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Abstract

We consider a system of two nonlocal and nonlinear partial differential equations that
describe some aspects of yeast cell-cell communication. We study local and global existence
and uniqueness of solutions. We consider mild solutions and we perform bilinear and trilinear
fixed point arguments in suitable functional spaces.

Keywords: Existence problems for PDEs: global existence, local existence; cell communication
and cell polarization.
MSC2020: 35A01; 35Q92; 92C37; 47J260

1 Introduction

Cell-cell communication is crucial for many biological phenomena such as cell migration, axon
guidance e.g. some cell-cell communication does not require direct cell-cell contact and is medi-
ated by a pheromone that diffuses into the intercellular space and binds to receptors on the cell
surface. In this work we study two models, initially introduced in [15, 16, 5, 7, 8], that describe
some aspects of single yeast cell polarization and cell-cell communication in the context of yeast
mating. The first model describes the polarization of a single cell subjected to a pheromone
concentration

on(t,x) = DOppn(t,x) + Oy (X *x nH (Sn)> (t,z),

n(0,x) = no(x).

Here x, S, n : [0, +oo[xR — R are real valued functions, H is the Hilbert transform defined

—

in the Fourier level by the formula H(f)(§) = —ié—'f(f), D > 0 is the diffusion coefficient,
ng : R — R and * is the usual convolution product.

(1.1)

Briefly, the main assumptions leading to (1.1) are the following: the cell is represented by
the half-space H = Rx]|0, +oo[ and its membrane is the real line. We denote by n(t,z) the
concentration of proteins (or markers) involved in the polarization process (e.g. Cdc42 protein)
that are trapped at the boundary. The nonlocal nonlinearities in (1.1) describe positive feedback
loops involved in the dynamics of polarization markers: molecular markers not only diffuse in the
cytoplasm of the cell, but are also actively transported by molecular motors along the filaments
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of the cytoskeleton, whose dynamic organization is regulated by the markers themselves, by an
external signal noted S. Moreover in (1.1) the function x accounts for the mobility (depending
on time and space) of the membrane markers to describe mobile surface polarity patch and for
the yeast cell cycle [14].

When x and S are constant, it is known that (1.1) exhibits pattern formation (either a blow-
up or a convergence to a non-homogeneous steady state) under certain conditions, see [6, 4].
Our goal here is to extend the well-posedness study to the case where x and .S are functions of
space and time.

Next, following ideas given in [15, 7, 8], we study the well-posedness of the coupled system
that allows to describe some aspects of cell-cell communication:

oni(t,z) = D10yzn (t,x) + Oy (Xl * nl’H(Sin)) (t,x),
8tn2(t, .%') = Dgam;ng(t, .CL') + 0, (Xz * 7”@7'[(51712)) (t, x), (1.2)
n1(0,z) = nyo(x) and n2(0,x) = nao(x),

where nq,n92,x1,x2 : [0,+00[xR — R are real valued functions, D; > 0 are the diffusion
coefficients, the functions Sy, .52 are given by the expression

Si(t,z) = Ky xny(t,z) and Sa(t,x) = Ko xna(t, ), (1.3)

with K1, K3 belonging to L?(R) and depending on the distance h between the two cell mem-
branes see Figure 1.

In short, in (1.2) — (1.3) the two cell membranes are modeled as two parallel lines separated by
a distance h from each other (see Figure 1 below). On each cell membrane, proteins, with density
n;i(t,x), can either diffuse freely or be actively transported to regions with high concentrations
of protein and external signal (.S;) produced by the opposite cell type. Moreover, space and time
variable mobilities (x;) serve both as sites of pheromone secretion and pheromone perception.
We refer to Section 2 for a detailed presentation of the model with biological motivations.

Figure 1: Tangential model for the communication between two cells

Note that the total molecular contents, M; := / n;i(t,x) dzx, are conserved for each cell in
R

(1.2) and also in (1.1).

The mathematical question which arises in this class of models is to determine which contri-
bution will dominate, either aggregation by directed chemoattraction or dispersion by stochastic
diffusion. Before stating our results, let us briefly comment the literature. When y and S are



constant, the problem (1.1) is similar to the Modified Keler-Segel (MKS) [6]. In such a case,
it was proved that above a critical value of y or S some singularity occurs (so called blow-up).
This dichotomy between concentration of the solution vs. self-similar decay is analogous to the
classical Keller-Segel equation for chemotaxis [2]. The aforementioned works deal with only one
density (of proteins or attracting cells) and with constant coefficients x and S.

In terms of modeling, the polarization of a cell occurs when a singularity appears in (1.1).
In this case, the membrane markers concentrate in one small region, which is the signature of
polarization. Similarly, a necessary condition for a dialogue between cells to take place (leading
to the mating between the two cells) is the appearance of a singularity in (1.2). In this work,
we perform a mathematical analysis of (1.1) and (1.2) which provides criteria to prevent cell
polarization and dialogue between cells. These criteria depend on the biological ingredients of
the model (x;, Si, K;) and correspond to the biological observations. This mathematical analy-
sis is a first step towards a better understanding of the strategy that use yeast cells during pairing.

In the present work we first study local well-posedness for (1.1) for general functions x €
L(LY) and S € L°(LS®). For simplicity, we assume that D = 1 in (1.1). To do so, we consider
mild solutions (via the Duhamel formula) in appropriate functional spaces, and although many
different functional spaces can be considered, for simplicity, we work in Lebesgue and Sobolev
spaces (see Section 3 below for precise definitions).

Theorem 1 (Local in time mild solutions for (1.1)). Assume ng € L?*(R), x € L(LL) and
S € L(L). Equation (1.1) admits a unique mild solution in L>=([0,Ty], L*>(R)), with Ty > 0,
of the form

n(t,2) = hy * o (x) + /0 s [ax (X ) n?—[(Sn))] (s.2)ds, (1.4)

where hy is the one-dimensional heat kernel.

Next, we show that some local well-posedness results can be extended to the system (1.2)
— (1.3). For simplicity, again, we assume that D; = 1 in (1.2). To do so, define the vectorial
quantities

Go(z) = [Ziﬁﬁiﬂ and g(t,x):[nl(t’$)}, (1.5)
[X1 « nyH(Sam)

Vo % myH(Suma) (t,x). (1.6)

g[g_] (ta .T) =

The system (1.2) can be rewritten as

0(t,z) = Dpul(t, z) + 05S 7 (t, ),

(6]
(1.7)
g(o7x) = go(x),
whose integral (vectorial) representation is (via Duhamel’s formula):
t
O(t,x) = hy x Op(x) + / hi—s * &ﬁ@ (s,z)ds. (1.8)
0

Theorem 2 (Local in time mild solutions for system (1.8)). Assume 8y € L%(R), x1,x2 €
L®(LL) and K1, Ky € L*(R). There exists a time Ty > 0 such that equation (1.8) admits a mild
solution 0(t,x) in L>=([0,To], L*(R)).



Remark 1.1. In Theorem 1, the existence time Ty depends on the L? norm of the initial data
and of the L™ norm of S (see (4.32)). In Theorem 2, it depends on the L? norms of the initial
data and the kernels Ky, Ko that define the functions S1, 52 (see (4.35)).

To obtain global solutions we still look for mild solutions via a Banach-Picard fixed point
algorithm. However, the space L{°(L2) no longer seems to be suitable for this new purpose.
Instead, we consider the functional space E = L°(L2) N L?(H}) which captures different infor-
mation using homogeneous Sobolev spaces (see Section 3 below for a precise definition of this
space).

Theorem 3 (Global Existence for the bilinear equation (1.1)). Assume ng € L?*(R), x €
L3([0, +o0[, L2(R)) and S € L®([0, +oc[, L>®(R)). There exists a small positive constant € such
that if

Inollz2lIxl 22y 1S 5o (Lge) < €, (1.9)

then system (1.1) admits a unique global mild solution in L™ ([0, 400], L2(R))NL%([0, +oc], H(R))
of the form

n(t,x) = hy * no(x) + /Ot hi_s * [am (x * nH(Sn))] (s,7)ds. (1.10)

Theorem 4 (Global existence for the trilinear system (1.2)). Assume 50 € L?>(R), x1,x2 €
L2([0, +o0[, L?(R)) and K1, K> € L?(R). There exists a small positive constant € such that if

160172 (Ix1ll 22 1 Kl 22 + lIxellz ey 12 22) < €, (1.11)

then (1.2) has a unique global mild solution in the space L™ ([0, +00], L*(R))NL?([0, +o0], H' (R)).

Let us make a few comments. In Theorems 1 and 2, we use a fixed point argument and if
we consider very large initial data, then the existence time will be very small. In Theorems 3
and 4, although based on the same general arguments, no relation between the size of the initial
data and the existence time is necessary. Thus, under these conditions global solutions can be
considered, but only for small initial data. To the best of our knowledge, the existence of global
in time mild solutions with large initial data is out of reach for the moment.

Apart from the two cases mentioned here, we leave the existence of mild solutions, and in
particular blow-up criteria, for problems (1.1) and (1.2) — (1.3) as open problems and we refer
to [8] for preliminary answers for classical solutions.

The present paper is organized as following. In Section 2, we recall the biological justifications
of (1.1) and (1.2) — (1.3). In Section 3 we give some notations and results that will be used in
the proofs. In Section 4 we prove Theorems 1 and 2. In Section 5 we prove Theorems 3 and 4.

2 Model construction

In this section we recall the biological justification of equation (1.1) in the context of yeast cell
polarization. Next, we detail the construction of the coupled model (1.2) — (1.3).

2.1 A validated model for the polarization of yeast cells

Cell polarization is the process by which a cell transitions from a spherically symmetric shape
to a state with a preferred axis [1, 17, 16, 19, 20]. The molecular pathways involved in cell
polarization have been studied experimentally in some detail over the past decade, see [14]
for a recent review in the context of yeast cell mating. The results suggest that the small



GTPase Cdc42 and its scaffold, the Bem1 protein, are involved during the polarization process.
Moreover, it is known [22, 16], that the dynamics of Cdc42 depend on the dynamics of the
cytoskeleton filaments. The cellular cytoskeleton is a network of long semi-flexible filaments
made of protein subunits [18]. These filaments (mainly actin or microtubules) act as roads
along which motor proteins are able to perform biased ballistic movement and transport various
molecules, in a process that consumes the chemical energy of adenosine triphosphate (ATP).

In [22], it has been proposed that yeast polarization relies on a positive feedback loop in the
dynamics of polarity markers, which is mediated by the actin cytoskeleton. It has been shown
that polarity markers (Cdc42 proteins) activate actin filament polymerization when adsorbed
on the cell membrane, so that active transport along filaments pointing to Cdc42-enriched
regions is promoted in the cell cytoplasm. The positive feedback loop then results from the fact
that the Cdc42 markers themselves are actively transported into the cytoplasm, and are thus
preferentially directed to the high concentration regions.

According to the previous considerations, in [15, 5, 16, 7], a model based on partial differential
equation was used and studied to describe yeast polarization. Suppose the cell is represented
by the half-space H = Rx]0, 400 with x = (x,y) as spatial variable. Denote by v(t,x) the
concentration in the cytoplasm of proteins (or markers) involved in cell polarization, by n(t, x)
the concentration of proteins trapped at the boundary and by ¢(¢, x) the density of actin filaments
in the cytoplasm of the cell. The model first introduced in [5] and validated in [16] is:

ow(t,x) = DAv(t,x) — xV - (v(t,x)Ve(t,x)), t>0, xeH, (2.12)
completed by the flux boundary condition:
Doyv(t,z,0) — xv(t,x,0)0yc(t,z,0) = —0On(t,z), z€R, (2.13)

where x > 0.
Furthermore, the dynamic exchange of markers at the boundary occurs with an attachment
rate kon and a detachment rate ko, hence the time evolution of n(t, ) is

on(t,z) = kon v(t, z,0) — kog pu(t, ) . (2.14)

In this model, the advection, that is x Ve, describes the active transport of proteins along actin
filaments. The nucleation of new filaments is assumed to occur at the cell boundary, under the
combined action of molecules trapped on the boundary and external pheromone molecules with
density S. After a dimensional analysis, the model that describes the density of actin filaments
is

{—Ac(t,x) =0, xeH, (2.15)

0.c(t,x,0) = S(t,z)u(t,z), xe€R.

2.2 Heuristic justification of the use of the Hilbert transform in (1.1)

The Hilbert transform of a function f € LP(R), 1 < p < 400 is defined as the Cauchy principle
value integral [21]

1 f(y)
= —p.0. dy. 2.16
H() @) = zpo. [ (2.16)
Obviously, the integral (2.16) exists for almost all z. We define the function P by
1 1
Plr)=——— R
(@) Tx?+1 vz eR,
and the Poisson kernel by
1 T
P.(z)=-P (f) , 2.17
@) =P (2 (217)



with € > 0. Since || P||p1g) = || Pz||1(r) = 7, the family (P;), is an approximation of the unity.
The conjugate @, is defined by

Wo) ERxRe, Qyfe) =10 <‘;> 7 (2.18)
with .
T

As usual, S(R) is the Schwartz space function, defined as the space of all functions f € C*°(R)
such that

V(a, B) € N?| 51€1£|maf('8)(m)| < +o0,
and S’'(R) denotes its dual space.
Theorem 5 (Stein [21], Chapter III). The convergence holds
Qy—HinS asy—0.

The link between the Hilbert transform and the conjugate of the Poisson kernel explains
why, in (2.15) the passage from the normal derivative of ¢ at z = 0 to its tangential derivative
at z = 0, involves the Hilbert transform.

Lemma 2.1. The solution of (2.15) is

c(t,x,z) = _717/ Rlog < (x —a')2+ 22> S(t, 2" )n(t,2")da’, (2.19)
x'e

and it holds that
Ope(t,z,0) = —H(Sn)(t,z) .

Proof. We first verify that such a function c¢ is solution to (2.15). We compute

1 r—a , N
ch(t,x,z) = —; en mS(t,LE )n(t,x )d.’L'

= —(Qzx9n(t,")) (x),

where @, is defined by (2.18), and

o _\2 2
Ogzc(t,z,2) = ! (x-a) +2 S(t,z")n(t, ') da’.
T Joer ((x — 2')2 + 22)?

Furthermore, recalling the definition of the Poisson kernel (2.17) we have

O.c(t,x,z) = _717/33’611% WS(tjx')n(t,x/) da’
= (P Sn(t,) (@),
and
Ozzc(t,x,2) = ! / (z—a)" -2 5S(t, 2" )n(t, z') da’
T Jorer ((z — 2')% + 22)
hence

Ac(t,z,z) =0.



Since the Poisson kernel is an approximation of the unity, we deduce

lim 0,¢(t, x, 2) = O,c(t,x,0) = lim (—P, * Sn(t,-)) (x) = =S(t,x)n(t, z) .

z—0 z—0

Using Theorem 5, it follows that

lim O,c(t, x, z) = Ope(t, x,0) = lim (—Q, * Sn(t,-)) (x) = —=H(Sn)(t, ).
z—0 z—0
Lemma 2.1 is thus proven. ]

In the supercritical case, i.e., numerical simulations [5, 3], suggest that the solution v(t,x) of
(2.12) — (2.15) concentrates on the boundary {y = 0}. Assuming that v(¢,z,y) = n(t,z)é(y = 0),
we can formally write the dynamics of n(t, z) as follows:

on(t, ) = Open(t, ) + X0z (R H(SN)) (t,z) t >0,z €R. (2.20)
In this work we modify (2.20) into (1.1) in order to add a nonlocal effect.

2.3 Link between (1.1) and the MKS system

In the case where x > 0 is a constant, there is a link between (2.20) and the so-called modified
Keller-Segel system [4] (MKS):

Oun(t, ) = Byan(t, 7) — X0 (n(t, 2)0sc(t,7)) > 0,2 €R,
c(t,r)=K=xn(t,z) t>0,z€R, (2.21)
n(t=0,z) =no(x) =z €R,

where * is the usual convolution product and
1
K(z) = ——log|z|.
T
Lemma 2.2. If c = K xn, then one has Oyc = —H(n).

Proof. For all € > 0, introduce c. by

VeeR, c(x)= / K(y)c(z —y)dy.

|lz—y|>e

We see that lirr(l)ce(ac) = ¢(z). Moreover we can compute its spatial derivative
E—

Vr eR, 0xcg(x):/ Mdy,
|lz—y|>e Yy

from which we deduce

VreR, ;1_1% Opce(x) = —% (p.v.l * c) (x) = —H(c)(z) = Oyc(z) .

Using Lemma 2.2, we see that (2.21) rewrites as (1.1).



2.4 Boundary model (1.2) — (1.3) for cell-cell communication

In nature, the budding yeast, Saccharomyces cerevisiae, exists in either the diploid or haploid
state with two possible types (a or «). Cells of both types secrete a certain pheromone (S, or
Sa), see Figure 2, and carry a pheromone receptor to detect the pheromone produced by cells
of the opposite type, [10]. Following [15, 7], we study a model where the release of extracellular
pheromone (S, or S,) depends on the concentration of Cdc/2 protein at the membrane. Fur-
thermore, in accordance with the biological literature, [12, 1, 19, 20, 14], we assume that the
pheromone contributes to the nucleation of new filaments at the membrane of the opposite type
cell, see Figure 2 below.

% . g o . o Q
. : o © l §D :

| ! © X 1
T

N el \ \//:
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Figure 2: Model for yeast cell communication. On the left, yeast cells of both types secrete some pheromone
(a or a) and bear a pheromone receptor to detect the pheromone produced by the cells of the opposite type.
On the middle and on the right a two-dimensional model of protein dynamics inside each cell. The middle panel
shows a cell, the right a more detailed view. Actin is polymerized into short filaments, that interact with each
other and these are bundled together to form actin cables (which form the cytoskeleton) that cross the cell. The
nucleation of filaments is proportional to both the local density of Cdc42 (the proteins that are transported by
the cell cytoskeleton in each cell) and to the concentration of pheromone.

This additional level of pairwise cell communication leads to the following rectification of
the model (1.1): for the #i cell, we consider the advection field to be x;H(S;v;) where S; is
the concentration of pheromone produced by the cell of the opposite type j. Furthermore, to
describe the biological observations, we assume that S; is produced by v}, which means that the
pheromone produced by the j-type cell is influenced by the activation level of the opposite cell.
Finally, we incorporate a damping factor depending on the intercellular distance. The model
consists of the following equations:

Oi(t,x) = Opavi(t, ) + Oy (ui(t, x)H (S;(t, z, h)vi(t, x))) , (2.22)

for (t,z) e Ry xR, i,j € {1,2} and j # 4, with S; satisfying the elliptic equation

—AS;+)\S; =0, v,
3 A on (2.23)
VS;-e; = —vj, onl'y,
where e; = —ey denotes the unit outward normal vector to I';. The solution of (2.23) can be

explicitly computed: for all ¢ > 0 and = € R, one has

Si(t,a,h) = /R F(/ T =) + 1) vy(t, o) da . (2.24)

™

where F' is the Bessel potential

1 +oo —Az—T
F(r) = / T, (2.25)
0



3 Notations

We gather here some notation and some material that will be used in the sequel.

o If f:]0,+00[xR — R is a real valued measurable function, for 1 < p,q < 400 we
will denote by LY(L%) the LP(in time)-L4(in space) Lebesgue space which is given by the
condition

+00 %
lsgan = ([ W) < +oc,
with the usual modifications when p = 400 or ¢ = +00.

lz|?
e For ¢t > 0, the heat kernel is given by the function h(z) = ﬁeiﬂ for which we have

the estimates
k+(1-1/p)

105 hy||r < Ct= 2, (3.26)
with k € Nand 1 < p < +o0.

e The homogeneous Sobolev spaces H L(R) is given as the set of tempered distributions
(modulo polynomials) such that

1 sy = 10eF 5 = < / |£|2|f(§)l2d5>2 < oo

e The homogeneous Sobolev space H ~1(R) can be defined by duality with respect to the
space H'(R), but it can also be characterized by the following condition in the Fourier
variable

ANy = </R|£|2!f(§)|2d€>2 < +oo.

4 Local Solutions

We study here local in time solutions for the equations (1.1) and (1.2) and for this we will consider
mild solutions (via the Duhamel formula) in suitable functional spaces. Although many different
functional spaces can be considered, for the sake of simplicity we will work in the space L{°(L2).

4.1 Proof of Theorem 1.

Here we study the existence of local Solutions for the bilinear system (1.1). Let us recall that
the Banach-Picard fixed point theorem allows us to obtain a solution to equations of the form

n = e+ B(n,n), (4.27)

where ¢ is an initial data and B(-,-) is a bilinear application. Indeed, if we fix a Banach space
(E,| - |lg) and if we have the estimates

leollz < 0, |B(n,n)|le < Cpln|eln|E, (4.28)

then we only need to verify the condition

§ < — (4.29)



to obtain a unique solution of the equation (4.27). See [11, Theorem 5.1] for a proof of this
bilinear version of the Banach-Picard fixed point theorem.

In the particular case of equation (1.4) above -which is already in the form of equation (4.27)-
we will consider the Banach space E = L>([0,T], L*(R)) endowed with the norm

[fllzse(z2y = sup [[f(E )Lz,
0<t<T

thus we first need to prove that we have the estimates (4.28) and then, if we have the condition
(4.29), we will obtain a solution of equation (1.4).

Let us start with the initial data. If we denote by ey the quantity h; * ng(x), then by the
Young inequalities for convolution we can write

[ m0l[ 2 < [lhell Lt lInoll 2 = [Inoll 22,
since ||h¢]|;1 = 1 and from this uniform in time estimate we obtain

[Pt 7m0l Lge(12) = sup_|[he * ol 2 < [|noll 2 < +oc. (4.30)
0<t<T
For the second term of equation (1.4), let us write

B(n,n) = /Ot ho_s s [ax (X ) nH(sn)ﬂ (s,2) ds,

it is easy to see that the quantity B(-,-) is bilinear and we have

/Otht_s* [&(X*n?{(sy)ﬂ (s,-)ds

and by the Young inequalities for convolution we can write

t
sup /
0<t<T Jo

t
< s [ 0uheallcs mH(0) 5. ) s d,
o<t<T JO

)

| B(n, V)HLgO(Lg) = sup

o<t<T L2

IN

[ B(n, v)||lLse(L2) ds

Duhi_s * (x x nH(Su)) (s,-)

L2

since by (3.26) we have ||0zhi—s||2 < C(t — s)_%, by the Holder and Young inequalities we can
write

¢
3
[B(n, v)llpgeray < C sup /(t—é‘) x(s, Mpelints, 2 IH(Sv) (s, )l g2 ds
0<t<T Jo

t

_3

< Csup /(tS) (s )zlints, )2 1(Sv) (s, )l 2 ds,
0<t<T JO

where in the last estimate we used the fact that the Hilbert transform # is a bounded operator
in the Lebesgue space L?(R). Next we write

1 B(n, V)| poe(rL2)
t
_3
< CllmaplnlzaplSmas W= sw /0 (t—s) i ds
1
< CTi[x| e 2y ISNpse (e Il Loe 22y 1] Lo (1.2)- (4.31)

10



Now, with the estimates (4.30) and (4.31) if the following condition is satisfied

1

[Inoll L2 < I :
4CT+ ||X||L,<;°(L;)HSHL;>°(L;O)

we obtain a unique solution of the equation (1.10). Thus, as long as we have

1
T < 1 (4.32)

(Cllnollzelxll e czs) 1Sl e

we have the existence and the uniqueness of the solution of this problem.

4.2 Proof of Theorem 2

Here, we study the existence of local solutions for the trilinear system (4.34). For the sake of
completeness we state and proof a variant of the Banach-Picard fixed point theorem which will
give us a suitable framework in order to study a trilinear problem.

Theorem 6 (Trilinear Banach-Picard fixed point). Let (E,||-||g) be a Banach space et consider
B:Ex Ex E— E a bounded trilinear application:

1B(e, f,9)lle < Csllellellfllelglle (4.33)
If eg € E is such that ||leg||p < 6 and if 0 < §% < ﬁ, then the equation
e =ey+ Ble,e,e), (4.34)
admits a unique solution e € E such that |le||g < 24.
Proof. From the initial data ey we write
ent+1 = eo+ Blen, en,en),

and let us prove that ||e,+1||g < 20. This is true for eg and assume that |le, ||z < 26, thus by
the boundedness of B(-,-,-) given in (4.33) we have

lentillz < lleollz + [1B(en, en, en)lle < lleoll s + CallealE < 6 +8Cpd%,
but since we have 8Cpd? < 120562 < 1, we can write
lent1llz < 04 8Cp8% =6 + (8CRI?)S < 24,

and we have proven that for all n > 1, the element e,, belongs to B(0, 2J).

We will prove now that we can obtain a solution e when n — 400 and we study e,+1 — e,
and using the trilinearity of the application B(,-,-) we have:

len+1 —enlle = |l(eo + Blen, ensen)) — (€0 + B(en—1,en—1,en-1))l g

| B(en; ens en) — Blen—1,en—1,en-1)|g

= ||B(en — €n—1,€n,€n) + Blen_1,en — €n_1,6€n—1)
+B(en—1,€n,en —en_1)|lE

| B(en — €n—1,€n,€n)lE + [ Blen—1,€n — €n—1,€n-1)|lE

+||B(6n—17 €n, €n — en—l)HE7

IN

11



using now the boundedness of the application B(,-,,) we can write
lent1 —enllz < Csllen — enillellenllzllenllz + Cpllen-llellen — en-allellen-lle
+Chllen-1llEllenlEllen — en-1llg,
and since we have |le,—1||g < 26 and |le,||g < 20, we obtain
lent1 = enlle < 12CB6°% |l — enllp,

thus, by iteration we have

llen+1 —enllE < (120352)n ller — eol| £,

but since 12CB% < 1, we have

ngrfoo”en—i-l —enllE =0,

and thus the sequence (e, )nen converges to a point e in E which satisfies the equation (4.34).

Unicity is granted as we are working in a Banach space. O

In order to apply the previous theorem to the system (1.2) we use the vectorial quantities

fo(x),0(t,x) and S ; (¢, ) defined by (1.5) and (1.6). Recall that if @(t,z) = a(t;z) is a
0] as(t, )

vector, then we will say that @ € L{°(L2) if
1@l oo 2y = || (laa| + Iag\)HLgo(L%) < +o00.

Note in particular that we always have the estimate ||a;||peo(2) < [|d@]|Lge(r2) for all j = 1,2.

In order to apply Theorem 6 to the previous problem, we will consider its integral represen-
tation (Duhamel’s formula) given by (1.8):

¢
O(t,x) = hy x Oy(x) + / hi_g * 8178[5}(8,33) ds.
0

At this point, we remark that due to the definition of the terms S; and S given in (1.3) we
actually have

g~:

X1 * an(Sgnl)
(6]

X2 * 7127'[(51712)

B [Xl s nyH ((Ka * ng)nl)]
B X2 * ng%((Kl * nl)TLQ) ’

which is of the form:

[X1 x ey M (K2 * f2)91)] _B(e.F ),
X2 * esH (K1 * f1)g2)

where the quantity B(-,-,-) is trilinear and thus the whole integral in (1.8) is itself a trilinear
application, thus this equation is of the form (4.34) and we are in the setting of the Theorem 6.

Proof of Theorem 2. Following Theorem 6, we will first prove the estimates

e for the initial data:
e % Ooll oo (z2) < [|60][ L2

e for the trilinear term:

where Cp way depend on the kernels K, Ko and on the time variable.

t
/0 hi_s * (99[;8[9-](8, -)ds

< CB||5H?i;>°(Lg),
Lge(L3)

12



Indeed, for the initial data we readily have

1 % B0l g (L2) < [hell 1160l L2 = [160]lz2-

For the trilinear term we write

= sup
L (L2) o<t<T

¢
/0 hi_g * (%ES@(S, ) ds

¢
/0 Ophi_g * S[é] (s,-)ds

L2

IN

t
sup [ oshi-l2 8 (s, s s,
0<t<T JO

and since ||0zhi—s||r2 < C(t — s)_% by (3.26), we have

Lo (L3)

< ca | (t—sri(Hxl*n1H(<K2*n2>n1)<s,->||Ll

o<t<T

+(Ix2 * noH (K1 % n1)ng) (s, -)HL1> ds.

Next, by the Holder and the Young inequalities it comes:

L (L3)

t 3
< Csup /0 (t—s)"1 <||X1(Sa Wellna(s, Mg [H((Ka # na)na) (s, )l 2

0<t<T

Hixa(s, e lIna(s, )l 2| H (K # na)n2) (s, -)Hm) ds,

we use now the boundedness of the Hilbert transform # in the Lebesgue spaces L? to write

¢
/0 hi_g * 818[51(3, ) ds

L (L3)

o<t<T

t 3
< Csup /0(t—S)_4(IIX1(8,-)HLle(Sw)IILQII(Kz*nz)m(s,')HLQ
+lxa(s, )l prllna(s, )l g2 | (K1 % na)na(s, ')||L2> ds
¢ _3
< Csup /(t—S) 4<||X1(37')HL1Hn1(5>')||L2||K2*n2(57')||L°°|n1(57')||L2
0<t<T Jo

Flxa(s, et lna(s, )l (1K * nals, )l oo In2(s, ')HL2> ds.

13



Applying the Young inequalities in the convolutions above we obtain

t
< Csup /O(t_s)i(HXI(Sa')HLlHnl(Sa‘)HL2HK2HL2Hn2(37')”L2||n1(37')HL2

0<t<T

¢
/0 hi_s * 8xS[§] (s,-)ds

Lge(L3)

+lxa(s, llprlina(s, )2 1Kl 22 Ina (s, )l z2llna(s, ')”L2> ds

IN

(bl lim gl el
el el s e

t 3
X sup / (t—s) 2ds.
0

0<t<T

Moreover, since ||n1|[e(r2) < \\@\L?(Lg) and [|na||pee(r2) < ”gHL?"(L%)’ we finally have

1 -
< T4 (Ihallze o 1Kz + Il 2l ) 181z,

¢
/0 hi_g * OxS@ (s,-)ds

L*(L3)

1
where, as announced Cp = CT'4 (||x1 | Leo (L) 1K1l 22 + [Ix2llLse (1) K2l £2)-

Thus, to conclude, we only need to impose the condition

1
1 ’
12CT 4 (xallpgezy [ Bl 22 + (X2l zee (1) 1 K2 £2)

16072 <

which can be rewritten as

1
T< 1 (435)

(C18012: (Il Kz + Ixall e 122 ))

and this achieves the proof. ]

Remark 4.1. [t is worth noting here that the conditions (4.32) and (4.35) allow us to consider
large initial data (ng or y), large functions x; and large kernels (S; or K;) in the L?-sense.
The price to pay is a corresponding potentially very small time of existence.

Remark 4.2. Other (and much more general) functional spaces can be considered here such
as Morrey spaces or Besov/Triebel-Lizorkin spaces and we do not claim any optimality of our
results.

The method displayed to prove Theorems 1 and 2 can not treat the case of simultaneous large
data and large times of existence, and without an a priori information on the L{°(L2) norm it
seems hard to extend in time these local solutions. However, if we change the framework and
we assume some smallness condition on the data, then it is possible to obtain global results as
it is explained in the next section.

14



5 Global Solutions

We study now global in time solutions for the previous equations (1.1) and (1.2). To do so, we
will consider a slightly different approach. Indeed, although we are still looking for mild solutions
via a Banach-Picard fixed point algorithm, the space L{°(L2) does not seem well suited for this
purpose. Instead, we will consider a smaller functional space E = L{°(L2) N L?(H}) which
captures more regularity information. This space L{°(L2) N L?(H}) can be endowed with the

norm
+oo %
190 = 1 lagecezy + 1 gy = SupllfCE ez + ( | s, dt) . (530)
In the next section, we first gather some classical inequalities on the norms || - [|g, || - [[Lso(L2)
and || - [ 1271y

5.1 Useful estimates

Lemma 5.1. If f € L*(R) then h; * f € L*([0, 400[, H(R)) and we have
1t = fll 20g1y < Cllf Il 22

Proof. By the Plancherel formula and the Fubini theorem, we have

+0c0 9 ~ +00 5 ~
s Ay = [ [ IR FoR agar= [ [ e o) arag,

Set T = 2t|¢|?, then

1 +oo ~ 1 ~
2 ot -7 2 _ 1 2
e £ = 5 /R /O eTIF()P drdg = Sl

from which the result follows. O

Define .
F(t,x) :/ hi—s * f(s,x)ds.
0

Lemma 5.2. If f € L?([0, +oo[, L*(R?)), then we have
1022 (-, Ml L2 22y < Cllfllpz2)-
This estimate is known as the maximal reqularity of the heat kernel.

Proof. A general proof can be found in [11], but we give here the details for the sake of com-
pletness. Since we have

¢
02 F (t, ) :/ Oz [hi—s] * f(s,2)ds,
0

taking the Fourier transform in the space variable, with a change of variables in the time variable,
it comes

t
Fz [amF] (t,§) = /0 _‘5’26_@_5)‘{'2}} [f] (s,ﬁ)d
t
- /0 JePe IR E, (] (¢ — n.€) dn.

15



Setting f(t,z) = 0 if ¢ < 0, we obtain

—+00 5
Fo (00 F) (1,€) = /0 e By 1f) (¢ — . ) dn,

taking now the Fourier transform in the time variable and by the Fubini theorem, we have

o0 +o00 ) ‘
.7:15735 [&EJ;F] (7’, {) = / (/0 _‘5’26*77|§| f:c [f] (t -, g) dn) efztr dt

teo 2 +oo )
= [Tt ([T R - ngea) a
0 —00

+o0
- /0 —|ePe P (77 Fy o [£](7,€)) d

2
_ Wﬁ‘ Foa ] (1),

We remark now that the symbol — | 5‘2 -

is bounded, and thus we can write

£

1002 Fll 2212) = 1Pt [0 Pl 12 12) Fi [f]
2

< CHfHL?(Lg),
L3(L2)

- |

which achieves the proof of the lemma. O

Our last result concerns the norm || - ||g defined in (5.36).

Proposition 5.1. If f € LQ([O, +o0l, H_I(R)) then we have the following estimate for the norm

|- |l& given by (5.36): t
/ ht—s * f(S, ) ds
0 E

Proof. By definition of the norm || - ||g we have
t
/ hi—s* f(s,-)ds
0

t
‘/ hi—s* f(s,-)ds
0

< Cllfll gy

E ‘ Lge(L2)

(5.37)

L7 (H})

We start by the term (a) and we write

t
hees * f(s,-) ds — sup
0 L(L3)  OIST

L2.

¢
/ hi—s * f(s,-)ds
0
By the L? — L? duality we obtain
t t
’ / ht—s * f(sv ) ds Sup / (/ ht—s * f(S,iL') d$> ¢(x) dx
0 L2 ol L2<11/R \JO
t
= s | e = 0ol dydsds
llgll2<1 /R JO JR

t
_ B ) dyds].
ll¢ﬁl:fg1 /O/R 1—s * o(y) f(s,y) dy ds
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Now, using the H' — H~! duality we can write

where we used the Cauchy-Schwarz inequality in the time variable. Now using Lemma 5.1, we
have ||hy—g * ¢||L§(H1) < ||#]| 12, hence, we obtain

and from this uniform estimate in the time variable it follows

We study now (b) and we write:

IN

t
sup </0 || h—s * ¢||H1||f(5a ')||H—1 ds>

L? 8]l 2 <1

¢
/ hi—s* f(s,-)ds
0

IN

1l p2ez1y sup [[he—s * &l 2
vy P s 2y

t
/ hi—s * f(s,-)ds
0

< Clfllggry sup 6llie < CllflLa s,
L2 H¢”L2§1

< CHfHLg(Hgl)' (5.38)
Lge(L3)

t
/ hi—s* f(s,-)ds
0

t t )
/ hi—s * f(s,-)ds = / hi—s x (—Ag)2 f(s,-)ds
0 0

L2(H1) L7(L2)

_ /Oht_s*am (8,73 (5] ds

L{(L3)

9

— |04s /Ot B * [(—Ax)_%f(s,.)} ds

LE(L3)

where (—Am)% is the one dimensional operator of symbol |{|. We apply now the maximal
regularity of the heat kernel given in Lemma 5.2 to obtain

Ora /Ot hy_s * {(—AI)*%f(s,.)} ds

< o] (G SRT

LE(L3

and we thus have

t
/0 ho_s * f(5,-)ds < Olfll 2y (5.39)

L7 (M)

With estimates (5.38) — (5.39) and coming back to (5.37) we finally obtain:

/t hi—s* f(s,-)ds
0 E

< CHf”Lf(H;l)a
which ends the proof of the proposition. O

5.2 Proof of Theorem 3.

With the results established in the previous sections, we can study the global existence for
the bilinear system (1.1). Considering the formulation (1.10) above, we will apply the same
arguments as in Theorem 1 (i.e. a fixed point argument) but using the functional space
E = L>=([0, +00], L*(R)) N L*([0, 400, H'(R)) endowed with the norm | - ||z given in (5.36).
Thus, we have to prove the estimates (4.28) and (4.29) to obtain a solution. If the constants
involved in these estimates do not depend on the time variable, we will obtain global solutions
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in time.

t
Setting eg = h¢ * no(z) and B(n,n) = / hi—s * [6,; (X*nH(Sn)>} (s,x)ds, we need to
0

prove:
leolle <6 and  [|B(n,n)|eg < Calln[eln|e-
Moreover, if we have the condition
1
0 < ——,
4Cp

then we obtain a unique solution of the problem (1.10) in the functional space E.
Let us start with the first estimate of (5.40). First, if ng € L(R), we get
[[hs 5 mol[ 2 < [lhell L2 lInoll L2 = [lnoll 2.
Moreover, by Lemma 5.1 we have [|h; * n0||L§(H%) < Cl|ngl|z2 and we can thus write
[t % noll 2 < Chllnol| 2

We study now the second estimate of (5.40) which is given by the quantity

|B(n,n)|le = H/ot hi—s % Oy (X * nH(Sn)) (s, z) ds

E

Applying Proposition 5.1 we have

Let us study the last quantity above in the space variable. We first see that

/0 hi—s * Oy (x * nH(Sn)) (s, z) ds

< C||0x(x * nH(Sn))

. HL?(H;l)

= Cfx= ”%(Sn)HLf(Lgy

(5.40)

(5.41)

(5.42)

I nH(Sn)(E, )2 < (@ )l zzllntt, )HER)E e < Ix(E )2 ln( )2 [HSR)(E )l 2,

hence, by the boundedness of the Hilbert transform in Lebesgue spaces together with the hy-

pothesis S(t,-) € L*(R), we have

Ix * nH(Sn)(E, )|z < Clix(E, )l ezlln(t, )l 21SE )lzelIn, )l 2.
Taking the L?-norm in the time variable it yields
X * nH(Sn) | 222y < Collxl2(z2) 1S Lge (Lsey 10l oo (z2) 17l Lge (12)-

Consequently, reconstructing the norm || - ||z given in (5.36), we get the estimate

/0 hi—s % Oy (X * nH(Sn)) (s, z)) ds

< Cglnlelnl e,
E

where Cp = Callx|[z2(22) 15 5o (10)- Now, from (5.42) and (5.43) if we have

1
40X 22y 151 Lge (120

Cyllnollre <

Y

(5.43)

then the condition (5.41) is fulfilled (by choosing carefully the constant € given in (1.9)) and
we can apply a fixed point argument to obtain a unique global solution since the time variable

does not intervene in the estimates.
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5.3 Proof of Theorem 4.

Here, we study global Solutions for the trilinear system (1.2). Following the idea given in formula
(1.8) above, we introduce the term

. ~[xa M (Sam)
[é](t’w) B [XQ * ngH(Slng)] (t,2)

and with the variable 6 defined in (1.5) the system (1.2) can be rewritten as

O(t,x) = hy % O(x) + /ht 5 % Oy S[e]( z))ds (5.44)

We are going to apply Theorem 6 in the functional space E = L>(]0, +oc], LA(R)) N
L%(]0, +00], H(R)) and for this we need to establish the required inequalities.
For the initial data satisfying the estimate (5.42) we have

e * ollzeezy < olle— and 1o # ol oy < Clfollze.

hence . .
lhe % 0ol < C1]|00]| 12 (5.45)

For the trilinear term we need to prove the following estimate

where Cp may depend on the kernels K, K2. By Proposition 5.1 we know that

< Cp|0l%, (5.46)

t —
/ hi—s x 0:S"4(s,-)) ds
0 [] E

t —
/ e x 0,878(5, ) ds
0

< N0:S7l a1y < 1879l (r2)-
E 1 15

Moreover, by definition, we have

ISHll gy < lxa s mH(Sama)llcaes) + xa + natt(Sin2)ll i 22). (5.47)

For 1 <1,j,k < 2, let us now study the term ||x; *n;H(S;n) (¢, )| 2. By the Young and Hélder
inequalities and by the boundedness of the Hilbert transform in Lebesgue spaces, we obtain

i * naH (Symn) (L, ) L2 i (ts )l 2 llnat, )l 2 [H(Sine) (8, )l 2
Cllxi(t, ) z2llnit, )l 21155, )t )l 2
Cllxits M z2llnit, )l 21l * ng) (8w, )l 2,

where in the last line we used the fact that S;(t,-) = K; * n;(t,-). Hence, we have

i(
i * it )H(Sne) (¢ )2 < Cllxalt, )l pallnit, )l 2]l 55 * nj (€)oo lna @, ) 2
< Clxat )2 linats )l 2 1Kl allng (& )l g2 1ok, )l g2,

where we used the Young inequalities in the convolution above. Taking this inequality to the
power 2 and integrating in the time variable it comes:

VAN VANVAN

+oo 2

( [ sy dt)
“+o00 9 3
< Ol e lnill e Ims e Il ooz ( /0 sz-(t,-)HLadt> |
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and

Ixi * naH(Sjme)ll 22y < Clixallzez) 1K [ 22 Inill oo n2) ] ge z2) Imwl Lge (22
< Clixallzey K51 22 101 21101 210 2,

where we used the definition of the quantity 6 and of the norm || - ||g given in (5.36).
Thus, coming back to (5.47) we obtain
HSFQ]HLg(Lg) < ClIxallpzezey 1K L2 + lIxellzzcze) 12l 2) 101 £[101 £ 101 2,

which leads us to the wished inequality (5.46).

To conclude, with (5.45) and (5.46) at our disposal, following Theorem 6, if we have the

condition )

12C(lIxallz2(z2) 1K 22 + Ixall 2 ze) [ K2l r2)

160]12. <

we obtain a unique global solution for the problem (5.44).

6 Conclusion

The present paper considers two models to describe yeast cell polarization. In the first model
a single cell in a pheromone field is considered. In the second model a system of two coupled
equations is considered to describe the cell-cell communication for yeast cells of opposite types.
The models include the pheromone concentration (pheromone secretion and pheromone percep-
tion) and also a non-constant and nonlocal mobility coefficient, namely the x function, which
describes the mobility of membrane polarity patch and the cell cycle [13, 14]. We provided
conditions under which global existence and uniqueness of solutions occur for these two models.
Physiologically, yeast cells mate when encountering a partner at close enough range in rich en-
vironments. Here, it was shown that even at close enough range and rich enough environment
(large values of || K;||2) cells may not mate when the mobility is low or when one of the cells is
leaving the cycle window during which it can mate. Indeed, in such a case global existence might
hold true for the solution of the models studied here and then there will be neither polarization
nor dialogue. This is in good agreement with biological observations showing that polarization
of mating partners towards each other requires the spatial decoding of pheromone gradients,
relies on mobile polarity patches and is only possible during a certain period of the cell cycle
[13].

We believe this work is the first step towards modelling and understanding the key parameters
invoved during the polarization of mating partners towards each other. This represents an
important challenge. Future works would be to extend the results of this paper to find conditions
for which blow-up of the solution occurs and then to the case of two-dimensional geometry with
free boundary.

References

[1] M. BacNAT, K. SIMONS. Cell surface polarization during yeast mating. Proceedings of the
National Academy of Sciences, 99(22):14183-14188, (2002).

[2] A. BLANCHET , J. DOLBEAULT, and B. PERTHAME. Two-dimensional Keller-Segel model:
optimal critical mass and qualitative properties of the solutions. Flectron. J.Differential

Equations, No. 44, 32 pp. (electronic), (2006).

20



[3]

[4]

[5]

[6]

[7]

8]

[9]

[17]

[18]

V. CALVEZ, N. MEUNIER, N. MULLER and R. VOITURIEZ. Numerical simulation of the
dynamics of molecular markers involved in cell polarisation. Integral methods in science
and engineering, progress in numerical and analytical studies. Birkhauser Boston, (2013).

V. CALVEZ. Modéles et analyses mathématiques pour les mouvements collectifs de cellules.
Ph.D. thesis, Université Pierre et Marie Curie, (2007).

V. CaLviz, R. HAWKINS, N. MEUNIER and R. VOITURIEZ. Analysis of a nonlocal model
for spontaneous cell polarization. SIAM Journal on Applied Mathematics, 72(2):594-622,
(2012).

V. CALVEZ, B. PERTHAME and M. S. TABAR. Modified Keller-Segel system and critical

mass for the log interaction kernel. Stochastic analysis and partial differential equations,
429, (2007).

V. CALVEZ, T. LEPOUTRE, N. MEUNIER and N. MULLER. Non-linear analysis of a model
for yeast cell communication, M2AN (in press), (2019).

V. CALVEZ, T. LEPOUTRE, N. MEUNIER and N. MULLER. Non-linear analysis of a tangen-
tial model for yeast cell communication, in redaction.

T. FREISINGER, B. KLUNDER, J. JOHNSON, N. MULLER, G. PICHLER, G. BECK, M.
CostaNnzo, C. BOONE, R. CERIONE, E. FREY and R. WEDLICH-SOLDNER. Establishment
of a robust single axis of cell polarity by coupling multiple positive feedback loops. Nature
communications, 4:1807, (2013).

C. L. JAcksoN and L. H. HARTWELL. Courtship in s. cerevisiae: both cell types choose

mating partners by responding to the strongest pheromone signal. Cell, 63(5):1039 — 1051,
(1990).

P.-G. LEMARIE-RIEUSSET. The Navier-Stokes Problem in the 21st Century. Taylor & Fran-
cis, (2015).

K. MADDEN and M. SNYDER. Cell polarity and morphogenesis in budding yeast. Annual
Review of Microbiology, 52(1):687-744, (1998). PMID: 9891811.

S. MARTIN. Molecular mechanisms of chemotropism and cell fusion in unicellular fungi, J.
Cell Sci. 132 (2019).

B. SIEBER, J.-M. CORONAS-SERNA, S. MARTIN. A focus on yeast mating: From pheromone
signaling to cell-cell fusion. Semin Cell Dev Biol. 2022 Feb 8:51084-9521(22)00040-4. doi:

N. MULLER. Mathematical and numerical studies of nonlinear and nonlocal models involved
in biology. PhD thesis, Paris Descartes, (2013).

N. MULLER, M. P1EL, V. CALVEZ, R. VOITURIEZ, J. GONCALVES-SA, C.-L. Guo, X. JIANG,
A. MURRAY and N. MEUNIER. A predictive model for yeast cell polarization in pheromone
gradients. PLOS Computational Biology (2016).

W. J.NELSON. Adaptation of core mechanisms to generate cell polarity. Nature 422:766—774
(2003)

R.B. Phillips, J. Kondev, and J. Theriot. Physical biology of the cell. Garland Science,
2009.

21



[19] B.D. SLAUGHTER, S.E. SMITH and R. L1. Symmetry breaking in the life cycle of the budding
yeast. Cold Spring Harbor perspectives in Biology, 1(3), (2009).

[20] B.D. SLAUGHTER, J.R. UNRUH, A. DAs, S.E. SMITH, B. RUBINSTEIN and R. LI1. Non-
uniform membrane diffusion enables steady-state cell polarization via vesicular trafficking.
Nature communications, 4:1380, (2013).

[21] E.M. STEIN. Singular integrals and differentiability properties of functions. Princeton math-
ematical series. Princeton University Press, (1970).

[22] R. WEDLICH-SOLDNER, S. ALTSCHULER, L. WU and R. Li1. Spontaneous cell polariza-
tion through actomyosin-based delivery of the Cdc/2 gtpase. Science, 299(5610):1231-1235,
(2003).

22



	Introduction
	Model construction
	A validated model for the polarization of yeast cells
	Heuristic justification of the use of the Hilbert transform in (1.1)
	 Link between (1.1) and the MKS system
	Boundary model (1.2) – (1.3) for cell-cell communication

	Notations
	Local Solutions
	Proof of Theorem 1.
	Proof of Theorem 2

	Global Solutions
	Useful estimates
	 Proof of Theorem 3.
	 Proof of Theorem 4.

	Conclusion

