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Abstract

‘We present multiparametric rational solutions to the Kadomtsev-Petviashvili

equation (KPI). These solutions of order N depend on 2N — 2 real pa-
rameters.
Explicit expressions of the solutions at order 3 are given. They can be
expressed as a quotient of a polynomial of degree 2N(N + 1) — 2 in z, y
and t by a polynomial of degree 2N (N + 1) in z, y and ¢, depending on
2N — 2 real parameters. We study the patterns of their modulus in the
(x,y) plane for different values of time ¢ and parameters.

PACS numbers :
33Q55, 37K10, 47.10A-, 47.35.Fg, 47.54.Bd

1 Introduction

The Kadomtsev-Petviashvili equation (KPI) is a well-known nonlinear partial
differential equation in two spatial and one temporal coordinates which can be
written in the following form :

(dup — Uty + Upga)s = SUyy, (1)

with subscripts x, y and ¢t denoting partial derivatives.

The KP equation first appeared in 1970, in a paper written by Kadomtsev and
Petviashvili [65]. The discovery of the KP equation happened almost simulta-
neously with the development of the inverse scattering transform (IST) as it is



explained in Manakov et al. [68]. In 1974 Dryuma showed how the KP equation
could be written in Lax form [5], and Zakharov extended the IST to equations in
two spatial dimensions, including the KP equation, and obtained several exact
solutions to the KP equation.

In 1981 Dubrovin constructed for the first time [7] the solutions to KPI given
in terms of Riemann theta functions in the frame of algebraic geometry .
From the 1980’s, a lot of methods have been found to solve that equation. We
can quote the nonlocal Riemann-Hilbert problem, the d-bar problem or inverse
scattering problem using integration in the complex plane. More details can be
found in the book by Ablowitz and Clarkson published in 1991 [1].

We can cite in particular the works of Krichever [67], Satsuma and Ablowitz in
1979 [73], Matveev in 1979 [69], Freeman and Nimmo in 1983 [8, 9], Pelinovsky
and Stepanyants in 1993 [71], Pelinovsky in 1994 [72], Ablowitz and Villarroel
[2, 75] in 1997-1999, Biondini and Kodama [3, 66, 4] in 2003-2007.

This paper is part of a program of research of rational solutions of partial
differential equations. New solutions of the KPI equation are presented here.
We express rational solutions in terms of a quotient of a polynomial of degree
2N(N +1)—21in z, y and t by a polynomial of degree 2N (N + 1) in «, y and ¢
depending on 2N — 2 real parameters. This representation allows to obtain an
infinite hierarchy of solutions to the KPI equation, depending on 2N — 2 real
parameters .

That provides an effective method to construct an infinite hierarchy of rational
solutions of order N depending on 2N — 2 real parameters. We present here
only the rational solutions of order 3, depending on 4 real parameters, and the
representations of their modulus in the plane of the coordinates (x,y) according
to real parameters ai, by, as, by and time t.

2 Rational solutions of order N to the KPI equa-
tion depending on 2N — 2 real parameters

We consider the matrix M defined by :

. k l
? 2 _ 4 J 2_ 4
=3 (Y0} S (V5

k=0 =0

x (piq exp (;@ Fo) et 2 1 - q2>iy>))p_q_1 ®

The coefficients c; are defined by :
CZj = O, ng+1 = CL]' -I-’Lb] 1 S _] S N — ]., (3)

where a; and b; are arbitrary real numbers.
Then we have the following result :



Theorem 2.1 The function v defined by

U(CU, Y, t) = -2 82 (ln det(mZi—1,2j—1>1§i,j§N) (4)

is a solution to the KPI equation (1), depending on 2N — 2 parameters ay, by,
1<k<N-1

3 Rational solutions of order 3 depending on 4
parameters

In the following, we explicitly construct rational solutions to the KPI equation
of order 3 depending on 4 parameters.

Because of the length of the expression of the solution, we only give the expres-
sion without parameters and we present it in the appendix.

We give patterns of the modulus of the solutions in the plane (z, y) of coordinates
in functions of parameters ay, by, as, by and time t.

In all the following figures, if the parameters are not quoted then there are equal
to 0.
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Figure 1. Solution of order 3 to KPI, on the left for t = 0, a; = 10%; in the
center for t = 0, as = 108; on the right for ¢t = 0, b; = 10%.



Figure 2. Solution of order 3 to KPI, on the left for ¢t = 0, by = 108; in the
center for t =0, a; = 10*, ay = 10*; on the right for t = 0,
a1 = 10%, ap=10%, by = 10%, by — 105,

Figure 3. Solution of order 3 to KPI, on the left for a; = 10?; in the center
for az = 10°; on the right for b; = 10%; here ¢t = 1.

Figure 4. Solution of order 3 to KPI, on the left for t = 1, b, = 107; in the



center for t = 1, a; = 103, ay = 10°, by = 10*, by = 107; on the right for t = 1,
a; = 105, ag = 105, bl = 105, bg = 105
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Figure 5. Solution of order 3 to KPI, on the left for t = 10, a; = 10%; in the
center for ¢ = 10, ay = 10*; on the right for ¢t = 10, b; = 10*.

Figure 6. Solution of order 3 to KPI, on the left for t = 10, b; = 108; in the
center for t = 10, a; = 108, ay = 102, by = 10%, by = 10%; on the right for
t= 102, a; = 108, as = 108, b1 = 1087 b2 = 108.

The previous study shows the appearance of different types of configurations.
If a; # 0 and the other parameters equal to 0, we get 12 peaks on two concentric
rings, 6 on the first and 6 on the second one.

For as # 0 and the other parameters equal to 0, we get 10 peaks on a ring and
a peak in the center of the ring.

If b; # 0 and the other parameters equal to 0, we get 6 peaks on a triangle.
For by # 0 and the other parameters equal to 0, we get 5 peaks on a ring and
one peak in the center of the ring.

In the case where two parameters a; and as are not equal to 0, the other para-
meters being equal to 0, for the same values of parameters, we get 12 peaks on
two concentric rings, which shows the predominance of the parameter a; over



the parameter as on the structure of the solutions.

In the case where two parameters b; and by are not equal to 0, the other pa-
rameters being equal to 0, for the same values of parameters, we get 6 peaks on
a ring with a peak in the center of the ring, which shows also the predominance
of the parameter b; over the parameter by on the structure of the solutions.

In the case where all parameters a1, as, by, bs, are not equal to 0, for the same
values of parameters, we get 6 couples of 2 peaks on two rings.

4 Conclusion

In this article, rational solutions to the KPI equation have been built in terms of
quotients of a polynomial of degree 2N (NN +1) —2 in z, y and ¢ by a polynomial
of degree 2N (N + 1) in z, y and ¢, depending on 2N — 2 parameters.

Other approaches to build solutions of KPI equation had been realized, and we
can mention those most significant. In 1990, Hirota and Ohta [62] built, the
solutions as particular case of a hierarchy of coupled bilinear equations given in
terms of Pfaffians. In 1993, the Darboux transformations was used to obtain
among others the solutions of the multicomponent KP hierarchy [70], but no
explicit solutions were given. More recently, in 2013, wronskians identities of
bilinear KP hierarchy were given [64]. In 2014, solutions of KPI equation were
constructed [76]; an explicit solution at order 1 was built and only one asymp-
totic study has been carried out for order higher than 2.

In 2016, three types of representations of the solutions were given in [42], in
terms of Fredholm determinants, wronskians and degenerate determinants.
The structures of the solutions given in this paper looks like to these given in
[42] which were deduced from the solutions to the NLS equation [15, 32, 39].
But, to the best of my knowledge, some of the structures of these solutions had
never been presented. It will be relevant to find explicit solutions for higher
orders and try to describe the structure of these rational solutions.
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Appendix The general solution depending on 4 parameter being too large, we
present only the solution without parameters. In can be written as :

_ g mlmy )
v(z,y,t) = 2(d3(z,y7t))2

with
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1551772466677176650956800 t”y®+61685285478449094328320 t°y°+338786490783680063078400 332+
64160081731371034214400 ty'* —5811730484042690828697600 t'°y? —14462129940616761783091200 t*0y* —
16247243675094866303385600 545 —6331047760999054363852800 545 +1477463996415330798796800 t4410+
1129223704105111781376000 t2y12 — 13503242572038144000 ¢17y? — 67185447127241195520 t*°y* —
176647921944955453440 34 —245802861360379330560 14/ —119844225322340843520 t° 1°+135080198664722841600 t7 12+
238817356029225861120 t° 14+133101424080888791040 t~"y“’+25011866430508892160 tyls 293924896282855342080 16y
1295858906269168435200 t14y4 —2962576234447204515840 t12y5 — 3477756602278509281280 t10¢/8 —
1298582398498536161280 5110 +1429890330823156039680 t°y 12 4 1750429548293809766400 t*y 14 +
608771264880039690240 t2y1® — 4875233003784319795200 t1°y% — 18898835776356954931200 t1°y* —
37108313617168513105920 t'4° —35822107135945211904000 t°y® —8989199474238601297920 7310+
11512041773954236416000 t°y'2 4+ 8787106933576512307200 >y 14 +1566822013610565304320 t1y'6 —

96402615118848 t20y% —666487215636480 t'8y* —2538998916710400 t'64° —5416531022315520 t144® —
4493714625921024 t124'°+7988826001637376 t'°y'2 +30433622863380480 t5y'* +45086848686489600 516+
37405385576939520 t*y '8 +17099604835172352 t242° —9426033478287360 ¢'°y? —58650874976010240 t17y* —
198606137484902400 t1°y°® —370731456638484480 t1°y® —263631258054033408 t'1¢1°+390564826746716160 t2y >+
1190292805323325440 ¢ 44 +1322547561470361600 t° 6 +731483095726817280 t°y 8 +167196136166129664 ty2° —
445467359936839680 t 13y v —2485059295279841280 ¢ 16y v —7441912400141352960 t14y6 12063127262472437760 ¢'245 —
7218348116146126848 t“’ylo+9121069489276846080 t8y12+21657718249047982080 t8y144+17541344626747637760 t1y 10+
6117858618806108160 t2y18

and

ds(z,y,t) = 16777216z”+(—738197504—150994944 t)z' 1 (6090129408 £+15435038720+622854144 t24

100663296 yz)xw—i-( 754974720 ty —1557135360 t3—200991047680 3690987520 y2 —22837985280 t2 —

115762790400 t)z° 4 (251658240 y +64760053760 y +51385466880 t3+2627665920 t4+1799188643840+
1356689571840 t + 390699417600 2 S 2548039680 t2y? + 24914165760 ty 2)z® + (—7381975040 y*

10795131863040 t—4070068715520 t2 —1509949440 ty —708669603840 3% —11563863900160— 781398835200 £ —
388560322560 ty2 — 5096079360 t3y2 — 77078200320 t* — 3153199104 t° — 74742497280 t2y?)a” +

(38755368960 ty? + 335544320 ¢ + 1019970846720 t2y> + 103347650560 y* + 28337221140480 t> +

6688604160 t*y? + 60710285475840 ¢ + 130799370240 t3y? + 3963617280 t2y* + 80932110336 t° +

2759049216 t°+1025585971200 t*+54293755330560+7122620252160 t>+5308311142400 y>+3720515420160 ty2)zC+
(—8371159695360 t%y? — 1529956270080 t>y? — 6019743744 t°y? — 1509949440 ty° — 1773674496 7 —

23887400140800 ty2 —186336485048320—244321898987520 t—136598142320640 t2 —42505831710720 t> —
28245114224640 y? — 87199580160 t2y* — 890534625280 y* — 5945425920 t3y* — 923027374080 ¢t° —

147149291520 t*y? — 60699082752 t5 — 8012947783680 t* — 465064427520 ty* — 7381975040 y%)a® +

(458103560601600 t%+5573836800 t*y* +108999475200 t3y* +27682406400 ty° 4110361968640 t°y> +

2831155200 t2y® 43762339840 t%y% +107786901913600 y%+105919178342400 ty>+44788875264000 t2y2 +
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1434334003200 t*y2 4871995801600 t23* +10463949619200 t>y2+3339504844800 ty*+698761818931200 ¢+
5106984550400 y* + 39849217228800 t* 4+ 170747677900800 ¢> + 75833016320 35 + 576892108800 ¢° +
6009710837760 t° 4831409920 t5+32517365760 t” +251658240 y® +460685574144000)x* +(—1048142728396800 t% —
81749606400 t*y* —3344302080 t°y* —1612431360 7y —2831155200 3y % — 754974720 ty® —871995801600 t3y* —
227499048960 ¢ty — 860600401920 t°y? — 41523609600 t2y® — 55180984320 t%y> — 277136640 t° —
292272524492800 y2 —323360705740800 ty2 —158878767513600 t2y2 —7847962214400 t*y2 —5009257267200 t2y* —
44788875264000 %1% —15320953651200 ty* —1382056722432000 t—19704840192000 y* —128060758425600 ¢+ —
458103560601600 t° — 459024629760 y° — 3004855418880 t° — 23909530337280 t° — 12194012160 & —
247239475200 t7 —3690987520 y® —792542262067200) 2> 4 (1554813812736000 ¢2+490497638400 t*y*+
1592524800 t 4454849346560 ¢%y®+1254113280 t°y* +453496320 342 +36787322880 t° y* +17736744960 7 y> +
31142707200 ¢°1° 48304721920 ty®+3756942950400 ¢>3* 1032805416960 ty°®+3531582996480 t°y >+
255936430080 t°y° 4322725150720 t%42 +3048503040 t° +544467635404800 3> +657613180108800 ty>+
363780793958400 t2y2+25193742336000 t* 5% +17236072857600 t23*+119159075635200 ¢332 +44335890432000 ty* +
1783220089651200 ¢t+49143821107200 y*+257683252838400 t*+786107046297600 t>+1727382159360 3%+
8966073876480 t5457627341291520 £°+62355744 t1° 469536102400 t®+965846384640 t* 423488102400 3>+
100663296 y°+891610044825600) x> +(—1337415067238400 2 —1408853606400 ty* —11678515200 t*y° —
6228541440 t2y® — 9196830720 t5y* — 3325639680 t3y? — 147149291520 t°y* — 691553894407 y? —
127968215040 t34° —35232153600 ty® —8618036428800 t3y* —2591073239040 ty® — 7558122700800 t° ¢y —
774604062720 t2y® — 882895749120 t%y? — 8503056 t'1 — 11589350400 t° — 634836431667200 % —
816701453107200 ty2 —493209885081600 2y —44684653363200 t*y? —33251917824000 t2y* —181890396979200 t3y2 —
73715731660800 ty* —1337415067238400 t—71259547238400 3* —294790142361600 t* —777406906368000 t> —
3871845908480 4% — 14406835322880 t5 — 77304975851520t° — 457275456 t1° — 181096197120 t% —
1921301544960 t” — 76168560640 y® —738197504 y10—75582720 t°y2 —268738560 " y* —477757440 t5¢° —
424673280 t3y® — 150994944 ty'0 — 594406696550400) 4+ 8312979456000 t>y* + 57126420480 ty® +
944765337600 t%y2 4531441 t1° 4193651015680 t3yS +16777216 2 +31177872 t'1 +15091349760 t° +
356725555200000 32 4476127323750400 ty2 +306263044915200 t°y2 +34104449433600 t*y2+2903884431360 ty°+
6702698004480 t°y>+971652464640 t2 4 +445805022412800 t+46939294924800 y* +145763794944000 t*+
334353766809600 t°> + 4160078479360 3° + 9663121981440 t° + 44218521354240 t° + 869201280 t1° +
180122019840 ¢5 1543589498880 t 7 +27643399372800 t2y* +123302471270400 t>y>+53444660428800 ty*+
501530650214400 ¢%+1615881830400 t*y*+23994040320 ¢*y°®+13212057600 2y +18393661440 tSy*+
6483317760 t3y? + 211328040960 t°y* + 94595973120 ¢"y* + 108045271040 y® + 1677721600 y'° +

5668704 1042 + 25194240 t3y* 4+ 59719680 ¢Sy + 79626240 t*y® + 56623104 t2y10 + 277136640 t"y> +

985374720t y* + 1751777280 t°y® + 1557135360 t3y® + 553648128 ty*° + 198135565516800.
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