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Introduction

The analysis of the aero-acoustic field in flow configurations is generally made difficult for several reasons: the acoustic field is usually induced by complex hydrodynamic phenomena; several hydrodynamic/acoustic phenomena can coexist with some difficulty to separate their contributions. The latter issue has been investigated in the context of turbulent flows by Lumley [START_REF] Lumley | Coherent structures in turbulence[END_REF]. The author proposed to apply the proper orthogonal decomposition (POD) to turbulent flow data in order to decompose the complex field in simpler structures (defined as the ones with the largest probability to occur in the turbulent flow) and sorted them in decreasing magnitude according to a norm defined a priori, the turbulent kinetic energy (TKE) contained in each mode for example. More recently, following this same purpose of identifying coherent structures in flow data, new algorithms have been developed, for example, the dynamic mode decomposition from Schmid [START_REF] Schmid | Dynamic mode decomposition of numerical and experimental data[END_REF] and resolvent analysis. In line with these algorithms, the spectral POD (SPOD) [START_REF] Towne | Spectral proper orthogonal decomposition and its relationship to dynamic mode decomposition and resolvent analysis[END_REF] has been developed and is derived from a space-time POD problem for statistically stationary flows and leads to modes that each oscillate at a single frequency. The advantage of the method is to add up a frequency information on the different phenomena captured by the POD, making it possible to discriminate different phenomena occurring at a similar frequency which was not possible using other modal techniques like the discrete Fourier transform (DFT). This method has been described by Schmidt et al. [START_REF] Schmidt | Guide to spectral proper orthogonal decomposition[END_REF] who provided a theoretical weighting/normalization for the field variables (density, velocity and temperature fluctuations for compressible flows) in order to capture the hydrodynamic flow component. When applying the SPOD algorithm with such normalization to configurations where both acoustic and hydrodynamic interact, the acoustic component usually does not emerge. Indeed, the hydrodynamic part of the flow field https://doi.org/10.1016/j.compfluid. 2022 being convected by the flow while the acoustic part propagates at the speed of sound, the DFT step in the SPOD should normally be able to separate both components by taking into account the different phase velocities [START_REF] Tinney | The near pressure field of co-axial subsonic jets[END_REF][START_REF] Arguillat | Measured wavenumber: Frequency spectrum associated with acoustic and aerodynamic wall pressure fluctuations[END_REF]. However, such a phase filtering may not be suitable in the low-frequency/wavenumber domain [START_REF] Arguillat | Measured wavenumber: Frequency spectrum associated with acoustic and aerodynamic wall pressure fluctuations[END_REF][START_REF] Druault | Discrimination of acoustic and turbulent components from aeroacoustic wall pressure field[END_REF], the wavenumber resolution and the frequency discretization being generally not sufficient to properly distinguish both components. Furthermore, the Fourier filtering approach forgets any temporally localized acoustic event in the signals, which could limit such filtering application. Following the DFT step in the SPOD, the POD step should be able to separate coherent structures, namely the hydrodynamic and acoustic ones. However, the acoustic component energy is generally several orders of magnitudes lower compared to the hydrodynamic one in the majority of flow configurations. The POD which is based on an energy optimal decomposition has been tested in such kind of configuration (hydrodynamic turbulence-acoustic interaction) by Druault et al. [START_REF] Druault | Discrimination of acoustic and turbulent components from aeroacoustic wall pressure field[END_REF] and Gaudard et al. [START_REF] Gaudard | About the POD application for separating and turbulent fluctuations from wall pressure synthesised field[END_REF]. It was observed that the first POD modes act as a filtering technique in the wavenumber domain (that contains the main part of the signal energy) but cannot properly separate both components, especially in the low-frequency/wavenumber domain. Therefore, the identification of both acoustic and hydrodynamic phenomena by the SPOD may be difficult based on its basic implementation. The idea proposed in the paper is to perform a few pre-processing steps to the input data given to the SPOD and define an inner product that would help the SPOD algorithm to identify both these hydrodynamic and acoustic structures, allowing the proper analysis of the acoustic field and its interactions with the source hydrodynamic field. This process is mainly based on two steps. First, the entire flow field is separated spatially into a domain dominated by the hydrodynamic phenomena defined as the hydrodynamic domain and a complementary domain where sound waves propagate and hydrodynamic fluctuations are low defined as the acoustic domain. Then, an inner product is defined in the SPOD to maximize the two-dimensional (2D) TKE in the hydrodynamic domain and acoustic energy in the acoustic domain. The process is applied to large-eddy simulations (LES) [START_REF] Sagaut | Large eddy simulation for incompressible flows: an introduction[END_REF] data of supersonic ideally expanded normally impinging planar jet for different nozzle-to-plate distances and different incidence angles of the flat plate for a fixed nozzle-to-plate distance. These simulations have been validated against experiments in previous studies [START_REF] Gojon | Investigation of tone generation in ideally expanded planar impinging jets using large-eddy simulation[END_REF][START_REF] Gojon | Effects of the angle of impact on the aeroacoustic feedback mechanism in supersonic impinging planar jets[END_REF]. The paper is organized as follows: Section 2 introduces the impinging jet configurations and the numerical setup; the pre-processing steps to adapt the input fields, the SPOD algorithm and corresponding parameters used for the study are detailed in Section 3; the resulting SPOD output is analyzed in Section 4 in order to assess the influence of the distance of the nozzle to the flat plate and its incidence angle on the aero-acoustic coupling.

Configurations and numerical methods

A description of the physics of a supersonic adapted planar jet impinging on a flat plate of infinite extent and the corresponding numerical details for LES calculations are provided in Gojon et al. [START_REF] Gojon | Investigation of tone generation in ideally expanded planar impinging jets using large-eddy simulation[END_REF] (influence of the distance between the nozzle and the flat plate) and in Gojon et al. [START_REF] Gojon | Effects of the angle of impact on the aeroacoustic feedback mechanism in supersonic impinging planar jets[END_REF] (influence of the flat plate incidence angle for a fixed distance between the nozzle and the flat plate). A brief description of the configurations and numerical approaches used is here described. The impinging jet flow configuration shown in Fig. 1 originates from a planar nozzle of height ℎ = 0.002 m, width 𝑙 = 3.25 ℎ in the spanwise direction, and whose lips are 0.5 ℎ thick, in an ambient medium at temperature 𝑇 0 = 293 K and pressure 𝑝 0 = 10 5 Pa. The Cartesian coordinate system is defined to have the 𝑥 direction aligned with the jet main axis, the 𝑦 direction from the bottom to the top nozzle lip and the transverse (homogeneous) direction is 𝑧. The origin of the coordinate system is set at the nozzle exhaust position in the 𝑥 direction, mid position between the bottom and top lip in the 𝑦 direction and at the middle of the transverse 𝑧 direction (see Fig. 1). Different nozzle-to-plate distances have been investigated (3.94 ℎ, 5.5 ℎ, 8.27 ℎ and 9.1 ℎ) but the present study focuses on the 3.94 ℎ, 5.5 ℎ, 8.27 ℎ cases denoted respectively JetL3.94-90d, JetL5.5-90d and JetL8.27-90d. At the nozzle exit, the jet is ideally expanded, with a Mach number of 𝑀 0 = 𝑢 0 ∕𝑐 = 1.28 and a Reynolds number of 𝑅𝑒 = 𝑢 0 ℎ∕𝜈 = 5 × 10 4 , where 𝑢 0 , 𝑐 and 𝜈 are respectively the jet velocity, the speed of sound at the nozzle exit, and the kinematic molecular viscosity (the stagnation temperature being equal to the ambient temperature). At the nozzle inlet, a Blasius laminar boundary-layer profile of thickness 0.075 ℎ and a Crocco-Busemann profile are imposed for velocity and density. The ejection conditions of the jet and the ratios between the nozzle-to-plate distances and the exit diameter of the simulations are identical to those of the experiments of Thurow et al. [START_REF] Thurow | Structure of a supersonic impinging rectangular jet via real-time optical diagnostics[END_REF]. In order to generate velocity fluctuations at the nozzle exit, low-amplitude random vortical disturbances, not correlated in the spanwise direction, are added in the nozzle boundary layer at 𝑥 = -0.25 ℎ using a procedure detailed in Bogey et al. [START_REF] Bogey | Large-eddy simulation of the flow and acoustic fields of a Reynolds number 105 subsonic jet with tripped exit boundary layers[END_REF]. The forcing strength is set to 𝛼 = 0.02 allowing to reach peak turbulent intensities between 5% and 10% at the nozzle exit. The cases for which the flat plate presents an incidence of 75 and 60 deg with respect to the jet main axis have been investigated for the intermediate nozzle-to-plate distance of 5.5 ℎ. In the following, these test cases will be denoted JetL5.5-75d and JetL5.5-60d. Therefore, a total of 5 simulations is considered: JetL3.94-90d, JetL5.5-90d, JetL5.5-75d, JetL5.5-60d and JetL8.27-90d.

The unsteady compressible Navier-Stokes equations are solved in the Cartesian coordinate system (𝑥, 𝑦, 𝑧) by using an explicit six-stage Runge-Kutta algorithm for time integration and low-dispersion explicit eleven-point finite differences for spatial derivation [START_REF] Bogey | A family of low dispersive and low dissipative explicit schemes for flow and noise computations[END_REF][START_REF] Berland | High-order, low dispersive and low dissipative explicit schemes for multiple-scale and boundary problems[END_REF]. At the end of each time step, a sixth-order eleven-point filtering [START_REF] Bogey | A shock-capturing methodology based on adaptative spatial filtering for high-order non-linear computations[END_REF] is applied to the flow variables in order to remove grid-to-grid oscillations and to relax turbulent energy from scales at wavenumbers close to the grid cutoff wavenumber. Thus, the filtering acts as a subgrid-scale model in the LES [START_REF] Bogey | A family of low dispersive and low dissipative explicit schemes for flow and noise computations[END_REF][START_REF] Bogey | Turbulence and energy budget in a self-preserving round jet: Direct evaluation using large eddy simulation[END_REF][START_REF] Fauconnier | On the performance of relaxation filtering for large-eddy simulation[END_REF][START_REF] Kremer | Large-eddy simulation of turbulent channel flow using relaxation filtering: Resolution requirement and Reynolds number effects[END_REF]. The radiation conditions of Tam et al. [START_REF] Tam | Wall boundary conditions for high-order finitedifference schemes in computational aeroacoustics[END_REF] are implemented at the inflow and lateral boundaries of the computational domain. A sponge zone combining grid stretching and Laplacian filtering is also employed in order to damp the turbulent fluctuations before they reach the lateral boundaries. Adiabatic conditions are imposed at the nozzle walls and at the flat plate. Periodic boundary conditions are applied at both sides of the domain in the transverse direction 𝑧. A shock-capturing filtering is also applied in order to avoid Gibbs oscillations near shocks. It consists in applying a conservative secondorder filter at a magnitude determined at each time step using a shock sensor [START_REF] Bogey | A shock-capturing methodology based on adaptative spatial filtering for high-order non-linear computations[END_REF]. For the JetL5.5-75d and JetL5.5-60d cases, two Cartesian meshes are used. The meshes are represented in Fig. 2 for the JetL5.5-75d. The two meshes are identical in the spanwise direction 𝑧, allowing the flow variables to be transferred from one grid to another using a 2D 10-point stencil interpolation in the (𝑥, 𝑦) plane.

The simulations have been carried out using an OpenMP-based inhouse solver, and a total of 200,000 iterations are computed in each case after the transient period. The temporal discretization is equal to 𝛥𝑡 ∼ 0.003ℎ∕𝑢 0 , yielding to a simulation time of 𝑡 sim ∼ 600 ℎ∕𝑢 0 . The meshes are composed of around 250 × 10 6 points for the different cases.

Pre-processing and SPOD algorithm

The input data for the different cases studied corresponds to 𝑛 snap = 4,000 2D instantaneous cuts sampled at the frequency 𝑓 corresponding to 𝑆𝑡 = 𝑓 ℎ∕𝑢 0 = 6.4 and containing the variables [𝜌, 𝑢 𝑥 , 𝑢 𝑦 , 𝑢 𝑧 , 𝑝] extracted from the LES simulations of Gojon et al. [START_REF] Gojon | Investigation of tone generation in ideally expanded planar impinging jets using large-eddy simulation[END_REF][START_REF] Gojon | Effects of the angle of impact on the aeroacoustic feedback mechanism in supersonic impinging planar jets[END_REF] (see Fig. 3 for the JetL8.27-90d case). The pre-processing steps are illustrated on the JetL8.27-90d case. The planes are extracted at the center of the jet nozzle length in the 𝑧 direction (𝑧 = 0) and the corresponding (𝑥, 𝑦) planes are reduced in the 𝑥 and 𝑦 directions compared to the full simulation domain (see Fig. 1). This size domain reduction is performed in order to avoid regions in the sponge zone and have mesh sizes around the jet sufficiently fine to transport sound waves, the mesh being progressively coarsened as one moves away from the jet. The extracted planes extend from -12 ℎ to 8.27 ℎ in the axial direction. In the 𝑦 direction, the mesh extends from -10 ℎ to 10 ℎ, being recalled that the origin of the coordinate system is set at the nozzle exit in the axial direction and at the center of the jet in the vertical direction. Based on the numerical parameters of the LES (around 6 points per wavelength) and the coarser mesh size at the boundaries of the plane (𝛥𝑥 ≃ 0.2ℎ, 𝛥𝑦 ≃ 0.05ℎ), the plane data can capture acoustic phenomena until 𝑆𝑡 = 5.0.

The purpose of the study is to relate the coherent vortical structures developing in the jet flow (hydrodynamic waves) to the sound waves radiated when the jet impinges on the flat plate and the corresponding feedback loop mechanism. In order to study the far-field noise radiated by an airfoil slat and its link with the hydrodynamic structures developing around the slat in the near-field, Souza et al. [START_REF] Souza | Dynamics of the largescale structures and associated noise emission in airfoil slats[END_REF] proposed to define two regions of the flow where the velocity and pressure fluctuations would be stored: one region corresponding to the near-field around the slat collecting the hydrodynamic sources of noise and a second region located away from the configuration consisting of a horizontal plane below the airfoil where no turbulent structures cross the plane and collecting the acoustic noise radiated. In order to correlate the main sources of noise measured on the plane to the hydrodynamic structures near the slat, the authors applied the SPOD algorithm to these two regions with two different metrics. A first metric corresponding to the conventional TKE metric was obtained by correlating the velocity fluctuations around the slat, setting zero correlation for the pressure fluctuations around the slat and zero correlation for the velocities and pressure fluctuations on the bottom plane. This metric was built to identify the most energetic flow structures within the slat cove flow, which were not necessarily related to the sound production. A second metric was proposed consisting of zero correlation for velocities and pressure fluctuations around the slat, zero correlation for the velocity and correlation for the pressure fluctuations on the bottom plane providing the acoustic energy on the plane. This metric based on the far-field pressure fluctuations recovers the flow structures most correlated to the radiated noise, which do not necessarily correspond to the most energetic ones, but are more likely to be related to the noise sources. This methodology is inspired of the works from Freund and Colonius [START_REF] Freund | Turbulence and sound-field POD analysis of a turbulent jet[END_REF], who compared different correlation metrics for the investigation of the turbulent structures in the flow of a 0.9 Mach number jet. The different metrics resulted in structures of different shapes identified in the respective POD modes. This process was also used by Schmidt et al. [START_REF] Schmidt | Super-and multi-directive acoustic radiation by linear global modes of a turbulent jet[END_REF] defining a norm in the POD based on the pressure in the far-field region in order to identify the dominant coherent contribution of the jet to the far-field sound.

In the present study, a similar approach is used. The (𝑥, 𝑦) plane domain is separated into two regions: a region dominated by the hydrodynamic sources (analogously to the near-flow around the slat from Souza et al. [START_REF] Souza | Dynamics of the largescale structures and associated noise emission in airfoil slats[END_REF]) and a second region where mainly the acoustic waves propagate (analogously to the bottom plane in the study from Souza et al.). To do so, in each cell of the (𝑥, 𝑦) reduced planes, the 𝑧-component of the vorticity 𝛺 𝑧 and its modulus (vorticity magnitude) are computed for the 4,000 temporal snapshots (see Fig. 4):

|𝛺 𝑧 | = | 𝜕𝑢 𝑦 𝜕𝑥 - 𝜕𝑢 𝑥 𝜕𝑦 |. (1) 
The minimum and maximum values of the vorticity magnitude in all cells and over time |𝛺 𝑧 | min and |𝛺 𝑧 | max are stored. These two quantities are then used to build a threshold for the vorticity defined as:

|𝛺 𝑧 | thres = |𝛺 𝑧 | min + 0.1(|𝛺 𝑧 | max -|𝛺 𝑧 | min ). (2) 
For each cell of the domain, if the value of the vorticity magnitude overcomes at least one time the threshold value, then this cell is tagged as being enclosed in the region dominated by hydrodynamic fluctuations. On the contrary, the un-tagged cells are considered to be in the acoustic domain. For the impinging jet, the hydrodynamic region corresponds to the jet flow, the mixing region with the fluid at rest (vertical expansion of the jet) and the region near the wall corresponding to the two wall jets induced after the impingement on the flat plate (see Fig. 4). Based on this approach, the acoustic field (pressure fluctuations) will be studied in the acoustic domain and analyzed in conjunction with the hydrodynamic field (velocity fluctuations) in the hydrodynamic region in order to draw a link between the two fields. In particular, the acoustic pressure modes in the hydrodynamic region are not analyzed. Indeed, it can be noticed that the hydrodynamic region also contains sound waves, but the velocity/pressure fluctuations related to the sound waves are several orders of magnitude lower than the hydrodynamic ones, and these fluctuations are mixed so that separating acoustic from hydrodynamic is difficult as pointed out by several authors [START_REF] Tinney | The near pressure field of co-axial subsonic jets[END_REF][START_REF] Arndt | The proper orthogonal decomposition of pressure fluctuations surrounding a turbulent jet[END_REF][START_REF] Grizzi | Wavelet analysis of near-field pressure fluctuations generated by a subsonic jet[END_REF][START_REF] Mancinelli | Wavelet decomposition of hydrodynamic and acoustic pressures in the near field of the jet[END_REF]. According to the authors, some additional data preprocessing should be performed on the pressure fluctuations field in the hydrodynamic region before to perform the SPOD to guaranty that the pressure fluctuations modes from the SPOD in the hydrodynamic region would be only hydrodynamics or acoustic in nature and not a mix of hydrodynamic and acoustic structures. In particular the authors think about the Doak's theory [START_REF] Doak | Momentum potential theory of energy flux carried by momentum fluctuations[END_REF] that is able to decompose the pressure into a divergence-free component of momentum that constitutes the hydrodynamic mode of the flow, and the acoustic and thermal modes components of the irrotational field, this process having successfully been applied in the DNS of a wavepacket source similar to those frequently used to model sound production by coherent structures in turbulent jets by Jordan et al. [START_REF] Jordan | Doak's momentum potential theory of energy flux used to study a solenoidal wavepacket[END_REF] and in the LES of a supersonic cold jet by Unnikrishnan and Gaitonde [START_REF] Unnikrishnan | Acoustic, hydrodynamic and thermal modes in a supersonic cold jet[END_REF].

A description of the SPOD algorithm used in the study based on a separation of the entire domain into two regions (hydrodynamic and acoustic) and the definition of the inner product is here proposed. The first versions of the SPOD algorithm have been used to extract the coherent structures in a mixing layer by Glauser et al. [START_REF] Glauser | Coherent structures in the axisymmetric turbulent jet mixing layer[END_REF] and Delville et al. [START_REF] Delville | Examination of large-scale structures in a turbulent plane mixing layer. Part 1. Proper orthogonal decomposition[END_REF] and to reconstruct the global velocity field in a mixing layer by Citriniti et al. [START_REF] Citriniti | Reconstruction of the global velocity field in the axisymmetric mixing layer utilizing the proper orthogonal decomposition[END_REF]. The mathematical basis of the SPOD algorithm in its current and more widely used version using the Welch formulation has been introduced by Towne et al. [START_REF] Towne | Spectral proper orthogonal decomposition and its relationship to dynamic mode decomposition and resolvent analysis[END_REF] and Schmidt et al. [START_REF] Schmidt | Spectral analysis of jet turbulence[END_REF]. Its use is detailed in Schmidt et al. [START_REF] Schmidt | Guide to spectral proper orthogonal decomposition[END_REF] and applications to fluid flows is provided in Schmidt et al. [START_REF] Schmidt | Spectral analysis of jet turbulence[END_REF], Ghate et al. [START_REF] Ghate | Broadband reconstruction of inhomogeneous turbulence using spectral proper orthogonal decomposition and gabor modes[END_REF], Abreu et al. [START_REF] Abreu | Spectral proper orthogonal decomposition and resolvent analysis of near-wall coherent structures in turbulent pipe flows[END_REF] and Nogueira et al. [START_REF] Nogueira | Large-scale streaky structures in turbulent jets[END_REF] to identify large-scale structures in a turbulent jet. In the present study, the inner product in the SPOD is defined to maximize either the 2D TKE in the hydrodynamic domain or the acoustic energy in the acoustic domain. In addition, a third metric is investigated and maximizes the sum of the 2D TKE in the hydrodynamic domain and the acoustic energy in the acoustic domain. For this purpose, the space-time signal of axial, vertical velocity and pressure fluctuations [𝑢 ′ 𝑥 , 𝑢 ′ 𝑦 , 𝑝 ′ ] of respective size (𝑛 dof , 𝑛 snap ) where each column corresponds to a time snapshot of length the number of grid points (𝑛 dof ) of the 2D solution (composed of the hydrodynamic and acoustic domains) is assembled in the block matrix 𝑄 ′ and can be written as:

𝑄 ′ = ⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 𝑢 ′ 𝑥,1,1 ⋯ 𝑢 ′ 𝑥,1,𝑛 snap ⋯ 0 ⋅ 0 ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 𝑢 ′ 𝑥,𝑛 dof ,1 ⋯ 𝑢 ′ 𝑥,𝑛 dof ,𝑛 snap ⋯ 0 ⋯ 0 ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 0 ⋯ 0 ⋯ 𝑝 ′ 1,1 ⋯ 𝑝 ′ 1,𝑛 snap ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 0 ⋯ 0 ⋯ 𝑝 ′ 𝑛 dof ,1 ⋯ 𝑝 ′ 𝑥,𝑛 dof ,𝑛 snap ⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ . ( 3 
)
It can be noticed that the transverse velocity fluctuations 𝑢 ′ 𝑧 are not considered in the problem because of very low magnitude compared to the axial and vertical velocity fluctuations. The dataset is segmented into smaller overlapping blocks, each block representing an ensemble realization of the flow. It corresponds to divide the initial matrix 𝑄 ′ into seven blocks with 50% overlapping corresponding to 1024 snapshots per block. A temporal DFT of each block is then calculated. To reduce spectral leakage, a Hanning window is used to limit the discontinuities with a hypothetical next period. Because of the time segmentation, the frequency resolution corresponds to around 𝛥𝑆𝑡 = 0.007 to be compared with a frequency resolution of around 𝛥𝑆𝑡 = 0.0015 for a DFT algorithm. New data matrices denoted Q′ 𝑘 are defined to collect all of the Fourier realizations of the different blocks at the frequency 𝑘. The auto-covariance matrix is then built for each frequency obtained with the DFT yielding to:

R′ 𝑘 = 𝑊 ( Q′ 𝑘 ) 𝑇 Q′ 𝑘 for 𝑘 ∈ [1, 𝑛 df t ] (4) 
where 𝑊 is the weighting matrix representing the individual area (𝑑𝐴) of each cell of the spatially discretized plane:

𝑊 = ⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 𝑑𝐴 1,1 ⋯ 𝑑𝐴 1,𝑛 snap ⋯ 0 ⋅ 0 ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 𝑑𝐴 𝑛 dof ,1 ⋯ 𝑑𝐴 𝑛 dof ,𝑛 snap ⋯ 0 ⋯ 0 ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 0 ⋯ 0 ⋯ 𝑑𝐴 1,1 ⋯ 𝑑𝐴 1,𝑛 snap ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 0 ⋯ 0 ⋯ 𝑑𝐴 𝑛 dof ,1 ⋯ 𝑑𝐴 𝑥,𝑛 dof ,𝑛 snap ⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ . ( 5 
)
Based on this weighting matrix, the different inner products can be defined by canceling (setting to zero values) some lines of the matrix.

For the metric based on the 2D TKE in the hydrodynamic domain alone, the lines related to pressure fluctuations for mesh points in the hydrodynamic domain are canceled and velocity and pressure fluctuations in the acoustic domain are also canceled. For the metric maximizing the acoustic energy in the acoustic domain, only the lines of pressure fluctuations for the mesh points in the acoustic domain are not canceled. Finally, for the metric maximizing the sum of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain, only the velocity fluctuations for the mesh points in the hydrodynamic domain and the pressure fluctuations for the mesh points in the acoustic domain are not canceled. The POD algorithm is then applied to the matrices ( R′ 𝑘 ) 𝑘∈[1,𝑛 df t ] at each of the DFT frequencies. This corresponds to solve the Fredholm eigenvalue problem for each frequency 𝑘 (or equivalently perform the singular value decomposition of the matrices

( R′ 𝑘 ) 𝑘∈[1,𝑛 df t ] ): ∫  𝑅 ′ 𝑘 𝛷 𝑙 (𝑥, 𝑦) d𝑥d𝑦 = 𝜆 𝑙 𝛷 𝑙 (𝑥, 𝑦), 𝑘 ∈ [1, 𝑛 df t ] (6) 
where (𝜆 𝑙 , 𝛷 𝑙 ) are the 𝑙th eigenvalue and eigenfunction from the singular value decomposition of the matrix R′ 𝑘 at the frequency 𝑘. The eigenvalues and eigenvectors are sorted from higher to lower energy content. The temporal functions of the POD algorithm are obtained by projection of the original fluctuating field q' ∈ [𝑢 ′ 𝑥 , 𝑢 ′ 𝑦 , 𝑝 ′ ] at a fixed frequency 𝑘 onto the eigenvectors (𝛷 𝑙 ) 𝑙∈[1,𝑛 blocks ] :

𝑎 𝑙 (𝑡) = ∫  𝑞 ′ (𝑥, 𝑦, 𝑡)𝛷 𝑙 (𝑥, 𝑦)d𝑥d𝑦. ( 7 
)
The SPOD algorithm provides a set of frequencies 𝑘 and eigenvalues

(𝜆 𝑘,𝑙 ) (𝑘,𝑙)∈[1,𝑛 df t ]×[1,𝑛 blocks ]
representing the maximization of the norm considered. Also, for each variable 𝑢 ′ 𝑥 , 𝑢 ′ 𝑦 , 𝑝 ′ , the algorithm provides a set of eigenvectors and temporal functions

(𝛷 𝑘,𝑙 , 𝑎 𝑘,𝑙 ) (𝑘,𝑙)∈[1,𝑛 df t ]×[1,𝑛 blocks ] .
Based on the algorithm described, two parameters have been chosen arbitrarily: the threshold value introduced in Eq. 2 to define the hydrodynamic and acoustic domains and the number of snapshots per block in the SPOD. Also, the SPOD has been applied to (𝑥, 𝑦) planes at z = 0 but the collected data could represent a mix of the influence at other spanwise locations so that the flow in the transverse direction 𝑧 needs to be described. Finally, three different inner products have been presented but a unique metric needs to be chosen to perform the analysis over the different impinging jet configurations. In order to assess the influence of these different parameters/assumptions, sensitivity analyses have been performed for the intermediate nozzleto-flat plate distance (JetL5.5-90d) and gathered in Appendix A. The conclusions drawn for this case have been checked to apply for the other configurations so that a unique set of parameters would be used in the study. The main observations obtained from these analyses are the following :

Appendix A introduces the influence of the inner product used in the SPOD. The structures in the jet holding the largest 2D TKE are closely related to the structures inducing the largest acoustic energy (noise) in the acoustic domain. Based on this observation, the metric maximizing the sum of the 2D TKE in the hydrodynamic domain and the acoustic energy in the acoustic domain is used.

Appendix B presents the influence of the number of snapshots per block in the SPOD. The influence of this parameter has been assessed by either dividing by two the size of each block (512 snapshots) or doubling (2048 snapshots) the number of instantaneous solutions with respect to the intermediate value presented (1024 snapshots). The SPOD modes using 1024 and 2048 snapshots per block are well converged despite the low number of blocks (respectively seven and three) and may be related to the use of all three variables altogether in the SPOD algorithm promoting a better convergence of the modes compared to SPOD analysis led on one variable at a time. The lower number of snapshots per block (512) shows a lower frequency resolution and substantial leakage into nearby frequency bins so that 1024 snapshots per block is suitable in the study.

Appendix C presents the influence of the threshold value to define the hydrodynamic and acoustic domains. A sensitivity analysis of this parameter has been performed by considering respectively 5% and 20% of the difference between the maximum and minimum vorticity magnitude compared to the value of 10% used in the study (see Eq. 2). The comparison indicates that the SPOD modes are relatively insensitive for this range of threshold considered making the approach relatively robust.

Appendix D concerns the choice of the (𝑥, 𝑦) plane to store the data at the arbitrary position 𝑧 = 0. A rigorous way to study the aero-acoustic feedback in a (𝑥, 𝑦) plane would be to consider the full spanwise data at each stored time step and perform a DFT to conserve only the information at a transverse station alone (in a similar way to retain one azimuthal mode in round jets when studied over a 2D plane) because the direct use of a plane at 𝑧 = 0 may represent a mix of the influence of other stations in the transverse direction 𝑧. Since only the (𝑥, 𝑦) plane at 𝑧 = 0 has been stored in this direction, the SPOD algorithm has been applied to a plane orthogonal to this plane in the (𝑥, 𝑧) direction and set at the center of the jet (𝑦 = 0). The results indicate that the hydrodynamic structures observed in the (𝑥, 𝑦) plane based on the SPOD extend over the full span with relatively low variations in this direction.

SPOD analysis

The purpose of the study is to analyze the coupling between the hydrodynamic field in the jet and the corresponding acoustic field radiated. An important feature of impinging jet configurations corresponds to the aero-acoustic feedback loop mechanism sketched in Fig. 5. This mechanism was originally proposed by Powell [START_REF] Powell | On edge tones and associated phenomena[END_REF]: turbulent structures from the jet shear layers can be convected downstream, impinge on the flat plate and generate sound waves at the flat plate surface. These sound waves that propagate upstream are reflected back by the nozzle lip, excite the jet shear layers, and lead to the formation of new coherent structures promoting a self-sustaining oscillating system. This feedback loop mechanism was studied originally by Tam et al. [START_REF] Tam | Impingement tones of large aspect ratio supersonic rectangular jets[END_REF] and more recently for planar jets [START_REF] Gojon | Investigation of tone generation in ideally expanded planar impinging jets using large-eddy simulation[END_REF] and round jets [START_REF] Bogey | Feedback loop and upwind-propagating waves in ideally expanded supersonic impinging round jets[END_REF]. The analysis of the aero-acoustic field is first investigated for the JetL8.27-90d (largest distance to the flat plate without incidence angle). Once analyzed for this configuration, the approach is used to study the influence of the distance of the nozzle to the flat plate (JetL3.94-90d, JetL5.5-90d, JetL8.27-90d) and of the incidence angle of the flat plate (JetL5.5-90d, JetL5.5-75d, JetL5.5-60d) on the aero-acoustic coupling.

JetL8.27-90d case

The eigenvalues associated with the first five (out of the seven) SPOD modes maximizing the sum of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain obtained considering the reduced-size extracted planes are shown in Fig. 6. Each eigenvalue has been normalized by the sum of all eigenvalues for each SPOD mode and over all frequencies (total 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain) to provide the relative contribution of each SPOD mode at each frequency to this balance. The axial/vertical TKE in the hydrodynamic domain and the radiated acoustic energy in the acoustic domain by the (𝑥, 𝑦) plane for the different cases studied are gathered in Table 1. These quantities have been obtained by computing the axial/vertical TKE in each mesh node of the hydrodynamic domain and integrated over the corresponding hydrodynamic domain surface (these quantities have been normalized based on the inlet jet flow velocity 𝑢 0 ). The same procedure has been applied in the acoustic domain considering the acoustic energy based on the pressure fluctuations and normalized by using the ambient pressure 𝑝 0 . In the hydrodynamic domain, the 2D TKE is induced at 47.3% (𝑢 ′ 2 𝑥 ∕𝑢 2 0 = 0.0132, see Table 1) by the axial velocity fluctuations and 52.7% (𝑢 ′ 2 𝑦 ∕𝑢 2 0 = 0.0150) by the vertical velocity fluctuations. The mode 1 (most energetic POD mode over all the frequency range denoted SPOD1) exhibits a few main peaks corresponding to the dominant tones. At these frequencies, the magnitude ratio with the subsequent SPOD modes is relatively large (generally one or two orders of magnitude) so that the majority of the energy at these frequencies is held by the mode SPOD1. This observation means that, at these frequencies, one mechanism is dominant in the flow. Apart from these main tones, the background level can be related to the broadband energy contribution of turbulence where the different SPOD modes have similar energy magnitudes (in general ratios between one and two). The spectrum of the eigenvalues as a function of the frequency provides the accumulated contributions of the axial, vertical velocity fluctuations in the hydrodynamic domain and pressure fluctuations in the acoustic domain (because the variables have been considered altogether in the SPOD) without having the individual contribution of each of these three quantities. In order to determine whether these different variables are synchronized at the main tones frequencies, the SPOD has been applied to the axial, vertical velocity fluctuations alone in the hydrodynamic domain and the pressure fluctuations alone in the acoustic domain. The corresponding spectra showing the eigenvalues for the different variables alone and the variables altogether used in the study are shown in Fig. 7 (the eigenvalues have been normalized by the energy based on the inner product used during the study to provide the relative contribution of each individual variable to the 2D TKE in the hydrodynamic region and acoustic energy in the acoustic domain). The dominant tones of SPOD1 for the axial, vertical velocity fluctuations in the hydrodynamic domain and pressure fluctuations in the acoustic domain occur at the same frequency, these frequencies being the one obtained considering all three variables and maximizing the sum of the 2D TKE in the hydrodynamic domain and the acoustic energy in the acoustic domain. This synchronization between the different variables has also been observed for the other flat-to-plate distances. For the cases where the flat plate is under incidence, this synchronization is discussed in the corresponding Sections 4.4 and 4.5.

In order to determine whether the tones obtained by the SPOD and their corresponding frequencies occur in the simulation, the signal of axial velocity fluctuations of a probe set at 𝑥 = 4ℎ, 𝑦 = 0ℎ and 𝑧 = 0ℎ (approximately the middle position between the nozzle and flat plane on the jet axis downstream of the potential core) has been monitored. The spectral content of the probe is obtained by computing the power spectral density (PSD) using Welch's method with overlapped segment averaging estimator, Hamming windowing and 50% window overlap. The corresponding spectrum is shown in Fig. 8 with the axial position of the main tones (frequencies) obtained with the SPOD reported in this same figure. The different tones of the SPOD can be identified in the local spectrum indicating that the phenomena captured by the SPOD are occurring in the domain of simulation. Some differences can be exhibited between the two approaches. For example, the third tone in the PSD has a lower amplitude than the tones 2 and 4 while these three tones are of a similar amplitude in the SPOD and a large mode amplitude is observed in the PSD at around 𝑆𝑡 = 0.6 which is not observed in the SPOD. According to the authors, these differences can be related to the fact the SPOD captures global 2D modes compared to the PSD which is a local measure but the dominant tones are identified by the two approaches. Also, the spectrum obtained with the SPOD has been compared against the sound pressure levels obtained from a probe set at x = 0, y = 1.5 h and z = 0 h (in the acoustic domain) from Gojon et al. [START_REF] Gojon | Investigation of tone generation in ideally expanded planar impinging jets using large-eddy simulation[END_REF] showing also that the same dominant tones are obtained.

Also, in order to check that the tones obtained with the SPOD algorithm indeed correspond to an aero-acoustic feedback loop described earlier, the phase of the pressure fluctuations modes of SPOD1 at the four first tones has been extracted and is shown in Fig. 9. The corresponding SPOD spatial structures of phase show that the structures developing at the nozzle lips and propagating downstream (corresponding to the hydrodynamic structures also called cell structures) are synchronized in phase with the background fluctuations related to sound waves generated at the flat plate. This observation corroborates the observations from Gojon et al. [START_REF] Gojon | Investigation of tone generation in ideally expanded planar impinging jets using large-eddy simulation[END_REF] that measured the time necessary for a shear-layer structure to travel from the nozzle down to the plate and of the time of propagation of a sound wave from the plate up to the nozzle. The authors showed that the corresponding characteristic frequencies fall onto the frequencies of the main tones obtained with the SPOD (for which the phase has been displayed) and tend to confirm the feedback loop process between the jet flow structures and the sound waves generated at the flat plate.

The spatial structures of axial, vertical velocity and pressure fluctuations of the six first most energetic tones of SPOD1 at their corresponding single frequencies (denoted 1 to 6 in Fig. 6 and sorted from low to large frequency) are shown in Fig. 10 (the spatial structures of the modes are scaled between -1 and 1, the energy being held by the corresponding eigenvalue and provided in Fig. 6). The most energetic tone of the mode SPOD1 occurs at 𝑆𝑡 = 0.094 and holds around 17.2% of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain. This tone is characterized by large-scale axial velocity fluctuations rounded flow structures released at the center of the jet with a size that typically represents the nozzle height and antisymmetrical vertical velocity fluctuations structures with respect to the jet main axis (𝑥) released at the lips of the nozzle. The corresponding spatial structures of pressure fluctuations in the acoustic domain show a symmetrical pattern with respect to the jet main axis in a similar way to the axial velocity fluctuations and propagating upstream in the axis of the jet. This symmetrical mode of the sound waves with respect to the jet main axis is generally referred to as a breathing mode (see Fig. 5). The second (𝑆𝑡 = 0.119), third (𝑆𝑡 = 0.169), fourth (𝑆𝑡 = 0.212) and fifth tone (𝑆𝑡 = 0.256) hold respectively 3.4%, 2.7%, 3.8% and 0.8% of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain. The corresponding spatial structures of axial velocity fluctuations are characterized by an anti-symmetrical behavior with respect to the jet main axis and are released at the jet lips while the vertical velocity fluctuations are characterized by large flow structures released at the center of the jet (inverse behavior compared to the first tone for the axial and vertical fluctuations). The corresponding pressure fluctuations in the acoustic domain have these same alternated patterns of opposed phases on each side of the jet axis. This observation may indicate that the acoustic symmetrical/anti-symmetrical pattern in the acoustic domain is correlated to the axial velocity fluctuations pattern in the jet. This anti-symmetrical behavior of the sound waves in the acoustic domain is generally referred to as a flapping mode (see Fig. 5). These breathing and flapping modes were originally observed in supersonic impinging planar jets by Norum [START_REF] Norum | Supersonic rectangular jet impingement noise experiments[END_REF] and Tam and Norum [START_REF] Tam | Impingement tones of large aspect ratio supersonic rectangular jets[END_REF] using a stroboscopic light source. The coupling of the LES results and SPOD algorithm seems well able to capture and describe these coexisting symmetrical and anti-symmetrical oscillation modes. It can be also observed that the pressure fluctuations propagate upstream only in the axis of the jet for the tones 1 to 3, then the tone 4 has two main propagation directions: in the axis of the jet and at 154 deg (defined with respect to the vector 𝑥 aligned with the jet main axis). For the sixth tone at 𝑆𝑡 = 0.306, the propagation of the acoustic waves occurs predominantly at 154 deg. In particular, the acoustic pattern does not show sound waves hitting the nozzle (propagating in the jet axis direction) which would suggest that this tone does not close the acoustic feedback loop (causal mechanisms of the feedback acoustics and ensuing jet instability impacting the flat plate). This tone would rather be a secondary result of the feedback resonance occurring at other dominant tones because the aero-acoustic feedback loop that is a transient process is not monochromatic. This would be in particular supported because the third tone also exhibits a sound wave propagation at 154 deg.

In the original paper of Gojon et al. [START_REF] Gojon | Investigation of tone generation in ideally expanded planar impinging jets using large-eddy simulation[END_REF], the amplitude and phase of the tones 1, 3, 4 and 5 were also extracted based on a DFT algorithm and a same spatial arrangement was observed compared to the SPOD. It can also be noted that the correlation between the velocity fluctuations in the hydrodynamic domain and the pressure fluctuations in the acoustic domain mainly occurs for the structures in the direct jet region and not in the wall jet region after impingement over the flat plate wall. 

Jetl5.5-90d case

The decrease of the nozzle-to-plate distance promotes a higher level of 2D TKE in the hydrodynamic domain ((𝑢 ′ 2 𝑥 +𝑢 ′ 2 𝑦 )∕𝑢 2 0 = 0.0299 against 0.0285 for the JetL8.27-90d). Furthermore, the increase of the 2D TKE is preferentially redistributed towards the vertical fluctuations (55.8% against 52.7% for the JetL8.27-90d case, see Table 1) rather than the axial ones (44.2%). Also, the conversion of 2D TKE in the jet when impinging on the flat plate into acoustic energy radiated by the plane in the acoustic domain increases by 57% (from 𝑝 ′ 2 ∕𝑝 2 0 = 0.00066 to 0.00104) when the nozzle-to-plate distance is decreased from the JetL8.27-90d to the JetL5.5-90d case. The eigenvalues associated with the first five SPOD modes maximizing the sum of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain for the JetL5.5-90d case are shown in Fig. 11(a). Compared to the JetL8.27-90d case, the first main tone of SPOD1 occurs at a larger frequency 𝑆𝑡 = 0.118 (against 𝑆𝑡 = 0.094 for the JetL8.27-90d case) that can be related to the shorter distance of the nozzle to the flat plate. Also, for the JetL8.27-90d case, the main tones were gathered over a reduced frequency bandwidth between 𝑆𝑡 = 0.094 and 𝑆𝑡 = 0.306 while for the JetL5.5-90d case, the tones are more evenly spread over the frequency bandwidth considered with the main tones occurring at 𝑆𝑡 = 0.118, 0.256, 0.375, 0.513, 0.631 and 0.750 corresponding to frequencies close to the harmonics of the first tone (𝑆𝑡 = 0.118). The first tone of SPOD1 holds 15.3% of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain, the level being comparable to the JetL8.27-90d case but the two subsequent modes hold a larger part of the total energy considered (respectively 12.7% for the second tone and 4.7% for the third tone) while the second and third tones of SPOD1 in the JetL8.27-90d case were holding 3.4% and 2.7% respectively. The spatial structures of axial, vertical velocity and pressure fluctuations of the six first most energetic tones of SPOD1 at their corresponding single frequencies (denoted 1 to 6 in Fig. 11(a)) are shown in Fig. 12. The first tone of the JetL5.5-90d (𝑆𝑡 = 0.118) corresponds to an antisymmetrical mode with respect to the jet main axis for the axial velocity of the sound waves is rather located at a middle distance between the nozzle and the flat plate while the acoustic modes closed by a feedback loop process were mainly generated at the flat plate. This result could suggest that the feedback loop at this frequency is closed only by upstream-propagating sound waves of the jet shear layer itself and not by an aero-acoustic feedback loop as observed for the other tones where a link could be drawn between the jet flow structures propagating downstream in the jet axis direction and acoustic waves propagating upstream on this same axis (see Fig. 5). This process was hypothesized originally by Tam and Ahuja [START_REF] Tam | Theoretical model of discrete tone generation by impinging jets[END_REF], Tam and Norum [START_REF] Tam | Impingement tones of large aspect ratio supersonic rectangular jets[END_REF] and observed numerically for ideally expanded impinging jets [START_REF] Gojon | Investigation of tone generation in ideally expanded planar impinging jets using large-eddy simulation[END_REF][START_REF] Bogey | Feedback loop and upwind-propagating waves in ideally expanded supersonic impinging round jets[END_REF]. According to Tam and Hu [START_REF] Tam | On the three families of instability waves of highspeed jets[END_REF], these waves are present in high-speed jets. They are confined in the jets when the jets are subsonic, but lie outside when the jets are supersonic and are characterized by a negative group velocity. In order to check whether these waves called neutral sound waves are occurring in the present configuration, the characteristics of the wavepackets at the jet shear layer can be analyzed as proposed by Karami et al. [START_REF] Karami | Characteristics of acoustic and hydrodynamic waves in under-expanded supersonic impinging jets[END_REF] whose used this approach to identify neutral waves in supersonic under-expanded impinging jets. To do so, a spatio-temporal decomposition of the time history of pressure at the jet shear-layer has been performed and is shown in Fig. 13. The dominant downstream-traveling waves in the shear layer of the jet have a positive propagation velocity as expected. The propagation velocity of these wavepackets is 0.64 𝑐. There are low-frequency waves which have negative propagation velocities indicating upstream-traveling waves in the shear layer of the jet and would confirm that neutral waves are indeed propagating in the domain. This analysis corroborates the results from Gojon et al. [START_REF] Gojon | Investigation of tone generation in ideally expanded planar impinging jets using large-eddy simulation[END_REF]. Indeed, the authors were able to show a good agreement for the nature of the jet oscillation (symmetric or antisymmetric) and the corresponding frequencies of the main tones in the LES with a 2D supersonic jet bounded by vortex sheets model used to model the neutral wave modes. The SPOD algorithm seems thus able to identify the neutral waves mechanism in addition to the jet-flat plate aero-acoustic feedback loop mechanism.

Jetl3.94-90d case

For the lower nozzle-to-plate distance (JetL3.94-90d), the total 2D TKE in the hydrodynamic domain is of a similar order of magnitude compared to the JetL5.5-90d and the distribution of the 2D TKE towards the vertical fluctuations is again increased at 56.9% for the JetL3.94-90d against 55.8% for the JetL5.5-90d. The level of acoustic radiated in the acoustic domain is of a similar magnitude compared to the JetL5.5-90d. Fig. 11(b) shows the eigenvalues associated with the first five SPOD modes maximizing the sum of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain for the JetL3.94-90d case. As observed for the JetL5.5-90d case, the decrease of the nozzle-to-plate distance increases the frequency of the main tones of the SPOD1 mode. The five first main tones of SPOD1 occur at 𝑆𝑡 = 0.194, 0.381, 0.575, 0.769 and 0.957 having a harmonic behavior similar to the JetL5.5-90d case. The energy contained in the different main modes progressively decreases with the frequency, the first tone of SPOD1 holding 16.5% of the total 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain, 3.2% for the second tone, 0.7% for the third tone, 0.2% and 0.1% for the fourth and fifth tones. In addition, the gap in energy between the main tones of SPOD1 and SPOD2 decreases decrease for this reduced nozzle-to-plate-distance (especially in the low-frequency range until the first tone of SPOD1 at 𝑆𝑡 = 0.194). This observation would indicate that for low nozzleto-plate distances several phenomena could coexist particularly in the low-frequency range and the SPOD would be suitable for these configurations compared to a DFT for example that would display only one mode per frequency. The spatial structures of axial, vertical velocity and pressure fluctuations of the five first most energetic tones of SPOD1 at their corresponding single frequencies (denoted 1 to 5 in Fig. 11 in the jet axis and at 148 deg. The tone at 𝑆𝑡 = 0.381 is characterized by axial velocity fluctuations structures released at the center of the jet and anti-symmetrical vertical velocity fluctuations structures on both sides of the jet (reversed behavior compared to the first tone). The corresponding pressure fluctuations structures in the acoustic domain display dominant sound waves propagating at 148 deg. The tones three to five at 𝑆𝑡 = 0.575, 0.769 and 0.957 display this same alternated pattern between two subsequent tones, i.e when the axial velocity fluctuations structures are released at the center of the jet, the previous and following tones are characterized by antisymmetrical axial velocity structures released at the borders of the nozzle. For the third tone, the pressure fluctuations structures in the acoustic domain propagate mainly at 144 and 155 deg with an antisymmetrical behavior similar to the one observed for the axial velocity fluctuations in the jet. Based on the results for the different nozzleto-plate distances, it appears that, for any individual tone, the axial velocity and pressure fluctuations have the same symmetrical/antisymmetrical pattern and the vertical velocity fluctuations have an opposed symmetrical/anti-symmetrical pattern with respect to these two quantities.

Jetl5.5-75d case

When the flat plate is set at the intermediate incidence angle (75 deg), the total 2D TKE in the hydrodynamic region decreases compared to the JetL5.5-90d ((𝑢 ′ 2 𝑥 + 𝑢 ′ 2 𝑦 )∕𝑢 2 0 = 0.0212 against 0.0299 for the JetL5.5-90d). The larger contribution of the vertical velocity fluctuations to the turbulent balance in the jet is also reduced (53.5% against 55.8% for the JetL5.5-90d). Also, the acoustic energy radiated in the acoustic domain is lower (𝑝 ′ 2 ∕𝑝 2 0 = 0.00025 against 0.00105 for the JetL5.5-90d).

Fig. 15(a) shows the eigenvalues associated with the first five SPOD modes maximizing the sum of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain for the JetL5.5-75d case. The main tones occur at a lower frequency and over a reduced frequency bandwidth from 𝑆𝑡 = 0.112 to 0.432 for the six first tones compared to a frequency bandwidth standing between 𝑆𝑡 = 0.118 to 0.750 for the six first tones of the JetL5.5-90d case. In addition, the main tones do not display a harmonic behavior differently from the harmonic behavior displayed by the main tones of the JetL5.5-90d case. Also, the three first tones increase in magnitude with frequency differently from the JetL5.5-90d case and other nozzle-to-plate distances investigated (JetL3.94-90d and JetL8.27-90d). The energy contained in the first main tones is also lower (1.9% for the first tone, 2.9% for the second tone and 5.7% of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain) while the dominant tones of the JetL5.5-90d were representing respectively 15.3%, 12.7% and 4.7% of this energy. This observation agrees with the experimental measurements from Norum [START_REF] Norum | Supersonic rectangular jet impingement noise experiments[END_REF] that noted the decrease of the strongest impingement tone when the angle of the flat plate deviates from 90 deg with respect to the jet axis, the intensity of the feedback mechanism decreasing because of the loss of symmetry. The subsequent SPOD modes (SPOD2, SPOD3, etc.) are damped at the main tone frequencies of SPOD1 compared to the cases without flat plate incidence (JetL3.94-90d, JetL5.5-90d and JetL8. 27-90d) where the gap of the subsequent SPOD modes with the mode SPOD1 was large but a few tones could be identified. This observation would indicate that the incidence of the flat plate could reduce the sensitivity of the flow to have several modes coexisting at a same frequency especially at the main tones.

In order to determine whether the different variables contributing to the inner product defined in the SPOD are synchronized in terms of the main tones frequencies for this case with flat plate incidence, the SPOD has been applied to the axial, vertical velocity fluctuations alone in the hydrodynamic domain and the pressure fluctuations in the acoustic domain alone. The corresponding spectra showing the eigenvalues for the different variables alone and the variables altogether used in the study are shown in Fig. 16(a). The different main tones are synchronized for the different variables alone and the variables considered altogether in the SPOD as it was observed for the cases without flat plate incidence except for the fourth tone that is held by the pressure fluctuations in the acoustic domain and less by the axial and vertical velocity fluctuations in the hydrodynamic domain. The spatial structures of axial, vertical velocity and pressure fluctuations of the six first most energetic tones of SPOD1 at their corresponding single frequencies (denoted 1 to 6 in Fig. 15(a)) are shown in Fig. 17. Compared to the cases without flat plate incidence, the different acoustic structures of the main tones do not display any symmetrical/anti-symmetrical pattern with respect of the jet main axis. The first tone of SPOD1 corresponds to an acoustic wave propagation mainly on the bottom half of the plane (below the main axis) at 203 deg. The second tone corresponds to an acoustic wave propagation on the upper part of the plane at 157 deg. For these two first tones, the corresponding axial velocity fluctuations in the jet do not display coherent patterns differently from the cases without flat plate incidence. This behavior can be related to the acoustic sources generated at the flat plate due to the jet impingement that are mainly radiated on the upper half of the domain. The potential for having acoustic waves propagating along the jet axis (and promoting coherent breathing hydrodynamic structures in the jet) is then reduced. On the contrary, coherent vertical velocity fluctuations structures can be observed and are characterized by rounded structures propagating above the jet main axis (upper half of the nozzle). For the third tone, the 

Jetl5.5-60d case

For the larger flat plate incidence angle considered (60 deg), the 2D TKE in the jet (hydrodynamic domain) is again decreased compared to the intermediate incidence angle ((𝑢 ′ 2 𝑥 + 𝑢 ′ 2 𝑦 )∕𝑢 2 0 = 0.0178 against 0.0213 for the JetL5.5-75d). The corresponding acoustic energy in the acoustic domain is also reduced compared to the JetL5.5-75d case (𝑝 ′ 2 ∕𝑝 2 0 = 0.00018 against 0.00025). Fig. 15(b) shows the eigenvalues associated with the first five SPOD modes maximizing the sum of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain for the JetL5.5-60d case. Similarly to the JetL5.5-75d case, the main tones of SPOD1 are gathered over a reduced frequency bandwidth compared to the JetL5.5-90d case with the dominant tones occurring at 𝑆𝑡 = 0.163, 0.219, 0.262, 0.306 and 0.381 and 0.432. The tones do not decrease in amplitude with frequency in a same way to the intermediate flat plate incidence angle (JetL5.5-75d). In addition, these different tones hold a lower part of the energy spectrum compared to the JetL5.5-75d case with 0.4% for the first tone at 𝑆𝑡 = 0.163, 1.9% for the dominant tone at 𝑆𝑡 = 0.219 and 0.7% for the third tone at 𝑆𝑡 = 0.262. Also, some part of the energy content is shifted towards the low-frequency bandwidth between 𝑆𝑡 = 0 and 0.1 which was also observed in the JetL5.5-75d case but not in the flat plate configuration without incidence (JetL5.5-90d). Following the same analysis led for the other cases, the SPOD has been applied to the axial and vertical velocity fluctuations alone in the hydrodynamic domain and the pressure fluctuations in the acoustic domain alone. The corresponding spectra showing the eigenvalues for the different variables alone and the variables altogether used in the study are shown in Fig. 16(b). The different main tones are synchronized for the different variables alone and the variables considered altogether in the SPOD. This result would indicate that the synchronization between the different variables (velocity components in the jet and pressure fluctuations in the acoustic domain) is not broken by the incidence of the flat plate. The spatial structures of axial, vertical velocity and pressure fluctuations of the six first most energetic tones of SPOD1 at their corresponding single frequencies (denoted 1 to 6 in Fig. 15(b)) are shown in Fig. 18. Compared to the JetL5.5-75d case, the first tone characterized by an acoustic wave propagation on the lower part of the plane is not observed for this highest incidence angle of the flat plate considered. The different tones are characterized by sound waves propagating on the upper half of the plane above the jet axis. The first tone at 𝑆𝑡 = 0.163 is characterized by an acoustic wave propagation in the jet main axis direction and at 100 deg. This acoustic wave propagation is mainly correlated to vertical velocity fluctuations structures released on the upper part of the jet axis. The second tone acoustic structures at 𝑆𝑡 = 0.219 propagate also along the axis and at 139 deg correlated to vertical velocity fluctuations structures released at the center of the jet. For these first two tones, as observed for the JetL5.5-75d case, the acoustic structures are mainly correlated to the vertical velocity fluctuations. According to the authors, the flat plate under incidence promotes the development of acoustic structures at the flat plate that are not symmetrical with respect to the jet main axis and can induce, based on the aero-acoustic feedback loop, a flapping mode of the jet and as a consequence is more allegedly to induce vertical velocity fluctuations structures. For the third, fourth and fifth tones at 𝑆𝑡 = 0.262, 0.306, 0.381, the acoustic structures propagate over the upper part of the plane. For these three modes, the vertical velocity fluctuations still display coherent patterns on the upper half of the plane (similar to the two first main tones) but the axial velocity fluctuations display also coherent structures located at the center of the jet with anti-symmetrical patterns for the third tone and symmetrical patterns released at the center of the nozzle for the fifth tone.

Conclusion

In order to isolate hydrodynamic, acoustic phenomena and their interactions in flow configurations, a framework has been developed around the spectral proper orthogonal decomposition (SPOD) algorithm. This process consists of two main steps: the domain of study is separated into a region dominated by hydrodynamic phenomena and a domain dominated by acoustic phenomena using a vorticity criterion. The velocity and pressure fluctuations space-time fields on these two domains are given as an input to the SPOD defining an inner product maximizing the sum of the two-dimensional turbulent kinetic energy (2D TKE) in the hydrodynamic domain and acoustic energy in the acoustic domain. This process has been applied to ideally expanded supersonic planar impinging jet flow fields of infinite extent obtained by LES simulations for different nozzle-to-plate distances and flat plate incidence angles. These configurations are characterized by an aero-acoustic feedback loop process: the turbulent structures from the jet shear layer convected downstream impinge the flat plate, induce acoustic waves propagating upstream that in turn interact with the nozzle lips and the turbulent structures. This aero-acoustic feedback process is characterized in the spectrum of the eigenvalues (energy of the modes) as a function of the frequency provided by the SPOD by dominant tones superimposed over a broadband pattern held by the turbulence in the jet.

Cases without flat-plate incidence

The axial and vertical velocity fluctuations in the jet can exhibit two types of patterns: either large-scale rounded structures released by the jet (symmetrical with respect to the jet main axis) or anti-symmetrical structures released at both lips of the nozzle. For a same tone, if the axial velocity structures are symmetrical, then the vertical ones are antisymmetrical and inversely. Also, the sound waves induced by the jet impinging the flat plate display the same symmetry than axial velocity fluctuations in the jet. Three main behavior of the sound waves can be exhibited: an upstream acoustic wave propagation only along the jet main axis which generally corresponds to the first main tones (in the low-frequency range); an upstream acoustic wave propagation along two main directions: in the axis of the jet and in a direction ranging between 147 and 165 deg with respect to the jet main axis, these modes being in the mid-and high-frequency range considered in the study. These two types of modes are closed by the aero-acoustic feedback loop process of the jet with the sound waves generated at the flat plate. Finally, for the intermediate flat-to-plate distance, an acoustic wave propagation in directions that differ from the main axis has been observed (at 109 and 144 deg with respect to the jet axis) and can be related to a feedback loop process closed by neutral waves of the jet shear layer itself.

When the nozzle-to-plate distance is decreased, the level of 2D TKE in the jet and the acoustic energy radiated in the acoustic region increase and can be related to a stronger aero-acoustic feedback loop process and the contribution of the vertical velocity fluctuations to the 2D TKE balance increases; the main tones are progressively shifted towards higher frequency and display a harmonic behavior. Also, the sensitivity of the flow to have several phenomena occurring at the same frequency increases based on the reduced magnitude gap between the mode SPOD1 and the subsequent SPOD modes when the nozzle-to-plate distance is decreased.

Cases with flat plate incidence

When the flat plate is set under incidence, the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain decrease compared to the case at zero incidence. Also, the dominant modes are progressively shifted towards the low-frequency range and are gathered over a reduced frequency bandwidth. The sensitivity of the flow to have several phenomena at the same frequency is also decreased. The symmetrical/anti-symmetrical pattern of the velocity and pressure fluctuation modes with respect to the jet main axis observed for the cases without flat plate incidence is lost for the cases with flat plate incidence. For the intermediate incidence angle, some acoustic tones exhibit a propagation on both sides of the jet but the acoustic wave propagation is mainly performed on the upper half of the plane (even exclusively on the upper half of the plane for the highest flat plate incidence). The incidence of the flat plate prevents any coherent structures of axial velocity fluctuations and only vertical velocity fluctuations modes are coherent in the jet for the first main tones. These structures of vertical velocity fluctuations occur predominantly in the upper jet shear layer. behavior has also been checked for the other tones of SPOD1 and for the other cases studied so that the use of the norm based on the sum of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain is relevant for the study. The spatial structures of axial, vertical velocity and pressure fluctuations of the third most energetic tone (around the intermediate range of frequencies studied) using 5% and 20% of the difference between the maximum and minimum vorticity magnitude are shown in Fig. 25, the spatial structures for the case at 10% of the difference between the maximum and minimum vorticity magnitude used during the study is shown in Fig. 12 third line. The spatial structures of axial and vertical velocity fluctuations in the hydrodynamic domain and the acoustic structures in the acoustic domain do not exhibit any differences for the different values of threshold. The eigenvalues and spatial structures being relatively insensitive to the range of threshold values considered, these results would indicate that the process is relatively robust. transform in the 𝑧 direction from the full span solution so that the contribution of each 𝑧 position could be analyzed separately.
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 1 Fig. 1. Simulation domain projected in the (𝑥, 𝑦) plane (top) and iso-surfaces of density associated with 1.25 kg m -3 colored by the local Mach number, and of the pressure fluctuations in the plane (𝑥, 𝑦) using a color scale ranging from -7500 to 7500 Pa (bottom), JetL8.27-90d case.

Fig. 2 .

 2 Fig. 2. Representation of the two Cartesian meshes for the JetL5.5-75d case, every 15 grid points in each direction is shown.

Fig. 3 .

 3 Fig. 3. Instantaneous fields of density (𝜌), axial (𝑢 𝑥 ), vertical (𝑢 𝑦 ) velocities and pressure (𝑝) in a (𝑥, 𝑦) plane at the center of the jet nozzle spanwise length (𝑧 = 0), JetL8.27-90d case.

Fig. 4 .

 4 Fig. 4. Instantaneous normalized vorticity field (left) and temporally averaged vorticity magnitude field (right) used to compute the threshold vorticity value, JetL8.27-90d.

Fig. 6 .

 6 Fig. 6. SPOD eigenvalues as a function of frequency (𝑆𝑡) for the five most energetic SPOD modes (SPOD1 to SPOD5) based on the velocity and pressure fluctuations altogether maximizing the sum of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain, JetL8.27-90d.

Fig. 7 .

 7 Fig. 7. SPOD eigenvalues as a function of frequency (𝑆𝑡) for the most energetic SPOD modes (SPOD1) considering the axial velocity fluctuations alone in the hydrodynamic domain (𝑢'), vertical velocity fluctuations alone in the hydrodynamic domain (𝑣'), pressure fluctuations alone in the acoustic domain (𝑝') and the variables altogether used in the study (TKE+acou), JetL8.27-90d.

Fig. 8 .

 8 Fig.8. PSD of the axial velocity fluctuating signal for a probe set at 𝑥 = 4ℎ, 𝑦 = 0ℎ and 𝑧 = 0ℎ (hydrodynamic domain), the axial positions (frequencies) of the main tones obtained for SPOD1 by considering the full reduced-size extracted plane in Fig.6are reported in this same figure, JetL8.27-90d.

Fig. 9 .

 9 Fig. 9. Contours of phase obtained for the four first dominant tones of SPOD1, JetL8.27-90d.

Fig. 10 .

 10 Fig. 10. Most energetic spatial structures of axial (left), vertical (center) velocity and pressure (right) fluctuations related to the main tones of SPOD1, JetL8.27-90d.

Fig. 11 .

 11 Fig. 11. SPOD eigenvalues as a function of frequency (𝑆𝑡) for the five most energetic SPOD modes (SPOD1 to SPOD5), JetL5.5-90d (a), JetL3.94-90d (b).

Fig. 12 .

 12 Fig. 12. Most energetic spatial structures of axial (left), vertical (center) velocity and pressure (right) fluctuations related to the main tones of SPOD1, JetL5.5-90d.

Fig. 13 .

 13 Fig. 13. Frequency-wavenumber spectrum of pressure fluctuations extracted at the shear layer, p′ refers to the Fourier transform of the pressure fluctuations at the shear layer, 𝜔 the pulsation and 𝑘 𝑥 the axial wavelength, JetL5.5-90d.

Fig. 14 .

 14 Fig. 14. Most energetic spatial structures of axial (left), vertical (center) velocity and pressure (right) fluctuations related to the main tones of SPOD1, JetL3.94-90d.

  (b)) are shown in Fig. 14. The first tone at 𝑆𝑡 = 0.194 is characterized by an anti-symmetrical pattern for the axial velocity fluctuations in the jet. The pressure fluctuations in the acoustic domain display this same antisymmetrical pattern with two main directions of upstream propagation

Fig. 15 .

 15 Fig. 15. SPOD eigenvalues as a function of frequency (𝑆𝑡) for the five most energetic SPOD modes (SPOD1 to SPOD5) JetL5.5-75d (a), JetL5.5-60d (b).

Fig. 16 .

 16 Fig. 16. SPOD eigenvalues as a function of frequency (𝑆𝑡) for the most energetic SPOD modes (SPOD1) considering the axial velocity fluctuations alone in the hydrodynamic domain (𝑢'), vertical velocity fluctuations alone in the hydrodynamic domain (𝑣'), pressure fluctuations alone in the acoustic domain (𝑝') and the variables altogether used in the study (TKE+acou), JetL5.5-75d (a), JetL5.5-60d (b).

Fig. 17 .

 17 Fig. 17. Most energetic spatial structures of axial (left), vertical (center) velocity and pressure (right) fluctuations related to the main tones of SPOD1, JetL5.5-75d.

Fig. 18 .

 18 Fig. 18. Most energetic spatial structures of axial (left), vertical (center) velocity and pressure (right) fluctuations related to SPOD1, JetL5.5-60d.

Fig. 19 .

 19 Fig.[START_REF] Kremer | Large-eddy simulation of turbulent channel flow using relaxation filtering: Resolution requirement and Reynolds number effects[END_REF]. SPOD eigenvalues as a function of frequency (𝑆𝑡) based on the inner product maximizing the sum of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain (hydro+acou), the 2D TKE in the hydrodynamic domain alone (hydro) and acoustic energy in the acoustic domain alone (acou) for the most energetic SPOD mode (SPOD1) using 1024 snapshots per block, JetL5.5-90d.

Fig. 20 .

 20 Fig. 20. Most energetic spatial structure of SPOD1 of axial (left), vertical (center) velocity and pressure (right) fluctuations at 𝑆𝑡 = 0.375 corresponding to the maximization of the 2D TKE in the hydrodynamic domain (a) and of the acoustic energy in the acoustic domain (b), the mode corresponding to the maximization of the sum of these two norms is provided in Fig. 12 third line, JetL5.5-90d.

Fig. 23 .

 23 Fig. 23. Contour of vorticity magnitude using 5%, 10% (used during the study) and 20% of the difference between the maximum and minimum vorticity magnitude in the domain as a threshold value to define hydrodynamic and acoustic domains, JetL5.5-90d.

Fig. 24 .

 24 Fig.[START_REF] Arndt | The proper orthogonal decomposition of pressure fluctuations surrounding a turbulent jet[END_REF]. SPOD eigenvalues as a function of frequency (𝑆𝑡) based the norm maximizing the sum of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain for the most energetic SPOD mode (SPOD1) using 5%, 10% (used during the study) and 20% of the difference between minimum and maximum vorticity magnitude in the domain as a threshold value to define hydrodynamic and acoustic domains, JetL5.5-90d.

Fig. 27 .

 27 Fig. 27. Most energetic spatial structures in the (𝑥, 𝑧) plane at 𝑦 = 0 of axial (left), vertical (center) velocity and pressure (right) fluctuations related to SPOD1, JetL5.5-90d.
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	Nomenclature	
	Latin letters	
	(𝑥, 𝑦, 𝑧)	Cartesian coordinates [m]
	𝐴	plane area [m 2 ]
	𝑎	temporal function in SPOD decomposition
		[-]
	𝑐	speed of sound [m s -1 ]
	𝑓	frequency [s -1 ]
	ℎ	nozzle height [m]
	𝑘	wavelength [m]
	𝑙	spanwise nozzle length [m]
	𝑀𝑎	Mach number [-]
	𝑝	pressure [kg m -1 s -1 ]
	𝑅𝑒	Reynolds number based on the nozzle
		height and jet velocity 𝑢 0 ℎ/𝜈 [-]
	𝑆𝑡	Strouhal number 𝑓 ℎ∕𝑢 0 [-]
	𝑡	time [s]
	𝑢 velocity [m s Abbreviations
	(S)POD	(spectral) proper orthogonal decomposition
	2D	two-dimensional
	DFT	discrete Fourier transform
	LES	large-eddy simulation
	PSD	power-spectral density
	TKE	turbulent kinetic energy
	Subscripts and superscripts
	.	Fourier transform
	. ′	fluctuating quantity
	. 0	reference state
	RMS	root mean square

-1 

]

Greek letters 𝜆 eigenvalue [-] 𝜈 kinematic viscosity [m 2 s -1 ] 𝛺 vorticity [𝑠 -1 ] 𝜔 pulsation [𝑠 -1 ] 𝛷 eigenvector [-] 𝜌 density [kg m -3 ]

Table 1

 1 Axial (𝑢 ′ 2 𝑥 ), vertical (𝑢 ′ 2 𝑦 ) TKE contained in the hydrodynamic domain and acoustic energy (𝑝 ′ 2 ) contained in the acoustic domain for the different impinging jet configurations.

		𝑢 ′ 2 𝑥 ∕𝑢 2 0	𝑢 ′ 2 𝑦 ∕𝑢 2 0	𝑝 ′ 2 ∕𝑝 2 0
	JetL3.94-90d	0.0119	0.0157	0.00104
	JetL5.5-90d	0.0132	0.0167	0.00105
	JetL5.5-75d	0.0099	0.0114	0.00025
	JetL5.5-60d	0.0086	0.0092	0.00018
	JetL8.27-90d	0.0135	0.0150	0.00066

Fig. 5. Aero-acoustic feedback loop in impinging jet configurations.
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Appendix A. Influence of the inner product

Based on the JetL5.5-90d case, the two inner products for the SPOD proposed by Souza et al. [START_REF] Souza | Dynamics of the largescale structures and associated noise emission in airfoil slats[END_REF] are tested. The first metric is defined to maximize the 2D TKE in the hydrodynamic domain and the second inner product aims at maximizing the acoustic energy in the acoustic domain. The eigenvalues associated with the first SPOD mode (SPOD1) maximizing the 2D TKE in the hydrodynamic domain denoted hydro, the first SPOD mode maximizing the acoustic energy in the acoustic domain denoted acou are shown in Fig. [START_REF] Kremer | Large-eddy simulation of turbulent channel flow using relaxation filtering: Resolution requirement and Reynolds number effects[END_REF]. In addition, the first SPOD mode maximizing the sum of the 2D TKE in the hydrodynamic domain and the acoustic energy in the acoustic domain denoted hydro+acou is added in same figure. The eigenvalues spectrum indicates that the structures generating the largest TKE in the hydrodynamic domain are synchronized in frequency with the acoustic structures in the acoustic domain maximizing the acoustic energy. This can also be observed for the SPOD modes maximizing the sum of the two norms. The spatial structures of axial, vertical velocity and pressure fluctuations of the third most energetic peaks (around the intermediate range of frequencies studied) for the norm based on the 2D TKE in the hydrodynamic domain and acoustic energy in the hydrodynamic domain are shown in Fig. 20, the one maximizing the sum of the two norms used in the study is shown in Fig. 12 third line.

The spatial structures of axial and vertical velocity fluctuations in the hydrodynamic domain and the pressure fluctuations structures in the acoustic domain match well for these different norms studied. This

Appendix B. Influence of the number of blocks

In order to investigate the convergence of the SPOD modes, two different numbers of blocks are compared to the one used in the study and based on 1024 snapshots per block (7 blocks with 50% overlapping) representing the 4000 snapshots available. 512 and 2048 snapshots per block are used to assess the convergence of the SPOD modes using the intermediate nozzle-to-plate distance case without incidence angle (Jet5.5-90d) and the inner product maximizing the sum of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain. Fig. 21 shows the SPOD1 eigenvalues as a function of frequency (𝑆𝑡) based on this inner product used during the study for the three different number of snapshots per block considered. The case with the largest number of snapshots ( 2048) is well able to separate the different modes as for the intermediate block size used in the study. For the lower one (512 snapshots per block), substantial leakage into nearby frequency bins due to the lower frequency resolution can be observed making a mode at a given frequency hold by two subsequent frequencies (especially observed for the two first tones of SPOD1). The level of the different tones in the spectra is relatively insensitive for the two largest numbers of blocks. The spatial structures of axial, vertical velocity and pressure fluctuations of the third most energetic tone (around the intermediate range of frequencies studied) for the norm based on the 2D TKE in the hydrodynamic domain and acoustic energy in the hydrodynamic domain for 512 snapshots per block and 2048 snapshots per block are shown in Fig. 22.

The pressure fluctuations structures in the acoustic domain and velocity fluctuations in the hydrodynamic region for the cases with 1024 and 2048 snapshots per block match well. For the lower number of snapshots per block (512), the velocity fluctuations structures in the hydrodynamic domain are of larger extent and may be attributed to the lower frequency resolution leading the spatial structures to hold part of the content of the mode just before in frequency. The cases with 1024 and 2048 snapshots per block use a relatively low number of blocks in the SPOD (7 and 3 blocks respectively) but the good convergence of the corresponding modes may be related to the use of the different flow variables altogether in the SPOD algorithm as it improves the convergence of the modes compared to individual computations of these same flow variables. 

Appendix C. Influence of the threshold value |𝜴 𝒛 | 𝐭𝐡𝐫𝐞𝐬

In order to investigate the influence of the threshold value used to separate the simulation domain into a hydrodynamic domain and an acoustic domain, two other values of threshold are tested in addition to the value used in the study. This comparison is made for the JetL5.5-90d case and the inner product maximizing the sum of the 2D TKE in the hydrodynamic domain and acoustic energy in the acoustic domain. Based on the Eq. 2, 10% of the difference between the maximum and minimum value of vorticity magnitude in the domain was added to the minimum value of vorticity magnitude to define the threshold value. Values of 5% and 20% of this vorticity magnitude difference added to the minimum value are considered to define the two additional thresholds. The corresponding contours defining the hydrodynamic and acoustic domains for the three different threshold is shown in Fig. 23. The decrease of the threshold value reduces the extent of the hydrodynamic domain limited to the direct jet without the potential core and a thin region in the wall jet flow for the lower threshold value. Fig. 24 shows the SPOD1 eigenvalues as a function of frequency (𝑆𝑡) based on this inner product used during the study for the three different values of threshold considered. It can be observed that the SPOD eigenvalues are almost insensitive to the value of the threshold for the range of threshold considered.

Appendix D. Structure of the flow in the transverse direction 𝒛

The SPOD algorithm has been applied to data in a (𝑥, 𝑦) plane located at the center of the jet (𝑧 = 0). Without additional data processing, this plane could include the influence of the flow at other spanwise locations. Based on instantaneous flow field and for the cases without flat plate incidence, Gojon et al. [START_REF] Gojon | Investigation of tone generation in ideally expanded planar impinging jets using large-eddy simulation[END_REF] showed that a nearly 2D organization of the vortical structures was visible in the shear layers. This observation was also made experimentally for supersonic rectangular impinging jets by Norum [START_REF] Norum | Supersonic rectangular jet impingement noise experiments[END_REF] and by Thurow et al. [START_REF] Thurow | Structure of a supersonic impinging rectangular jet via real-time optical diagnostics[END_REF] using real-time flow visualization techniques. In order to analyze the structures of the flow in the transverse direction and compare them against the structures in the (𝑥, 𝑦) plane, the SPOD algorithm has been applied to a (𝑥, 𝑧) plane at a mid position between the bottom and top nozzle lips (𝑦 = 0) for the JetL5.5-90d and using the inner product prescribed for this study (without acoustic domain because the plane is fully located in the hydrodynamic domain). Fig. 26 shows the corresponding SPOD eigenvalues as a function of frequency (𝑆𝑡) for the five most energetic SPOD modes (SPOD1 to SPOD5). The peaks with the higher amplitude correspond to the same peaks observed in the (𝑥, 𝑦) plane at 𝑧 = 0 and shown in Fig. 11(a). For coherent structures developing along the main axis in the (𝑥, 𝑦) plane, for example the vertical velocity fluctuations structure of the second tone at 𝑆𝑡 = 0.256, the axial velocity fluctuations and pressure fluctuations for the third tone at 𝑆𝑡 = 0.375 in Fig. 12, the corresponding structures in the (𝑥, 𝑧) plane have been plotted in Fig. 27.

These same coherent structures obtained in the (𝑥, 𝑦) plane are retrieved in the (𝑥, 𝑧) plane based on their spatial extent and amplitude. These structures are relatively homogeneous along the 𝑧 axis that would indicate that the same structures would be observed in the hydrodynamic domain by considering different (𝑥, 𝑦) planes changing the spanwise location. For the waves propagating in the acoustic domain, because no (𝑥, 𝑧) plane has been stored in the acoustic domain, this observation cannot be drawn and a more rigorous way to study the phenomena in the plane (𝑥, 𝑦) at z = 0 would be to perform Fourier