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Abstract
We study the isolated singularities of functions satisfying

(E) (=A)Sv£[v[P~lo =0 in Q\{0}, v=0 in RNM\Q,

where 0 < s < 1, p > 1 and (2 is a bounded domain containing the origin. We use the Caffarelli-Silvestre

extension to Ry x RY. We emphasize the obtention of a priori estimates and analyse the set of self-similar

solutions via energy methods to characterize the singularities.
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1 Introduction

In the past forty years a large series of articles have been devoted to study of the singular
behaviour of solutions for the following two classes of semilinear equations

—Av+e? =0 in B;\ {0}, (1.1)

where p > 1, ¢ = £1 and v? = |v[P~1v. The first empirical studies of radial solutions to the Lane-
Emden equation (e = —1) are due to J. Lane and R. Emden when analyzing the structure of
polytropic objects submitted to their gravitational fields. A comprehensive presentation can be
found in Chandrasekhar’s book [11, pp 84-182]. The so-called Emden-Fowler equation (e = 1),
was treated in details by R. Fowler in the radial case. For some specific values of p (% and %) this
equation appeared in the study of the density of the electronic cloud in the Thomas-Fermi-Dirac
model of atoms (see e.g. [34]).

The study of non-radial solutions started in the heighties in connection with conformal

deformation of a Riemannian metric to a metric with constant scalar curvature (K = 1 or
K=—-1and p= %) The first important results concerning the Lane-Emden equation are

due to Lions [30] in the case 1 < p < % who proved that any positive solution of
—Av—ovP =0 in B;\ {0} (1.2)

satisfies
v(x) =kz|> N +0(1) asx—0 (1.3)
when N > 3, (with standard modification if N = 2) and the following holds
—Av — P = cykdy € D'(By).

In the case % <p< %, Gidas and Spruck [24] introduced new powerful methods and

proved that any positive solution of (1.2) satisfies
o(#) < epla| 7T for x € By \ {0},
As a consequence, a positive solution is either regular at £ = 0 or has the following behaviour
w(z) = ayplz] 7T (14 0(1)) asz— 0. (1.4)

When p = %, the energy method used in [24] failed because of the conformal invariance of the

equation. In [9] a new method of asymptotic symmetry allowed to treat this case showing that
the positive solutions behaved like the radial ones, which in turn were easy to describe because



of this invariance. Finally, when p = 5 the result of [24] was sharpened by Aviles [2] who
proved that either the positive solutions are smooth or they satisfy

_ N —2\N-2
lim |2 N 2(— In]a]) = v(@) = (=—=-)
z—0

The non-radial study of the Emden-Fowler equations started with the works of Brezis and
Lieb who obtained in [5] the universal a priori estimate (also called Keller-Osserman estimate),
valid for signed solutions of

—Av+vP =0 in B;\ {0}, (1.5)

and is expressed as follows:
lo(2)] < |2 7T for any x € Bi \ {0}.
2

With this estimate, Brezis and Véron proved in [6] that if p > = any solution is at least C? in
By. When 1 < p < =5 the precise description of singular solutlons was obtained by Véron who
proved that any posmve solution v is either smooth, either satisfies (1.3) or (1.4) (with a new
constant positive @y p), all these behaviours being effective. Furthermore when N +1 <p< N
the assumption of positivity could be removed, the sign of k not prescribed in (1 3) and (1. )
is replaced by there exists £ € R such that

lim |x|P Tw(z) =0 e{any, —anyp, 0} asz — 0.
z—0

In the case N = 2, the requirement p > % (i.e. g > 3) for signed solutions was removed

by Chen, Matano and Véron [14] who proved that for any solution v of (1.5) there exists a

2m-periodic solution of
9 \2
—Wwee — () w+wp =0
p—1

such that

2
li 1 = lim rr-1 = = .
lim |ac]P v(x) Lim v v(r,0) =w(@) asr=lz|—0

This panorama, of the classical Emden equations intended to show what could be expected

when the ordinary Laplacian is replaced by the fractional Laplacian in these equations. If

€ (0,1) and (—A)?® the fractional Laplacian in RY \ {0} is defined on functions u € C?(RV \
{0h) N L}LS (RY) with ps(x) = (1 + |2|)~N=2% by the expression

(=) u(w) = cx,s lim - >5Wdy for z € RV \ {0}, (1.6)

N+2s
where cy s = 222 FIE(I s)) The singularity problem for the fractional Emden equations in a

punctured domain €2 containing B is

(=A¥v+e?P =0 in Q\ {0}

1.7
v=0 1in QF, (.7



where € = +1 and Q¢ = RY \ . Some results concerning this equation in the case ¢ = —1 (the
fractional Lane-Emden equation) have already been obtained in particular in the case p = %%z’
see [10]. Therein it is proved that either the solution is smooth at 0, or there exists some constant

¢ > 1 such that

N—-2

2" <o) <clz| "z forallze By \ {0}.

—|x|”
Furthermore, there exists a radial solution © of (1.7) such that

v(z) =0(|z])(1+0(1)) as z — 0.

In the general case 2 < p < 2125, Yang and Zou obtained in [37] (also in [38]) the analogous

of Gidas and Spruck estimates, namely any positive solution of

(=A)¥v—vP =0 in Q\ {0}

1.8
v=0 1in Q°, (18
either is smooth or satisfies for some constant ¢ > 0
1, __2s _2s_
—lz| 1 <w(z) <clz| T forallx e B% \ {0}.
c
Concerning the fractional Emden-Fowler equation
(=Av+vP =0 in Q\ {0}
(1.9)

v=0 1in Q°
not so many results are known. The problem

(=AY v+vP=p in D'(Q)
v=0 1in QF,

where p is a positive bounded Radon measure in €2, is studied in [15] in a more general framework,
that is by replacing u? by a nondecreasing nonlinearity g(u). The particular case where p = kdy
and g(u) = uP is analyzed in [16]. In particular, the asymptotics of the solutions wuy (they are
unique) when k£ — oo are thoroughly studied in [16].

The aim of this article is to present a unified analysis of the isolated singularities for problem
(1.7). This analysis is based upon the Caffarelli-Silvestre lifting of the equation which associates

to it the following degenerate elliptic equation in ]RN = {{ cx € RN, 2z > 0}
div(z"#Vu) = 0 in RY*H! (1.10)
u(-,0) =wv in RY N@Rerl? .

with the property that

_A)S — _ T 1-2s = O s .
(—A)°v(x) ll_r}(l)z uy(x, z) := ysu(zx,0)



The study of (1.7) is replaced by
div(z"™Vu) =0 in Rf“
Opsu(-,0) + eu(-,0)P =0 in Q\ {0} (1.11)
u(-,0)=0  in RN\ Q,

and
v=u(-,0) in RV,

We prove that any positive solution of (1.10) admits a trace on R which is a nonnegative
Radon measure p satisfying that

/ du <+
—_— 0.
Ry (14 [a])V+2s

The first step for describing the behaviour of solutions of (1.11) near 0 is to obtain an a
priori estimate of u(x, z).

In the case ¢ = 1, we use a blow-up technique combined with the trace theorem to prove
that when p > 1+ %, any positive solution u(x, z) of (1.11) satisfies

u(z, z) < cp_p%sl for all (z,z2) € f’)g \ {0}, (1.12)

where p = /|22 + 22 and B} := {(z,z) € RY™ : p < a}. This estimate implies that any
positive solution of (1.9) verifies

v(z) < c|x]_% for all € B} \ {0}. (1.13)
2

Note that this estimate has no interest if p > N]XQS since the solution v is smooth.

In the case e = —1, we use the estimate (1.13) proved [37, Proposition 3.1] in the case 1 < p <
% combined with the expression of the Poisson kernel of the operator u + div(z!~2Vu) in
RY*! obtained by [8] to prove that positive solutions of (1.11) satisfy also (1.12). Furthermore,
when v is a radially symmetric decreasing solution of (1.8), we prove that (1.13) holds for any

p> 1.

The second step in our study is to consider the self-similar solutions of (1.11) in ]RJJ\I 1\ {0},
with Q = RY. In spherical coordinates in ]Rf *1 these solutions have the following expression

_ 2s

u(z,z) =u(p,0) =p p1w(o) forall (p,0) € Ry x SY,
and, up to a rotation and a good choice of spherical variables on SV, w satisfies
As [w] + As,pJ\]w — 0 in S]_,’\_/v

P (1.14)
8u; +elwPlw=0 in SN
v




Therein, Aj is a degenerate elliptic operator on the N-sphere SV, 3,8/3 the corresponding conormal
outward derivative on 8Sf =SN-1 and

$,p,N —

2 2
—8( i +23—N).
p—1\p—1

The sign of Ay v which is fundamental in the study of (1.14) depends on the value of p with

respect to }%51. The structure of the set & (resp. £1) of solutions (resp. positive solutions)

plays a key role in our study.

Theorem A Let s € (0,1), e=1andp > 1.

1- pr > ﬁ, then 61 = {0}

2-If1<p<1+2, then & = {0}.

3-If 1+ % <p< N]i[237 then & = {0,w1}, where wy is a positive solution of (1.14).

Besides the case p > % we can describe the set £ in another case.

Theorem B There exists p* = p*(s,N) € (17%25) such that if p* < p < %%’ then & =
{0,w1, —w1 }.

The exponent p* is explicitly given by (3.8) below and its algebraic expression is heavy.
However if N >3 or N =2 and % <s<1onehasp* <1+ QNS The set of positive self-similar
solutions of the Lane-Emden is characterized by the following statement.

Theorem C Let s € (0,1), e=—1 and p > 1.

1-Ifp< N]LS, then £, = {0}.

2-Ifp > %, then £, = {0,ws}, where wy is a positive solution of (1.14) depending only on
one variable.

We use the classical In p variable in order to transform (1.14) into an autonomous equation,
writing any u under the form

2s

u(r,z) =p »1w(t,o) with t =Inp. (1.15)

We introduce standard tools of the dynamical systems theory such as energy functional and
limit sets and prove the following general theorem.

Theorem D Assume s € (0,1), e = £1, p € (1,+00) \ {%fgi} Let u be a solution of (1.11)
satisfying (1.12), even with u replaced by |u| and w be defined by (1.15). Then the limit set at
—oo of the negative trajectory T_[w] := |J{w(t,-) : t < 0} of w is a nonempty, compact and

connected subset of EF in the CQS(@)—topology.

Thanks to this result and the properties of £, we can give the precise behaviour of positive
solutions of (1.7) near the origin. This happens when &, is disconnected, the limit set is reduced
to a single element usually w; (j=1,2) or 0. When this limit set is zero, the solutions have either
a weak singularity or regular, according to the value of e.



Theorem E Let s € (0,1), e =1 and 1 + % <p< % If w is a positive solution of (1.11)
satisfying
2s
lim pr-tu(z,z) =0, (1.16)

(z,2)—0
then there exists k > 0 such that

2’28

—— +0(1 0
(|x|2+22)%+8+ (1) as x—0,

u(z, z) = Oy sk

and v = u(-,0) satisfies
(—AYv+ 0P =k in D'(Q), (1.17)
where Cy s = iﬂN%_QsI‘(%).
Furthermore, if k =0, vg is identically zero and u is smooth.

Theorem F Let s € (0,1), e = —1 and p € (55, +00) \ {&E22}. If u is a positive solution of
(1.11) satisfying (1.16), then u is smooth in RY T,

Finally, we can give precise classification of nonnegative solutions to the fractional Emden-
Fowler equation.

Theorem G Let s € (0,1), p > 1 and vy be the solution of (1.17) for k > 0 vanishing in Q°.
1- Forp € (1, 1+ 2—]\?], the set of nonnegative solutions of (1.9) is the set of {vg}r>0.
2- Forp e (1 + %, ﬁ), the set of nonnegative solutions of (1.9) is the set of {vk}r>0U{voo},

where Voo = lim vy
k—400
3- For p > %, the set of nonnegative solutions to (1.9) is reduced to {0}.

The remainder of this paper is organized as follows. In Section 2, we provide preliminary
tools: Caffarelli-Silvestre extension, the related Poisson kernel and basic setting. In Section
3, we classify singular self-similar solutions of (1.7). Section 4 is devoted to obtain some piori
estimates the upper bounds of singular solutions (1.7) near the origin. Finally, we give the proof
of the classification of isolated singularities of (1.7).

2 The lifting

2.1 Caffarelli-Silvestre extension and its Poisson’s kernel

Caffarelli and Silvestre [8] introduced a general method of lifting from RY to RN x (0, +oc)
allowing to define the fractional Laplacian as the weighted trace of the normal derivative. Setting

Rerl = {fz (x,2):x eRYN 2> 0},
they proved that if v € C2(RY) N Lis (RV) and u € C’Q(Rfﬂ) satisfy

Dyu = div(z' 7% Vu) = 0 in Rf“

u(-,0) =wv in RY,



then

. s — 1 1-2s
(—A)*v(x) ;1_1>1(1)z uy(x, 2).

In the sequel we denote

13 1-2s
Opsu(z,0) := ll_r%z uy(z, 2).
Set
ps(x) = (14 |z))~ N2 for z € RY. (2.2)

The Poisson’s kernel for the operator u +— Dsu has been obtained in [8, (2.1)]

225
Ps(@,2) =Cys————x > 2.3
(Iaf? +22) 2+ 2
where Cy s = %WWF(%). Ifve LLS(RN), then
v(y)d
u(z, z) = Pslv](z, z) = CNVSZZS/ (y)dy o (2.4)
RY (jz — yf2 + )T
satisfies (2.1).
2.2 The trace theorem
The counter part of Caffarelli-Silvestre theorem is the following.
Theorem 2.1 Let s € (0,1) and u € L}OC(RfH) satisfies u > 0 and
Dyu=0 in RYT. (2.5)

Then u € COO(RfH) and u admits a boundary trace on 8Rf+1, which is a nonnegative Radon
measure 1 in the sense that for any ¢ € C°(RY),

lim [ u(e,z)((z)dr = | Cdu(a),
z—0 JrN RN

and p satisfies

/ @) (2.6)
RN (

|x’ + 1)N+23

Furthermore, if ||u(z, )|l 1 gyy = 0(2%%) when z — oo, then

du(y) N+1
w(x,z) =C 3225/ for all (z,z) € RY ™. 2.7
05) = O [ (¢,2) € RY (27)

Proof. The fact that u € C*°(RN*1) follows from the standard theory of elliptic operators.
Furthermore, the equation (2.5) not only holds in the sense of distributions but also in the strong
sense. The core of the proof is an adaptation of the Brezis-Lions wellknown note on isolated
singularities of linear elliptic equations [7].



Let R > 0, Ar, > 0 be first eigenvalue of —A in Bg € RY under the zero Dirichlet boundary
condition and ¢, be the related first eigenfunction. We set

X(z) = / u(x, 2)pp.(x)de.
Br
Then X satisfies the ODE
(21725 XY (2) = Aga2t ™%X (2) <0 for z € (0,00).
Integrating the equation on (z,T'), we obtain that

T
A75X(2) > TV 25 X(T) — Ay / 23X () dt = TV X (T) — Ap 1 F(2),

where we have denoted -
F(z) = / 2 X (t)dt.

z

The function F' is decreasing and

1 T
X(2) < X(T) - Z—S(T — T2 X'(T) + ARJ/ t2 LR (t)dt
% (2.8)
1 A
< X(T) — —(T = T 2522) X/(T) + 24T — 22)F(2).
2s 2s
Hence F'(z) = —2'72°X(z) and (2.8) becomes
1 A
_F/ < 172SX T = T 1-2s T1728 X/ T AR, 1 T28 1-2s F
() < 2B X(T) - (T2 DX+ FHEHAT G

=: A(z) + B(2)F(z)

for z € (0,00). Since A, B € L*(0,T) and F(T) = 0, we deduce by integration,

T

F(z) < sz B(t)dt/ eftT B(q-)dTA(t)dt_ (2'10)
z

Therefore F' is uniformly bounded on (0,7"), and from (2.8) the function X shares the same

property. This implies that u € L}, (RY x [0, 4+00)).

Next, let ¢ € C$°(RY) with support in Bg for some R. We set
Y(z) = / u(z, z)((x)dx and P(z2) = / u(zx, 2)Ay((z)de.
RN RN

Then
(21_25Y'(z)), + 217250 (2) = 0.

Consequently, we have that




Since . .
/ (2 — 29)0(8)[dt < | AC] e / / w(z, £)dadt < +oo,
z 0 JBgr

it follows that Y (z) admits a limit when z — 0, which defines a positive linear functional on
C§°(RY), hence a Radon measure denoted by p.
Let R >0 and € > 0. For k > 0 we set

QR rike = Brix x (,7T),
and we consider the problem

Dsw =0 in QQR_%’E
w=20 in OBryk X [€7T:|U§R+kx{T}
w(-e) =u(,e)xp, in Brx x{c}

The solution w = we gk is unique and satisfies

T
We Rk, T <u in QR,R—i—k,a'
The correspondence (R, k,T') — we g r is increasing and we have that

We g = lm wegpr <u in RN x (e, +00).

y, T —o00

When ¢ — 0, we (-, €) converges to x - Hence its limit wpy is expressed by the Poisson kernel
(2.3), then

n RY x (0, 4+00).

d
wnla, ) = Oy [ eI
RN (Jo —y|? +2%)2 "

As a consequence, letting R — 400, we get
d
u(0,1) > Cn.s / T
Br(|y|? +1)2"°

which implies (2.6).
Finally, since R — wp is increasing and wy, is upper bounded by wu, we obtain that wy admits
a limit w when R — +o00. The function w is a positive solution of (2.5) in Rf 1 which satisfies

w(x’ Z) —_ CN,szzs/ d“(y)

RN (|7 — y|2 + 22) 2 F*

<wu(z,z) for (x,z) € RY x (0,+00). (2.11)

Thus w is the minimal positive solution of (2.5) in Rf“ with trace p on G]Rf“. Set ¢ = u—w,
then ¢ is a nonnegative solution of (2.5) in ]Rf +1 with trace 0 on 8]1%1 *1. The even extension
of ¥ to whole RN*! defined by [8, Lemma 4.1] is a nonnegative solution of (2.5) in R¥+1. Tt
is therefore continuous and it satisfies Harnack inequality [26]. For proving uniqueness, we set

t= (i)zs and ¢ (x,t) = 1(x, z). Then ¢ satisfies (see[8, 1.8])

2s

t s_litt-i-ﬁx?f):o-

10



Since the operator —A, is accretive in L'(R"), the function ¢ ~ Hl;(,t)‘ is convex on

(0.00). T [[9,0) ) =0 and [d(1)]
for all t > 0. The condition Hiﬁ(, t)‘

LY(RN
B8]

= o(t) is equivalent to [|¢(-, 2)|| 1 gy = 0(2%%).

LYRN)

= o(t) when t — oo, then ‘

LY(RN)

L1(RN)
Therefore, the uniqueness and (2.11) implies (2.7), which ends the proof. O

2.3 Spherical coordinates

We recall spherical coordinates (r,) € (0,+00) x S¥. The parametrization of Rf s the

following
Rf“ = {fz (r,o):r>0,0 eSf},

where

st = {a: (z,2) = (0'cosp,sin¢) : o' € SN p € [O, g]}

Without confusion, we also use the next notation
sVt =0sY = {(0,0') e RN o'| = 1}.
With this parametrization

1
Agnu = ugy — (N — 1)(tan ¢) ug + MASNAU.

We define the operator A, in C%(SY) by

1

1
r()cos VT |

cos? ¢

Ag[w] =

As(¢)(cos )V 1 w¢)¢ + Agn-1w,

where
As(¢) = (sing)' 7%
We denote by dS the invariant measure obtained by the isometric imbedding of SV into
RN*1 then
dS(o) = (cos p)N 1dS' (¢")do,

and by V’ the covariant gradient in the canonical metric on SV identified with the tangential
gradient on the unit sphere of R¥*1. The bilinear form associated to A; is

Blw, i) = / ) <w¢1l)¢ + CO; ¢V’w.V’ﬁ)> A(6)dS = — /S @A (w)A(0)dS,

S¥

and we have the corresponding Green’s formula
/ BA(wNAS = [ @0swdS — Blw, @),
SN SN-1
(—=A)*v(r,0") = — lim (sin ¢)' 2 uy(r, o', §) := dgsu(r,d’,0).

»—0

11



3 Self-Similar solutions

Let  C RY be a bounded domain containing the origin. A function v € C2(2\ {0})N L}LS (RY)
satisfies the fractional Emden equations in © \ {0} with zero exterior value if

—A)Yv+evP =0 in Q\ {0},
(—=4) \ {0} 3.1)
v =20 in Q°

where p > 1 and € = £1. If ¢ = 1 the equation considered is called the fractional Emden-Fowler
equation while if € = —1 it is called the fractional Lane-Emden equation. We denote u = P4[v],
which is admissible since v € L'(RY), then

D=0 in RYT
Opsu(+,0) +eu(+,00P =0 in Q\ {0} (3.2)
u(-,0)=0 in Q°.

Hence (3.2) implies that

N+1-2 1
Uy + ﬁur —Aslu] =0 in (0,00) x S
r T (3.3)
- (})in%(sin &) " Fug(r, 0, ¢) + eu(r,0,0P =0 in (0,00) x SVL.
H
Equation (3.2) is equivariant under the family of transformations Sy, ¢ > 0, defined by
Silu)(z, 2) = Er-Tu(le, ) = LrTu(Le).
Therefore self-similar solutions of (3.2) have the form
u(r,o) =r P Tw(o) with (r,0) € (0,00) x SV,
and w satisfies
Aslw] + Agpyw =0 in S¥
0 (3.4)
a—;—i—ewpzo in SV-1,
where 9 5
s s
== 25~ N).
SPN p—l(p—1+ s

We denote by & (resp. EF) the set of functions (resp. positive functions) w € C(@) NC?(sY)
satisfying (3.4). There are several critical exponents will play some role later on:

(i) l<p< s <= Agpny>0;

(i4) p>1+2%2 = A,y <2sN; (3.5)
N — 41 _

(1i1) p= Nf;i & Ogpn =N — 23% =0.

12



3.1 Fractional Emden-Fowler equation

The structure of & is described as follows.

Theorem 3 1 Assume s € (0,1), e=1 and p > 1.

1-If p > =53 28, then & = {0}.

2- If 1 <p< 1+ % thengf“ = {0}.

8- If 14 2 ¥ <p< you 2 , then & = {0,w1}, where wy is a positive solution of (3.4) depending

only on the variable ¢.

Proof. 1- Let w be a solution, then

2
wy +
fy 5

Ifp> 5= 2 , then Ay s, < 0. This implies that w = 0.
2- It is easy to check that the first eigenfunction ¢; of A in W01’2(SN) is ¢ > 11 (6, ¢) = (sin ¢)?*
with corresponding eigenvalue /1 = 2sN. Assume now that w is a positive solution of (3.4), then,
multiplying the equation by v; and integrating yields

(Aspn — 23N)/ w1 As(P)dS = Ot wdS' = —23/ wdS’.
Sﬁ SN-1 ovs SN-1

w|? — As,p,Noﬂ) As(¢)dS = wlgswdS' = — / - |w[PTtds’.
N~

gN-1

The claim follows by (3.5)-(ii).
3- Eristence. We denote by W (SY) the space of functions w such that B[w,w] < +oco, where

Blw, v] :/SN (

Then w — +/Blw,w] is a semi-norm on W (SY) and it is a norm on the subspace C°(SY).
Indeed

|
5 v> As()dS.

Blw,w] > 2sN w?\s(4)dS for all w € C°(SY).
sy

The closure of C°(SY) into W (SY) is denoted by Wy(SY). We define the functional

1 2 1 1,012 1 1
== — A - prigs’
T =3 [ . (08 + g V"0 = Ap®)Au(@)aS + — [ pofw)lrlas’

where 7o denotes the trace operator from W (SY) onto L2(SV~1) identified with w(0, ). Then J
is a quadratic perturbation of a convex lower semicontinous functional defined in W(Sf ), hence
it is weakly lower continuous with domain of definition

D) = {w e W(SY) : y0(w) € ISV},

13



Let w € W(SY) and
w = w1 + w2,

where wy € Wy(SY) is defined by
Blwi, (] = Blw,¢]  forall ¢ € Wy(SY).

Since B is a continuous quadratic form in W(Sf ), ¢ — Blw,(] is a continuous linear form in
W (SY) and there holds

BIG.CI 2 (25N = Aup) [ CA(0)dS forall ¢ e Wo(sY),
s
the function w; is uniquelly defined. Thus, one has
1 1
J(w) = J(wy + we) = 2B[w1,w1] + B[wg,wz] + 2B[wy, we] + —— \VO(w)\pHdS’.

p+1

We have Blwy, wi] = Blw,w1] = Blwy, wi] + Blws, wi], therefore
B[wg,wl] = B[wl,wg] = 0.

Furthermore wa (¢, 0) = wa(¢, ) — w2(0,0) + w2(0, ). Since for any € > 0,
3(6.0) < (1+6) (wa(6.6) 200,07+ (142 ) ud(0,6),

and (¢, 6) — wa(p,0) — w2(0,8) belongs to Wol’2(Sf), we have the inequality

1
>
Blwz, o] 2 /Sf cos? ¢

— (14 [ (n(0,0) = 12(0.0))* \(0)aS

+

@5+ [ ((wa(0.0) = wa(0.0)),) M(o)as
(14 é)ASW /S . w2(0,0)\(6)dS.

We choose ¢ such that
(1+e)Aspn < 25N

and we get
(1+5)AspN V1w |2
> (1_ D,
Bz, 2 (1= S5500) [ (et IVl s

. (1 + %)ASW /S _w(0,6)s(¢)dS.

+
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Notice that

/ w3(0,0)\sdS = / E(singi))l_zs(cosgb)N_ldgb w3(0,60)dS’
S 0

§N-1

_2
<o [, lwopias)
SN-1
where ¢; = ¢1(s,p, N) > 0. Because w; € W&’%Sﬂf), there holds also

A 1
> _ Hsp,N 2 / 2
Blwy,w] > (1 DN >/S{§ <w1¢ + 7c052d>|v wi | ))\s(éf))ds

Combining the previous inequalities, we finally obtain

J(w) > (1_(1:2)]@”)/8 (u3+ 2¢|V'w|> J(#)dS

1 2
- (v ([ ot as) T2 [ i
€ SN— p+1 Jgnv-1

This implies that J(w) tends to co when min {\/B[w, wl, [[vo(w) || o+ gv-1y } tends to infinity.

Consequently the functional J admits a minimum w in W (S¥). Moreover, since J(|w|) = J(w)
the minimum is achieved by a nonnegative function and it is therefore classical that w is a
solution of (3.4), and it is positive by the strong maximum principle.

Finally, if we consider the restriction J,..q of J to the space Wmd(Sf ) of function of W(Sﬂ\rf )
depending only on the variable ¢ (they are called radial), then yo(wP*!) is a real number and
Jrada(w) has the following form provided we write w = w(¢),

SN 1| |SN —1|

J,
rad p+1

Agpnw?) As(¢)(cos )N 1do + lw(0) P+,

The functional J,.4 is also a quadratic perturbation of a convex lower semicontinuous functional
defined in Wmd(Sf ) and it tends to oo at co. Thus it admits a minimum which is achieved by a
nonnegative function due to Jqq(w) = Jrqq(|w|). Hence there exists a minimizing nonnegative
solution of (3.4) which depends only on the variable ¢.

3- Uniqueness. Let w and @ be two positive solutions of (3.4), then

o:/Sﬁ
S e L G R )

=A-B.

w w

(As[w] A d}])(w _ @?)AdS
o2



Furthermore ) 5

A=/ (wp(w 2 v (a- g)) as’

::_¥/‘ (w? = &%) (WP =P 1) dS" <0
SN-1

and
B= L2 50— )+ WV — oVw[? ) As(#)dS’ > 0
= |y ﬁ—’_ﬁ (widg — @wg) +COS2¢’w w—w w‘ s(@)dS" > 0.
Therefore, A= B =0 and w = . O

Remark. To the unique positive element w; of Sf corresponds a unique positive singular

self-similar solution U, of
(=A)P*v+vP =0 in RV \ {0},

2s
where Up(z) = ¢p|z| »-T with

In order to prove Theorem 3.4, we need the following intermediate result.

Proposition 3.2 Assume A # 0, then for any a # 0, there exists a unique function w, satisfy-
mng

jus

(sinJ)QS_l(cosa)l_N/U wa(0)(sin8)172(cos )N "1dbdo in (0, 5) (3.6)

3
wa(qb) =a- A/
¢
Furthermore a = wo(3) and wg = awi. If a > 0, then w, is positive and increasing (resp.
decreasing) on (0,%) if A <0 (resp. A >0).

Proof. Let a > 0 and @,(¢) = we(5 — ¢). To find a function w, satisfying (3.6) is equivalent
to finding &, satisfying

? 25—1 -~ [ 1-2 N-1 7T
Do) = a—A/O (coso)** " (sino) ~ /0 @q(0)(cos0)' ~**(sinf)" " 'dfdo in (0, 5)

We define the operator 7 on C([0, §]) by

@ o
(cosa)Qs_l(sina)l_N/ w(6)(cos 0)72%(sin )V "1dfdo in (O,g).
0

Thulé) =a—A

0
We have that

|T[w = w'](¢)|

o o
< |A] </ (cosa)231(sina)1N/ (cos 9)12s(sin«9)N1d0da> sup | (w — w')(6)].
0 0 [0,¢]
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1- We first assume that 1 — 2s > 0, then

d) g ¢
/ (cos @)%~ L(sin O')I_N/ (cos 0)1 2 (sin )N ~Ldbdo < / (cos ) Lodo
0 0 0

w7 2s5—1
< 2/ (coso)“* " sinodo < co,
0

where ¢; = 7, we used here the monotonicity 6 € (0,%) +— (sinf)V~! and (cos§)' = < 1.
Hence
T [w = w'[(¢)| < easup [(w — w')(6).
[0,¢]
It is therefore straightforward to check by induction that for & € N*,

k

T4 = w)(@)] < 5 sup|(w = w)(6). (3.7)

then 7% admits a unique fixed point @,, and uniqueness implies that &, is also a fixed point of
T and it is unique.

2- Assume that 1 — 2s < 0. Then

¢ o
/ (cos 0)? ! (sin O’)lN/ (cos )17 (sin )N ~Ldbdo
0 0

¢ ro ¢2 2
S/ / dfdo = =— <
0o JO 2

T

8
by there the monotonicity 6 € (0,5) — (cos6)'~2%(sin§)¥~!. Then (3.7) holds and the conclu-
sion follows.

If A <0 (resp. A < 0), the function w, is increasing (resp. decreasing). The fact that
wqe = awq 18 a consequence of the linearity of 7 and uniqueness. O

The following critical exponent corresponds to the sequel of isotropy of solutions of (3.4) in
the case € = 1,

. NA42s+/N24+4(N —s)+4s> -4

= . 3.8
b N —2s+ /N2 +4(N —s) +4s2 — 4 (3.8
This exponent corresponds to the fact that —25 7 is the positive root of the equation
P
QX):=X?+(2s—N)X+1—-N=0. (3.9)

Theorem 3.3 Assume s € (0,1), e =1 and p* <p < % Then & = {0, w1, —w1 }, where w;
is a positive solution of (3.4) depending only on the variable ¢.

Proof. Step 1. We first prove that under the condition p > p* any element of £ does not
depend on the variable o’ € SN=1. If 4 is any function defined on SV, we set

A ]' / /
0(0) = g [, w(6.0)as.

17



By averaging (3.4) we obtained that @ satisfies

As [w] + As’pJ\]w — 0 in S]—"\_f

gi«+a@::0 in SV,
where 1
AS [w] = )\S(QZS)(COS ¢)N_1 (AS<¢)(COS ¢)N_lw)¢ :

Multiplying the equation by (w — @)\, and integrating over S¥, we obtain

/S @Dl — wPTw)dS” + / ’ /S (ws—me + SV (@ =B)P)A(6)ds

:AWW/(w—mﬂyS
s¥

(3.10)
There holds

/ (w—w)(w? — wP)dS = / (w—w) (WP —w”)dS" + (@ — wp)/ (w—w)dS’
SN—-1 SN—1 SN—1
:/ (w—w) (WP —wP)dS’
SN—1
zzp/ w —w[Ptas’.
SN—1

Furthermore, we see that

/075 /SN1 <(‘”¢ —wy)* + CO; ¢|V’(w — w)|2)>\s(¢)d5

> [F( [, 19 2P ) eose) (s

(3.11)

and the inequality is strict unless wy = Wy. By Wirtinger’s inequality, there holds

"Nw—T 2 3¢/ _ w-—CFQ r
[ Ve-akas = - [ @-oks

gN-1

Since (cos ¢)N 73 > (cos )N ~1, we obtain

LAQAN1(W¢—ww2+C@;JV%w—wﬂﬂAA@dsz(N—JXéﬁw—WW“4¢MS

Finally we have that

@—wf&wmszrw/ w —@|PTas’.

SN-1

(Agpn+1— N)/

N
S+

18



Introducing the polynomial @ defined in (3.9) and setting X = %, then (3.10) becomes

Q(X)/ (w— @) \s(¢)dS > zp/ lw —@[PTlas’.

sy SN-1

Hence if X < X*, where X* is the positive root of @, then w — @ = 0 in Sﬂf. If X = X* we
deduce that w(0,0) = @(0) = 0. Then we use that fact that the inequality (3.11) is strict unless
wy = Wy. If this holds, combining with w(#) — w(0) = 0 we deduce that w = w in SY'.

Step 2. We prove that & = {0,w1, —w1}, where wy is a positive solution of (3.4) with e = 1,
depending only on ¢. For this sake, it suffices to prove uniqueness among the radial solutions.
If ¢ — w(¢) is a solution of (3.4) with € = 1, we have

d

~do ((sin $)1 7% (cos ¢)N_IZ;) = Agpn(sin ) =% (cos o)V lw in (0, g) 1o
dw(0) B '
d¢s + w(O)P - Oa
where do(0) ()
w T . 1-2s AW
i c})13})(511& ®) e
Since w'(%) = 0, by integrating (3.12) we obtain that
dw(9) = Agpn(sin¢)**(cos ¢)1N/2w(9)(sin )25 (cos 0)N ~1dh (3.13)
do ” P

on (0,%). Therefore for ¢ € (0,%),

w(e) =w(3) — AS,W\]/2 (sin )%~ (cos 0)1_N/ w(6)(sin )72 (cos 0)N ~dhdo. (3.14)
¢ o
From (3.13), )
deo (0) =—-A /Qw(ﬁ)(sin 6)12%(cos 0)N ~1db. (3.15)
do* P

Note that for p < ﬁ, Aspn > 0. As a parameter we take the value a = w(%), and by linearity
wq = awp. We define the mapping F* : Ry — R by

(0) + (wa(0))” = a

_dw, dw1
 do¢s degs
If %i (0) > 0, then for any a > 0 we have 1F*(a) > 0. Since F* is increasing, there is no
solution of (3.12), then no radial solution of (3.4) with ¢ = 1, which contradicts Theorem 3.1,
which states that there exists a radial solution, even a positive one. Therefore Z‘;ﬁ (0) < 0. The
mapping a — %F *(a) is increasing and negative at a = 0. Since F™* tends to infinity as a — +o00,
it follows that there exists a unique a* > 0 such that F*(a*) = 0, equivalently a unique solution
w = we+ of (3.12) verifying a* = wa+(5).

We end the proof as follows. From Step 1 the solutions w depends only on ¢. Such a solution
satisfying w(%5) > 0 is unique, thus it coincides with the radial positive solution obtained by
minimization among radial functions. U

F*(a) (0) + aP~(wy (0))p) .
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3.2 Fractional Lane-Emden equation

Theorem 3.4 Assume s € (0,1), e =—1 and p > 1.
1-If p < N]—V2s’ then £, = {0}.
2-If p > %, then £, = {0,ws}, where wy is a positive solution of (3.4) depending only on .

Proof. 1- A direct computation implies that

Asm’N/ w)\sd5’+/ 0¢swd5':AS7p,N/ w/\SdS—I—/ wPdS’ = 0.
s s s S

N
+ + +

N
N—-2s?

2- Ezistence of a unique positive solution depending only on ¢. If w is a solution of (3.4) with
€ = —1 depending only on ¢, then

Since 1 < p < Asp.n > 0 and the assertion 1 follows.

_ch ((sin ¢)1*28(cos ¢)N—1w¢) = Agp v (sin ¢)1*28(cos (ﬁ)N*lw in (O, g)
(3.16)
dw(0)

dg*
Since w'(5) = 0, the identities (3.13), (3.14), and (3.15) obtained by integrating (3.16) are still
valid. Because p > 25, we have that Ay, v < 0, hence jgs (0) > 0 from identity (3.15). By
linearity, w, = aw;. We define the mapping F' from [0, c0) to (—o0,o0) by

= w(0)P.

dw,(0)
Fla) = =25 — wa(0) = a
This implies that a — éF (a) is decreasing, with a positive limit at a = 0, and tends to —oo
when @ — +o00. Therefore, F' admits a unique positive zero point for some ag, and the function
Wg, 1s the unique positive solution of (3.4) which depends only on ¢.

dw1 (0)
des

—aP" (0)p) :

3- Any positive solution depends only on ¢.

Symmetry in the case s = % In that case s = %, the problem (3.4) reduces to

ASNw—I—A%%Nw:O in Sﬁ
ow (3.17)

%—wp:() in SN_l,

where Agn is the Laplace-Beltrami operator on S and
1 1
Ay = ﬁ(ﬁ +1 _N>-

We denote the coordinates in RY by (z1,--- ,zy) and by (21, -+ , 2y, 2), 2 > 0, the coordinates
in Rf“. If ¢o € (0,5), let Hg, be the hyperplane of RN+ passing through the (N-1)-plane
Dy, = {(O,ZL’Q,"' ,Tx,0) € RN z; €ER, j=2,--- ,N} with angle ¢¢ with the hyperplane
z = 0. We denote by I'y, the domain of SV with boundary Hy, N GRJXH N {(ml, Cee TN, Z)
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T > O} and by f‘¢0 the symmetric of this domain with respect to the plane Hy,. If w is a
positive solution of (3.4), we define the function

(p,0") = w(p,0") = w(p,0’) —w(2¢9 — ¢,0”) for (¢,0") € (0, o) x SN 71, (3.18)

Since ¢ can be larger than 7, we make the convention that w(¢, ') = w(r—¢, —0') if T < ¢ < .
The symmetry with respect to Hy, is an isometry of RN+ hence w satisfies

ASN’W + A;p’Nw = in F¢0

in Hy, NSY

@(0,-) =w(0,") —w(2¢0,-)  in SN {(z1,22,...,7n,0) s 21 > 0}

Since g;"s = wP on JSY, the function ¢ — w(¢, o) is strictly decreasing if (¢,0”) € (0, ¢o) x SNV~1
for ¢o small enough. Hence w(0,0’) > 0 in S¥"' N {z = (21,22, ...,25,0) : 21 > 0}, and by
the maximum principle we have that @ > 0 in (0, ¢g) X SNV=1. We proceed as in the Gidas-Ni-

Nirenberg paper [23]: we denote by ¢* the maximum of the ¢g € (0, 5] such that

w(g,0') —w(2po — p,0") >0 for (¢,0") € (0,¢) x SVL. (3.19)

We assume by contradiction that ¢* < 5. Then there exists o* € S¥~! such that v(¢*, %) = 0.

By the Hopf’s Lemma, (¢*, 0*) cannot belong to Sf_l, hence it belongs to @ﬂ {z = 0}. Since
Hopf’s lemma is also valid at this point, we get a contradiction. Therefore ¢* = 7. As a
consequence,

w(0,0") —w(2¢* — ¢,0") >0 forall o' € S¥ 1N {(0,22,...,2N,2) : 2> 0}.
Similarly, starting the reflexion from x; < 0, we get
w(0,0") —w(2¢* — ¢,0’) <0 forall o' € SV 1N {(0,22,...,zN,2) : 2> 0}.

This implies that the gradient of w alongside the “great circle” Sf N{(0,z2,....,xN,2) : 2 > 0}
is zero, which can be written as

V'iw-e1 =0 on SJI N {(O,mg,...,mN,z) Dz > 0}.

Performing a rotation we conclude that V’/(w¢,s’) = 0 for all o/ € SV~!. This implies that w
depends only on ¢.

Sketch of the proof for s € (0,1). We perform the same reflection method as in the case s = %,
defining w as in (3.18), it satisfies

Aslw] + A pyo =0 in Ty,
w =0 in Hy, NSY
@(0,-) = w(0,-) —w(2¢0,-) in SYIn{(x1,22,...,2N,0) : 21 > 0},
where

As[w] = Agvw + (1 — 25) cot(¢) wy.
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Since aaz(;js = wP on 8Sﬂ\r], the function ¢ — w(¢, o’) should be decreasing if (¢, o’) € (0, ¢g) X
SN~ for ¢y small enough. Let ¢* be the maximum of ¢y € (0, 3] such that (3.19 ) holds.

If ¢* = 5, we are done. If not, we can assume that ¢* € (0,5) and let (¢*,0) be the
point verifying w(¢*,0*) = 0. Note that (1 — 2s) cot(+) is always bounded in a neighborhood of

(¢*,0*). Thus, the Hopf’s lemma could be applied and the remaining of the proof is the same

as in the case s = % O
Proofs of Theorem A—C. Theorem A-C are exact Theorem 3.1, Theorem 3.3 and Theo-
rem 3.4 respectively. O

Remark. From the unique positive solution wy obtained in 2 in above theorem, the fractional
Lane-Emden equation

(—A)*v—20P =0 in RV \ {0}
has an explicit self-similar solution U,. From (4.11) and (4.10) below (also see [19, Lemma 3.1]),
we have that

1
N =1
F(? B psl)r(s + pi1)> P
~ .
e

Remark. Another approach could be to transform the problem on the half-sphere Sf into a
problem on the unit ball By of RY using a stereographic projection from the antipodal point S

of the North pole N on SV. This stereographic projection Py is an isomorphism from SV \ {S}
onto RY. Then the image of Sf is the unit ball By. It is well known that Py is a conformal

2s
Up(z) = cplz| 7T, where ¢, = ws(1) = <225

4
diffeomorphism with conformal factor D~¥-2, where

N-2

D(z) = (1+2|ny) -
If w is a solution of (3.17), and if
W(z) = w(o)D(x) with o = Pyt (x).
Then the above boundary value follows from the fact that

1— |z

t p—
an ¢ 2\x|

and if w is defined on @, we have that

0 0 —
87(: Lz>=o B a%j Lx|:1 + %w Lx\:r

As a consequence, W satisfies

4
A+ e (Mg

w=0 inB
(1 |=[?)? '

N(]\;—Q))
2

) N
?:’—wp+2w=o on OB;.

Strong Maximum Principle and Hopf’s Lemma could imply that @ > (N 2) = and the standard
method of moving planes could be applied to obtain the radial symmetry.
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4 A priori estimates

4.1 The lifting estimates

Our aim in this sections is to obtain the upper bounds for the positive solutions of
(=A)Yv+e? =0 in Q\{0
) \ {0} (41)
v=20 in Q°,

under the form ,
lv(x)] < cg|z| P T for all x € Q \ {0}, (4.2)

where Q C RY is a bounded regular domain containing the origin.

In order to study the asymptotics of singular solutions near the origin, we use the Caffarelli-
Silvestre lifting of v and the Poisson kernel associated to the operator Dy by formula (2.3), (2.4).
Set ps(x) = (|lz| +1)"N"2. If v € L}, (RY) := LY(RY, pgda), then, with £ = (z, 2),

u(©) =u(e.2) = | Pule v, 2)ol)dy (4.3)
satisfies

Dsu=0 in Ri\_fﬂ, u(-,0)=v on RV,

Proposition 4.1 Assume thatp > 1+ 2—]\‘; and u is a positive solution of Dyu = 0 in Rf“ such
that v(xz) = u(x,0) satisfies estimate (4.2). Then there exists ¢4 > 0 such that

u(z,2) < e (Jz* + ,22)_ﬁ for all (z,z) € RN x R,. (4.4)

Proof. Assume that u(-,0) is nonnegative and satisfies (4.2). If p > 1+ 25, then v € L}LS (RY)
and

uw(z,z) = | Ps(x—y,2)v(y)dy
RN
=¢ / = Iy\_p%dy
>~ C5 RN (’m B y’Q N Z2>N42r2s (4'5)

2s
2s T p—1
— C5Z_P_1/ lyl » o Ay,
BN (lz, —yl> +1) 2

where we take z, = 7.

When 0 < |z,| < 8, we obtain that

’y|_ﬁ 2 —Nt2s 25
/ N+2s dy < / (|y| + 1) 2 |yl rTdy = cg < +o0.
& (s -y 4 1) S

When |z| > 8, letting r = £|z.|, we have that

2s

! _ N+2s _ 2s

[ <[ e
O (Jrs —y? 4 1) 5.0

2
= cra. |V 72N T
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2s N+2s

_2s
ly| Pt 2 a2 )
Nt2s dy < ( ) P (|$z Y|+ 1) dy
BT(mz)(|$Z —y|2“|—1) 2 B'r(xz)

2s

<cgr L1+ 7“_25),

[\

and

2s
Tp—1 _ N+2s _ 2s
/ vl T dy < 69/ (lylP+1)" 2 |yl r1dy
RN\ (Br(2:)UBr(0)) (|2, —y|2 +1) 2 RN\ B, (0)

2s
< cqor v1
Thus, we conclude that for |z,| > 8,

jy| -
[ o <ol 5
BY (|2, — y[2 4+ 1)

As a consequence, we obtain that for |z,| > 0,

w(z,z) < 12 (L4 [2:]?) 7T < ez + [2*) 7
Which ends the proof. O
Remark. Since (4.4) can imply (4.2) immediately by taking z = 0, the previous result shows

that these two estimates are equivalent when p > 1+ 2—]\‘;
4.2 Integral estimates
Lemma 4.2 Letp > 0 and v € CH*(Q\ {0}) be a nonnegative solution of (4.1) in Q\ {0}, which
vanishes in Q°. Then for any & € C13(Q\ {0}) with compact support in Q \ {0}, there holds
/ (v(=A)*¢ + evP€)dx = 0. (4.6)
Q

Furthermore, if vP € LY(Q),which is always satisfied for e = —1, there exists k > 0 such that
(=A)°v+ e =kdy in D'(Q). (4.7)

Proof. Without loss of generality, we can assume that By C Q. Let 19 : RY — [0,1] be a
nonnegative cut-off function in C°(RY), equal to 1 in By, vanishing in B§. For 0 < ¢ < 1 we
set 7-(z) = no(ex)(1 — no(z/e) and denote v. = 7-v. Then

(=A)*ve(z) = 7 (2) (= A) v (@) + v(@)(=A)*7(2)
—CNs /RN (U<x) — U(y))(ﬁE(x) — ﬁ&(y))dy, Vo€ B \ {O}

|z — y| N2

Furthermore,

s (Ao (2) — —c v(Y)ne(y)
(~8)°02(0) = limp(~)°ou(a) = x| o T
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We can assume that ¢ vanishes in B, and we choose 0 < £ < r/8. By integration, there holds

g(_A)SUsdx:/B ve(—A)’€ dax.

By
Since v = v. + (1 — 7-)v and &(1 — 7.) = 0, we have that
/ [o(—A)€ + ewPe] da = / (€0(— D)7, + (1 — 7 )u(—A)E] da
B, By
(v(z) — v(9) (e (&) — 7 (w))
T /Bl\BT (/]RN |z — y|NH2e dy) <o) do

= Al,s + A2,€ + A3,s'

Since v € LY(By) and |(—A)*¢(z)] < c13(1 + |z])™N=2% for any 2 € RN and some c13 > 0,
As . — 0 when ¢ — 0. We have also for r < |z] < 1 (where £(z) may not vanish),

1 1
(A7 (x SCM/ dy—i—cM/ —dy
(CATHEN S v J oy T N [y
<y (eN(r—2e) V728 %)

for some c;4 > 0 independent of €. This implies that Ay, — 0 when ¢ — 0. Finally, for
xr € By \ B, and € < 7, there holds

Az | < 00 / / d dx —|—/ / ’d dx
sl < lel (RO o L )
< erslr =29V el (€5 + ) [ @)oo+ / oy + [ o).
B1 B, Bl

where ¢15 > 0 is independent of . Hence A3 . — 0 as € — 0. This implies (4.6).

If e = —1, it follows from [29, Theorem 3] that v? € L!(B;) and there exists k > 0 such that
(4.7) holds.

If ¢ = 1 and we assume now that F := v € L'(Bj), the function w = v + G, 1[F] is
s-harmonic and positive in B; \ {0}. By the extension to s-harmonic functions of Bocher’s
theorem [29, Theorem 4], there exists k > 0 such that

(—A)Sw = k50 in D/<B1(0)),

and this is (4.7). O

4.3 A priori estimate for Lane-Emden equation

The following result is proved in [37].

25



Proposition 4.3 Assume that 0 < s <1,1<p< %fgz and u is a nonnegative solution of

Diu=0 in ByNRY™
Oysu(+,0) —u(-,0» =0  in By NRY\ {0}.

Then there exists a constant c16 = c16(N,p, s) > 0 such that
u(z,0) =v(z) < 016|x]7172%1 for all x € B% NRY\ {0}. (4.8)

The upper bound of v comes from the technique used in the proof which is based upon a blow-up
argument and a Liouville type theorem only valid in this range of exponents. When v is a radial
function, we have a much shorter proof.

Proposition 4.4 Let 0 < s < 1, p > 1, Q = By and v be a positive and radially decreasing
solution of (4.1) with e = —1. Then there exists a constant c17 = c17(N,p, s) > 0 such that

v(z) < 017!33\71’2%1 for all z € B% \ {0}.
Proof. Let ¢ € C%°(B;) be a radially symmetric function with value in [0, 1] and such that

1 for xGB;\B;
T

0 for x € B1 UBY
8

and for n > 1, (,(z) = ((nz). By Lemma 4.2, there holds

/ e (e = | w8y @ys,

By

From [15, Lemma 2.3], there holds
R A O

where

K2 — K2(I) — p/(p/ 1)@2/72(%&) /B (Cn(x) - Cn(y))Qdy

2 |$*y|N+23

for some z, € B;. Hence
[ vdl@ae= [ o-ard @<y [ oo Ay,
By B1 By
Now

/ vCP N (= A (z)da = / vC? (=AY C (@) da
B sin<|m|<%

1
v

< <~/81n<|$<711 vpgg(x)dx>;(/81n<lz|<i |(—A)5Cn(x)’pld$)p '
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Therefore

/ WCF (x)de :/ vPCE (x)dr < p'p// (= A)*¢n(2) | da.
B an <lel<s & <lz|<
Now
/ v (x)de > / v (x)dr > wN4N - 1n_va<i)
= <|z|<t " N <z|< 5 " B 4N 2n/’
and

1
s<lyl<1

[ leayra@ra = [yl
g <lzl<s;

Since ¢ vanishes in BY,

T) — d
Cn,sP-V. %dy + CN,sﬁ(x)/ 7yN+23 for x € By
s B [z —y B¢ |z — y|
(=A)((z) = ()
—Cn,s ——dy for x € B¢.
" /Bl | — y| N2 !

Therefore, |(=A)*Cl[1k(p,) is bounded independently of k and n. Combining the previous
inequalities, we obtain

ot (L) <o [ caycwlay
4N 2n/ = L<pyl<t

which implies that there holds, for some c1g > 0,

1 2s
v (—) < cignr-1.
2n

Taking r = 5-, we infer (2.1). O

Remark. When ) = By, it is easy to prove that any positive solution v of (4.1) satisfying

lim v(z) = 400
z—0

is radially symmetric and decreasing.

4.4 Some maximum principles

In this section we recall some fundamental maximum principles which will be used in the sequel.
Their proof can be found in [12].

Lemma 4.5 Let O C RN be any domain and v € C(O) N L, (O). If v achieves the mazimum
at some point xg € O, then

(—A)°v(zo) > 0.
Furthermore equality holds if and only if

v(z) =v(xg) forallx € O.
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The following corollaries follow from the strong maximum principle.

Corollary 4.6 Let O C RN be a bounded regular domain and v € C(O) satisfy
(=A)Pv <0 in O, v="h in O°
where h is continuous and bounded in O°. Then

sup v(x) < sup h(x).
xcO xeOe°

Corollary 4.7 Let O C RY be a bounded regular domain, g : R — R be a continuous nonde-

creasing function and v; € C(O) (j=1,2) satisfy the two inequalities
(—A)*v1 +g(v1) >0 and (—A)*va+g(v2) <0 in O.
Assume furthermore that vi > vo a.e. in O°. Then either v1 > vy in O or vy = vy in RV,

The next statement proved in [15, Lemma 3.1] is the analogue of the classical local regularity
result for the Laplace operator, see also [28, Theorem 2.2] for local Schauder estimates.

Lemma 4.8 Assume that w € C***¢(B1) N L, (RN) for some e € (0,1) satisfies
(=AYw=f in B,

where f € CY(By). Then for B € (0,2s), there exist c19,ca0 > 0 such that

lwllony o < eo (ol ooy + 17y + 10y, gy )

and
[leenis g < e wloss,) + 1Floss,) + [0l @) )-

The next general result proved in [20] is an important tool for obtaining the existence of
solutions of semilinear equations.

Proposition 4.9 Assume that Q C RY is a bounded regular domain, g : R — R is a continuous
nondeacreasing function, f € CP(Q) with f € (0,1). If there exist a super-solution © and a
sub-solution v of

(A)yv+g)=f in Q\{0}
v>0 in Q\ {0} (4.9)
v=20 in Q°
such that v,v € C?(Q\ {0}) N LL(),
1>v>0 inQ\{0} and ©>0>v in Q"

Then there exists at least one solution v of (4.9) which satisfiesv <v <v in Q\ {0}.
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We end this subsection with some comparison statements.

Proposition 4.10 Let v be a nonnegative s-subharmonic function in R™ \ {0} satisfying

lim [z|¥"%0(z) =0 and  lim wv(z) =0,
z—0 || =400
then
v=0 in RV,
Proof. The function z — w(x) := |z|>*”" + 1 is s-harmonic in RY \ {0} and for any & > 0

the function v — ew is s-subharmonic in RV \ {0} and negative in B§, for R > 0 large enough
and in Bs for § > 0 small enough. Taking O = By \ Bs and h = 0 in Corollary 4.6, it implies
that for any € > 0,

0<v<ew in R\ {0}.

Thus passing to the limit as € — 0 implies the claim. ]

As a variant of this result we have

Corollary 4.11 Let Q C RN be a bounded regular domain containing the origin, g : Ry — R,
be a continuous function such that g(0) = 0 and h be a nonnegative function bounded in RN \ Q.
If v is a nonnegative solution of

(=A)’v+g(v)=0 in Q\{0}, v=~h in QF

satisfying lin% v(z)|z|N 7% = 0. Then v < ||h|| o in RV,
z—

4.5 Fractional Hardy operator
For 7 € (—N,2s), we define C4(7) by the expression

Cs(t) = 928

PAFOD(35T)  engs / ler+2["+ler —2" -2
RN ’

PEpr(EgE) — e

where e; = (1,0,---,0) € RV, Since the function I' is infinite at 0, Cs vanishes at 0 and 2s — N,
i.e.

Cs(0) =Cs(2s — N) = 0.
The role of C4(7) is enlighted by the following identity [17]

(=A)|z|” = Co(7)|z|772  for all z € RV \ {0}.

The function C, is concave and achieves its maximum in (—N,2s) for 7 = # with corre-
. . r2(Ai2s
sponding maximal value ZQS% (see [17, Lemma 2.3]). Furthermore,
%

Cs(t) =Cs(2s — N —71) for 7€ (—N,2s),
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and

TﬁlI}lN S(T) 'rl—>n21$ S(T) e
Let 7, = —p%sl, then we have that for 1+ % <p< %,

7, € (—N,2s — N) and Cs(r) >0

and for p > %
7 € (25 — N,0) and Cs(7p) <O.

Let o ' o N
.= Cs(mp)P 1 if 1+% <p<ys (4.10)
(= Cs(mp)) T if p> 2,
then the function U, expressed by
Up(z) = cpla] »T in RV \ {0}, (4.11)

satisfies, for 1 4 2—]\‘; <p< %7
(~A)U,+ Uy =0 in R\ {0},

and for p > %
(—A)*U, =UP in RV \ {0}.
The fractional Hardy operator is defined by

Liv(x) = (—~A)v(z) + ——u(w),

|£L‘|28

under the condition

o> pg = —2%

It is shown in [17] that the linear equation
Liv=0 in RV\{0}
has two distinct radial solutions ®,, and I', defined by

|~ ) if p>po

(I)p,<m) = N-—2s

) and [, (z) = |z,
|2/~ In <ﬁ) if p=po g

where the exponents 7_(u) < 74 (u) verify the relations
T—(p) + 74 (p) =2s — N for all p > po,
(o) = 74+ (o) = 25, 7-(0)=2s— N, 7:(0)=0,

lim 7_(u) =—N and lim 74 (p)=2s.

H—>—+00 H—>—+00
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In the remaining of the paper and when there is no ambiguity, we use the notations 7 = 74 (u),
7— = 7_(p). The following inequalities are proved in [17],

Cs(t)+nu>0 for 7€ (7—,74)
and
Cs(r)+pn<0 for 7€ (—N,7_)U (14,25).
Definition 3.1 We denote by W?*(Q) the space of functions v € L'(RY, dus) such that v o €
L?(2) which satisfy
E8.q/(v,v) < +oo  for some domain ' C RY with Q cc &,

where we have set

Ne [ (e) = ole) =),
AxB ‘

2 ’x_y’NJrZs

We define W (€2) as the space of functions v € L'(RY, dus) such that v|g\ 5, € W#(Q\ Be) for
every € > 0.

&0, w) =

The comparison principle for the fractional Hardy operator is the following, see [17, Lemma
4.11],

Lemma 4.12 Let v € WZ(Q) satisfy Liv >0 in Q\ {0} and

v>0 mBRY\Q,  liminf 2@
z—0 CI)“(.%)

> 0.

Then v > 0 in RV,
As an application we have the following Liouville type result.

Corollary 4.13 Let 0 < s <1 and p > 0. If v is a solution of

(=AY + v o =0 in RV \ {0}, (4.12)
satisfying
lim [z|Y "%, () =0 and lim |z|Pvy(z) =0, (4.13)
z—0 |z|—+o0

for some 19 € (0,25) N [2s(p+ 1) — Np, +00), then vy = 0.
Proof. Let e >0 and
we(z) = e(|z* N + 1) + LT z™  for 2 € RV \ {0}.

Then
wl(a) > (| 3N 4.1),

13
and
(—A)Swe(z) + wl(x) = ePHCy(70)| 2|02 + wh(z)

> P (eCs(To) || 2 + || (25— NP 4. 1),
where Cs(79) < 0. Since 79 € (0,2s) N [2s(p + 1) — Np, +00), we have that 79 — 2s > (2s — N)p.
Thus, taking € > 0 small enough we infer that the right-hand side of (4.14) is nonnegative.
Hence w, is a supersolution of (4.12), larger than v at 0 and at co. Thus v < w,. Letting ¢ — 0
yields the claim. .

(4.14)
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4.6 Emden-Fowler equation with Dirac mass

The Emden-Fowler equation with right-hand side measure is studied in [15] and [16]. A particular

case which is important in our present study is the following problem
(=AY v+ P =kéy inD(Q)
(4.15)
v=20 in Q°,

where Q C RY is a bounded domain containing the origin. We set
X0 ={C€CRY):¢=01in Q% |(-A)5¢| € L®[RY), |(-A)| < ¢ if0<e<eo},
where

() —<y)

y[N+2s Y

(-2 = [

z—y|>e |*5C -

and ¢ € LY(Q, dspodr) with daq(x) = dist (x,Q¢). The following result is proved in [15].
Proposition 4.14 Let 0 < p < %, then for any k > 0 there exists a unique function v = vy
belonging to L'(2) such that v} € L'(Q, dpadz), satisfying
/ (k(—AYC +o¢) de = kC(0)  for all ¢ € Xog
Q
v =0 in QF°

and the following estimate holds

kGsa(z,0) — ca1k? < vg(x) < kGsa(x,0) < kGs(x,0)  for all x € Q\ {0}, (4.16)

where cg1 > 0, Gy and G denote the Green functions of (—A)® in Q and RN respectively.
Furthermore, the mapping k — vy is increasing and it is stable in the sense that if {pe} is a
sequence of nonnegative functions with compact support in ) converging to kdy in the sense of
distributions in €1, then the sequence of solutions v := v, _ of

(—A)*v +oP = p. inD'(Q), v=0 in Q°,

converges to vq uniformly on any compact subset of ﬁ\ {0}, and Vp, converges to vqy in
LP(Q, daniL’)

Since k — vy is increasing, we set

Voo(x) = lim wg(z) forall z € O\ {0}.

k—4o00

Proposition 4.15 Let 0 < p < N%QS, then
1-Ifo<p< l—l-zf\‘;, then voo(z) = 00 for all x € ).
2-If 1+ % <p< N%QS, then v 15 a positive solution of

(—A)’v+0P =0 in Q\ {0}, v=0 in Q° (4.17)
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satisfying

25
ilir(l) |z]P=Tvse (x) = ¢p, (4.18)

and
Up(z) — ¢* <wveo(x) < Up(z) for allz € Q\ {0}, (4.19)

where ¢* > 0, ¢, and U, are defined in (4.10) and (4.11) respectively.

Proof. When 1+ QNS > NQ_SQS, the above result is proved in [16, Theorem 1.1], but when

1+ % < N2—523 the situation is not yet completely clarified [16, Theorem 1.2]. In this proof, we
give a proof to overcome this gap.
To distinguish the effect of domain, we replace v;, by vg j and for simplicity in the proof of

this proposition, we set

'U(]JC = URN,k7 V0,00 = URN,OO
and
U1,k = UBy,k>» Ul,00 = UBy,00-

From [18, Theorem 1.4] for Q = R¥, there holds
(i) Ifpe (0,14 2], then voo0(x) = oo for all z € RN \ {0};
(i) Ifpe (1+2, w20), then vooo(x) = Up(x) = cplz| 71, z € RN\ {0}.
Assume that By C €2, then it follows by the comparison principle that for any k > 0,

v <var <vox in RV {0}. (4.20)

Moreover, we see that vy 4, is radially symmetric and decreasing with respect to |z|, and

lim vy g (x)]z|Y 72 = ek,

z—0 7’

Step 1: we prove that vq o is infinite everywhere in Q when p € (0,1 + %S]

Since the mapping k£ +— v is monotone, if there is one point g ¢ Bj \ {0} such that
lim vy k(zo) is finite,, then up to changing xzy we can assume that lim wv;4(z) < oo for

k—4o00 k—4o00

all z such that |z| > |xg| — € for some € > 0. Hence

() = 04(r0) 1)~ (o)
vl k(o) = en / : o dy + en s PV ’ ko) g
o *Jigl<tool—e 1y — wo|NF2 ’ wi>lzol—c Y — T[N T2

Since vy ;(y) is uniformly bounded in By \ Bizy|—e> the term By remains bounded too. If there
exists Yo € Bjyy|—c \{0} such that lim vy x(yo) = oo then lim vy (y) = oo forally € By, \{0},
k—+oo k—+oo

hence Ar — oo which contradicts the fact that vfk(:no) is uniformly bounded. Consequently,
(i) either khr}: v1k(x) = oo for all z € By \ {0},
— 400
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(i) or khrf v1k(T) 1= v100(2) < 00 for all x € By \ {0}.
—400

Let us assume that (ii) occurs. Then v o is a classical solution of

—A)Pv+vP=0 in B; \{0
(—=4) \ {0} (4.21)
v=0 in Bf.
Let 1o : RY — [0,1] be a smooth, radially symmetric function such that

m=1 in Bx and np=0 in BS.
2 4

Set
v =wv1no for k < oo.

A straightforward calculation shows that there exists coo > 0 independent of &, such that
(—A)*5(z) + 0P (2)] < el + |z)) V"% forall ze RN\ {0}
Therefore there exists lp = lo(N, s,p) > 0 such that
(=A)(20 4 1o) + (20 4+ 1p)? >0 in RN\ {0}.
Hence 20 + [y is a positive super solution of
(=A)¥v+P =0 in RY\ {0}

From ([16]) we have that for any finite £ > 0

lim vo.k () =1 and lim wvo(z) =0.
z—0 Ul,k(x) |z|=+o0

The comparison principle applies and we obtain that for any k& > 0, there holds
vor <20 +1p in RV {0}.

Since p € (0,1 + 2] it is proved in ([16]) that klim vo(x) = oo for all x € RV \ {0}, which is
—+00

a contradiction. Therefore vy o, = 00.
Since vy < vo i < vg we infer that vg o = oo.

Step 2: Asymptotics of vg o for 1+ % <p< %
If 1+ 2 < p< &, it is proved in ([16]) that

lim vy = U,.
k—+oco p

Let H, be the s-harmonic extension of U, in By, i.e.

(-A)*Hs =0 in By, H,=U, in Bf.
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Then Hy is bounded and positive in B;. Note that Hy > vy in Bf for any £ > 0. We define
Wy in RV \ {0} by
Wk = Vo,k — HS.

Then there exists a sequence {ry} C (0,1) such that ry — 1 and Wi(x) > 0 for 0 < |z| < 7.
Actually, this is due to the fact that for any & > 0

vor = cnklz* N1 +0(1)) asz—0 and lim v =0.
k—4o00

Moreover, Wy, is a subsolution of (4.21). Therefore, comparison principle implies that for any
k>0
var > vk > Wy in B\ {0}.

Passing to the limit as k — 400, we have that
VQ,00 = V100 = Up —Hs; in By \ {0}7

and from (4.20) letting k& — +o00, we obtain that vg o < vg.00 = U, in By \ {0}.
As a consequence, we have that

Up —sup Hs <vg oo <Up in By \ {0},
RN

which also implies (4.18). O

The next result leads to an integral criteria for characterizing positive solutions of Emden-
Fowler equations with strong singularity without a priori estimate.

Proposition 4.16 Assume p € (0, 525:) and By C Q. If v is a positive solution of (4.17) such
that

/ vPdr = +o0, (4.22)
By

then v > vy, in By \ {0} for any k > 0, where vy, is the solution of (4.17). As a consequence,
V2 V1 00-

1
Proof. Let o> 1, then wy = a »~Tvy satisfies

(—A)wy + awf = a_rilkég in By (4.23)

wi =10 in Bf.
The equation satisfied by v can be written under the form

(—A)v+avP = (a—1)vP in Q\ {0}
v=20 in Q°.

From (4.22) and regularity of v in Q \ {0}, for any ¢ € (0, 1) there holds

/ vPdxr = +o00.
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Hence for any k > 0, there exists ¢ = £(g) > 0 such that

(o — 1)/B (min{v, £})Pdx = k.

Let 7. be the unique solution of
(=A)*v + av? = (a — 1)( min{v, E})prE in By
v=20 in BY.

Note that 9. is bounded in Bj.
The comparison principle (see Corollary 4.7) shows that for any I > 0,

v >0 in RV )\ {0}.
Since /. — oo when ¢ — 0 and
(@ = 1)(min{v, £})Px . — a_P%lk(;o,

then it follows by Proposition 4.14 that 9. converges to the solution wy of (4.23). Thus, we

1
deduce that v > a »=1v; . Since k > 0 is arbitrary, we infer the claim. O

In the following we establish a local integral a priori estimate

Proposition 4.17 Let p > 1 + % and v be a nonnegative solution of (4.17). Then for any
1<g< H%’ there holds
N

1

(/ v‘%l:n)E < 93 —1—024/ vdzx,

1
2
where co3 and coq are positive constants depending on p, q, s and N.

Proof. We use the same test function ¢ as in the proof of Proposition 4.4 and we set
Cn(z) =¢(2"x) and I';, = By—n-1 \ By-n—2,

/vpdxg/ VPCpdr =
Then

q 1-4 s a q
[ oo < ([ ovae) ([ )" < eaz F RN A oy ol
Iy ' '

. N 2 .
Since 1 < ¢ < ﬁ, we set ag = ;(p —g(1+ 3%)) > 0 by our assumption that ¢ < H”QWS.

< 227 ||(=A)Cll oo gany 10l 1 g -

/Q (=A)*Cvde

Summing the above inequalities from n = 0 to 400, we derive

2% o5 spi|p v
/B Vde < o (=AYl gy 0l g

1
2
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therefore

P 2&0625 p
(] v1d0)" < () I Climan Bl
%
A (4.24)
< e vl provs,) + 027<f31 quﬂf) ’
2 2
q
where cog and c97 are positive constants depending on N, p, ¢ and s. If we set X = Hszq(Bl ¥
2
(4.24) becomes
XP < C26 ||U||L1(Q\B12) + CQ7X.
Standard algebraic computations combined with a convexity argument lead to
1
=1 C26
v <t — v .
Ivllzosy) < " + o e o,
We complete the proof. O

4.7 A priori estimate for Emden-Fowler equation

Without loss of generality, we can assume that By C Q C Q C By for some ¢ > 1. The main
estimate is the following

Proposition 4.18 Assume thats € (0,1), p > 1+ % and v is a nonnegative function satisfying
(4.17). Then there exists a constant cag = cog(N,p, s) > 0 such that

v(z) < 628|£L‘|_I’2T51 for all z € B% \ {0}. (4.25)

Proof. The proof follows the technique introduced by Gidas and Spruck in [24] dealing with
the classical Lane-Emden equation and extended to the fractional Lane-Emden equation in [28]
and [37]. Only the final argument is different and specific to the Emden-Fowler equation. We
assume by contradiction that there exists a sequence {z;} C B; \ {0} converging to 0 such that

|xk|P2—Sl v(rg) = max |x|z72—761v(x) — 400 as k — +oo.
|z | <[a|<1
We set s
Tk = _
o) = (u — |z —flikop o(x), dp(@) = max  @p(x).
2 o —ay | <120
Since

2s 2s

(2up) = T0(Zg) = ok(Tk) = ¢n(x) > v v(x) for all x € By, (Ty),

which implies
2s
2r-1y(z) > v(x) if |z — Zk| < vg.

Since 3|Zj| > 3|2x| — |Zx — 2x|, we obtain
25 25 25
|Zk|P~To(Zg) > |og|PTo(zg) > [P To(z) for all z € By \ By,
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and
(21/k)”2‘51v(:fk) = ¢p(zy) > p(ay) > (’?) "o(ag) = oo as k — +oo.

Therefore,
p—1

wi(y) < 27T for all ly| < rg = (v(Tg)) = vg.
As in [37] we define the function W}, by

Wi(y,z) = ——wv Y p_1+fa#p_1 for all (y,z) € Q ,0) 1,
W 2) = s ((v(m) = ) () € U\ {(6,0)}
where
Q. = {(y, z) € Rf“ : ( v(x;y))pzsl + X, (@) p2_51) €N x (0,1)}
and

p—1

§e = —(v(Tg)) 2 Ty
We set wy, = Wi(+,0) and Op = Qi N 8Rf+1. The function W), satisfies

DWi =0 in @\ {(&,0)}
Ops Wi(+,0) + Wi(,0)P =0 in O\ {(&,0)}
Wi(-,0) =0 in Of,

where Of denotes the complement of Oy in 6Rﬂ\r]+1. Since w?™! < 225 in B,,, there exists a

constant cag > 0 depending on N, p and s such that
0 < Wi(y,2) < e for all (y,z2) € B%k x [0, 5] (4.26)

It is a consequence of the Harnack inequality [37, Proposition 2.2] and the invariance of the
problem by scaling. From this inequality follows a local regularity estimate of Wy, independent
of k already obtained in [37] that we recall

IWillwr2(rx0,r),21-25) T IWellco B rxio,r) + [Wkllcza@,) < C(R)

for some o > 0 and any R > 0, where W12(Bg x (0, R), 2! 72%) denotes the weighted Sobolev
space with weight z172%dzdz. Therefore there exists a subsequence of {W}} still denoted by
{W}} and a nonnegative bounded function W such that Wy — W weakly in WLQ(Rf Hp1-28)

and in Cp (RY™) and such that wy, — w := W(-,0) € C?_(RN) . Therefore the functions W,

loc loc
w satisfy w(0) = 1 and, because of (4.26), it is a nonnegative and bounded solution of

DW =0 in RYH
OysW(+,0) + W(-,0)P = in RV,

By Theorem 2.1 w belongs to L, (RM), thus 9,sW(-,0) = (—A)*w and w satisfies (4.12). By
Corollary 4.13 such a function cannot exist. This implies that (4.25) holds. O

The next statement is a surprising consequence of Proposition 4.18.
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Corollary 4.19 Assume that 1 + % <p< ﬁ If v is a positive function satisfying (4.17)

and
/ vPdx = +o00.
Q

2s
liminf |z|?-T = ¢p.
im in |z|P-Tv(z) = ¢,

Then there holds

Proof. By Proposition 4.15 and Proposition 4.16 we have
2s
. 25 S o
hgn_}glf |z|P~Tu(x) > ¢p

Therefore we proceed by contradiction assuming that there exists a nonnegative solution v and
i > 0 such that

2s
cp < gt/ P < limi(l)qf |z|P—To(x) < +o0. (4.27)
T—
We can write the equation satisfied by v under the form

fi

|x|25v — P,

Liv=g(z) =

. . . . 25— N
The mapping p +— 7_(u) is continuous and monotone decreasing from [, +00) onto (—oo, =*5=]

and 7_ (57 = _p%1' Therefore, there exists 7 > prl such that 7_ () = —7. By (4.25) we
have

liminf [z|"v(xz) =0
z—0
for any 7 > p%sl. Choosing 7 = 7 we see that there exist r, c3p > 0 such that
0 < —g(x) < csolz| 7 for any 0 < |z| <.

Set m = r~™y(r). For any ¢ > 0 the function w, , := e®y + ml'y satisfies Liwem = 0.
Therefore the function w, ,, — u satisfies in turn

E%(we,m —v)=—-¢g>0 in B, \ {0}.

This function is nonnegative in RY \ B, and there holds

lim inf —(we’m —u)(@)

= 0.
T o) °”

By Lemma 4.12, w, y, — v > 0. Letting e — 0 yields v(z) < mI'z(x). Thus (4.27) does not hold
and no such i exists, which implies the claim. O
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5 Singularity of solutions

5.1 Energy method and limit set

The estimates (4.8) and (4.25) combined with the lifting estimate (4.4) allow to use an energy
method to describe the behaviour of signed solutions of (3.2). Furthermore, this energy method
does not depend of the signs of solutions, even if the bounds do. If we set

u() =u(r,o) = rif%lw(t,a) with ¢t =1Inr (5.1)
and w(t,o) = w(t, o', ). Then w satisfies

Wit + O p v + Agp yw + Agfw] =0 in R X Sf

gw Ly =0 in Rx SN,
]/8
where O, v and Ay v are defined in (3.5) and

ow . . —2s

5 S(t o) = —;g%(smml 2 w¢(t,0’,¢)).

We define the negative (resp. positive) trajectory of w by

=J{w(t,),t <0},

respectively

U{w t>0}

The trajectory of w denoted by T[w} = T_[w]UT;[w]. We also define the a-limit set I'_[w] and
the w-limit set I'y [w] of a trajectory by

m(U{w T<t}) and T [i Q(U{w T>t}x>

t<0

where X = {C e C5(SY) : ¢(,0) € CQ(SNfl)}. If we assume that the set {w(t,-)} is bounded

in R_ x SY (resp. in Ry x S¥), its trajectory 7_[w] (resp. Ti|w]) is uniformly bounded in
{¢eC(SY): ¢(-,0) € C2*(SN=1)}. By Ascoli’s theorem they are relatively compact in X.
By the general theory of limit sets, I'y[w] are compact and connected subsets of X. We first
give a general result about these limit sets under the assumption that the solutions are signed
and satisfy a priori estimate which is indeed only proved for nonnegative solutions.

Theorem 5.1 Assume that s € (0,1), p € (1,+00) \ {{FZ}, e = £1 and u € C(RYT\

{(0,0)}) N CZ(RJIH) is a solution of (3.2). If u satisfies

lu(z, 2)| < es1 (Jz)* + 22)_1”%1 for 0 <|z| <1, (resp. for|z|>1) (5.2)

for some ¢31 > 0, then T'_[w] (resp. T'1[w]) is a nonempty compact connected subset of the set
Ec, which is the set of solutions of (3.4).
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Proof. We give the proof for I'_[w], the case I'; [w] being the same up to changing ¢ in —t¢.
We define the energy function

1 €
Llult) =5 [ (V0P = Mg =) s = 5 [ Jupas.
+

2 p+1

The function w is bounded in C? (@ X (—o00, —1]) and there holds

d 2s(p+1
STl = (p= 225 [ i = 0up [ wtdu. (5.3)
dt p — 1 Sﬁ SN

+

Since p # N+§§’ O p.n # 0, and we have the damping estimate

/ widps < +00.
sy

We conclude by using the uniform continuity of w; that wy(t,-) — 0 uniformly on STV when
t — —oo. Let w € I'_. There exists a sequence {t,,} converging to —oo such that w(tn, ) = w
uniformly on S¥, and since we(t,-) — 0 uniformly on Sﬁ , for any T' > 0, w(t, ) — w uniformly

on [tp, — T, t, +T] x SN Let C € C’Q(SN) such that 0,s¢ = 0, then

/SN<wt<T+tn,> T = ) Gl Ou [ (T - 10) = 0T~ t0,) Gl

Aspn // (tn +t,)Cdpsdt — //SN As[C]dpusdt

p—1 . ! _
6/_T/szv1(|w| W) (b + ,-)CAS'dE = 0.

Letting t,, — —o0 yields

T T
/ / (As,p,]\]wg + W.As [C]) d/,tsdt — 6/ / \w]p_ledS/dt =0.
-1 Js¥ -7 JsN-1

This implies that w is a weak solution of (3.4) and therefore a strong one. O
Remark. The case p = %f%j is not covered since the damping coefficient Oy, 5 in (5.3)
vanishes.

5.2 Singularities of Emden-Fowler equation
The next result concerns the singularities of solutions to the Emden-Fowler equations.
Theorem 5.2 Assume that s € (0,1), € = 1 and u € CH(RYT\ {(0,0)}) N C*RYT) is a

solution of (3.2) satisfying (5.2), v = u(-,0) and w is defined by (5.1). The following convergences
hold when t — —oo0.
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1-a Ifp > %, then w(t,-) converges uniformly in Sf to 0, v = 0, hence u is a smooth solution;
1-b If 1 + ?V—S <p< % and u is nonnegative, then either w(t,-) converges uniformly in Sf to
w1 or it converges to 0;

I-cIfp* <p< N%zy then w(t,-) converges uniformly in SY to some £ € {0, w1, —w1};
1-dIfl<p<1+ %, and u is nonnegative, then w(t,-) converges uniformly in Sﬁ\_f to 0.

2. Let1 <p< N%Qs’ u s nonnegative, if w(t,-) converges uniformly in Sﬁ to 0, then there
exists k € Ry such that

e(Nfﬁ)tw(t,al, @) — ksin?*(¢)  uniformly in SY.
If k=0, then w =0 and u is smooth.

Proof. 1-a. Ifp> %, the set &1 is reduced to the zero function. Therefore w(t,-) converges

to 0 when t — —oco. By (3.3) the function @(t,o) = u(r,o) with ¢ = Inr satisfies

Gy + (N —28)0 + Ag[a@) =0 in (—00,0) x SY

- (5.4)
5; +|aP~'a =0 in (—o0,0) x SNL

Since -2 < N — 2s, we have that @(t,-) = o(e®>*"M*) when t — —oo. Let m = max|a(0,-)|.

p—1 —
For any € > 0, t — ee(2~N) {1y is a supersolution of (5.4), larger than @ at t = 0 and t — —oo.

Hence a(t,0) < ee®~Nt L m. Letting ¢ — 0T yields @(t,0) < m. Similarly a(t,0) > —m,
hence @ is bounded and so is u. Therefore v (= u(-,0)) € L, (RY),

ou
ovs

= (=4)%,

and v is a bounded solution of the fractional Emden-Fowler equation in €2\ {0} vanishing on Q°.
It is therefore identically 0. By the even extension of u to RV*1 it follows that u is smooth.

1-b Since & = {w1,0} and is disconnected, the result follows.

1-¢ Since &1 = {w1, —w1,0} and is disconnected, the result follows.

1-d Since & = {0} the result follows.

2. If u is nonnegative, then v € L, (RY), thus (4.17) holds. If (4.22) holds, then

V> Vs = lim g
k—+o0

by Proposition 4.16, which is impossible if w(¢,-) converges to 0. Therefore v € LP(B;) and by
Lemma 4.2 there exists & > 0 such that (4.15) holds and therefore v = vj. Furthermore, (4.16)
is satisfied. If £ = 0, then v is identically 0 and u is smooth as in the previous case. O
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5.3 Singularities for Lane-Emden equation

In the case of Lane-Emden equation we have the following.

Theorem 5.3 Assume thats € (0,1), e=—1,p > 1 andp # {*2 andu € CRYTIN\{(0,0)})N

C’Q(Rfﬂ) is a nonnegative solution of (2.2) satisfying (5.2). The following convergences hold
when t — o0.

1-a If p > %, then w(t,-) converges uniformly in Sf either to wy or to 0.
1-bIf1<p< %, then w(t,-) converges uniformly to 0 in SY.
2-a If p > %25 and w(t,-) converges to 0, then u is a smooth function in Rf“ and S0 s v.

22bIfl<p< %, there exists k > 0 such that

e(N_%)tw(t,ol, ¢) — k(sin ¢)**  uniformly in SY.

Proof. Assertions I-a and 1-b follow from Theorem 5.1 and the description of £F given in
Theorem 3.4. Furthermore, by Lemma 4.2 there exists £ > 0 such that (4.7) holds with e = —1.
Observe that v(z) > kGsq(z,0), where G, o is the Green function of (—A)* in Q subject to

zero Dirichlet condition in Q€. If p > %, then G5 ¢ LP(B), therefore k = 0 in that case.

2-a. Step 1: If w(t,-) converges to 0, we first prove that there exist € > 0 and ¢33 > 0 such that
0 < w(t,o) < c3pe’ for all (t,0) € (—o0] x @ (5.5)
Set p(t) = |Jw(t, -)HCO(Sﬁ)' If (5.5) does not hold we have that

limsupe ‘p(t) = 400 for all € > 0.

t——o00

By [14, Lemma 2.1] there exists a function 7 € C*((—o0, 0]) such that

. / : — -
(7’) n > 07 n > 07 tilf_noon(t) - 07

iy : p(t)

1) 0 < limsup —/—= < +o0;
(i) P 6

. et . .
(vi1) t_lgr_nooe n(t) = +oo for all € > 0; (5.6)
W , | — ) € L ((—00,0));
i (1) (%) e s
/ 1

(v) lim (t) = lim 2 ®) =0.

tm—oo n(t)  t==o0 n(t)
We define ¢ by w(t,-) = n(t)¥(t,-), then

Y+ 01 + 02 + As[p] =0 in (—00,0) X Sf

(5.7)
gws —nP~ P =0 in (—o0,0) x SN,
14
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where ,

/
01 =05, N+ 2% and 02 = Aspn + %@s,pw +

/"

T

The function v is uniformly bounded. Then by standard regularity theory for degenerate
elliptic operators (see e.g. [26]), ¢ is bounded in C?(—oco, —1] x S¥). Therefore, the trajectory of
T_[] := {¥(t,) : t <0} isrelatively compact in X (= {¢ € C*(SY) : ¢(-,0) € C*(SN~1)}). By
(5.6)-(ii) there exist a nonzero nonnegative function § € C*(S¥) and a sequence {t,} tending to
—oo such that ¢(t,, ) — 0 in C*(SY). If we multiply by 1 the equation (5.7) which is satisfied
by 1 and integrate over Sf , we obtain the following energy formula

d 1 -1 _
—Flp)(t) = 91/ iy — 9’2/ VAdpg — Pyl 2/ YpPas’, (5.8)
dt SN 2 SN p+1 SN—-1
+ +
where
,,,]/ , 77// ,
0h = (g) Osp.v + (?)
and
P =y [ (V0 - eo)wdn L [ yrrag
2 sy 2 *op+1 Jova '

By properties (i), (iv) and (v) in (5.6), we have that

/ /
t
P2 (: lnl’—l)7 05, () € L*((—00,0)) ast — oo.

n n(t)
Since F[¢](t) is bounded independently of ¢, it follows that
0
/ / Y2dpsdt < 400
—0o0 Si’

using the regularity estimates it implies that

lim Yidps = 0.

t——o00 SN
+

This implies that the convergence of ¥ (¢,,-) to 6 holds in the stronger following way: for any
T>0, _
Y(t,-) — 0 uniformly in [t, — T,t, + T] x S¥.

Let ¢ € 02(@) such that d,s¢ = 0, then from (5.7),
[ 0T ) =0T = ) G+ O [ (0T 4t = (T = b))
+

N
S-‘r

T T
—Aspn o) Cdpedt — Al
" /_T/wa(t +t,-)¢dpusdt /_T Sﬁ@b(t + ¢, ) As[C]dpsdt

T / T
(5.9)
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When ¢, — —oo, the right-hand side of (5.9) tends to 0. Since d,s0 = 0 on SV~! from the
equation satisfied by ¢ and the convergence of v, it follows, as in the proof of Theorem 5.1, that

0 satisfies
Asl0] + Aspn0=0 in SY

00
ovs
As As p v < 0 we derive § = 0 by integration, contradiction. Hence (5.5) holds for some € > 0.

=0 in SV-L.

2-a. Step 2. Next we prove that there exist cg3 > 0 such that
2s —
w(t,o) < csger-1' for all (t,0) € (—o0, 0] x S¥.

The set Q of € > 0 such that (5.5) holds is a non-empty interval and it admits an upper bound
e* which is finite if v is not identically 0. If ¢ € Q, we set 1. (t,-) = e w(t, )

If e* € O, we take € = ¢* and denote ¥~ = 1*. Then ¥* is bounded and satisfies
Ui+ 05UF + 0sYt + Ag[*] =0 in (—o00,0) x S¥

?;i — =Dy — (0 in (—00,0) x SN,
v

where
05 =0Ospn +26% and o} = Aspn +6 Ospn + 2

Because 9* is bounded, the same analysis as in the previous cases shows that any element
0* in the limit set of the trajectory of {1*} is a nonnegative function satisfying

06"

o =0 in 8V (5.10)

050" + As[0*] =0 in ST,

The polynomial P(z) = 22 + Ospnz + A p v admits two roots 29 < 0 < 21, where

2 2
5 and 29 =2s— N + i .
p—1 p—1

zZ1 =

Notice that 0 < * < z; since v(0) > 0. If e* < z;, the limit set is reduced to {0}, hence we
proceed as is Step 1, by introducing a function n* which has the same properties as the function
1 shown in (5.6), except that (5.6)-(ii) is replaced by

*(t
0 < limsup ()
t——o0 W*(t)

< 4oo  with p*(¢t) = [[v* (¢, -)HLOO(SjY)'

Defining the function v* = ‘;—: which satisfies

vy + 0kvf + ogv* + Av*] =0 in (—00,0) x SY

ov*
ovs

— eVt =l — 0 in (—o0,0) x SN,
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where

x/ */ x//

05 = Ospn +27 + 27? and 05 = Aspn + (5* + %)Qs,pw +e*2 + 7377*

The same analysis carried on in Step 1 shows that there exists a nonnegative nonzero ele-

ment in the limit set of the trajectory of v* which satisfies the same equation as 6* in (5.10),
contradiction. Therefore €* = z; which implies that v is bounded and therefore regular.

If e* ¢ Q, then for any £ < &* the function . (t,.) = e *w(t, ) is bounded, tends to 0 when
t — —oo and satisfies

Vet + 03et + 040 + As[th:] =0 in (—00,0) x S

e

s e=Dety? — 0 in (—o0,0) x SV,

where
03=0,pn+2 and o4 =AspnN+EOsp N+ g2,

N—-1

Put X.(t) = Ve(t,.)dps and F.(t) = / YPdS’, then
SN s

X" 4 03X! + 04X, + P~V R — 0.

The equation
V"' + 03V + 04V =0

admits the two linearly independent solutions

Yl(t) = e(?le _6>t and Yg(t) _ 6(23—N+p2_51 —s)t.

The function X, satisfies
—Xé’ — QgXé — 04X < 034e(p_1)5t on (—o0,0].
Since it tends to 0 when ¢ — —oo, X, is bounded from above by the solution XE of
— X! — 03X] — 04X = c34¢® V" on (—o00,0]
X:(0) = X(0),
lim X.(t) =0.

t——o0

The solution of this last differential equation is easily computable as we can always assume that
(p—1)e # p2_51 — ¢ (the equality is called the resonance phenomenon) and we have

2s

Xs(t) = XE(())e(;Fl*E)t + 0356(p—1)5t
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for some explicit constant c3; depending on the coeflicients. This implies
2s
/ w(t,-)dps < Xo(0)er—1" + cage™.
SN
+

Applying Harnack inequality [37, Proposition 3.1] we obtain that

2s
w(t,-) < csee-1" + cgreP®t for all ¢ < Th.

Because € can be taken arbitrarily close to ¢*, we have that min{pe, prI} > ¢*, which contradicts
the definition of £*. Hence £* € Q, which ends the proof of 2-a.
2-b. f l<p< NJXQS, there exists k > 0 such that (4.7) holds, and
st,Q(xa O) < ’U(lﬁ') < C38|x|QS_N7
where c3g > 0. O

Proofs of Theorem E—F. Theorem E is Theorem 5.1, Theorem F follows Theorem 5.2 part
2 and Theorem E does Theorem 5.3 part 1-a, 2-a. O

5.4 Classification of fractional Emden-Fowler equation
Proof of Theorem G. Let v be a nontrivial nonnegative solution of (1.9). It suffices to prove
that
1. forpe€ (0,1+2ﬁs],
v=uv in B;\{0} for some k> 0;

2. forpe (1 + %S, %%), either

v=uv, in By \{0} for some k>0

or
V=10s in Bj\{0}.
3. forpZ%,vEO.

Part 1. For p € (1, %&;)7 if fQ vPdr < 400, it follows by Lemma 4.2 that v = v for some
k > 0. Moreover, if k =0, v =199 =01in Q\ {0}.
If fQ vPdr = 400, from Proposition 4.16, we have that

v >y in RV {0}.

Ifpe (0, 1+ 2—]\‘;], then vso = 400 in 2, which implies that v can be taken in this case.
Part 2. Ifpe (1 + %, %%), Uso 1S a solution of (1.7) satisfying

2s
li =1 =
IHHO’UOO(x)‘fL'|P Cp
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by Corollary 4.19. Moreover, by the strong maximum principle, we have that
V=Us OF U>Usp in Q\{0}.

If v > Vs, we let

D _ P
U Vso
V=——"—
V — VUso

and then
Pl <V <Pt in Q) {0}

Let © = v — voo in RY \ {0}, then © satisfies that

lim o(z)|z|7-T = 0
x—0
and
(—AP5+Vi=0 in Q\{0}, ©=0 in Q. (5.11)

Note that evs is a super solution of (5.11) for any € > 0 and by the comparison principle, we
have that
U< ey in Q.

By the arbitrary of € > 0, we have that v < 0. This is impossible from our setting that v > v.
Therefore, v = V.
Part 3. From Proposition 4.18 we have that

(@) < easlz| T in Q\ {0}

When p > 25, we have that —25 > 25 — N and ¢ - [*~V is a super solution of (5.11)

p—1
for any € > 0, then comparison principle implies that v < ¢| - |2~

€ > 0, implies that v = 0.
When p = N%Zs’ there holds —Z% = 2s — N. For m € R let v, be a smooth, radially
symmetric function such that

, which by the arbitrary of

Um(x) = (=In|z|)™ for 0<|z| < 6—12 and vp(z) =0 for |z| > 1. (5.12)
Moreover, vy, is non-increasing in |z| if m > 0. Denote
w(2) = |22 N (x) for z e RV \ {0} (5.13)
From [13, Proposition 2.1] for m # 0, we denote

m(m — 1)

(5.14)

where C}(0) < 0 and C(0) < 0. Then Z,, > 0 for m < 0, and there exist r¢ € (0, ] and ¢5 > 0
such that for 0 < |z| < rg

(=A) wi(2) = L™ (= In )™ = Fonfe| ™ (= In |2])™ 72| < sl =N (= In [z])" .
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N-—2s
2s

Now we take mg = — < 0 and for some ry > 0 there holds

(_A)Swmo (ZC) >0 in B7‘1 (0) \ {0}

Now we assume that 2 C B,,, then cwy,, is a super solution of (5.11) for any € > 0 in B,,, then
comparison principle implies that v < ew,;,,,, which by the arbitrary of ¢ > 0, implies that v = 0.

When (2 is general domain, if v is a nontrivial singular solution of (5.11) in 2, then by the
super and sub solution method, (5.11) in B,, has a solution ¥ such that

.0
Iim - = 1.
x—0 vV

Then a contradiction could be obtained. O

Open problems

Problem 1. Non-radial elements of £; can be formally constructed in the following way: set
8171 =sVn {({/Cl, ...,xN,z) rx1 > 0,2 > 0}
Construct by minimization a positive function w satisfying

./45 I:w] + As7p7Nw == 0 iIl Sﬂ,l
ow

s tW’=0 i SN {21 > 0} (5.15)
1%

w=20 in S¥ N {z; =0}.

Then the function w defined in Sf by

3 w(o) in Sﬁl
w =
—w(a) in SY n{z1 <0},

where & is the symmetric of o with respect to the plane x; = 0, is a signed solution of (2.2) with
e = 1. It vanishes on the plane {(z,z) : 1 = 0}. It could be interesting to see if the condition
for existence of such a solution coincides with the condition p < p*.

Problem 2. It could be interesting to investigate the type of operators in Rf which could
lead by a trace process somehow similar to the one of [8] to perturbations of (—A)® such as
(—=A + mlI)® or to Hardy type operators (—A)® + p|z|~2%. This could be usefull for studying a
wider class of nonlinear semilinear equations involving fractional type-Laplacians.

Problem 3. The description of the singular behaviour in the case p = %% is more complicated
due to the fact that A, v = 0 and the linear blow-up rate 2s — N coincides with the nonlinear
blow-up rate 1%' This phenomenon has been described by Aviles [2] in the case s = 1. In a
very recent article [36] Wei and Wu proved that the function v either is smooth at 0 or satisfies

2s—N 2s—N
2s

01]x|25_N(— In|z|) 25 <w(x) < CQ|:L‘]25_N(— In |z|) for all x € By \ {0}.
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for some constants c1, co > 0. We conjecture that the following result holds: either the function
v can be extended as a smooth solution at 0, or

lim |2 "*(~ In z)) % v(z) = C(N, 5)
r—r

for some positive explicit constant C(N, s).

Problem 4. In an impotant article, Simon [33] studied the unique limit problem for bounded
solutions of analytic functional. His results were used in [3] to obtained the precise asymptotics

of solutions of
—Au=\e" in B\ {0} C R

with A > 0 satisfying |z|2e%(*) € L>°(B1), or positive solutions of
2

l
—Au:up—kwu in By \ {0} ¢ RY

with p > 1 satisfying |z| T e L>(B 1 ). The technique was to reduce the problem to a semilinear
ellictic equations in an infinite cylinder and to prove that the limit set of the renormalized
corresponding solutions was reduced to a single element whatever is the structure of the set of
possible limits (or self-similar solutions). It is natural to investigate similar questions concerning

1—-2s

Uyy + ——— Uy + Agu + 0 in RJI‘H
z

|z|? + 20T
— lim 2! ™% u, (2, 2) — uP(2,0) =0 in By \ {0} c RY.

z—0

Assuming that a solution u satisfies (|z|? + 22)17%1 € L*(B1) and using the variable (5.1) the

1
2

_2s_
new function w(t,o) = rr=Tu(r,o), t = Inr, satisfies

Wt + @57p7Nwt + (As,p,N + E) w + As[w] =0 in R x SJX

(5.16)
OW L wP =0 inRxSNL
ovs

where O, v and A, r are unchanged.
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