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MIXED DISCONTINUOUS GALERKIN METHOD FOR THE
THREE-DIMENSIONAL ELECTROSTATIC PROBLEM

DAVEAU CHRISTIAN AND ABDELHAMID ZAGHDANI

ABSTRACT. In this paper a new discontinuous Galerkin method for the
three dimensional electrostatic problem is presented. The divergence con-
traint is taken into account by a regularized variational formulation and
the tangential and normal jumps of the discrete solution at the element
interface are penalized. Optimal error estimates in a discrete energy norm
are proved. Some numerical experiments confirm the theoretical predic-
tions.

1. INTRODUCTION

There exists several works about the discontinuous Galerkin method for the
resolution of partial differential equations. For advection and diffusion problem,
there are the works of Baumann (see [2]) and the paper with Oden, Babuska
and Baumann (see [13]). Other versions of discontinuous Galerkin method are
presented in the book edited by Cockburn, Karniadakis and Shu (see [4]). We
also cite the work of S. Prudhomme, F.Pascal, J.T. Oden and A. Romkes (see
[14]); they analyse different Galerkin discontinuous formulations for the Poisson
problem. Besides, Ilaria Perugia and al. present different formulations for the
Maxwell’s equations, (see [15, 16]), and B. Riviere, and V. Girault and al. anal-
yse and studied different formulations for the Navier Stokes problem, (see [10]).

Discontinuous Galerkin methods has several advantages over other types of
finite element methods. For example, the trial and test spaces are very easy to
construct; they can naturally handle inhomogeneous boundary conditions and
curved conditions; and they allow the use of highly non uniform and unstruc-
tured meshes. In addition, the fact that the mass matrices are block diagonal
is an attractive feature in the context of time-dependent problems, especially
if explicit time discretizations are used.

In this paper, we present a new mixed discontinuous Galerkin method for the
three dimensional time harmonic electrostatic problem:

Vx(Vxu)=J
1991 Mathematics Subject Classification. AMS Subject Classification: 65N32.
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2 DAVEAU CHRISTIAN AND ABDELHAMID ZAGHDANI

V-u=0

with boundary conditions. Here u is related to electric field £ by the relation
E(x,t) = Re(u(z) exp(iwt)), where w # 0 is a given frequency. This problem
has also been studied, (see [16]), but we present a new discontinuous Galerkin
method. There are substantial differences between the two approaches. The
advantage of our method is that our primal formulation is consistent while in
[16], the formulation is not consistent, due to the nature of the discrete lifting
operator.

The outline of the paper is the following. Section 2, we introduce some nota-
tions and spaces. In section 3, we derive a discontinuous Galerkin formulation
and prove the equivalence between the variational formulation and the original
one. In section 4, we present the numerical method and prove the main proper-
ties of the discrete bilinear form. Section 5 is devoted to the convergence result
derived from an hp analysis method and in section 6, we present numerical
results.

2. DISCONTINUOUS GALERKIN METHOD

2.1. Mathematical Model. Let Q2 be a bounded polyhedron domain included
in R3. We also suppose that 2 and its boundary denoted by I is connected and
simply connected. We deduce from Maxwell equations that the electric field u
satisfies:

Vx(Vxu) = —iwJy=J x€QCR3
(1) V-u = 0 x e
nxXu = 0 zel.

where w > 0 is the frequency of the electromagnetic field and J; is the im-
pressed current density which we assume to be divergence free. We introduce
a Lagrange multiplier p,the problem (1) is equivalent to the problem:

Vx(Vxu)- Vp= J ze€QCR?
(2) V-u = 0 z€Q
nxu = 0 zel.

Now, we introduce some notations. Let be II; a triangulation of € into tetra-
hedra such that:
Assumption (H)
(1) Two arbitrary tetrahedra K, K’ € II;, (K # K') are either disjoint, or
have a common vertex or a common edge or a common face. Further,
we have

Q =Ugen, K

(2) The triangulation is shape regular, i.e. if hx denote the diameter of
the element K and pg the diameter of the largest sphere contained in
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K, there exists a constant o > 0, independent of K such that

h
K <.

PK
(3) For all tetrahedron K of II;, K has not more than one face on I'.

We finally denote by Fj,, Ff and F}P the union of all faces of IIj,, the union
of the internal faces and the union of the face supported by the boundary I'
respectively.

We also introduce some spaces. For a bounded domain O € R3, C§°(0) is
the set of C°°(0) with support compact in O, L?(0) is the square integrated
function on O, H*(O) is the usual Sobolev space for s € R and H(O) is the
set of H?(O) whose trace is null on 9O and we introduce

H(V-,0)={uc L*(0) V- -uc L*0)},
H(V-0,0)={ue HV-,0), V-u=0in O},
H(Vx,0)={uec L*(0)3V xuc L*(0)3},

Hy(Vx0,0)={ue HVx,0), Vxu=0inO,uxn=0 ondO}.
The formulations involve the functional spaces
V(h) :={uec L*(Q)3 V xu cc L*(K)® VK €1I,}
and
Q(h) :={u € L*(Q), ux e H(K) VK €1I,}.

Let K € II;, and ng the unit exterior normal of 0K. We multiply the first
equation of the original problem (2) by a test function v € V(h) and integrate
on K and with the Stokes and Green Formulae we get:

/K(qu)~(V><v) + /Kmef/aK(wnK)p
- /8Kvo((V><u)><nK):/KJ~v.

We integrate on K the second equation of (2) and with Green formula, we
obtain for ¢ € Q(h)

(4) —/KU~V¢+/8K(u-nK)w:O.

(3)



4 DAVEAU CHRISTIAN AND ABDELHAMID ZAGHDANI

Then, we obtain the variational formulation: VK € Iy, find (u,p) € V(h) x

Q(h) satisfy
/K(qu)'(va) + /va'v—/aK(wnK)ﬁ

_ / v (V% 0) X )
0K

= /J-v Yv € V(h),
K
—/u~V1/)+/ (U-ng)y = 0 YyeQh).
K oK

As the functions in the equations (3) and (4) are discontinuous at the element
interfaces, we approximate the traces of the functions by numerical flux @, p

and V X u. In the next section, we give the definition for the different flux.

2.2. Traces and numerical flux. We introduce some notations for the traces
of functions in H*(Il;)? = (Ilgem, H*(K))? for s > 1. To this end, let e € F
be an interior face shared by the elements K; and K,,,. Let n; (resp. n,,) be
the outer unit normal vector on e with respect to K; (resp. K,,). Let v be
a vector belonging to H*(I1;)3. We denote by v; (resp. v,,) the restriction of
v to K; (resp. K,,). then, we define on e the average, the tangential and the
normal jump of v by:

1
{U} = 7(Ul|e+vm|e)7
2
[T = vile X 1y + Ve X 1,
[U]N == Ul|e -ny + 'Um‘e * M.

Similary, we define the average and the normal jump for a scalar function
¢ € H*(1L,) by

{9} = 5(alle + omle)

[ln = @ilens + omlenm.
Finally for e € F)P, we get:
{v} = vle,
[v]r = v]e X n,
[v]n = v - n.

For a vector v € H*(Il;)® with s > % , numerical flux ¥ are functions of
L?(Fy)%. Tt has an unique value on the element interface. It is the same for
scalar function o € H*(IIj,) with s > 1 numerical flux g are functions of L?(Fy).
Following [1], we define the numerical flux such that:

e On the interior faces :

Vxu = {Vxul—o.ur,

= {u} —oclpln,

= {p} —ouuln.

(6)

u
p
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e On the faces supported by I :
Vxu = {Vxul—odulr,
(7) u = u-—o.pn,
p = 0
with o, and o, which are stabilization parameters defined later.

2.3. Discontinuous Galerkin formulation. In the first time, we get the
formula : Vo,t € (ger, L?(0K))3 Vb € ger, L?(OK) we have

> [rexm= [ pe - [ ey

(8) "<t
K;[h/aKw(v.nx) =/F’£([vhv{w}+[w]N{v})+/F}? W(v - n).

Then we obtain with (8):

S [ v (X = [ BT

(9) Kelly, g

- [ <o)

h

We have with the definition of numerical flux:

3 /aKv.((v/EL)XnK)

Kell,
= [ 1 x| oululrlols
(10) o g
+ F[U]T{V xu} — | ogv]rulr
= [ btV <= [ ol
Fp F,
(11) th /aK(v-nK)ﬁ: —/F}{ calulN[v] N +/F}{{p}[U]N'
and
(12) K;'Ih /‘SK((Q ey == /F}{ relpvvl /F;f et

- / O—cpw'
r
With Green formula, we have

(13) /szvw/M((a—u)-nK)w:o.
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From (5), we add all elements of the triangulation K € II;, and using (8) — (12),
we obtain the discontinuous formulation: find (u,p) € V(h) x Q(h) satisfying:

/Q(qu)~(V><v)—l—/@phv-v—/Fh[v]T{VXu}

—i—r/ﬂ(v'u)(v'”)"'/ﬂ oalu]rv]T

. [ bl + [ et = [ -

/QW“‘/F,{W“]N - [ bl =0

for all test functions (v,1) € V(h) x Q(h).

We add the penalty term to symmetrize the formulation
(15) J(u,v) = / [u] 7 {V x v}
Fy

which is null for the exact solution of (2) and finally we have the following
formulation:

Find (u,p) € V(h) x Q(h) such that:
16) { A(u,v) + B(v,p) = L(v) YveV(h),
B(u,y) — Clp,y) =0 VY e Q(h)

where A, B and C are bilinear forms defined on V(h) x V(h), V(h) x Q(h) and
Q(h) x Q(h) respectively by:

(17) A(u,v) :=alu,v) — J(v,u) — J(u,v).

atwo) = [(Vxw)-(Vx0)+ [ afulrlolr+ [ oululnloly

(18) o "
+r/Q<v-u><v~v>7

(19) Bw)i= [ 99 0= [ plvio)

and

(20) Cp.y) = /F celpllw]
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Remark 2.1. We add the term
(21) 7“/ (V- u)(V-v), with r > 0 and independent of h
Q

which is null for the exact solution to regularize the formulation and to penalize
divergence free contraint.

We have the following result.

Theorem 1. Let (u,p) be the exact solution of (2), then (u,p) is solution
of (16). Conversely, if (u,p) is solution of (16), then (u, p) is solution of (2).

Proof. If (u,p) is solution of (2) then (u, p) satisfy (16). Conversely, let (u, p)
be a solution of (16). In the first time, we demonstrate that V-u =0 in Q.
Let K € IIj, and ¢ € H¢(K) extended by zero to 2. We obtain with the second
equality of (16)

(22) / eV -u=0.
K

As H}(K) is dense in L?(K), we have

(23) V-u=0 in K.

Let f;; be an element interface shared by the elements K; and Ky of IIj.
We consider ¢ € H}(K; U K3), which is extented to zero in Q; then we have
¢k, € H'(Ky) and ¢/, € H'(K3); we consider (v,1) = (0,¢) in the second
equality of (16)

(24) / eV -u=0.
KiUKso

We multiply (23) by ¢ and integrate by parts on K:

(25) /K‘u-Vga—i—/fw(wn)(p:O, ie€{1,2}.

Then, we have

(26) / u~V<p+/ [ulne = 0.
K1UK> fij
We integrate by parts (24), we obtain
(27) / u- Ve =0.
KiUK>

Then, we have
(25) | tulve=0
fij
which implies the continuity of the normal component of u. Then, we have
(29) V-u=0 1in .
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Now, we show that the solution u of (16) satisfies
(30) Vx(Vxu)—Vp=J in Q.
Let v € C§°(K)3, then the first equality of (16) gives

(31) /K(vXu)-(vaH/va.U:/KJ-U.

Then, we integrate by parts and obtain
(32) Vx(Vxu)—Vp=J in K.
Since u satisfies (29) then v € H(V-,Q), we have B(u,p) = 0 and with ¢ = p

we get

(33) /F oolpl? = 0

then p € H'(Q) and verifies p = 0 on I'. Let f;; be an element interface shared
by the elements K1, Ko and v € HZ(K;UK>)3, we obtain from the first equality
of (16)

(34) / (VXU)‘(VXU)Jr/ pV'v:/ J-v.
KiUKo KUK KUK

We integrate by parts (32) on K7 and K3 and obtain

/Ki(qu)-(va)—/Kiv.V;H—/f (”XVXU)'UZ/‘J-U, ic{1,2).

K;
Particularly, we have

/ (qu)~(V><v)—/ U~Vp+/ v~[V><u}T:/ J .
KiUKo KiUKo f” KiUKo

We have [V x u]r = 0 on F} and therefore (u,p) verifies (30).

ij

Now we show that u x n = 0 on I'. Let v € H%(Q)3 with v x n = 0 on T.
Then, we have

/Q(VXu)'(VXv)+/QpV-v+/F(nxu)~(V><v):/QJ~U.

We multiply (30) wit v and integrate by parts and using p = 0 on I" we have:

(35) /Q(qu)~(v><v)+/ﬂpv-v:/ﬂj~v.

Then, we have:
(36) /(nxu)~(V><v):0 Vv € H*(I},)? with v xn =0
r

and we can conclude that u satisfies the boundary condition u x n =0 on I.
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Since J is divergence free in ) then (u,p) is solution of (16) and p is null
in Q and w is solution of the original problem (1). Indeed, we have that (u,p)
solution of (16) satisfies p € H}(£2) and

/(qu)-(va)+/pV~v:/J-v Vv € Hy(Vx, Q)N H(V-,Q).
Q Q Q

Let v = V¢ with ¢ the solution of
(37) Ap=p and p=0 onT,
We have v € Hy(V x 0,9Q) which implies

||pH3,Q:/J-W=/w-J:o.
Q Q

3. APPROXIMATION OF THE PROBLEM

For k > 1, we denote by Py (K) the set of all polynomials of degree less than
or equal to k. The approximation of the formulation (16) involves the discrete
spaces:

V= {uelL?9) : u g € PL(K)}3,

Qy = {q € LQ(Q) gk € Pkfl(K)}
The approximate formulation for the variational formulation (16) is
Fi nd (u”,p") € V), x Q), such that
(38) A", v) + B(v,p") = L) Yv €V,

Bu"y) — C@p"4) =0 Ve Q.

Remark 3.1. Another discontinuous Galerkin formulation is possible to
resolve (2); we can propose a non symmetric formulation where the bilinear
form A is defined by

(39) A(u,v) := a(u,v) — J(v,u) + J(u,v).

The results obtained for the symmetric discontinuous formulation are also right
for the non symmetric case.

We now precise the stabilization parameters in the next section.

3.1. Stabilization parameters. The stabilization parameters depend on the
mesh and we define them to have the stability of the method. In the mesh, the
cell have different size. Let h € L°°(F}) be a function such that
h = h( )__ min(hg, hi) siz e OKNOK' , K,K' ell;
=)= hi siz€cdKNT , Kell,.
Let k > 0, we set
1
(40) 0o :=rh™' € L®(F,) and o, := —

Oq
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4. PROPRIETIES OF BILINEAR FORMS A, B AND C

In order to prove the continuity of the discrete forms A and B and the coercivity
of A, we introduce the following discrete semi-norm on V(h), Yu € V(h)

lulldy = IV x uldq + [VoalulwlZ o + IV - uld
41 1
(41) HIVEl g, + =7 <l s

and the following discrete semi-norm on Q(h), Vp € Q(h) :
(42) IPIS ) = IPl3.0 + Voelpll

We have the following result.

2
0,Fy*

Proposition 4.1. The semi-norms (42) and (41) are norms on V(h) and
Q(h) respectively.

Proof. Tt is clear that (42) defined a norm on Q(h). Let v € V(h) such that
lvl|vn) = 0, then we have

Vxv=0 in K VK €1l
and
[’U]T:O on Fh.

We deduce v € Ho(V x 0,Q) and we can write v = Vo with ¢ € H}(Q) (see
[5] ). We also have

V-v=0 in K VK €1l
and
[y =0 on Fl.
Therefore, we have v € H(V -0,2). ¢ is the solution of the following problem:
V- (Vo) = 0 in Q,
{ ® = 0 on I.
Then ¢ =0 in 2 and therefore we have v = 0 in . (]

Remark 4.2. If we suppose that
r>1 and k>1,

with the first inequality of [19], we have

lulf o < € (IV x ullf o + 71V - ulld o + lVaalulwl g + IVoalulzli s, ) vr =1, Ve > 1.
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We now prove that the discrete problem is well posed. Therefore, in a first
time we prove that bilinear forms A, B and C are continuous. The coercivity
of A on kerB is not evident because of the term ||\/%{V X u}|lo,F, in the

norm of V(h). But, if we eliminate this term, we have difficulties to obtain the
continuity of A. We meet the same problem with Poisson problem, [2, 13], [9]
and [14].

4.1. Study of discrete problem. We prove that the discrete forms are con-
sistent with the partial differential operator involved in problem (16) and the
existence and uniqueness of solution for the discrete problem (38).

In the sequel, the following inverse estimate will be useful (see [18] in two-
dimensional and see [12] in three dimensional).

Lemma 4.3. For all p € P,(K) we have

1
Pl 0xc < C—lpl

Theorem 2. Let 0, and o, are stabilization parameters defined by (40);
Then there exists kg > 0 such that Vk > kg, problem (38) is consistent and has
a unique solution.

Proof. . Theorem 1 implies the consistent. On other hand, the existence is
equivalent to uniqueness. Set j = 0 and let (u",p") is the solution of (38). We
show that (u”,p") = (0,0).

Set v = u" and ¢ = p", we obtain from (38)
(43) A" u") +C" p") = 0.
We have with the definitions of A and C,

/Q(VXUW +/Fh Ua[uh]QT—i-r/Q(V-uh)z

—2J (ul, u) —|—/ oa[u"% —l—/ o.p")? =0.
Pl F

h 3

(44)

We obtain with Cauchy-Schwarz inequality, Ve > 0,

(45) 2J (u" ul) < 26/ oafu)E + g/ i|{V x u}|?.
F €JF, Oa

Using the definition of stabilisation parameter o, and after lemma 4.3, we have
since, V. x V, C Vy,

| c
4 2< = 2 .
(46) /F/|\/(Ta{va}|_ﬁ/Qva| Vo € Vn
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Then we have
Al uh) + C(ph, ph) > (1— g)/ (V x uh)? +r/(V U2
Q

(47)
+(1—=26)C | oqu"E + 7 oa[u% +/ o [p".
F, F;{ Fy

Now, we choose € such that 2& < e < 3 (such choice is possible if k > kg 1= 75)
and if A(u",u") 4+ C(p",p") = 0, then all term in (47) are null:

Vxu"=0inQ, [u"r=0o0n F,

(48)

V-u"=0 inQ, [u"]y =0on F/
and
(49) [P"] =0 on Fj.

We deduce from (48) and since u" € V), satisfies

(50) ul € Ho(V x 0,9),

(51) uh € H(V -0,Q).

we have [[u”||yn) = 0. Therefore, u" is null Q. We deduce from (49) that
ph € H}(Q). Then the jumps are null at element interfaces and with the
second equality (38), after an integration by parts

(52) 7/v~Vph:0 Yv € V.
Q
Then, we have p” is null in . |

4.2. Continuity of bilinear forms A, B and C. We have the following
result.

Proposition 4.4. The bilinear forms A, B and C are continuous on
V(h) x V(h), V(h) x Q(h) and Q(h) x Q(h) respectively. There exists C' > 0
independent of h such that:

[A(u, v)| < Cllullymyllvllvey — Yu,v € V(h),
(53) |B(u, V)| < Cllullymyllllony Yu e V(h), Yo e Q(h),
IC(p, )| < Cllpllamllallomy  Vp,q € Q).

Proof. . We only show the continuity of A, the method is the same to show
the continuity of B and C.
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Let u,v € V(h), we have with Cauchy-Schwarz inequality
[A(u,v)] < CHIV xuloellV xvlog + 7V - ulloalV - vl
+llvealulrllo.s, vVaalvlrllo,s,
Fllvoalulnllo,rrllv/Talv]n
+llvaalolr|

+lvZallzllo.r, | A= x v}lo.m, } -

lo,

05l A=AV * u}op,

We use Cauchy-Schwartz discrete inequality

Aol < LIV xula+ Ivaalrl3 s, + 1Vaalunl2
1

2
+ VTV UH%Q + ||71,a{C X U}H%Fh
Voa

< {1V x vl o + IVaallrld. e, + Ivaalolvl 4

(NI

+ VIV ol g+ A=AV X 0} 5, }
< Cllullvmllvllve-
This implies the continuity of A on V(h) x V(h). O

The next result shows that the discrete bilinear form A is coercive on Vy, x Vy,
with respect to the norm |||y

4.3. Coercivity of A. We know that if A is coercive on the kernel B then we
can demonstrate a convergence result. Nevertheless, we show A is coercive on
Vh X Vh.

Proposition 4.5. Let o, the stabilisation parameter defined by (40). It
exists kg > 0 such that if K > kg, we have
(54) Alu,u) > aglluldy  Yue Vi
with ag > 0 indépendent of h.

Proof. . We have
1

(55) lull by = alu, w) + |l N

{V xu}g p,-

Then, we obtain
A(u,u)—aHuH%(h) = (1-a)alu,u)—2J(u,u)

56
(56) ol AV x w3 5, -
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By lemma 4.3, we have
1
NG

This implies that

(57) l—={V xu}}§ 5, <

=1Q

IV x uH%Q Yu € Vy,.

C
Alw, )= allullpy > (1= a)a(u,u) =27 (w,u) —a— |V x ulgq

=1 —a-aC) ||V xul§ o+ IVoalulrl§ 5, + IVoalulnl§ mr + 7V - UIIE,Q}

—2J(u,u) — a%HV X uH(Q)@
With the inequalities (45) and (57) and if « is such that
1—a>0,
we have
A, ) - alluldg > (1—a—2)|V xullq

+(1—a—aC —26)C|\/aalur|?

0,Fp"

It suffies to find o > 0 such that
2C

(59) 1—a>0,1—a——/€>0 and 1—a— aC — 2¢ > 0.
€

The second inequality implies the first one, and the third inequality is satisfied
if

1—2e
60 0<a< ——,
(60) “S15c
which implies
1
61 < -
(61) €<

Besides, the second inequality is satisfied if
(62) 0<a<1-2C/ex < 1-0CJk.

Then, if we have 1 — % > 0 or kK > Ko with kg > C, there exists g > 0 such
that

(63) A(u,u) = aglluf ) =0

Therefore A is coercive on V(h) . O
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4.4. Condition inf-sup. In this section, we show that B satisfies an inf-sup
condition. In the first time, by lemma 4.3 we have

1 1 1 1
lallg.q = 5||Q||3,Q+5HQH(2J,Q > 5”‘1”%,9"‘0”\/77[(1]”(2),& > ClquQQ(h) Vg € Op.

We have the following result.

Proposition 4.6. If k € {1,2}, we define

Vi = {un € Vi :Vf C Fp, /Qh'[vh]zo Van € Pe1(f)* 1,
f

There exists an interpolation operator Ry, : H'(2)? — V1, which is continuous
such that

Yo € Hy ()3, Vg, € Pr_1(K), / @V - (Rp(v) —v) =0,
K

Yo € Hy ()3, Ve C Fl, VYqu € Py_1(e)?, /qh -[Ru(v)] =0,

Yo e WSHQ)3, V>0, Vse[l,k+1], ¥Yme{0,1},
v — Rh('U)|Wm,t(K) < Chs_m|U|Ws‘t(AK)

with Ag are macro-elements which contain K, (see [11]).

Proof. For the two-dimensional and the three-dimensional case see [7] and
[8] respectively. O

We have the result, (see [11]).

Proposition 4.7. If £ > 3, there exists an interpolation operator th :
HY(Q)? — VN H(Q)? continuous which satisfies

V we HYQ)?, Vg, € Qnn L), / @V - (Ru(v) —v) =0,
Q
vV oveWSP(Q)3, VT €Tly,

o s—m i1
[Rn(v) — 1}|Wm,q(T) < Ch +3(3 p)|U|Ws,p(AT)

V sel,k+1], V 1<p,q<oo, Vm e {0,1} verifying W*P(Q) C W™(Q).
We give this last result useful for this section, (see [6]).

Proposition 4.8. We suppose that the assumption (H) holds. Vf C T,
there exists a function pj, such that the support pp|p is in f and

ph = ppiiy € Yy = {qn € C°(Q) s.t. qnx € PL(K) VK €11,}° N Ho(Vx, Q) NH(V-,Q).
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/ph=//7h-fff=1; lpn
! !

with Ky > 0 indépendent of h and 7} is the restriction of » :, the unit normal
on f, a face supported by I', i.e. ny = n;.

and verifies

1,0 <Ko

Proof. . Let I1 B be the mesh obtained by cutting every K € II; into eight

equal tetrahedra whose vertices are the middles of edges of K. Then, in [6],
they show that such a function pj exists and p, € Y%. We obtain the result
with scaling argument. O

Now, we can demonstrate the inf-sup condition.

Proposition 4.9. Bilinear form B verifies the condition

B(v,q)

(64) inf sup ————————
q€2r\{0} yev,\{0} ||QHQ(h)||UHV(h)

>p>0

with 8 > 0 is independent of h.

Proof. . Following [10], let g, € Q1 \{0}, we look for a function v, € V;\ {0}
and a positive constant C' independent of i such that

(65) B(vn, qn) = Cllanllamyllvnllvn)-

We consider two cases.
e First case k > 3.
We can write

1
66 =g q ith g, =g, — ——— .
(66) qn = qn +qp wWith gn = qp mes(Q)/Qqh

As Gn € L3(9), [5], there exists v, € Hg ()3 such as
(67) Vv, =g, and [jvpll1,0 < Cllgnllog-

Let vp, = ﬂ(vh) with Ry, the interpolation operator from proposition 4.7 We
can write

(68) vp, = alp + 0, and Ty = G, ph
with py, is given by the proposition 4.7 and « > 0 to choose. We have

B(vh,qn) = B(Un + 0, qn + q3)
= B(0n,qn) + B(0n,qy) + B, Gn) + B(0n,qp,)-

Since ¥, € H}(Q)? and g, € R, we have
(70) B(on,qy) = 0.

(69)
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On other hand, we have by proposition 4.8

() BEa) = [ gy - =
We obtain with the definition of 7y,
(72) B(, Gn) = /Q BV - i < Kollaulloaldnllo.o-
Using (67) and the proposition 4.7, we have
B(on,dn) = 13150

We deduce

Blowa) 2 olilin+ oo 3l — — Eclaoalio
(73) > 1 1_K

a||‘jh||g,n + m”%”%,ﬂ - 26@”%”8,9

€.
—§|\Qh||3,9, Ve > 0.

If we choose € = a = K3, we can write

1 1

B(vn,qn) > «a|q 3,Q+7H§h”g,9* 7”%”3,9
es(Q) 2mes(§2)
Qs 2
Jaulio
2
(74) > & i, |12 1 a. 112
= 2 ||qh IO,Q+ 2meS(Q)th||O,Q
> Cllanlls o

> CHQhHé(h)'

Then we obtain the inf-sup condition:

IA

Cllonlle

C ([[onll0 + [[nll1,0)

C(lgnllo.e + l[@nlloalonllie)

C (lanllo.0 + [[@nllo.0)

C (gnllo.c + 1@xllo.)

Cllgnllo.e

Cllanllam)-

e Second case k € {1,2}, let g, € Q) then there exists ¥, € H'(Q)? such as

(75) V-t =qn and |onll10 < Cllanllo.a-

||Uh||V(h)

INIANIN ININ TN
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We set vy, = Rp(0) with Ry, the interpolation operator given by the proposi-
tion 4.6 We deduce

Blvn,qn) = Y / @V - Ru(B) = Y auV-vn = llanld 0 > Cllanl -
Kel, 7K Kell),

As Ry, is continuous, we have

R (n)[lv(n)
Cllonll10

Cllgn|
Cllanllom)-

||Uh||V(h)

0,0

INIAIA

5. INTERPOLATION ERROR ESTIMATE

We denote by (u,p) the exacte solution of (2) and (u”, p") the solution of the
discrete problem (38). Let z, be the interpolation operator associated to the
discretization of u and z, associated to discretization of p. We denote by

e=u—u", ¢:=p—p"

and we write e, ¢’ such that:
e =n—¢ with €:=uP —2, and n:=u— 2,
(76) e =n —¢ with & :=p"—2, and ' :=p— z,.
We have with triangular inequality
(77 Nlellvy +11€'llamy < Inllvey + 10 lam) + 1Ellvm + 1€ Tam)-

Next, we show that
(78) I€llvny + 1€ Tamy < C [Inllvamy + 17 llam] -
Remark 5.1. If the bilinear form C' is positive, we can write

(79) C(p,q) < C(p,p)2C(g,q)?.

Indeed, the polynomial function P(t) := C(p+tq, p+1tq) verifies P(t) > 0 Vt €
R.
We deduce there exists a constant M > O independent of h such as

(80) C(p,q) < MC(p,p)*llallomy ¥p.a € Q(h).

As the formulation is consistent, the solution (u”,p") of (38), the errors e
and €’ verify

(81) {A(e,v) + B(v,e)) =0 Yv eV,

B(e,v) — C(e,q) =0 Vo € Qy.
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We deduce £ and &' verify
{ A(&,v) + B®,&) =L{w) Yv ey,
B(&, ) ClEha) =g9@) Ve,

with L and g are linear applications defined on V;, and Q;, respectively by

(83) L(v) = A(n,v) + B(v,n') and g(¥) = B(n,¥) — C(n', ).
By the proposition 4.9, we have

(82)

Bl llemy < sup Blv,&)
(54) veva\{0} 1ollven)
c oy AEV-L)
vevinfor  [vllv
We deduce from the propositions 4.4
(85) BIENBmy < C LIElvamy + Inllva + 10 llam] -
We now estimate ||£||y(x). We have the decomposition
(86) Vi, = KerB® (KerB)™,
and we can write
(87) E=¢4 € with €°e KerB 6%t e (KerB)*.
By the proposition 4.9, we obtain
B(¢“,q)

B‘KCLHV(h) <  sup
(88) geanfoy llallem)

/ —
< sp &9 —9l@)
seanfoy  llallem
By the definition of g, we have

1
(89) Ble* vy <€ [0(5’75’)2 +lnllvay + 17'llem | -
On the other hand, using proposition 4.5, we obtain
A(£7 UO)

@ol|vmy < sup
voEKerB ”'UO”V(h)

(57 ’Uo) — A(£CJ_3 'Uo)

= sup
(90) voEKerB ||U0||V(h)
< CIE vy + vy + 117 Lo
<

1
C [C€,€)E + Inllvay + I lam) -
Then, we have

(91) l€lva < € [CEL€DE + Inllvgny + I o) -
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Now, let us consider v = £ and ¢ = &', we have from (82)
(92) A, +C(E€.€) = L&) — g(&).
On the other hand, we have

(93) A(&,€) + C(€,€) < C Il + 17 lagm] [I1Elvmy + 1€ am)] -
We obtain with (89)

A6, +C(¢E)

< Cllnllvay + 117" lam] HEllvm + Inllvay + 10"l am) + 1€llvm]
< ClInllvay + 10" llam] [Inllvey + 10" lom + 1Elv]

< Clmllvay + I lom] CE€)2 +C linllvn + In'lagm]”

(94)

Therefore, there exists

1 2
C(€,€) < CImlva + ' lleam] C(€',6)2 + C [lInlva + 7' llom ]

In particular, we have

1
(95) C(€.6)2 <C{lmllvay + I llawm)] -
We then deduce
(96) I€lvny < C [y + 10 llawm)]
and therefore with (89), we have
(97) €' oy < C [Inllvan + 1"l om)] -

From (96) and (97), we have

(98) vy + 1€ Tom < 1€llvm) + ||§/||Q§h)

< C vy + 17 lawm] -
‘We conclude
(99) lellvy + €' lam) < C [Inllva + 117 lom)]

and we must estimate [|1(|y ) + |7 ||o(n). We then give the following interpo-
lation result.

Theorem 3. Let K € IIj, and we suppose that u € H'* (K) and tx > 0,
then there exists a sequence of polynomial functions 7"« € Py(K) such that

(100) [Ju — 7" (u) g < CREETHHI "y i V0 < g <t
Iftg > 1, then we have

min(k+1, —%
(101) lu— 7" (u) lo,on < CHy " FFHHOTZ )1, e

The constant C' is independent of u,and hy but depends on k, the mesh reg-

ularity and t = max tg.
Kell,,
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Proof. [16]. O

We interpolate vector functions. We denote par 7" the interpolation oper-
ator defined by 7 (u)|x= 7"%(u|k), then we have for vector function, IT"
the interpolation operator defined by IT"(u) := (7" (uy), 7" (u2), 7" (us)) if
u = (u1, Uz, us).

We give a interpolation result.

Theorem 4. Let (u”,p") the solution of (38) and (u,p) the solution of (2).
We suppose that u € H'T1(11,)3, p € H~1(11},), t > 1, s > 2; then, we have

(b2 + 1Moy < O [H2mintd a4 p2min =22, ]
with C' is a positive constant independent of h.

Proof. . We have |le|lyny + [l€'l oy < CUMllveny + [17lom))- We can esti-
mate [|7]lvn) + 17l aen)-

We first consider |[n|ly(x). We have

(103) Inllg.e =" Il

Kelly,

2
0,K-

‘We deduce from theorem 3
Il <C Y p¥mnE0 2|2,
(104) KEHh'
<C (h2m17b(k:,t)+2Hu||§+1’nh) )

We also have
IV xnlga <C > p2mmED|u)z,,
(105) KeTy,
<C (REminteO)ju)2, ).

We obtain with the definition of stabilization parameter o, and with an in-
equality trace

1
|l—{V xn}lo., <C D IV xnl«
VOa Kell,

(106) <C Z thin(k,t)HuHi’_LK
Kelly
< Cthm(k’t)||u||§+1,Hh-

With theorem 3, we also have

Ivoannllg mr < C Z RO |yl|2 ) e
sy,
(107) Ke,
< CRP O w2 -
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‘We have
1
— ||(2J,Fh < C Z ||77||§K
Ga Kelly,
< C Y RPImED |2,
Kellp
< Ch2mm(k’t)||u‘|t2+1,nh-
We deduce

Il < C (R EOul?, g, )

Similary, we obtain

10y < € (B2t p|2 )

Hence we have the result.

6. NUMERICAL RESULTS

In this section, we present numerical results obtained for the three-dimensional
problem (1) with the density current:

Jl(.T,y,Z)
J(z,y,z2):= Jo(x,y, 2)
J3(z,y, 2)
with
Ji(z,y,2) = —exp(yz) [(22 —2) (2+22(2y — 1) + 22(y° — v))]
—exp(yz) [(y* — ) (24 2y(22 = 1) + 4° (2% — 2))]
—exp(ayz) [(2z — 1D)(y* — ) (2* — 2) +yz(2® — 2)(y* — y)(z° - 2)],
Jo(z,y,2) = —exp(zz) [(° —2) 2+ 2222 — 1) +x (z - 2))]
—exp(yz) [(22 2) (2 + 2220 — 1) + 2%(2? — x))]
—exp(eyz) [(2y — 1)(2? — 2) (2% = 2) + w2(2? — 2)(y* — y)(2* - 2)]
and
Ts(@y,2) = —explay) (v —y) (2+2y(22 — 1) +3°(2” — 2))]

—exp(yz) [(z® — ) (24 222y — 1) + 2°(y° — v))]
—exp(ryz) [(22 — D)@ - o)y —y) +ay(@® —2)(y® —y)(2° - 2)].

Then, the exact solution (u, p) is :

(y> —y)(2* — 2) exp(y2)
u(z,y,z) = (22 = 2)(2® — x) exp(z2) |,
(108) (y* —y)(z® — x) exp(yx)

plx,y,z) = (¥* —y)(z* = 2)(¢® — ) exp(zyz).
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In the experiments, € is the cube [0,1] x [0,1] x [0,1]. We choose x = 100,
it can’t be chosen too big otherwise the matrix associated to discrete bilinear
form A is ill conditionned. We set 7 = 1 and we choose k = 2.

We use Uzawa Algorithme, [3], we eliminate u
u=A"'(f - Bp)
and we solve linear system with conjugated gradient
(109) (B'A™'B+C)p = B'A'f.

since matrix B'A~!B + C is symmetric and positive definite.

We denote by Nbte the number of tetraedron of the mesh of Q2 and by Nbtr
the number of triangles supported by T'.

h Nbte [ Nbtr | [u—u"[[ym) [ lIp = p"[lom | IV - u"[lo.0
0.4367 12 30 0.2380E+00 | 0.8891E+00 | 0.1603E-01
0.2184 96 216 0.8899E-01 | 0.2229E+00 | 0.1641E-01
0.1733 192 432 0.7307E-01 | 0.1700E+00 | 0.2176E-01
0.1694 371 826 0.4589E-01 0.7804E-01 | 0.1027E-01
0.1379 660 1416 0.2952E-01 0.6283E-01 | 0.6412E-02
9.26E-02 | 2631 5502 0.1381E-01 0.4660E-01 | 0.3417E-02
TABLE 1. Errors table
h Nbte | Nbtr [ [[u —u"[[11qp [ Ip = 0"l | lv — e 2@ | Ip =P 2@
0.4367 12 30 0.3471E-01 0.7633E-01 0.4517E-01 0.1045E+00
0.2184 96 216 0.6913E-02 0.1325E-01 0.8761E-02 0.1700E-01
0.1733 192 432 0.3846E-02 0.8522E-02 0.5215E-02 0.1134E-01
0.1694 371 826 0.2350E-02 0.5901E-02 0.3046E-02 0.7447E-02
0.1379 660 1416 0.1434E-02 0.5440E-02 0.1857E-02 0.7059E-02
9.26E-02 | 2631 5502 0.6172E-03 0.5277E-02 0.7924E-03 0.6941E-02

TABLE 2. Errors table

We remark that errors decrease when the mean mesh decreases and the quan-
tity ||V - u”||o.q is small even with coarse mesh. We obtain the exact solution
u to 1072 and p to 1072 with L!(Q) norm and L?(£2) norm respectively after
tables 4.1 and 4.2.

Errors |lu — u"|lypy llp — p"|lo(n) are plotted in Figures 4.1 and 4.2. These
plots highlight the convergence of the numerical solution towards exact solu-
tion according to the rate O(h?) and O(h) for |lu — u"|ly4y and ||p — p"|lom)
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Figure 4.1
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respectively.

Remark 6.1. We have tested our method with £k = 1 and the P, — Py
elements is also convergent.

7. CONCLUSION

We presented and analysed a new discontinuous Galerkin method to resolve
the three-dimensional electrostatic problem. An error a priori estimate is de-
rived and we present numerical results to validate the convergence result. In
the future, we study this problem in the case where the exact solution is singu-
lar using edge element of the first kind in the discontinuous Galerking method
as in [17].
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