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June 7, 2022

Abstract

We establish in this paper the logarithmic Bramson correction for Fisher-KPP equations on
the lattice Z. The level sets of solutions with step-like initial conditions are located at position
cyet — % Int 4+ O(1) as t — +oo for some explicit positive constants ¢, and A.. This extends
a well-known result of Bramson in the continuous setting to the discrete case using only PDE
arguments. A by-product of our analysis also gives that the solutions approach the family of
logarithmically shifted traveling front solutions with minimal wave speed ¢, uniformly on the
positive integers, and that the solutions converge along their level sets to the minimal traveling
front for large times.

Keywords: discrete Fisher-KPP equations; Bramson logarithmic corrections; Green’s function.

1 Introduction

We consider the following Cauchy problem

{ u;(t) = Ujfl(t) — QUj(t) + Uj+1(t) + f(uj(t)), t>0, j€eZ, (1‘1)

u;j(0) =uf, jez,
for some nontrivial bounded initial sequence (u?)jez € (*°(Z). Throughout, we let ¢>°(Z) denote

the Banach space of bounded valued sequences indexed by Z and equipped with the norm:

[ulless (z) = sup|uy| .
JEL
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Fur future reference, we also let ¢4(Z) with 1 < ¢ < 400 denote the Banach space of sequences
indexed by Z such that the ¢9(Z) norm, defined for u : Z — C by

1/q

lulleagzy = | D luy]? :

JEZ
is finite. Here the reaction term f € €2([0,1]) is assumed to be of Fisher-KPP type, that is
f(0)=f(1)=0, f(0)>0, f(1)<0, and 0 < f(u) < f'(0)u for all u € (0,1).

Without loss of generality, we extend f linearly on (—o00,0)U (1, 4+00). Throughout, we will further
assume that the initial sequence (u?) jez € €°(Z) satisfies

0<u)<1, Vj€Z and u)=0, j>/

for some integer J € Z. The solution u;(t) to (1.1) is classical for t > 0 in the sense that (u;);ez €
€1((0,00),£°(Z)) N €°([0,00),£>(Z)) and verifies 0 < u;(t) < 1 for each t > 0 and j € Z thanks

to the strong maximum principle which applies in the discrete setting.

The Cauchy problem (1.1) can be interpreted as the discrete version of the standard spatially-
extended Fisher-KPP equation

{ ou=0%u+ f(u), t>0, z€R, (12)

u(0,z) = u’(x), 2z €R,

for some step-like initial datum 0 < u® < 1 with u® # 0 and u®(z) = 0 for z > A with A € R.
Such discrete and continuous equations arise in many mathematical models in biology, ecology,
epidemiology or genetics, see e.g. [4, 18, 25, 32], and w typically stands for the density of a
population. Much is known regarding the long time asymptotics of the solutions to (1.2) and a
famous result due to Aronson-Weinberger [1] states that the solutions spread at speed ¢, = 24/ f/(0).
That is

lim min u(t,z) =1, for all ¢ € (0,c.),
t—=400 |z|<ct

and

lim max u(t,z) =0, forall ¢ > c,.
t—+4o00 xz>ct

In his celebrated papers [6, 7], Bramson obtained sharp asymptotics of the location of the level sets
of u(t, ) through probabilistic arguments using the relationship between the classical Fisher-KPP
equation (1.2) and branching Brownian motion. More precisely, for any m € (0, 1), if x,,(t) =
sup{z € R | u(t,z) > m} denotes the leading edge of the solution u at level m, then Bramson

proved that

3
:cm(t):c*t—2)\ Int+o0,+0(1), ast— +oo,

ES
for some shift o, depending on m and the initial datum with A\, := c./2. There is actually a

long history of works [25, 26, 31] regarding the large time behavior for the solutions of the Cauchy



problem (1.2) dating back to the pioneer work of Kolmogorov, Petrovskii and Piskunov which relate
spreading properties of the solutions to the convergence towards a selected traveling front solution,
often referred to as the critical pulled front. Indeed for (1.2), it is well-known [1, 25] that there
exist traveling front solutions of the form ¢.(z — ct) where 0 < . < 1 with limits ¢.(—o0) = 1 and
Ye(+00) = 0 if and only if ¢ > ¢, = 2%. Furthermore the profiles ¢, are decreasing, unique

up to translations and verify
e+ coe+ fpe) = 0. (1.3)

On the other hand, the logarithmic shift in KPP type equations has been much revisited in the
recent years. Most notably, we mention the recent developments [22, 27, 28] which recover and
extend Bramson’s results using PDE arguments. As postulated in [15], the logarithmic shift has a
universal character and has been retrieved in several other contexts: Fisher-KPP equations with
nonlocal diffusion [20, 30] and nonlocal interactions [5], in a periodic medium [23] or in more general
monostable reaction-diffusion equations [19]. It is also intimately linked to the selection of pulled
fronts, and we refer to the recent work [2] and references therein. In this work, we show that the
Bramson logarithmic correction also holds in the discrete setting of (1.1) rigorously justifying some

formal asymptotic results from [16].

Main results. From [24, 32], we know that the solutions wu;(t) to (1.1) satisfy the following
spreading property:

t_l)lgloo 1]11%12 uj(t) =1, forall c € (0,cs), (1.4)
and
t£+moo Ijrlzaé}t( uj(t) =0, forall c> c,. (1.5)

Here, the spreading speed ¢, > 0 is uniquely defined as

=24+ £(0)
Cy = min .
A>0 A

(1.6)

Let us note that there is a unique A, > 0 where the above minimum is attained so that the couple
(€, As) is solution of the nonlinear problem

{c*)\* —eM 24 e M 4 1(0),

Cy = e)‘* — e*)‘*.

(1.7)

As previously explained, our aim is to provide sharp asymptotics of the level sets of w;(t). We

define for any m € (0, 1) the quantity
Jm(t) :=sup{j € Z | u;(t) > m}.
Our main result is the following.
Theorem 1. Let ¢, > 0 and A\ > 0 be defined in (1.6) and (1.7). For each m € (0,1) there exist

C>1andT > 1, such that

3 3
. Int — C,c,t — W

Jm(t) € ZN |cut — Int+C|, t>T.



Combining the above Theorem 1 with the spreading property (1.4), we get that

lim inf min uj(t) | — 1 as C — o0, (1.8)
t—+o00 Ogjgc*t—%lnt—c
since u;j(t) = 1 as t — 400 locally uniformly in j. Furthermore, using that ‘lilll uj(t) = 0 for
j—+oo
each t > 0, we also deduce that
lim sup max uj(t) | — 0 as C — +oo. (1.9)
t=+oo \ j>et—55—Int+C

The limits (1.8) and (1.9) show that the region in the lattice where the solution w;(t) is bounded
away from 0 and 1 is located around the position c.t — % Int and has a bounded width in the
limit ¢ — 4-o0.

Refining the arguments of Theorem 1, one can actually prove that the solution u;(t) approaches
the family of shifted traveling fronts Uk, (j — it + % Int+ (¢ ) uniformly in j > 0. Indeed, as in
the continuous case, the spreading speed c, is also the threshold to the existence of traveling front
solutions to (1.1). More precisely, combining the results from [8-11, 33] for each ¢ > ¢, there exists

a unique (up to translation) monotone front solution U. € ¢ (R) solution of

(1.10)

0=cUl(z) + Uz +1) —2Uc(x) + Uc(x — 1) + f(Uc(2)), z€R,
Ue(—0) =1, Uy (+o0)=0, 0<U.<]1.

Our second main result reads as follows.

Theorem 2. Let ¢, > 0 and A\, > 0 be defined in (1.6) and (1.7). There are some constant C' > 0
and a function ¢ : (0,4+00) — R with |((t)| < C such that

lim sup |u;(t) — U, (j—c*t—i-?)lnt—i—g“(t))’ =0. (1.11)
t——+o0 >0

2

Furthermore, for every m € (0,1) and every sequence (tn, jn)nen Such that t, — 400 as n — 400
and jp, € jm(tn) for all n € N, there holds

Ujsj, (t+tn) = Ue, (j — et + U (m))  locally uniformly in (t,7) € R x Z,

where UC_*1 denotes the inverse of the function U, .

Strategy of proof. The strategy of our proof is inspired by the PDE arguments that were
developed recently in the continuous setting [22]. The take home message from [22] is that the
long time dynamics of (1.2) can be read out from the solutions of the linearized problem around
the unstable state u = 0 with a Dirichlet boundary condition at x = c¢,t. Indeed, these solutions
can be compared to the critical front ¢.,, appropriately shifted to the position c,t — ﬁ Int, in the
diffusive regime of the linearized equation that is for all € [c.t, cxt + ¥4/1] and for any ¥ > 0.

One of the main difficulty in our analysis comes from the discrete nature of our equation such that



the above argument has to be largely adapted. Our starting point is also the linearized equation
around the unstable state 0. We first perform, in the linearized equation of r;(t), the change of

variable r;(t) = e M=ty (¢) for some new sequence (w;(t))jez which solves
wy(t) = e (wj—1(8) = 2w (8) + wj1 (1) = ex(wjra(t) —wi(1)), >0, jeL

Solutions of the above equation starting from some initial sequence (w?)jez € (>*(Z) are given

through the representation formula

wi(t) =Y G o(t)uwp, t>0, jEL
LeZ
where (%;(t)) ez stands for the temporal Green’s function (see (3.3) below for a precise definition).
The key step of the analysis is to obtain sharp pointwise estimates on the temporal Green’s function.
We establish that ¢;(t) behaves like a Gaussian profile centered at j = ¢t for all |j — c.t] < 9t
for any ¥ > 0, a € (0,1) and ¢ > 1. Actually, we prove a sharper result, which is of independent
interest, by showing that the temporal Green’s function can be decomposed as a universal Gaussian
profile plus some reminder term which can be bounded and which also satisfies a generalized
Gaussian estimate. We refer to Proposition 4.1 for a precise statement. Let us note that similar
generalized Gaussian bounds have been recently derived for discrete convolution powers [12-14]
and are reminiscent of so-called local limit theorems in probability theory [29]. Owing to this sharp
estimate on the temporal Green’s function, we manage in a second step to construct appropriate
sub and super solutions which allow us to precisely locate any level sets of the solutions to (1.1).
For this part, we take benefit from the new results obtained by Roquejoffre [30] in the continuous
setting with nonlocal diffusion. Let us finally emphasize that our analysis of the temporal Green’s
function does not rely on Fourier analysis but rather on a spatial point of view through Laplace

inversion formula by defining each ¥;(t) as

1
Vt>0, VjeZ, 9t = 7 / e"'G(v)dv,
T

where I' C C is some well-chosen contour in the complex plane and (G;(v))jez € (*(Z) is the

associated spatial Green’s function (see (3.5) below for a precise definition).

Compared to Bramson’s result in the continuous setting, our main Theorem 1 only captures the
logarithmic correction up to some O(1) terms as t — +00. We expect that our logarithmic expan-
sion could be refined along the lines of [27, 28] with convergence to a single traveling front solution.

We leave it for a future work.

Outline. The rest of the paper is mainly dedicated to the proof of Theorem 1. For expository
reasons, instead of focusing directly on it, we first revisit in Section 2 the continuous case and
provide an alternate proof of the Bramson’s logarithmic correction up to some O(1) terms as
t — 4o00. Compared to [22], the novelty of this alternate proof, which takes its inspiration from

the nonlocal continuous case [30], is to solely focus on the linearized problem around the unstable



state u = 0 with a Dirichlet boundary condition at x = c,t without relying on self-similar variables.
Indeed, the use of self-similar variables for the discrete Fisher-KPP equation is prohibited. Then, in
Section 3, we study the linearized problem for the discrete Fisher-KPP equation and, in a first step,
we prove a generalized Gaussian bound for the associated temporal Green’s function. In a second
step, we provide in Section 4 a sharp asymptotic expansion for the temporal Green’s function in
the sub-linear regime which will be crucial to the proof of Theorem 1. Finally, in Section 5 we
provide the lower and upper bounds in our main Theorem 1 following the strategy presented in
the continuous case. In the last Section 6, we study the convergence to the logarithmically shifted

minimal front and prove Theorem 2.

2 An alternative proof of the logarithmic Bramson correction in

the continuous case

In this section, we revisit [22] and propose an alternative proof of the logarithmic Bramson correc-
tion in the continuous case. More precisely, the purpose of this section is to prove the following

result.

Proposition 2.1. Let u be the solution of the Cauchy problem (1.2) starting from some step-like
initial datum 0 < u® < 1 with u® # 0 and uo(x) =0 forx > A with A € R. Then, there exist
—00 < b<a<+oo0,ne€(0,1/2) and some large time Ty > 1 such that

3
©e, (x—c*zH— lnt+a> <u(t,z) < pe, <x—c*t+

A lnt+b> ) (2.1)

24
uniformly in x € R with |z — c,t| < t7 fort > Ty, where ¢, = 24/ f'(0), A\ = /2 and the minimal

traveling front ., solution of (1.3) is normalized such that

— xS
e (8) Yoo 5€ .
A direct consequence of the above proposition is that for each m € (0,1), there exists C' > 0 such

that
3

3
2 2

where x,,,(t) denotes the leading edge of the solution u at level m. Moreover, it is worth to note

T (t) € |cut — Int — C,c,t — Int+C|, ast — +o0,

that, based on (2.1), the argument in [22] can be simplified by applying this time directly the
Liouville type result Theorem 3.5 of [3] instead of using Lemma 4.1 in [22], to show the large time
convergence of the solutions to the family of shifted traveling fronts as well as of the solutions along

their level sets to the profile of the minimal traveling front, see Theorem 1.2 of [22].

2.1 Preliminaries

In a first step, we establish upper and lower barriers for a variant v (see (2.2) below) of the solution

u, by using the solution for the linear equation (2.5) for ¢ sufficiently large and x € R ahead of the



position z — ¢yt ~ 0 albeit with a small shift. These upper and lower bounds will play a crucial

role in showing a refined estimate on the expansion of the level sets of w in the sequel.

Set
o(t,z) = TNyt 2). (2.2)

This leads to

Vp — Ugy + €0z + R(t,z50) =0, t>0, x € R, (23)
v(0,2) = %(z) = M’ z€R, '
in which the nonlinear term R(¢,x; s) has the following precise form
R(t,x;s) == f'(0)s — eM@est) f (e*)‘*(xfc*t)s> >0, (2.4)

due to the assumption on f that 0 < f(s) < f/(0)s for s € (0,1) and the linear extension of f for
s € (—00,0) U (1,400). One then has that R(¢,z;v) > 0 for (¢,x) € (0,+00) x R.

Let us now consider the linear equation
(O — L)w := wy — Wye + cwy, =0, ¢t>0, z€R. (2.5)

It is easy to see that the function p(t,y) = w(t,y + c.t) satisfies p, — pyy, =0 for t >0, y € R. We
impose an odd and compactly supported initial datum pg Z 0 in R, then it follows that

1 Rl ANy (y+2)2
e 4 —e 4t |po(z)dz, t>0, yeR. (2.6)
vAart /0 ( >

In particular, one has p(t,y) > 0 for t > 0 and y > 0, and the following asymptotic behavior holds

w(t,y + cit) = p(t,y) =

true:

2
p(t,y) ~ Cye*%tt*%, as t — +o00,

for —v/t <y < /t, where C > 0 depends only on pg. This then implies that w(t, ) changes its sign
exactly at o — cit = 0, i.e., w(t,z) > 0 for t > 0 and = € R with  — ¢t > 0, whereas w(t,z) < 0
fort > 0 and z € R with = — ¢t < 0. Moreover,

7 (zfc*t)2

w(t,z) ~ C(z —cit)e” 4t t*%, as t — 400, (2.7)

for =/t <z — ext < VL.

We are now in position to take advantage of w(¢,z) in the constructions of the upper and lower

barriers for v.

2.2 Upper barrier for v

We start with the construction of a supersolution to (2.3) for all ¢ large enough and z € R ahead

of x — ¢t ~ 0 by following the strategy recently proposed in [30] for the continuous setting with



nonlocal diffusion, which is itself reminiscent of the strategy used in [22]. Ideally, the solution v(t, z)
of (2.3) would be controlled from above by the function w(t, z) solution of the linear equation (2.5)
starting from an odd, nontrivial and compactly supported initial condition, since it is an actual
supersolution by construction. However, as the initial condition is chosen to be odd, the function
w(t, x) is negative for ¢ > 0 and x — cxt < 0 which prevents us from readily comparing the two
functions. The key observation from [30], very much in the spirit of Fife & McLeod [17], is that we
can add a cosine perturbation to w(t, z) which will eventually enable us to compare v(t, z) to this

new supersolution slightly to the left of z — ¢, = 0.

Consider now § € (0,1/3), that will be as small as needed. We now look for a barrier of v(¢, x) from
above for t large enough and = € R ahead of z — ¢,t = —t°. To do so, we construct a supersolution
for (2.3) in the form

B = 1 T — it
U(t,l‘) - f(t)w(t,x) + (1 n t)%iﬁ cos <(1 4 t)a) ]l{xeR | —t‘sﬁx—c*tﬁ%(l—kt)"‘}’ (2'8)

for ¢ large enough and 2 € R with x — c,t > —t°, where the unknown £(t) € €' is assumed to be
positive and bounded in (0, 4+00), and E/(t) > 0in (0,400), « € (1/3,1/2) and 8 > 0, all of which
will be chosen in the course of investigation. Let us now check that o(¢,x) is a supersolution of
(2.3) for t large enough and z € R with 2 — ¢t > —19.

First of all, we look at the region {z € R | z — c,t > 37(1 +¢)*} for all ¢ large enough, in which
o(t, ) = £(t)w(t, x). It is obvious to see that (0 — L)v(t, x) = E/(t)w(t, x) > 0 since w(t,z) > 0 for
all t > 0 in this area and since we assume that ?(t) > 0 for ¢t > 0. It remains to discuss the region
{x eR| —t° <a—cit <3(1+1¢)} for all large times. We divide it into three zones:

R1::{$€R| —tagx—c*tgl}, Rg::{xGR\lgz—c*tgg(l—i—t)a},

Ryz{xeR\Zu+wa5x—&tsﬁ%rwf}.

In region R;. There holds

Thanks to (2.7), one gets
1 1
——— - Swtry) S —
E
(1+1)2

Notice that w(¢,x) can be negative in this area, therefore the cosine perturbation needs to play a
role here. We first require that 5 > d > 0 so that the cosine term will be the dorminant term, that
is,

1
-
(1+t)277°
for t large enough in this region. Moreover, a straightforward computation gives that

(t, z) ~ >0 (2.9)

/

£@)

(0 — L) E(w(t, x)) = € (w(t,z) 2 ————
(1+1)2



and

1 T — Cyt
(0y — L) ((1+t)g_ﬁ cos <(1+t)a>>
B B—3 cos T — eyt 1 Cx a(x — cyt) “in T — cyt
R <(1+t)a> ! (1+t>2—ﬂ<(1+t)a+ (1+t>a+1> ((Ht)a)
1 T — Cyl Cx . T — Cyt
+ (1+t)%*ﬁ+20¢ cos <(1 —I—t)o‘) - (1—}—75)%75%1 sin <(1+t)0‘>

1
(1+1)2 742

~

Therefore, in order to ensure that (9; — £)v(t,z) > 0 for ¢ large enough in this region, it suffices to
impose the condition

!/

1 &t
3 > al )3 for all ¢ large enough, (2.10)
(1+4t)27P*2 (1 41)279
namely,
- 1
0<f@) < (2.11)

- (14 t)2ato-5"

In region Ry. There holds
1 T — Cyt ™

A+0° (0 -4

We notice that w(t,z) > 0 for all + > 0 in this region, so does the cosine perturbation. Since £(t)
is assumed a priori to be a bounded positive function in (0, +0o0), one has that (¢, ) > 0 for all

t > 0 in this region and

(0 — L)EBw(t,x)) = € (tw(t,z) >0

for all ¢ > 0 in this region, thanks to g/(t) > 0 in (0,400). Moreover, by the same calculation as

the previous region, one also obtains in Ry that

1 T — cyt 1
— _— ~ for t 1 h.
(0, — L) ((1 N t)%_ﬁ cos <(1 n t)a>> it t)%—ﬂ+2a > (0 for ¢ large enoug

Consequently, there obviously holds (9; — £)u(t,z) > 0 for ¢ large enough in region Ra.

In region R3. There holds
T T — Cyt 3T
A i g
47 (148>~ 2
It is worth to note that the cosine perturbation may be negative in this area. Moreover, following

an analogous procedure as in preceding cases, it follows that
- o 30
(0 — L)(E()w(t,z)) =& (t)w(t,x) ~ W >0 for t large enough,
1+t)27¢



and

1 T — Cit -1
oy — L coS > ————  fort large enough.
0= 4) ((1+t)35 <(1+t)“>> T (1+41)2 Bt § &

To ensure that T(t,z) > 0 and (0; — L)v(¢t,x) > 0 for ¢ large enough in this region, we require this
time o > 3 and

for ¢ large enough. (2.12)

Conclusion. Gathering (2.11) and (2.12), we should impose

1

<<E(t)<<(1—i—t)—2a+5_6

1
(1+4t)3a=h
This is possible so long as § < «, which is exactly what we have assumed. Let us take

= 1 1

Due to our assumption that the function £(t) is positive and bounded in (0,+00), it suffices to
require 3o — 23 — 1 > 0. Hence, we can fix § € (0,1/4) very small, then there exist o € (1/3,1/2)
and 8 > 0 such that 3ac — 28 > 2a + § — 8. To be more precise, the parameters 6, 3, a is chosen
such that

0<5<B<min<a—5,3“2_1><a<; (2.13)
As a consequence, there is Ty > 0 large enough such that (9; — £)v(¢t,x) > 0 for ¢ > Ty and
r € R with z — ¢t > —t° whence (8; — L)0(t,z) + R(t,2;0(t,x)) > 0 for t > Ty and = €
R with 2 — ¢t > —t°, since R(t,z;T(t,z)) > 0 for t > Ty and z € R with = — ¢,t > —t°
by applying (2.4) and T(t,z) > 0 for for t > Ty and 2 € R with 2 > ¢,t — %, and such that
ey — Tg > A, where we recall that A € R is beyond the support of u’. Hence, there holds
5(Tp, ) > 0 = eM*ul(2) = v(0,) for all z — ¢, Ty > —T3. For x — cit = —1%, we observe that
v(t — To,z) = e)‘*(zfc*(t*TO))u(t — Tp,x) < M (eTo—t%) gince 0 < wu(t,z) < 1 forall t > 0 and
r € R, while T(t,z) ~ (1 +t)73/2*8 for t > Ty by (2.9), up to increasing Tp. Then, there is
T, > Ty sufficiently large such that e*+(¢T0—t") < (1 4 ¢)=3/2+8 for all ¢ > T}, which will yield that
B(t,z) > v(t — Ty, x) at x — cxt = t° for all t > T1. On the other hand, one can choose K > 0 large
enough such that K (1 + t)=3/2+F > M (eTo—t) that is, Ko(t,z) > v(t — Tp,x) at & — ct = t0
for t € [To,T1). Therefore, there holds Ko(t,z) > v(t — Tp,x) for all ¢ > Ty and = € R with
x — cit = —t°. We then conclude that Ko(t,z) is a supersolution of (2.3) for all t > Ty and = € R
with o — c,t > —t. Tt follows from the strong maximum principle that Ko(t,z) > v(t — Ty, x) for
all t > Ty and x € R with x — ¢t > —9.

10



2.3 Lower barrier for v(t, )

Let 0, 8 and « be fixed as in (2.13). The idea is to estimate v(t, z) ahead of z — ¢t = t°. To do so,
let construct a lower barrier as follows:

0, T —ct <0,

v(t,x) = (2.14)

EB)w(t,z), = —cit >0,
for t > 0 and = € R, where we assume that the unknown {(t) € %' is positive and bounded away
from 0 in (0,+o0) and satisfies {'(¢t) < 0 in (0, +00), which will be made clear in the sequel. We
notice that v(¢,x) is nonnegative and continuous for ¢t > 0 and =z € R, thanks to (2.6). Let now
identify that v(¢,x) is a generalized subsolution of (2.3) for ¢ > 0 and x € R.

It is sufficient to look at the region {(t,z) € (0,400) x R : z > ¢,t}. We first claim that, there is
C > 0 sufficiently large such that

e M@=yt 2) < C(1+1)73/2, (2.15)

for t > 0 and = — ¢t > 0. Indeed, it follows from (2.7) that there exist tp large enough and
C > 0 large enough such that (2.15) is true for t > ¢ and 0 < x — ¢t < V/t. Since w(t,z) is a
bounded function for ¢ > 0 and x € R, we derive that, up to increasing C, (2.15) holds true for
t €[0,tp] and 0 < = — ¢t < V/t. In a similar way, we see that, by increasing C' if needed, there
holds e @ty (¢, 2) < e Viw(t,z) < C(1+t)"3/2 for t > 0 and = — ¢t > v/f. Therefore, our
claim (2.15) is proved for ¢t > 0 and = — ¢4t > 0. On the other hand, since f € €2(]0,1]), there exist
M > 0 and sg € (0,1) such that f(s) — f/(0)s > —Ms? for s € [0,50). Eventually, let us require
£(t) to solve

E€t)=—-CMEM)(1+t)%2%  fort>0, (2.16)

starting from {(0) = £, > 0 which is set very small such that § w(t,z) < so fort > 0 and z—c,t > 0.

We then note that {(¢) is positive and uniformly bounded from above and below such that

&,
+ > 0.
0<1—|—2§CM () < <+oo  fort>0

Moreover, for t > 0 and x — c,t > 0, the function v(t, z) = £(t)w(t, x) satisfies

= & (tw(t, )+ f(0)u(t, x) — Mot fem ety ¢, 1)
< g(Hw(t, )+M€ Alrme) () (w(t, )
( MEX(t)(1+1) 3% + Méz(t)e*’\*(x*‘z*t)w(t,x)) w(t,z) <0,

(0 — L)v(t,z) + R(t, z;v)

thanks to (2.15) and (2.16).

Since v(1,z) = e*(@=c)

u(l,z) > 0 in R and since {w(0,z) =  po is bounded and compactly
supported in (0, +00), there exists £ > 0 very small such that kv(0,z) < v(1,z) in R. Therefore,
kU(t, x) is a subsolution of (2.3) for all ¢ > 0 and z € R. By the strong maximum principle, we

then conclude that xkv(t,z) < v(t+1,z) for ¢ > 0 and = € R.
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2.4 Proof of Proposition 2.1

We have shown in the previous sections that the function v, solution of (2.3), has an upper bar-
rier and a lower barrier given respectively by (2.8) and (2.14). We are now in position to prove
Proposition 2.1. The proof is based on the comparison between v(t, z) and a variant of the shifted
critical KPP traveling front with logarithmic correction in a well-chosen moving zone |x — ¢, t| < ¢"
with certain small 7 for all large times. Let ¢, 3, @ be chosen as in (2.13). We notice that 5 < 1/4.
Fix now

n=pB+e<a (2.17)

for € > 0 small enough.

Step 1: Upper bound. Let Ko(t,x), where T(t,z) is given in (2.8), be a supersolution of (2.3)
for ¢ large enough and = € R with x — c,t > —t°. Define a function (¢, z) by

_ Ax(T—cxt) _
Y(t,z)=e Pex <5U Cxt + 2N,

3
Int + b) for ¢ large enough, |x — c.t| <7,

where b € R is fixed such that ¢(¢,x) = Kv(t+1, z) for ¢t large enough and x € R with x —c.t = t".
Substituting v (¢, z) into the equation of v(t,z) yields

U — Vg + ity + R(t, x30) = e’\*(x’c*t)go’c* (a: — ot + 3 Int 4+ b> ~

2 <o (i)

3
2t t%—n
for t large enough and = € R with |z — c.t| < #7. Now, set s(t,z) := (v(t,x) — 9 (t,2))", being the

positive part of v(t,x) — ¢ (t, ). We are then led to the following problem

St — Szx + xSz + Q(t,x38) < O (t_(l_”)> , |z — cxt] < 7,
s(t,z) =0 (67/\*25”) , T — cyt = —t", (2.18)
s(t,x) =0, T — it =17,

for ¢ large enough. Here, Q(t,z;s) = 0 if s(¢,z) = 0; otherwise,

Q(t,x;s) = R(t,x;v) — R(t, z;9)
_ f,(O)S _ e/\*(zfc*t) <f(ef)\*(xfc*t),u) _ f(ef)\*(a:fc*t)w)>
= f/(O)S - d(t7$)8 >0,

in which d(¢,z) is continuous and bounded in L* norm by f/(0) since 0 < f(s) < f/(0)s for
€ (0,1). We claim that, there holds

lim sup s(t,z) =0. (2.19)
E=100 3eR, |z—cot|<tn

We use a comparison argument to verify this. Define

T — Cyt
tY

1
s(t,z) = 7x o8 (

) for ¢ large enough and |z — e t| < ¢,
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where n < v < 1 such that 2y + 1 < 1, which is possible by choosing, for instance, ¢ > 0 is
sufficiently small in (2.17) such that n ~ 8 < § due to the observation from (2.13) and choosing
v > % close to %, and the parameter A > 0 is to be chosen later. One observes that 5(t,z) ~ ¢~

for t large enough and = € R with |z — ¢,t| < 7. It follows from a direct computation that

1

St — Sgx + C4Syp ~ 27x

for t large enough and |z —c,t| < t". Since Q(t, x;5) > 0, one concludes that 3(¢, x) is a supersolution
of (2.18) for t large enough and = € R with |z — ¢.t| < " (up to multiplying a large constant) so

long as
1 1

R
that is, 2y + A < 1 —n, which implies 0 < A < 1 — 2y — 7. Our claim (2.19) is then reached by
noticing that

lim sup s(t,z) = 0.
E=+00 4eR, |z—cat|<t7

Then, it follows from the comparison principle that v(¢,2) < ¥(¢,z) uniformly in z € R with
|z — ct] < 7 for ¢ large enough, that is,

u(t,z) < pe, <x — it + Qi Int + b) , (2.20)

*

uniformly in z € R with |z — ¢,t| < ¢" for ¢ large enough, which gives the upper bound in Proposi-
tion 2.1.

Step 2: Lower bound. The proof of this part is similar to Step 1. We sketch it for the sake of
completeness. Let kv(t,x), where v(¢, x) is given in (2.14), be a subsolution of (2.3) for ¢ > 0 and

x € R. Define a function ~(¢, x) by

3
2

v(t,x) = M@y, <:1; — it + Int + a) for t large enough, |x — c.t| < 7.

Here, we fix a € R such that v(t,z) = kv(t — Tp, x) for ¢ large enough and x € R with x — ¢t = t".

It is also noticed that a > b since the relation
v(t,z) = ko(t — To,z) <v(t—Top+1,2) < Kv(t + 1,z) = ¢(t, x)

for ¢ large enough and x € R with  — ¢t = t" implies that ., (J: — it + % Int+ a> < e, (T —
cxt + % Int + b) for ¢ large enough and x € R with x — ¢t = t".

Analogously to the previous step, substituting (¢, z) into the equation of v yields
Yt = Yoz + €2 + R(E,x37) <O (t_(l_”))

for ¢ large enough and z € R with |z — c.t] < ¢,
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Set z(t,x) := (v(t,z) — y(t,z))", being the negative part of v(¢t,z) — (¢, ). Then, the function z

satisfies
2t — Zgp + Cozg + H(t,z32) < O (t_(l_")> , |z — ext| < t7,
z(t,z) =0 (e”‘*tn) , T — ¢t = —t", (2.21)
z(t,z) =0, T — et =17,

for t large enough. Here, H(t,x;z) = 0 when z(¢,z) = 0; otherwise,
H(ta Z; Z) = R(t> xZ; ’U) - R(ta Z; ()0)

_ f/(O)Z o e)\*(a:fc*t) (f(ef)\*(xfc*t)v) - f(ef)\*(xfc*t)(p))

f’(O)Z - h(t,:L’)Z > 0,

in which h(t,x) is continuous and bounded in L® norm by f’(0) since 0 < f(s) < f'(0)s for
s € (0,1). Following the proof of (2.19) in Step 1, one can show that, there holds

lim sup z(t,x) = 0. (2.22)
E=+00 4R, |z—cat|<t7

Then the comparison principle implies that v(t,x) > v(¢, ) uniformly in x € R with |z — ¢ ] < 7

for t large enough, namely,

u(t,z) > pe, (a: — it + % Int+ a) , (2.23)

uniformly in z € R with |z —c,t| < ¢ for ¢ large enough, which gives the lower bound and concludes

the proof of Proposition 2.1.

3 The linearized problem on Z

One of the key message from Section 2 in the continuous case is that solutions w(t, x) of the linear
equation (2.5) starting from odd and compactly supported initial conditions play a crucial role in
designing accurate upper and lower barriers for the full nonlinear problem. In fact, the asymptotic
expansion (2.7) is the corner stone of the proof. We will dedicate all our efforts in proving an

equivalent expansion in the discrete case. More precisely, we consider the linearized problem

{ T;-(t) = T‘jfl(t) — 27‘]‘ (t) + Tj+1 (t) + f’(O)T‘j(t), t> 0, ] S Z, (3'1)

ri(0) =19, jez,

for some nontrivial bounded initial sequence (T?)jez € (*°(Z). First, we perform the change of

variable r;(t) = e MU=t y;(t) for some new sequence (w;(t))jez, which now satisfies
w;(t) = €>\* (Wj_l(t) - ij(t) + wj+1(t)) - C*(Wj+1(t) - wj(t)), t>0, jeZ. (3.2)

And we recall that (c., A) are defined through (1.7).
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Our aim in this section is to study the temporal Green’s function (¥;(t));cz which is solution of
(3.2) starting from the initial sequence d which is defined as §; =1 if j = 0 and §; = 0 otherwise,
that is

{ Gi(t) = M (G5-1(t) = 295() + G (1) — cx(Ga (t) = (1)), t>0, jEL (3:3)

4(0)=3;, jeL |

Unlike the continuous case, there does not exist explicit representation formula for the temporal
Green’s function (¢;(t))jez. Nevertheless, we will obtain pointwise estimates for each ¢t > 1 and
j € Z, see Propositions 3.9 and 4.1. Roughly speaking, in a first step, we will prove in Proposition 3.9
that for |j — c.t| > 0.t the temporal Green’s function is both exponentially localized in space and
time, whereas for |j — c.t| < 6.t it behaves as a Gaussian profile centered at j = c,t, for ¢ large
enough and some universal constant 8, > 0. However, such a generalized Gaussian estimate will
not be enough to obtain an equivalent asymptotic expansion of (2.7) in our discrete setting. We
thus need to refine our asymptotics and this is the key result of Proposition 4.1 where we provide
a full asymptotic expansion of the temporal Green’s function up to Gaussian corrections of order
t73/2. We really enforce that this result is of independent interest and should be compared to
existing results in the fully discrete case for discrete convolution powers [12-14] and to local limit
theorems in probability theory [29]. Eventually, we will show in Section 4.2 how sharp asymptotics
of w;(t) emanating from odd and finitely supported initial data can be derived from this improved

result.

3.1 The spatial Green’s function

The starting point of our approach is the study of the so-called spatial Green’s function which we

now introduce. Let % denote the operator acting on a sequence r = () ez as

Vi€ Z, (Lr)j:=eM (rjo1—2rj+rip1) — calrjp1 —1j), (3.4)
then its spectrum on £2(Z) is given by the parametrized closed curve

o(Z) = {e)‘* (e_i€ -2+ ei5> — (e —1) | € e[, 7r]} .

For each p € (%), we have Re(p) = (et +e*) (cos(¢) — 1) < 0 such that the curve o(%)
touches the imaginary axis only at the origin and is located in the left half plane otherwise. The
resolvent set of . is given by the union of two sets defined as the interior and the exterior of o(.Z).
We denote by % the exterior which at least contains the set {v € C | Re(v) > 0} \{0}. For each

v € %, we can define the spatial Green’s function as the sequence G(v) € ¢*(Z) solution of
(VId — Z)G(v) =4, (3.5)

where we recall that the sequence 4 is defined as d; = 1 if j = 0 and d; = 0 otherwise, and
that we have denoted Id the identity operator acting on ¢?(Z). Next, we introduce the vector
W;(v) = (Gj-1(v),G;(v))T for j € Z such that the above relation (3.5) rewrites

W, 1(v) = AWw)W;(v) — e*dje, jEZ, (3.6)
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where e := (0,1)T and the matrix A(v) is given by

0 1
Aw) = <—€2>\* V+6A*+e_’\*> :

e~ M

The eigenvalues of the above matrix are given by

v+eM e \/(V +eM e M)’ — 4
2 2~ '

p+(v) = (3.7)

For each v € %, we readily remark that we have the spectral splitting |p4(v)| > 1 and |p_(v)| < 1.
With these notations in hands, we start to estimate the spatial Green’s function away form the

tangency point at the origin.

Lemma 3.1 (Local bounds). Let v € % and 6 > 0 small enough such that Bs(v) C % . There
exist two constants C > 0 and S > 0 such that

VveBs(v), YieZ, |G;(v) <Ce Pl

Proof. Welet v € % be fixed. We know that the matrix A(v) above is well defined and holomorphic
in a sufficiently small neighborhood of v. Since we have an explicit expression of the two eigenvalues
of the matrix A(v), we trivially have a consistant splitting for all v close to v. We define E**(v) the
stable/unstable subspaces of A(v) for all v close to v. As a consequence, for § > 0 small enough,

we have the decomposition
C? =E*(v) @ E%(v), Vv e Bs(v).

And we denote 7%%(v) the associated projectors, which are given by contour integrals. For instance,
we have

() = s A(zfg — ()M,
where v is a contour that encloses the stable eigenvalue p_(v) and Io € #5(R) is the 2 x 2
identity matrix. A similar formula holds for 7%(v), with this time a contour that encloses the
unstable eigenvalue p4(v). This shows that 7%%(v) depends holomorphically on v in Bs(v) and,

consequently, the stable and unstable subspaces E**(v) also depend holomorphically on v in Bs(v).

Up to taking d even smaller, we can ensure that any v € Bs(v) lies in the exterior % of the resolvent
set of .Z, hence there exists a unique sequence (W;(v)) ez € £2(Z) solution to (3.6). We can easily

compute the stable and unstable components of each W;(v) for j € Z as

7j—1
POW;) =~ S S ()i ve, je 7,

{=—o00

for the stable component, and

FOW,) = M S 8 aps () W)e, € Z,
=0
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for the unstable one. It is important to note that the sequence § has only one nonzero coefficient

at 7 = 0. Hence, we deduce that

ws<u>wj<u>—{ ’ or /=0,

—eMp_(v)ins(v)e for j>1,

while
u 0 for j>1,
T (v)W,(v) = { .

eMpy(v) it (v)e for j <O.

Next, we remark that there exists 8 > 0 such that
Vv eBs), lp-)<e’ and |pi(v)] > e’

As a consequence, we have

s 0 for j <0,
Vv e Bs(v) |m°(r)W,(v)] < { CeBU-D for j>1, (3.8)
while
w 0 for 7>1,
Vv e Bs(v) |m%(v)W;(v)| < { CP+D) for <0, (3.9)

where C' > 0 is a uniform bound on Bs(v) of [e**7*%(v)e|. Finally, adding (3.8) and (3.9) concludes
the proof of the lemma, since the spatial Green’s function G;(v) is the second coordinate of the
vector W;(v) € C2. O

Lemma 3.2 (Bounds at infinity). There exist a radius R > 1 and two constants C > 0 and k > 0
such that {v € C | |[v| > R} C % and

Viv| >R, VjieZ |G;)|<Ce

Proof. The proof is similar to Lemma 3.1 and simply relies on the fact that from their definition
(3.7) we have

lim |v||p_(v)]=€e™ and lim P+ (V)] =M,
|v|——+o0 [v|—=+o0 ’V’
together with our expression for 7%%(v)W;(v) when v € % . O

Next, we recall that o (%) is tangent to the imaginary axis at the origin. This traduces as p_(0) =1
with p; (0) = e?** > 1. For |v| — 0, we also note that p_(v) has the following expansion

=1-2 Lo (3.10)
p0) =1Lt g O ). -

It is thus important to examine the behavior of the spatial Green’s function close to the origin.
Let us remark that the spatial Green’s function is well-defined in Bs(0) N % for any radius 6 > 0
thanks to Lemma 3.1. Our goal is to extend holomorphically G;(v) to a whole neighborhood of

v = 0 which amounts to passing through the essential spectrum of .Z.
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Lemma 3.3 (Bounds close to the origin). There exist some € > 0 and constants C > 0 and w > 0
such that for any j € Z, the component G;(v) defined on B.(0)N% extends holomorphically to the
whole ball B.(0) with respect to v, and the holomorphic extension (still denoted by G;(v)) satisfies
the bounds

Vv e B(0), Vj<0, |Gjv) <Ce vl

and
VveB0), Viz1, |Gilv)——e=i] < eRe=tily,
Cx
where "
() = In(p-()) =~ + COSCZ,E*)V? Lo (WP, vveB.0), (3.11)

is holomorphic in the ball Bc(0).

Proof. Most ingredients are similar to the ones we already used in the proof of Lemma 3.1. We
just need to adapt our notation, since the hyperbolic dichotomy of A(r) does not hold any longer
in a whole neighborhood of the origin v = 0. We readily see that p_(v) extends holomorphically

to a neighborhood of v = 0, with corresponding eigenvector

0(,) — 1 2
E°(v) : (p(y))e@,

which also depends holomorphically on v in a neighborhood of v = 0. Note that E%(v) contributes
to the stable subspace of A(v) for those v € % close to v = 0 but the situation is less clear as v

passes the essential spectrum. Nevertheless, we still have the decomposition
C?=E'(v) ® E*(v), Vv e B(0),

for a sufficiently small € > 0. We denote by 7°(v) and 7%(v) the holomoprhic projectors associated
with the above decomposition. We readily see that for each v € B.(0) N %, we can reuse the

expressions derived in Lemma 3.1 to write

7j—1
W)W, (v) = —e™ Z dop_ ()Y 1 v)e, jez,

l=—00

and

W, 0) = e S 8ap () (W), € Z
=0

The unstable component 7*(v)W ;(v) obviously extends holomorphically to the whole ball B(0),

as a consequence, we get
[T (V)W (v)| < Ce Pl Ve B(0), Vj<O,

for appropriate constants C' > 0 and w > 0. We now focus on the vector 7°(v)W(v) and readily
remark that it also extends holomorphically to the whole ball B(0), and we deduce that

0 for j <0,

. 3.12
U(v)e™i for j>1, (3.12)

Vi€ BA0), Gy(v) = (n()W;(v),e)c = {
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where we have set

U(v):= —e/\*w, Vv € Be(0). (3.13)

Note that eventually upon reducing the size of €, we can always ensure that w(v) = In(p_(v)) is
holomorphic on B(0), and thus ¥ is also holomorphic on B.(0) with ¥(0) = é > 0. Indeed, the

projection 7°(v) can be expressed as

7r0(1/): 1 ) p+(v) 1
prW)=p-)\ "\ -1 )/, \p-»))’

such that
A\ 0 e)\* 1
‘1’(0) = —€ *<7T (0)e,e>(c2 = 62>‘*7—1 = a > 0.
Here, we denoted by (-, )¢z the usual scalar product on C2. ]

Lemma 3.4 (Intermediate bounds). There exist C > 0 and By > 0 such that

e_ﬁoljl’ fOT’ ] S 07

Vv e N(Br(0)\B(0)), [G;(v)]< C{ L for j> 1.

Proof. The set % N (Br(0)\B(0)) is a compact domain of C. As a consequence, we can obtain

uniform constants from Lemma 3.1 by using a simple compactness argument. O

3.2 The temporal Green’s function

In this section, we study the temporal Green’s function (¥;(t));cz solution of (3.3) starting from
the initial sequence 6. We use inverse Laplace transform to express (¥;(t));cz as the following

contour integral

1
Vt>0, VjeZ, 9t = o / e"'Gj(v)dv,
r

where I' C C is some well-chosen contour in the complex plane which does not intersect the spectrum
of . For example, one can take the sectorial contour I' = {79 — 71 |¢| +i§ | £ € R} for some well
chosen 791 > 0. Our aim is to obtain pointwise bounds on ¥;(t) for t > 1 and we will divide the

analysis into several cases.

3.2.1 Exponential pointwise estimates away from j ~ c,t

In the next lemmas, we show that the pointwise temporal Green’s function ¥;(t) decays exponen-

tially in time and space whenever j — c,t is sufficiently large and ¢ > 1.

Lemma 3.5. There exists a constant L > 4R/k with R > 1 chosen in Lemma 3.2, such that for
|7] > Lt and t > 1, one has the estimate

‘gj )| < Cle—rrt—rz2ljl ,

for some C >0 and k12 > 0.
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Proof. We let |j| > Lt and t > 1. We recall the estimate of Lemma 3.2
Viu| >R, VjieZ |G;w)| <Ce il
Let L > 4R/k and we take the contour which is defined as
I'={2R-0l¢| +i¢ | £ € R},
with 0 < § < v/3 small enough such that |v| > R for all v € I'. As a consequence, we obtain that

1 o2Rt—rlj|

27

/e”th(V)dV < C62Rt”|j|/ e %tde < Oy
T 0

Since |j| > Lt, we have that

L
2Rt — klj| < <2R— ’€2> t— g]j],
S
<0
and the result follows. O

From now on, we will always assume that |j| < Lt and ¢t > 1. We first deal with the case where
J<0.

Lemma 3.6. There are some C > 0 and 12 > 0 such that for any —Lt < j <0 witht > 1, one
has the bound
9;(t)] < Ce™Art=P2lil,

Proof. We consider I' as the union of I'; and I'y where I'; is a vertical line within the ball B¢(0)
and Iy is given as I'y = {—0|¢| +1€ | £ € R, [£| > & }. More precisely, there exists 1 € (0, €) small
enough such that —n=+iy/e2 —n2 € %. We define I'y = {—77 +i€ | R, | < Ve — 772} C B.(0)

and § = \/% with & = v/€2 — n? in the definition of I'y. We have
2=

1

i < (;'6*7775*W|j|7
27 -

/ e"'Gj(v)dv
I

using the estimate on G(v) from Lemma 3.3. We denote I'i" = I'y N Bg(0) and I'§"t = To\I'y".

On I'i", we use Lemma 3.4

27i an t

and on I'§"! we use the bound of Lemma 3.2 to get
1/ thGj<V>dV < ge—nt—ﬁljl_
2mi Fgut t

20



Actually, the above estimate can be easily extended for j € Z with 1 < j < (¢x — 6)t for any
0 € (0,cy).

Lemma 3.7. There are some C > 0 and B12 > 0 such that for any 1 < j < (¢, —0)t with § € (0, cy)
and t > 1 such that (c. — 0)t > 1, one has the bound

()] < CeBrt=Pelil

Proof. We consider the same contours as in the previous Lemma. On I'“| we have the exact same
estimates since the spatial Green’s function enjoys the same pointwise bound. On I'}?, we note
that we have

C
Siena

1 14
27T'i/§n e"'Gj(v)dv

and as j < (¢, — 0)t we have —nt < —3t —

have

ﬁ| j|.- The main difference, is that now, on I'1, we

Yvely, |G;(v)| < Cele@wi

from Lemma 3.3. We denote by Fiﬂ the portion of I'y where Re(w(v)) is respectively positive and
negative. On I'], we readily obtain

1
/ e"'Gj(v)dv
1

< Ce™ ™,
27 -

Next, from the expansion (3.11), we get that

Re(v) n cosh(A,)

¥ € B(0), Re(w(v)) =-—— 3

(Re(v)? — Im(v)?) + O(|v[*),

such we can solve Re(w(v)) = 0 for Re(v) as a function of Im(v) and we get

cosh(Ay)

Re(w(v)) =0 < Re(v) = — 2

Im(v)? + O(|[Im(v)®) for v € B(0).
This implies that there exists Sy > 0 such that

Im(v)| < Boy/n, veETT.

We deduce that
Re(w(v) < L + fin/?

for some 31 > 0 and any v € T'{. As a consequence, we can derive the following bound
: J 0
—nt + jRe(w(v)) §77t< 1—|—f+ﬁ1f ) nt (—C—Fﬂl(c*—Q)\/ﬁ) )
We can always reduce 7 such that 3i(c, —0),/n < % and we get

1
/ e"'Gj(v)dv
27i rf

7"9t
< (e 2,
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3.2.2 Generalized Gaussian estimate

We are thus now let to study the case where (¢, — )t < j < Lt with ¢t > 1 and the main result of
this section is a generalized Gaussian estimate for the Green’s function which reads as follows. Let
us already note that the large constant L > 0 from Lemma 3.5 can be fixed large enough such that

it further verifies L > c,, which we assume throughout the sequel.

Lemma 3.8 (Generalized Gaussian estimate). There exist two constants C > 0 and > 0 such
that for any (e, — 0)t < j < Lt with j € Z, 6 € (0,¢s) and t > 1, the temporal Green’s function

satisfies the estimate

t

90 < e (—ﬁW) .

Before proceeding with the proof, we need to introduce some notations. First, from Lemma 3.3,
one can find e, > 0 and two constants 0 < 8, < cosh(A.) < 8* such that for each € € (0, ¢,) there
exist constants C' > 0 and w > 0 such that

Ce_‘*’lj', j<o0,

BG 9 G S .
VI/E (0) | ](V)‘ {CeRe(w(V))j, ] > 1’

together with the bound

B

ﬁRe(y)2 - 6—31m(u)2, Vv € B(0), (3.14)

1
Re(w(v)) < —aRe(V) + 3
where @ is holomorphic in B.(0) and given in Lemma 3.3. Note that the bound (3.14) and the
existence of the constants 0 < 5, < cosh(\,.) < B* directly come from the expansion (3.11) of w.
Note also that S, 8* only depend on €, > 0 and are uniform in € € (0,¢€). Next, following the

strategy developed in [13, 34], we introduce a family of parametrized curves of the form

r,:= {Re(u) - gRe(y)2 + %Im(V)Q =) | —n<Re(v) < p} , (3.15)

with ¢¥(p) :=p— B p?. We readily note that the curve T',, intersects the real axis at v = p. We now

=
explain how we S(%Cfect n > 0 and p > —n in the above definition of I',.
First, for each € € (0, €,), we denote by ve, 7 € 0B:(0) N o(Z) and let Re(ve) = —n < 0. Then,
we fix n > 0 such that the curve I', with p = 0 intersects the line —7n + iR inside the open ball
B.(0) and readily note that n € (0,7.). And next, we denote ¢t € (0,€) the unique real number
such that I') with p = ¢, intersects the line —n+ iR precisely on the boundary of B.(0) with 7 fixed
previously. Finally, we also introduce
J—cit
T

B

c

¢:

and 7::% >0,

and the specific value of p in the definition of I', is fixed depending on the ratio (/v as follows

%7 it — g S % S e,
Pi= QL if% > L,
-1, if & < 1.

22



Figure 1: Illustration of the geometry of the family of parametrized curved T',, within the ball B.(0) for
different values of p € [—n/2,t.], adapted from [18]. The extremal curves are given when p = —n/2 to the
left (magenta curve) and when p = i, to the right (light blue curve) where 0 < 1. < € is precisely defined
such that T'p, with p = e intersects the line —n + iR on the boundary of B.(0). The dashed dark red curve

represents the spectrum o(%).

The geometry of the family of parametrized curves I, is illustrated in Figure 1 for different values
of p. Note that with our careful choice of parametrization, we have that I') with p = 0 (dark blue

curve in Figure 1) lies to the right of the spectral curve with tangency at the origin.
Let us remark that the motivation for introducing such quantities comes from our above estimate
on the Green’s function. Indeed, for all v € I'), C B(0) and any j > 1, we have

JRe(w(v)) < (~LRe(v) + G Re(v)? — Im()?) = j (42

Cx
=L (-p+5p?) = —tp+ L (~2p+p?)
2 2
:—tp—if—,y—kéy (p—%) : (3.16)

Our precise choice of p, which depends on the ratio /v, will always allow us to control the above
terms. Furthermore, since we consider here the range (c. — 0)t < j < Lt, we readily have that

—g <(<L %, and our generalized Gaussian estimate will come from those ¢ ~ 0.

Before proceeding with the analysis, we make two final claims that will be useful in the course of

the proof of Lemma 3.8.

1. We note that for each v € Iy, with I', defined in (3.15), there exists some constant ¢, > 0
such that
Re(v) < p — ¢, Im(v)?, (3.17)

since the function 1, defined as ¥ (p) = p — Zp?, satisfies ¢/ (0) = 1, and for each p € [—7, €,

=z
one has ¢/(t) < ¢ for some ¢y > 0.
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Figure 2: Illustration of the contour used in the case —3 < % < te when (c. —0) < j < Lt witht > 1. The
contour is composed of T UT™ U r,u FT UT%“*. The contours " are the portions of the line —n + iR
which lie inside Bc(0) (light blue curves) while the contours Tt are half lines lying in the resolvent set %
with Tm(v)| > /€2 =02 (green curves). Finally, T, is defined in (3.15) and intersects the real azis at p

(blue curve).

2. Up to further reducing the size of €, > 0, a direct application of the implicit function theorem

demonstrates that there exists a smooth function ® : (—e,,€e.) X (—€4,€) — R and some

C > 0 such that for any € € (0,¢,) and p € (—¢, €), the curve I', can be parametrized as
Iy = {v € B(0) | Re(v) = ®(Im(v),p)},

with
Re(v) = p— g Im(v)? + O ([Im(v)* + |of’) (3.18)

*

together with

‘EM)(IIH(V)’])) <C, foreach [|Im(v)|<eand|p|<e

Olm(v)

Finally, in what follows, we will use the notation f < g whenever f < Cg for some constant C' > 0

independent of j and t.

We are now ready to prove Lemma 3.8.

Proof of Lemma 3.8. Throughout, we have (¢, —0) < j < Lt with ¢ > 1 and for each € € (0,¢,)

the constant n € (0,7¢) has been fixed as explained above. We divide the analysis into three cases

depending on the ratio (/7.

24



Case: —1 < % < te. We will consider a contour I' which is the union of three contours given by
I, with p = /v, together with I and I'*** which are defined as follows. We refer to Figure 2
for a geometrical illustration. The contour I'"" is composed of the two portions of the segment
Re(v) = —n which lie inside the ball B.(0), that is

rm:rTuFT:{—n+i£\ —\/msffé—&}U{—nJriélf*Sff\/m}’

with

& = \/;i (¥(p) = ¢(=n)) > 0.

On the other hand, the contour I'°“ is taken of the form
peut — peut | pout — {—50 FoETiE|E< /2 772} U {750 —SEFiE | E> e - 772} ,

for two constants dy > 0 and d; > 0 chosen such that T°“ C % and 'Y intersect I' exactly on

0B(0). The later condition implies that o = n — d14/€> —n?, and then one can take 0 < §; <
we have that

as small as required such that both 6y > 0 and T'°“* C % are verified. As a consequence,

1 1 1

Yi(t) = — "G,(v)d — "G,(v)d — "G, (v)d

it 27ri/rme v+ o L, ¢ Gt o | e G

and we have to estimate the above three integrals. We start with the first one, which is the one that
will produce the desired Gaussian estimate. For each v € I, C B(0), we know from (3.16)-(3.17)

that

2t C\?
-9
CxY  Cx ~y

12t ?
< —c Im(v)%t — cc'y + o <p - ’i)

tRe(v) + jRe(w(v)) <t (Re(v) —p) —

such that, with p = (/~, we obtain that

¢t

tRe(v) + jRe(w(v)) < —c, Im(v)?t — o

As a consequence, we have

21‘/ ethj(I/)dV S,/ 6tRe(V)+jRe(w(y))|dV|
Ty Le/v
_ii T 2
Se v e~ Im() tldy|
Lesy
2 &
Se e [ emetqe
—&s
_Ce
5 e Y Cx
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Finally, we remark that

¢t et 1 (-ot) e
Yo 4t yes T 4t LB*’

since (cy — 9)% < v < 5 as (e —0)t < j < Lt, and we have obtained the desired Gaussian
estimate.

Next, for all v = —n + i € I C B.(0) and j > 1 we have that

Re(@() < (- Relw) + e = ) = (-0 - Be?)

=J o) B (&-¢) §j<—p+6*p2),
N——

Cx c3 e 3
>0

since 1 (—n) + f—;ﬁf = 1(p) by definition of &, > 0. Thus, we have

Re(v) + jRe((v) < i+ (L + 5p?)

* *

_: [—(n+p)ex — 2¢p + 707

1 14
2771/Fm e th(I/)dV <

This term can be subsumed into the previous Gaussian estimate.

For the remaining contribution on I'°%, we further split it into two parts [ = T'9“¢ U T'9“ where

vt .= TN BR(0) and I'$* is the complementary part. It follows from Lemma 3.2 and Lemma 3.4
that

1
27Ti/rm e’'G(v)dy| < e,
1
1 . [Toe
/ e"th(l/)dV §e_50t_”7/ e_‘slftdf.
2mi Jpgut R
<

It only remains to check that a temporal exponential can be subsumed into a Gaussian estimate.
Indeed, using the definition of ¢ and v together with the fact we supposed that —3 < % < te, We
can always find a constant kg > 0 such that

(J - C*t)z

KRop——— < t.
0 P >
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Case: % > te. The contour I' is decomposed into I', U vt with

ro =12t urgt = {ogy+aig+ie | €< —V@ -2 fu{-s - ag+ic| €2 VE -2},

for two constants dgp > 0 and d; > 0 chosen as in the previous case. This time for I', we select
p = te. Note that for each v € I',, C B(0), we have from (3.16)-(3.17)

tRe(v) + jRe(w(v)) < —c Im(v)?t + Ct* (—2¢p + vp?)

t
= —¢,Im(v)%t + o (—2Cee + ’)/Lz) .

*

But as % > L, we get in particular that ¢ > 7yt > 0 such that

—2Cte + wg < —wg < 0,

and thus

t 2
o, Ve

et G (v)dy <&
/1_‘146 .7() ~ \/E

Now, since % > 1, we get that 2yit < 2¢t = j — cxt < (L — ¢4)t, and thus there exists some

1
27

constant k1 > 0 such that
(j — ext)?
t2
which shows that the above exponential decaying in time bound can be subsumed into a Gaussian

< K1,

estimate. The estimate on I'°“ is similar as in the previous case and we get
1

1 1
- l/tG . d - / l/tG . d - / l/tG . d
27Ti /Fout € J(V) v 27Ti Fgut € j(y) v+ 27Ti Fgut € ](V) v

which can once again be subsumed into a Gaussian estimate.

S g 67607&’

Case: % < —%. Once again we divide the contour I into I', U™ UT** with p = —%, and I'""
and I'°% defined as previously. This time, for all v € I‘,g C B(0), we have

tRe(v) + jRe(w(v)) < —C*III](I/)Qt + ci (—2{;0 + *yp2)
< —c Im(v)*t + ct* (n( + (727>2> .

Note that this time ¢ < —n7y/2, and we have

77>2 7

— < —_ -

nC+7(2 T

thus )
1 e_év%
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And once again we can conclude by noticing that —0t < j — c,t < —nyt due to ¢ < —ny/2, and

the above exponential decaying in time bound can be subsumed into a Gaussian estimate.
Next, for all v € T C B,(0), we have

t

tRe(v) + jRe(w(v)) < o [—(n+ p)ex — 2¢p + 7p7]

= Ct {gc +en+n (gﬂ

n
< -t =y
2 0*74

and we obtain an estimate of the form

1 vt
27Ti/me G;(v)dv

This term can be subsumed into a Gaussian estimate. Finally, the contribution along I'“! can be

2
Nyt m
b= T

Se

handled as previously. This concludes the proof of the Lemma. O

As a conclusion, summarizing all the above lemmas, we have obtained the following intermediate

result.

Proposition 3.9 (Pointwise estimates). There are constants 6, > 0, 5; > 0 fori = 1,2,3 and

C > 0 such that the temporal Green’s function 4 (t) satisfies the following pointwise estimates:
o for|j — cit] > 0.t and t > 1, one has
9;(t)| < Cexp (=Bt — Balil);

o for|j — cit| < 0.t and t > 1, one has

C | — cut]?
0] < o (-m =),
The above proposition ensures in particular that there exists a constant C > 0, such that
VEIG D)z + 190z < C, t> 1

This in turn implies that any solution of the linear problem (3.2) starting from a compactly sup-

ported initial condition satisfies

> Gieltyuf| <

el

lw; (t)| = i ||w lo@y, t=1, jeZ. (3.19)

It turns out that such an estimate will not be enough in the forthcoming analysis leading to the
proof of Theorem 1. It is the purpose of the next section to refine our pointwise estimates for

|7 — cxt| < 6.t and ¢t large enough.
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4 Refined pointwise estimates in the sub-linear regime

From the study conducted in the previous section and Lemma 3.8, we expect that ¢;(¢) behaves
like a Gaussian profile around j ~ c,t for all j € Z N [(cx — 04)t, (cx + 0.)t]. It is actually possible
to refine our analysis and prove that ¢;(t) can be decomposed as a universal Gaussian profile plus
some reminder term which can be bounded and also satisfies a Gaussian estimate. To do so, we
work in the asymptotic regime where the time ¢ is large and |j — c.t| < 9t for any ¢ > 0 and

a € (0,1). Before stating our main result, we introduce the normalized Gaussian profile:

1 22
G(z) := e 2, zeR,

and we define the following odd cubic polynomial function P : R — R

P(x) = m (=32 +2%). (4.1)

Proposition 4.1 (Refined asymptotic). For any ¢ > 0 and a € (0,1), there is some Ty > 1 such
that for each j € 7 with |j — cit| < 9t and t > Ty, one can decompose the temporal Green’s
function as follows

G(t) = H (1) + Ry 1), (12)

where the principal part 7¢(t) is defined as

1 1 J—cit J—cit
Ht) = |————— + P e
() 2 cosh(\,)t 57 ( QCosh()\*)t>] g ( 2cosh()\*)t> ’

and with a Gaussian bound on the remainder term %;(t)

(j— c*t)2> 7

C
7,00 < e (-5

for some uniform constants C >0 and 3 > 0.

We illustrate in Figure 3 our main result of Proposition 4.1. We numerically solved (3.2) starting
from the initial sequence § to approximate the temporal Green’s functions (¥;(t));ez for t > 1. We
used a Runge-Kutta method of order 4 to discretize in time the evolution equation (3.2) with fixed
time step At > 0, and the spatial domain was taken to [—L, L]' for some given integer L > 1.
And we denote by gj‘ the approximation of ¥;(t) at time t = ¢, = nAt for each j € [-L, L] and
n=1,---N. Let &, be defined as

jE[[—L,L]]

Then &, represents a numerical approximation of sup;cz |%;(t,)| which is of the order O (tfl 8/ 2)

by Proposition 4.1. In the left panel of Figure 3, we show that In(&,) is a linear function of In(t,)

'Here, we used the notation [A, B] to denote the set of all integers between A € Z and B € Z with A < B.
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t, =400
-4 T T T T T T 0.2 T

= In(&,)
Linear regression 0.15}f

o Pr
PJ

()

2 cosh(\, )t

ot
o b
-

o 1 2 3 4 ety

hl(t”) 2 cosh(A.)t,
Figure 3: Numerical illustrations of Proposition 4.1. Left. We plot In(E,) (blue crosses), where &, is defined
in (4.3), as a function of In(t,) for each n =1,---N. We compare In(&,,) to its linear regression (dark red
curve). The slope is found to be ~ —1.5033 which gives a 0.2% error compared to the theoretical value —%.
Right. We compare ’ﬁ?‘ (blue circles), defined in (4.4), to P Jcut ) (dark red curve) at time t = 400.

v/ 2cosh(A,)t

In the computations, we used f'(0) =1 giving (c«, As) =~ (2.0734,0.9071) together with L = 1000, At = 0.01
and N = 40001.

whose slope is found to be ~ —1.5033 which compares very well with the theoretical value —%. In
the right panel, we recover the universal nature of the profile P. More precisely, we compare 73;7,
defined as

—1
~ by 1 J — ¢l J — ety .
PLi=t, |9 — g g J €L, L],
I [ I 2 cosh( )ty ( 2cosh()\*)tn>] ( 2cosh()\*)tn> i€l ]]
(4.4)

to P (J_C*t”> as a function of —==In__ at fixed t, and observe a very good match
2 cosh(A«)tn 2 cosh( A« )tn

confirming numerically the universal nature of our formula (4.1) for P.

4.1 Proof of Proposition 4.1

We first explain the strategy of the proof. We are going to write ¥;(t) as

1 1
9;(t) = / e"'Gj(v)dv + / e"'Gj(v)dv,
Lin Tout

T onmi 2mi

where T, is a contour within the ball B.(0) and 'y, C {v € C | Re(v) < —n} is some contour of
the form {—50 — N +iE| E€R, € > M} for well-chosen dp; > 0 and where n € (0,¢€)
can be chosen as in the proof of Lemma 3.8. Throughout, we assume I';, N Loy = {1, 70} with
|vg| = € and Re(rp) = —n. As a consequence, for ¢ large enough, we have |j — ¢, t| < 9t* < 6.t and

the proof of Lemma 3.8 gives

1 vt
_ G.(v)d
ot )., G0




As a consequence, we are led to prove that

1
27

Vi C*t)Q) 7

C
vt
/Fm "' Gj(v)dv — j‘fg(t)‘ < 7372 XP (ﬁ ;

whenever |j — c,t| < 9¥t* and t large enough. For all v € B,(0), we recall from (3.12) that for j > 1
one has
G,(v) = W(v)e™WV,

where VU is defined in (3.13) and is holomorphic on B(0) and ¥(0) = ci > 0. In fact, simple

computation gives

0 Ax
\I’(V) = —€>\* <7T (y)e,e> = € = ! P
e@®) p+(v) — p-(v) \/(1/ +eN + e"\*)2 -4
such that 1 9 cosh(
W) = £ = 2B L 2G0 vy e BL(0),

*

and W is holomorphic on B,(0) with |¥(v)| < C for each v € B.(0). Next, we are going to need an

asymptotic expansion of w(v) up to quartic order, that is,

A,
Ve + —51/3 +v10(v), Vv e B(0), (4.5)

*

where € is holomorphic on B(0) with [Q(v)| < C for each v € B(0) and

02

Avi=-2- = <0, (4.6)

For future reference, we also denote by ¢(v) the principal part of w(v), that is

v cosh(Ay
pv) = - + 63()1/2, Vv € Be(0).
* *
Finally, we remark that 5%, 8, > 0 in (3.14) can always be taken larger and smaller respectively

such that we can also ensure that

Re(w(v)) + |12;| P+ Q)] < _Reiy) + gfie(u)2 — %Im(u)Q, v € B:(0). (4.7)

With all these notations in hands, we will decompose G;(v) as follows

1 2cosh(A A By ~ )i cosh (A ()i )i
G,(v) = (C* — cz()y—mcﬁl/g) P L 2 (v)e™ W — Qcé)y (e ()i _ el )])
1 Ar 340w Ay j ] j
+ . [ s <1 +jc—51/3 +j1/4Q(u)>} e?W 4 Cille(y)e“”(”)J,

valid for each v € B,(0) and j > 1.
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We now introduce the following integrals which will contribute as error terms

1 ~ ,
1 — vt 2 w(v)j
& (t) o - e U (v)e dv,
1 , )
E2(1) == vty (Wi _ op)i) q
(1) o o e’'v (6 e ) v,
1 jAx 8 ‘V4Q(V) A* . .
3(4) . vt | JFViH _ 3 .4 e(1)j
&7 (1) omi Jr, e [e <1 +7 & ve+ gv Q(V)>:| e dv,
1 .
4y . vt A e(v)j
& (t) o o " Q(v)e? I dw.

More precisely, we have the following lemma.

Lemma 4.2. For any ¢ > 0 and « € (0,1), there is some Ty > 1 such that for each j € Z with
|7 — cut] < 9t* and t > Ty one has

c (= ety
)éa]k(t)léme)q)(_ﬁ ) k:17"'747
for some uniform constants C >0 and > 0.

Proof. Recalling our notation

2t 7

il

c2’

¢ = and v = ‘%
we can always ensure that (/v € (—1/2, t¢) since we consider ¢ large enough and |j — c.t| < ¥t with
a € (0,1). Here ¢ > 0 is the unique real number such that I', defined in (3.15) with p = ¢, intersects
the line —n + iR on the boundary of B((0) with n € (0,7.) and where 7. > 0 is defined as in the
proof of Lemma 3.8. Then, in each éajk(t) with k = 1,--- ,4, we decompose Iy, as I'y, = T'¢/, UT;

with
M= {-n+ig| —V@—P << —&and& << V@ -},
and
2
&= \/ & W = wl=m) >0

Study of éajl (t). First, we can bound é”jl (t) by

SAGIS
‘ { /FC/’Y

2
:/ eRe(V)t <C2+ Im(l/)|2> eRe(w(V))j|dl/‘ +/ eRe(u)t (772+ |Im(y)|2) eRe(w(V))j‘dI/|.
Leyy v I

eRe(lz)t|V|26Re(w(1/))j |dl/‘ + / eRe(u)t‘V|2€Re(w(V))j ‘dl/|
I
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Using similar computations as in the proof of Lemma 3.8, we find

2 | —cxt] |g—cxt]® c*t\
CQ Re(v)t ,Re(w(v))j < = |] C*t| e P < e Po
2 € e dv| S < ,
v Teyy ’Y \/E $3/2 +3/2

li—cxt]?

2 _
/ ()2 ReONRE0N | dy| < ™55 [ [Im(v))? ey < S
1—‘C/“r FC/W t3/2

<@m
Let us note that in the first estimate, we used the fact that for each integer m > 1 one can always
find some constant C,, > 0 such that x e~ Poz? < C’me_%%2 for any = > 0.
Finally, the remaining contribution in é"jl (t) along I'1 gives
_gglizest?

. < t
[0 P (o)) o=y e HEE g C T
I

Study of 632 (t). To handle the next error term é"]?(t), we will use the fact that

. . i | Re(w (v 1Al 113 4 4|0y
‘ew(u)J _650(1/)]‘ < C'j|1/|3€]( @@+ ] PRI )‘), v € B.(0),

together with our estimates (4.7) and (3.17) to get

1 ) . 4 tRe(v)+7( Re(w(v MV3+V4QV
[ et (- ) ] 5 ICI ) e (43 (R gL <>)|dy|
2mi
T¢/y AN

2 4
i [ (B ) e
1—‘C/'y ’7
(SRR g
~ ] (\[ + m R

1t T g (et 1
](\/E+t9/2 AN w7t )

] ‘j—c*t\Q

1 / ot <ew<u>j_e<p<u>j)d,, L
2mi 1—‘C/w

Next, we remark that

which then implies that

~ $3/2 ’

Similarly, the contribution along I'; gives a Gaussian estimate with an exponential in time decaying
factor leading to

li—ext|?
P e P

< je 2 Y Cx < —_—

~Y ~Y t3/2 )

1 / ety (ew@)j _ e@(V)j) v
27 ry

where we simply used that |v|* < €2 since I'; C B,(0) and that

ot dymtt < L
Je 2 _tte 2 Nt3/27

for ¢ large enough and [j — c,t| < 9t°.
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Study of é"j‘l(t). Before proceeding with é;g(t), we first treat éaj‘l(t) since the computations are

very close to the previous case. Indeed, for each v € I';,, we use that

)

ez/tV4Q(V)64p(y)j ‘ < C‘V|4€Re(y)t€Re(<p(1/))j

such that we deduce

1 : 4
/ eyty4Q(V)ego(V)jdl/ <’C’ + ’I ( )|4> tRe(v)+jRe(p(v |d1/|
T¢s

2ri

S/
Leyy

2 4
Leyy 7

_ U—C*t|2
@ + L €7§ x < 76 * !
N \[ $9/2 ~ $3/2 ’

The contribution along I'y is treated as usual.

n‘d

Study of c%s(t). Finally, for the last term é‘f(t), we use that

Ax 3 . 4Q A* M 3 ] 4Q
e (1 +j5y3+jy4Q(1/))’ < Cppfsd EIEewl g g
C

*

together with

Re(0) + 22 4 o) < - 4 Erewy - Zme?, e B.0)

to obtain that

1 D34 5y v A .
/ et [e] SviHviae) (1 +ig A L 10% ))] e?Midy
2mi Ue/y

6 tRe(v)+7( Re(p(v L1134 Qv
<j2/ (ICI + I )16>e ()+y( (P Bl ()'>de|
Lesqy ry

~

2 6
5] eﬂ/c*/ <|<| + ]Im( )‘6> efc*Im(u)Qt’dW
Lesy ’Y

R =
N-] 7+751T/2 e 7 ok,

Finally, we note that
2l (Y (et L
Vi t 21/t t3/2°

. 2
o [j—cxt]
e Po——

‘< -

such that we eventually get
3
55
by, once again, noticing that the contribution along I'; can be subsumed into the one obtained

along T'¢ /. O
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Figure 4: Illustration of the geometry of the contour 'y, = TqUT, UT; C B.(0) used in the computation of
the integrals %-k (t) for k=1,2,3.

Next, we move on with the analysis of the leading order terms. We define

11 ,
ﬂjl(t) = —— ete?Widy,
Cy 271 Ty
2cosh(Ay) 1 ,
jj?(t) = _cosa()'/ e"tre?Wiqy,
Cy 2mi Tin
Al 1 »
3(p) . % ti3er)
FIP(t) = & 2 e’ jurre?du.

In order to evaluate the above three integrals, we introduce some new contours
Ly := {z—iv@—nz | —n§z§<}7 Ly = {z+i €2 —n? | —nﬁzgg}
vy Y
and

Fi:={§+i§llélsm},

COS%)‘*). We choose t large enough such that

*

with this time ( = j}i*t and v = %

N3

SQS
Y

N3

v
2tl—«a

write Iy, =Ty U, UT; C B(0) and we refer to Figure 4 for an illustration.

which is always possible since || < and t is taken large enough. In the following, we will

Lemma 4.3. For any ¢ > 0 and « € (0,1), there is some Ty > 1 such that for each j € Z with
|7 — cut| < 9tY and t > Ty one can decompose fjl (t) as

3
1 1 ) — Cil ) — Cit ) — Cit
fjl(t) = + S O L IR N gl L=&"
2t cosh(A,) — 2tcs 2 cosh(\s)t 2 cosh(\s)t 2 cosh(\,)t

+ % (1),
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with

t

’5?7}(0‘ < tgc;QeXp (—5(j_c*t)2> :

for some uniform constants C > 0 and 8 > 0.

Proof. We first compute

. 2 2__ 2
11 [ gy = L Lo (LU= / T Eey
Cy 271 T Cy 2T dtcyy e

)
e 7 dz.

1 (j — cxt)? /V e
DN T Ate,y JERE

Since |7 — cit] < 9t%, we have that
1 1 1j—ct —ct)’
= 1--1"% 10 (‘7 ‘ > :
Vityes t cosh(\,) 2 te t

(j—cxt)? (j—cxt)? P 3 (j—cxt)?
e_ J4tc*'y _ ei 4tjcosh()\*) —_ Meiéltjcosh(/\*)

412 cosh( Ay ) e

together with

.7(;* 2
< 16_@@ : t)
~ t b

for some 5 > 0 and ¢ large enough. Next we remark that

/6277]2 [ty +00
/eZde—/ - eZde—2/ e*Z2dz,
R _ /62,772 /g /62,772 /g

for which we can use estimate of the complementary error function erfe(x) := 2 f;oo e~*"dz which

satisfies for z > 1
)
e xT

erfe(z) <

T

As consequence, for t large enough such that /€2 — 7?2 2—7 > 1, one has

/e_Zde—/ \/je_z2dz Sie_’gt,
R —VER T Vit

for some 5 > 0.

Using the above computations, we see that

11 , 1 _ G—cst)? 1 _U-est)? [TO0 2
I el/teﬂo(l/)] dy = ——e¢ dtexy  — e Atcsy —z dZ,
ry;

e
Cy 271 VAartye, T/ tyCs /52—772\/?5
::‘%31 (t)
with ) )
1 7,8 (j—cxt)
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Next, we also see that if we define

j—caxt)? y ;o 3 i—cxt)?
%2(25) = ;6_ (]4tc*fy) — ; 1 _ lj C*t (] C*t) 67455‘7(:05}]5))‘*)
J VAaTtye, 4rt cosh(\y) 2 te 4t2 cosh () e ’

then for ¢ large enough we have that

1 (G—cxt)?
2 —pli=ext)
EAAOIES B¢ e
and
11 . , 1 17— cut (5 — cut)? _ Ges)®
- = vteeWiqy = — — (1 - = Ztcosh ) L (1)L P2 ().
¢y 2mi Jp, € v 4rt cosh(\,) < 2 tes + 4t2 cosh () s € + ]( )+ ]( )

Finally, we rewrite the above leading order terms as

i(t) == ;ex — (j = est)® = 1 _Joat
Filt) = \/‘m p( 4tCOSh(/\*)> a \/mg< 2cosh()\*)t> ’

1 1 G Cyt _ limex)? 1 (j — cut)? (i—cxt)?
Bi(t) =

ei4tcosh()\*) + 674t cosh(Ax)

2 /Ant cosh(A,) lex /At cosh()\, ) 4t2 cosh( ).

3
B 1 B J—cit n 7 —cit G J — st
2tey 2 cosh(\)t 2 cosh(\,)t 2cosh(\ )t )

such that we have the decomposition

11 ,
104\ — o, , 1 2 L vt ()]
It = o;(t) + By(t) + B (t) + Z3(t) + =l A dv.

To conclude the study of fjl(t), it remains to evaluate the integrals on I'y,. We only treat the
case I'y since the other integral can be handled similarly. We need to bound

L[ tgeig, — L %et(zfi\/m)e@(z,i\/mﬁdz

27Ti Fd 27Ti _

and upon setting &, := \/€2 — n? we have

| "
Hz =) + ¢ (2 — &) j = i (—t+ j) _ jeoshd)

*

n

t h( .
62-1— — (—2(2’ + 722) — 2ij§€LS :g/\ )z.
c

c3 Cx >

As a consequence,

Finally, we note that

2 2 2
3
—£?+<n+§> :—€2+772+<?7+§) §—62+n2+<n> <0,



since for fixed € > 0, we can always choose 17 > 0 small enough such that the above strict inequality

holds. Thus we get
. 2
1/ e’te?Midy L -pu=d .
27 Ty

<
~ t3/2€

We now turn our attention to {ﬂjQ(t).

Lemma 4.4. For any ¢ > 0 and « € (0,1), there is some Ty > 1 such that for each j € Z with
|7 — cut| < 9tY and t > Ty one can decompose jj?(t) as

1 J—est J—cat %
2y L R2(t
i (®) tes ( 2cosh()\*)t> g ( QCOSh()‘*)t> w0

— C . 5 2
"%sz(t)‘ < meXP (—5m> )

with

for some uniform constants C > 0 and 5 > 0.

Proof. We first compute

A . 9 /212
1L [ tyeewig, = L L oo <_ (U —ed) ) / (C 4 ig) e etlde
_ v

Cy 271 I Cy 2T dtc,y o

.2
e % dz

1 £ exp | — (j — cut)? /m\/?
2m\/tycy 7y dtcyy _ /62,,72\/5

¢ ¢

= 2 ((0) + Z(0) + 2 (F}(0) + B(0)

For t large enough, it is enough to remark that

¢ 7 — cyt J—cit
2,2 (1 ,
v ¢ 2t cosh(\) +0 tes

such that

11 . . Cx J—cit 7 —cit 3
—— | etwefWidy = | —F—— ) +Z;1),
¢y 2mi J, 2t cosh(\,) ( 2cosh()\*)t> ( 2c0sh()\*)t> 50

where ¢ ) . ¢ ¢
3y — (S _ T TG ) S S (! 2
R (t) : <7 Cogz Cosh(/\*)> () + WQ@J(t) + - (%; (t) + %5(t))
with ) )
_pli—cxt)
EIO| S e

Similarly to the previous case, the integrals on I'g,, produce terms which can be subsumed into the

above Gaussian estimate. O
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Finally, we study the last integral Jf’ (t).

Lemma 4.5. For any ¢ > 0 and « € (0,1), there is some Ty > 1 such that for each j € Z with
|7 — cut| < 9tY and t > Ty one can decompose ,ﬂj?’(t) as

3
A, J —cit 7 — it J—cit —~
It)y=— T | B |+ | =—— G| ——— | +Z3(0),
i (1) 4tc, cosh(Ny)? ( QCosh(/\*)t> < 2cosh()\*)t> ( QCosh()\*)t> i)

Vi C*t)2> 7

‘«f@?’(t)‘ < tgzexp (—6 ;

for some uniform constants C > 0 and 3 > 0.

Proof. As usual, the main contribution will come from the integration along I'; and we have

1 ' . . *t2 €22 3 L
L etjuretiay - Lexp (U _C0S Srig) e ag
i Jr 27 Atcyy ez \Y

_J e N A O P O O |
=5 &P |~ + 31 E—32&"—i€ | e e~ dE
* Y —\/52—772 y Y Y
_ T (L)’ /Wz‘”z ) sle| it
27 Ate,y Ve |\ ol '
This time, for t large enough, we have

(¢ 3 j— et j — eyt 3 J — it
—_ = Cx 1 * 1 ?
J ('y A cst “o cosh(Ay) +0O tes

which gives that

i

j C 3 (] _ C*t)2 e2—n? g o j— cyt 3 J — eyt
(3) o (%) [ et % iy 6 (L
2r \y dte.y e 4t cosh(A«) 2 cosh( )t 2 cosh(\ )t

4
+ <@j (t)v
with ) )
4 _ pi—cxt)

Regarding the last term, we note first that

/52_772 i = — s /62_7Wg 2 2
NG (m)?’/? VIR [

Cx

A R 1 TR
- — € 17 — * -
(tg)?’/Q Cx 2(751)3/2 —VER T

Cx Cx
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As a consequence, we have that

Cj e (VEP NG Goen? VIR,
—32 2 e dtexy / 526 C*E dé = 7326 dtexy / e “dz -i-%;(t),
R Ve e (2) R E
Cx
with )
5 ﬁ(] C*t>

Finally, we remark that

¢ 1 cd j—c*t( (j—c*t>>
= = 1+0 ;
J’y (tl)3/2 2t cosh(\,)%/2  \/t tey
for t large enough such that we readily obtain that

C ] (G—cxt)” c*t)2 V €2~ \/ zz .2 305 ] - C*t J - C*t
—32—— C e 4texy dz = * g

Y 4n (tl)B/Z —\/e—n2, /Z—z 4t cosh(\ )% /2 cosh(\ /2 cosh(\,)t
Cx

6

with ) )
6 7IB(J'—C*75>

Similarly to the previous case, the integrals on I'y,, produce terms which can be subsumed into the

above Gaussian estimate. O

Conclusion. We can now put together the results that we have obtained. In a first step, we

managed to decompose ¥;(t) as
1
Gi(t) = I} (t) + I7 () + I () + & () + EF(t) + E (1) + & () + e / e"'Gj(v)dv,
Tout

and proved that

i ent)?
]. B(J tt>

&1 (O] + 6D + 20| + |6} )] + S aEe

1 t
"'Gj(v)d
i ¢ G

Next, we see that if we set

1 J— eyt 1 A, ) J— eyt J— eyt
H(t) = -3 ———
i®) \/2t cosh(\ g <\/2 cosh( )t ) <2t6* * 4tc, cosh(N)? ( 2cosh()\*)t> g < 2COSh()\*)t>

3
1 A, J— it J— st
Sy gL,
<2t0* dtc, COSh()\)2> ( QCOSh()\*)t> ( 2COSh()\*)t>

then using Lemma 4.3, Lemma 4.4 and Lemma 4.5

THE) + THE) + TH(E) = A5() + BME) + H2(E) + H(8),

J
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with . )
— — i -8 (F—cxt)
‘%’}(t)‘ + ‘%}(t)‘ + ’%?(t)‘ S 3t T
As a consequence, we have that
~ ~ ~ 1
Rj(t) = G(t) = H5(t) = B} (4)+R2 () + 73 (1) + &} (1) +EF (1) +E (1) + & (1) + 5= / e"'G(v)dv
Fout

27

satisfies c G 2
] — it

7,0 < g e (-89,

for some uniform constants C' > 0 and § > 0. Finally, we see that Z(t) can be factored into the

following condensed formula

1 1 | — Cyt ) — Cyt )
A= | P [ L | g L= ), t>0, jez
2t cosh(\,) ¢ 2 cosh(\,)t 2 cosh(\,)t

where the polynomial function P is given in (4.1). Indeed, with the expression of A, in (4.6), we

readily see that
1 A, Cy

2¢, * 4cy cosh (A )2 Y cosh(\,)2’
This concludes the proof of Proposition 4.1.

4.2 Sharp asymptotics from odd compactly supported initial conditions

Now, recalling our notation for the linear operator .Z given by
(Lr)j =™ (rjor = 20 + i) = eu(rjn —15), JEL,
we let w;(t) be the solution of the linear Cauchy problem

wj(t) — (Lw(t))

J =0, t>0,j€7Z, (4.8)

J

with a nontrivial, odd and compactly supported initial condition w? for j € Z in the sense that

for some positive J,, > 1. Then, w;(t) can be written in the form

Jw

wi(t) =Y (G-e(t) = Do) wy, t>0, jeEZ
=1

In particular, there exists jo > 1 such that w;(t) > 0 for all t > 0 and j — c.t > jo.

Now, from Proposition 4.1, for ¢t > Ty and each |j — c,t| < 9t* with ¥ > 0 and « € (0,1), we have

that the temporal Green’s function ¥;1(t) can be decomposed as

1 1 JEl—ct JEl—cyt
Gipp(t) = | —————— + P | T | | G | S | + Zje(D),
(1) 2cosh(A\ )t t < QCOSh()\*)t>] ( ZCosh()\*)t> je(t)
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with

C (£ € — cut)?
|Zj+0(t)] < Y] exp( 5# .

Therefore
J ‘ .
J—4L—cyt J4+ L€ —ct 0
wjt) = 2t cosh(Ay) ;::1 (g < 2 cosh(\,)t > g ( 2COSh()\*)t>> e
J—4L—cyt j—L—cyt JH+ € —ct J+L€—ct 0
S I L N R N
T Z < < 2 cosh(\,)t >g< 2cosh(/\*)t> ( 2cosh()\*)t> g( 2cosh(/\*)t>> e

J
+ > (Bje(t) = Bye(t)) wy.-

(=1

By Proposition 4.1, we have the bound

; 1 (J — et
21 j—e(t) = Zje(t)) vp| < Sy eXP< Bo~——— ) sz

for some By > 0. Next we remark that for |j — c.t| < 9t* and as t — +o0
G == cat)? G+ 0= cat)?
exp| —~——F—"" | —exp | —~>—"-—T"
P 4t cosh(\y) P 4t cosh(Ay)

. 2 2 j—Cx j —Cx
= exp _w le(cjosh(;i) _ 6_ Qf(cjosh(kti)
4t cosh(\,)

o (Lt [ o ()]

As a consequence for |j — c.t| < 9t%, we get

J . .
Z — Cyt g J+L—ct w0
V2t cosh(As) 7 2 cosh()\ )t 2 cosh(\,)t ¢

j— C*t (] — c*
lw
\/Wtcosh exp ( Ticosh() ) (Z )
ast — +o0o. Now, restricting ourselves to the diffusive regime a € (0,1/2], we get that the remaining

contributions coming from the difference of the terms in P < Jtl—cst ) g ( jhl—cst ) are of

V2 cosh(As)t v/ 2cosh(As)t

higher order. Indeed, in that case, we get
J . . . .
— 4 —ct — 4 —cyt L —cit l— eyt
= 2 cosh(\,)t 2 cosh()\ )t 2 cosh(\,)t 2 cosh( )t
—C J—ot exp (J — Cut) Zéw
T3/2 4t cosh(\ ¢

as t — 400 for some universal constant C, > 0. In summary, we have proved the following lemma.
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Lemma 4.6. The solution (w;(t))jez of the linear Cauchy problem (4.8) starting from an odd,
nontrivial and compactly supported sequence (w?)jez € (°(Z) satisfies, for |j — cit| < 9t with
a € (0,1/2] and any ¥ > 0, the asymptotic expansion

wj(t)wcosh( )3/2 \/E t3/2 (ZM) as t — +oo0. (4.9)

5 Logarithmic delay of the position for the level sets

The aim of this section is to prove Theorem 1 which shows the logarithmic delay on the expansion

of the level sets of the solution. To start with, we set
vi(t) == MU=y (1), t>0, jez,

such that the sequence (vj(t))jez is now solution to the following modified lattice Fisher-KPP

equation

e (i1 (t) = 205 (1) + vj11 (1) = exlvigr(t) — vj(1) — Ryt v5(t)), t>0, j€Z,

v;(0) v? )‘*ju], j €.

—_—
S.
—~
~
S—
(I

(5.1)

Here, the nonlinear term R;(t; s) is defined as
Rj(t;s) i= f'(0)s — MUV fem A Umets), (5.2)

for (t,j) € R x Z. Next, we remark that R;(t;s) > 0 for all s € R and (¢,j) € R x Z. This
directly comes from our standing assumptions that 0 < f(u) < f/(0)u for v € (0,1) and the fact
that we extended linearly f for u € (—o00,0) U (1,+00). As a consequence, we readily notice that
R;(t;v;(t)) > 0 for (t,5) € (0,+00) x Z, since 0 < e U=y (t) = ui(t) < 1 in (0,+00) X Z.
Finally, throughout the section, for = € R the integer part of x will be denoted as |z]| € Z.

5.1 Upper and lower bounds for v;(t)

In this section, we provide upper and lower barriers for the function v;(t) for ¢ sufficiently large
and j € Z ahead of the position j — ¢t ~ 0.

5.1.1 An upper barrier for v;(t)

We start with the construction of a supersolution to (5.1) for all ¢ large enough and j € Z ahead of
j—c«t ~ 0 by following the strategy we developed in Section 2. More precisely, consider § € (0,1/3),
that will be as small as needed. We will estimate v;(t) ahead of j—c.t ~ —19. To do so, we construct

a supersolution for (5.1) as follows:

- 1 | — Cxt
v;(t) == E(t)w;(t) + T t)%_ﬁ cos <(‘71 +i)a> ﬂ{jeZ | 0 <jmcnt<IT (1412} (5.3)
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for ¢ large enough and j € Z with j — ¢,t > —t°, where the unknown £(t) € €' is assumed to be
positive and bounded in (0, +00), and E/(t) > 0 in (0,+00). The other parameters o € (1/3,1/2)
and § > 0 will be determined in the course of investigation. Let us now check that 7;(t) is a
supersolution of (5.1) for ¢ large enough and j € Z with j — ¢,t > —t°. For notational convenience,

we define the following sequence

1 J—cit .
i(t) .= cos , 1t>0, € 7.
pilt) (1+1t)28 ((1+t)0‘> ’

The key point of the forthcoming computations will be to verify that the action of the linear

operator .Z on the above cosine perturbation is well behaved within the range of interest.

First of all, Weilook at the region {j € Z | j — st > 2X(1 4+ ¢)*(> jo)} for all ¢ large enough, in

which v;(t) = {(t)w;(t). It is easily seen that v}(t) — (£Lo(t)); > 0 due to the assumption that

E/(t) > 0 for t > 0 and that w;(t) > 0 for all t > 0 and j € Z with j — ¢t > jo. It remains to

discuss the region {j € Z | —t° < j — ¢t < 35(1+1)*} for all large times. We divide it into three

zones:
Ri=1{jecz| —tégj—c*tgjo}, Ry = {jeZ|j0§j—c*t§%(1+t)°‘},

3
Re={iez|f0+ << Lo,

In region R;. There holds

—t'  _Jj-at _ o
I+t = (1+t)> = (1+8)>

Due to 0 < a and due to the asymptotics (4.9) of w;(t), we get that

1 1 1
pj(t) ~ ———— and - — Swji(t) S ———5 for t large enough.

(1+¢)27° (141)2 AEEEEO
Therefore the cosine perturbation will enable T;(t) to be positive in this region. To be specific, we

first require that 5 > § > 0, so that the cosine term plays a dominant role here, namely,

1
Uj(t) ~ ————5— >0  for ¢ large enough. (5.4)
(1+t)2~F

Moreover, a straightforward computation gives that, for ¢ large enough,

o » {0
EOus0) ~ (LEOwO), =T w0 2~
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and we also have

/ o . 6 g cos ] —Cyt 1 Cx o ] — Cyl sin j — Cylt
PO~ ) = e ({5 + TR ((1 Foe O +t>a+l> =0
de sin? 1/2 cos J— cl
i (1+1)2 7 ((1+t)a> ((1+t)“>

e +2 t)ﬁ s <<11+/i>a> o (W)
1

(1+1)3-Bt2a

~

Therefore, in order to ensure that v}(¢) — (£v(t)); > 0 for ¢ large enough in this region, it suffices
for £(t) to satisfy

—r 1

In region R;. There holds
70 J — Cyt <7
(14+t)> =~ (1+t)> — 4

We notice that w;(t) > 0 for all ¢ > 0 in this region, so does the cosine perturbation. Since £(t) is
assumed a priori to be positive in (0, +00), one has that the function ;(t) > 0 for all ¢ > 0 in this
region. Moreover,

- - -

(E@w; (1)) — (Z[EBw(®)]); = & Bw;(t) =0
for all £ > 0 in this region, due to our requirement that gl(t) > 01in (0, +00). By the same calculation

as in region Rp, we have the following asymptotics in Ro

pj(t) — (.,Sfp(t))j‘ ~ > (0 for t large enough.

(1+41)37 A+

Consequently, there holds v (t) — (Z(t)); > 0 for ¢ large enough in region Ry.

In region R3. There holds

J — Cyt 3T

< < —
S (40 T 2

il
4
Again, one has

EB)w; (1) = (LE@w®)]); = (B)wy(t) >0
for all ¢ > 0 in this region. Following an analogous procedure as in preceding cases, it is seen that

1

O~ (L0, ~

for ¢ large enough.
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One also observes from (4.9) that
1

w;(t) ~ m

for t large enough.

However, the cosine perturbation may be negative in this area. Therefore, to ensure that 7;(t) > 0

and v}(t) — (£0(t)); > 0 for ¢ large enough in this region, we require this time o > 3 and

—/
t 1

3l )3 > = for ¢ large enough. (5.6)
(1+1)27%  (141t)2"F+2

Conclusion. Gathering (5.5) and (5.6), we should impose as in the continuous case

— 1
<<§(t) <<W fOI‘t>0.

(1+t)3a=h

This is possible so long as § < «, which is exactly what we have assumed. Let us take
— 1 1

N~ — S

f ( ) (1 +t)3a—26 (1 _|_t)3a—25—1

which yields that 3a — 28 > 2a+d — (3, i.e., f < a — §. Due to our assumption that the function

£(t) is positive and bounded in (0, 4+00), it suffices to require 3a — 238 — 1 > 0. Hence, we can fix

d € (0,1/4) very small, then there exist o € (1/3,1/2) and 8 > 0 such that

and £(t)=1— for t > 0,

0<(5<6<min<a—5,3a2_1><a<;. (5.7)
As a consequence, one can choose Tj > 0 sufficiently large such that v}(t) — (£L7v(t)); > 0 for t > Tp
and j € Z with j — c.t > —t%, whence v(t) — (Lo(t); + R;(t;v;(t)) > 0 for t > T and j € Z
with j > et — 19, since R;(t;v;(t)) > 0 for t > Ty and j € Z with j — c,t > —t% by applying (5.2)
and ﬁj(t) > 0 for for t > Ty and j € Z with j > ¢t — t‘s, and such that c,Tp — Tg > J, where
we recall that u? = 0 for j > J. Hence, there holds 7,;(Tp) > 0 = e’\*ju? = v;(0) for j € Z with
j—ciTy > —Tg. For j = |c.t—19], we observe that v, (t—Ty) = eMU—eE=T0)qy; (t—Tp) < (e To—t)
since 0 < w;(t) < 1 for all t > 0 and j € Z, while 5;(t) ~ (14 ¢)73/2*8 for t > Ty by (5.4), up
to increasing Tp. Then, there is 77 > Ty sufficiently large such that (1 + t)_3/2+6 > M (eTo—t?)
for all ¢ > T, which will yield that T;(t) > v;(t — Tp) at j = |cst — t°] for all ¢ > Ty. On the
other hand, one can choose K > 0 large enough such that K (1 + t)*3/2+5 > e)‘*(C*TO*té), that is,
Kv;(t) > vj(t — Tp) at j = |est — %] for t € [Ty, T1). Therefore, there holds Ko;(t) > v;(t — Tp)
for all t > Tp and j € Z with j = |c.t —t°]. We then conclude that Kv;(t) is a supersolution of
(5.1) for all t > Ty and j € Z with j > |c.t —t°]. Tt follows from the strong maximum principle
that Kv;(t) > v;(t — Tp) for all t > Tp and j € Z with j — cit > —¢°.

Lemma 5.1. Let 6 € (0,1/4), a € (1/3,1/2) and B > 0 be fized such that (5.7) holds. Then, there
exists K > 0 such that the solution (vj(t));jcz of (5.1) satisfies

Uj(t - T()) < K@j(t),

for all t > Ty and j € Z with j — cut > —t° where the supersolution (U;(t));ez is given in (5.3).
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5.1.2 Lower barrier for v;(t)

In the special case that f is linear in a small neighborhood of 0, namely, f(s) = f/(0)s for s € [0, s¢),
with sp € (0,1) small, we would be able to control v;(t) by some multiple of w;(t) from below.
Nevertheless, the nonlinear term f is not linear in the vicinity of 0 in general, for which we still
hope to manage controlling v;(t) by w;(t). Accordingly, we need to do it in an area where the
nonlinear term is negligible. Let §, 8 and « be fixed as in (5.7). The idea is to estimate v;(t) ahead

of j —cyt ~ . To do so, let construct a lower barrier as follows:

1 J—cit
(1) = E(t)wa(t) — 1. 4 i als 5.8

Qj( ) é( )w]( ) (1 —|—7f)%_6 cos ((1 —I—t)a> {JEZ \ t5§]fc*t§37(l+t) } ( )
for t large enough and j € Z with (jo <)t® < j — ¢,t, where we assume that the unknown ) e ¢
is positive and bounded away from 0 in (0,+o00) and satisfies £'(t) < 0 in (0,+00), which will be

made clear in the sequel. Again, we define the sequence p(t) = (p;j(t));ecz as

1
p;lt) = (1+1)2F o (

J — it
(1+t)e

), t>0, jeZ.

Let now verify that v;(t) is a subsolution of (5.1) for ¢ large enough and j € Z with j — ¢t > 9.
We first note that, since f € €2([0, 1]), there exist M > 0 and sg € (0,1) such that f(s) — f'(0)s >
—Ms? for s € [0,50). Gathering this with the linear extension of f on (—o0,0), one deduces, for ¢
large enough and j € Z with j — c,t > 9,
Ryj(t; (1) =1'(0)s;(t) — MU0 fe Um0 (1))

M0 (f(0)e MU (1) — FleND55(1)))

<M 0me (5()? < Me " (s5(1))?,
as long as e~ sj(t) € (0,50) for t large enough and j € Z with j — c,t > 0, while R;(t;s;(t)) =0
when s; < 0. We shall require v;(t) to satisfy e~ £ vi(t) <soin{j€Z|j—cit > t9} for t large

enough, which is possible due to the asymptotics of w]( ) as well as our assumptions on {(¢) and

on the parameters.

As proceeded in the previous section, we start with the region {j € Z | j — et > 37”(1 +1t)“}. Here,
v;(t) = &(t)w;(t) > 0, and

V(t) = (L), + Ry(t:;(8) <)1) — (Lo)); + M (1))’
= &(Buy(t) + Me " €(t) (w; (1)
= (€0 + MM wy (1)) wy(@).

Taking into account the boundedness of w; from (3.19), we see that

e w(t) < C(1+1)72, (5.9)
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with some C > 0, for all t large enough and j € Z with j — ¢t > t°. It is then sufficient for £(t) to
solve

gt)y=-CMEM(L+t)~* fort>0. (5.10)
From (5.9) and (5.10), one has that v}(t) — (ZLv(t)); +R;(t;v;(t)) < 0 for ¢ large enough and j € Z
with j — et > 35 (1 + 1)~

Next, we divide the remaining region into two zones:

Ry = {jeZ\t‘ng—c*tg(l—i—t)ﬁ} and Ry := {jeZ|(1+t)5§j—c*t§327r(1+t)“}.

In region R;. Thanks to our choice of §, # and a, by requiring £(0) > 0 to be sufficiently small,

we derive the following estimate

et 1
< JTGE <0 for t large enough, (5.11)

YA+t 1+t P

Y (t)

which then implies R;(t;v;(t)) = 0. Since w;(t) > 0 for  large enough in R; and since £'(t) < 0 in
(0, +00), we have

(E(w;(t)) — (z[g(t)w(t)])j = ¢ (t)w;j(t) <0  for t large enough.

Moreover, it follows from a direct calculation that

p;(t) = (ZLp(t); ~

for ¢ large enough.

We eventually get, in region R,

1

Vj(t) = (Lu(t)); ~ & (t)w;(t) — Lrpiimm

<0  for t large enough.

In region Ry. If v,;(t) <0, that is, j — it ~ (1 + t)%, then R; (t;v;(t)) = 0 and the analysis in
the previous case shows that v}(t) — (Zu(t)); < 0 for ¢ large enough. Now, it is left to discuss the
situation that Qj(t) > 0 for t large enough in this area Rs. We note here that

1
0<w;(t) S ——5— fortlarge enough.

(1403

Axtd 1 1

It is obvious to see that e 5072 < Ry B

oAt (Qj 1)) <

for t large enough, which will imply

—L  for all ¢ large in this area, whence , for ¢ large enough in R,
(1+t)§75+2a
_ S
() — (Lu(t)); + Ri(t0;(t) < (1) — (Lou(t); + Me " (u;(t))?
g'(t) 1

> : <0
(1+80)2F (148202

~
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Conclusion. We require that {(¢) is the solution of the ODE (5.10) starting from a sufficiently
small initial datum £(0) = £ > 0. Then, {(?) is positive and uniformly bounded from above and
below in [0, +00) such that

0<1+§00]\4§§(t)§£0<+oo for t > 0.
20
There is tg > 0 large enough such that e Mt’ (1+t)13_2a < (1+t)%1—ﬁ+2a for ¢ > to and such that

e*)‘*tayj(t) < sp and e*’\*téwj(t) <C(1+t)2forallt>tyand j € Z with j — c,t > t9. Moreover,
it follows from above analysis that v (t) — (Lv(t)); + R;(t;v;(t)) < 0 for t >t and j € Z with
j—cst > 1%, Now let us prove that there is & > 0 small enough such that v;(tg+1) > Kkv;(to) for j € Z
with j — c.to > ). As a matter of fact, we notice that the sequence function z;(t) := e~/ Otw;(t),

j € Z, is the solution of

Zi(t) = (ZL2(t); + f(0)z(t) =0 t>0, jeZ, (5.12)

7

with compactly supported initial value z;(0) = w;(0), while v;(t) satisfies (5.12) with “=" replaced
by “>". Moreover, there exists 1 > 0 small enough such that v;(1) = e*U =)y, (1) > w1w;(0) =
#12;(0) in Z. The strong maximum principle immediately yields that v;(t+1) > ke~ (Ofw;(t) for
allt > 0and j € Z. In particular, we have v;(to+1) > r1e~/ Dtow;(ty) for j € Z with j—c.tg > tJ.
We can then choose k£ > 0 small enough such that me*f/(o)towj(to) > k€ wj(to) for j € Z with
§ — cto > t) and such that particularly rye=f w;(t) > & (éowj (to) + (1 + to)_3/2+5> forjeZ
with cto + Z(1 +t0)* < j < exto + 2F(1 4 to)®. This implies that vj(to + 1) > kv, (to) for j € Z
with j —cuto > 1. For j = |cit+1°| 4+ 1, we have, up to increasing ty if necessary, Kkv;(t) <0 for all
t >to by (5.11) and v;(t+1) > e)‘*t(suj(t—i— 1) > 0 for all ¢ > to, which implies that v;(t41) > rv;(t)
for all t > t. Therefore, v, (t) is a subsolution of (5.1) for ¢ > tg and j € Z with j > leat +10] 4 1.
The strong maximum principle yields that xv;(t) < v;(t+1) for t >ty and j € Z with j —c.t > 1.
Lemma 5.2. Let 6 € (0,1/4), a € (1/3,1/2) and B > 0 be fized such that (5.7) holds. Then, there
exists k > 0 such that the solution (v;(t));ecz of (5.1) satisfies

kuj(t) < vt + 1),

for all t >ty and j € 7 with j — c«t > t° where the subsolution (v,(t))jez is given in (5.8).

5.2 Proof of Theorem 1

Using the upper and lower barriers of v;, constructed in Lemma 5.1 and Lemma 5.2 respectively,
as key ingredients, we are now in position to prove Theorem 1 which gives a refined estimate, up to
O(1) precision, of the level sets for initially localized solutions wu;(t) to (1.1) for large times. Before
proceeding with the proof of of Theorem 1, we normalize the minimal traveling front profile U,,,
solution of (1.10), according to its asymptotic behavior at +00. More precisely, using the result of
[8], we normalize U, so as to satisfy asymptotically
Ue,(x)

Te AT z—too

1. (5.13)
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Proof of Theorem 1. The proof is based on the comparison between v;(t) and a variant of the
shifted minimal traveling front with logarithmic correction for all large times in the moving zone
|7 — cxt| < t7 for some small . We will show, respectively, the upper and lower bounds for the level
sets of u;(t) for large times. Let 6, 8 and a be chosen as in (5.7), which also implies that 5 < 1/4.
Fix now

n=pF+¢e<a (5.14)

for some € > 0 small enough.

Step 1: Upper bound. Let K7;(t) be the supersolution of (5.1), given in Lemma 5.1, for ¢
large enough and j € Z with j — ¢,t > —t°. This implies that there exists some constant C' > 0
such that

vi(t —Ty) < Ko;(t) < CL—=

W fOI' Lc*t —+ th S _] S Lc*t —+ th —+ 17

and for ¢ large enough. Define now the sequence 1;(t) by

e . 3
(0= U0 (§ et gt o),

where b € R is fixed such that ;(t) > Kv;(t + To + 1) for ¢ large enough and [c.t +t7] < j <
|est +t7] + 1. This is always possible thanks to our normalization for the minimal traveling front
Ue, in (5.13) which ensures that

j—c*t+ilnt—|—b .
Pi(t) ~ t;;;* for [ext +t7] < j < et + 7] +1,

and for ¢ large enough. Substituting ;(¢) into the equation of v;(t) leads to
Wi(t) — et (%71(15) — 295(t) + %H(t)) + e (Y41 () — 95(8) + R;i(8545(1))
1
; —(1-n)
2/\t C*<J YW h”““b) 5/2n<0< )

for ¢ large enough and j € Z with |c,t — 7] < j < |t +17] + 1. Now, set s;(t) := (vj(t) — ;)"
being the positive part of v;(t) —1;(t). Then, s;(t) satisfies

(1) — (ZLs(1); + Qi(t; s5(1)) < O (t_(l_")> et =17 <G < et + 7]+ 1,
5i(t) =0 (e”‘*tn> , Jj=lest —t"], (5.15)
s;(t) =0, Jj=lest +17] + 1,

for ¢ large enough. Here, Q;(¢;s;(t)) = 0 if s;(¢t) = 0, and otherwise,

Qj(t;55(t)) = Rj(t; v (1)) — Ryj(t; 4y (t)
= [1(0)s;(t) — MUt

< )
Fle U Nu(1)) — fe™ 070 y5(1)))
= 1(0)5;(t) = by (1)s;(t) = 0,
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in which b; is a continuous function, and all b;’s are bounded in £ norm by f’(0) since 0 < f(s) <

f'(0)s for s € (0,1). We claim that, there holds

lim sup si(t) = 0. 5.16
E=100 e, |j—cat|<tn i) (5:16)

We use a comparison argument to verify this. Define

where A > 0 is to be chosen later and v > % close to % is such that 2y +n < 1, which is possible
so long as € > 0 is chosen sufficiently small in (5.14) such that n ~ 5 < 1/4 due to (5.7). It follows
that 5;(t) ~ t= for t large enough and j € Z with lest — 7] < 5 < |est +t") + 1. It also follows
from a direct computation that, for ¢ large enough and j € Z with |c it — 7] < j < |ext + 17| + 1,

_ _ _ _ _ _ 1

(0) — & (571() — 25;(0) + G541(0)) + cx(551() — 5(0) ~ ey
We also note that Q;(¢;5;(t)) is nonnegative. Therefore, 5;(t) (up to multiplying by a large con-
stant) is a supersolution of (5.15) for ¢ large enough and j € Z with |c.t —t"] < j < |est +t7| + 1

so long as
1 1

2~
that is, 2y + A < 1 —n, which implies 0 < A < 1 — 2y — 7. Our claim (5.16) is then reached by
noticing that
lim sup 5,(t) = 0.
t—H_OOjEZ, |j—C*t|§tn J
Eventually, one get v;(t) < ;(t) uniformly in j € Z with |j — c.t| < " for ¢ large enough. This
implies
3
2)\*

u;(t) < U, (j — it + Int + b> , (5.17)

uniformly in j € Z with |j — c,t| < ¢ for t large enough.
Step 2: Lower bound. The proof of this part is similar to Step 1. We sketch it for the sake

of completeness. Assume that xv;(t) is the subsolution of (5.1), given in Lemma 5.2, for ¢ large

enough and j € Z with j — ¢t > t°. Define the sequence ©;(t) by

@;(t) = MUy, (j — et + 2§\ Int + a) .

Here, we fix a € R such that ¢;(t) < wv;(t) for t large enough and |c.t +17] < j < [cxt +17] +1. It
is also noticed that necessarily a > b. Indeed, from the relation o;(t) < kv, (t) < vj(t+1) < Kv;(t+
To+1) < () for t large enough, say for all t > To+1o, and j € Z with [c,t+17] < j < [t +t7|+1

implies that
3

2

3
2

Ue, (j—C*t—i— 1nt+a> < U, <j—C*t+ h’lt-i—b) .

o1



Substituting ¢;(t) into the equation of v;(t) yields

G (0) = (L(t)); + Rt 05(0)) ~ < 0 (07)

for t large enough and j € Z with |c it —t7] < j < et + 7| + 1.

Set z;(t) := (v;(t) — ¢;(t))”, being the negative part of v;(t) — ¢;(t). Then, z;(t) satisfies
(1) = (L)), + Hy(t: (1) < O (t_(l_")> , et =) <G < et + 7] + 1,
5t =0 ("), j=let—11],
zi(t) =0, Jj=lest +17] +1,

for t large enough. Here, H;(t;2;(t)) = 0 when z;(t) = 0; otherwise,

Hj(t: 25(1)) = Ry (15 05(8)) = Ryt (1)
= F/(0)(t) = MU0 (f

)
( A (G—cxt) ](t))—f(e_)‘*(j_c*t)goj(t)))
— F0)25(t) — dy(8)z4(8) > 0,

in which d; is a continuous function, and all d;’s are bounded in ¢*° norm by f’(0) since 0 < f(s) <
1'(0)s for s € (0,1). Following the proof of (5.16) in Step 1, one can show that, there holds

lim sup zj(t) =0
j .
=40 je7. |[j—cxt|<tn

It then follows that v;(t) > ¢;(t) uniformly in j € Z with |j — c,t| < ¢ for ¢ large enough, whence

()>U< — il 21 ) (5.18)

uniformly in j € Z with |j — ext| < " for ¢ large enough.

Step 3: Conclusion. Combining (5.17) and (5.18), one gets

U, (j—c*t+ 3 lnt+a)§u]()<Uc*< c*t—l—zi lnt+b)

2

uniformly in j € Z with |j — c.t| < ¢7 for ¢ large enough. We eventually conclude that, for every
€ (0,1), there exist tg > 0 and C' € R such that

3
: €7 | et — <j<et——1 for all t > t,.
]m(t)C{je | cut TN C<j<eit 7N nt—l—C} or all t > tg

The proof of Theorem 1 is thereby complete. O
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6 Convergence to the logarithmically shifted critical pulled front

This section is devoted to the proof of Theorem 2. As an immediate conclusion from Theorem 1,
we know that the transition zone of u;(t) between the two equilibria 0 and 1 is located around the
position ¢t — % Int for ¢ large enough. Also, it is crucial to note that the proof of Theorem 1
shows in particular that u;(t) is indeed sandwiched between two finitely shifted minimal traveling
fronts with logarithmic delay at large times in a well chosen moving zone. Therefore, the Liouville
type result, Proposition 3.3 of [21], can be directly applied and we then follow the strategy proposed

in the continuous case [22] to accomplish our proof.

Proof of Theorem 2. Let C' > 0 be such that —C < b < a < C. Assume by contradiction that
(1.11) is not true, then there exist € > 0 and a sequence (t,)nen such that t, — +o00 as n — +00
and

3
min sup |u;(t —U*<j—c*t + —Int +§>‘25
ICI<C jez, >0 3(tn) ‘ "2 "

for all n € N. Since U.,(—o0) = 1 and U, (+00) = 0, together with properties (1.8) and (1.9),
there exists L > 0 such that

3
i i (tn) — Ue (7 > ith 4, = |cst, — — Int 6.1
min o  fuje, () < Ue (G +Q)| 2 ¢ with { . %nnJ (6.1)

for all n € N. Up to extraction of a subsequence, the functions (uy,);(t) = wj4j, (t + tn) with
G = Lc*tn - % In th converge, in CL _(R) for each j € Z, to a solution (us);(t) of

(t100)(£) = (t0)j-1(8) = 2(uo)j(£) + (uoo)j+1(t) + f((uo0);(t)) for (¢,5) € R X Z,

such that 0 < (uo);(t) <1 in R x Z. Furthermore, (1.8) and (1.9) imply that

i o Jih (el =1 I, b (s 1) =0 02
JSext—y JZextty

On the other hand, for each fixed t € R and j € Z, the sequence j + j, = j + [C*tn — % In th
satisfies |j + jn — c«(t +t5)| < (t+1t5)" for n large enough with 7 chosen in (5.14), whence it follows
from (5.17) and (5.18) that

3
2

3
2

U., (j — it + ln(t—i—tn)/tn—i—a) < (un);(t) < U, (j — it + ln(t—i—tn)/tn—i-b)
for n large enough. Therefore,
Ue,(J — est +a) < (uoo)j(t) S Ue.(j —eut +b) for (t,7) € R X Z.

Applying the Liouville-type result [21, Proposition 3.3] by taking any positive interger N as the
period, one then gets the existence of z € R such that b < z < a and

(Uso)j(t) =Ue, (j —ext +2)  for (t,5) € R x Z.
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Since u, converges, up to extraction of a subsequence, to us locally uniformly in R x Z, it follows
in particular that (uy);(0) — U, (j + 2) — 0 uniformly in j € Z with |j| < L, that is,

. . . 3
jeér,l?j)rSL ‘uj+jn (tn) - U, (] + Z)| — 0 with j, = \‘C*tn - 27)\* In th .
Notice that z € [b,a] C [-C, C], one then gets a contradiction with (6.1). This completes the proof
of (1.11).

Fix now any m € (0,1) and let (¢, )nen and (jn)nen be the sequences of positive real numbers and
of positive integers, respectively, such that ¢, — +o0o0 as n — +oo and u;, (t,) = m for all n € N.
Set

3
=jn — *n_il nio
& = In {ct . ntJ

Theorem 1 implies that the sequence (&,)nen is bounded and then, up to extraction of a subse-

quence, &, — & € Z as n — +o00. From the argument of (1.11), the functions

. 3
(Un)j(t) = wjyj, (t +tn) with j, =&, + {c*tn ~ In th

converge, up to another subsequence, locally uniformly in ¢ for all j € Z, to (vs);(t) = Ue, (j — st +
&0 + 20) for some 29 € [-C, C]. Since (vy,);j=0(0) = u;, (t,) = m, one then has & + 20 = Uz ' (m).
Therefore, the limit v, is uniquely determined and the whole sequence (vy,)nen then converges to

the traveling wave U, (j — ¢«t + Uz *(m)). The conclusion of Theorem 2 follows. O
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