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RAPID STABILIZATION OF A DEGENERATE PARABOLIC
EQUATION USING A BACKSTEPPING APPROACH: THE
CASE OF A BOUNDARY CONTROL ACTING AT THE
DEGENERACY

PIERRE LISSY! AND CLAUDIA MORENO?

ABSTRACT. The rapid exponential stabilization of a degenerate para-
bolic equation on a bounded interval with a left Dirichlet control is
studied in this paper. Our approach introduces a backstepping transfor-
mation of Fredholm type, in order to force the solution of the closed-loop
system to decay exponentially to zero with an arbitrary decay rate. The
existence, continuity and invertibility of the transformation are obtained
thanks to the study of Bessel functions of the first and the second kind,
together with abstract results on Riesz bases and some specific proper-
ties satisfied by Fredholm operators.

Keywords. Degenerate parabolic equation, backstepping, stabilization,
Fredholm transform, Bessel functions.

AMS subject classifications. 93C20, 93B17, 93D15, 33C10.

1. INTRODUCTION

In the last years, a lot of works have been devoted to the rapid stabiliza-
tion of one-dimensional nondegenerate parabolic equations by a boundary
control (see e.g. [2, 5, 20, 24, 13, 19] and the references therein). Amongst
the methods that were developed to prove the boundary stabilization of one-
dimensional partial differential equations (PDEs), one of particular interest
is the backstepping method, studied intensively notably by Krstic and its
collaborators, see e.g. [18]. The main idea of the method is to exhibit an
invertible integral operator that transforms the original boundary control
problem into a exponentially stable system at a desired fixed rate, called
in what follows the target system. The original backstepping method for
PDEs relied on an integral transformation of Volterra type, which has the
advantage of being automatically invertible, but has the drawback that the
integral kernel appearing in the transformation is a solution of a PDE posed
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on a triangular problem, so that the existence of the kernel might be diffi-
cult to obtain. Here, we will rather consider an integral transformation of
a Fredholm type, that was introduced in [3] in the context of stabilization
of PDEs. It has exactly the opposite advantages and drawbacks: the kernel
appearing in the transformation is now a solution of a PDE posed on a rect-
angular domain, but the invertibility of the transformation is more difficult
to obtain. Here, we will follow the abstract approach developed in [10].

Let us now present the model under study. Our goal is to obtain a rapid
stabilization result for the following degenerate parabolic equation

Oru = (z%0u) g, (t,r) € RT x (0,1),
u(t,0) =U(t), u(t,1) =0, teR", (1.1)
u(0,z) = wup(x), x € (0,1),

where U denotes the control. The initial condition ug will be chosen in
L%(0,1). Since a € (0,1), our equation corresponds to what is called a
weakly degenerate case according to the terminology of [23]. Notice that
the stabilization by the backstepping method has been proved in [16] in
the case where the control U is localized at point x = 1 (see also [7] for
a result of finite-time stabilization with a distributed control, by a totally
different technique relying on spectral tools). Here, the situation is different
since we impose a Dirichlet control at point x = 0, where the degeneracy of
the elliptic operator (z“0;), holds, which turns out to be a more difficult
question. From the point of view of controllability, null-controllability for
(1.1) has been proved in [17] by an indirect method based on the auxiliary
study of the corresponding wave equation and a transmutation method. A
study of the cost of control in this context, based on the moment method, has
been proposed in [9]. For more information about controllability properties
of degenerate parabolic equations, we refer to [8] and the references therein.

To study the stabilization of the system (1.1), as already mentioned, we will
use the backstepping method. We focus on the construction of an appropriate
Fredholm transformation, in the spirit of [10], which has emerged as an
alternative to the Volterra transformation during the last years (see also
[11, 12, 28, 16, 14, 15]). Let us emphasize that our main stabilization result
can be obtained from the abstract theorem given in [1, Theorem 1.6], but
the backstepping method has some additional advantages (see [16, Remark
2]) that make relevant the present study.

Let us now emphasize the main difficulties that arise compared to [16] (where
the control was localized at point x = 1), that are of technical nature but
make the present situation different and somehow trickier. Of course, the
spectral properties of the underlying elliptic operator are the same in both
cases, but the behaviour of the control operator changes: the asymptotic
behaviour of the normal derivative of the eigenvalues at point x = 0 (which
is related to the adjoint operator of our control operator) is different from
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the one at point = 1 (see (1.24) and (1.25)). This difference requires to be
much more careful concerning the functional setting, and to work in different
fractional weighted Sobolev spaces (see notably (2.13) and Proposition 3.4).
Another important difference comes from the kernel introduced in (2.7): in
[16], the corresponding v, was expressed only in terms of Bessel functions
of the first kind. Here, 1), is expressed as an appropriate linear combination
of Bessel function of the first and the second kind (see the formula given in
(2.11)). Bessel functions of the second kind are less standard than Bessel
functions of the first kind, so that our study notably requires to prove appro-
priate estimates for these functions, that differ from the corresponding ones
for Bessel functions of the first kind (see notably Lemmas 1.8 and 1.9). These
estimates are crucial to obtain the Riesz basis property given in Proposition
3.4, that constitutes the core of our proof and is more delicate to prove than
in [16].

Now, we present our main result.

Theorem 1.1. There exists a discrete set ¥ C R such that for any A > 0
with A & .7, there exists C(X) > 0 and a feedback law U(t) = K (u(t)), where
K € L?(0,1), such that for any ug € L*(0,1), there exists a unique solution
u of (1.1) that verifies, for any t > 0:

[u(t, ) 20,1y < CN)[uol|2¢0,1ye

Remark 1. The precise generic condition on A > 0 is given in (1.27).

The plan of the paper is as follows: in Section 2, we introduce some basic
properties of the parabolic operator associated with the degenerate equation
(1.1), and technical results about Bessel Function of the first and second
kind. In Section 3, we present three linear operators in order to rewrite the
degenerate parabolic equation (1.1) in an abstract form and we prove the
existence of the kernel associated to the Fredholm transformation together
with some additional properties. Then, in Section 4, we show that the trans-
formation mapping the degenerate parabolic equation into the target system
is a continuous and invertible Fredholm operator. At last, in Section 5, we
prove Theorem 1.1.

1.1. Some properties on the degenerate operator A. Here, we sum-
marize the presentation of [16] concerning the degenerate elliptic operator
appearing in (1.1). We first define

HL0,1) := {f € L*(0,1) |22 f, € L?(0,1)},

endowed with the natural scalar product

1
f o) = /0 (fg +a%foge) do.  fige HA0,1),  (1.2)

that makes H! a Hilbert space.
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We also define
Hy0(0,1) := {f € Hy(0,1)] £(0) = f(1) = 0},

which is a closed subspace of H}(0,1) that can be endowed with the scalar
product

1
Fahm, = [ @ hg)dn, fgeHlOD), (1)

which defines an equivalent norm to the norm coming from the scalar product
(1.2).
We define the unbounded operator A : D(A) C L*(0,1) — L?(0,1) by:
Au = (2%Ug )z,
D(A):={ue HoléVO(O, 1) | 2%y € Hl(O, 1)},

where D(A) endowed with the scalar product

1
g = | GotaFget @h), (000),) do. Fog € DIA)

(1.4)
that makes D(A) a Hilbert space.
Then, there exists a Hilbert basis {¢y }nen+ of L2(0,1) and an increasing
sequence (Ap)nen+ of real positive numbers such that A\, — +oo and

—Apy, = Ao (1.5)
Moreover, we have
A= (Kjyn)?, n €N (1.6)

and

V2 —a
On(x) = 5 (jﬁ )xlTJy(jl,yn:L‘“), r e (0,1), neN*, (1.7)

where v and k are two parameters given by

l-« 2—«

vi= and K :=
2 -« 2
Here, J, is the Bessel function of order v and of the first kind, and (j,,n)nen
is the strictly increasing sequence of the zeros of J,, that are all simple
and positive. For more information about Bessel functions, we refer to the

monographs [26, 21, 6]. Remind that we have the expansion

B o0 (—l)k(x/Q)VJr%
Tu(x) = kzzo KC(v+k+1) (1.9)

(1.8)

Let us finally remark that we can characterize D(A) and H} ((0,1) as follows:

D(A) = {f:Zan¢n€L2(0,1) ZAgai@o},
n=1

n=1
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so that

D( ) {f Zanfbne-@,(o 1)

n=1

o 2

Z)\Z<oo}, (1.10)
n=1"T

and

Holz,0(07 1) = D(A%) = {f = ian(bn € LQ(O’ 1)
n=1

o0
2
Anty, < 00 o,
n=1

so that

mw
[

Holz,O(Ov 1)/ = D(

>

n

y = {f Zamne@’(o 1)

i < oo}. (1.11)

To conclude, for s € [0, 1], we introduce

D(A® {f Zan%eﬁ(o 1)

Z A2502 < oo } (1.12)

n=1

and

D(AS)/ = {f = Zan¢n € @/(07 1)

n=1

/\T < oo} (1.13)
n=1

All these spaces are endowed with the natural scalar product induced by their
definitions, and the associated norm is equivalent to the norm associated with
the scalar product given in (1.3) for s = 1/2 and (1.4) for s = 1. We also
emphasize that for any s € [0, 1], the operator A can be uniquely extended
from D(A®) to D(A®) (see [25, Section 3.4]). We will still denote by A these
extensions.

1.2. Some technical Lemmas. In what follows, we will need various tech-
nical results about Bessel functions, the eigenvectors ¢, and the eigenvalues
An introduced in the previous Section. The goal of this Section is to gather
all these results. In what follows, we will denote by Y,, the Bessel function
of order v (v € (0,1)) and of the second kind, and (Y, n)nen+ the strictly
increasing sequence of the zeros of Y, that are all simple and positive. By
definition,

(cosvm)d,(z) — J_,,(x).

Y, (2) = sin(vm)

(1.14)

Remind that the following orthogonality property holds (see e.g. |17, Section
4.3.1].

Lemma 1.2.

L b}
/ xl_a‘]l'(jv,nxn)JV(jv,mxﬁ)dw = MJI//(jv,n)z- (1.15)
0

2K

The two following formulas come respectively from [21, Section 11.2, (2) and

(4)]-
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Lemma 1.3. For all (a,b) € R such that a # b,

1
/0 xJy(ax)J, (bx)dx = ﬁ [bJy(a)J),(b) — aJ,(a)Jv(b)] , (1.16)

1
1
/ rJy(ax)Y, (bz)dr = —— [bJ,(a)Y,(b) — aJ,(a)Y,(b)]
0 L b (1.17)
_ xlgng - [bJ, (az)Y, (bx) — aJ,(az)Y, (bz)] .
Let us prove the following Lemma.
Lemma 1.4. For all (a,b) € R such that a # b,
. x / o _ 2 (%)V
lim ——— [bJy(az)Y, (bz) — aJ,(ax)Y, (bz)] = . (1.18)

z—0+ a2 — b?

Proof of Lemma 1.4.
From the Taylor expansion given in (1.9), we observe that

v v—1

vT
asx — 07, J/

0w

~— . (119
T 1) asx — 0 (1.19)

Ju(z)
This formula is also valid if we replace v by —v. Hence, using (1.14), we
deduce that

—V

x
Y, (%) ~ — * 1.2
(z) 27I'(—v 4+ 1) sin(v) as =0 (120)
and
—v—1
Y, (z) - asx — 0T,

~ 27'I'(—v + 1) sin(vm)
Combining these expressions, we deduce that
x
a? — b2
T a’x? Vb_y_1$_y_1
a? = | 2?T'(v + 1) 27T'(—v + 1) sin(vm)
yauflxyfl b~VgV
CLQ’T(U +1)2"I'(—v+1) sin(wr)}

[bJ, (az)Y, (bz) — aJ, (az)Y, (bz)]

_|_

~ (%) (a22—yb2) Lin(mj)f‘(l 1 V)T(1 + y)] as @ = 0%,

From the formula I'(v + 1) = vI'(rv) and the complement formula for the
Euler Gamma function (valid because v € (0, 1)), we have

VT

Frv+1)I'(l—v)= ey —

We deduce that (1.18) is verified. ]
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The following expansions of the zeros of the Bessel functions and of the
derivative at the origin of the Bessel functions is classical (see e.g. [22,
(1.14) and (1.24), Pages 436-437]).

Lemma 1.5. As n — oo, we have

, v 1 42— 1 1

|, (o) | ~ 1/@2”- (1.22)

From (1.21) (see [16, (45) and (46), page 3839]), we notably obtain the
following estimate (here and in all this paper, 1/ has to be understood as
the principal determination of the complex square root).

and

Lemma 1.6. As n — oo, we have

jy,n—m A +ﬁ<1):ﬁ<1>. (1.23)

K 2y nk? n3 n

We will also need estimates of the derivative of ¢,, at the endpoints z = 0
and x = 1.

Lemma 1.7. We have
On(1) = V2KK ]y, (1.24)

and

1i a o (1 - a) V2K .ll//,n
S YO W) = G g G T+ )

Proof of Lemma 1.7.

(1.25)

Differentiating expression (1.7) leads to

¢;’L(y) = ,\/-2? ! ay_HTaJV(ju,nyK) + yl;xﬁju,na];(ju,nyn)yn_l]
g}, (Jvn) 2
(1.26)
Taking z = 1 and using that j, , is a zero of J, immediately leads to (1.24),
whereas using (1.19) together with (1.8) and (1.9) gives immediately (1.25).
[ ]

In all what follows, we will assume that A > 0 is chosen is such a way that
A= A#0, Ay — X # Ay, Ay — A#K%yLy, forany k,n € N*, (1.27)

the last condition being new compared to [16]. Under these conditions, one
can obtain the following result.
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Lemma 1.8. As n — oo, we have

Jy <H) = M) | <1> . (1.28)

K 2y nk? nz

Notably, there exist two constants C1 > 0 and Cy > 0 such that, for any

n € N*, we have
An — A C
Jy <)’ <22 (1.29)

K na

Q

L <

e

Proof of Lemma 1.8. Assume that n is large enough such that A, > A.

Let us introduce

En = Jum — % (1.30)

A Taylor expansion gives that there exists e, € [ju.n — €n, ju,n] such that

K

An — A 2
Jy () = —endy(Jun) + %”J;’(en). (1.31)
From [16, (50), Page 3840|, we have

J! (3
J(en) ~ _Jolivn) as n — 0o.

Jvn

Taking into account (1.30) and (1.23), we deduce that (1.28) holds. To
conclude, (1.29) comes from (1.28) together with (1.21) and (1.22), since
(1.29) has to be proved only for n large enough by (1.27). [ ]

In the same spirit, we will also prove the following property.

Lemma 1.9.

An — A 2 1
Y, — . Le(=). 1.32
< K > g}, (Jun)Tiun " <n> ( )
Notably, there exist two constants C1 > 0 and Cy > 0 such that, for any
n € N*, we have
oy <A” - A)' <& (1.33)
Vn K Vn

Proof of Lemma 1.9.
Assume that n is large enough such that A, > A. We have

7 (YR =¥ G + 7000 (Y2 )

K

for some ¢ € {7V>‘2_>‘, j,,,n] Moreover, usual recurrence relations on Bessel

functions give

Y)(c) =

VYi(C) - Yl,+1 (C)
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Since Y, 41 and M are bounded on [1, 00), we deduce that when n — 400,

)\n - )\ . V An - )\ .
Y, <> =Y, (]V,n) + 0 ( - ]V,n) .
K K
From (1.6) and (1.23), we have
An — A\ ) 1
Y, <I€) =Y, (]V,n) + 0 (n> . (1.34)

It remains to investigate the behaviour of Y, (j,,). From the Wronskian
identity given in [21, Page 29, (2)|, we have, for any = > 0,
2sin(vm
Jo(x)J (x) — J_p(x)J,(x) = —Té).
Applying this identity at point = j, ,, we deduce that

, 2sin(vm)
J_ = =~ . -
) = 3G i
Using identity (1.14), we deduce that
2
Y, (5 - Y. . -
) I} (Gvn) v

Gathering the previous computations gives (1.32). To conclude, (1.33) comes
from (1.28) together with (1.21) and (1.22), since (1.33) has to be proved
only for n large enough by (1.27). ]

2. ABSTRACT SETTING: THE OPERATORS T, B AND K

Let us now present into details the target system that will consider in this
paper: for A > 0 (that will also satisfy additional constraints, see (1.27)), we
introduce

Oy = (2%0,v)z — Mv, (t,z) € RT x (0,1),
v(t,0) =w(t,1) =0, teRT, (2.1)
v(0,z) = wvo(x), x € (0,1).

Basic semigroup theory (see e.g. |25, Proposition 2.3.5]) implies that for any
vo € D(A), there exists a unique solution v to (2.1) verifying

v e CH[0,00), L2(0,1)) N C°([0, 0), D(A)),

and for any vy € L?(0, 1), there exists a unique solution v to (2.1) (the first
line being verified in D(A)’ for any t € [0, 00)) verifying

v € C'([0,00), D(A)") N C°([0,00), L*(0, 1)).
Basic energy estimates (see |16, Page 3629|) show that for any ¢ > 0,
V(t) < V(0)e 2, (2.2)

where V(t) = fol v(t, z)%dz, at least formally. Then, (2.2) can be proved
rigorously by an easy density argument, for any vg € L?(0,1).
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Our general goal is to exhibit an adequate invertible transformation in order
to reduce the original question of rapid stabilization of (1.1) to the stability
of (2.1).

The goal of the present Section is to introduce some linear operators that
enable us to write (1.1) in an abstract form, with an appropriate feedback
operator at the boundary x = 0. Let us introduce the linear operator given

by

1
Tf o flz) - /0 Kz, ) f(y)dy, (2.3)

where k is chosen in an appropriate functional space, in such a way that if
u is the solution of (1.1), then v = T'u verifies the target system (2.1), with
initial condition

w0() = uolz) — / ke, y)uo(y)dy. (2.4)

Let us derive formally the equation that the kernel k should verify. Using
(2.3) with f = w and (1.1), we have

1
o (t,z) = dpu(t, x) —/ k(z,y)0wu(t,y)dy
" 1
= @ 0p)e = [ )60,y

From the first line of (2.1), we deduce that

1
(%050) gy — Av = (2%0pu)y — /0 k(z,y)(y*Oyu)ydy. (2.5)

Using one more time (2.3) with f = u, we obtain
1
(@00 = [t )@kl )s = M)y = Nt )

1
= (£°0pu)s — /0 B, 5) (5 uy ().

Using integration by parts, we obtain
1
- [ w6k ) = Akl )l = utr.2)

1
:_/O (y*ky (2, y))yult, y)dy

— k(@ )y uy (£, )0 + ky(z, )y ult, y) o

Since w verifies Dirichlet boundary conditions and taking into account the
relations given in (1.24) and (1.25), it is reasonable to cancel the boundary
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terms by imposing the conditions k(z,1) = k(z,0) = ky(x,0) = 0 and
lim+ y“ky(z,y) = 0. Hence, the kernel k has to satisfy the following system:
y—0

_(yaky(l'ay))y + (Iﬁakx(:ﬁ, y))w - )\k:(x,y) = _)‘5113:?;7 (l’,y) € (07 1)27
lim yaky(x7y) =0, (l‘,y) € (07 1)27
y—0t

k(x,0) =0, x € (0,1),

k($7 1) =0, T e (07 1)7
k(1,y) =0, y € (0,1).

(2.6)
Let us decompose the kernel k formally as
neN*

Formally, the system (2.6) is equivalent to solving for any n € N* the system

An%(%) + (xa :ﬂ%(@)z - Aq/}n(l') = _)‘(bn(x)a WS (03 1)7
Yn(1) =0, (2.8)
lim 5 3 v (2)é () ) z e (0,1).

y—0+ neN*

Using the change of unknowns

Un = On — &n,
and taking into account (1.5), this is equivalent to solving
—(An = A)én(2) — (2%0:8n(2)) =0, z € (0,1),
én(1) =0
lim y® > &(x)e,(y) = lim y* 3 ¢r(x)dp(y), =€ (0,1).
y—0T neN* y—0T neN*
(2.9)
We introduce the Sturm-Liouville problem
—(@%/(2)) = py(x), =e(0,1), peR,
y(0) ) (2.10)

y(1) =0.
According to |17, Section 4.3.2], the solution of the first line of (2.10) can be
written as

y(xmu) = x%(l_a)zy <\/ﬁ/€x > , T € (0,00),

where Z,, is any Bessel function of order v. The solution to the first line of
system (2.9) can be written under the form

£0(x) = A=)y, (Wxn> 4 Bzi0-y <\W—Amn> 7
K K

for some real numbers A,,, B,,.
Since we impose &, (1) = 0, we choose A,, B, such that

Ay, (Vm) + B, <m> —o.

K K
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From Assumption (1.27) and (1.6), we have that Y, (7”\2_>‘> # 0, so that

we can solve this equation as

b And, —)

Hence, by comparison with the expression (1.7), since we would like £n to be
“close” in some sense to ¢, it is reasonable to consider

A

1-a VAn=A
=5 (1 (520 - (52)

(2.11)
and to write 1, under the form

Un = Qn — Cngna (2~12)
where ¢, is a number to be determined.
Let us now us justify rigorously that in this case, a duality argument enables
v /
us to define a control operator B : R — D <A§+%> . This will be a conse-

quence of abstract interpolation theorems between Banach Spaces (see e.g.
[4, Section 4.1]). Let us consider the operator

C:g— 2.

Then, C is linear continuous from D(AY?) to L?(0,1) (because for any
g € Hé’O(O, 1) = D(Al/Q)v we have ||$a9x”L2(0,1) < ||55a/29x||L2(0,1) <
l9]| g1 L(0,1) by (1.3)) and is also linear continuous from D(A) to H'(0,1)
(because for any g € D(A), we have |[2%gz|[g1(01) < [|9llp(a) by a sim-
ilar argument and (1.4)). Hence, for any s € (1/2,1), C is also linear
continuous from D(A%) to H?71(0,1), since for § = 25 — 1 € (0,1), the
interpolation space [D(AY?), D(A)]g is D(A®) and the interpolation space
[L2(0, 1), H'(0,1)]y is H*71(0,1). Here, since v € (0,1/2) by (1.8), for

= % + % € (3/4,1), we obtain that C is continuous from D (A%"'%) to

Hv "2 2(0,1), which is also continuously embedded in C%([0, 1]) because v > 0
by (1.8).
We deduce that ¢ € D <A2 ) — lim 2%/(z) is well-defined and contin-

z—0t
uous. Hence, for any z € R, we can define by duality the linear continuous

v 3 /
operator B : R — D (A§+%) as follows:

(2.13)

Mw

=z lim z%¢'(z), 2 € R, ngD(A%

<BZ’SO>D( )',D(A%+%) 20+

oo

A5t
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We also introduce the linear operator K given by

1
Kf:z+— /0 k0, y)f(y)dy. (2.14)

The existence of K will be proved later on. With these notations and setting
U = Ku, equation (1.1) can be rewritten in an abstract way as

Ou =(A+ BK)u, te(0,7),

u(0,-) = wuo, z € (0,1).
To conclude, let us introduce an appropriate functional setting for A+ BK.
Let us call

H, p(0,1) := {f € Hy(0,1)| f(1) = 0}
and
D(A)g :=={f € H. z(0,1)| 2" f, € H'(0,1)}.
Finally, we define
D(A+ BK) = {f € D(A)x| £(0) = K f}.
where K f has been defined in (2.14).

3. PROOFS

One of the main ingredient is the following Theorem, that will be proved in
the next subsections.

Theorem 3.1. Assume that (1.27) holds. There exists a unique sequence
(cn)nen+ such that

cn — 1 € I?(N¥) (3.1)
and such that for any n € N*, the corresponding 1y, defined in (2.12) verifies
(2.8). Moreover, the corresponding kernel k defined by the formula (2.7)
verifies k € L?((0,1)2).

3.1. A Riesz basis property. The first ingredient of our proof is a Riesz
basis property for the family {&, }nen+=. Let us recall the following definition.

Definition 3.2. Let H be a Hilbert space and {gn,} C H. The sequence {g,}
is said to be w-independent if for any sequence (ap)nen+< of real numbers,

Z angn = 0 and Z |an|?||gn] |3 < 00 = a, =0, Vn € N*, (3.2)
neN* neN*

Then, one can prove the following result (see [27, Theorem 15| and [10,
Theorem 3.3|.

Proposition 3.3. Let H be an infinite dimensional separable Hilbert space
and let {en}nen+ be a Hilbert basis of H. If {gntnen+ is quadratically close
to {entnent, t.e. Y ene llen — gnlll < 400, and {gn}nen- is either a w-
independent sequence in the sense of Definition 3.2 or a complete sequence
in H, then {gn}nen+ s a Riesz basis of H.

Proposition 3.3 enables to prove the following result.
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=

Proposition 3.4. The family {()\n)%Jrian}neN* is a Riesz basis in D(A273)/,

Proof of Proposition 3.4.

First step:{()\n)%Jr%gn}neN* is quadratically close to {()\n)%JriqﬁneN*}.
We study the scalar product

(2K)zt=@

. 1
n — QSn» — %V.unﬁv.u Hd
(0= E000) = [ S ) T s

_ /O 1 mJy<jy,kx“) (Ju (A’;_%) (3.3)

v <%) Y, < An = A:):"‘) dz.

w(m=)
By using the change of variable y = z, then dz = # and we obtain,
using (1.15) for the first term and (1.8),
~ 1 2y VAn— A
n — Sn» :571 / B 3 Jz/ .1/ Jy(n>d
(¢n = &ns Pk) = Onie o TG T Gon) (Juky) Y ) dy
VAn—A
+/1 oy (AP LY, <my) "
- - viJvk v\ — .
o TG TGy, (23) .
(3.4)

By equation (1.16), the fact that j, 1 is a root of J, and (1.6), we obtain

1 VAL — A K2ju ke
Ty Goay)Jy | F2—Ly ) dy = ————28 ' (; .
/Oy (Jvky) < - y) A SV Wy (Juk ( >
(3.5)

From equations (1.17) and (1.18), the fact that j,  is a root of .J, and (1.6),
we obtain that

1 , Vo — A
/0 Yy (Guky) Yy (Ky> dy

; v 3.6)
2 Jv, kR (
2 '1/ An Y 2K —
— S TGV R c;=)
()\k — )\n + )\) ’ K

From (3.4), (3.5) and (3.6), we deduce that

w () 0 (52)
(A = Ao+ X)L Gon) I Gug) e (m) |

<¢n - gna ¢k> = 5kn -
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In the case n =k, from (1.23), (1.28) and (1.32), we deduce that

2 ju,nﬁ v VAn—A\ 2 jl/,n’f v _)‘J/(ijn)
4 (\/,\n—x> Ty ( K > _ s An—)\> Synrt T O (n%>
AT (Gvn))H) Y <%) A Gn))? ~ TG T O ()
1
nz2
1
Putting this estimate in (3.7) leads to
~ 1

In the case n # k, from (1.6), (1.21), (1.22), (1.29) and (1.33), we deduce
that for some C,C’ > 0 independent of n and k, we have

(60— &) ¢k>‘

/\
> | >

E 3
[SINIEENIN
+1 +
N N

it w (G) 2 ()
MEE VA (= da 0 PG PGo)Ye (22) (39)
A5 n 2 2212
<ot
ezt k2 —n?|
C/
k2 — nZ]

From (3.8) and (3.9), we deduce that there exists positive constants C, Co
such that

Hgbn €n||2< g4l ’_ Z | §n7¢k |

keN*

1
<G Z < k2 — n2|2

where the last inequality comes from [16, (55), page 3841]. This ends the
proof of our first step.

Second step: {()\n)%JriéneN*} is complete or w-independent in

D (A%+i)/.
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Let us consider
(x%0zb), =0, z € (0,1),
b(0) =1, (3.10)
b(1) =0.
One can solve explicitly (3.10) and deduce that there exists a unique solution
given by b(z) = 1 — 2!~ Notably, b € L?(0,1) and we can decompose b
as b = Y cne Dn@n, With (by)nens € I2(N*). The coefficients b, can be
expressed as

— ' _ pl-a __i ! _ -« o ] \/
bn—/o(l 2 () da — An/ou P20 ) dr. (3.11)

An integration by parts gives

b= (e =6~ [ (- a1l dr ) = eerEEZI(E)

An An
(3.12)
From (1.25) together with the fact that a € (0,1), we deduce that for all
n € N¥,

3 a

Now, let us investigate the behaviour of &, at = 0. From (1.9) and (1.8),
we have that

1—a

r 2 A — A
li Jy 1 =0. 3.14
o0+ T (o) < PR ) (3.14)

By (1.14) and (1.9), we obtain that
)\n _ )\ . (\/An—)\)—u‘r—rw
Y, (Y2 ) ~ - " ,
K 27VI'(—v + 1) sin(vm)

From (3.14) and (3.15) together with (1.8) and the definition of &, given in
(2.11), we obtain that

as z — 0. (3.15)

lim &,(z) = lim
z—0t+ gn( ) z—0t+

_JU(AZ‘A)< m—x)”( Vo )
- Y, <M> K J (Jun)2 VT (—v + 1) sin(vm) |

(3.16)

. Jy <T> Ay — N\ V2
oy () (et )
(3.17)

K

W (52) b ()
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so that 8, = 571(0) We introduce the auxiliary function

Tn = &n — Bub. (3.18)
From (2.9) and (3.10), we deduce that 7, verifies
Antin (@) + (290 (7)) 2 — A (@) = = (An — A)Bpb, z € (0,1),
1 (0)
(1)

Y

0
0.

Hence, n, € D(A) and 1, verifies
—Anp = (An = )i + (A — A) Bnb. (3.19)

As already explained in [16, Pages 3845-3846], it is in fact enough to prove
that {&,}nen~ is either complete, or w-independent in L2(0,1). In order to
prove that, we introduce a sequence of real numbers (ay,),en+ such that

S lanl?llEnl 2.1y < o0
neN*

and
D ann = 0. (3.20)
neN*

We remark that thanks to (3.7) and the fact that {¢ }ren+ is a Hilbert basis
of L%(0,1), we have

ol e (s) ()

1nll32000) = D

1|7 O = 2+ ) T G T Gt Yo (P2=2)

K

Isolating the term k = n and using (1.6) together with (1.21), (1.22), (1.29)
and (1.33) gives that

e (g5) . ()

AT (Gvn) L (Gvn) Yo <@> )

1€allZ20,1) =

K

Notably, (3.20) implies that (ap)nens € I*(N*). Let us also remark that from
(3.17) together with (1.22), (1.21) and (1.29), we have 8, = & ().

The rest of the proof is very similar to |16, Pages 3843-3846|, so that we
only give a sketch of the proof. The first step is to remark that by an easy
induction argument together with (3.18), (3.19) and (3.20), for any p € N,

we have
Ap, = u anﬁn ji—p
3 WP )\)pgn = (2 ERY A)j) AIPp, (3.21)

neN* 7j=1 \neN*

Then, we distinguish two cases.
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e If one of the coefficients in the right-hand side of (3.21) does not
vanish, let us denote by jo € N* the first integer such that

anfn

n%\; SRS T 0. (3.22)
Then, using (3.21) with p = jo and (3.22), we deduce that b €
span{gn}neN*, so that applying A~! successively on (3.21) with p =
jo implies that {A *b}reny € span{&,}nen-. Following the argu-
ments (based on complex analysis) given in [16, First case, 3844-
3845], we can deduce that {&, }nen- is complete in D(A%+i)’. Since
{(An)%+%§:n}neN* is also quadratically close to {(/\n)%+%¢>neN*} in
D(A5T1Y, so that Proposition 3.3 implies that {(A\n)5T1&, bnen- is
a Riesz basis in D(A%+i)’.

e On the contrary, if for any p € N, we have

an/Bn _
Z (A — AP =0,

neN*

following now the arguments (based on complex analysis) given in
[16, Second case, 3845-3846], we can deduce that for any n € N*, we
have a,, = 0, so that {fn}neN* is now w-independent in D(A%Jri)’.
Since it is also quadratically close to {()\n)%JrigbneN*} in D(A%Jri)’,
Proposition 3.3 implies that {(An)%ﬁén}new is a Riesz basis in
D(A5t1Y.

]

3.2. Existence of k. Our goal is now to deduce the existence of (¢, )nen
satisfying the last equation of (2.9). As soon as the existence of the sequence
(¢n)nen- is verified, using formula (2.12) (remind that &, is defined in (2.11)),
we can deduce the existence of a solution of equation (2.6) and then we will
obtain the kernel k thanks to equation (2.7). In order to use Riesz basis
results, we rewrite the last equation of (2.9) as

im g > enban(@)n(y) = lim 3™ > éu(@)8),(y)

y—07t

neN* neN*
= lim yo‘ Z (b;z(y)[gn(x) + ¢n(w) - gn( )]
y=0 neN*

(3.23)
Using (1.25), (1.22) and (1.21), we deduce that for some C7,Cy > 0, we have

Cin¥tz < | lim ¥4, (y)| < Con? 2. (3.24)
y—07T

Since {(An)%jﬁfn}new is quadratically close to {()‘n)%+i¢n€N*} in D(A%+i)’,
from (1.6) and (1.21), we deduce that
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Tim 2 D | 90) Il 6al@) — &ula) I

neN*

< 0. (3.25)

D(A8*Ty
Now, using (3.23) and introducing d,, = ¢, — 1, we rewrite (3.23) as
Jlim > () dnén(z) = Jlim 4 > 16 | dn(z) — En(@)]. (3.26)
neN* neN*

Using (3.24), (3.25), (1.6), (1.21), and Proposition 3.4, we obtain that there
exists {dp, }nen+ € [2(N*) such that

lim 4> Y ¢, (y) —&u(2)) = > ()P F T,

y—0" neN* neN*

which is equivalent to

lim y* Y " ), (y)(¢n(z) =) lim y%¢ M &
y—07t neN* ! "’ neN*y—>0+ lim Yoo (y) "
=) lim y% ngn,
neN* y—07

where the sequence d,, is given by

v 1~
()\n)§+zdn
dp = —F———. 3.27
im_y9,(y) (3:27)
y—0t

Notice that by (1.6), (1.21) and (3.24), we have (d,)nen+ € [?(N*). Since
¢n = 1+ dp, using (2.12) and (2.7), we rewrite the kernel k as

k(z,y) = Z (fn() — gn(x) - dngn<m))¢n(y) (3.28)
neEN*

In order to prove Theorem 3.1, we are left to prove that ||k‘]|%2((0 1)2) < 00
We begin by proving that

Z | én — gn Hi2(071)< Q. (3.29)
neN*

First of all, from (3.9) together with (1.6) and (1.21), the following estimate
holds for some C' > 0 and for k # n,

‘ku+%n—u—1/2|

‘<¢n —&ns ¢k>‘ <C |]{72 — n2|2 (3.30)
Our goal is to get an estimate for the following sum:
k,21/+1
>, EE (3:31)

kEN* k#n
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Note that we can decompose this sum into three sums. The first one is

k2u+1 1
> <
n2 g2 — p2|2 |k + nf2|k — nf?
1<k<n 1<k<n
1 1
3.32
T (3.32)
1<k<
< C
= ﬁ’
for some positive C. The second one is
k2u+1 221/+1
> < D
n2v g2 — p2|2 k4 nl2|k — nf?
n<k<2n n<k<2n
2v+41
<2 1 (3.33)
~ n? |k —n|?
n<k<2n
< C
= 9
for some positive C. The last one is
k,2u+1 k‘2V+1
Z n2r k2 — 22 n21/+1 Z |k = nf2lk +nf?
k>2n
4 k2u+1
= n2vtl k2|k + n|?
k>2n (334)
4 1
S n21/+1 Z k3—2y
k>2n
C
é ga

for some positive C'. Using this last inequality together with (3.8) (for k = n)
and the fact that v > 0, we deduce that

> 2 ‘ ~ & on)| <o (3.35)

neN* LeN*

It follows from (3.35) that (3.29) is verified. From the previous computations,
we can infer that there exists a constant C' > 0 such that for any n € N*

~ C
|| én —&n H%2(071)§ rox (3.36)

Since {¢n }nen is a Hilbert basis on L2(0,1), we obtain
1 — & — dnudnlZ201) < 2 (Il 60 — &l B0+ | dn [P & B0y
The last term in the right-hand side can be bounded by
2|dn‘2||£n - Can%?(o,l) + 2|dn|2||¢n”%2(0,1)7
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so that by using (3.36), we have

~ ~ C d 2
||¢n - gn - dngnd)n”%%o’l) S 2 <n2 + 20‘ n’ + 2’dn|2> .

Thus, we obtain that there exists a constant C; > 0 such that

s =~ 1
llpn — &n — dnﬁn@z”%ﬂ(o’l) <C (nQ + d%) .

n2

Hence,

1
n

Hw"HQLQ(O,l) = ||¢n — gn - dngnganQL?(o,l) <O (2 + d%) .
Finally, from (3.28) and the fact that (d,)nen+ € I2(N*), we obtain that
1132000y = D |60 — &n — dnndnlli2(01) < 00

neN
which concludes the proof of Theorem 3.1. [ |

3.3. Continuity.
Proposition 3.5. The transformation T belongs to Z.(L*(0,1)).

Proof of Proposition 3.5. Let f € L?(0,1). By the definition of T" given
in (2.3), we have, for every z € (0, 1),
1

1
Tf(z)= f(%)—/0 k(z,y)f(y)dy = IL2(0,1)f(w)—/0 k(x,y)f(y)dy, (3.37)

where I72(g 1) is the identity operator. Note that the operator T is linear
from L?(0,1) into itself. On the other hand, by Theorem 3.1 we obtain that

the linear operator f € L%(0,1) — fol k(z,y)f(y)dy is continuous. This
concludes the proof of the continuity. [

Lemma 3.6. The operator
1
Kife 0.0 = [ KOSy = Y 6n(0) < £.6,>
0 neN*
is well-defined and belongs to (L*(0, 1))'.

Proof of Lemma 3.6. In order to prove Lemma (3.6), it suffices to prove
that the sequence (1, (0))nen+ belongs to [?(N*) and to use the Cauchy-
Schwarz inequality.

From (2.7), (2.11) and (2.12), we obtain that
Un(x) = Pp(z) — Cn\l/]%:“ <JV <)‘”_)‘xn>

ju,n) K

(52
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From (2.12), (3.16) and the fact that ¢,(0) = 0, we obtain that

J(B2) vy Var
‘”"(O)Z‘c"yy(”?)< ) (Jf(jy,n>2—vr<—v+1>sin<’”f>>'

Using (1.29), (1.33), (1.6), (1.21) and (1.22), we obtain that for some con-
stant C' > 0,

(0] < O

where C' is a positive constant. Since (¢p)nen belongs to [°°(N*) and since
v > 0, we have that (¢,(0))nen+ € [?(N*). Therefore, we deduce by the
Cauchy-Schwarz inequality that K is well-defined and belongs to (Lz(O, 1))/.
This concludes the proof of Lemma 3.6. [ |

3.4. Functional identities.

Proposition 3.7. The operator defined by (2.4) and (2.7) can be uniquely
y / y /
extended as a linear continuous operator from D (AT"%) to D (AT%)

v !/
verifying the functional identity TB = B in D <A§+%) .

Proof of Proposition 3.7.  Let us write f = Y _yanon € L*(0,1).
Then, using equations (2.3) and (2.7), we have

neN* neN (3.38)
neN*
Hence, if f =) cyandn € D (A% %)/, we define
= > an (¢n(x) = ¥Yu(x)). (3.39)
neEN*
We have
2 2
Z ¢n(aj)an = Z 1/+3/2 (Z an < Pk, Pn >L2 0 1)) )
neN* D(A%+%> neN* )‘ neN

(3.40)
where 1, is defined in (2.12). By (3.7), we obtain that
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< Gk, Yo >12(01) =< Pk On — (1 + dy )gn >12(0,1)

4K2 (1 < Ju, kb ) < An )
™Ak = M+ ) S () L Gt Yo (m)'
(3.41)

In the case n = k, by (3.41), (1.21), (1.29), (1.33), (1.22) and the fact that
cn = 1+4dy, € [°°(N*), we have that

< ¢n,¢n >L2(O,1): O(l) (342)

:5kn_

Hence, we deduce that
1 a2 )
> )\y+3/2an < s thn >120 )< C Y )\”+3/2 <l p(a¥+1) < 0.

neN* neN*
If k # n, the same argument leads to
kv te
L — 4

| < bn, Yk >1200,1) | anéykg 2 (3.43)
Hence, using the Cauchy-Schwartz inequality, (3.40), (3.42), (3.43), (1.6),
(1.21), (1.29), (1.33), (1.22) and the fact that ¢, = 1+d,, € [°°(N*), we have
that for some C > 0,
2

Z ¢n($)an

neN* D(A%*%)I
n2 a2
<C (kQ\nQ kQP) Z n21ﬁ|—3
keEN* n#£k n#k
<c Z( " EL;
= 12112 _ 1.2|2 y3\'
o k2|n? — k2| D(A2 4)

From the computations of |16, Proof of Proposition 3|, we obtain that
55 () <+
keN* nk
v /
Hence, we deduce that } . anthy € D <A§+%) , so that by (3.39), Tf €
v ! v !
D <A§+%) and T is a linear continuous operator from D (AiJr%) to itself.

It remains to prove that T'B = B. Using the last line of (2.8), we obtain, for
any n € N*,
lim 2% )~ < g, dp > ¢, (x) = 0. (3.44)

+
y=0 kEN*
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Then, for any n € N*, thanks to (3.44), (2.13) and (2.7), we have
<TB’¢n>D<A%+%>,,D<A%+%) =BT ¢">D(A%+%>',D(A%+%)
= lim z“ Z ¢ ()

—0t
v neN*

— lim y® Z < Pi(), don > Pp(y)

—0Tt
v kEN*

which concludes our proof. [ |

Our next step is to establish that for any f € D(A + BK), the following
identity

T(A+ BEK)f = (A— ATf

holds in L?(0,1). We remark that the relation (A + BK)f = g, for g €
L?(0,1), holds, if and only if the equation

(‘raal‘f)x =9, (S <O7 1)a
F(1) =0, (3.45)
f(0) = K(f),

is satisfied. We have the following proposition:

Proposition 3.8. For f € D(A+ BK), we have
T(A+ BEK)f = (A— X)Tf in L*(0,1).

Proof: Let f € D(A + BK). From (1.5), the two last lines of (3.45) and
some integration by parts, we have, for any n € N*,
((A+ BEK) [, 0n)r2001) = ((2°02.f)a, Pn) 20,1
=(f, (xaaz(z)n)m)[;(o’l) + xli%{r wa(ﬁ;ﬁ(l')K(f)
==X ([, ¢n>L2(0,1) + lim 2%y, (2)K(f),
z—0t
(3.46)
where the limit exists by (1.25). This implies that

O 40 20,y — 1. 26, 2) K (e € BN
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We deduce that (A + BK)f € L?(0,1). Now, using (2.3), (2.7), (3.46) and
(3.44), we also have

(T(A+ BEK)f, én) 12001
= ((A+ BE)f,dn)120.0) = D Wk 6n) (A + BE)f, ¢} 12(0.1)

keN*

=—An (f, ¢n>L2(0,1) + xgréﬂ x ¢, (2) K (f)
+ Z (Y, dn) 20,1y Mk (> Pr) 20,1 -

keN*

On the other hand, from system (2.8) and the definition of K f given by
(2.14), we have T'f € D(A). Integrating (2.8) on (0,1), and integrating by
parts, we obtain

(A, ¢n>L2(0,1) = —An (U, ¢n>L2(0,1) + Ilg(r)h 2%y (0) @l (). (3.47)
On the other hand, equation (2.8) leads to

(AYr, dn)12(0,1) = (A = An) (Y, ) 2(0,1) — Adnik- (3.48)

Finally, from (2.14), (2.7), together with (3.47) and (3.48), we see that, for
any f € D(A+ BK) and any n € N*,

(A= ADTF, én) 12(0,1)
—(Tf; (A + Nén) 2o,

—(An +A) (f, ¢n>L2(o,1) + Z (A + A) (ks @n) £2(0,0) (> Ph) 20,1

keN*

_()\n + )\) <f, ¢”>L2(0,1) + Z <)\n <'¢k7 ¢n>L2(O,1)

keN*

z—0t

=\ <f> ¢H>L2(O,1) + xlig{r xagb;l(x)K(f)
+ Z (Y, dn) 20,1y Mk (s D) 12(0,1)

keN*
= (I'(A+ BK)f, ¢r) 12(0,1) -

This concludes our proof. [ |

3.5. Invertibility of the transformation. The next step of our proof is
to obtain that the transformation 7T is invertible. The first step is to prove
that T can be written as the sum of a compact operator and an invertible
operator, so that it is a Fredholm operator of order 0.

Lemma 3.9. The operator T' : L?(0,1) — L*(0, 1) can be decomposed as

T =T + C where T is an invertible operator and C is a compact operator.
Consequently, T is a Fredholm operator of order 0.
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The proof of Lemma 3.9 is totally similar to the proof of [16, Proof of Lemma
4] and is skipped. It is mainly based on the decomposition obtained in
Theorem 3.1, which enables to write

Tf=> (1+dn)& < f,6n >r2001),

neN*

for some {d,, }nen+ C £2(N), so that we can write

Tf = Z gn(fz) < [, ¢n >12(0,1)s éf = Z dngn(x) < fion >12(0,1)5

neN* neN*
that turn out to verify the desired properties. We are now able to state the
invertibility of 7.

Proposition 3.10. The transformation T is invertible from L?(0,1) to itself.

The proof is also totally similar to [16, Proof of Proposition 5|. The only dif-
ference in the proof is that now, from (2.13), we have B* ¢y, = lim,_,o+ y*¢.(y),
which is always nonzero thanks to (1.25).

4. PROOF OF THEOREM 1.1.

In this section we prove the Theorem 1.1, which is the main result of the
present article.

Proof of Theorem 1.1.The proof is then divided into three steps:

e Step 1: we show that A + BK is dissipative.
e Step 2: we show that A + BK is maximal.
e Step 3: we prove the exponential stability of system (1.1).

Step 1: the operator A + BK is dissipative

Since T is continuous and invertible on L?(0,1), the norm || - ||z := ||T - ||
(issued from the scalar product (-,-)7 = (T",T")12(p,1)) is equivalent to the
norm || - [[z2¢p,1)- We want to prove that the operator A+ BK is dissipative
for this norm, which means that

(A+ BK)u,u)r <0, Yue D(A+ BK).

Indeed, since A is dissipative and applying Proposition 3.8, we obtain that
for any u € D(A + BK), we have

(A+ BE)u,u)r =((A — )\IL2(0,1))TU7 TU>L2(0,1)
=(ATu, Tu) 20,1y — Allulf <0

Step 2: the operator A + BK is maximal
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We aim to prove that Ran(o /12 1) — (A+ BK)) = L?(0,1), for some o > 0.
It is clear that for any o > 0, Ran(ol2¢ 1) — (A+BK)) C L?(0,1). Now, to
show the other inclusion, it is sufficient to prove that, for any u € L?(0,1),
there exists 0 > 0 and w € D(A + BK) such that

T'T(A+ BK — olr2g 1))t = u. (4.1)
Applying Proposition (3.8), we have
(O—ILZ(O,I) — (A — )‘ILQ(O,I)))T{L = —Tu. (42)

Since A — M2y is maximal, from (4.2), we deduce that, for any u €
L?(0,1), there exists o > 0 and @ such that (4.1) is verified.

This, together with the fact that A+ BK is dissipative, implies that A+ BK
is m—dissipative and by |23, Proposition 3.1.6], A + BK is the infinitesimal
generator of a semigroup of contractions. Notably, from [23, Proposition
2.3.5] we obtain the existence of a unique solution of (1.1).

Step 3: exponential stability of system (1.1)

From the continuity and the invertibility of the transformation 7', the fact
that v = T'w and (2.2), we have, for all £ > 0,

[[u(t, )lr200,1) =[[T~ ' Tu(t, M2 0,1

< T 2, ITult, )| 2(0,1)

)\t‘

< 1T M2z M Tuoll(z2(0.1)

< T Y 220 1Tl 22 0,0¢ M luol z2(0,1)-
This concludes Step 3 and the proof of Theorem 1.1. [ |

5. CONCLUSION

The goal of the present paper was to prove a boundary rapid stabilization
result for a particular degenerate parabolic equation, in the case where the
boundary control acts at the point where the degeneracy occurs. This re-
quired to exhibit an adequate integral transformation of a Fredholm type.
The existence and uniqueness of the kernel involved in the integral transfor-
mation is proved by using properties on Riesz bases. Then, the continuity
and invertibility of the integral transformation is proved by means of tools
from functional analysis and operator theory. To finish, the exponential
stability of the original system is easily deduced by using the exponential
stability of the target system and the properties above-mentioned.

Taking into account the present study and [16], one question that naturally
arises is to find some general setting that encompasses for instance well-
posed parabolic-like abstract control systems under the form vy = Ay +
Bu, firstly with diagonalizable operator A, or more generally with A having
generalized eigenvectors that form a Riesz basis. Another challenging open
problem would be to understand if the backstepping method with Fredholm
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transformation enables to obtain some finite-time stabilization results in the
spirit of [13], where the authors were able to prove a finite-time stabilization
result for the usual heat equation, thanks to the backstepping method with
Volterra transformation. If we look carefully to [13], one important point is to
obtain some precise estimates on the kernel involved in the transformation,
which is not possible here, because Theorem 3.3 (and its proof) does not
provide explicit bounds on the Riesz basis {v/Anénen+}. It would be very
interesting to understand if it is possible to change our approach in order to
obtain finite-time stabilization.
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