\

Local Identifiability of Deep ReLU Neural Networks: the
Theory

Joachim Bona-Pellissier, Frangois Malgouyres, Fran¢ois Bachoc

» To cite this version:

Joachim Bona-Pellissier, Francois Malgouyres, Francois Bachoc. Local Identifiability of Deep ReLU Neural
Networks: the Theory. Advances in Neural Information Processing Systems, Nov 2022, New Orleans, United
States. <hal-03687395v2)

HAL Id: hal-03687395
https://hal.science/hal-03687395v2

Submitted on 21 Nov 2022

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License


https://hal.science/hal-03687395v2
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

Local Identifiability of Deep ReLLU Neural Networks:
the Theory

Joachim Bona-Pellissier®**, Francois Malgouyres’, Francois Bachoc’
Institut de Mathématiques de Toulouse ; UMR 5219
Université de Toulouse ; CNRS
¢ UT1, F-31042 Toulouse, France
b UPS, F-31062 Toulouse Cedex 9, France

*Corresponding author: Joachim Bona-Pellissier; joachim.bona-pellissier@univ-toulouse.fr

Abstract

Is a sample rich enough to determine, at least locally, the parameters of a neural
network? To answer this question, we introduce a new local parameterization of a
given deep ReLU neural network by fixing the values of some of its weights. This
allows us to define local lifting operators whose inverses are charts of a smooth
manifold of a high dimensional space. The function implemented by the deep
ReLU neural network composes the local lifting with a linear operator which
depends on the sample. We derive from this convenient representation a geometric
necessary and sufficient condition of local identifiability. Looking at tangent spaces,
the geometric condition provides: 1/ a sharp and testable necessary condition of
identifiability and 2/ a sharp and testable sufficient condition of local identifiability.
The validity of the conditions can be tested numerically using backpropagation and
matrix rank computations.

1 Introduction

1.1 Context and motivations

Neural networks are famous for their capacity to perform complex tasks in a wide variety of domains
such as image classification [20], object recognition [33}|34]], speech recognition [17} 136/ [16], natural
language processing [27} 26} [19], anomaly detection [32] or climate sciences [[1]].

The following properties of the parameters of neural networks have recently drawn attention: iden-
tifiability, inverse stability and stable recovery; from weaker to stronger. Let fp(X) be the outputs
of a network parameterized by the parameters 6, for given inputs X. Global identifiability means
that if fp(X) = f5(X) then 6 = 6, up to identified invariances, for instance neuron permutation and
rescaling for ReLU networks. Local identifiability restricts this analysis for 6 and 6 sufficiently close.
Then, inverse stability means that the distance between 6 and 6 (up to invariances) is bounded by a
function of the distance between f(.X') and f;(X). Finally, stable recovery consists in obtaining an
algorithm to approximately recover 6 from a noisy version of fy(X), with quantitative guarantees. In
all cases, we must distinguish between statements for X being a finite list of inputs, in which case we
would like X to be small, and for infinite X (for instance determining € from the entire function fy).

Identifiability from finite X, which is the focus of this paper, is important for different reasons. In
the first place, model extraction attacks for neural networks have been a growing topic over the last
years. Indeed, some algorithms are able to recover in practice the parameters of a neural network
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from queries [9} 35]. This can be a concern since neural network providers may wish to keep these
parameters secret, for security [21]], for privacy [[13}8]], or for intellectual property [42].

A way of preventing such a recovery can be by guaranteeing that identifiability does not hold, that is
to check that a necessary condition of identifiability is not met. On the opposite side, guaranteeing
that identifiability holds is interesting in the position of an attacker. If the attacker has access to X, to
fo(X), and is able to compute a 6 such that f;(X) = fy(X), the question then becomes: does this

guarantee that 6 = 6 or shall the attacker expand X with new queries? The attacker needs a sufficient
condition of identifiability.

Another important motivation for identifiability is having a better understanding and control of
neural networks. Indeed, if the learning sample has the form (X, fo(X)), with 6 the parameters of a
teaching network, global identifiability from X means that the global minimizer of the empirical risk
is unique. In this case, if the global minimizer is reached, there will typically be no variability due
to the optimization parameters (choice of the algorithm, number of epochs,...) and to stochasticity
(for stochastic optimizers). Even if very recent works on double descent phenomena, e.g. [4],
highlight a benefit of overparameterization (thus absence of identifiability) for increasing prediction
performances, a user may be interested in a small enough number of parameters to retain identifiability,
if the loss of performance is mild compared to overparameterization.

Note that, of course, global identifiability is more relevant than local identifiability to the above
motivations. This work nevertheless focuses on local identifiability, which is a necessary condition for
global identifiability, and which analysis can be a first step to analyzing global identifiability. Local
identifiability is also arguably insightful on the geometry of the relationship between the parameter
space of 6 and its image { fy(X), 6 varies}. Note that most existing identifiability, inverse stability
and stable recovery results (see the next section) are also local.

1.2 Existing work on identifiability, inverse stability, stable recovery and attacks

Identifiability: Even though it has regained interest recently, the question of identifiability for neural
networks is not new. Indeed, in the 1990s, some positive results of identifiability for networks with
smooth activation functions (tanh, logistic sigmoid or Gaussian for instance) have been established
[40, 2L 22, |18l [12]. These results are mainly theoretical, they concern activation functions which are
not the most used nowadays (in particular, they do not apply to ReL.U networks), and assume full
knowledge of the function f, implemented by the network, which is impossible in practice.

When it comes to ReLLU, for shallow [30, 38] as well as deep [31} 5] neural networks, some positive
results of identifiability have been recently established. They show that under some conditions on
the architecture and parameters of the network, the function implemented by the network uniquely
characterizes its parameters, up to neuron permutation and rescaling operations. Although they apply
to ReLU networks, these results share a limitation with those of previous paragraph: they assume the
function implemented by the network to be known on the whole input space, or at least on an open
subset of it.

As far as we know, there exists only one identifiability result for deep ReLU networks assuming the
knowledge of fy on a finite sample only. Stock and Gribonval [39] give a theoretical condition for
the existence of a finite set which locally identifies the parameters of a deep neural network. It is
an existence result: it does not concretely provide such a finite set, nor does it allow to test local
identifiability for any finite sample, as we propose in this work. The construction in [39] shares
similarities with previous works on deep structured matrix factorization [23} 24} 25]]. The present
article also lies in this line of research.

Inverse stability and stable recovery: Closely related to identifiability are the topics of inverse
stability and stable recovery of the parameters of a network. Some negative [29] as well as positive
[LL1L 23) 24, 25] results of inverse stability exist. The articles [23) 24} 25] examine the case of
structured networks with the identity as activation function. Only [25] considers a finite X. The
authors of [11] consider a general class of networks amongst which ReLU networks, but the result
only holds for one-hidden-layer neural networks. Furthermore this result also requires the knowledge
of fy on a whole domain.

Several stable recovery algorithms have also been proposed, for one-hidden-layer neural networks
in a first place, for smooth activation function [[14], as well as ReLU in the fully-connected case



Figure 1: The local intersection between the affine space N (X, 8) (in green) and the smooth manifold
3% (color gradient). We also represent in red the tangent space to X7 at ¢(6). Left: The identifiable
case. The intersection is reduced to {¢(6)}. Right: The non identifiable case. The intersection,
represented with a dashed white line, is not reduced to {¢(0)}.

[15] [44] [45] [46] or in the convolutional case [6} 43]]. These references consider a finite X but provide
a large sample complexity under which a smartly constructed initialization followed by a first order
algorithm allows to stably recover the parameters of the network.

For deep networks, some stable recovery algorithms also exist, for instance for Heavyside activation
function [3]], or for only recovering the first layer with sparsity assumptions [37]] in the ReLU case,
but to the best of our knowledge there does not exist any algorithm recovering fully a deep ReLU
network from a finite sample.

Model inversion attacks: For deep ReLLU networks, when one has full access to the function
implemented by the network, a practical algorithm [33] sequentially constructs a sample X and
approximately recovers the architecture and the parameters modulo permutation and rescaling. Simi-
larly, formulating the problem as a cryptanalytic problem, [9] reconstructs a functionally equivalent
network with fewer requests. As mentioned in Section [I.T] these two references are related to
identifiability, but consider a different setting. In this article we consider an arbitrary given X, while
they work mostly on its construction.

1.3 Contributions

1/ We establish a necessary and sufficient geometric condition of local identifiability from a finite
sample X for deep fully-connected ReLU networks. The condition is that the intersection between
an affine space and a smooth manifold is reduced to a single point. See Figure|[I]for an illustration.

2/ Considering tangent spaces, we then provide a computable necessary condition of local identi-
fiability from a finite sample X. Since global identifiability implies local identifiability, it is also a
computable necessary condition of global identifiability.

3/ We also establish a computable sufficient condition of local identifiability, which is close to
the necessary condition. To the best of our knowledge, these are the first testable conditions of
local identifiability for any finite input sample. In particular, [39] provides a theoretical condition
equivalent to the existence of a finite sample for which local identifiability holds, but does not provide
the sample explicitly, nor does it characterize local identifiability for any arbitrary sample.

4/ To prove these results, we develop geometric tools which can be of independent interest for
theoretically understanding deep ReL.U networks as well as for possible applications. Namely, we
introduce local reparameterizations py of the network by fixing some weight values as constants.
Building on these local parameterizations, we introduce local lifting operators /¢ and we decompose
the function implemented by the network fy(x) as a composition of 1/?, which only depends on the
parameters, and a piecewise constant operator o which depends on @ and the inputs z*. For almost
any parameterization 6, the operator « is constant in a neighborhood of # and consists in applying a
linear function to 1»?. We show that in fact, the operators ) are the inverses of coordinate charts of a
smooth manifold 37, contained in a high dimensional space. We find X7 to be of particular interest



in representing geometrically some properties of the network parameters (in particular to establish 1/,
2/ and 3/ above).

1.4 Overview of the article

This work is structured as follows. We start by introducing basic tools and already known results, and
we state the definition of local identifiability in Section 2] We then introduce the local parameteriza-
tions py and the set 37, and we show that the latter is a smooth manifold in SectionE} This allows us
to state our main results in Section[d} that is the geometric and the numerically testable conditions of
local identifiability. Finally we discuss in Section [5]the numerical computations needed to test the
latter conditions. All the proofs are provided in the appendices.

2 ReLU networks, lifting operator and rescaling of the parameters

2.1 ReLU networks

Let us introduce our notations for deep fully-connected ReLU networks. In this paper, a network is a
graph (E, V) of the following form.

* V is a set of neurons, which is divided in L + 1 layers, with L > 2: V' = (V});¢[o,]-

Vo is the input layer, V7, the output layer and the layers V; with 1 <[ < L — 1 are the hidden
layers. Using the notation |C'| for the cardinal of a finite set C, we denote, for all [ € [0, L],
N, = |V;| the size of the layer V].

* E is the set of all oriented edges v — v’ between neurons in consecutive layers, that is
E={v—=v,veV,v eV, forl €0,L—1]}.
A network is parameterized by weights and biases, gathered in its parameterization 6, with
0 = ((Wy—sv')vsveE, (bo)ven) € R” x R,

where B = UzL: 1 V1. Itis also convenient to consider the weights and biases in matrix/vector form:
for a given 0, we denote, for [ € [1, L],

Ny XN;_ N,
Wi = (wvﬁv’)v’GVZ,veVz_1 € RM >N and b = (bv)veVz, € R™.

When dealing with two parameterizations 6 and 6 € RE x RB , we take as a convention that w,_, -
and b, as well as W; and b; denote the weights and biases associated to 6, and ,,_,,+ and b,, as well
as IV, and b; denote those associated to 6.

The activation function, denoted o, is always ReLU: for any p € N* and any vector
r = (z1,...,7,)T € RP, itis defined as o(z) = (max(x1,0),...,max(z,,0))T.

For a given 6, we define recursively f; : RY> — R"? (we omit the dependency in  in the notation for
simplicity), for [ € [0, L], by

o Yz e RV, folz) =z,

e VIl €[1,L—1],Vx € R%, filx) =0 (Wifizi(z) + by);

« Vz e R", Jo(x) =Wrfr_1(x)+br .

We define the function fy : RY — RYZ implemented by the network of parameter  as fy = fr.

2.2 The lifting operator ¢ and the activation operator «

For a fixed z € R, the value of fs(z) is a non-linear function of 6. The goal of this section is to
obtain a higher-dimensional representation of 6, that will be written ¢(6), and such that fp(x) is
locally a linear function of ¢(6). This will be achieved with Proposition|1| The function ¢ is called a
lifting operator, a wording borrowed from category theory and commonly used in compressed sensing
and dictionary learning, for instance in [[7]. The components of ¢ () will be associated to paths in the
neural network. Linearity in Proposition [T| will correspond to summing over these paths.



We now introduce the paths notations. For all [ € [0, L — 1], we define
Pr=Vix--x Vi,

which is the set of all paths in the network starting from layer [ and ending in layer L — 1. We
consider an additional element 3 which can be interpreted as an empty path and whose role will be
clear once ¢ has been defined and Proposition [I| stated. We define

P = (U Pl> u{s}.

=0

In a similar way to [39]], we can now define the above-mentioned ‘lifting operator’

¢: REXRE — RPV
0 — (¢P,1J(9))pEP,UEVL

)

by:
e foralll € [0,L —1] and all p = (v;,...,vr_1) € P, and for all vy, € V7,

L—-1

—o Wy, —su, ifl=0
¢ . (9) — l 7OL— 1 41 )
PUL by, Hl’:ll Wy vy, 121

e forp=LFandvy € Vi, g, (0)=0b,,.

To define the activation operator, we first define, foralll € [1,L — 1], allv € V}, all 0 € RE x RE
and z € R",

1 if (Wifii(z) + b))y >0
0 otherwise,

ay(x,0) = {

which is the activation indicator of neuron v. We then define the ‘activation operator’

a: R% x (R”xRP) — RUP

(2,0) > (ap(x,0))per @

e foralll € [0,L — 1] and all p = (v;,...,v5-1) € Pi:

oo [1521 @y, (2,0) if1=0

9 =
op(z,9) {HZL,_IIaUZ,(x,Q) i> 1

e forp=0, ag(z,0)=1.

We then have the announced linear representation of the function fy implemented by the network.
Proposition 1. Forall § € RF x RB and all x € RV, fo(z)T = a(z,0)6(0).

This result, which is proven in Appendix [B] is for instance also stated in [39, Sec. 4] with slightly
different notations. Note that each component of the vector fy(z) above is written as a sum over a
(very large) number of paths.

Let us reformulate Proposition [I| with several inputs. We consider, for some n € N*, some given
inputs #' € R0, with i € [1,n]. We denote by X € R™*"° the matrix whose lines are the transpose
()T of the inputs. For all # € RF x RE, we denote by fg(X) € R"*VE the matrix whose lines are
the transpose fg(x%)” of the corresponding outputs. We also denote by a(X, ) € R"*F the matrix
whose lines are the line vectors a(z¢, §). Using Propositionfor all the %, we have the relation

fo(X) = a(X,0)0(0). 3)

We prove in Appendix []E] the next proposition, which states that 6 — «(X, ) is piecewise constant.



Proposition 2. For all n € N*, for all X € R"*V°, the mapping

ay: RExRBE — RXP
0 — a(X,0)

is piecewise-constant, with a finite number of pieces. Furthermore, the boundary of each piece has
Lebesgue measure zero. We call A x the union of all these boundaries. The set Ax C RF x RE is
closed and has Lebesgue measure zero.

As discussed before, for a given X € R"*"0, when studying the function 6 — f(X), Proposition
alongside (3)) shows that on a piece over which ax is constant, fy(X) depends linearly on ¢(8).
Since A x is closed with measure zero, for almost all 0 € RE x RB , there exists a neighborhood of ]
over which ax is constant. As noted for instance by Stock and Gribonval [39, Sec. 2], for any 6 in
such a neighborhood, we thus have

Fo(X) = f3(X) = a(X,6) (6(0) — 6(0)) @)

Hence, studying ¢ will allow us to understand better how fp(X) locally depends on 6.

2.3 Invariant rescaling operations on ¢

Some well-known rescaling operations on the parameters ¢ do not affect the value of ¢(6). Before
detailing them, let us define, for all ¢ € R, the sign indicator sign(¢) as 1,0 or —1 depending on
whether t > 0,¢ = 0 or t < 0 respectively. For any § € R¥ x RE, we then define

sign(f) = ((sign(wuévf)vavfe};, (sign(bv))veg) €{-1,0,1}¥ x {-1,0,1}5.

We can now describe the rescaling operations.

Definition 3. Let § € RE x RB and § € RE x RB.

* We say that 6 is equivalent to 6 modulo rescaling, and we write 6 L 0 iff there exists a
family of vectors (A?, ..., A\L) € (R*)Y0 x ... x (R*)VZ, with \° = 1y, and AL = 1y,
such that, for all [ € [1, L],

{Wz = Diag(A\))W; Diag(Al=1) ! (5)

)
b = Diag(\)b;.

* We say that 6 is equivalent to 6 modulo positive rescaling, and we write 6 ~ 0 iff

920 and sign(6) = sign(0).

For all [ € [1, L], to satisfy () is equivalent to satisfy, for all (v;_1,v;) € Vi_1 x V],
Al

— vl e
Wyy_y—v; = 37=1 Wy >0
-1 1 )‘“l—l -1 1 (6)

by, = AL, by,

The relations 2 and ~ are equivalence relations on the set of parameters R” x RE. The equivalence
modulo positive rescaling ~ is a well-known invariant for ReL.U networks [38} 39} 15| 28] 41]]. We

have indeed the following property: if 6 ~ 0, for all z € R,
fo(x) = f5(). ()

One of the interests of the operator ¢ is that it captures this invariant, as described by Stock and
Gribonval [39] Sec. 2.4]. Propositions 4 and [5|are similar to their results and are restated here and
proven in Appendix [B] for completeness. Indeed, combining the definition of ¢ with (6), we have the
following property.



Proposition 4. Forall 0,0 € RE x RE, we have

050 —  ¢(0) = o),

and thus in particular

0~0 = 6(0)=0(0).

The reciprocal of Proposition 4] holds provided we exclude some degenerate cases. Let us denote, for
any | € [1, L — 1] and any v € Vj, by we_;, the vector (wy sy )wev,_, € RVi=1 and by w,_,e the
Vector (Wy v )v'eviy, € RVi+1. We define the following set, which is close to the notion of ‘non
admissible parameter’ in [39]:

S={0cREXRE e ViU---UVL 1, Wye =0 0 (We_su,by) = (0,0)}.

When w,_,, = 0, all the outward weights of v are zero. When (we_;, b,) = (0,0), all the inward
weights as well as the bias of v are zero, so for any input the information flowing through neuron v is
always zero. In both cases, the neuron v does not contribute to the output and could be removed from
the network without changing the function fy. Since the set .S is a finite union of linear subspaces
of codimension larger than 1, it is closed and has Lebesgue measure zero. We can thus exclude the
degenerate cases in S without loss of generality. Proposition [3]states that the reciprocal of Proposition
holds over (R¥ x RF)\S.

Proposition 5. Forall 0 € (RP x RP)\S, forall § € RF x R5,
o) =0(l) = 674

2.4 Local identifiability

We have now introduced all the concepts used in the formal definition of ‘local identifiability’.

Definition 6. Let X € R"*"° and § € R x R”. We say that § is locally identifiable from X if
there exists € > 0 such that for all § € RE x REif |0 — 0| <,

fo(X)=f3(X) = 0~0.

3 The smooth manifold >7

We explained in the previous section that studying ¢ allows to better understand how the output
fo(X) locally depends on . The image of ¢ is of particular interest in this study and is the subject of
this section. We define

21 ={0(0), 0 € (R x RP)\S}.

The main result of this section, Theorem [/| states that 2] is a smooth manifold. This result is
a key element of the article. Indeed, it allows to consider tangent spaces to X7, and by doing
so, to linearize the geometric characterization of Theorem [§] illustrated in Figure [T} Instead of
considering the intersection between a smooth manifold and an affine space as in Theorem §] this
indeed allows to consider the intersection between two affine spaces, which can be characterized with
rank computations as in Theorems [O]and [T0}

To show this result, we need local injectivity. In this aim, let us consider a fixed 6 and analyze the
functions u — fg1,(X) and u — ¢(0 + u) for w around 0. We can select Ny + - - - + N _; scalar
scaling parameters (each in a neighborhood of 1), and use them to “rescale” 6 + u as in Definition
leaving fo4.,(X) and ¢(6 + w) unchanged ((7) and Proposition [4). Locally, at first order, this
means that there are N + - - - + Ny linear combinations of v which leave fy.,(X) and ¢(6 + u)
invariant. In order to obtain injectivity with respect to u, locally around 0, we will fix N1+ -+ Np_;
components of u as follows.

For each neuron v in a hidden layer, we choose the outward edge v — v’ whose weight w,_,,+ has
largest (absolute) value (if there are several such edges, we choose one arbitrarily). We denote by

s% .. (v) such a neuron v’. For each neuron v in a hidden layer V}, there is exactly one neuron s ,_(v)

in the layer V1, and one corresponding edge v — s _(v). See Figure [2|for an illustration. We

will set to 0 the components of u corresponding to all the edges of the form v — s . (v). Intuitively,
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Figure 2: Left: The outward edges of a hidden neuron v and their weights. In this example,
vy = 89 (v), so the weight of the edge in red, v — vy, has its value fixed as w,_,., . The weights
of the remaining edges, 7, and 7,_,,,,, are free to vary. Right: In red, all the edges whose weights
are fixed. The remaining edges, in black, constitute the set Fp.

it will not limit the set of functions f3, in the vicinity of fy; but will permit to obtain a one-to-one
correspondence between u and fg .

More precisely, let us denote by Fy C E the set of remaining edges, which is formally defined asﬂ

L—-1
Fyp=E\ (U {(usfnax(v)),v c v;}) . )

=1

The mapping from the space of restricted parameters R” x R? to the parameter space R” x RZ
locally around 6 is simply given by the following application
po: RFe xRE — RF xRP
) V(v,v") € Fy, Wy—spr = To—sor ©
T +—— 6 suchthat < V(v,v') € E\Fp, Wy = Wy—yer
YvEe B, b,=T1,.

In particular, if we define 7y € R x RE by (79)y_s0r = Wy_so and (7g), = by, We have py(79) = 6.
The function py is affine and injective. We define

Up =py " ((R” x RP)\S), (10)
which is an open set of R*? x RZ. We define, for all § € (RE x RB ) \\S, the local lifting operator

w@ Uy —> RP*VL (11

T — ¢opy().
One can show that ¢ is C° and that it is a homeomorphism from Uy onto its image (see the proofs in
Appendlxg) which we denote Vj and is thus an open subset of 27 (with the topology induced on X7
by the standard topology on R”*V2). In particular, since py(79) = 6, we have ¢(0) = % (1) € V.
We have the following fundamental result that will allow us to consider and make use the tangent
spaces of 37.

Theorem 7. Y% is a smooth manifold of R¥* VL of dimension
|F| + [B| = NoN1 + N1Na + -+ + N1 Np, + Ny,
and the family (Vy, (we)_l)ge(REx]RB)\S is an atlas.

Theorem [7)is proven in Appendix [C} Besides being key in Section 4] Theorem 7] (both the smooth
manifold nature of X} and the explicit atlas (Va, () !)gerE xr5)\ 5) may also be considered
of more general 1ndependent interest. To our knowledge, such a result has not been established
elsewhere in the literature. Notice that, as announced, despite the use of restricted parameters in
R¥e x RP, we can represent the whole tangent space at any point of ¥3. The only consequence of
the restriction is the uniqueness of the representation of the elements of tangent spaces.

"Note, in the definition of Fj, the index [ starting at [ = 1 and not [ = 0.



4 Main results: necessary and sufficient conditions for local identifiability

The main results of this paper rely on the decomposition (@) introduced in Section[2} To reformulate
(), let us introduce the linear operator A(X, 6), which simply corresponds to the matrix product
with o (X, 0):
A(X,0): RPXVr — R™WVL
n — X, 0)n,

where a(X, 0)n is the matrix product between o (X, ) € R"*” and n € RP*VZ. The operator
A(X, ) inherits the properties of (X, 0), in particular those stated in Proposition[2] Using A(X, 6),
the relation (@) satisfied by 6 in the neighborhood of 6 becomes

fo(X) = [5(X) = A(X,0) - (6(0) — 6(6)) . (12)

Let us also define the affine space (set-sum of a fixed point and a vector space)

N(X,6) = ¢(0) + Ker A(X, 0).

If a parameterization § € RF x R” is such that f3(X) = fo(X) and (T2) holds, then ¢(8) — ¢(6) €
Ker A(X, ), so by definition ¢(8) € N (X, #). Since for 6 in the neighborhood of 6, we also have
qﬁ(é) € X7, we see that local identifiability is closely related to the nature of the intersection between
the smooth manifold 37 and the affine subspace N (X, 0).

Indeed, let us denote by B (6(6),€) = {n € RP*VL ||¢(8) — n]|c < €} the ball of center ¢(6)
and of radius € > 0. We have the following geometric necessary and sufficient condition of local
identifiability, which states that local identifiability of 6 holds if and only if the intersection between
% and N(X, 0) is locally reduced to the single point {¢(6)}.

Theorem 8. For any X € R™Y0 and 0 € (RF x RP)\(S U Ax), the two following statements
are equivalent.

i) 0 is locally identifiable from X.
ii) There exists € > 0 such that Boo(¢(0),¢) N Zi NN (X,0) = {4(0)}.

Theorem 8]is proven in Appendix [D] and is illustrated in Figure[T] This geometric condition is crucial
for showing the next two results which give testable conditions of identifiability. Theorems [9]and [I0]
rely on the rank of A(X,#) and of another linear operator I'( X, §), which we now define. Since, as
we said, the function ¥? is C°, let us denote by D) (1) : RFe x RE — RP*Ve its differential at
the point 7, for any 7 € Uy. We define the linear operator I'( X, #) : Rf¢ x RE — R"*Vz by

[(X,0) = A(X,0) o DY?(ry). (13)

We denote R4 = rank(A(X,0)) and Rr = rank(T'(X, 6)). Since I'(X, #) is defined on R¥* x R5,
we have 0 < Rr < |Fy| + |B|, and the expression (13]) shows that we also have 0 < Rr < R4. We
can now define the two following conditions.

Condition C',. Condition Cy is satisfied by (8, X) iif Rr < R4 or Rr = |Fyp| + | B|.

Condition C's. Condition Cy is satisfied by (¢, X) iif R = |Fy| + | B.

The following result states that C'y is necessary for local and therefore global identifiability.

Theorem 9 (Necessary condition of identifiability). Let X € R"*"0 and § € (RF x RP)\(SUA).
If Cy is not satisfied, then 0 is not locally identifiable from X (thus not globally identifiable).

The following result states that C's is a sufficient condition of local identifiability.

Theorem 10 (Sufficient condition of local identifiability). Let X € R™ Y0 and 0 ¢
(RE X ]RB) \(SUAXx). If Cg is satisfied, then 0 is locally identifiable from X.

Both theorems are proven in Appendix D} To discuss these two results, let us point out that the output
spaces of I'(X, ) and A(X, 0) have the same dimension, equal to nNy,. Each new input adds Ny, to
this dimension. One can verify that R4 — Rr is initially 0 and cannot decrease when new inputs are



added. If a new input leads to R4 > Rr, it can be discarded to preserve R4 = Rr. Moreover, such
an input seems unlikely when R4 < |Fy| + | B|. If the equality R = R4 is enforced, the condition
Rr = |Fy| + |B| is both necessary and sufficient. Finally, to satisfy Rr = |Fy| + | B|, the dimensions
must satisfy nNy, > |Fy| + |B|. The general belief is that the latter is the condition of identifiability
since nN, is the number of scalar measurements and |Fy| + | B| is the number of independent free
parameters, see Theorem

S Checking the conditions numerically

The key benefit of the conditions C'y and C's, compared to the existing literature, is that they can be
numerically tested for any fixed finite sample. They need the computation of the rank of two linear
operators, namely I'(X, 6) and A(X, 6). The operator I'( X, 0) satisfies the following:

Proposition 11. Let X € R™*Y0 and § € (RF x RB)\(S U Ax). The function T — [, (X),
for T € Uy is differentiable in a neighborhood of 79, and we denote by D f,,(,,)(X) its differential

at 79. We have
D‘f‘fpe(Te)(X) = F(Xa 9) (14)

The proof of Proposition [IT]is in Appendix[E] Since the reparameterization with py simply consists in
fixing the weights of the edges v — sfnax(v) to the value w, 50 (4), (39) shows that the coefficients

of I'(X, #) can be computed by a classic backpropagation algorithm N, times for each input ¢,
simply omitting the derivatives with respect to the edges of the form v — s% . (v). An explicit
expression of the coefficients of I'(X, 6) is given in the Appendix [E]

To be satisfied, C's needs the dimensions of I'( X, 0) to satisfy nNy, > |Fy| + | B|. One then needs to
compute the rank R of I'(X, #), which means computing the rank of a n Ny, x (|Fp| + | B|) matrix.
Existing algorithms allow to do this with a complexity O(nNy(|Fy| + |B|)*~!) (up to polylog
terms), where w is the matrix multiplication exponent and satisfies w < 2.38 [1O].

When it comes to Cy, one needs in addition to know the rank R4 of A(X,#), which, as Proposition
states, requires to compute the rank of «(X, 6).

Proposition 12. Let X € R"*"0 and § € R x RB. We have Ry = Ny rank (a(X, 0)).

The dimensions of a( X, #) are sensibly larger, with |P| columns and n lines, and typically |P| >> n.
However it may have some sparsity properties, as its entries consist in products of activation indicators
(with possibly one input xf,o ), any one of them being zero causing many entries to vanish. The question
of the efficient computation of R 4 still needs to be explored and is left as open for future work.

6 Conclusion

This paper is the first to characterize local identifiability for deep ReLU networks for any given
finite sample, with testable conditions. The practical use of these conditions deserves follow-up
research, and so does an extension of our approach to inverse stability. The role of ReL.U is crucial
in our approach, especially for the necessary condition of local identifiability and with the linear
representation (Proposition [T). In the end, from Theorem [I0] and Proposition [T} the sufficient
condition for local indentifiability is expressed from the Jacobian matrix of the neural network
function with respect to its parameters. Extending this to other activation functions than ReLU is an
interesting perspective.
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A Notations

In this section, we define notations, many of which are standard, that are useful in the proofs.

We denote by N the set of all natural numbers, including 0, and by N* the set N without 0. We
denote by Z the set of all integers. For any a, b € Z, we denote by [a, b] the set of all integers k € Z
satisfying a < k < b. For any finite set A, we denote by | A| the cardinal of A.

For n, N € N*, we denote by RY the N-dimensional real vector space and by R"*" the vector
space of real matrices with n lines and N columns. For a vector z = (z1,...,zy5)T € RY, we
use the norm ||z||oc = max;eqi g |2i|. For z € RY and r > 0, we denote By (z,7) = {y €

RY, ly — 2lloe <7}

For any vector z = (x1,...,2x5)7 € RY, we define sign(x) = (sign(z),...,sign(zy))? €
{—1,0,1}* as the vector whose i*" component is equal to

1 ifz; >0
sign(z;) =<0  ifx; =0
-1 ifz; <O0.

For any matrix M € R™*¥ for all i € [1,n], we denote by M; . the i line of M. The vector M; .
is a line vector whose j component is M; ;. Similarly, for j € [1, N], we denote by M. ; the j®
column of M, which is the column vector whose i component is M; ;. For any matrix M € R"*¥,
we denote by M7 € RV*™ the transpose matrix of M.

We denote by Idy the N x N identity matrix and by 1 the vector (1,1,...,1)T € RN If A € RN
is a vector of size N, for some N € N*, we denote by Diag(\) the N x N matrix defined by:

Diag(})i,; = {0 otherwise.

If X and Y are two sets and h : X — Y is a function, for a subset A C Y, we denote by h~!(A) the
preimage of A under f, that is

h=Y(A) = {x € X, h(x) € A}.
Note that this does not require the function A to be injective.

For any n, N € N* and any differentiable function f : R® — R¥, for all # € R", we denote by
D f(x) its differential at the point z, i.e. the linear application D f(x) : R™ — R satisfying, for all
h e R",

f(x+h)= f(x)+Df(x) h+o(h).

If we denote by x; and h; the components of x and h, for j € [1,n], we have
D -h = ——(x)h;
o)=Y g o

where for all 7, %(x) € RN If f : R® — RY is a linear application, we denote by Ker f the set
{z € R", f(z) = 0}, which is a linear subset of R".

B The lifting operator ¢
Let us introduce the notion of ‘path’, extending the definition in Section[2.2] A path is a sequence of
neurons (Vg, Vgt1,---,0;) € Vi X Vg X -+ x V], for integers k, [ satisfying0 < k <! < L. In

particular, for all [ € [0, L — 1], the set P; defined in Sectioncontains all the paths starting from
layer [ and ending in layer L — 1. We recall

P = (U Pl> U{ﬂ}
=0
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If k,1,m € N are three integers satisfying 0 < k <l < m < L, and p = (vg,...,v—1) €
Vi x--xVi_yandp' = (vy,...,0m) € V) X -+ X V,, are two paths such that p ends in the layer
preceding the starting layer of p’, we define the union of the paths by

pUP = (g, o, U1,V Um) € Vi X -+ X Vi,
Before proving Proposition|[I} let us compare briefly our construction to [39]. The lifting operator ¢
introduced in Section[2.2]is similar to the operator ® in [39]], except that ® does not take a matrix
form. The operator a(x, ) introduced in Section corresponds partly to the object @ (6, x) in
[39]. One of the differences is that &(6, ) does not include any product with z,,, in its entries, as

does a(z, 6). Finally, a similar statement to Proposition and a similar proof can be found in [39].
However, one of the present contributions is to simplify the construction.

Let us now prove Proposition |l which we restate here.
Proposition 13. Forall 6 € RF x RE and all x € R",

fo(x)" = a(z,0)6(0).
Proof. Let us prove first the following expression, for all vy, € Vp.:
L-1
f9 (x)'UL = ( Z Lyo Wyg—vq H Qo (l‘, e)wvzHUH-l)
voEVD =1

v _1€VL_1

L—1
(Z oo ] avl,(x,e)wvl,%l,H) +b,,. (15

=1 v EV] U=l
vL1€VL_1

We prove this by induction on the number L of layers of the network.

Initialization (L = 2). Let vy € V5.

(WQ WlﬁU + bl) b
( Z Wy, vy [0 (Wha + bl)] ) + by,
v1EVY
< Z wv1—>v2 ) . T + b'Ul)) + b'UZ
v1 €V
= < Z wv1—>v2avl &€, 0 ( Z Wyg—v, L T bm)) + bvg
v1€VL vo€Vo

vo€Vo v1€VL
v1EVL

= < Z Wy —vy Avy (xao)wvo—wl Lyg + < Z Wy —vy Aoy (x,@)bm) + bvz

= Z xvow’uogﬂ)l avl (‘T7 e)’u}’ljl%’l)z + ( Z b’Ul a/’Ul (xa 9)“%)14)1}2) + b’UQ
vo€Vop v1EVL
v1eVy

which proves (T3]), when L = 2.

Now let L > 3 and suppose (I3)) holds for all ReLU networks with L — 1 layers. Let us consider a
network with L layers.
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Let us denote by gy (z) the output of the L — 1 first layers of the network pre-activation (before
applying the ReLUs of the layer L — 1). The function gy is that of a ReLU network with L — 1 layers,
and we have

fo(z) = Wro(ge(x)) + br.
Let vy, € V. We thus have
fG(x)UL = Z wUL—l_)'ULo-(g‘g(x)UL—l) + va' (16)

vL-1€VL-1

By the induction hypothesis, for all v, 1 € V,_1, go(),,_, can be expressed with (]E) Considering

that o(go(2)v, ,) = v, ,(x,0)g0(x)y, , and replacing go(z),, , by its expression using (13),
becomes

L-2
fe(x)UL = Z vaflﬁvLa’UL71<x79) [( Z LvgWog—v; H Ay, (xae)wvzﬁﬂHl)

v 1€EVL_1 voEVh =1

vp—2€VL_ 2

L—-2 L—-2
+ ( Z bUz H avl/ (1’, a)wvll—mlurl) + va,l
1

1= v EV] U=l

+va

v —2€VL_2

L-2
= E wUL—1—>'ULaUL—1(z79)zvowvo—>vl H Aoy (z78)wvl—>vl+1

vo€Vo =1

vL1€VL_1

L—-2 L—-2
+ Z Z Wy, _y—vr Qo (CE, a)bvl H Ay, (xv o)wvl/ =y,
=1

v EV] U=l

v 1€VL_1

+ ( Z val—wLale(xao)va1> +bUL

vL-1€VL-1

L—1
= E Lyo Wyg—rvq H Gy (1'7 G)wvl—”)lJrl

voEVh =1

vp1€VL_1

L-1 L—1
+ ( Z Z b'“l H vy, (:E’ a)wvl/ —>vl/+1> + bUL)

=1 v EV) U=l

L 1€VE_1

which proves (T3) holds for ReLU networks with L layers. This ends the induction, and we conclude
that (T3) holds for all ReLU networks.

We can now use this expression to prove Proposition[I3] The first sum in (T3)) is taken over all the

paths p = (vg,...,vr—1) € Py, and each summand can be written as
L—1 L-1 L—1

LvoWoo—vy H vy (:U, a)wvlﬂvul = (xvo H Ay ((E,@)) (H w“l‘>”l+1> = ap(x’ a)qspva (9)
=1 =1 1=0
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For all | € [1,L — 1], the inner sum of the double sum in (I3) is taken over all the paths p =
(viy...,v5—1) € Py, and each summand can be written as

L-1 L-1 L—-1
b’UL H a”l’ (Z, e)wvl/—HJZHJ = <H a”Ul/ (l', 0)) (bm H wvl/%vll+1> = O‘p(xa 0)¢p,UL (9)

U=l U=l =l
And finally, we can also write
bUL = Qg (:C’ 0)¢,37UL (9)
Joining all these sums and denoting ¢. ,,, (6) = (¢p,v, (0))per € R”, we have
fo(@)v, = Z Oép((E, 0)¢P,'UL (0) = a(z, 6)¢:,vL (9),
peP
so in other words,

fo(@)" = alz,0)6(0).

We restate here and prove Proposition 2]
Proposition 14. For all n € N*, for all X € R"*", the mapping
ax: RExRE — R»¥P
0 — a(X,0)
appearing in (3)) is piecewise-constant, with a finite number of pieces. Furthermore, the boundary of

each piece has Lebesgue measure zero. We call A x the union of all the boundaries. The set Ax is
closed and has Lebesgue measure zero.

Proof. Let us first notice that for any ¢ € [1,n], forany [ € [1, L — 1],

(@0(@,0) v, € {0,131
takes at most 21T Ni—1 distinct values, so the mapping 6 — (a, (2", 6))
constant, with a finite number of pieces.

Leti € [1,n]. Letl € [1,L — 1] and v € V;. Recall the definition of f;_1, as given in Section[2.1}
The function § — a,(z*, #) takes only two values, 1 or 0, and its values are determined by the sign

of '

Z wv’ﬁvfl—l(xl)'u/ +bv (17)

v eV 1

For all v/ € V;_1, the value of f;_;(z*),, depends on #. On a piece P C R¥ x R such that
(a”u (x, 9))1),/ EVLU-UVi_1 is constant, this dependence is polynomial. Thus, on P, the value of
is a polynomial function of 6, and since the coefficient applied to b, is equal to 1, the corresponding
polynomial is non constant. Since the values of a, (2%, §) are determined by the sign of (T7), inside
P, the boundary between {6 € RF x RZ a,(2%,0) = 0} and {0 € RF x RB a,(2%,0) = 1} is
included in the set of # for which (I7) equals 0. This piece of boundary is thus contained in a level
set of a non constant polynomial, whose Lebesgue measure is zero.

vEVLU-.LV,_, 18 piecewise

Since there is a finite number of pieces P, the Lebesgue measure of the boundary between {6 €
RE x RP a,(z%,0) = 0} and {6 € R x RB a,(z,0) = 1}, which is contained in the union of
the boundaries on all the pieces P, is thus equal to 0.

Since this is true for all I € [1,L — 1] and all v € V], the boundary of a piece over which

(av(xi7 9))UGV1U---UVL ) is constant also has Lebesgue measure zero.

Now since, for all 2’, the value of a(z’,0) only depends on (av(2’,0)) .y, ,

and since ax(f) is a matrix whose lines are the vectors a(x?,0), we can conclude that

ax: RExRE — ROXP
0 — «a(X,0)

the boundary of each piece has Lebesgue measure zero.

is piecewise-constant, with a finite number of pieces, and that

A boundary is, by definition, closed. Finally, a finite union of closed sets with Lebesgue measure 0,
as Ax is, is closed and has Lebesgue measure 0. O
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For convenience, we introduce the two following notations. Let [ € [0, L]. For any I’ € [[0,!] and

any path p; = (vp,...,v) € Vi x -+ x V|, we denote
O = { o s =0 (18)
by Hk:l/ Wop,—vp 41 if I/ >1,
where as a classic convention, an empty product is equal to 1. In particular, if [ = 0, for any
pi = (vo) € Vb, we have 8, = 1. For any path p, = (v;,...,vr) € V x --- x V, we denote
L—1
Op, = || worsviss (19)
k=l

with again the convention that an empty product is equal to 1, soif { = L, 6, = 1.

Some attention must be paid to the fact that for any I € [1, L], if we take p; in the case [ = L and p,
in the case | = I, it is possible to have

pi:(vl'7"'>vL):pO7

but in that case we DO NOT have 6, = 0, , since 0,, = by f;ll, Wy, vy, and 0, =
ﬁ;ll, Wy, vy, - We will always denote the paths p; and p, with an ¢ (as in ‘input’) or an o

(as in ‘output’) to clarify which definition is used.

When considering another parameterization € R” x R5, we denote by 6,,, and 6,,, the correspond-
ing objects.

We establish different characterizations of the set S defined in Section 23] that will be useful in the
proofs. As mentioned in Section , the subset of parameters (RE x RE ) \:S is close to the notion
of ‘admissible’ parameter in [39]], but is slightly larger since the condition w,_,, # 0 is replaced by
(We—n, by) # (0,0), for each hidden neuron v.

Proposition 15. Let 0 € RF x RB. The following statements are equivalent.
i) 0¢e (RE X ]RB) \S.

ii) Foralll € [1,L—1] and allv; € V), there existl’ € [0,1], apathp; = (vyr,...,v;) € Virx---xV]
and a path p, = (v, ...,vr) € Vi X -+ x Vi, such that

0p, #0 and 0, #0.

iii) Foralll € [1,L — 1] and all v; € V), there exist ' € [0,1], a pathp = (vyr, ..., v, ..., 0—1) €
Py and vy, € Vi, such that
Gp,v, (0) # 0.

Proof. Let us show successively that ¢) = 4i), 43) = 4i7) and i4i) = 7).
i) — ii) Let 6 € (RF x RP)\S. Let us show ii) holds.

Let ! € [1,L] and v; € V;. To form a path p; satisfying the condition, we follow the proce-
dure:
pi + (v1)
k<1
while £ > 1 and b, = 0 do
Fvp_1 € Vi1, Way,_ v, #0
Pi < (Vk—1,Di)
k+—k—-1
end while
U+ k

The existence of v;_1 in the loop is guaranteed by the fact that # ¢ S and b, = 0 in the condition

of the while loop. In the end, we obtain a path p; = (vy, ..., v;) with either I’ > 0 and b;s # 0, or
" = 0. In both cases, we have by construction

0, # 0.
We do similarly the other way to form a path p, = (v, ...,vy). We follow the procedure:

19



Po (Ul)

k<1

while £t < L — 1do
Elvk-‘-l € Vk+17ka—>vk+1 7é 0
Po < (Do, Vkt1)
k+—k+1

end while

The existence of vx41 in the loop is guaranteed by the fact that 6 ¢ S. In the end, we obtain a path
po = (v, ..., vr) satisfying by construction

0,, # 0.

it) — 4ii) Letl € [1,L — 1] and v; € V. There exist I’ € [0,[], a path p; = (vp,...,v) €
Vi x +-+ x Vyand a path p, = (v, ...,vr) € V; X -+ x Vp, such that

0p, #0 and 6, #0.
Denoting p = (v, ..., v, ...,05-1), Wwe have
bpor (9) = 0p,0p, # 0.

19i) — i) Let us show the contrapositive: let € S, and let us show the statement 4i%) is not true.
Indeed, if § € S, there exist! € [1, L — 1] and v; € V; such that (we_y,, by, ) = (0,0) or wy, e = 0.
Consider a path p = (vpr, ..., vy,...,vr—1) and vy, € V. We have

¢ (0) _ bvl/wvl/—)vl/+1 -~~wvl,1—>vlwvl—>vl+1 "'wUL_1—>’L)L lfl/ Z 1
p,vL if l/ =0
w’t}o%vl e wvl,lﬁvlwvlﬁvl+1 e w’ULfl—)’UL 1 .
If (We—sv;, by, ) = (0,0), either !’ = land b, = 050, ,, (0) = 0,0rl’ < landsince w,, ,_y, =0,
17U 1 p,vL -1 i
we have ¢, ., (6) = 0.

If Wy, e = 0, W, —s0,,, = 050 ¢p o, (0) = 0. Thus ii7) is not satisfied. O

We restate and prove Proposition F]
Proposition 16. For all 0,0 € RE x RE, we have

056 —  ¢(0)=¢(0),

and thus in particular

0~ =  (0) = 9(0).

Proof. Let 0,0 € RE x RE such that § £ 6. There exists a family (A°, ..., AL) € (R*)"0 x - - x
(R*)Vz, with \° = 1y, and AL = 1y, , such that for all [ € [1, L], for all (v;_1,v;) € Vi_1 x Vi, (@)
holds. We consider first a path p = (vo,...,vr—1) € Py and vy, € V1. Using (6)) and the fact that
M), = AL =1, wehave

L Lol AL i
U ~ v ~
Ppv. (0) = val—l_”)l = H )\lﬁwvzf1—>vz = T()L vazfl—wz = ¢p,v. (0).

=1 =1 7"Vi-1 Vo j—1
Similarly, for ! € [1,L — 1] and a path p = (v, ...,v—1) € Py, and for all v, € V},, we have,
using (6) and the fact that \;;, =1,

L L U L

l 7 vy ~ L 7 ~
¢p,UL (9) = bvl H wvl/,l*ﬂ)l/ = )‘vlbvz H l/_ll w”l’—l‘”’t’ = )‘va’Ul H wvllfl—)'ul/
U'=l+1 U=l+1 "Y' -1 I'=l+1

= ¢P7UL (é>
Finally, for p = 5 and vy, € V., we have

¢P7'UL (9) = va = /\gL B'UL = EUL = ¢p7vL (5)
This shows ¢(6) = ¢(f).

For the second implication, we simply use the fact that if § ~ 6, in particular, 6 Z. O
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Corollary 17. The set (R¥ x RP)\S is stable by rescaling equivalence: if § € (RF x RZ)\S,
and § € RE x RP satisfies 6 2 0, then 0 € (RF x RP)\S.

Proof. Let 0 € (R x RP)\S and § € R” x R” such that ¢ ) Proposition shows that
6(0) = ¢(0).

Let! € [1,L] and v € V. Since 6 € (RE X RB) \\S, according to Proposition (15| there exists
" e0,l],apathp = (vyr,...,v,...,v—1) and vy, € Vi, such that ¢, ,,, (6) # 0. We have

Gpoor, (0) = v, (0) # 0,

and since this is true forany [ € [1, L] and v € V], Proposition shows that § € (R” x RF)\S.
O

We restate and prove Proposition [3]

Proposition 18. Forall § € (RF x RB)\S, for all § € RE x RB,
6(0) = 6(0) = 0290,

Proof. Let us choose (\°,...,A\L) € (R*)"0 x ... x (R*)VZ as follows. Foralll € [1,L — 1]
and all v; € V}, since 0 € (RE x RB ) \ S, Proposition |15|shows that there exists a path p,(v;) =
(vi,...,vr) € Vi x --- x V such that 0, (,,,) # 0. Let us define A0 =1y, Al = 1y, and for all
le[1,L—1],

0

l _ Po(v1) )
“ apo (Ul )

The value of )\l a pr10r1 depends on the choice of the path po(vl) but the first of the two following
facts, that we are going to prove, shows it only depends on v;, since in (]2;0[) p; does not depend on

pO(Ul)
* For all I € [0,L], for all v; € V], for any I’ € [0,{] and any p; = (vy,...,v;) €
‘/2, NEEED ‘/h -
Op;, = Ay, Op,; - (20)

* Foralll € [0, L], forall v; € V;, AL # 0.

Indeed, let [ € [0,L] and let us consider I’ € [0,!] and a path p; = (vy,...,v;) € Vi X
- x V. Let Vi41,...,0L € W«H x --- x Vi, such that po(vl) = (’1}17’Ul+1,...,’l)L). Let
p=(vy,...,0,...,v5_1) € Py sothat p; Up,(v;) = pU (v,). We have by hypothesis
9 on (v) = ¢p,vL( ) (bva( )—9 apo(vz)»
thus ~
0 -
9. — po(vz — g ’
p gpo(vl) Op, v p.

which proves the first point. To prove the second point, we simply use Proposition[T3]to consider a
path p; such that 6,,, # 0, and 20) shows that A, # 0.

Let us now prove the rescaling equivalence. Let ! € [1, L], and let (vl,l, v) € Vi_g x Vl. Let us

consider, thanks to Proposition|15} I’ € [0,] — 1] and a path p; = (vy, ..., v 1) 6 Vi x - x Vi1
such that 6,,, # 0. The relation (20) shows we also have 6,,, # 0. Let p, = p; U Using (]215[) with
0, we have

_ g, g 7
epiwvl—l‘)'ul - 917; - )‘vl 017; - )‘vl epiwvl—l‘)'ul'

At the same time, using (20) with 6,,, we have,

VAN
Op; Wo, 0, = )‘vl 10P1w")l 1=
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so combining both equalities, we have

l ~ __ -1
/\vl pi Woy_1—v; = A — epiwvz 1V

Using the fact that 6, # 0 and AL # 0, we finally obtain, for all [ € [1, L] and all (v;—1,v;) €
Viei x Vi
)\l
Wy, _y—vp = 1711 Wy _y—v; -
Vi—1

Foralll € [1, L] and all v; € V,, using 20) with p; = (v;), we obtain
by, = AL, by,
This shows that (6) is satisfied for all (v;—1,v;) € Vi1 x V}, and thus 0 2. O

The following proposition is useful in the proof of Theorem[26and allows to improve identifiability
modulo rescaling into identifiability modulo positive rescaling.

Proposition 19. For all § € (R¥ x RP)\S, there exists ¢ > 0 such that for all 0 € RE x RB,

10— 0lloc <eand 0 26 = 0 ~4.
Proof. Let§ € (R¥ x RP)\S. We define

€ = min ({|wv_”,/|, v—= v € Eand wy_y # O} U {|bv\, v € Band b, # O})

Let 0 € RE x R5 such that ||§ — 0. < ¢ and 6 L 9. To prove 6 ~ 6, we simply have to
prove sign(6) = sign(#). There exists (\°,...,AL) € (R*)Y0 x ... x (R*)VZ, with A = 1y, and
AL =1y, , such that, for all [ € [1, L], for all (v;_1,v;) € Vi—1 x Vj, (6)) holds. Let us show that

sign(f) = sign(f).
Indeed, let ! € [1, L], and let (v,v") € Vi_1 X V}. If wy—y # 0, then since |wy .y — Wy—yer | < €
and by definition € < |wy, .|, we have sign(wy,_,) = sign(wy—, ). Otherwise, if w,_,» = 0, (6)
shows that we have .

Ay

Wy —o! = 7 Wy = 07
AU,

so we still have sign(wy—, ) = sign(Wy—.).

Now let [ € [1,L] and let v € V. Similarly, if b, # 0, we have |b, — l~7v| < e < |b,

, SO
sign(b, ) = sign(b,), and if b, = 0, we have
B by
b’U = )\7,{) = O,
so again sign (b, ) = sign(b,).
This shows sign () = sign(f), so 6 ~ 6. O

C The smooth manifold structure of >7

In this section, we prove Theorem m which is restated as Theorem@ Before doing so, we establish
intermediary results, some of which are evoked in Section@

Let us discuss the cardinal of F defined in Section[3] The set Fj is obtained by removing the edges
of the form v — s% . (v) forv € V3 U---U VL _;. Note that we do not remove the edges of the form
v— 8% (v)forv € V. Foralll € [1, L — 1], there are precisely N; edges of the form (v, s% . (v))
withv € V}, so

[Fo| = [E| = (N1 + -+ + Np1)

=NoNi+--+Np_1Np—Ny—---—Np_1.
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As a consequence, since |B| = N + - - - + N, we have in particular

|Fo| +|B] = NoN1 + -+ NNy =Ny —--- = N1+ Ny +---+ N,
= NoNy+---+ N1 N+ Ny 21

The following proposition is a first step towards Proposition which states that 1/? is a homeomor-
phism.

Proposition 20. Forall 6 € (RE x RB ) \S, the function 1? : Uy — RP*VL is injective.

Proof. Let 7,7 € Uy such that ¢% (1) = we(%g. Let us show 7 = 7. We have ¢(pg(7)) = ¢(pg(7))
and by definition of Uy, po(7) € (RE x R ) \\S, so by Proposition |18 we have the rescaling
equivalence

po(7) % po(7).
By definition of the rescaling equivalence, in its formulation (6)), there exists (A, ..., AL) € (R*)Y0 x
—ox (R*)VE, with A = 1y, and A = 1y, , such that, forall [ € [[1, L], forall (v;_1,v;) € Vi_1 xV,

(\Hy -
{pQ(T)Uzl—M)l = WﬂG(T)UZ—I_MH (22)

by, = AL b,

Letl € [2, L] and letv;_1 € Vi_;. Letv; = s% . (v;_1). According to (22) we have

(A, -
p9<T)vz—1 v = — p9(T)UL—1 v+
T (N -

But since v; = 5%, (v;_1) and v;_1 € Vi_; withl —1 € [1,L — 1], we have v;_; — v; € E\Fj,
so by definition of pg in (9),
pa(T)Ul—l—”Jl = Wy _y—v = pa(%)vl—l—nﬁ # 0,

(Ao
(1) L =1

Vi—-1

SO

We have shown that for all [ € [2, L], for all v;_; € V;_1, there exists v; € V} such that
()\lil)vl—l = ()‘l)m-
As a consequence, if [ is such that A= 1y, then AL = 1y, ,.
Starting from A\Y = 1y, , this shows by induction that for all [ € [1, L],
AN=1y,.
By hypothesis we also have A\° = 1y;. Using (22), this shows that
po(T) = po(7).
The injectivity of pg allows us to conclude that
T=T.
O
The following proposition shows, as mentioned in Section that )% is a homeomorphism. This is a
necessary step to prove that (Vg, (¥%) ™ )gere «re)\ s is an atlas of 7.
Proposition 21. Forall 6 € (]RE x RB ) \S, ¥ is a homeomorphism from Uy onto its image V.
Proof. We already know from Proposition [20| that /¢ is injective, so we need to prove that v’ is

continuous and its inverse is continuous. The function pyg is affine and ¢ is a polynomial function, so
the function 1) = ¢ o py is a polynomial function, and in particular it is continuous.

To prove that (1/?)~! is continuous, we consider a sequence (7,,) taking values in Uy and 7 € Uy
such that 1/?(7,,) — ¢?(7), and we want to show that 7,, — 7.
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Let us first show that for all v € B, (7,), — 7. Indeed, let! € [1, L] and let v; € V], so that v; is
an arbitrary element of B. Let us define vy = 5%, (v;), then vy o = 5% . (v;41) and so on up to
vy, = 8% (vp_1). Since forall I’ € [I,L — 1], vy 11 = 8%, (vir), by definition of Fy and py (see
() and (9)), we have

Po (T")UL’_’ULUA = wvl/ =V (23)
and

Po (T)vl/—wlurl = Wy —vp - (24)
0

max?

In particular, since § ¢ S, for all I € [I, L — 1] we have w,,, o # 0, so by definition of s
Woy —vy 4, # 0. We thus have

Wy vppq -+ Wop vy, 7 0. (25)
If we denote p = (v;, ..., vr_1), we have, using the definition of ¢ and 23),

[
pvL (1) = (Tn)vzwvz%vzﬂ s Wyp vy,

and using (24),
6
DL (T) = (T)vzwvl—>w+1 co e Wy —vp,-

Using (25) and the fact that
¥ (1) = (1),
we conclude that
(Tn)w, = Tuy-

Let us now prove that for all (v,v") € FE, (7, )y — To—w - Let us show by inductionon ! € [[1, L]
the following hypothesis

VI’ € [[17 l]], v(vvvl) € (Vl’—l X V’) N Fy, (Tn)’l}—ﬂ}/ — Ty’ (Hy)
Initialization. Let (vo,v1) € (Vo x Vi) N Fy. We define vy = 5%, (v1), then we define vz =
% .x(v2),and soonup to vy, = 8% (vr_1). Letp = (vg,...,v_1) € P.

As above, using the definition of py, Fy and ¢, we have

g,m (Tn) = (Tn)vo%vlwm%vz <o Wy —vp

and

0 _

P,V (T) = (T)vg—wlwvl—wQ ce Wy v
and since 6 ¢ S, we also have , as above,

wU1—>'U2 s w’UL,1—>’UL # 0 (26)

Since
¥ (1) — 97 (7)
we conclude using (26) that
(Tn)'uo—)vl — Tyg—vy -
‘We have shown H;.

Induction step. Let [ € [2, L] and let us assume that H;_; holds.

Let (v;_1,v;) € (Vi1 x V}) N Fp. We define vy = 52 . (v1),vi22 = s% . (vi11), and so on up to
vy, = 8% . (vr_1). Let us denote p, = (vy, ..., vy ). Recalling the notation defined in (T9), we have

p9(Tn)Po = Wyy—vpqq -+ - Wop_1—vp = p9(7_)po 7£ 0. 27

At the same time, since 7 € Uy, Proposition shows there exist I’ € [0,I — 1] and a path
i = (’Ul/, co, U2, Ul—l) such that

po(T)p; # 0. (28)
If I’ > 1, we have shown in the first part of the proof that (Tn)vl, — Ty,,- Moreover, whatever the
value of I is, for k € [I,1 — 2], if (v, vg4+1) € E\Fp,

p9(7-7l)vk—>vk+1 = Wyp—vpyer — pe(T)Uk_)Uk'i»l’
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and if (vg, vgy1) € Fy, according to H;_1,

pe(Tn)Uk‘)Uk+1 = (Tn)vkg’karl — Top—vpp1 — pe(T)'UkA)UkJrl'

‘We therefore have

Po(Tn)p: — Po(T)p;, (29)
and in particular, since pg(7),, 7 0, there exists ng € N such that for all n > ny,
o0, # 0. (30)

We can write
dﬁm (Tn) = pG(Tn)pi (Tn)mfl—m pG(Tn)po
and
wg,vl, (T) = pG(T)Pi (T)vz—lﬁvz pe(T)Po’

so using (27), (30) and (29), we have

ZWL (7n) z,q;L (7)
(oo = Po(Tn)p: Po(Tn)p, o (T)p; Po(T)p, — T
We have shown H;, which concludes the induction step.
In particular, H, is satisfied, and finally 7,, — 7.
This shows that 1? is a homeomophism. O

The following lemma is necessary for the proof of Proposition 23]

Lemma 22. Let§ € (R x RP)\S. Let (v,v') € E (tesp. v € B). If wy_,, # 0 (resp. b, # 0),
then there exists ¢ > 0 such that for all § € RP x RE, if () — ¢(0)]|cc < €, then @y, # 0
(resp. by #0).

Proof. Let 0 € (RF x RP)\S and (v,v’) € E such that w,_,,» # 0. Denote I € [0, L — 1] such
that v € V;. If I = 0, we take p; = (v) so that by convention 8,, = 1 # 0, and if [ > 1, we use

Propositionwhich states that there exists I’ € [0, — 1] and a path p; = (vp,...,v—2,v) such
that 0, # 0. Similarly, if | = L — 1, we take p, = (v’) so that by convention ¢,,, = 1 # 0 and if
| < L — 1, we use Proposition 15| which states that there exists a path p, = (v/,v141, ..., vz) such
that 6, # 0. If we denote
(v, v, V42,0, UL—1) ifl=0
p=21 (vp,...,0_1,0,0") ifl=L-1
(Viry ey V=1, 0, v, V42,5 -+ - ,ULfl) otherwise,

we have
Gpv (0) = Op,wy—08p, # 0.

We define € = |¢,.,,, ()] > 0. Forall § € RF x R such that [|¢(0) — $(6)]|oe < € we have

¢P,UL (é) 7é 0.
Since ¢y, (0) = B, Wy 00, , this implies in particular that
wv%v’ 7& 0.
The proof is similar in the case v € B and b, # 0. O

The following proposition, which states that for any 6 € (R¥ x RF)\S, Vy = % (Up) is open with
respect to the topology induced on ¥ by the standard topology of R”*VZ | is necessary to show that
(Vo, ()™ )pe®e xrE)\ s is an atlas of 37

Proposition 23. For any 0 € (RE x RB ) \S, for any T € Uy, there exists € > 0 such that

1 N Boe (4°(7), ) C Vi
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Proof. Let us first construct € and then consider an element of the set on the left of the inclusion and
prove it belongs to Vy. Let 6 € (R® x RP)\Sand 7 € Uy. Foralll € [1,L — 1], forallv € V, by
definition of Fy and ps, we have pp(7)y 50 (1) = Wy_ss6 ()» and since 6 ¢ S, by definition of

max

80 s Weys g0 (v) 7 0, so according to Lemmathere exists €, > 0 such that for all § € RF x RE,

[¢(po(T)) — (b(é)noo <€ = Wy, (v) # 0.

max

Let e = min,ev,u-.uv,_, €v-

Let us now show the inclusion: let § € (R¥ x RP)\S such that [|¢(ps(7)) — ¢(0)||sc < ¢, and
let us show that ¢(0) € Vp. Notice first that for all [ € [1,L — 1] and v € V}, by definition of ¢,
Wy_ys0 () 7# 0and w,_, 0 () # 0. We are going to define 7 € Up such that pg(7) £ 9, so that
using Proposition[16] ¢/ (7) = ¢(f).

Let us define recursively a family (\°, ..., \F) € (R*)"0 x ... x (R*)"Z as follows:

o we define \L' = 1y, ;

e foralll € [1,L — 1], for all v € V}, we define
— MAHI

v s9  (v)"
wq)ﬁsg]ax(v) max( )

A €1y

* we define finally \° = 1y;.

Note that for all [ € [0, L] and for all v € V;, A} # 0. Also note that for all [ € [2, L], for all
v € Vj_1, reformulating @ in a way that will be useful later, we have

Shn(®) _ Woorsn () a2
Av Wy—s8  (v)

We then define 7 € Rf? x RP by:

e foralll € [1, L], for all (v,v") € (V;_1 x V}) N Fy,

- A,
Ty—v’ = rﬁlwv%v’; (33)
e foralll € [1, L], forallv € V], .
7o = ALb,. (34)

Let us show py(7) L 6. Indeed, let I € [1,L] and let (v,v") € Vi1 x V. Ifv € Vyorv €
ViU---UVy_yand v # 5% (v), then by definition (8] of Fp, we have v — v’ € Fy, so using (@)
and (33) we have

pe(%)vﬁv’ = Tyso = /\livllwvﬂv“ (35)

IfveViuU---UVi_yand v’ = s%  (v), then by definition (8) of Fp, we have v — v’ € E\Fy,

and since in that case, [ > 2, using (9) and (32)), we see that

- AL
pQ(T)U—W/ = Wy—o’ = Tilwv—w/- (36)
If v € B, using (9) and (34), we have
p@(%)v - 7:1) - )\i;l;v (37)



Using Corollary , since § € (R x RP)\S and py(7) L 6, we also have py(7) € (RF x RE)\S.

Since, by definition, Uy = p,* (RF x RP)\S), we have 7 € Uy. We have shown

21N Bo(¥7(7),6) C Vg
O
The following proposition is necessary in order to show that (Vp, (1#9)*1)96(]1@5 «RB)\s is an atlas of
.
Proposition 24. For all 6§ € (RE X RB) \S, the function ¢ is O and its differential Dv?(7) is

injective for all T € Uy.

Proof. Let 6 € (R” x RB)\S. First of all, 1’ is a polynomial function as a composition of ¢ and
pe Which are both polynomial functions. So, ¢ is C>°.

In order to show the injectivity of the differential D1)?(7) for all 7 € Uy, let us compute the partial

derivatives of zbg,v . (7). Let p € P and vy, € V.. Using the definition of 1? and ¢, three cases are
possible.

Case 1. The path p is of the form (vg, v1,...,vr—1). We have
w‘g,vL (T) = pe(T)'UOA)'UI s pe(T)vL—l‘)'UL'

Case 2. The path p is of the form (vy, ..., vr—1) withl € [1, L — 1]. We have, for all 7 € Uy,

7
DL (T) = Tvsz(T)Uz%vH-l s pe(T)vL—l‘)'UL'

Case 3. For p = 3, we have, for all T € Uy,
0 _
D,V (T) - T'UL .

) 0
Let (v,v") € Fp, and let us compute Vi (7).

OTy_y !

Case 1. We have p = (v, ...,vr—1) € Po. If {v,v'} C {vo,..., v}, there exists [ € [0, L — 1]
such that (v,v") = (v, v141), in which case, since (v,v") € Fy, pg(T)v;—v41 = To—vi

and
0

Oy ] l
ﬁ(ﬂ = PG(T)vk—wkH' (38)
v—=v kefo,L—-1]
kAl

Otherwise if {v,v'} ¢ {vo,...,vr},
0

9
SRV () = ),

87—11—)1)’

Case 2. We have p = (vy,...,v—1) € P, forl € [1,L — 1]. If {v,v'} C {w,...,v.}, there
exists I’ € [I,L — 1] such that (v,v") = (v, vy 4+1), in which case, since (v,v") € Fp,
pO(T)vL/HvL/_H = Tv“*)'u“_'_l and

ol

. p.,m, (r) = 70, H 0 (T) v —vpsr - (39)
v ke[l,L—1]
kAl
Otherwise if {v,v'} & {v;,..., v},
67’/}5 vL
—PE (1) — ),
aTv—w’ (T)
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Case 3. We have p = . In that case, we have

6
pr,m (r)=0.

aTv—w’

My
Now let v € B, and let us compute —>*% (7).

Case 1. We have p = (vg,...,v_1) € Py and
81/}9 vL
—20L (1) = 0.
0Ty (7)

Case 2. Wehave p = (vy,...,v5—1) € Py forl € [1,L — 1]. If v = v, then

ol
817)" - (T) = H pO(T)vkﬁ'uk_'_l'
v kell,L—1]
Ifl} 7& vr, .
aw vrL

Case 3. We have p = 3 and

82‘”(7)— 1 ifv=ug
0Ty )0 ifv#up.

Now that we know the partial derivatives, let us show Dv? (1) is injective for all 7 € Uy. Let T € Up
and let h € R x R5 such that
DYP(t) - h = 0.

We need to prove that b = 0.

Let us show first that forallv € B, h,, = 0. Letl € [1, L—1], and let v; € V] so that v; is arbitrary in
B\Vy. Let us define v 1 = s, (v1), then v; 1o = % . (v;11), and soonup to vz, = 5%, .. (vr_1).
Let us denote p = (v, ...,vr—1). We have

(%
UL (T) = Tv,wm%vl_u e w'UL—l‘VUL7
SO 0
oY
[D’(/}H(T) ’ h]p,yL = %(Tﬁlvl = wvz—>vl+1 s Wyp 1 —up hvz'
v

Since [DY’(7) -], = 0and Wy, v, - Wy, _y -0, # 0, We conclude that f,, = 0. Now let
v, € V. We consider p = 8 and we have
[DYP(7)-h] = hy,.

p,vL
Since [Dy?(7) - h]p », = 0, we also conclude in that case that h,, = 0.

Let us now show that for all (v,v') € Fy, hyyy = 0. Letl € [1,L] and let (v;_1,v;) €
(Vi—1 x V) N Fy so that (v;_1,v;) is arbitrary in Fy. If [ = 1, we define p; = (v;_1) and we
have by convention #,, = 1 # 0. If [ > 1, using Proposition [13] there exist ' € [0,/ — 1] and

a path p; = (vp,...,v_1) such that pp(7),, # 0. If I < L, we define v = s?, (v;), then
Vo = 80 (viy1),andsoonuptovy, = s? . (vr_1), and we denote p = p; U (v;_1, vy, ..., v1_1).
If { = L, we denote p = p,. Let us show the following expression.
Ny
[DV*(r) . = D0 5 (D, (40)
kel 1-1] kT Vk1

(vk,vE4+1)EFD
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Indeed, if I’ > 1, we have

-1 L—-1

0 _

p,UL (T) - Tvl/ H PQ(T)vkale H ka%vk_'_l;
k=l k=l

with the classical convention that if [ = L, the product on the right is empty thus equal to 1. We thus
have

ol ol
[DV*(7) - h),,,,, = 525 Ohe, + Y 5 (D huesu,
vy k‘E[[l/,l—lﬂ Vg —Vk+1
(Vk,v41)EFs
oy,
= Z S (T)hvk,‘)vk-%—l ’
kel 1—1] Tok—= vk

(vk,vk+1)EF
since we have already shown that h,,, = 0.

If I’ = 0, we have
L-1

-1
g,vL (T) = H p9(7-)?1k—>11k+1 H Wy, —vg419
k=0 k=l

with the same convention that when [ = L the product on the right is equal to 1, so again
0

0
[Dlﬂe(T) : h]p)UL = Z i(’]—)h’uk%vk-%—l'

ke[o,l—1] OTu vt
(vk,vk4+1)EFg

This concludes the proof of (@0).
We can now show by induction the following statement, for [ € [0, L].
vl e [[1,”]7 V(”U,’U/) € (W/_l X ‘/l/) NFy, hy_y =0. (H))

Since [1,0] = @, Hy is trivially true. Now let [ € [1, L] and suppose H;_; is true. We consider
(vi—1,v;) € (Vi1 x Vi) N Fy,and I € [0,1], p; and p just as before. Since for all & € [0, — 2], the
induction hypothesis guarantees that h., _,, , = 0, @0) becomes

od
o =k (T)hwq—wr
p,vL aT’”l—lﬁvl

[Dy? () - h]

Using (38) and (39), we obtain

. h ifl <L
Db ) _ pO(T)pzwvz—)le Wy, —vp o1y
[Dy’(T) h]p,vL {pe(’r)pihvll—”)l ifl= L.

Since pg(7)p, # 0, and for [ < L, Wy, 50y, -+ - Wy, 0, 7 0, we conclude that hy,_, ., = 0 and
that H; holds.

This induction leads to the conclusion that h = 0 and Dv? (7) is injective. O

We are now equipped to prove Theorem [7] which we restate here.
Theorem 25. X! is a smooth manifold of RF*Vt of dimension

|Fo| + |B] = NoN1 + NNy + -+ N1 N + Ng,
and the family (Vy, (we)_l)ge(RExRB)\s is an atlas.

Proof. Our goal is to show that the family (Vj, (we)*l)ge(RE «REY\ s is a smooth atlas, which will
show that X7 is a smooth manifold.

We already know from Proposition 23| that for any § € (R¥ x RP)\S, Vj is an open subset of
Y% and from Proposition 21| that (1))~ is a homeomorphism from Vj onto Uy. Since for any
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Figure 3: The points 7, 7o, 71 and the inverse charts )® and 7,[15.

0 € (RF x RP)\S, 79 € Uy, we have ¢(0) = ¢/?(79) € Vy which shows that (Vp)gere xrE)\ 5
covers 27.

Let 0,0 € (RF x RP)\S, let us show that the transition map

@) o - )T VenVy) = @) (Ve V)

is smooth.

Let 79 € Uy such that 7y € (W0)~1(Vy N V). We are going to show that the function (¢?)~! o 9% is
C*®° in a neighborhood of 7.

For ease of reading, let us denote ’(/Jé(To) by ng. By definition, 19 € Vj N Vj. In particular, since
no € Vi, we can define 7 = (¥%)~1(19). See Figurefor a representation.

Let T = Im Dv?(7y), and let us consider a linear subspace G such that T @ G = RP*Vr, Let
N¢ = |P|Np — |Fy| — |B| = dim(G). Leti : RN¥¢ — @G be linear and invertible. Let us consider
the function

wo: Uy x RNe 5 RPxVL

(r2) — P0(1) +i(x).
We are going to show that there exist an open neighborhood U of (71,0) in (RF? x RF) x RNe

and an open neighborhood V' of 79 in RP*V2 such that @ is a C™ diffeomorphism from U onto V
satisfying

W( (R x RP) x {0}e] n U) =¥nv.
Let us first show that ¢y is a C°°-diffeomorphism from a neighborhood of (71, 0) in (Rf? x RB) x
RNe onto a neighborhood of 79 in RP*VZ. As shown in Proposition [24] ¢ is C* and i is a

linear function, so ¢y is C*°. Let us prove that the differential Dy (71, 0) is injective. For all
(r,2) € (R"* x RP) x RN,

Dy(71,0) - (1,2) = DY (11) - 7 +i(x).
Since Dy (1) -7 € T, i(x) € G, and T and G are in direct sum, if Dg(71,0) - (7,9) = 0, then

we have
DyO(r)-1=0
i(z) = 0.
Since as shown in Proposition Dq/)(’ (71) is injective, and since i is invertible, we have

(r,2) = (0,0).
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Hence, Dyy(71,0) is injective. Since dim((R** x RP) x RN¢) = |Fy| + |B| + N¢ = |P|Ny,
the differential Dyy(71,0) is bijective. Using the inverse function theorem, there exists an open
set U C Uy x RN¢ containing (71,0), an open set V' C RP*VZ containing 79 such that oy is a
C*°-diffeomorphism from U onto V.

We have
@9< [(RF? x RP) x {0}Ne] n U) c VenV.
In fact, if V' is small enough, this inclusion is an equality. We are going to construct open subsets
U CUandV CV sothatitis the case. Let us define
O = {7 €Uy, (1,0) € U}.
Since U is an open set containing (71,0), O is an open set containing 7 = (¢%)~1(n). Since,
according to Proposition 4% is a homeomorphism, /% (O) is an open subset of Vj so there exists

€ > 0 such that
Vo N Boo(n0,€) € 4%(0). 41)

We can now define V =V N By, (10, €), and U = {(7, ) € U, @y(7,x) € V}, which are open sets
such that (71,0) € U, ng € V, and ¢y is a C*°-diffeomorphism from U onto V. Let us show that

<p9< (R x RP) x {0}e] n U) =VNV. (42)

The direct inclusion is immediate: if (7,0) € [(RF* x RP) x {0}¥¢] N U, then
©o(T,0) =0 (1) e Vg N V.

For the reciprocal inclusion, if 7 € Uy is such that ¢?(1) € Vy NV, then by definition of ¢ and V,
@) guarantees, since 1/}9 is injective, that 7 € O. By definition of O, we have (7,0) € U, and since
wo(,0) = (1) e V,

this shows (7, 0) € U. This shows the reciprocal inclusion, and thus @2) holds.

Let us now define
Py: RFe x RBxRNe 5 RFe xRB
(r,2) — T

the restriction to the first component, and let us observe that over Vy N f/ we have

Pyo(pg)t = (47) 7" (43)
Indeed, if 7 € V5 NV, then by @2) there exists 7 € Uy such that (,0) € U and @y (7, 0) = 7. Since
©o(7,0) = (1), this shows that 7 = (¢)?)~1(n) and thus

(¥?) ™ (n) = Pa(7,0) = Py o (g9) " (n).

Now recall that no = z/;é(To). By continuity of 9, there exists ¢ > 0 such that B (10,€') C
(¥?)~1 (Vg N V;) and

V% (Boo(10,€)) C V.
For any 7 € Boo (7o, €'), we have wé(r) eV Qf/ s0, as we just proved with @3), (1Y) "Lo 1/15(7') =
Py o (pg)~" o ¢p?(7). Since the functions ¢, (¢g) " and Py are all C>, we conclude that the
transition map (%) =1 0 9% is C> over B (0, €), forall 7o € (%) ~1(Vp N V). We conclude that
(¥?) =t onp? is C> over (¢0) "1 (Vo N V).
We have showed that (Vp, (/%) ")gere xrE)\ s is @ smooth atlas, and thus that X} is a smooth
submanifold of R”*VZ . As computed in (1)), its dimension is

|Fy| + |B| = NoN1 + N1Na + -+ + N1 N, + Np.
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D Conditions of local identifiability

Let us restate (using Definition[6)) and prove Theorem 8]

Theorem 26. For any X € R"*Y" and § € (R¥ x RP)\(S U Ax), the two following statements
are equivalent.

i) 0 is locally identifiable from X.
ii) There exists € > 0 such that B (6(0),e) N X5 NN (X, 0) = {4(0)}.

Proof.

i) = i) Suppose 7) is satisfied for some €; > 0. We first construct ¢’ > 0 and then consider 7 €
Boo(9(8),€) N X1 N N(X,6), and we prove that 7 = ¢(6). Since 6 € (RF x R)\(SUAx) and

since, according to Proposition Ax is closed, there exists €2 > 0 such that for any 0 € B (8, €2),
a(X,0) = a(X, 0),

; A(X,0) = A(X, ).

Consider ¢ = min(ey, €2). Since, according to Proposition 21} pg o (/%)= is continuous at ¢(6) €
9 (Up), and since pg o (V) ~1(4(0)) = po(19) = 0, there exists €’ > 0 such that for all 7 € Uy,

[0 (T) =)o <€ = llpa(7)=0llcc = llpoo(®?) ™ (¥ (7)) =poo(¥?) " (6(0)) oo aji
Since ¢(0) = ’L/JQ(TQ), Proposition guarantees that, modulo a decrease of ¢, we can assume that

Bso((0),€) NI} C ¢’ (Up). 45)

Now let ) € Boo(¢(0),€') N X5 N N(X,0). Let us prove that n = ¢(60). Using [@3), there exists
7 € Up such that n = ¢%(7). Since ||¢(0) — 1|/ < €, we have using (@4)

196 (7) = Bllcc < €. (46)

Since € < €9, we have
A(X,0) = A(X, po(T)). 47

Since 1?(1) = n € N(X, ), we have by definition of N(X, ) that ¢/ (1) — ¢(6) € Ker A(X,9),
S0

A(X,0) -4 (7) = A(X, 0) - 6(0) (48)
Using successively (3), @7), @8) and (B) again, we have
Foo()(X) = A(X, po(7)) - $(po(7))
= A(X,0) - d(po(7))
= A(X,0) - 6(0)
= fo(X).

Since the hypothesis 7) holds for €1, using (@6) and the fact that € < €, we have
0 ~ po(T).
We conclude using Proposition [T6]that
1n=(po(1)) = &(0),

which shows
Boo(0(0),¢)NETNN(X,0) C {6(0)}-

The converse inclusion trivially holds and therefore i) holds.

32



i) = i) Suppose i) is satisfied for some ¢’ > 0.

We first construct € and prove 4) holds. Since § € (R¥ x RP)\(S U Ax), using Proposition
there exists €; > 0 such that for all § € B (0,€1),

a(X,0) = a(X, ),
i.e. ~

A(X,0) = A(X,0). (49)
Since ¢ is continuous, there exists e > 0 such that

10 =0l <ex = [|6(0) — p(0)]|o < €

Using Proposition[T9] there exists €3 > 0 such that
0L Gand |0 — 0l <3 => 0~0.

Since # ¢ S and S is closed, there exists €, > 0 such that for all § € R” x R, if [|§ — 0]|oc < €4,
then

6¢S.
Let € = min(ey, €2, €3, €4). Let 0 e By (8, €), and suppose
fo(X) = f3(X).

Let us prove that  ~ 6. Reformulating the above equality using (3)) for both sides, and using the
definition of A given in the beginning of Section[d] we have

A(X,0) - ¢(0) = A(X,0) - ¢(0).

Since ||6 — 6]|s0 < € < €1, we have the equality @9) and thus

A(X,0) - 6(0) = A(X,0) - ¢(0).

In other words, ¢(f) — ¢(#) € Ker A(X,0). Since € < €4, ¢(0) € %, Since € < €3, ¢(f) €
By (¢(8), €'). Summarizing,

¢(0) € Boo(¢(0),€) N T NN (X, 0),

and using the hypothesis ii), we conclude that

By Proposition we have 6 Y 5, and since € < €3, we conclude that
0 ~ 0.
O

We are now going to prove Theorems[9]and[T0] which we restate as Theorems [27) and 28] respectively
(using Definition [6)).

Theorem 27 (Necessary condition). Ler X € R"*V0 and 6 € (R¥ x RP)\(SU Ax). If Cy is not
satisfied, then 0 is not locally identifiable from X (thus not globally identifiable).

Theorem 28 (Sufficient condition). Let X € R™*Y° and § € (R¥ x RP)\(SU Ax). If Cg is
satisfied, then 0 is locally identifiable from X.

To prove the theorems, we need to prove first the following lemmas.

Lemma 29. Let us denote by 7' = Im D1’ (74) the direction of the tangent plane to X} at ¢(6). Let
us denote by H the intersection Ker A(X, ) NT. We have

dim(H) = |Fy| + |B| — Rr. (50)
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Proof. Letn € T. There exists h € R x RE such that n = Dvy)?(r4) - h. We have the following
equivalence:
neKerA(X,0) < A(X,0)-n =0

—  A(X,0)oDy(m9)-h = 0
— I(X,0)-h =0
<— heKerI(X,0).
This shows that D% (75) "} (Ker A(X,0) N T) = Ker ['(X, ) C RFe x R,
Since D1?(74) is injective, we thus have

dim(H) = dim(Ker (X, 0)) = |Fp| + |B| — Rr.

Lemma 30. Let G be a supplementary subspace of Ker A(X, ) such that
Hao G =KerA(X,0). (51

If Rr = R4, there exist an open set O C Uy x G containing (79, 0) and an open set V ¢ RP*Vz
containing ¢ () such that
&: o — VvV
(1,9) +— ¢%(1)+yg
is a diffeomorphism from O onto V.

Proof. Let us first show that
TadG=RP*E, (52)

Indeed, since Ker A(X,0) = H @ G and T N Ker A(X,0) = H, we have T NG = {0}. We of
course have
ToGcRPXVE, (53)

Let us show that dim(G) = dim(R7*V2) — dim(T). First note that we have
dim(Ker A(X, 0)) = dim(R”*"%) — rank(A(X,0)) = |P|NL — Ra. (54)
Using (51)) and (34), we have

dim(G) = dim(Ker A(X, 0)) — dim(H)
= |P|NL — Ra — dim(H).

Using (50) and the hypothesis Rr = R4 we thus have

dlm(G) = |P|NL — Ra+ Rr — |F9| — |B|
= |PINL — |Fy| — |B|
= |P|NL — dim(T),
where the last equality comes from the injectivity of D1?(75), shown in Proposition Together
with (33), this proves (32).

Let us now consider the function

£: UyxG —s RP
(r.9) — (1) +g.

For all (h, g) € (Rf* x RP) x G, we have

DE(79,0) - (b, g) = DY’ (19)h + g.
The differential DE(7p, 0) is injective. Indeed, if
DE(79,0) - (h, g) = 0,
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then since D? (79)h € T and g € G, we have

Dy?(1)h =0

9=0,
and since D% (7y) is injective, h = 0 and D&(7y, 0) is injective. Since, using (52),

dim(R** x R®) + dim(G) = |P| Ny,

D¢(7p,0) is bijective.
We can thus apply the inverse function theorem: there exists an open set O C Uy x G containing
(79,0), an open set V C RP*VE containing ¢(6) such that ¢ is a diffeomorphism from O into V. O

We can now prove the theorems.

Proof of Theorem[27] If Cy is not satisfied, then we have Rp = R4 < |Fp| + |B|. We can thus
apply Lemma|30} there exist an open set O C Uy x G containing (7, 0) and an open set V C RP*Vz
containing ¢ () such that
¢ O — VvV

(r.9) — ¥(r)+g
is a diffeomorphism from O onto V.
Consider € > 0. We define the open set O = O N (7)1 (B(4(6), €) x G and its image V = £(O).
Using the computation of dim(H') shown in Lemma we have

dim(H) = |Fyl + | B - B > 0,

so there exists a nonzero w € H such that $(0) +w € V. Since ¢ induces a diffeomorphism from O
onto V, there exists (7, g) € O such that

$(0) +w=9"(r) +g
ie.

(1) — ¢(0) = w —g. (55)

Let us denote § = po(7) and let us show that Theorem ii) does not hold. By definition, (b(é) =
¥?(7) and since (7, 9) € O, ||¢(0) — ¢(0)]|oo < €. Since HNG = {0}, w € H,g € G and w # 0,
(53) shows that

6(0) — #(60) # 0.
Furthermore, since w € H C Ker A(X,6) and g € G C Ker A(X, 6), (53) shows that
$(0) — ¢(0) € Ker A(X,0),

SO
¢(0) € N(X,0).

Summarizing, for any € > 0 there exists § € (RE x RP)\S such that d(0) € Boo((8), ) NTiN
N(X,0)\{4(0)}. The second item of Theorem 26]does not hold. Since it is equivalent, the first item
of Theorem [26] does not hold either. In other words, the conclusion of Theorem [27] holds. O

Proof of Theorem[28] Suppose that C's is satisfied. Using Lemma [29]and using C's, we obtain
dim(T NKer A(X,0)) = |Fy| + |B| — Rr = 0.

We thus have
T NnKer A(X,0) = {0}. (56)

In order to apply Theorem [26] let us show by contradiction that there exists ¢ > 0 such that
Boo(¢(6),€) NE1 N N(X,0) = {$(0)}. (57)
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More precisely, we suppose that for all n € N*, there exists ¢,, € N(X,6) N X7 such that ¢,, # ¢(0)
and [|¢(6) — ¢nlloc < = and prove that it leads to 7' N Ker A(X, 6) # {0}, which contradicts (56).

Using Proposition there exists ng € N* such that for all n > ng, there exists 7,, € Uy such that
én = V(7). Since 1 is a homeomorphism and 1% (75) = $(6),

bn — H(0)

implies that
Tn — T6-

Moreover, for all n > ng, 7, # Ty.

When n tends to infinity, we can thus write

On = 0(0) = ¥ (10) = V7 (70) = DY’ (79) - (7o = 70) + 070 = 70)-
Let us apply A(X, ) and divide by ||7,, — 79|

! 0 Tn — To 1
[ — . n— — s o . A X’g = )
g ACE O 0um0(6) = 4G 000D ) (P2 ) ACK o s
Since ¢,, € N (X, ) for all n € N*,
1
A0 (60— 0(0)

Since H;"::Z I belongs to the unit sphere, we can extract a subsequence that converges to a limit h

with norm equal to 1. Taking the limit in according to this subsequence, we obtain
0= A(X,0) o DY’(r9) - h,

which shows that D% (14) - h € Ker A(X, 6). Since h # 0 and Dv?(7y) is injective, D1\ (19)h # 0
and

T nKer A(X,0) # {0}.
This is in contradiction with (56).

We have proven (57). We can now conclude thanks to Lemma[26} there exists ¢’ > 0 such that for
any 0 € RE x RB,if |0 — 0| < €, then

Jo(X) = f(X) = 0~0.

E Checking the conditions numerically

We restate and prove Proposition [I2]
Proposition 31. Let X € R™*Y0 and § € RF x RB. We have

R4 = Nprank (a(X,0)).

Proof. Letn € RP*VL, We have
A(X,0) -n=a(X,0)n.

If we denote by n',...,7"t € R” the Ny columns of 7, the columns of A(X,#) - n are
a(X,0)nt, ..., a(X,0)nNe. If we consider the matrix 7 as a family of Ny, vectors of R” and
the matrix A(X, @) - as a family of N, vectors of R, the operator A(X, #) can then be equivalently
described as

A(X,0) : (RPN — (RN
(™) = (a(X, 0" (X, 0)nNE).
The rank of such an operator is N, rank(«(X, 6)). O
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We restate and prove Proposition[T1]
Proposition 32. Let X € R"™*Y0 and § € (R x RP)\(S U Ax). The function

Uy — R™* VL
T fpg (1) (X)
is differentiable in a neighborhood of 9, and we denote by D f,, -,y (X) its differential at T9. We

have
DTfpe(Te)(X) = F(Xa 0) (59)

Proof. Using (B) at pg(7) and the definition of 1/ in (TT]), we have

fpe(T)(X) = A(Xa 0) ’ 7/}9(7—)'
Taking the differential of
Uy —> R*VL
T fpe (1) (X)
at 79, and using (I3), we obtain

DTfPe(TQ)(X) = A(Xa 0) o D¢0(TG) = F(X79)
L]

To finish with, the following proposition gives explicit expressions of the coefficients of I'( X, 6).
These expressions are given for the sake of theoretical completeness. Note that when it comes to com-
puting I'(X, #) in practice (in order to compute Rr), the correct approach is using backpropagation
as described in Section [B]rather than evaluating the expressions in Proposition 33 which involve sums
with very large numbers of summands.

Proposition 33. If we decompose it in the canonical bases of RTe x RP and RILn1> Ve I'X,0)
isa (nNr) x (|Fy| + |B|) matrix. For lighter notations, let us drop the dependency in (X, 0) and
denote by """ the lines of I'(X, 0), for i € [1,n] and vy € Vi, which satisfy (yhvr)T € RFe x RB,

For any (i,vr) € [1,n] x Vi, let us express the coefficients of vV, i.e. express ’yf}’l”_ﬁvlﬂ for any

v — v41 € Fy and express 'yf;l”L for any v; € B.

* Foranyl € [0, L — 1] and any (v, vi41) € Vi X V41 such that v; — v € Fp,

1,0 _ i — i i
’Y'U)l%’vl+1 - § Lo Wog—v1 oy (.’E ,9) H Aoy, (:L’ 79)ka‘>vk+l
o€V 13’2%4’1
v_1EVioy
Vi42€EVi4o

vL_1EVL_1

L
+> Y byan@ ) I an@ 0wy, (60)

V=1 wyeVy V<k<L—1
=
vi_1€Vi_1
vi4+2€Vi42

vL_1€VL_1

where Wy, sy, = Wyy—yp, and Gy, (z*,0) = ay,(x',0) except when | = 0 in which case
Wyy—v, = 1 and @y, (z",0) = 1.

e Foranyl € [1, L] and any v; € V},

vrr= > I an @ 0w, 1)

V1€V I<k<L-1

v 1€VL 1
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Proof. Let (i,vr) € [1,n] x VL.
Let us compute 'y;l”_LmHI, forl € [0,L — 1] and (v;, v;41) € Vi X Vj41 such that v; — v;41 € Fp.
Voo, 15 the coefficient corresponding to the line (4, vz, ) and the column (v; — v;41) of T(X, 6).

Let us denote by h¥t~vi+1 € R¥e x RB the vector whose component indexed by v; — vy 1 is equal
to 1 and whose other components are zero. Let us denote by d”*¥t € R"*VZ the element whose
component indexed by (7, vr,) is equal to 1 and whose other components are zero. Let us denote by
(-, -)gnxv, the scalar product of the euclidean space R™*VZ. We have

Voo, = (A7, T(X,0) - U700 )L,
= (d""" , A(X,0) 0 DY’ (79) - B" 7V )y,

(4
- <d R P <Te>>
R»XVL

8T11l—)1)1+1
. PG
= <d“’L ; Oé(X>9)w(Te)>
aTvlﬂvz+1 RPXVL
ol

- {o&x, e)aw)} ,

Tvl~>m+1 i,’UL
where (X 0)677(7'9)} denotes the coefficient (é,v;) of the product

v U] iwr
a(X,0) 87’ (1¢). Let us remind the dimensions in this product. For the left factor, re-
1)l—)1/l+

calling the definition given in the beginning of Section@ we have (X, 6) € R"*". Concerning
the right factor, since for any 7 € Uy, we have we (1) € RP*VL  the partial derivative satisfies
o’

g (70) € R7*VL . Hence, the dimension of the product is
o=

_o

6Tvl—>vl+1

(X, 0) (19) € R™*VE,

th

To obtain the coefficient (7, vy,) of this product, we keep the i*" line of the left factor, which is equal

b 0
to a(x%, 6), and the column vy, of the right factor, which is equal to # (19). We thus have
i

Zapx 0) 61’“ (7o)

pe,P 67—’1}]*}1)1_*_1

0
877/’6(7.0) oz, 9)67

i,’UL

a(X,6)

aTU},*}’L}l_'_l aT’U}A)’UZ_*_l

Letp € P.If p = (v, ...,vr) € Py, looking at the case 1 in the proof of Proposition we have

oyl
yUL _
or (TQ) - 1{vlﬂvz+1€P} H Wy, —vgy1-
VI —Vi41 kGHO,L—l]]
e

Recalling the definition of o, (2%, ) in the case p € Py, given in (@), we also have
L1

ap(;vi,e) = xf)o H oy, (xi,ﬁ),
k=1
and thus
G L ,
ap(a’, 9)#(79) = 1{y, 0, €p} Toy H ay,, (2", 0) H (N (7))
VI —V141 k=1 k€|onL*1]]
k£l
Now if p = (vp,...,vp) € Py, forl’ € [1,...,L — 1}, looking at the case 2 in the proof of
Proposition[24] we have
vy
o7 — B (7—9) = 1{Uz—>’UL+1€p} bvy H Wy —vgyr -
VLU kel ,L—1]
k£l
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Recalling the definition of ap(xi, 0) in the case p € Py, given in @), we also have

L—-1
ap(wi79) = H oy, ($i70)7

k=l
and thus
a 0 L—-1
% p,vL _ i
O‘;D(aj ’9)8 (7—9) - 1{vz*>vl+1€p} bvy H avk (‘T ’9) H ka%vk+1'
T”l_H)H»l 1/ /
k=l ke[l',L—1]
k#l

Finally, if p = 3, looking at the case 3 in the proof of Proposition[24] we have

oo,
: T9) =0,
aT’U},%’Ul_Fl( 9)
and thus
(@,0) 2 (1) g
QplT, aTlevH—l Te) = U.

Assembling (62)), (63) and (64), we can sum over all p € P, and obtain

L—-1
1,V _ § % i
WvH_l —v; T l{vl_>'Ul+1 Gp} x’vo H a’vk (fL' ’ 9) H w'Uk V41
pEPo k=1 ke[0,L—1]
p=(vo,...,vL 1) k£l

L—-1

(63)

(64)

L
+ Z Z Livi—svi 1€} bu,, H Qoy, (ml>0) H Wy, —vp41

I'=1 pEP k=1’ kell’',L-1]
p=(vyr,.vr—-1) k#l

which can be reformulated, getting rid of the zero sums when v; — v;41 € p, as

QoL _ Z i i i
'YleHvl - xvowvoﬁvlavz (.’E 70) H a’vk (ZE 79)ka‘>vk+1
vo €V k‘Eﬂl,L*l]]
) k£l

vi_1€Vi_1

vi42€Vi42

vL_1€VL_1

L
+ a"UL (‘fL‘ )H)bvl/ H avk (x 70)w'uk—)'uk+1;
U'=1 wvy€eVy kell’,L—-1]
oy
vi—1€Vi_1
Vi42€ V42
vp1€VL_1
which shows (60).

The proof of (61) is similar to the one of (60).
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