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Abstract

The parameters of generalized linear models (GLMs) are usually estimated by
the maximum likelihood estimator (MLE) which is known to be asymptotically effi-
cient. But the MLE is computed using a Newton-Raphson-type algorithm which is
time-consuming for a large number of variables or modalities, or a large sample size.
An alternative closed-form estimator is proposed in this paper in the case of cat-
egorical explanatory variables. Asymptotic properties of the alternative estimator
is studied. The performances in terms of both computation time and asymptotic
variance of the proposed estimator are compared with the MLE for a Gamma dis-
tributed GLM.

Keywords: Regression models; explicit estimators; categorical explanatory vari-
ables; GLM ; asymptotic distribution

1 Introduction

Generalized linear models (GLMs) deal with regression models such that the distribution
of the response variable belongs to the exponential family whose natural parameter is,
up to a link function, a linear combination of explanatory variables. It is worth recalling
that the distributions of exponential type include most of the classical discrete distribu-
tions (binomial, Poisson, etc.) and continuous distributions (Gaussian, gamma, inverse
Gaussian, etc.), see, e.g., McCullagh & Nelder] (1989).

The unknown parameters of GLMs are generally estimated by the maximum likelihood
estimator (MLE). The asymptotic normality and efficiency of the MLE for the GLMs
were studied in Fahrmeir & Kaufmann| (1985). In a general framework, the MLE has no
closed-form and is numerically computed by a gradient descent-type method known as
the Fisher scoring which can be equivalently written as an iteratively re-weighted least
square method (IWLS), see for example [McCullagh & Nelder| (1989, Chapter 2). This
computation method is time-consuming for large datasets or for high dimensions.



The case of categorical explanatory variables is singular due to the non-identifiability
of the model. Then, aforementioned results do not apply directly. Generally, linear
identifiability conditions are imposed via a contrast matrix. In this setting, closed-form
MLE have been exhibited in [Brouste et al.| (2020) for any distribution of exponential
type under a supplementary assumption on the contrast matrix. Due to the closed-form
formula, the parameters are quickly estimated and the methodology can handle large
datasets and/or large number of modalities.

The alternative estimator proposed in this paper is motivated by theoretical arguments
as well as practical motivations. Indeed, the MLE does not have an explicit solution in
the case of two or more explanatory variables only used as single effects. Our proposed
closed-form estimator makes possible to deal with large datasets or a large number of
explanatory variables avoiding using the time-consuming IWLS algorithm.

Dealing with only categorical explanatory variables is of particular interest. For in-
stance, in the insurance industry, policy pricing uses a finite number of risk group relying
on categorical explanatory variables. Typically, motor insurance ratings rely on vehicle
classification with a large number of modalities, e.g., the dataset pgl7trainpol in CAS-
datasets by |[Dutang & Charpentier| (2020)), exhibits this feature with 1023 vehicle models
for 101 vehicle brands. Another appealing example is Kadarmideen et al.| (2000) where
authors study disease, fertility and milk production in dairy cattle and consider 7530
levels for Herd-year-seasons effect. In both situation, having a fast efficient estimator is
at stake.

In most situations, explanatory variables are used as single effect. Indeed, McCullagh
& Nelder| (1989)) use single-effect models with the binomial distribution (Chapter 4) and
with the Poisson distribution (Chapter 6); Lindsey (1997)) also uses single-effect models
for the Bernoulli distribution in Chapter 2. This is also particularly true in the actuarial
field, where Denuit et al.| (2020, Chap. 4) model claim count distributions, and [Wuethrich
& Merz (2021, Chap. 5) model claim size distributions with single-effect models.

Whatever the domain of application, finding closed-form solutions is at stake. In the
literature of choice modeling, Lipovetsky & Conklin| (2014) provide analytical formulae for
multinomial logit model which permits the inference of the characteristics of the model’s
quality (standard errors of the utilities, choice probabilities, the residual deviance and
pseudo-R-square), see also [Lipovetsky| (2015]) for the special case of logit regression. Mar-
ley et al.| (2016)) show that Lipovetsky & Conklin| (2014)’s analytical closed-form solutions
and [Frischknecht et al.| (2014)’s normalized best-worst scores provides better fits to the
aggregate choices in several best-worst choice data sets.

Furthermore, |Lipovetsky et al. (2015) use |Lipovetsky & Conklin| (2014) to derive
analytical formulas for determining the needed sample size for Best-Worst Scaling studies,
which allows to test the formula assumption and demonstrate the soundness of the formula
to be used and proposed rough empirical rule for determining the sample size for Best-
Worst Scaling.

When building decision trees, having a closed-form estimator is also of particular
interest. In that respect, Dutang & Guibert| (2021) propose a fast estimation procedure
based on Brouste et al. (2020)) to fit GLM trees, which also makes possible to fit GLM
forests on practical applications.

The paper is structured as follows. Notations are introduced in Section [2 In Sec-
tion [3.1], the general setting and the asymptotic properties of the alternative estimator
are presented. In Section the case of two categorical explanatory variables (and also
one explanatory variable) is described with several examples. We also focus on the partic-



ular case of single effect only. A simulation analysis is performed in Section [4] in order to
benchmark the proposed estimator against the IWLS algorithm in terms of computation
time and to compare the asymptotic variances on a Gamma distributed GLM with single
effect only.

2 Notation

In the following, vectors of RP or R™ are bolded, while the index i is reserved for the
observations, while the indexes j, k, [ are used for the explanatory variables.

In the GLM setting, the sample Y = (Y7,...,Y},) is composed of independent random
variables valued in Y C R. Each response Y; belongs to a family of probability measures
of one-parameter exponential type with respective parameters \q, ..., A\, valued in A C R.

That is, the log-likelihood L associated to the statistical experiment is

n

log £(91¥) = 30 MR 5y, ), 0

=1

where a : R - R, b: A - Rand ¢: Y x R — R are known real-valued measurable
functions and ¢ is the dispersion parameter, e.g., [McCullagh & Nelder| (1989, Section
2.2).

In the GLM setting, the parameters Ay, ..., A\, of Equation depend on a finite-
dimensional parameter ¥ € © C R™. A direct computation of theoretical moments leads
to

V(Ai(9)) = EgY; and 0'(\(9))a(¢) = VargY;.

fori=1,...,n.
In the following, we consider deterministic exogenous variables xq, ..., x,, with ; =
(i1,...,Tp) € RP for ¢ =1,...,n, representing for categorical variable encoding. That

is, x;; is binary, typically indicating a label for a categorical variable (see Section |3| for
the proper encoding for categorical explanatory variables).

Let g be a twice continuously differentiable and bijective function g from b'(A) to R.
GLMs are defined by assuming the following relation between the expectation E»Y; and
the predictor

g(t'(\i(9))) = 2l 9 =1n,,, forall ¥ €O, (2)

where 7, are the linear predictors. The parameter ¥ € © C R” is unknown and has to
be estimated and g is the so-called link function. Consequently, the (bijective) function
¢ = (b')7' o g7! maps linear predictors to parameters as \;(9) = £(n,,) which can be
summarized as

() et
Xx0-—D 7 A,

where D is the space of linear predictor and X the possible set of value of x; for ¢ €
{1,...,n}. In the special case {(t) = t, we talk of a canonical link function.
Consecutively, the log-likelihood can be rewritten as

logL(O|Y,xy,...,x,) = Z Yw(nmﬂangb) (£02,)) + Z c(Yi, ¢). (3)

i=1



Since the covariates are supposed to be categorical in this paper, the linear predictors 7,
takes d distinct values namely €q,...,€e4. We consider the unique d X p matrix ¢ such
that

n=0Q9, n=/(¢)j=1,d
In the case of categorical explanatory variables, the model is not identifiable and linear
identifiability conditions are imposed. Precisely, the MLE solves the optimization problem

5n =—arg max L(I|Y), 4

8 yemax LO]Y) (4)
where R is a contrast matrix that ensures the model to be identifiable. The identifiability
condition is equivalent to the positive definiteness of the matrix QT Q+RT R (see Appendix
A.1)). As mentioned in the introduction, the computation of the MLE is time consuming
when it is not explicit.

3 General setting

Consider the case where all m explanatory variables are categorical, that is for j =
1,...,m every observations (:UZ(]H))@- take values in a finite set {v;1,...,v;q4,} and :cgl) =1

(5+1
i

is the intercept. Assuming values are unordered, x ) needs to encoded using binary

dummies as follows )
i+1),k
:L’i] = 1{z§j+l):vj,k}7 ke {1, e ,dj}.
These binary dummies can be used both in single-effect models or with cross-effect models.
To take all possible GLM settings into account, we consider a GLM with predictor defined

as

m+1 dj
g (EgY;) =0 + Z Z 2 kg) Intercept and single effect
=2 k=1
+ Z Z xng)vkzmgjg)’ksﬁi(ﬁ}g:) Double effect
J2<J3 k2,k3
T YT kel ks glneo Triple effect )
72<93<J4 k2,k3,k4
+...
+ Z 2k .xl(mﬂ)’km“?95622’7'_""’77,?”?:1), All crossed effect

k2, km+1

where ¢ is the link function and indexes j; € {2,...,m + 1} and k; € {1,...,d;} for
j=2,....,m+ 1
In the m-variables case, the unknown parameter vector is

(6)

We introduce a specific notation based on Kronecker products ® of ones vectors 1 and
identity matrices I to denote cross effects of j; < --- < j; variables

_ () (90N (,9(2.53) o (42,J3,44) o (2,...,m+1)
9= (19 ) (ﬁk )k,j’ (1919271% )kz,k3732<337 (19k2,k3,k4 )kz,k37k4,J2<J3<J4’ SRR ( kQ,...,km+1)k2rnzkm+1

My(njhm’jk) = ]‘dm+1-..djk+1 ® Idjk ® 1djk*1'”d' © 1y

Jk—1 Jk—1

R Idjl X 1dj171---d27 (7)



where j; € {2,...

,m + 1} with the convention that 1 = I, = 1.

When j;, jit1 are

consecutive integers, i.e., j;+1 = J; + 1, ones vectors disappear and simplifications occur

]dn ® Iy, = I i There are two special cases: M},z =14

Ji+1 Jit1
and M,S?""’m“) = I4,, dsd, 18 the identity matrix.
Using , we define the () matrix as

Q= (M,SZ, Intercept
Méf), cee Mﬁf“% Single effect
M3 MY Double effect
M,(,?’?’A), L, M l’d’d“), Triple effect
M,(f’“"mﬂ)). All crossed effect

mi1-..d2

is the ones vector

In other words, () contains Comblnatlons of Kronecker products of ones-vector and identity

matrix through matrices M)
for linear models. The total number of parameter is

m+1

p—1+Zd+Zd]2d]3+ +dy...

J2<J3

Doy 1.

, see also Sunwool (1996)) which use Kronecker products

Table gives examples of such () matrix for 1, 2 and 3 explanatory variables, whereas

Table

Table 1: Examples of @) matrix for 1, 2 or 3 variables

in Appendix gives examples of M) and Q for 2, 3 and 4 explanatory variables.

dimension @ = terms p=
(Laydsdys Intercept 1

m=3 1g,d, ® IdQ, 14, ® Idg ® 1g,, Id4 ® Ldsdy, Single effect +do + d3 + dy
14, ® Id3d271d4 & 1d3 & Id27Id4d3 ® 1g4,, Double effect +dads + dady + dsdy
Id4d3d2)7 Triple effect +d2d3d4
(Lagds, Intercept 1

m =2 1d3 & IdQ, Idg ® 1q4,, Single effect +do + ds
IdeQ) Double effect +d2d3

m 1 (14,, 'Intercept 1
I,) Single effect do

Using the binary structures of dummies xl(])’kj, ie,foralli=1,...,n,

Z xZ(Q),k:Q L Z J;Eerl),ka 1

k2,..km41 ko, km+1

Y

we identify the (unique) m-uple (ko ...
predictor 7,, of Equation simplifies in the following way

9 (EgY;) =1y, = V1 + Zﬁ(j T Z 19]52;333

Jj2<j3

-+ 19,€2

EARAS] +1
Zlmﬂ) = Moy kg s (9)

, km+1) for the ith observation. Hence, the linear

such that the 7th observation belongs to the k;jth modality of the jth variable for j =

2,....,m+ 1.



Naturally, there are redundancies in the linear predictors and we must impose a con-
trast matrix R € R?7*?, in order to identify the unknown parameters, namely R = 0. We
assume, in the following, that the matrix R is such that QTQ + RT R is definite-positive
and rank(R) = ¢. This contrast matrix also allows to built every sub-models of a GLM.
In particular, the single effect case (no interaction) can be considered. In the R statistical
software (R Core Team|2021)), glm removes the first modality of each variable and the
associated interaction terms (that corresponds to the second example of Table 3| below
for two categorical explanatory variables).

To present our alternative estimator, using Equation @, we introduce the absolute
frequencies over the m explanatory variables by

7k m Jﬂm .
Mgy, kmy1 — le(?) P XX :El( TR = #{Z € {17 cee 7”}; Na; = nk27---7km+1}7 (10)
i=1

and the cross-effect average responses by

—1,..1
YTZ n n
2).k m+1),k ;
: S Y@k gtk 3 Yi
Y — ?k27-..7km+1 ?k27---7km+1 =1 =N =y kg (11)
= - Y, = = .
Misy,....km+1 Msy,....kmt1
?d27--~7dm+1

n

For the sake of clarity, we consider my,, . x,,., > 0. Nevertheless the results can be adapted
to the case where my, 1., > 0 in the same way of Brouste et al.| (2020). In this paper,

we propose the closed-form estimator defined by
9, = (Q"Q+ R'R)Q"y(Y), (12)

where Q is defined in (§), g(Y') € RP is the vector of g-transformation of average responses
(11)). Below, we exhibit the asymptotic properties of the alternative estimator 511 It can
be quickly computed by solving a linear system and can therefore be used to handle large
datasets (see Section[d]). We also investigate situations for which the alternative estimator
is the MLE, i.e., 9, = O,.

3.1 Main results

Before stating theorems, using Equation @, we introduce the vector of theoretical ex-
pectations

Hi,...1
n= Mkzg,....,kmﬂ s Hkgkrss =9 (Mg o )- (13)
/’Ldz,...‘,dm+1
We also define the theoretical probabilities p,... .., as
—mk%'?:b’kmﬁ W Phadinin € (0,1). (14)

Theorem |[1] gives the asymptotic distribution of 5n, whereas Theorem [2] gives sufficient
conditions where the alternative estimator is MLE, i.e., ¥, = 9,,.



Theorem 1. Regardless of q, the proposed estimator 5n 15 strongly consistent. Further-
more, ¥, is asymptotically normal, namely,

NG <6n _ 0) n%oo N, (0,,Qr2Q%) | (15)
with Qr = (QTQ + RTR)™'QT and X is the diagonal matriz whose diagonal elements are
a(¢) _
022,...,km+1 - —b/,((b/> l(lukg,...,km+1))<g (:ulm7 m+1))2>’
Pla,... kmi1
where fig,, . k... 5 defined in and Disy,.. kyr N .
Proof. The proof is postponed in Appendix [A.2] ]

Remark 1. [t is worth emphasizing that, due to the non-identifiability and the imposed
linear constraints, the matriz QrXQ% in is singular.

Let us define the matrix Ry = R_,,, — R%™+t)Q_,  with R_,, and Q_,, the matrices
respectively without the ds . .. d,,.1 last columns of R and @, and R®"*1 the matrix
with only the ds...d,, 1 last columns of R. Let ¢y, the minimal number of conditions
to get identifiability for GLM , that iS quin = p — HmJr1 dj, ie. ¢ =rank(R) > Gmin-

Theorem 2. For q = Guin, the identifiability condition is equivalent to

det(Ra) # 0. (16)
In that case, 1/9\,1 = ’5n
Proof. The proof is postponed in Appendix [A.3] O

1 —
Remark 2. For ¢ = i, if Condition is satisfied, 9, = 9, = (g) (%(Y>)

Form =1, p=1+dy 50 ¢unin, = 1. Hence the condition det(Ra) # 0 is Z 2ri—ro#0
where R = (rq,...,Tq,). This is the condition proposed by Brouste et al. 2020)

dmin

3.2 Two and one categorical explanatory variable(s)

We now focus on the case of two categorical explanatory variables for which the alternative
estimator is generally not the MLE. Equation (b)) simplifies to

g (EgY;) = 1>+Zx(2)’%9<2>+zx 3)—1—2223952 g )

k=1 =1
Using Table [1, the @ matrix is

Q=(Q-2,Q%), Q= ga, 1o, ® g, Lo, ® 1), QP = Iy, (18)
The contrast matrix R = (R_y, R*%) is given by

(2) (2) (3) 3)
To’l T171 e Td271 T171 oo ng,l T1171 P Td2d3’1

R 5= : : : : : . R®3 =
T0,q rfg rl(i2)q rﬁi rc(g)q T1,q -++ Tdodag
Here a general row number ¢ > 1+ dy + d3 is considered and rank(R) = g. The lower
bound @¢uin = 1 + do + ds is the minimal number of conditions to get identifiability for
GLM (17). Let Ry = R — Q_2R>*?.



Corollary 1. For q = qmin, the identifiability condition is given in Table 13 In that case,
v, =19,.

Regardless of q, the proposed estimator 9, is asymptotically normal with ¥ is the
diagonal matriz whose diagonal elements are given in Table [

Table 2: Parameters and identifiability

m P Qmin identifiability theo. expectation theo. covariance
"= 1+ds+ds 1+4+ds+ds det Ra # 0 BEl =g~ (19(1 + 191(3) Uﬁ,z = %b//((b/)_l(ﬂk,l))
+dads +ﬁ§ + i) x(g' (un1))?
CREY 10901 4 9@y 2 ald) pr -1 N2
m=1  1+4dy 1 o1 # ;;1 rha kg =g (0077 g = b ((0) T (1)) (9 (1))

Below, we exhibit two examples to illustrate the previous result. Example [1| presents
the usual contrasts for two explanatory variables and ¢ = 1 + ds + d3. Example [2] gives
an example for ¢ > 1 + dy 4+ d3 where the MLE differs from the closed-form estimator:
an over-contrasted matrix R which removes the interactions of the model, then which
removes the interactions and the second variable.

Example 1 (Case ¢ = 1+ dy + d3 and Ra 1nvert1ble) For the 8 examples of Tableﬁ
we have rank(R) = 1+ dy + d3 and the MLE 9, is equal to the alternative estimator 9.
Using Theorem 2.2 of \Lu & Shiou (2002), Because Ra = R_5 — Q_oR>% is invertible,

we have
-1 -1 1 p(2,3) -1
Q\  _ (Q-2 I, —RA'R( R,
= 2,3 11(2,3) -1 -
R R_, R®23 Id2d3+Q 2Ry R —Q_oRx
Table 3: Three contrasts for two variables and full rank R matrix
type | Zero-sum Condition ref. category (15t modality) No intercept,
no single-variable dummy
>0 =5, 9% =0 9 = 9{® = 9 =0
contrast VLY, 9 =0 IR 9 _g v, 0 =
vk, 3, 00 (23) -0 Vk, 19<2‘3) vk, 19(2)—0
01 1 0 0 0 0 0 O 01 000 0 O0O0 O 1 00 0 0 0 O O O
fullvank R | |0 0 0 1 1.0 0 0 0 0001 00 00O 01 00 0 0 0 0 O
do—di—o | |00 000 1 1 0 0 0000 0 1 00 O 001 00 0 OO0 O
2=M= 00 00 0 O0O0 1 1 0000 0 O0 1 00 00 01 00 0 0 O
0000010 1 0 00000 0 O0 1 0 00001 0 O0 0 O

Example 2 (Case ¢ > 1+ ds + d3, Model without interaction). Let us consider the case
of model without interaction. Indeed the contrast matrix is

Ry 0250 )
R = dadg , 19
<01+d2+d2><d2d2 R2 ( )
with , ,
Rl _ 0.1 T§,1) 32?1 O O R Id J
To.2 0 0 7"%:2 c(l?;), ’ 20



where 1 1, 7{,21)7 e ,rfé)l and 7o 2, TSQ), e ,rc(lz)z are taken so that QTQ + RT R is invertible.

In this case rank(R) = 2 4+ dods > quin = 1 +da + d3 and Q = (Q_2, ), we have

T T QT2Q72 +R1TR1 QTZ - QTQQ% +R1TR1 QT2
QerTR = ( Qs I+RIR,) = Qs i)

and using
Qr = ( (ngQﬂ + R{Rl)_lez )
G - Qa(QT,Q + RTR)T'QT,) )

Hence the alternative estimator O, fails to be MLE because R9,, # 0. We perform a
simulation analysis in Section[{] to compare asymptotic variances and computation times
between the proposed alternative estimator and the asymptotically efficent MLE. An ez-
ception is the canonical Gaussian case with balanced plan, i.e., mi1 = ... = Mg, a, for
which the alternative estimator is still the MLE.

We finish this section with the case of a single categorical explanatory variable. The
linear predictor (b)) simplifies to an intercept and a single sum whereas the () matrix is
given at the bottom of Table [IL A similar corollary to Corollary [I] can derived where
the minimum constraint number is ¢ = 1, the identifiability condition and the variance
components are given at the bottom of Table[2l In that case, the alternative is the MLE,
as demonstrated by Brouste et al. (2020). The formula of matrices used for 4, for the
three usual contrasts (no intercept, no first-level, zero-sum) are given in Table , while
the proofs are put in Appendix [A.4]

Table 4: Three well known examples of contrasts

name no-intercept no first-level Zero-sum
R (1,03,) (0.1,05, 1) (0.13,)
dy+1 17 da L 1§r1 d 17
QTQ+R'R 2 da 1 2 04, ’ T
La,  1la, K Lo, fay + Layxa
la,—1 Ody—1 lay—1
det(QTQ + RTR) 1 1 (dy)?

(i)

1 o7F -1

T da—1 _17

0, 1 0 05_1 1 _di 15, 1

Id2 _1d2 2 2 1d2><d2 - d2Id2 _1d2
—1g, g1 1g,—1

4 Numerical illustrations

We make a simulation analysis to assess the performance advantage of the proposed
estimator compared the MLE computed by IWLS. We also compare the asymptotic
variance of the two estimators based on simulated datasets. All computations are carried
out with the R statistical software.

In our simulations, we consider a GLM with a gamma distribution. Namely, we assume
a sample Y7, ..., Y, of independent variables following a gamma distribution with a shape
parameter k£ > 0 and rate parameter #; > 0, the associated log-likelihood is given by
with

M= (@)= 6, b= 2, b(A) = —log(=A), clyi, 6) = %—1) 1og<yi>—logr<i>—1og<%>.

¢

ol



We consider two explanatory variables mz(?) and a:l(?’) with dy and ds modalities. Given

a parameter value 99, we assume a zero-sum condition

do—1 d3—1

2 2 3 3
TR S )
k=1 =1

That corresponds to the following contrast matrix

0 1, 04
R = 2 3.
(O 04, 1d3)
The simulation procedure for a given sample size n consists of simulating explanatory

variables, then of simulating the gamma variable and finally of estimating the MLE 4,
and the proposed estimator 1,, The procedure is summarized as follows

1. For i = 1,...,n, generate two equiprobable categorical variables %(2) and a:ES) with
ds and dz modalities;

2. Compute the linear predictor n; = 9™ + ZZ; ml(-z)’kﬂf) + Zldil $§3),l79l(3) using Table
Bl

3. Compute rate parameters for gamma distribution 6; = —e(gi);
4. repeat M times:
(a) generate n responses (Y;); using A; = —%.
(b) estimate the GLM with the two methods assuming
do ds
g (BY;) =9 4 Z a:f”“ﬂ,?) + Z xg?’)’lﬂl(?’).
k=1 =1

(c) return computation times, the MLE 5n and the proposed estimator 571
end repeat;
5. Compute the variance of the two estimators.

We first present the results of computation times for two link functions of the gamma
distribution ¢g(z) = 1/x and g(x) = log(z). The computation time displayed is the
average time over M = 5 runs for two sample sizes n = 10°, n = 10° and dy = d3 = d
with d = 5,10, 15, 20, 25, 30, 35, 40, 45, 50. The parameter values are given in Table [5| and
the dispersion parameter is fixed to ¢ = 8.

Table 5: Parameter values of the gamma distribution used for computation times

link function | intercept variables j = 2,3
g(z)  l(z) 9 99 oY), 9
1/x —x 3d+1 1/d,...,(d—1)/d —(d—-1)/2
log(z) —e™® 1 1,2,1,2,...,1or 2 —3d/2+2or —3(d—1)/2

Computation times for both the MLE (denoted by IWLS) and the proposed estimator
(denoted by explicit) are displayed in Figure |1| for the inverse link. We observe that the

10



IWLS has a computation time which increases almost linearly with the modality number
d. In comparison, the proposed estimator’s computation time is almost constant and
significantly lower. Table @Dshows the ratio of the computation time of 1,, against the
computation time of ¥,,. Irrespective of the sample size, this ratio increases from 6 to 67
as d increases from 5 to 50. When considering the log link function, we observe similar
results, yet the computation of 1,, is more erratic and higher than for the canonical link,
see Figure [2] and Table [6]

— IWLS S 4 — IWLS
---- explicit - ---  explicit
@ -
=
=
v w - =
g g ®
8 8
b3 3 g
@ < @
E E
— = o |
q.-
N —
o |
[a]
[ [
I I I I I I I I I I
10 20 30 40 50 10 20 30 40 50
Modality number Modality number
n=1e+05 n=1e+06

Figure 1: Computation time for gamma response with inverse link function (average over
5 runs)

Table 6: Time ratio of IWLS over explicit methods for sample size n and modality number
d

inverse link log link
n=10" n=10°|n=10° n=10°
d=5 5.26 6.84 5.12 6.23
d =10 9.17 8.83 8.01 9.98
d=15 14.09 12.59 15.49 17.10
d=20 17.56 18.70 21.60 22.89
d=25 20.04 24.75 27.71 31.39
d=30 28.97 32.41 56.62 66.41
d=35 27.74 36.12 74.51 57.60
d=40  32.63 43.37 70.22 55.81
d=45 33.27 53.65 60.28 61.01
d=50 36.04 55.58 67.03 68.80

Now, we turn our attention to asymptotic variances for two link functions of the gamma
distribution and link function g(x) = 1/x. Here, we consider M = 10000 replicates, a
sample size n = 10%,10* and d» = 2 and d3 = 3. True parameter vector is chosen to
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Figure 2: Computation time for gamma response with log link function (average over 5
runs)

guarantee the positivity of the parameter 6; for the inverse link function, see Table [7]
Again, the dispersion parameter is fixed to ¢ = 8.

Table 7: Parameter values of the gamma distribution for asymptotic variance

link function | intercept variable 2 variable 3
gz) @) | 90 9 9 9P 9 o
1/x —x 10 1 -1 2 3 =5

log(z) —e™* 1 1 -1 2 3 =5

Figure |3| displays the asymptotic distribution of errors for n = 1000 of 9, for the
inverse link function. Figure |3al shows a small bias of 1, when estimating the intercept,
which is not present for other coefficients. Asymptotic variances between the MLE and
the proposed estimator are very close except for ¥(9) ;. Indeed, Figure [3b|shows a narrow
distribution for MLE than for the proposed estimator. Similar conclusions can be drawn
for n = 10000 and/or the log link function, as well as other distributions.

5 Conclusion

A closed form estimator for GLM with categorical explanatory variables has been pre-
sented. It is a fast computable alternative to the MLE, in particular in the practical case
of GLM with single effect only. The asymptotic properties of this estimation procedure
have been studied.

The closed-form estimator avoid using the IWLS algorithm which is time-consuming
for a large number of variables or modalities. Numerical illustrations quantify the perfor-
mances of our explicit estimator against the MLE in different GLM examples.

In order to handle the asymptotical non-efficiency of the proposed estimator (compared
to the MLE), the Le Cam one-step procedure could be targeted in a further research.
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Figure 3: Histogram of parameter errors for gamma response with 2 variables (n = 103).
Dashed (resp. solid) lines are theoretical asymptotic densities for 9, (resp. 9,).
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A Proof of Section (3

A.1 Identifiability

Consider the subspace © = {x € R, Rx = 0}. The parameter 9 is identifiable if x — Qx
is injective on ©. That is

Rx =0
v p D 2 2
QZER,RJJ#OOI‘ { Q 0 <:>V$€R,||RCIJ|| —I—HQQ’JH >0

Ve c R, 2" (RTR+QTQ)x > 0.
Hence the identifiability condition is equivalent to RT R + QT being positive definite.

A.2 Proof of Theorem [1

(kQ ~~~~~ km+1)

—ka,..., km41 D _
Miy,....km+1 (g(Yn2 i ) _g(ukz ,,,,, km+1)> njoo'/\/’((]?a((b)b//((b/) 1(:uk2 ,,,,, km+1))(g/(/’Lk2 ,,,,,

77777 kmy1 are empirical frequencies Using the theoretical relative frequencies

, we obtain

—ka,..., km D
\/ﬁ<g(yn2 H) _g(:u/w 77777 k’m+1)> — N(Oﬁﬁz

nodoo | N7 k2, k’m+1) )

Therefore we obtain the distribution of the vector of transformed empirical averages g(Y)

Vi (9(Y) = g(w)) —» N(0,%), T =diag(o}, 4,..).

n—-+00
Multiplying by Qg and using g(p) = Q¥ leads to

D

Vn (Qrg(Y) — QrQ9) e N (0,QrXQ7,) -
Using R¥ = 0, we have
RTRY = 04,11 © QTQY = (QTQ + RTR)Y & QrQ0¥ = V. (20)
Replacing QrQY¥ = 9 leads to the desired result.
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A.3 Proof of Theorem [2

In the general case of m categorical explanatory variables, the log-likelihood becomes

J(9) = log L(9 | y) = Zyz "f“ — b (Une)) +Z clyi, ¢

where 1., = 719. Let us compute partial derivative of the linear predictor 7,

877% B 877%. B x(j)’k 37793i o x(jg),kgx(jg),kg L _ $(2),k2 x(m+1),km+1
DT 990 T T 7 gglags) T L ) '
o9 aﬁkj aﬁk];lg; 819/@ ----- km+1

In order to deal with partial derivatives of J, we introduce the derivative w.r.t. intercept

S —

) = 00 (1)) O S, = ()
e Z <¢> Z‘ )T 0g)

the derivative w.r.t. single-effect coefficients j =2,... m+1, k=1,...,d;,

g0 — 90 _ =yl () = ()l (1)) O _ = g, 0085 = Y (L))
= () g0 — 2 (e T

the derivative w.r.t. double-effect coefficients j; =2,... . m+1, k =1,...,d;,, 1 = 2,3,

/( W (£(n., » » = (00,
(G2o) _ Z yil' (n2,) — €' (12,0 (£(11as,)) 5(72 37 g, Yl e s Yi — U (L(n 1))’
’ aﬁkf,g; — (¢) i a(¢)

the derivative w.r.t. full-effect coefficients j, = 2,... . m+1, k; =1,...,d;,, i = 2,...,m+1,

S(2,...,m+1) . Z Yil' (Na;) — (nwi)bl (L(M,)) M,
koyokmyr T j ..... Jm (3255 Jm+1)

B Y LI LN e M T AU}

T, it

a(¢)
The maximum likelihood optimization problem is
Vﬂj(ﬂ) - RT’U, =0
{ R =0, (21)

where u is the Lagrange multiplier and the log-likelihood gradient and contrasts are
S
Sl(cj)

V'BJ(IB) = S(JQ,]B) ) R = (R(1)7 R(j)7 o R(JQJS)’ s 7R(2

ka,ks
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Using the binary structures of dummies, see Equation @, the linear predictor 7,, simplifies.
Hence introducing multiple sums over ko, ..., k,,+1 makes 7,, no longer depend on ¢ but
on other sum indexes. Using empirical average , empirical frequency , and M)\)
matrices Equation simplifies to

- i = b (Mg e
S SR SR W ELICCSE

koyeoskma1 1= 1m0, =Nko, k1

o / - Yi . & v (E(nk27---7km+1>)
- Z 14 (nkg,...,karl) Z a(¢) Z a(¢)

k2,....km41 =100, =Mk, ...kt 1 =100, =Nkg,... ki1
T
- E — ()) =
- sz,m,kmﬂ - (Mm =
k27"'7km+1

with = = (€k27“'7km+1)kg,...,k‘m+1 and

k2, kmy1
y Yn b (E(Ukz,...,kmﬂ))
£k27-~~7km+l - (nk27~~~:km+l)mk27~--,km+1 :
a(¢)
Now for j = 2,...,m + 1 consider the single-effect score vector (S,i]))k*zl,mdj.
() _ Z — (MO =
(Sk* P - é-kg,...,kj_l,k*,k]'+1,...,km+1 - (Mm ) =
7 ko,..kj—1,kj 41, kmt1 kr=1,..d;
Then for j, < j3 = 2,...,m+1 consider the double-effect score vector <S,(€i2}gf) > .
258k =1,djy k=1, djy
S(Jé,js) _ 5 . .
KSKS ) s kaseokjo—1:53Kjg415ekja—1,53 Kjg 41, km1
278 cskio—1,Kj0 415 skig =1,k 415 kXX
273
_ (2,33) )T =
= (M) =

m+1)

k ) , we have
m—+1
k27"'7km+1

9.,
For all-cross-effect score vector (S,g2

2,...,m+1 2,... 1)—=
(Slgg,...,k* +1)> . . = <5k§,...7k‘:n+l> N N — /\47517 ,m—+ ):
m+1/) kS .k k3 ook

27Ym4-1

S(Q,...,m-‘rl)

Note that S®) (resp. other terms) can be written as a sum of all (resp. some) S, Fom 1 -

Using the () matrix , see also examples in Table , we have

U — 5 1(QY).

ckma
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Using the preceding equations and MY matrices , the gradient of the log-likelihood

can be written as
T
(M,Q) =

VJ(9) = - — Q7=

.....

The first rows of the score equation become QTE = RTu, R = (RWY. Then

Riw =0, with Ra = R_,, — R®=™VqQ_, . (23)

This system admit an unique solution that is u = 0 if det(Ra) # 0. In this case, because
E=GW)(Y — g 1(QV)), with G(9) the diagonal matrix

a(e)
G('l?) - )
' (Ndy,....dyyy 1) My .. rdyy i1
0 BETCO R
because ¢ # 0, the system ([21)) rewrites
u =0 w—0
9=g9Y) & _ _ %
ooy { 9= (QTQ+ RTR)QTy(Y).

A.4 Examples of Section
A4l g=1

The proposed estimator is correctly defined and

dy, 17T r2 P do + 72 17 4o
T Tp_ 42 1l o1 ToiT\ _ 2+ 73, T+ 7oq o
v (1d2 Id2> ' (TOJTT TTT) <1d2 +roar?t  Ig+rir ) (24)

In the case of ¢ = 1, using

2
det(Q'Q + R™R) = (det (%)) ,
and Appendix A of Brouste et al.| (2020), we get
det(QTQ + RTR) = ((—].)d2 (7‘0’1 — Tldz))2 = (7”0’1 — ’I"].d2)2. (25)
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Table 8: Notations of () and R matrices for m = 2, 3, 4

m Q= notation corresp. contrast effect
(Lagdadsdss Mi) R intercept
Lasduds ® ldys Ldsdy @ g ® 1dys 1ag @ Ly @ ldgdy, Lds © Ldgdsds, Mij) RG) single effect

1 144, ® Tagdys Lag ® Loy ® Lag @ Ly, Iag @ Lagag © Lay,
1d5 ®Id4d3 ®1d27[d5 ®1d4 ®Id3 ®1d27[d5d4 ®1d3d21 M4(J2’J3> R(J2’J‘3) double effect
Las ® lagdsdys las ® Lay @ lagdys Lasdy @ 1ag ® lays lasdyads © Lay, Mijz’j?”j“) R(52,73,74) triple effect
Tisd,dsds ), Mi2’3’4’5> R(2:3,:4,5) all effect
(Lagdzds> Méo) 3 R intercept

3 Lagds ® lay,1ay @ Igy @ 14y, 1ay ® Lagay, M,g)’? RQ) single effect
1a, ® Lagdy, Loy ® Loy @ lay, Lagay © La,, M3 RUd+1) double effect
Ti,dsdy), MZS)’B R(2:3:4) all effect
(Lazdy, Méo) 2 R intercept

2 14, @ Ig,, lg; ® 1g,, M2 RG) single effect
la,d,) M§2)’2 R(2:3) all effect

The case of no intercept Consider R = (1,0,...,0), i.e. 1o =1 and r = 0.

Using , we have

T
Q"Q+R'R= (dQ 1 1d2) .
]_d2 [d

Using (25)), the determinant is non null det(Q”Q + RTR) = 1 # 0.

2

The case of no first-level Consider R = (0,1,0,...,0), i.e. 7o =0 and 7 = (1,07).
Using ([24)), we have

b 1 1%,
Q"Q+R'R=| 1 2 0},
1g,-1 Ogy—1 Lgy—1

Using ([25)), the determinant is non null det(Q7Q + RTR) = (0—1—0)2 =1 #0.

Zero-sum condition Consider R = (0,17), i.e. g =0 and r» = 17.
Using , we have

0'Q+ RR= (" 1o
1d2 Id2 + 1d2><d2 ’

Using (25)), the determinant is non null det(Q*Q + RTR) = (0 — 171)? = (dy)? # 0.

B Linear algebra on () and R

B.1 Linear algebra on (), R in without interaction

Consider the matrices (01, Q and Ry, R, defined in and .
Using Theorem 2.1 of [Lu & Shiou| (2002)), Q7Q + RT R is invertible iff QTQ, +2RT R,
invertible. In this case we have

ro4prR) = ( G@IQL T BRI ~L(LQTQ, + RTR,))'QT )
A AR <_%C§1(%Q1TQ1 —l-lR{Rl)_l %]4_2%@221(%@{@1 +RF{R1)_11Q{
=9 ( (QTQ1+2R{ Ry)™* ~LQTQ, +2RTR) QT )
—5Qu(QTQ1 +2RTR) ™ 1+ 50:(QT Q1 +2RTR) QT )
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It can be verified th
at (QF TP \—
(Q1. 1), we have (Q1 Q1+ 2R Ry) 1QT = (Q1TQ1 + R1TR1)_1Q1T So because
. se =

s 2( (QTQ1 + RTR) QT ~
' _%Ql(Qle 1—|— RflRl)l)1QC%1T+ 1%(—??1%1 + Q}E?Rl)ilQ?
17 .1 o
= (l([ _(%{Q1T+ RTR)'QT 4 1Q1(Q1 Q1+ R Ry) 1Q1T)
2 1(Q1 Q1 +RITR1)1Q1T)) .

20



	Introduction
	Notation
	General setting
	Main results
	Two and one categorical explanatory variable(s) 

	Numerical illustrations
	Conclusion
	References
	Proof of Section 3
	Identifiability
	Proof of Theorem 1
	Proof of Theorem 2
	Examples of Section 3.2
	q=1


	Linear algebra on Q and R
	Linear algebra on Q, R in (17) without interaction 


