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Abstract

It is considered the problem of localization on the plane of two radioactive sources
by K detectors. Each detector records a realization of inhomogeneous Poisson process
and the intensity function of this process is a sum of a signal arriving from the sources
and the constant Poisson noise of known intensity. The time of the beginning of
emissions of two sources is known and the main problem is the estimation of the
position of the sources. The properties of the MLE and Bayessian estimators are
described in the asymptotics of large signals in three situations of different regularities
of the fronts of the signals: smooth, cusp-type and change-point type.
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1 Introduction

Suppose that there are two radioactive sources and K detectors on the plane. The sources
start emission at known time, which can be taken t = 0 without loss of generality. The
detectors receive Poisson signals with additive noise. The intensity functions of these
processes depend on the positions of the detectors (known) and the positions of the sources
(unknown) and the main problem is the estimation of the positions of the sources. An
example of a possible configuration on the plane of the sources and detectors is given on
the Fig. 1.

The problems of localization of the sources with Poisson, Gaussian or more general
classes of distributions due to their importance are widely studied in engineering literature,
see, e.g., [2], [3], [9], [22], [25], [27], see as well the Handbook [11] and references therein.
Mathematical statements are less known. This work is a continuation of the study initiated



Figure 1: Model of observations. 5;, Sy are positions of the sources and D;,7 = 1,...,5
are positions of the sensors.

in [10] and then developed in [1], [4], [6], [7], [19], where it was always supposed that there
is just one source on the plane. In the works [1], [4], [6], [7], [10] it was supposed that
the moment of beginning of emission 7y is known and the unknown parameter was just a
position of the source. The case where 7y is unknown too and we have to be estimate 7
and position of the source was treated in [1] and [4]. In all works the properties of the MLE
and BE of the position and position and 7y correspondingly are described. Moreover the
properties of the least squares estimators are described too. As the types of the data we
considered the inhomogeneous Poisson processes and diffusion processes. The properties
of the MLE and Bayes estimators are described in the asymptotics of large signals or small
noise.

At the present work we suppose that there are two radioactive sources emitting in-
homogeneous Poisson processes and the emission starts at the (known) moment ¢ = 0.
Therefore there are K detectors and we have to estimate the positions of the sources only.
The properties of estimators as in all preceding works are described with the help of the
Ibragimov-Khasminskii approach (see [14]), which consists in the verification of certain
properties of the normalized likelihood ratio process.

The information about the position of sources is in the time of arriving of the signals
in the detectors. These times depend on the distances between sources and detectors. The
estimators of the positions depend on the estimation of these times and here the form of
the fronts of the arriving signals plays important role. We consider three types of fronts:
smooth, cusp-type and change-point type. In the smooth case the Fisher information ma-
trix is finite and the estimators are asymptotically normal. The cusp-case corresponds to
a front described by a continuous function but the Fisher information does not exists (is
infinite). The Bayesian estimators converge to a random vector defined with the help of
some functionals of fractional Brownian motion. In the change-point case with discon-
tinuous intensities the limit distribution of bayessian estimators is defined with a help of
some Poisson processes. In all cases we discuss the asymptotic efficiency of the proposed
estimators.

Special attention is paid to the condition of identifiability, i.e., to the description of the
admissible configurations of detectors which allow the consistent estimation of the positions



of the sources. It is shown that if all detectors are on the cross then for any two sources it
is possible to define a different couple of sources (twins) which provide the same moments
of arriving in all detectors and therefore the consistent estimation is impossible.

2 Main results

2.1 Model of observations

There are K detectors Dq,...,Dk located on the plane at the (known) points Dy =
(xk,yx), k=1,..., K > 4 and two sources S; and S, at the (unknown) points S; = (29, y7)
and Sy = (23,95). Therefore the unknown parameter is ¥ = (29,95, 23, v5), but it will be
convinient to write it as ¥ = (¢y,...,94) € © and as ¥ = (9, 9?) with obvious nota-
tions. The set © is an open, bounded, convex subset of R*. We suppose that the positions
of the detectors do not coincide and the sources have different positions too. The position
of a source does not coincide with the position of a detector.

The both sources start emission at the moment ¢ = 0. The k-th detector records a
realization X = (X3 (¢),0 <t <T) of the inhomogeneous Poisson process of intensity
function

Mo (0,8) = nSyp (99) +nSop (9,) + 1o, 0<ELT,

where n)\g > 0 is the intensity of the Poisson noise and n.S; (ﬁ(i), t) is the signal recorded
from the i-th source, i = 1,2. We suppose that the recorded signals have the following
structure

Sie (99,1) =2 (t — 7 (99)) Sie ().
Here S;x (t) > 0 is a bounded function and 7 (ﬁ(i)) is the time of arriving of the signal

from the i-th source at the k-th detector, i.e.,

— — o o 1/2 .
Tiw (9) = v Dy = Sill = v (Jow — 25" + g — 93 1) 7, i=1.2,

and v > 0 is the rate of propagation of the signals. The function ¢ (-) describes the front
of the signals. As in our preceding works (see, e.g. [4])we take

S

5 Tio<s<sy + Mpsssy, (1)

¥ (s) =

where the parameter x > 0 describes the regularity of the statistical problem. If k > %,
0 > 0, then we have regular statistical experiment, if x € (0, %),5 > 0 then we have
singularity of cusp type and if kK = 0,0 = 0, then the intensity is discontinuous function
and we have change point model [4]. The examples of these three cases are given on the

Fig. 2, where we put nS;; (t) =2, n\¢=1and a) k=1,b) Kk =1/4, ¢) Kk =0.
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Figure 2: Intensities with three types of fronts of arriving signals

Note that 1 (s) = 0 for s < 0 and therefore for ¢ < 7 (?9(1)) A Tk (19(2)) the intensity
function A\g,, (9,t) = nXg. The functions ¢ (-) in the cases a)-c) we denote as 5 (+), Vs (+)
and v (-) respectively.

According to this form of intensity function all information concerning the position of
the sources is in the moments of arriving 7y (ﬁ(i)) a=1,2k=1,... K.

We are interested by the situation where the errors of estimation are small. In the
problem of localization it is natural to suppose that the registered intensities take large
values. Therefore we study the properties of estimators of the positions in the asymptotics
of large intensities, that is why we introduce in the intensity functions the factor n and the
asymptotic corresponds to the limit n — oo. In the section 3 we explain that the condition
K >4 is a nessesary one for the existence of consistent estimators.

2.2 Maximum likelihood and Bayesian estimators

As the intensity functions Ay, (-) are bounded and separated from zero the measures

Pg"),"z? € O corresponding to the observations X with ¥ € © in the space of realiza-
tions are equivalent and the likelihood ratio function is

The MLE ¥, and BE for quadratic loss function 9, are defined by the usual relations

N K\ K 3 _feﬁpw)L(ﬂ’XK)dﬂ
L (00, X7) =sup L (9, X7) T oy LX)

where p (¢) ¥ € O is distribution a priori of the (random) parameter .
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2.2.1 Smooth fronts

First we consider the regular case in slightly different situation, which can be seen as a
more general. The intensities of the observed processes are supposed to be

Mo (9,1) = nS1p (90,8) + nSay (92),1) + ndg = nXy, (9,1), 0<t<T,
where A\, (0,%) is defined by the last equality and S, (ﬁ(i),t) = Sik (t — Tk (19 Z)))
1,2;k=1,..., K. For the derivatives we have the expressions

Sy (t — 7, (VWY — a9
Lk (8 =7 (90)) S (?9(1))) Tp— ] N (e (19(1))) cos (a1 4)
8'[91 ’ pl k ) )
where py = [|Dy, — Si||, and cos (o 1) = (@ — 25) p. k We denote ||-||, and ||-||, euclidean

norms in R? and R* respectively. Therefore we have as well

85’17]€ (t — Tk (7.9( ))>
0V
Of course, 951 /093 = 0 and 9S1;/094 = 0. Recall the notation ¥ = (19(1),19(2))T and

9V = (91,95) " and 9@ = (Y3,9,)". The similar expressions we have for 0Sa1/0V3 and
6527k/6194:

=v'S], (t— 7 (97)) sin (arp) -

852*; (t — Tk (19(2)))
0v3

05271c (t — Tk (19(2)))
00,

=v 'S, (t— 7 (19(2))) cos (g k) ,

=v 'S, (t— 7 (9?)) sin (asy) .

Introduce the vectors my , = mq (19(1)) = (sin (a1 %) , cos (Ozl,k))T and Mok = Mo (19(2))
— (sin (ag) , cos (asy)) . We have lmikll, = 1,4 = 1,2. We will several times use the

expansion (below ¢, — 0 and u® = (uy, us) ", u® = (ug,uy) ")
() + u0,) = (W) — v mig, u™) g + O (#7) - (3)
For simplicity of exposition we will use the notations 7, = 7 (19(1)) and 7 =

Tk (19(2))

The Fisher information matrix is

K
Ao (0,8) A (0,8)7
4><4 kz:;/ )\k (19 If) dt‘

Here and in the sequel dot means derivative w.r.t. . The elements of this matrix have
the following expressions

K 2
3 Sin(t —11k)" cos® (ap)
I(19)11 = / Vz/\k (19 t) dt7
k=1“TLk !

bt



K 2 .
Sy (t—T1g)" cos (ap ) sin (o )
1(9),, = / nt : : ot
12 ; 1k VQ/\]C (19, t)
K

T3 =

k=1

K Stp (t—T1r) Sy (t — 7o) cos (o x) sin (az k)

I p—
()14 Z /TLWM V2, (0,1) d

k=1

St (t—Tik) Sy (t— Tok) cos (o k) cos (g )
. dt,
lek\/‘l'gyk v )\k (197 t)

The other terms can be written using the same rule.
The regularity conditions are
Conditions Z.

K. The functions Si (s) = 0 for s < 0 and Si(s) > 0 for s >0 for alli = 1,2,k =
1. K.

PRo. The functions S;y (1) € C?,i = 1,2,k =1,..., K. The set © C R* is open, bounded
and convex.

3. The Fisher information matriz is uniformly non degenerate

inf inf e'I(J)e >0,

9€O |le||,=1
where e € R*.
RHy. For any 9y = (19(()1),19(()2)) and any € > 0
K T
inf  inf /0 [Sik (t — k) + Sop (t — Tog)

Y€O ||[9—o||,>
l9—oll,>e £

St = 83) = Sapt —75,)] 7 dt > 0. (4)
where 7)), = Tk(ﬁg))7i =12

It can be shown that if the conditions %) — %3 are fulfilled then the family of measures
(Pgn), v e @> is locally asymptotically normal (LAN) (see Lemma 2.1 in [18]) and therefore
we have Hajek-Le Cam’s lower bound on the risks of all estimators (see, e.g. [14])

lim lim sup nEy ||J, — 19Hi > Ey, [C]7. (~N (071(790)71) (5)

e70 n00 |9 |I<e

The asymptotically efficient estimator is defined as estimator for which there is equality in

(5) for all ¥y € O©. .



Theorem 1. Let the conditions % be fulfilled, then the MLE and BE are consistent,
uniformly on compacts K C © asymptotically normal
ﬁ(én_ﬁ())é<> \/ﬁ<1§n_790>:>C7

the polynomial moments converge: for any p > 0

n2 By, [[0n — dolli = Eoo [Clly, n2Eyy [0 — dolls = Eu, [ICIl5,
the both estimators are asymptotically efficient.
Proof. This theorem is a particular case of Theorems 2.4 and 2.5 in [18] (see as well
[17]). Note that the model of observations with large intensity asymptotics is equivalent
to the model of n independent identically distributed inhomogeneous Poisson process with

n — oo. To verify the condition B4 of the Theorem 2.4 we write: for || — 9|, < € and
sufficiently small € > 0

S [ [VAED = VAT dt = 0= 00) 100 (0= 3) (140 (€)

1 1
> W~ Jo) ' L(9o) (9 — o) = gl - Joll> €L (Do) e = i1 [0 — Dol (6)

Here we used the condition 5.

For || — ||, > ¢

£t - et

>0y /T Ak (9,1) = M (00, 1)]7dt

K T
} CZ/ [Sl,k (t — Tl,k) + S'QJC (t — 7_2,k) — Sl,k (t — Tloyk,) — Sl,k (t — Tlo,k,)}2dt
k=10

> Cyg(e)

Here we used the boundedness of the functions A, (¢,¢) and denoted g (¢) > 0 the left hand
side of (4). Let us denote D (©) = supy jce ||V — ¥[|4. Then we have

[ — I3

> rol| — 9l|? (7
D(@)2 K’QH 0H4 ( )

i/OT [Wk (0,) = /A (%J)Tdt > Cyg(e) = Cyl(e)

The estimates (6) and (7) can be joined in

i/OT [\/)\k (0,t) — v\ (190,t)rdt > k|9 — 9ol (8)
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where kK = k1 A k3. Now B4 follows from (8).

2.2.2 Cusp type fronts

Let us return to the intensity function with cusp type singularity. Suppose that the
observed Poisson processes X® = (X; (1),0<t < T,k=1,...,K) have intensity func-
tions

)\k,n (19, t) = nwﬁ’g (t — Tl,k) Sl,k (t) + mﬂ,w; (t — Tg’k) Sz’k (t) + Tl)\o = n)\k (19, t) s (9)

where k € (O, %) and

t—Tik

s (= Tis) = ‘ ’

| Lpoer ) t iy nsy i=12 k=1 K (10)

An example of intensity function with two cusp type singularities of the Poisson process
recorded by one detector is given on Fig. 3

Figure 3: Intensity with two cusp type singularities

Recall that
o [r0) — o))

= [(wr — 25 = wpn)” + (g — ¥§ —w2en)’]" = [(2k — 23)° + (s — )’
= (1 — uypp, cos (a1 ) — uspp sin (a1 x)) (1 4+ O (¢n)) — p1k
= _<u(1)7 ml,k> on (140 (¢n))

1/2 1/2



and v [Tk(ﬁf)) — Tk(ﬁ((f))] = —(u®, may) on (L4 O (n)).

Introduce the notations

Bix = (u(l) : (mivk,u(")) < 0) , Bix = (u(i) : <mi,k,u(")> > 0) . 1=1,2,
L (u) :fi,k/ [\Hfl( ) s 0 ) —v"‘]I{v>0}] AWy (v)
2, = — S (T (9 % )? 7, = Sa.k(Tk (Vg ())) (1)
5 HAkO?O;Tk( 0 ))l/25+1 52’{)%(190’7%(19 ))V2f$+1
R (1) R
Prp— St (e (U ))1 | Py — S k(71 (0 )>1 (12)
054 M (o, T (85)) 05 Mo, T (85))
Q= / (o —1]" L1y — v"]l{wo}]Q dv (13)
R
2 2 2
. , U5e@n o 2+1
Z() (u) = exp (Z {Fi,k Lik (U(Z)) _ kT {(u( )’ mlk>‘ + )]
i=1
K
Ja uZ (u) du
Zw) =12 = Jre 2
(U) H (k) (U), g fR4 7 (u) du
k=1

Here W, ;. (v),v € R,i = 1,2 are two-sided Wiener processes, i.e., W, (v) = VV:% (v),v >
0 and Wiy (v) = W (=v),v < 0, where W (-) and W, () are independent Wiener
processes.

Conditions € .

%,. The intensities of the observed processes are (9), (10), where the functions S (y) € C*
and are positive.

%5. The configuration of the detectors and the set © are such that all signals from the both
sources arrive at the detectors during the period [0,T.

©s5. The condition Z4 is fulfilled.

We have the following lower bound on the risks of all estimators of the positions of
sources:

lim lim sup nrEy |7, ﬁHi > Ey, [I€]7 . (14)

=0 n—o0 |9 <e
This bound is a particular case of more general bound given in [14], Theorem 1.9.1.

Theorem 2. Let the conditions € be fulfilled. Then the BE 0, of the parameter ¥ is
consistent, uniformly on compacts K C © converges in distribution

naeT <1§n — 190> = £,

9



the moments converge: for any p > 0
. 2p =
Tim 035 B[4, — ][5 = Eo I€]1;,
and BE is asymptotically efficient.

Proof. Let us study the normalized likelihood ratio

L (190 + ugpnaXK)
L (99, XK) 7

Zn (u) = ueU,=(u: Jy+up, €0O),

where @, = n~#. The properties of Z, (+), which we need are described in three lemmas

Lemma 1. The finite dimensional distributions of Z, (+) converge to the finite dimensional
distributions of Z ().

Proof. Put v, = ¥y + upn, 9P = 19 ) 4 ), and 9P = 19(2) +uPyp,. For a fixed u
denote 7, = supgc,<r Ak (Yo, ) | Ak (ﬁu,t) Ak (Yo, t)| and note that v, — 0 as n — oo.
Therefore by Lemma 1.5 in [20] the LR admits the representation

__Z/ )\k ﬁmt 190),\16)(1907 )] dt(1+0(’7n))

Suppose that Tk( ) # Tk( ) Tk(ﬁél)) < Tk(ﬁ(()Q)) and set 27 = Tk(ﬁ( )) + Tk(ﬁ ) Then
the ordinary mtegral we erte as follows

[/l N0,

W)
_ /0 D (9, /\tlz (:90):,;)(190, DI /TT A (ﬂu,At) (:90)7%)(190, O o
o ([ns (£ = 7)) s (2= )] S0 () + A (ﬁu,ﬂo))g
- N (00.1) A
v (By (00.90) + [es (t = 75 02)) = s (1 = 70))] 82 1))
o ( v ( ma)o,) ( )] Saet)
= J1kn (u(l)) + ok (u(2)) (15)

with obvious notations. The function Ay (J,,3Jy) on the interval [0, 7] and the function
By, (94, 399) on the interval |7, T| have bounded derivatives w.r.t. ¥.

10



Suppose that u(Y) € By, then for large n we have Tk(ﬁﬁ)) > Tk(ﬁél)) = 71 and therefore

Tigon (1) = n /T ([%,5 <t — Tk(ﬁg}))> - %ik(?;;)j),k)} Stk (1) + Ag (D, 190)> N

T1,k
2

dt +o(1)

B /T ([Q/Jn,a <t — Tk(&(}))) — s (t — Tl,k)] Sk (t))
A M (00, 1)

1,k

/kaQmﬁGTA%%+TM)um@ﬂ&$w+nwf
=n
0

dt +o(1
>\k (7.90, S + Tl,k:) ( )

n/fm(wm@+v%wmmw%gmﬂﬂsmw+ﬁﬁyu+om
0

>\k (190, S + 7'17].3)

v 1)
0 Sl,k(Tl,k)2 / Hutma ) on SQHdt
625 Nk (Do, Tir) | Jo

T—T1,k . 9
+/ [‘s + v Hu® my ) cpn} - s’"‘] dt| +o(1)
7V_1</U‘(1)761,k:>90n
K 1 c/en
= n@iﬁﬂfik ‘(u(l), m171<;>|2 o [/ v¥do + / [Jo = 1" = v]*dv| +0(1)
0 1
o2rt1 [ o 12
=T [, my )| / [[v = 1]" Tpsyy — v*] 2 do + o (1)
0
2r+1
=T [ mu) [ Q +o(1), (16)
where we changed the variable s = —v~'{u® m; ;) v, used relation np?+1 = 1 and

notation (11),(13).

For the values u® e B2,x we have a similar expression
2r41 [0 . .
Jokm (u(2)) = F;k ‘(u@), 627k>| / UU — 1" Tpyory — v }2 dv+o0(1).
0

If ut) € Bf ;. and u? e BS 1, then the similar calculations lead to the same integrals.

Hence

T Ak (D, t) — A (90, )] " "
/ [ k( ) k ( 0 )] dt = |:Fik ’(U(l), m17k>|2 +1 + F;k ’(u(Z), m?,k)}Z +1:| Qi +o (1> .
0 A (Yo, 1)

Let us suppose that 73 (19(()1) +uMp,) > 7 (1981)). Introduce the centered Poisson process
dmgn (1) = dXg (t) — Mg (U0, t) dt and consider the stochastic integral

g [)‘k,n (791“ t) — )‘k,n (1907 t)]
/0 )\k,n (190’ t) dﬂ'k,n (t)

11



T Ak (Duy t) — Mg (Y0, 1)] T e (0s ) — M (90, )]
- /n . Ak (Do, 1) Amin (£) + /T Ak (90, 1) Ak (8

- [1,k,n (u(l)) + IQ,k,n (u(2)) )

where 27 = 77.3(1979)) + Tk(ﬁ(()l)).

Using the same relations as above we can write for u(!) € Bik

Il,k,n (u(l))

[ e ) ) 9]
0 Ak (190, s+ Tl,k)

S = HuM my 1) on
poalng) [/ A (5 -+ 710)
0

dﬂ'k,n (t) +o0 (1)

- 3 N (Do, T1

T—Tl’k .
+/ “s—l—l/’l(u(l),mlk} gon’ —3"‘} dmen (s +71k)| +0(1)
—v=Hu® my k)on 7 7 7
N c/en 1 ) K
=T /0 [‘v + v u ,ml,k)} ]I{v>—l/*1<u(1>,m1,k>} — v“} AWikn (v)| +0(1)

Here we changed the variable s = vy, used the relation \/ﬁgprH/ > =1 and denoted

T (Vo0 + T k) — Thom (T1k)
\/n@n)\k (790, Tl,k)

This process has the following first two moments: Ey, W, ., (v) =0

Wl,k,n (?}) -

1 1,k +tvPn
EﬂOWLk,n (U)2 = m / )\k (19(), t) dt =wv (1 + o0 (1)) s
n s 11, TLk
1 71,k FU1AV2Pn
Eﬁowl,k,n (Ul) Wl,k‘,n (Ug) = m / )\k: (’190, t) dt = U1 VAN (%) (1 + o0 (1)) .
n s 11, TLk

By the central limit theorem (see, e.g., Theorem 1.2 in [18])

Iikn (U(l)) = fl,k/

0
— fl,k/ [‘U + V_1<u(1)7 ml,k) }’i ]I{v;—y—1<u(l>,m1 k>} — U'V”i| dWik (’U)
0 s

= fl,k I (U(l)) )

C/‘Pn K
[‘U + V_1<u(1)’ mlvk’)‘ H{v}—u*(u(l),muc)} o UFV} dWl’k’n (U)

where Wfr . (v),v > 0 is a standard Wiener process. The similar limit we have for the
integral Iy (u(Q)).
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Suppose that u!) € B, ie., (u) my ) > 0. Then

IZ,k,n (U(l)) = ka/

—v! (u(2)7m2,k>

c/en P
v+ v u mo )| — UK]I{v}O}:| dWa g (v)

— fz,k / [‘U + y_l(u(l), Mo k) |’i - UK]I{@O}} dW;,rk (v)
o u® g )

= Doy Iog (u®),

Therefore we obtained

In Zg (1) = /0 P W) = M 0.0 e gy (g0 d]

Ak (Yo, 1)
T 2
Mg (Vs t) — Mg (Yo, t
_ﬁ/ Ak (P, 1) k(o)]dtJrO(l)
2 0 )\k (190, t)
R F2 2 .
— Flvk Il,k (U(l)) — IJ;QK ’(u(l ,ml,k>|2 !
. 2, Q2 2%+ 1
+ Tk Lok (U(Z)) — 2’]; ‘<U(2), m2,k>|
=In Z(k) (u) .
The Wiener processes Wy ()i = 1,2;k = 1,..., K are independent and this convergence
provides the convergence of one-dimensional distributions
K
Zy (u) = Z (u) =[] Zu (u) . ue R
k=1

The convergence of finite-dimensional distributions can be proved following the same lines,
but we ommite it because it is too cumbersome and does not use new ideas or tools. [

Lemma 2. There exists constant C' > 0 such that for any L > 0

2
Zn (u)l/Q N Zn (u/>1/2

sup Ey, SO (T+L7%) flu— w3 (17)

lu|<L

Proof. By Lemma 1.5 in [18] we have

o, |2, ()2 = 7, ()"

0

K 2
Z/T |:\/)\kn ﬁuat )\kn u’7t:| dt
0

K T
< an / e (Dust) — M (Do, 1))t (18)
—1 0

13



Note that the parts of integrals in (15) containing differentiable functions Ay (¢,,t) and
By (9, t) have estimates like

n/ [Ag (00, 1) — Ap (D, )] At < Cngg? |lu — /|| = Cn =2 |ju — |3 .
0

Therefore, following (16) we obtain the relations

ZK: /T Ak (Vs t) = N (D, 1))t

< O (JJu® — wDF2 4 [ul® — w2 4 On 72w — o)
< C (Il = 132 + Cn 72 flu— o)
< C (1 4 L172;~c) Hu o UIH}LJFQK
O
Lemma 3. There exist ¢, > 0 such that
Pa, (Zr (u) > 7o) < g (19)

Proof. By the same Lemma 1.5 in [18] we have

2k+1 ci“u“Q;g-Q—l

Py, (ZT (u) > e~elulla ) < e TRy Z, (u)'?

c 1 [T 2
= €Xp (E* ||u||421n+1 - 5 Z/O ( /\k,n (191“ t) - )‘ks,n (ﬁuyt)) dt) :
k=1

Using the calculations similar to that of (15) and (16) we obtain for ||, — | < € and
sufficiently small € > 0 the estimate

K T 2
Z/ (\/)\kn (D) = M (ﬂu,t)) dt > e [Jul"
k=10

Consider the case ||¥, — ¥l|, > €. Let us denote

K

T
] o ° 2
g(e)= inf / |:Sl,k: (t—Tig) + Sop (t —Top) — S1i(t — TLk) — Sy i(t — 7’2,1@)} d¢
l9—dolls>e < Jo
and remark that ¢, |lull, < D = supygce |9 — ||, Hence n > D—(2s+1) Hu”i'fﬂ' As

g () > 0 we can write

gilT( mmwmw—vilﬁiﬁfdt

14



K T
cZ/ e (s ) = A (J0, £))% lt
k=1"0
> cng(e) > cg(e) D™D Jul I = ey Jull

Let us denote ¢ = ¢; A ¢y and set ¢, = ¢/3. Then we obtain

K T 2
K 1 K
Sl =33 [ (W,n ut) — A wu,w) at < —e. a2
k=1

]

The properties of the process Z,, (-) established in Lemmas 1-3 allow us to cite Theorem
1.10.2 in [14] and therefore to obtain the properties of BE mentioned in Theorem 2.

]

2.2.3 Change point type fronts.

Suppose that the intensity functions of observed inhomogeneous Poisson processes have
jumps at the moments of arriving of the signals, i.e. the intensities are

/\k,n (19, t) = n]I{t>~rk(19<1))}SLk (t) -+ n]I{t>Tk(19<2>)}Sg7k (t) + n)\o = ’fL)\k (19, t) s (20)

where 0 <t < T, k=1,...,K. As before 9 = (19(1),19(2))T € 0, where 90 = (91,0,)" =
(25,42) " (position of the source S;) and 9@ = (¥5,94) " = (25,43)" (position of the source
82)7

7 — o o 1/2
Tkw( )) =v! [(mk - %)2 + (yx — v )2} = Tik
Introduce the notations

Ao A A |
bix =1 Q) ) Bix = @ . (@) in) <0 192 k=1. K
r=1In (SM CPE: )\0) : &= (u (U, mix) <0), i=1,2 K,

2
Z) (u) = exp (Z [Cik Tl (—I/’1<u("),mi,k>) — (" my ) Sk (Tie)] T, ,
i=1
> ik iy (=MD i) — (@ m ) S (i) JIB;,C> :

Z(U)IHZ(k)(u)v 77:%’

15



Here 2y, (= (u® mir)) =y, (8) e v 1(ul@ my ) » S = 0, where yfy (s) s > 0 s a Poisson

process with unit intensity function. Similarly
.’L',;k (—y*1<u(l), ml,]f)) = yz_’k (—S)S:V_1<u(i)7mi’k> ,S g 0

with another Poisson process y;, (s),s > 0 with unit intensity. All Poisson processes
y;tk (s),s>0,i=1,2;k=1,..., K are independent.

Conditions 9.

D,. The intensities of the observed processes are (20), where the functions S;y (y) € C!
and are positive. The set © C R* is open, bounded and convexz.

Dy. The configuration of the detectors and the set © are such that all signals from the both
sources arrive at the detectors during the period [0,T].

Ds. The condition X, is fulfilled.

The following lower bound

lim lim  sup n’Ey[|d, — 9|7 = Eg, |0l

€0 00 [[9—dg || <e
holds. This bound is another particular case of Theorem 1.9.1 given in [14].

Theorem 3. Let the conditions @ be fulfilled, then the BE ¥, of positions Sy and Sy is
consistent, converges in distribution

n (f@n — 190) =1,
the moments converge: for any p > 0
WP Egy [0 — Dol — Eay[Inll5,
the BE is asymptotically efficient.

Proof. The normalized LR function in this problem is

r (Vo +ntu,t)
InZ, ( dX;, (¢
! Z/ e (U0, 1) + )

- nZ/ [N (90 + 7, t) — Ny (90, 1)] dt.
k=1"0

We have to check once more the conditions of Theorem 1.10.1 in [14] and to prove three
lemmas.

16



Lemma 4. The finite dimensional distributions of Z, (-) uniformly on compacts K C ©
converge to the finite dimensional distributions of Z (-).

Proof. Let us set ¥, = ¥9+n"'u and suppose that ul!) € Bik, u® e By . For n sufficiently
large we have 7y 5 (0,) > 71k (V0), Tox (0) > Tox (Vo) > Tk (Vy), then

T
Ak (191“ t)
In ——-2dX, (t
/0 )\k: (1907 t) k ( )
Tl,k(ﬂu) )\ 7_2,]@(1911‘) )\
= In—"% 4X. (¢ +/ In—"%  dX, (1). 21
/7:1,k(190) Sl,k (t) + o g ( ) 2.1 (90) SQ,k (t) + o k ( ) ( )

and

T 71,k (9u) T2,k (V)
/ D (G, £) — Ao (0, 6)] dt = — / Sy e (t)dt — / Se()dt (22)
0 T T

1,%(J0) 2,k(Y0)

For a fixed v using Taylor expansion we can write (recall that 7, = Ti7k(z9(()i)),z' =1,2)

71,k (Fu) 1 fmk(u) )
/ Sl,k (t) dt = (Tl,k (’l9u) — Tl,k) SLk (7'17]{) + —/ Sl,k (E) dt

Ti,k " Jr 1k (90)

= — () (W, m ) Sip(rig) (140 (n71))

and

TQ,k(ﬂu)
/ Sy (t)dt = — (n’/)_l <U(2)7 Mo k) S2k (Tok) (1 +0 (n_l)) )

Tok

For stochastis integrals the similar expansions provide

Tl,k('ﬂu) )\0
In—%  d4X, (¢
/m Sie () + Ao e ()

n Ao
S1k (Tir) + Ao

=1 [ Xk (116 (V) — X (T16)] (1 + O (nil))

Further
X (11 (90)) — X (110) = X (T — n~ v W, mak)) — Xi (Tie)
+ X (1 (V0)) — Xk (TLk - n_lu_1<u(1), mlﬁk))
= a:;“k (—u_1<u(1), mLk)) +0 (n_1/2) )
Jr

Here z7, (—V‘l(u(l), mig)) = Xy (T — n~ v u), miy)) — Xk (71,) is Poisson random
field and the last estimate was obtained as follows

Eg, (Xp (116 (V) — X (716 — n~ v ul, mi)))

2
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1 1

TLE—N V’1<u<1>,m1,k) TLE—N V’1<u(1>,m17k> 2
= n/ )\k (ﬁo,t) dt+ n/ /\k: (ﬁo,t) dt
71 1 (V) 71,k (Fu)

<

S 3)q

Hence if vV € B, and u® e Ba x

T -1
A (Vo +n"u,t) < Ao ) _
In dX (t) =In ot (= Hu D m
/0 M (U0, 1) O =t g gy ) S ()

Ao
+1 = (— L u®, O (n1)
n (SM (Tox) + )\0> Ty, ( v {u m2k>) (n )

If ut) € B¢ kandu € B3,

T -1
Ae (Do +n"u, t) Stk (T1k) _ 1
1 X =In(1+4+ 22222 _ (1)
/0 N ey WXk = (L = ) (e ()
SQ,k (Tz,k)

+In (1 + ) Ty (1/_1<u(2), m27k>) + 0 (n_l/Z) )
0

Lemma 5. There exists a constant C > 0 such that

2
Eo, | Z0 ()7 = Zo ()7 < Cllu =],

0

Proof. We have (see (18))

sup By,
Y€K

2@ = Zy ) < 3o [ 0 t) = e )

Suppose that 71 (V) > 71k (D), 7ok (V) > Tox (V) > 11 £(9y). Then

2

T
n/o [Sl’k O {rp@,)<t<r i (90) } + 52 (1) ]I{TQ k(P St<T2k (Vu )}} a
71,k () 9 72,k (Ju) 9

1,k (9y) T2,k (0yr)
< Cn (7’1 k(’tg ) — Tl,k(lgu/)) + Cn (7’27].3(191) — 7'27].3(191/))
<O (1 = u )+ 1 = u®, may))
<O (Ju'® = u s + 0’ = u®]ls) < Cll’ = ulls.
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Lemma 6. There exists a constant k > 0 such that
Eﬁozn (u)l/Q < e*’i”u”zl'

Proof. We have

—_
=

2
InEy, Z, (u)"? = —Z/ { Ao (0 t) — Ak,nwo,t)] dt

l\D

= I,

Suppose that 7; 5 (9y) > Tix (Vo) = Tig, T2k > Tk (V) and ||, — J|| < e. Then

T
/ e (Dus t) — Ao (00, 1)) dt
0

T 2
2 Cn/[) [Sl,k ( ) {7'1 ke <t<T1 1 (Vu } + SQ k ( ) ]I{Tg’k;<t<7'2’k(19u)}:| de

Tl,k(ﬁu) 9 TQ,k(ﬁu) 9
2 cn / Sl,k (t) dt + / Szgk (t) dt
T1,k T2,k
>Cn[71k(19) T + Tog (V) — To k]
20[ omag) — (u ()m2k>]
m1 k < mz k>
4

Here —(e, my) > 0 and the vectors are

— a9 7 TR — X5 — Y5
HeH _ 1’ my, = ( 1 Ye — Y1 k 2 Yk yZ’) ’ ”mk”4 -1

V2o T V2o T V20 T V20

_u
lully”

Note that

Indeed, if for some e we have & = 0 then all scalar products (u® m; ;) = 0,i = 1,2;k =
1,..., K but such configuration of detectors is impossible.

Let ||, — Y]], > ¢, then as in the proof of Lemma 3 we obtain the estimate
K 7
Z/ N (D) = A (00, O dE > g (€)= D7 ully = &[Jull, -
k=10
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Therefore

K T 2
S [ [ 08 = o 00| > 2l
k=170

with the corresponding x > 0.
O

Once more the properties of the normalized LR Z, (-) established in the Lemmas 4-6
according to Theorem 1.10.2 in [14] provide us the mentioned in Theorem 3 properties of
BE.

]

3 On identifiability

We consider the situation where K € N* detectors Dy, ..., Dg € R? receive signals from two
sources 51,5, € R%. The two signals received by a detector are identical. We suppose that
the positions (location points) of the detectors are all different, and we make no distinction
between detectors/sources and their positions.

Suppose that the arrival times are registered without errors, and hence (given that the
emission times and the signal propagation speed are known) provide us the distances from
each detector to the two sources (without knowing which distance corresponds to which
source). So, the system will be identifiable (without any further restriction on the positions
of the sources and/or the emission times), if there exist no two different pairs of sources
providing the same K pairs of distances to the detectors.

We introduce the following definition.

Definition 1. We say that n € N* points Ay, ..., A, € R? “lay on a cross”, if there exist
a pair of orthogonal lines €1 and {5 such that A; € (1 Uy forall i=1,...,n.

Now we can formulate the theorem providing a necessary and sufficient condition for
identifiability:.

Theorem 4. A system with K € N* detectors will be identifiable if and only if the detectors
do not lay on a cross.

Before proving this theorem, let us note that at least 4 detectors are necessary for the
system to be identifiable. Indeed, any three detectors D;, Dy, D3 lay on a cross (take, for

example, the line 1Dy and the perpendicular to this line passing by Ds).

Note also that 4 detectors do not lay on a cross if (and only if) they are in general
linear position (any 3 of them are not aligned) and cannot be split in two pairs such that
the lines passing by these pairs are orthogonal.

20



Finally, note that if 5 (or more) detectors are in general linear position, then they
necessarily do not lay on a cross (and hence the system is identifiable). Indeed, if they laid
on a cross, at least one of the lines forming the cross would contain at least three of them,
and so, they would not be in general linear position.

Proof. First we reformulate the theorem in an equivalent way using the contra-positions:
the detectors Dy, ...,Dg lay on a cross if and only if there exist two different pairs of
sources providing the same K pairs of distances to them.

In order to show the necessity, we suppose that the detectors Dy, ..., Dg lay on a cross
formed by a pair of orthogonal line ¢; and /5, and we need to find two different pairs of
sources {51, S2} and {5, 5,} providing the same K pairs of distances to the detectors.

Let us denote O the point of intersection of ¢; and /5, take an arbitrary point S; not
belonging to neither ¢1, nor ¢, and denote S, S, and Sy the points symmetric to S; with
respect to £1, ¢ and O respectively (see Figure 4).

Dy

Figure 4: Non identifiability for detectors laying on a cross

Then, clearly, the pairs of sources {51,52} and {5}, S,} provide the same pair of dis-
tances to any point of a cross, and hence the same K pairs of distances to the detec-
tors Dq,...,Dgk.

Now we turn to the proof of the sufficiency. We suppose that two different pairs
of sources {51,52} and {5],5,} provide the same K pairs of distances to the detec-
tors Dy, ...,Dg, and we need to show that the detectors lay on a cross.

We need to distinguish several cases.

If in one of the two pairs the sources are located at the same point (say S; = Sg), then
at least one of the points S) and S} (say S)) must be different from S; and Sy (see the left
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picture in Figure 5). Then, if our two pairs of sources provide the same pair of distances to
a point D, we should have, in particular, p(D,S;) = p(D,S}), and hence D € bs,g,. Here
and in the sequel, we denote p the Euclidean distance, and for any two distinct points A
and B, we denote byp the perpendicular bisector of the segment AB. Therefore, all the
detectors must belong to the line bs, g (and, in particular, they lay on a cross).

Figure 5: Cases with coinciding sources

So, from now on, we can suppose that S; # S, and S # S5.

Now we consider the case when the two pairs of sources have a point in common
(say 51 = G}). Note that in this case, we must have Sy # S, since otherwise the pairs
of sources will not be different (see the left picture in Figure 5). Then, our two pairs of
sources provide the same pair of distances to a point D if and only if p(D,Ss) = p(D, S5),
which is equivalent to D € bs,s,. Therefore, all the detectors must belong to the line bs,s;
(and, in particular, they lay on a cross).

So, from now on, we can suppose that the points Si, Sy, 5, 5, are all different. In this
case, our two pairs of sources provide the same pair of distances to a point D if and only
if D belongs at the same time either to the pair of lines bs, s and bs,s;, or to the pair of
lines bs, 5, and bs,s; (otherwise speaking, if and only if D € (bs,s; Nbs,s;) U (bs,s; Nbs,er ).
We need again to distinguish several (sub)cases depending on whether the lines in each of
these pairs coincide or not.

First we suppose that bs s # bs,s, and bs,s;, # bs,s; (see the left picture in Figure 6).
Then each of these pairs of lines meet in at most one point. So, all the detectors must
belong to a set consisting of at most two points (and, therefore, there is at most two
detectors and they trivially lay on a cross).
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Figure 6: Cases without coinciding sources

Now we suppose that the lines coincide in one of the pairs, and not in the other
(say bs,sr = bs,s, and bs;s; # bs,sr). Note that in this case, the points 5; and S, as
well as the points S, and S, are symmetric with respect to the line bs,s;, and hence the
lines bs,s, and bs,s; either do not meet, or meet in a point belonging to bs,s; (see the
middle picture in Figure 6). So, finally all the detectors must belong to the line bs, s, (and,
in particular, they lay on a cross).

It remains to consider the case when bs,s1 = bs,s;, and bs,s; = bs,s (see the right picture
in Figure 6). In this case, as the segments 5;5] and S,S5, have a common perpendicular
bisector, they must, in particular, be parallel (including the case where they lay on a same
line). The same reasoning applies to the segments $;5) and 5,5). Now, the case when the
points 51,5, Sy, 5 lay on a same line is impossible, since these points being all different, we
clearly can not have common perpendicular bisectors at the same time for 5,5, and S,5)
and for TS’Q and S5,5;. Thus, 5,5/ 5,5, is a parallelogram. Moreover, as its opposite
sides have common perpendicular bisectors, 5;5]5,5), is necessarily a rectangle. But in
this case, the perpendicular bisectors bs,s; and bs,s, are orthogonal. Hence, as all the
detectors belong to bs,s U bs, sy, they lay again on a cross. ]

4 Discussions

The considered models in the cases of cusp and change point singularities can be easily
generalized to the models with signals S; ; (t — 7 (¢)). The proofs will be more cumbersome
but the rates and limit distributions of the studied estimators will be the same.

Remark that the same mathematical models are used in applications related with the
detection of the weak optical signals from two sources.
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Of course, it will be interesting to see the conditions of identifiability in the situation
where the beginning of the emissions of these sources are unknown and have to be estimated

together with the positions. In the case of one source such problem was discussed in the
work [4].

All useful information about the position of sources according to the statements of this
work is contained in the times of arriving of the signals 7 (), 704 (V) , bk =1,..., K. It
is possible to study another statement of the problem supposing that these moments are
estimated separately by observations X, = X (¢),0 < t < T for each k, say, Tipn =
Tikn (Xg) and then the positions of sources are estimated on the base of the obtained
estimators,7; k. ,,7 = 1,2;k = 1,..., K. Such approach was considered in the works [4] and
7], see as well [20].

Note that in the works on Poisson source localization sometimes the intensities of
Poisson processes are taken in the form

)\k (19,t) = F(pk (19)) Sk (t)"’)\(], 0 <t <T,

where F'(-) is a known strictly decreasing function of the distance p; between the source
and the k-th detektor. The developed in the present work approach (smooth case) can be
applied for such models too because here all useful information is contained in the distances
P (V).
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