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ABSTRACT: An analytical model is developed to calculate the dynamic response of a cracked multi-span continuous beam,
subjected to a multiple-axle vehicle load. In this model, the vehicle load is considered as a series of concentrated moving loads at
a constant velocity. Meanwhile, the crack is modelled by a spiral spring. Thereafter, the cracked span is considered as a two-span
beam, connected by the spring at the position of the crack. By using the Euler-Bernoulli beam theory, the relations between the
two successive spans can be obtained from the boundary conditions at the supports and the position of the crack. This technique
makes it possible to calculate the eigenmodes of the beam. The response of the beam is finally obtained by the superposition of
the modes. This model allows us to quickly analyze the influence of the cracks (depth, location) and of the vehicle (loads, velocity)
on the response. Moreover, this model is validated by finite element modelling and some numerical results are given.

KEYWORDS: Multi-span continuous beam; Cracked structure; Moving loads; Transfer Matrix Method.

1 INTRODUCTION

The problems of elastic structures subjected to moving loads
are great interest to industry and civil engineering. Indeed, there
are many applications in the civil engineering domain,
especially in bridge evaluation and assessment. Several studies
have been realised in the last century. Fryba [1] presented an
analytical solution for the problem of a simply supported beam
and a continuous beam subject to a moving load. The results
are obtained by combination of displacement functions.
Ichikawa et al. [2] used the eigenmodes superposition to find
the solution of a continuous beam with uniform rectangular
cross section subjected to a moving load at constant velocity.
Dugush and Eisenberger [3] described the mode shapes of a
continuous beam with non-uniform section in terms of infinite
polynomial series. In another approach, Foda et al. [4] used the
Green’s function to calculate the dynamic response of a simply
supported beam subjected to a point force. Recently, Hoang et
al. [5] used the Fourier transform and the properties of the Dirac
comb to calculate the dynamic response of a periodically
supported beam.

The existence of structural damage will alter the response of
the system to moving loads. When a structure is cracked, its
local flexibility increases. Consequently, its natural frequencies
are reduced and its responses are amplified in comparison to an
uncracked structure under the same force. The dynamic
behaviours of cracked beams have been the subject of many
researches [6-9]. In these studies, the crack is modelled by a
rotational spring, the rigidity of which depends on the relative
depth of the crack (ratio between the depth of the crack and the
height of the beam) and possibly on the material constituting
the beam. Rizos et al. [10] used the strain energy density
function to calculate the local flexibility. Chondros et al. [11]
completed a theory of continuous crack beam vibration using
the crack-disturbance function. By comparison with the

numerical results of a beam model subjected to the three-point
bending flexural test, the model of rotational spring at crack
section is validated for a depth of the crack up to 50 percent of
the height of the beam. Rizos’ model will be used in this current
study due to the results of this comparative study.

The problem of a damaged beam subjected to a moving force
was also studied by several approaches. Bilello et al. [12] used
the mode superposition with the introduction of the transfer
matrix, which connects simultaneously the displacement, the
slope, the bending moment and the shear force between two
beam segments. With approximately the same idea, Lin et al.
[13] directly computed the response of a cantilever beam using
the Duhamel integral. In this model, a transfer matrix at the
crack section is introduced.

In this paper, we present an analytical method that allows to
quickly calculate the dynamic response of a continuous beam
subjected to a system of several concentrated moving loads.
The beam is divided into several segments which are assumed
to follow the Euler-Bernoulli beam theory. The deformed state
of each beam segment is characterized by a vector of
coefficients. A transfer matrix is introduced to ensure the
compatibility requirements at the interface of two consecutive
segments. Hence, the deformed state of a beam segment can be
described in terms of the deformed state of its neighbours. The
natural frequencies can be obtained quickly by solving an
eigenvalue  problem. The time-dependent response
(displacement, strain) of the beam will be obtained by
superposition of modes. In the real life, beam-shaped structures
such as bridges are subjected to rolling loads exerted by
vehicles. This study allows to develop a method to detect and
localize damage from strain measurements. Nowadays, strain
measurement by Optical Fiber is one of the most innovative
Structural Health Monitoring (SHM) techniques, which allows
to monitor the structure in real-time. Besides, the traditional
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measurements of acceleration to determine modal parameters
of the structure (natural frequencies, mode shapes...) and
assess them in the long term.

2 FORMULATION OF THE PROBLEM

Consider a continuous beam of N spans of total length L. A
crack is present on the k™ span. The cracked span is divided
into two separate beams: k,; and k,, which are connected by a
rotational spring with given section flexibility. The continuous
beam can be modelled by a system of N = N + 1 separate
beams. The total length of the beamis L = Zlel L; + Z?’jkz Li,
where L; is the length of the i beam segment. Ly, is the
position of the crack starting from the left support of the k™
span. The beam is subjected to a M-axles vehicle load, which
enters the beam with a constant velocity v. d; denotes the
distance between the it and the (i+1)" axle and D;_; = 23;11 d;
is the distance between the first axle and the i axle (i = 2). If
there is only one axle, we take Dy = 0 by convention.

sz’?d?fﬁjl
diyl da d,

X
e
% gAf hAﬁ Av-iT Ly Aw

Figure 1. A continuous beam with N-span subjected to M
moving loads.

For the formulation of the problem of forced vibration of a
cracked continuous beam, the following assumptions are
suggested:

e Each separate beam follows the Euler-Bernoulli beam
theory and has linear elastic behaviour. The beam has a
uniform cross section.

e The moving mass remains in contact with the beam at all
times.

e Initially, the mass starts from the left end of the continuous
beam and moves at constant speed.

The dynamic equation of the whole beam in the global
coordinates system can be expressed as:

Ela4u+ au+ Aazu— t (1)
ax4 nat ,0 _f(xl )

where EI is the flexural stiffness, p is the mass density and 4 is
the cross-sectional area of the beam, 7] is the external damping
coefficient. Moreover, u is the transverse displacement of the
beam, f(x,t) is the distribution of the external load of the
moving loads, x is the global coordinate along the beam (0 <
x <L), from its left end and ¢ is the time (0 <t<
(L + Dy-1)/V).

The transverse displacement is blocked at each support point,
while the bending moment is cancelled at both ends of the
beam. These boundary conditions can be written as:

o u(0)=uli1L)=0r=1,2,.,k.., N
e MWO)=ML)=0=u"(0)=u"(L)=0.

The moving load exerted by each axle is considered as a
concentrated load. Using the Dirac distribution §(x) to describe
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each concentrated force, the expression for the load distribution
f(x,t) is given by:
flx,t) = P, 6(x—vt) + P,6(x—vt+Dy) + ..
+ Py 8(x—vt + Dy_q)

M
ZP[ (S(x—vt + Di—l)
i=1

By separation of the variables, the response of the beam is
decoupled into two terms: the time dependent term eZt, (z € C)
and the mode shapes ¢ (x):

u(x, t) = p(x)e* 2)
The homogenous differential equation of the beam is:
Ela4u+ ot Aazu—o )
ax* Mot TP T

Substitute (2) into (3), then arrange the time dependent

functions on the left-hand side and the x dependent functions
on the right-hand side, we have:

¢""(x)  pAz®+nz

p(x) El

A* “4)

where A is a constant to be determined and the prime operator
()" denotes the derivative of the function with respect to x. To
calculate the natural frequencies, 7 is first set to zero. Equation
(4) becomes:

rmnrr 2

X Az

o) pAzT _ 24 5)

¢(x)  EI

2.1 Natural frequencies and mode shapes

From equation (5), the governing equation for the free
vibrations of the ' beam segment can be written as:

4
%ﬁ” — 24, (x,) = 0 )

where ¢, (x,-) is the mode shape of the ' beam segment, which
has the following form:

¢ (x,) = A, sinAx, + B, cos Ax, )
+ C,sinh Ax, + D, cosh Ax,
Hereafter, we use the notation x, = x — f;ll L, (0<x, <
L,) to design the local coordinates of the ' beam segment.

2.2 The configuration of the beam

In this section, the transfer matrices are now introduced in
order to ensure the conditions of continuity at the crack ends
and at the intermediate support points. The deformed state of a
beam segment is characterized by the coefficients
Ay, B,,C,,D,. We denote X, = [A,,B,,C,,D,]T the vector
which contains the shape coefficients of the mode for the r™
beam segment. At the interface of two consecutive segments
(i.e. at the crack point and at the intermediate points), the 4 X 4
transfer matrix M 4., connects these two segments so that X, =
M 4-><4-Xr—1~

The crack

We assume that a crack is present on the k™ span. This span is
divided into 2 beam segments of length L and Ly, . The crack
section is modelled like a rotational spring, at which the
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discontinuity of the slope is proportional to the bending
moment at this section: Au’(x) = cM(x). Note that M(x) =
EIu' (x). This relation can be written as:

uy,, (0,t) — uj, (Li,, t) = Kuy, (0, 1) ®)

For an orthogonal cross section of width 5 and height 4, from
the strain energy density function in fracture mechanics, Rizos
et al. proposed the expression of local flexibility ¢ [13]:

.2
= w I (a/h) )

where v is the Poisson's coefficient of the material of the beam,

El is its bending stiffness, a is the depth of the uniform lateral

crack. J;(a;) = J;(a/h) is the dimensionless local compliance
function whose expression has the form:

J1(a,) = 1.8624a? — 3.95a3 + 16.375af

— 37.226a5 + 76.81a$ — 126.9a]

+ 172a8 — 143.97a3 + 66.56ai°

(10

We obtain finally: K = Elc = 6h(1 —v?)J,(a,).

Across the crack, the transverse displacement, the bending
moment and the shear force are unchanged. The continuity
conditions at the crack position are:

ukl(Lkl, t) = ukz(O, t)

uy (L, t) = ug, (0, 1) (11)

ug! (Lig,, t) = ug (0, 1)

From relations (8) and (11), we deduce:
Xi, = T(K, Ly, ) Xi, = T, X, (12)

where T(K,Lkl) is a 4 X 4 matrix which is known as the
transfer matrix at the section of the crack.

The intermediate supports
As the intermediate supports are assumed to be infinitely rigid,
the transverse displacements are blocked. Meanwhile, the slope
of the beam and the bending moment are conserved across the
support. Let us consider the (r — 1) support which connects
the (r — 1)™ and the r'" span. We have the following relations:
u(0,t) =0
u (L, t) =0
U (0,8) = Uy (Lyp—q, 0)
u/(0,8) = w7y (Ly—y, 1)

(13)

From these above relations, we obtain the transfer matrix at
the intermediate support S(L,_;,L,) such that: X, =
SyxaXr-1.

The left support of the cracked span

Since the crack is present on the k' span, this span is divided
into two beam segments: k; and k,. The span which lies on the
left of this cracked span is now called k — 1.

The right end of the first beam segment of the crack span is
no longer blocked, so that the second condition of the system
(13) is not satisfied. Indeed, the right end of the second beam
segment (k,) is found at another intermediate support, which
leads to the condition: uy, (Ly,, t) = 0.

This is equivalent to:

b?;szz =0
with: by, = [sinALy, cosALy,

(14

sinhAL,, coshALy, 7.

By taking into account the relation (12), the equation (14) can
be rewritten as:
b};ZTlekl = 0 (15)
The other relations remain the same as in the system (13),
except the second condition. We obtain finally a 4 X 4 matrix
such that:
Xiey = G( L=y, Trey, b, ) Xiems (16)
The matrix G is called the transfer matrix at the left support
of the cracked span.

The transfer matrices

As areminder, the transfer matrices are used to assure the
conditions of continuity and the compatibility requirements at
the crack cross section (the matrix T) and at the intermediate
supports (the matrices S, G). It is important to note that the
matrices S, G are singular. This remark can be explained by the
fact that between the intermediate supports, the beam segment
is blocked at it ends. Consequently, at least one component of
the coefficient vector can be expressed in terms of the others.
The expressions: X, = S4x4Xy_q and Xy, = GuyaXj—q allow
to calculate the mode shape coefficients of a span knowing
those of the previous span. The full expressions of these
transfer matrices are presented in the Appendix.

Boundary conditions matrix at the right end of the beam

The beam is simply supported at its right end: xy = Ly. This
condition imposes the nullity of the displacement and of the
bending moment at this point. Note that the condition
uy(Ly,t) =0 is used to establish the transfer matrices
(T, G, S). For this support, there is only one boundary condition
concerning the nullity of the bending moment:

uy(Ly,t) =0

)

The condition (17) can be expressed in the following matrix
form:

[-sinALy —cosALy sinhALy coshALy Xy (18)
=B(Ly)Xy =0

Where B(Ly) is a 1 X 4 matrix which describes the boundary

condition of the right end of the beam.

2.3 Eigenvalues Problem

For all intermediate supports, except the support that lies on
the left of the cracked span, we always have:

Xy = SXiy (19)
For the cracked span, we have these relations:
Xkl = GXk—l' k =2
sz :TXkl, k=1 (20)
By arrangement of these matrices, we have:
(By " Sn-1n*Sn-zn-1"""Skyks1 " Thy
2D
' Gk—l,k1 "Sk—2k—1"""" 51,2)X1 =0
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The matrix product on the left-hand side of equation (21)
forms a 1 X 4 matrix. The resulting matrix is now denoted by
R. Equation (21) can be written shorter as:

RX; =0
withr=[1 T2 T3 1]l e R i=1,2734

Since the beam is simply supported at its two ends, at x = 0,
the bending moment and the transverse displacement are
always equal to zero. We have:

{ul(O, t)=0 o {Bl =0
u(0,)=0 " (D; =0

(22)

(23)

Since X; = [A4, By, Cy, D;]7, we can rewrite the coefficient
vector X; as X; = [A4,0,y(1)A;,0]", where y (1) is a function
that expresses C; in term of A;: C; = y(A1)A;. When the crack
is present at the first span, we introduce the vector by, =

[sinALy, cosALy, sinhALy, coshALg, ]7 and the
transfer matrix at the crack Ty, = [t |t [|t;5]t,].
sin AL,
-, k=2
sinh AL,
) = T (24)
Y bty 1
T )
bkz t3

The existence of non-trivial solutions of Equation (22)

requires:
fA) =n@) + yDrz() =0 (25)

The natural frequencies of the continuous beam are solutions
of Equation (25).

Once the eigenvalues are found, the mode shapes will be
normalized such that: fOL GO (X)) (x) = Sy, Where 6y i
the Kronecker delta. Since the initial continuous beam is
divided into N beam segments, the mode shapes of the beam
are obtained by summation of the mode shapes over all
segments:

N
D) = ) Gur = b DHGE =) = (= 1)) (26)

where ¢, , is the mode shape of the r'" beam segment for the
n®™ mode, I, = ¥¥_, L, the distance from the left end of the
beam to the right end of the k™ beam segment (I, = 0 by

convention) and H denotes the Heaviside step function:
1, x=0
H(x) = {O, x <0

2.4 Forced response of the beam under moving loads

The governing equation of the beam is:
£l 0*u N ou 0’u )
oxt T TPz =T
M 27)
= Z Pl' 6(.7( —vt + Di—l)

The solution of quzation (27) can be expressed as a linear
combination of orthonormal modes ¢,(x), with q,(t) the
generalized coordinates of the n™ mode:

@O = ) $a() 4, 28)
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The damping coefficient is assumed to be proportional to the
mass: N = 2pAw,{,, where {, is the modal damping ratio for
the mode n. Substitute expression (28) into Equation (27) and
note that w2 = A*(EI/pA), then:

D (03,0 + 2048, 8,0 + ,(5)] $u ()
, (29)

= Zpi 6(x—vt + D;_y)

i=1
with p; = P;/(pA). By multiplying both sides of (29) with
¢>m (x) and integrating from O to L:

S 0300 + 2006000 + 100 f Bu(3) by ()
n=t (30)

= Zpi JO §(x —vt + Di_1) ¢ (x) dx

Since the mode shapes are orthonormal, Equation (30) can be
written as:

qn(t>+2wncnqn(t)+wnqn(t>-Zplcpn(vt— D) (D)

The general solution of Equatlon (31) is the sum of its
homogeneous solution and of a particular solution. We first
look for the particular solution.

For a given linear operator L[] (in this problem, L[x] =
d?/dt? + 2w,{, d/dt + w}), if g, (t) is a particular solution of
the non-homogeneous differential equation: L[q(t)] = y(t),
then kq,(t — 1) is also a particular solution of equation
L{g(t)] = ky(t — 1) for any k € R. This proposition can be
shown by the technique of variable changes.

In Equation (31), we only keep one point force of unit
magnitude p; = 1. Let us consider the following non-
homogeneous differential equation:
qn,r(tr) + an(n(?n,r(tr) + w‘rthn,r (t) = ¢n,r(vt)r (32)
0<t.<L,/v

We assume that a particular solution of this equation has the

same form as the mode shape ¢,, ,:
qz,r(tr) = gn,r sin(4,vt,) + E_n,r cos(Apvt,)
+ Cpr sinh(A,vt;) + Dy cosh(A,vt;)
= [sinQut, cosQut, sinhQut, coshQut, 1%, ,
where Q, =24,v and X,, = [4d,,, En,r,C_n,,Bnyr]Tis the
coefficient vector of the particular solution of the r™ beam
segment for the n™ mode. By using the method of undetermined

(33)

coefficients, X,, can be expressed in terms of X,, =
[Anrs Bor) Corr Dn,r]T as the following matrix form:
a b 0 0
= -b a 0 O
Xn,r = 0 0 ¢ d Xn,r = QXn,r (34)
0 0 d c
with:
_ Aun _ 2w, nn
Az),n + Qwn$p Q)2 ’ Ai,n + Quwpln2y)?
c= Swn d= —2wn(nfly
S¢Zu,n — 2wnlnn)? ' S¢2u,n — Qwnlny)?
Aw,n = wrzt - Q%u Sw,n = wrzl + Q;z

For an undamped system (i.e. {, = 0), the matrix Q is
diagonal. The general coordinates of the continuous beam are
obtained by summation over its segments:
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N
HOR Z T (= tD[HE =" —HE -] (35)
r=1

in which t" =, /v = (X!_, L,)/v is the moment when the
unit force enters the r'" span.

The right-hand side of Equation (31) is a linear combination
of values of the reduced force p; with the value of the function
po(vt — D) = an(v(t - Ti—1))a where 7,4 = D;_1 /v is
the instant when the i axle enters on the bridge (i =
1,2, ..., M). By superposition of these particular solutions for
each axle, we finally obtain the form of particular solution for
a system of M concentrated forces:

M
Qh(t) = Z Pidh (t — Ti—1) (36)
i=1

The homogeneous solution of Equation (31) which is
corresponding to the n" mode is:

QL) = emnint[a, sin(wle) + Brcos(@iO] (37

with wff = wy/1 — {2 the damped angular frequency of the
system for the n™ natural mode.

Hence, the general solution of a harmonic oscillator subjected
to a system of M concentrated forces (equation (31)) is:

4. (1) = QL (1) + QA (D) (38)

The coefficients a, and B, are determined from the
conditions of continuity of the generalized coordinates g, (t)
and from the generalized velocity ¢, (t) when an axle of the
vehicle enters a beam segment.

The force response of the continuous beam is the linear
combination of the mode shapes with the corresponding
generalized coordinates for all the natural modes of the
structure. In fact, we only keep a certain number of the first
modes so that the total effective modal mass is at least 90% of
the mass of the structure.

3 NUMERICAL RESULTS AND DISCUSSION

In this section, a two-spans of equal length, continuous Euler-
Bernoulli beam is studied. The total length of the beam is L =
20 m. The cross section is square of length b = h = 10 cm.
The constitutive material is steel, which has the modulus of
elasticity E = 210 GPa, the Poisson's ratio v = 0.3 and the
density p = 7800 kg/m?3. The beam is subjected to a 2-axle
vehicle whose loads are P, =1kN and P, =2 kN. The
distance between these loads is d = 4 m (Figure 2). Att = 0,
the vehicle enters the beam with constant speed v = 10 m/s.
A crack with variable depth is present at the midpoint of the
first span. Moreover, different values of modal damping ratio
will be considered.

A
L2 L2

Figure 2. Two-axle vehicle passing a continuous beam with 3
supports at constant speed.

In order to validate the presented method, some results from the
analytical model are presented and will be compared with the
numerical results of the same problem, modelled in an Open
Source FEM software, the code Aster. The FEM model has
100 linear beam elements, which follows the Euler-Bernoulli
beam theory. The transient response is calculated on a
generalized basis, using Newmark’s scheme for temporal
integration with f=1/4 and y =1/2. The maximum
frequency taken into account is up to 100 Hz. In case of cracked
beam, a discrete element that having the same rigidity in
bending as the crack is introduced.

The present analytical model takes the first 12 frequencies, so
that the cumulative effective mass factor is 90,4%. Figure 3
shows the deflection at midspan of each span of the beam in
comparison with the results from the FEM model (blue and red
lines), when the damping ratio is 2%. The deflection obtained
by this model is coherent with the numerical results.

25 "
—— 1% gpan

20 —e— 27 span
— 1%t span-FEM
15- —— 2% span - FEM

Deflection (mm)
w

0 5 10 15 20
Position of the first axle (m)

Figure 3. Deflection at midspan with { = 2%.

Now, we create a crack at the midpoint of the first span. The
depth of this crack is equal to half the height of the beam (ratio
a, = a/h = 0.5). Figure 4 shows the deflection at mid-span of
the two spans, in case of an undamaged beam (violet and green
lines) and a damaged beam (blue and red lines). We can see that
the crack has more influence on the deflection of the first span
than of the second one. However, this difference is relatively
small. At the midpoint of the first span, the difference is about
5%.

251 —— 1% span

—— 2™ span

20
— 1*span-a;=0.5

15 —— 2" span-a; =0.5

10

Deflection {mm})
w

10 15 20
Position of the first axle (m)

Figure 4. Deflection at midspan with { = 2%.

In case of an undamaged beam, the speed of the vehicle also
has an important influence on the amplitude of the response.
Figure 5 presents the dependence of the Dynamics
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Amplification Factor (DAF) on the dimensionless velocity of
the vehicle, which is defined as ¥ = v/v,, where v, =

M+ EI/pA = 47 m/s is the first critical velocity. Remind that
DAF = max u(t)/ max uy(t), the ratio of the two largest

responses in case of damaged and undamaged structure. We
can see that the amplification is greater on the second span than
on the first span. At certain speeds, this amplification vanishes.
Moreover, the difference of DAF at peaks compared to the
undamped cases is proportional to the damped ratio of the
system.

First span
1.4
T:8+
=
a.1.24
1.4
1.0
00 02 04 06 08 10
Dimensionless velocity
(a)
Second span
3.0
— 7=0%
T=2%
254 — 7=5%
<20
a
1.57
1.0 4

00 02 04 06 08 10
Dimensionless velocity

(b)

Figure 5. Dynamics amplification factor at different levels of
damping

In order to see how the location and the depth of the crack
influence the natural frequencies, we carry out some parametric
studies. The fundamental frequency of the uncracked beam is
fo = 2.35 Hz. Figure 6 shows the variations in the fundamental
frequency (Afy/fo = (f — fo)/fo) depending on the location
of the crack with different crack depth a; = a/h. This relative
difference (in percent) is greatest when the crack is near the
midpoint of each span. When the crack is at the level of the
support, the fundamental frequency does not change.

Figure 7 shows the dependence of the fundamental frequency
on the crack depth for the case where the position of the crack
has the largest influence on the frequency variation, according
to Figure 6 (x, = 4.8 m). When the crack depth is 50 % of the
beam’s height, the change in frequency exceeds 5%.
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Figure 6. Change of frequency as a function of crack location

Mode 1: xq = 4.8

Difference Afify (%)
s

-6, + + + .
0.0 01 0.2 0.3 0.4 0.5
Relative depth of the crack a,

Figure 7. Change of frequency as a function of dimensionless
crack depth

4  CONCLUSION

A direct analytical method to derive the eigenmodes for
cracked and uncracked beams under point moving loads was
presented in this work. The final results are obtained by mode
decomposition. The mode shapes and the generalized
coordinates are expressed explicitly by analytical functions.
This model allows us to quickly calculate the response of a
continuous Euler-Bernoulli beam with the presence of damage.
Hence, we can perform parametric studies with several
parameters (crack location, crack depth, load velocity...) to see
how these factors influence the final results. This is useful to
highlighting some critical features of the beam and quickly
investigating a beam-shaped system.
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Appendix
Transfer matrix at the crack
—b.s+c —s—b.c b.sh b.ch
T _ s c 0 0
axa —b.s —b.c  b.sh+ch sh+b.ch
0 0 sh ch
Where:
b= KA
T2

s =sindly, ,c = cosALy,
sh =sinh AL, ,ch = cosh ALy,

Transfer matrix at the intermediate support

At the intermediate support (except the left support of the
cracked span), the transfer matrix is an 4 X 4 matrix whose
components are product of two vectors:

snt snl  hnl —hnl
sm; sm; hmz; —hm;
-spi —spz hpi  hp;

Where s, h are the vectors which contain the sinusoidal and
hyperbolic in terms of the (r — 1)™ span:

s =[sinAL,_; cosAL,_i],h = [sinhAL,_; coshAL,_;]
The vectors n;, m; (i = 1, 2, 3) contain the information of the
7™ span:

m=l-ge alm=[on g = ]
1 2’;7]:2 n 2K;3 ZKT]

)

my;=|—= —nl,my =|—(1 - ——xl,

1[2K1n;[(1n) 2K
m3=[5}c1—n

in which:
_ cosAL, —cosh AL,
= sinAL, —sinh AL,
sinh AL,
n=

~ " sin AL, —sinh AL,

And p4, p, are the vectors which contain real coefficients:

el el 3

Transfer matrix at the left support of the cracked span

The transfer matrix at the left support of the cracked span G
has the same structure as the transfer matrix at intermediate
support S, but its components change.

sn  snl  hnY —hnl
T T T T
Gaor = Sp1 sp; —hpy —hp;
4x4 —
smi sm} hm} —hm}
T T T T
—sp1 —sp2 hp; hp;

The vectors s, A now contain the sinusoidal and hyperbolic in
terms of the (k — 1)" span:

s =[sinAL,_; cosALy_4],h = [sinhAL,_; coshALj_,]
The vectors n;, m; keep the same structures, which contain
the information of the crack span:

b't,—b"t,
=BT, - bt
_th3
T b, — bt
1 3
with b = [sinALy, cosALg, sinhALg, ~ coshALy |T

and t;, (i = 1,2, 3,4) are the columns of the transfer
matrix at the crack Ty, .
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