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Reconstruction of closely spaced small inhomogeneities
via boundary measurements for the full time-dependent
Maxwell’s equations

Christian Daveau *Abdessatar Khelifi TAnton Sushchenko?
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Abstract

We consider for the full time-dependent Maxwell’s equations the inverse problem of
identifying locations and certain properties of small electromagnetic inhomogeneities
in a homogeneous background medium from dynamic boundary measurements on the
boundary for a finite time interval.

Key words. Maxwell’s equations, inhomogeneities, inverse problem, reconstruction,
geometric control
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1 Introduction

The ultimate objective of the work described in this paper is to determine locations
and certain properties of the shapes of small electromagnetic inhomogeneities in a ho-
mogeneous background medium from dynamic boundary measurements on part of the
boundary and for finite interval in time. Using as weights particular background solu-
tions constructed by a geometrical control method we develop an asymptotic method
based on appropriate averaging of the partial dynamic boundary measurements.

For stationary Maxwell’s equations it has been known that the Dirichlet to Neumann
map uniquely determines (smooth) isotropic electromagnetic parameters, see [16], [18],
[20]. We will provide in this paper a rigorous derivation of the inverse Fourier transform
of a linear combination of derivatives of point masses, located at the positions z; of the
inhomogeneities, as the leading order term of an appropriate averaging of (partial) dy-
namic boundary measurements of the tangential components of electric fields on part

*Département de Mathématiques, Site Saint-Martin II, BP 222, & Université de Cergy-Pontoise, 95302
Cergy-Pontoise Cedex, France (Email: christian.daveau@math.u-cergy.fr).

"Département de Mathématiques & Informatique Faculté des Sciences, 7021 Zarzouna - Bizerte, Tunisia
(Email:abdessatar.khelifi@fsb.rnu.tn).

YETIS & UMR CNRS 8051, 6 avenue du Ponceau, BP 44, 95014 Cergy-Pontoise Cedex, France (Email:
anton.sushchenko@ensea.fr).



of the boundary. Our formulas may be used to determine properties (location, relative
size ) of the small inhomogeneities in case a single, or a few (tangential) boundary
electric fields are known. Our approach differs from [1], [2], [3], [4], [22] and is expected
to lead to very effective computational identification algorithms.

For discussions on closely related (stationary) identification problems we refer the
reader to [19],[21], [6], and [10].

2 Problem formulation

Let Q be a bounded C?-domain in R?, d = 2,3. Assume that Q contains a finite
number of inhomogeneities, each of the form z; + aB;, where B; C R? is a bounded,
smooth domain containing the origin. The total collection of inhomogeneities is B, =
UiL, (25 + aBj). The points z; € Q,j = 1,...,m, which determine the location of the
inhomogeneities, are assumed to satisfy the following inequalities:

|zj — 21| > co>0,Vj#1 and dist(z;,00) > ¢y >0,V j. (1)

Assume that « > 0, the common order of magnitude of the diameters of the inhomo-
geneities, is sufficiently small, that these inhomogeneities are disjoint, and that their
distance to R?\ Q is larger than cy/2. Let po and gy denote the permeability and
the permittivity of the background medium, and assume that pg > 0 and g > 0 are
positive constants. Let p; > 0 and €; > 0 denote the permeability and the permittivity
of the j-th inhomogeneity, z; + aB;, these are also assumed to be positive constants.
Introduce the piecewise-constant magnetic permeability

[ o, r €0\ By,
Ma(m)_{uj, rezj+aBj, j=1...m. (2)

If we allow the degenerate case o = 0, then the function ug(z) equals the constant pyg.
The electric permittivity is defined by e4(x) = €q, for all z € Q. Let n = n(z) denote

U
the outward unit normal vector to Q at a point on 02, dyu = — and A means the

ot
492y
Laplace operator defined by Au = o
o
i=1 i

In this paper, we will denote by bold letters the functional spaces for the vector
fields. Thus H*(£2) denotes the usual Sobolev space on Q and H*(2) denotes (H*(£2))?
and L?(Q) denotes (L?(Q))¢. As usual for Maxwell equations, we need spaces of fields
with square integrable curls:

H( curl ;Q) = {u € L*(Q), curl u € L}(Q)},
and with square integrable divergences
H(div ; Q) = {u € L*(Q),div u € L*(Q)}.
We will also need the following functional spaces:

Y(Q) = {uecL*(Q),divu=0in Q}, X(Q)=H'(Q)NY(Q),
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and T L%(9€2) the space of vector fields on O that lie in L2(9€2). Finally, the ”minimal”
choice for the electric variational space would be

Xn(@Q)={veH(curl;Q)NH(div;Q); vxn=0 on dQ}.

Now, we introduce the following time-dependent Maxwell equations (associated to
the electric field)

1
(ea0? + curl — curl )E, =0 in Q x (0,T),

Mo

div (EQEQ) =0 inQx (O,T), (3)
Ea’t:() = ¢, 8tEa|t:0 =1 inQ,

Eo X nlaox01) = [

where E, € R? is the electric field, f the boundary condition for E, x n, and ¢ and 1)
the initial data.

Let E be the solution of the Maxwell’s equations in the homogeneous domain:
(

1
(£00? + curl — curl )E=0 inQ x (0,7),
Ho

div (e0E) =0 in Q x (0,7), @
Eli=o = ¢, 0iF|i=0 =1 in Q,

E xnlsoxo0m) = [

Here T > 0 is a final observation time and ¢,1 € C®(Q) and f € C*(0,T;C>(09))
are subject to the compatibility conditions

O flimo = (Alp) x nlgg and I flimg = (AlY) x nlgq, 1=1,2,...

it follows that (4) has a unique solution E € C*°([0,T] x Q). It is also known (see for
example [17]) that since Q2 is smooth (C2— regularity would be sufficient) the non ho-

mogeneous Maxwell’s equations (3) have a unique weak solution E, € C°(0,T; X ()N
CH(0,T;L3()). Indeed, curl E, belongs to C°(0,T; X (Q)) NC(0, T; L2(1)).

3 Asymptotic formula

We start the derivation of the asymptotic formula for curl F, x n with the following
estimate.

Lemma 3.1 The following estimate as a — 0 holds:

[[0(Ea — E)l| Lo (0,m502(0)) + 1B — Ell L 0,1:x 5 () < Cav, (5)

where the constant C' is independent of o and the set of points {zj};nzl provided that
assumption (1) holds.



Proof.  From (3)-(4), it is obvious that E, — E € Xy (), then due to the Green
formula we have for any v € Xy (Q):

1
/ £00?(Ey — E) - v dx + ™ curl (Eo — E) - curl v dz = (6)
Q Q Mo

LN |

Z - _ = curl E - curl v dz.
=1 Mo /~LJ zj+aB;

Let v, be defined by

Vo € XN(Q),
curl /'L% curl vy = Oy(Eo — E) in Q.

Then,

1
— curl (Ey — E) - curl v, dx:—/at(Ea—E)-(Ea—E) dx =
Q Ha Q

1
—at/ |E, — E|)? dx
2 " Jo

and by Green formula, relation (7) gives:

1
/ Bf(Ea —FE)-vqadx = / curl — curl Oyvy - v dx
Q Q Mo

= — | — curl Oyvy - curl v, dzx
Q Ha

1 1
= —at/ — | curl vo|? da.
2 Jap

(e}

Thus, it follows from (6) that

1
ant/ —| curl va]2 d:r—l—at/ |E04—E|2 dox =
Q Ha Q

-2 (———) curl £ - curl v, dz.
jz; lu’o /J’,] zj—l—aBj “

Next,

Z — - = curl £+ curl vo| < O curl El|g2g,|| curl vallp2q)
Ho /"[’j Zj+aBj

Since E € C*®([0,T] x Q) we have
- 1
| curl Bllgaq,) < || curl Ellp=s,0(3] 1B < Ca
which gives

\Z % - ’u— ., curl £ - curl vodz| < Cal| curl va|[r2()
7 Jzj+abBj



and so,

1 1
608t/ — | curl vo|? d:H—@t/ |E,—F|? dx < Ca(/ — | curl vo|? d:H—/ |Eq—E|? dz)/2.
Q Ha Q Q Ha Q (8)

From the Gronwall Lemma it follows that

(/ i\ curl vo|? dz)'/? + (/ |Ey — E? dz)Y/? < Ca. 9)
Q Ha Q

Combining this last estimate (9) with the fact that

10L(Eo — E)|| o 0,m;1-1(0)) < Cll curl va||po 0,112 (02))

the following estimate holds
|Ea = EollL~0r12(0) + 10:(Ea — Eo)llLe0.r12(0)) < Ca. (10)

Now, taking (formally) v = 0;(E, — F) in (6) we arrive at

1
50@/ [|10/(Eq — E)* + —| cutl (Eq — E)[] do =
Q Mo

m
1 1
22(— -—) curl E - curl 0;(E, — E) dzx.
j=1 /’LO lu’] zj+aBj

By using the regularity of F in Q and estimate (10) given above, we see that
\i(i -—) /z-+aB- curl E - curl 9(Ey — E) dz| < C|| cwrl Ellg2(,)/|0:(Ea — E)|lg-1(0)
o < Ca?,
where C' is independent of ¢ and «, and so, we obtain
at/Q 10,(Ea — E)? + Mla\ cwl (Eq — )] de < Ca®
which yields the following estimate

[[0t(Ea — E)|| Lo (0,712(0)) + [ EBa — El| Lo (0,75x 5 () < Ca,

where C'is independent of o and the points {z;}7";.

Now, we can estimate curl E, — curl Ej as follows.

Proposition 3.1 Let E, and E be solutions to the problems (3) and (4) respectively.
There exist constants 0 < ag, C such that for 0 < a < ag the following estimate holds:

| curl (Eq — Eo)llp 020 < Ca, (11)



Proof. To prove estimate (11) it is useful to introduce the following function

T
o(x) = /0 v(x,t)z(t) dt € L*(Q), (12)

where v € L1(0,T; L*(Q)) and 2(t) is a given function in C§°(]0, T']).
Then,

T T
Ba) = /0 B, 1)2(t) dt and B (x) = /0 Eu(w, £)2(t) dt € X(5),

which by relation (5) give
(B, — E) e H{(Q),
curl curl (E, — F) =0(a) inQ,
div (B, — E)=0 inQ,
(Ea — E) x n|ygq =0,
and so, R R
ewrl (£, — B)] o) = Ola). (13)
The fact that curl (E, — E) belongs to L>(0, T; L2(2)) and by using estimate (13) we
deduce that
/ | curl E,(2,t) — curl B(z,t)* dz = O(a®) a.e. inte (0,7),
Q

which means that
|| curl (B — E)ll12@0) = O(a) ae. int € (0,7T).

Thus, estimate (11) follows immediately if we take the sup on ¢ € (0,7) in the last
relation. O

Before formulating our main result in this section, let us denote ®;,5 = 1,...,m
the unique vector-valued solution to

A®; =0in Bj, and R?\ Bj,
®; is continuous across 0B},

ﬁ%br_%_:_y. (14)
o al/j 81/]' 7

lim |®;(y)| = 0,
——+00

\ |yl

where v; denotes the outward unit normal to B;, and superscripts — and + indicate
the limiting values as the point approaches 0B; from outside B;, and from inside Bj,
respectively. The existence and uniqueness of this ®; can be established using single
layer potentials with suitably chosen densities, see [6] for the case of conductivity
problem. For each inhomogeneity z; + aB; we introduce the polarizability tensor



M; which is a d x d, symmetric, positive definite matrix associated with the j-th
inhomogeneity, given by

" Ob -
(M= ([ (B =) T2y 0 doy(0), (15)

0B; Ko vj
Here (e1,...,eq) is an orthonormal basis of R%. In terms of this function we are able

to prove the following result about the asymptotic behavior of curl F, - I/j|a(zj+a B;)*

Theorem 3.1 Suppose that (1) is satisfied and let ®;,j =1,...,m be given as in (14).
Then, for the solutions En, E of problems (3) and (4) respectively, and for y € 0B,
we have

(curl Eo(z; + ay) - vj)|az; +aB)+ = curl E(z;,t) - v; (16)

(1= 15)9%;

po” Ov;

The term o(1) uniform in y € 0B; and t € (0,T) and depends on the shape of {B;}]",

and ), the constants cy, T, o, {uj}’jn:l, the data @,, and f, but is otherwise inde-
pendent of the points {zj};f‘:l.

+(y) - curl E(zj,t) 4+ o(1).

Proof.
Let &, = curl Ey(z,t) and & = curl E(x,t). Then, according to (3)-(4) we have

1
aoafEa — curl —&, =0and curl &, =0, for x € Q. (17)

(e}

We restrict, for simplicity, our attention to the case of a single inhomogeneity, i.e.,
the case m = 1. The proof for any fixed number m of well separated inhomogeneities
follows by iteration of the argument that we will present for the case m = 1. In order
to further simplify notation, we assume that the single inhomogeneity has the form
aB, that is, we assume it is centered at the origin. We denote the electromagnetic
permeability inside aB by p. and define ®, the same as ®;, defined in (14), but with
Bj and p; replaced by B and pui, respectively. Define v to be the outward unit normal
to 0B. Now, following a common practice in multiscale expansions we introduce the

-~ 0
local variable y = E, then the domain Q = (—) is well defined.
« !
Next, let @ be given in C$°(]0,T'[). For any function v € L1(0,T;L%(Q)), we define

T
() :/0 o(w, ) w(t) dt € L2(S).

T

We remark that dyv(z) = —/ v(x,t)w’(t) dt. So that we deduce from (17) that &,
0

satisfies

1 . T
curl —&, = / E,@"(t)dt inQ,
Mo 0

curl é’a =0 in{.
Analogously, & satisfies

1 . T
—curl & = / Ex"(t)dt inQ,
Ho 0

curl € =0 in Q.



Indeed, we have £, xn =& x n = curl 5o f x n on the boundary 0f2, where curl g5
is the tangential curl. Following [4] and [1], we introduce ¢ as the unique solution to

the following problem
« A Q0 = .
Ag,=0 inQ=(—)\Bandin B,
«

¢, is continuous across 0B,

9q;, 9, _ 5
o+ = kg e = — (ko — m)E(ay) - v on 9B,
[ ¢ =0 on of.
The jump condition
oq}: aq;: 4
e s Y . B
Hog 1+ — Heg ] (ko — ps)E(ay) - v on 9

[0

guarantees that &, (z) — £(z) — grad 44n (%) belongs to the functional space Xy(£2),

where grad 5, is the tangential gradient. Since
’ —5 H
/ [Ea —x(Q\ aB)E + “x(aB)E|&"(t) dt in Q,
Ho

1 4 A T
curl M—a(é’a — & — grad qu(a))
curl (&, — € — grad ng(f)) =0 inQ,

a
(Eo — & — grad y2a(2)) xn=0 ondQ,
where x(w) is the characteristic function of the domain w, we arrive, as a consequence

of the energy estimate given by Lemma 3.1, at the following

(o — & — grad ,q5(%)) € Xn(Q),

1 4 A
curl N—a(é’a — & — curl yq(”;(g)) =0(a) inQ,
curl (&, — € — grad yq;(g)) =0 inQ,

L (Eo — & — grad y4a(2)) xn =0 on JQ.
From [4] we know that this yields the following estimate

1 4 A v T A A v T
eurl (o — & — grad 03 () o) + o = € = srad 3 (|2 < O

and so,
~ ~ X
(Ea — € — grad yqa(a)) ‘vl =0(a) on d(aB).

Now, we denote by g, be the unique (scalar) solution to
Ag, =0 inR?\Bandin B,
g is continuous across 0B,

94 00— (o~ p)é(0) v on B,

Ko 19,% [+ = ov

lim ¢, =0.
\ [y[—>+o0




In the spirit of Theorem 1 in [6] it follows that

% xT
1 grad g, — grad ,q2)(>)l|La) < Ca'’?,

which yields

(€n— & — grad yq*(g)) -v=o0(1) ond(aB).
Writing ¢, in terms of ®, gives
T Ho aq)*
/ [( curl By (ay)-v)|g@p)y+—v- curl E(0,t)—(—-1) 5 |+(y)- curl E(0,t)|w(t) dt = o(1),
0 Hex

for any w € C3°(]0,T[), and so, by iterating the same argument for the case of m
(well separated) inhomogeneities z; + aBj,j = 1,...,m, we arrive at the promised
asymptotic formula (16).

|

4 The identification procedure

Before describing our identification procedure, let us introduce the following cutoff
function f(z) € C5°(€2) such that § =1 in a subdomain € of Q that contains the inho-
mogeneities B, and let € RY. We will take in what follows E(z,t) = nteo—iV/iollt
where 7t is a unit vector that is orthogonal to 7 which corresponds to taking ¢(x) =
nte T ah(x) = —i\/Hon|nte™®, and f(x,t) = nt x ne™ TVl and assume that we
are in possession of the measurements of:

curl E, xn onI' x (0,7),

where I" is an open part of 02. Suppose now that T" and the part I" of the boundary 92
are such that they geometrically control 2 which roughly means that every geometrical
optic ray, starting at any point x € € at time ¢ = 0 hits [ before time 7" at a non
diffractive point, see [5]. It follows from [17] (see also [13], [11] and [12]) that there exists
(a unique) g, € H}(0,T; TL*(T)) (constructed by the Hilbert Uniqueness Method) such
that the unique weak solution w,, to

(07 + curl curl )w, =0 in Q x (0,7),

divw, =0 inQx (0,7),

wyli—o = Bz)nte, dwyli—o =0 in Q, (18)

Wy X n|aQ\fx(o,T) =0,

wy X Alry0.1) = s

satisfies wy(T") = Oywy,(T) = 0 in .
Let 6, € H'(0,T;TL*(T)) denote the unique solution of the Volterra equation of
second kind

T
Oy (1) +/ em= (9, (2, 5) — i|n|dby(x, 5)) ds = gy(x,t) forz e T,t e (0,T),

t
0y(x,0) =0 forzel.
(19)



The existence and uniqueness of this 6, in H(0,7;TL*T)) for any n € R? can be
established using the resolvent kernel. However, observing from differentiation of (19)

with respect to ¢ that 6, is the unique solution of the ODE:
826, — 6, — M9, (e~tg) forz € Tt € (0,T), (20)
0p(2,0) = 0,00, (z,T) =0 foraxel,

the function #,, may be find (in practice) explicitly with variation of parameters and it
also immediately follows from this observation that ¢, belongs to H?(0,T;TL*(T)).
We introduce v, as the unique weak solution (obtained by transposition as done in
[15] and in [14] [Theorem 4.2, page 46] for the scalar function) in C°(0,T; X (Q2)) N
C(0,T; L*(9)) to the following problem
( (0} + curl curl Jv, =0 inQx (0,7),

dive,=0 in§x (0,7,

Upli=o =0 in €,

= Ho Ho 0P, in-z; .
Ovn|t=0 = ;2(1 - /7],)77 x (vj + (;j - 1)671;“)6 5600z +aB;) € Y () in €,

L vy X 0]gax 1) = 0.
Then, the following holds.

Proposition 4.1 Suppose that T and T geometrically control Q. For any n € RY we
have

T m —
/ /g77 - (curl v, x n) do(z)dt = o ZNO(l — &)ezm'zﬂ'n . / (v (21)
0 Jr = Ho o

B;

+(8 - 1>g‘f;;\+<y>>n Ly ds;(y) + o(a?).

Proof. Multiply the equation (8,52 + curl curl )v, = 0 by w, and integrating by parts
over (0,T) x Q, for any € R? we have

- Hj\ 20z / Hj 99; iom- _
ay i(1—=—=)e"in. vi+(——-1)-— e ds(y) =
> il o) | j( i+ )auj +(¥)) (y)

Jj=1

B
T
—pg / /g77 - (curl v, x n) do(x)dt.
0 r

Now, we take the Taylor expansion of ae’®7¥ in the left side of the last equation, we
obtain the convenient asymptotic formula (21).
O

To identify the locations and certain properties of the small inhomogeneities B, let
us view the averaging of the boundary measurements

curl Ea X n|pX(07T),

using the solution 6, to the Volterra equation (19) or equivalently the ODE (20), as a
function of 1. The following holds.

10



Theorem 4.1 Letn € RY. Let E,, be the unique solution in C°(0,T; X (2))NC(0, T; L3(Q))
to the Mazwell’s equations (3) with o(z) = nte® h(x) = —i/mo|n|nte?, and
flx,t) = nLei”“_i\/’T‘)‘”“. Suppose that I' and T geometrically control €, then we have

/ / (curl Ey x n— curl E xn)+ 08, - 0y( curl E, x n — curl E x n)| do(z)dt =

OFZ 1o — 1) €25 M;(n) -+ O(a),
7j=1

(22)
where 6, is the unique solution to the Volterra equation (20) with g, defined as the
boundary control in (18) and M; is the polarization tensor of Bj, defined by

(es = e ([ (5 (2 1>‘qujr+<y>>y e ds;(y). (23)

B, Ko
Here (ey1,e3) is an orthonormal basis of RY. The term O(a?) is independent of the

points {z;, j=1,--- ,m}.

T
Proof. From 0;0,(T) = 0 and ( curl E, xn— curl £ xn)|i— = 0 the term / / 0i0;,
o Jr
O¢( curl E, x n — curl E x n) do(z)dt has to be interpreted as follows

/ /@0 -Oy( curl B, xn— curl E xn) / /Bt (curl E, xn— curl E xn).

(24)
Next, introduce
Eon(z,t) = E(z,t) + /Ot e~ WHllsy (1t — s) ds,x € Q,t € (0,T). (25)
We have
/ / (curl By xn— curl E x n) 4 040, - 0¢( curl E, x n — curl E x n)] =
/ / (curl By xn — curlEO”7 xn)+ 0y, - Oy( curl E, x n — curl Ean X n)}

¢ t
+/ / [0,7 . / e~ WHllsy, (1t — 5) x n ds + 940, - 8t/ e~ iHollsy, (2t — s) x n ds}.
o Jr 0 0

Since 6, satisfies the Volterra equation (20) and
3t(/0 672\/‘LTO|77|SU77(.%,7§ —s)xnds)= 8t(—e’\/‘70|"|t/0 el\/‘Towsvn(x, s) xnds)

t
= i\/,uo|77|e_’\/’70|77t/0 el\/‘Towsvn(ac,s) xnds+vy(x,t) X n,

11



we obtain by integrating by parts over (0,7) that

/ / / miViohnlsy, (2.t — s) x 1 ds + 940, - Ot/ e~WHoMlsy, (2t — 5) x n ds
0
/ / U77 x, t X Il (8t9 +/ Gn(s)ei\/lTOhﬂ(t*S) dS)

—i/Hioln| (e~ VEOMID,0, (1)) - /0 eV, (2, 5) 0 ds dt

T T
= / /vn(af,t) xn - (00 +/ (0, (5) — in/1i0|n|0:0, (5))eVFOIME=5) gg) gt
o Jr t

T
= / /gn(x,t) - (curl vy(z,t) x n) dt
0o Jr

and so, from Proposition 4.1 we obtain

/ / (curl By x n — curl E xn) + 040, - 0¢( curl £, x n — curlExn)}:
. oD
2”7ZJ / Vi + &_1 Z7J -y dss
Z n | j( it O )auj + () -y ds;(y)
/ / (curl B, x n — curlEaan)—i-@tH -O¢( curl B, X n

— curl B, , % n)} + o(a?).

In order to prove Theorem 4.1 it suffices then to show that

/ / (curl Eyxn— curl By, xn)+8,0,-0;( curl Eyxn— curl E,,xn)| = o(a?).

(26)
Since
1 b
(07 — curl ™ curl )(/0 e*“/’Tom‘svn(x,t —5) ds)
m ‘ ) ) Ob. . i )
= D= T (L = DG L ) ot eV 0 0 (0.7)
j=1 !

t . t .
(/0 e_’\/’T("”'Svn(:n,t —5) ds)|i=0 =0, 6,5(/0 e_’\/’T(""'Svn(m,t —8)ds)|i=0 =0 in Q,

t
(/o e WISy, (3, — s) ds) x n|aaxor) =0,

it follows from Theorem 3.1 that

1 _
(07 — curl o curl )(Ey — Eop) = 0(@?) inQx (0,7),
(Ea - Ea, )|t:0 = Oaat(Ea - Ea, )‘t:O =0 in Qa

n "

(Ea — Ean) X nlaax0,r) = 0.
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Following the proof of Proposition 3.1, we immediately obtain
||Eo — E%UHLQ(Q) = o(ag),t € (0,7),z€Q,

where o(a?) is independent of the points {z; }721. To prove (26) it suffices then from
(24) to show that the following estimate holds

|| curl Ea x n — curl Eam X n|\Lz(07T;TL2(F)) = 0(a2).

Let 6 be given in C§°(]0,T) and define

N T _
Eo,(z) = /0 Eoy(z, )0(t) dt

and

From definition (25) we can write

(Eo— E.) € H(Q),

curl curl (E, — E,) =0(a) € Y(2) in €,

div (Ey — E,) =0 inQ,

(Eo — Ea) % nlpn = 0.

\

In the spirit of the standard elliptic regularity [9] we deduce for the boundary value
problem (27) that

| el (B — Ea) % 0|2y = O(a?),
for all 6 € C3°(]0,T[); whence
|| curl (Eq — Eo) x 1|2y = o(a?) a.e.int € (0,7),

and so, the desired estimate (22) holds. The proof of Theorem 4.1 is then over. O

Our identification procedure is deeply based on Theorem 4.1. Let us neglect the
asymptotically small remainder in the asymptotic formula (22), and define X, (n) by

T
Ra (1) = / /[an - (curl (Ey — E) x n) + 86, - &( curl (B, — E) x n)].
o Jr
Recall that the function %% is exactly the Fourier Transform (up to a multiplicative
constant) of the Dirac function § .. (a point mass located at —2z;). From Theorem

4.1 it follows that the function e?"% is (approximately) the Fourier Transform of a
linear combination of derivatives of point masses, or

m
f‘ia(n) ~ 042 Z Lj(s_gzj,
7=1

where L; is a second order constant coefficient, differential operator whose coefficients
depend on the polarization tensor M; defined by (23) (see [6] for its properties) and

13



%

N, (n) represents the inverse Fourier Transform of R, (n). The reader is referred to [6]
for properties of the tensor polarization M;.

The method of reconstruction consists in sampling values of R (n) at some discrete
set of points and then calculating the corresponding discrete inverse Fourier Transform.
After a rescaling the support of this discrete inverse Fourier Transform yields the loca-
tion of the small inhomogeneities B,. Once the locations are known we may calculate
the polarization tensors (Mj);”:1 by solving an appropriate linear system arising from
(22). This procedure generalizes the approach developed in [3] for the two-dimensional
(time-independent) inverse conductivity problem and generalize the results in [1] to
the full time-dependent Maxwell’s equations.

5 Conclusion

In this paper, we are convinced that the use of approximate formulae such as (22)
represents a very promising approach to the dynamical identification of small inho-
mogeneities that are embedded in a homogeneous medium. We also believe that our
method yields a good approximation to small amplitude perturbations in the electro-
magnetic parameters (for the example of electric permittivity e, (z) = €9 +ae(x)) from
the measurements:

curl Hy, xn  onI' x (0,7).

Our method may yield the Fourier transform of the amplitude perturbation e(z). This
issue will be considered in a forthcoming work [7].
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