 and m(x = 0) = m(x = L) = 1
2. nbFE is the 

number of elements along the overlap, Ga is the adhesive shear modulus 
and Ea its adhesive peel modulus, characterizing the transverse tensile 
behaviour of the adhesive layer (Ordonneau et al., 2019). As the accu-
racy of such a model has already been shown in (Paroissien et al., 2018), 
only the convergence of the results of modal analyses is presented here. 

4.2. Convergence study 

The two cases presented in this section are the same as in section 3. 
For all dimensions and materials, refer to Table 3 and Table 4. The 
structure is meshed with the same number of elements nbFE along the 
overlap and along each adherend. In 1D-bar kinematics, a single spring 
is used between the nodes of the bar element along the overlap. The total 
number of elements is 5nbFE + 1. In 1D-beam kinematics, two spring 
elements are used to connect the nodes of the rigid elements along the 
overlap. The total number of elements is 8nbFE + 4. 

The convergence of the NFs computed with the FE model are pre-
sented in Fig. 8 and Fig. 9. The rigid body modes are not presented and 
each NF is normalised by its converged value. 

The convergence is achieved for a number of FE along the overlap 
nbFE = 20 for the configurations presented in. 

Fig. 8 and Fig. 9. The same observation has been made for all other 
configurations. For the comparisons in the following section, this 
number of elements will be used. 

4.3. Comparison between the ME model and the FE model 

In this section, the comparison between the ME model and the FE 
model is presented. The NFs in Table 5 and Table 6 are considered 
converged. It corresponds to a mesh with nbME = 20 for the ME model in 
1D-bar and nbME = 5 for the ME model in 1D-beam kinematics, and a 
mesh with nbFE = 20 for the FE model in 1D-bar and 1D-beam kine-

matics. The error is defined as follows.Error =
(

MEvalue
FEvalue

− 1
)

*100 

All errors are below 0.1% in 1D-bar kinematics and most of the errors 
are below 0.5% in 1D-beam kinematics. The small error on the NFs 
validates the use of the ME technique to perform modal analyses on 
adhesively bonded structures. 

These results are obtained with a ME model with 60 elements in total 
in 1D-bar kinematics and 15 elements in total in 1D-beam kinematics. 
The FE model is made of 101 elements in 1D-bar kinematics (20 ele-
ments in each outer adherend, 20 elements in each adherend along the 
overlap and 21 spring elements along the overlap) and 164 elements in 
1D-beam kinematics (20 elements in each outer adherend, 20 elements 
in each adherend along the overlap and 42 spring elements along the 
overlap and 42 rigid elements along the overlap). In (Paroissien et al., 
2013), a time computation comparison was made between a ME and a 
detailed 3D FE model of a single-lap bonded joint involving nonlinear 
material behavior. It was found that the computation time associated 
with the ME model was 50 times lower than the 3D FE model. It was 

Table 6 
Results and comparison between the ME model and the FE model in 1D-beam 
kinematics.  

1D-BEAM KINEMATICS 

Balanced Joint 

Free-free end configuration ME FE Error 

NF n◦ 1 621 620 0.16% 
NF n◦ 2 1533 1530 0.20% 
NF n◦ 3 3302 3284 0.55% 
NF n◦ 4 4907 4874 0.68%  

Clamped-free end configuration    
NF n◦ 1 87 87 0.00% 
NF n◦ 2 569 568 0.18% 
NF n◦ 3 1525 1521 0.26% 
NF n◦ 4 3312 3290 0.67%  

Unbalanced Joint 
Free-free end configuration ME FE Error 
NF n◦ 1 611 609 0.33% 
NF n◦ 2 1561 1561 0.00% 
NF n◦ 3 3329 3309 0.60% 
NF n◦ 4 4909 4895 0.29%  

Clamped-free end configuration    
NF n◦ 1 136 136 0.00% 
NF n◦ 2 594 592 0.34% 
NF n◦ 3 1543 1546 − 0.19% 
NF n◦ 4 3334 3311 0.69%  

Fig. 10. Typical parabolic graduation of the adhesive properties along 
the overlap. 

Fig. 11. Normalised NFs of the FGA joint − 1D-bar kinematics.  



9

shown the stress distribution along the adhesive mid-layer provided by 
the model was in a close agreement with the one by the 3D FE model. Of 
course, due the classical set of simplified hypotheses used, the ME model 
is not able to represent for the boundary layer effect in the adhesive at 
the very ends of the overlap leading to difference in adhesive peak 
location and values. A detailed comparison is provided in (Paroissien 
et al., 2019). Moreover, it is obvious that the 3D FE model provides more 
detailed information such the mechanical behavior at overlap ends. In 
this paper, the computation time between the ME model and the 
simplified FE model was measured for both about 1 s on a common 
laptop. Firstly, this comparison has to be considered with precautions. 
The ME model was implemented without any intention of computation 
time performance optimization, since the only objective of this com-
parison between the ME and FE models was to validate the methodol-
ogies and associated code. Secondly, it could be thought that, for the 
elementary test case presented in this paper, there is no advantage to use 
the ME model. As stated in the introduction section of this paper, several 
ME formulation methodologies have been developed. A research effort is 
currently in progress on two other formulation methodologies by the 
way. The objective of these research actions is to enrich the ME 
modelling. By nature, the ME gathered the assumed simplified physics of 
the adhesive and adherends. To be more representative for the physical 
reality, the way to alleviate the restrictions associated with the simpli-
fied hypotheses is under investigation through the formulation meth-
odologies. As an example shown in (Paroissien et al., 2018; 2019), it is 
easy to investigate the effect of the choice of simplified hypotheses on 
the accuracy of results provided by the ME model. Another example is 
related to the simulation of the progressive failure of the adhesive layer 
through the cohesive zone approach, enriching the ME model (Lélias 
et al., 2015). To suitably dissipate the energy, a refined mesh has to be 
used. When using FE model based on solid element, the number of de-
grees of freedom is quickly increased since the mesh refinement is 
required in the three directions to insure the quality of the FE model, 
contrary to the ME model for which only one direction is concerned 
(Lélias et al., 2015). The number of degrees of freedom is directly linked 
to the computation time. Another interest which can be underlined is 
common to simplified analysis: the ME model can be easily integrated in 
optimization process to explore the design space with the advantage to 
take into account for the variation of hypotheses. Similarly, the ME 
model is an attractive candidate in the frame of reliability-based design 
process. Thirdly, the comparison should not be restricted to time 
computation and accuracy only. Indeed, when using the FE method with 
commercial FE software, the preprocessing time to design, create and 
justify a FE model cannot be neglected as well as the cost associated with 
the information system required. For example, the creation of a well- 
designed FE model involving a graduation of adhesive properties 

(Paroissien et al., 2019) is time consuming, even for a simplified FE 
model such as used in the next section of this paper. 

5. Natural frequency of a functionally graded adhesive (Fga) 
joint 

The use of an FGA allows increasing the strength of a joint without 
modification of its geometry. This part aims to investigate the influence 
of the graduation of the adhesive on the NFs of a joint. The next section 
presents the procedure to compute the ME mass matrix of an FGA joint. 
Then, modal analyses are performed on free-free end FGA joints. 

5.1. Mass matrix of an FGA ME 

According to section 2.2 and 2.3, the mass matrix depends on the 
shape functions of the element. The shape functions of an FA ME are 
computed the same way as for a homogeneous ME, for both 1D-bar and 
1D-beam kinematics. They are identified from the expression of the 
displacements of the adherends along the overlap. Similarly to equations 
(13) and (33), the coefficients of the series are expressed with the matrix 
of the system associated with an FGA joint, which is detailed in 
(Ordonneau et al., 2019). 

As the adhesive layer and its properties are not taken into account in 
the density matrix, the integral leading to the mass matrix is not 
modified in the case of an FGA joint. 

The procedure to compute the mass matrix is then the same for an 
FGA joint or a homogeneous joint. 

Fig. 12. Normalised NFs of the FGA joint − 1D-beam kinematics.  

Fig. 13. Nodal boundary condition diagram in 1D beam kinematics.  
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5.2. Modal analyses of an FGA joint 

5.2.1. Definition of the FGA properties 
The FGA is defined by the graduation of the adhesive properties 

along the overlap. Here, it has been chosen to consider a parabolic 
graduation of the stiffness along the overlap. The adhesive peel modulus 
and the adhesive shear modulus are computed at any normalised ab-
scissa with the formulae: 

Ea(ζ) = Eamax − (Eamax − Eamin)
(
ζ2 − 1

)

Ga(ζ) = Gamax − (Gamax − Gamin)
(
ζ2 − 1

)
(27)  

where Eamax and Eamin are the maximum and minimum values of the 
adhesive peel modulus and Gamax and Gamin are the maximum and 
minimum values of the adhesive shear modulus. This distribution is 
shown Fig. 10. 

Four cases have been considered and compared to a reference case. 
The adhesive peel modulus of the reference case is chosen as constant 
along the overlap, with Ea = 2000MPa. The four different tested cases 
have a minimum adhesive modulus Eamin = 2000MPa and the maximum 
adhesive moduli are: Eamax = 3000MPa for the first case, Eamax =

4000MPa for the second case, Eamax = 5000MPa for the third case and 
Eamax = 6000MPa for the last case. The adhesive Poisson’s ratio is cho-
sen to be constant along the overlap and is νa = 0.35. The adhesive shear 
moduli are computed from the adhesive peel moduli. The geometrical 
parameters of the joint are given in Table 3 and the adherends are made 
of steel. The adhesive thickness is 0.2 mm. 

5.2.2. Results of the modal analyses of an FGA joint 
To compute the NFs of the FGA joint, the stiffness matrix developed 

in (Ordonneau et al., 2019) and the mass matrix of an FGA joint pre-
sented in this paper are used. The joint is meshed as presented in section 
3.2 and according to (Ordonneau et al., 2019), the order of truncation of 
the series has been increased to Nu = 15 in 1D-bar kinematics and Nu =

40 in 1D-beam kinematics due to the FGA. Free-free end boundary 
condition is applied. The evolution of the first four NFs as a function of 
the graduation is presented in Fig. 11 and Fig. 12. The NFs are nor-
malised by the NF obtained with the reference case and presented as a 
function of the ratio between the maximum and minimum adhesive peel 
moduli. 

The values of the NFs and the normalised NFs are given in Appendix 
B. The graduation of the adhesive properties leads to a slight increase of 
the NFs of the joint, in both 1D-bar and 1D-beam kinematics. At the 
extreme, the NFs are increased by around 2%. 

Finally, compared to a joint with homogeneous adhesive properties, 

the graduation of adhesive properties does not significantly change the 
NF, while reducing the maximal adhesive stresses (Paroissien et al., 
2018; 2019; Ordonneau et al., 2019; Carbas et al., 2014; Stein et al., 
2016; 2017). 

6. Conclusion 

In this paper, modal analyses of a single-lap-bonded joint are per-
formed in 1D-bar and 1D-beam kinematics thanks to the ME technique. 

All the mathematical details to compute the mass matrix associated 
with a ME from its shape functions are given. The shape functions are 
derived from the development of a ME thanks to TEPS (Ordonneau et al., 
2019). 

The mass matrix for a homogeneous joint has been validated with a 
FE model. This FE model is a spring-based model to be under the hy-
potheses used to develop both stiffness and mass matrix of the ME. 

The validation is done on various configurations. A set of two 
boundary conditions are used with similar and different adherends. The 
discrepancy between the NFs computed with the ME model and with the 
spring-based FE model, used as a reference solution, is below half per 
cent in most of the studied cases. 

The mass matrix of a ME associated with an FGA joint is used to 
investigate the influence of a parabolic graduation of the adhesive 
properties on the NFs. This study is done on a balanced joint and with 
two different boundary conditions. It appears the graduation increases 
the NFs between 0.5% and 2%. 

The use of the ME to model the joint allows computing easily any 
number of NFs for various configurations of single-lap joints. 

Finally, the validation of the mass matrix presented in this paper 
currently allows the application of the ME modelling in the frame rapid 
dynamic analysis, such as the test of bonded joints with the split- 
Hopkinson pressure bar or composite bonded repairs under impact 
loading. 
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Appendix A:. Development of the mass matrix of a ME in 1D-beam kinematics 

In this appendix, all the steps and mathematical details to develop the mass matrix of the ME in 1D-beam kinematics are presented. As for 1D-bar 
kinematics, the derivation of the mass matrix MBBe in 1D-beam kinematics starts from the kinetic energy. The energy due to the translation of the joint 
and its rotation are separated. 

KE =
1
2

∫∫∫

ρ1
(
u̇1(x)2

+ v̇1(x)2 )dV +
1
2

∫∫∫

ρ1

(
− y2θ̇1(x)

)2
dV +

1
2

∫∫∫

ρ2
(
u̇2(x)2

+ v̇2(x)2 )dxdydz+
1
2

∫∫∫

ρ2

(
− y2θ̇2(x)

)2
dxdydz (28) 

After integration over the cross-section (the local axis of each adherend is visible in Fig. 1), the kinetic energy becomes: 

KE =
1
2

∫ +L

− L
ρ1be1

(
u̇1(x)2

+ v̇1(x)2 )dx+
1
2

∫ +L

− L
ρ2be2

(
u̇2(x)2

+ v̇2(x)2 )dx+
1
2

∫ +L

− L
ρ1b

1
3

e1
3θ̇1(x)2dx+

1
2

∫ +L

− L
ρ2b

1
3
e2

3θ̇2(x)2dx (29) 

The kinetic energy is now written in a matrix form: 
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KE =
1
2

∫ +L

− L

[
u̇1u̇2 v̇1v̇2θ̇1θ̇2

]

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ρ1 be1 0 0 0 0 0

0 ρ2 be2 0 0 0 0

0 0 ρ1 be1 0 0 0

0 0 0 ρ2 be2 0 0

0 0 0 0 ρ1 b
e1

3

3
0

0 0 0 0 0 ρ2 b
e2

3

3

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

u̇1
u̇2
v̇1
v̇2
θ̇1
θ̇2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

dx (30) 

The expression of the displacement vector u, expressed with TEPS, is a function of ζ ∈ [1, − 1] as the parameters of the series are chosen dimen-
sionless (Paroissien et al., 2007): 

u =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

u1(ζ)
u2(ζ)
v1(ζ)
v2(ζ)
θ1(ζ)
θ2(ζ)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

[
1ζζ2⋯ζNu − 1]Cu1

[
1ζζ2⋯ζNu − 1]Cu2

[
1ζζ2⋯ζNu − 1]Cv1

[
1ζζ2⋯ζNv − 1]Cv2

[

1
ζ
L

ζ2

L2⋯
ζNv − 2

LNv − 2

]

Cθ1

[

1
ζ
L

ζ2

L2⋯
ζNv − 2

LNv − 2

]

Cθ2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(31)  

where Cu1 , Cu2 , Cv1 and Cv2 are the column vectors of the coefficients of the series. Cθ1 and Cθ2 are the column vectors used to compute the rotations 
along the adherends. They are computed from the constitutive equation (4) and the vectors Cv1 and Cv2 . In 1D-beam kinematics, these coefficient 
vectors are solutions of the following linear system: 

DT

⎡

⎢
⎢
⎣

Cu1

Cu2

Cv1

Cv2

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

[0]2Nu+2Nv− 12
ui
uj
uk
ul
vi
vj
vk
vl
θi
θj
θk
θl

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

[
[0]2Nu+2Nv− 12

Ue

]

(32)  

where Ue is the nodal displacements vector in 1D-beam kinematics, according to Fig. 13, and Nu is the total number of coefficients in the series u1 and 
u2 and Nv is the total number of coefficients in the series v1 and v2. The coefficients of the series are: 
⎡

⎢
⎢
⎣

Cu1

Cu2

Cv1

Cv2

⎤

⎥
⎥
⎦ = D− 1

T

[
[0]2Nu+2Nv− 12

Ue

]

(33) 

The displacements becomes: 
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⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

u1(ζ)
u2(ζ)
v1(ζ)
v2(ζ)
θ1(ζ)
θ2(ζ)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

[
1ζζ2⋯ζNu − 1]

[

D− 1
T

(
[0]2Nu+2Nv− 12

Ue

)]

1⋯Nu

[
1ζζ2⋯ζNu − 1]

[

D− 1
T

(
[0]2Nu+2Nv− 12

Ue

)]

Nu + 1⋯2Nu

[
1ζζ2⋯ζNv − 1]

[

D− 1
T

(
[0]2Nu+2Nv− 12

Ue

)]

2Nu + 1⋯2Nu + Nv

[
1ζζ2⋯ζNv − 1]

[

D− 1
T

(
[0]2Nu+2Nv− 12

Ue

)]

2Nu + Nv + 1⋯2Nu + 2Nv

[

1
ζ
L

ζ2

L2⋯
ζNv − 2

LNv − 2

][

D− 1
T

(
[0]2Nu+2Nv− 12

Ue

)]

2Nu + 2⋯2Nu + Nv

[

1
ζ
L

ζ2

L2⋯
ζNv − 2

LNv − 2

][

D− 1
T

(
[0]2Nu+2Nv− 12

Ue

)]

2Nu+Nv+2⋯2Nu+2Nv

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(34) 

Only the last 12 columns of the matrix D− 1
T are kept: 

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

u1(ζ)
u2(ζ)
v1(ζ)
v2(ζ)
θ1(ζ)
θ2(ζ)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

[
1ζζ2⋯ζNu − 1][D− 1

T

]

1 ⋯Nu

2Nu + 2Nv − 11⋯2Nu + 2Nv

Ue

[
1ζζ2⋯ζNu − 1][D− 1

T

]

Nu + 1⋯2Nu

2Nu + 2Nv − 11⋯2Nu + 2Nv

Ue

[
1ζζ2⋯ζNu − 1][D− 1

T

]

2Nu + 1⋯2Nu + Nv

2Nu + 2Nv − 11⋯2Nu + 2Nv

Ue

[
1ζζ2⋯ζNu − 1][D− 1

T

]

2Nu + Nv + 1⋯2Nu + 2Nv

2Nu + 2Nv − 11⋯2Nu + 2Nv

Ue

[

1
ζ
L

ζ2

L2⋯
ζNv − 2

LNv − 2

]
[
D− 1

T

]

2Nu + 2⋯2Nu + Nv

2Nu + 2Nv − 11⋯2Nu + 2Nv

Ue

[

1
ζ
L

ζ2

L2⋯
ζNv − 2

LNv − 2

]
[
D− 1

T

]

2Nu + Nv + 2⋯2Nu + 2Nv

2Nu + 2Nv − 11⋯2Nu + 2Nv

Ue

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= NBBe(ζ)Ue (35) 

where NBBe is the shape function matrix of the ME in 1D-beam kinematics. After the variable change = x
L, the kinetic energy becomes: 

KE =
1
2

∫ +1

− 1
U̇T

e NT
BBe(ζ)

T ρBBe NBBe(ζ)U̇eLdζ (36) 

with ρBBe is the density matrix of ME in 1D-beam kinematics: 

ρBBe =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ρ1 be1 0 0 0 0 0

0 ρ2 be2 0 0 0 0

0 0 ρ1 be1 0 0 0

0 0 0 ρ2 be2 0 0

0 0 0 0 ρ1 b
e1

3

3
0

0 0 0 0 0 ρ2 b
e2

3

3

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(37) 

The mass matrix MBBe is identified as: 

MBBe =

∫1

− 1

NT
BBe(ζ)ρBBe NBBe(ζ)Ldζ (38) 

To integrate the matrix product, a Gauss-Legendre quadrature is used. 
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Appendix B:. Table of the NFs of an FGA joint 

In this appendix, the NFs of an FGA joint computed with the ME are presented in 1D-bar and 1D-beam kinematics in. 
Table 7. The normalised NFs, associated with the graphs visible in Fig. 11 and Fig. 12 are presented in Table 8. 

Appendix C. Supplementary data 

Supplementary data to this article can be found online at https://doi.org/10.1016/j.ijsolstr.2022.111631. 
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