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¢-FEM for the heat equation: optimal convergence on
unfitted meshes in space

Michel Duprez*and Vanessa Llerasfand Alexei Lozinskifand Killian Vuillemot$

March 21, 2023

Abstract

Thanks to a finite element method, we solve numerically parabolic partial differential
equations on complex domains by avoiding the mesh generation, using a regular background
mesh, not fitting the domain and its real boundary exactly. Our technique follows the ¢-
FEM paradigm, which supposes that the domain is given by a level-set function. In this
paper, we prove a priori error estimates in I*(H') and 1°°(L?) norms for an implicit Euler
discretization in time. We give numerical illustrations to highlight the performances of
¢-FEM, which combines optimal convergence accuracy, easy implementation process and
fastness.

1 Introduction

The classical finite element method for elliptic and parabolic problems (see e.g. [1]) needs a
computational mesh fitting the boundary of the physical domain. In some applications in en-
gineering or bio-mechanics, the construction of such meshes may be very time-consuming or
even impossible. Alternative approaches, such as Fictitious Domain [2] or Immersed Boundary
Methods (IBM) (see e.g. [3] for a review), can work on unfitted meshes but are usually not very
precise. More recent variants, such as CittFEM [4], demonstrate optimal convergence orders
but are less straightforward to implement than the original IBM. In particular, CutFEM needs
special quadrature rules on the cells cut by the boundary. Finally, we can also mention the
Shifted Boundary Method [5] that avoids the non-trivial integration by introducing a boundary
correction based on a Taylor expansion.

A new Finite Element Method on unfitted meshes, named ¢-FEM, combining the optimal
convergence and the ease of implementation, was recently proposed in [6, 7]. Initially developed
for stationary elliptic PDEs, it has been extended in [8] to a broader class of equations, including
the time-dependent parabolic problems, without any theoretical analysis. The goal of the present
note is to provide such an analysis in the case of the Heat-Dirichlet problem

du—Au=finQx(0,T), u=00nT x(0,7), uy—o=u’inQ, (1)
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where T > 0, Q C R%, d = 2,3 is a bounded domain with a smooth boundary I' given by a
level-set function on R

Q:={p<0} and T:={p=0}. (2)

(Note that some FEM on unfitted meshes have been developed for such problems for example,
in [9, 10]).

For the discretization in time, we use the implicit Euler scheme. The Dirichlet boundary
conditions are imposed via a product with the level-set function ¢. An appropriate stabilization
is introduced to the finite element discretization to obtain well-posed problems. A somewhat
unexpected feature of this stabilization is that it works under the constraint on the steps in time
and space of the type At > ch?. This does not affect the practical interest of the scheme since it
is normally intended to be used in the regime At ~ h. We shall provide a priori error estimates
for this scheme in [2(H') norms of similar orders as for the standard FEM, cf. [1]. We also study
the [°°(L?) convergence and prove a slightly suboptimal theoretical bound for it, while it turns
out to be optimal numerically.

2 Definitions, assumptions, description of the scheme and
the main result.

We assume that € lies inside a box O C R¢ and that  and T' are given by (2). The box O
is covered by a simple quasi-uniform simplicial (typically Cartesian) background mesh denoted
by T,°. We introduce the active computational mesh 7, := {T € 7,2 : TN {¢ <0} #0} on
Qp, = (Urer, T)?, the subdomain of O composed of mesh cells intersecting €, cf. Fig. 1 (right).
Here, ¢y, is a piecewise polynomial interpolation of ¢ in finite element space of degree | € N*
on ’7;Lo. We shall also need a submesh T,I', containing the elements of 7; that are cut by
the approximate boundary ', := {¢, = 0}: T, = {T € T, : TNT, # 0}. Finally, we
denote by F} the set of the internal facets E of mesh 7, belonging to the cells of the set 7!,
Fi = {F (internal facet of 7) such that 37 € T, : TNT}, # Qand E € 9T}.

Introduce a uniform partition of [0,7] into time steps 0 = tg < t; < ... < ty = T with
t, = nAt. The basic idea of ¢-FEM is to introduce the new unknown w = w(z,t) and to set
u = ¢w so that the Dirichlet condition v = 0 is automatically satisfied on I" since ¢ vanishes
there. Using an implicit Euler scheme to discretize (1) in time and denoting f™(:) = f(,t,), we
get the following discretization in time: given u™ = ¢w” find u**! = pw"*! such that

¢wn+1 _ ¢wn

o = At = 3)

To discretize in space, we introduce the finite element space of degree k on €,
VI = {o, € HY() : vplr € Po(T), VT € Th},

for some k > 1. Supposing that f and u® are actually well defined on €2, (rather than on
Q only), we can finally introduce the ¢-FEM scheme for (1) as follows: find w)™ € Vh(k),



n=20,1,...,N — 1 such that for all vy th(k)

n+1
o, d)hAt hvh+/ V(onwy*t) - V(gnvn) — - 86 (Grw+ ) dnun
n+1 n+1
+oh Z / { ¢hw } { (Q;;;lvh} oh? Z / <¢hw A(fbhwﬁﬂ)) Alénon)
EeF, KeTF
- /Qh < +fn+1) pron — oh® KZFF/ <At +fn+1) Alppvn)  (4)

with v} = ¢pw] for n > 1 and uf) € V}Ek) an interpolant of u°

. Moreover, ¢y, is the piecewise
polynomial interpolation of ¢ in Vh(l), with [ > k. This scheme contains two stabilization terms:
the ghost stabilization (the sum on the facets in F}) as in [11], and a least-square stabilization

(the terms multiplied by oh?) that reinforces (3) on the cells of 7;F.

Remark 1. Our approach can be easily generalized to mon-homogeneous Dirichlet boundary
conditions u = up on I' x (0,T). We can pose then u}} = ¢pwy + Ipug(-,ty,) where ug is some
lifting of up from T to Qp, and I, stands for a finite element interpolation to V . Scheme (4)

should then be modified accordingly, replacing (bhw"“ by ¢hw”+1 + ITnug(-, n+1) which results
in some additional terms on the right-hand side.

We recall from [6] the assumptions on the domain and on the mesh required in the theoretical
study of the convergence of the ¢-FEM scheme. These assumptions are satisfied if the boundary
T" is regular enough and the mesh 7}, is fine enough.

Assumption 1. The boundary I' can be covered by open sets O;, i =1,...,1 on which ones we
can introduce local coordinates &1,...,&q with &4 = ¢ and such that, up to order k + 1, all the
partial derivatives 0%E; /0z® and 0x® /0%, are bounded by a constant Cy > 0. Thus, on O, ¢ is
of class C**1 and there exists m > 0 such that on O\ U1, 10y, || = m.

Assumption 2. The approzimate boundary T'y, = {¢pn = 0} can be covered by element patches
{g}r=1,.. Ny Such that :

e Each patch 11, can be written 11, = IIL U T, with TIL C 7? and T, € Tp, \ 7?. Moreover
II,. contains less than M elements and these elements are connected;

L4 EF = Ur:l,...,NnH}:;
e Two patches 11, and 11 are disjoint if r # s.

Theorem 1. Assume Q C Qp, | > k, Assumption 1-2, f € HY(0,T; H*=1(Q,)) and u €
H2(0,T; H*=1(2)) being the exact solution to (1), u"(-) = u(-,t,) and w} be the solution to (4)
forn=1,...,N. For o large enough, there exist c,C > 0 depending only on the regularity of
mesh Tp, and on the constants of Ass. 1-2 (with C also depending on T'), such that if At > ch?
then

1
2

N
<Z Atfu" — ¢hw2%11(9)> < Cllu’ = |l 2o
n=0

+ C(h* + At) (l[ull 20,7 1101 02y + 1f 1 0,151 (2 )))



and
" — 2l 2oy < 0 _ 4012
133“5]\,”“ drwy | z2(0) < Cllu” — upll 22,
1
+ C(hk+2 + At) (Hu||H2(O,T;H1"’_1(Q)) + ||fHH1(07T;Hk’_1(Qh))) .
Remark 2.

o [f k =1, the norms on the right hand side of the estimates above can be replaced by the
norm of f alone in H*(0,T; L*(Q,)). Indeed, recalling Q C Qp, this assumption on f
implies w € H?(0,T; L*(Q)) N HY(0,T; H*(Y)), see e.g. [12, Theorems 5 and 6, Chapter
7.1]. On the other hand, imposing such regularity on u over Q, would not suffice to control
the extension of [ outside of 2, so that the reqularity of f on Qj should be postulated any
way. This contrasts with the usual a priori estimates for standard FEM (see e.g. [1]).

o Ifk>1, we need to suppose the reqularity of both u and f as stated above.

In the rest of the paper, the letter C, eventually with subscripts, will stand for various
constants depending on the mesh regularity, the constants from Ass. 1-2, and also on T' (when
specifically mentioned). Before the proof of Theorem 1, we recall some results from [6] about
¢-FEM for the Poisson equation with Dirichlet boundary conditions.

Lemma 1 (cf. [6, Lemma 3.7]). Consider the bilinear form
ou Oul [Ov
ap(u,v) = Vu-Vov — —uv+oh / {} {} + th/ Au Av.
) n o, On ng:F plon] Lon K;’F K

Provided o is chosen big enough, there exists an h-independent constant o > 0 such that
k
an(Pnvn, $nvn) = aldnvnltq,) Yon € v,

Lemma 2 (cf. [6, Theorem 2.3]). For any f € H*=1(Q4), let wy, € Vh(k) be the solution to

ah(¢hwh7¢>hvh)=/ﬂ fonvn —oh® > /KfA(¢hvh)

KeT!
and u € H*1(Q) be the solution to
“Au=finQ, u=0onT

extended to i € H*1(Qy,) so that u = @ on Q and ||a| gr+1(q,) < Cllull gy < Ol fllae-1(a,)-
Provided o is chosen big enough, there exists an h-independent constant C > 0 such that

hk+

- - 1
@ — dnwnlmi,) < ChM[ -1, and |ld— dnwnllre,) < CHM 2| fllae-1(qy)-

Remark 3. This result is proven in [6] under the more stringent assumption f € H*(Qy,) which
was used to assure i € H**2(Qy,) and to provide an interpolation error of @ by a product ¢pwy,.
However, in [13, Lemma 6] we have proven a better interpolation estimate ||t — ¢plpw|| s () <
Chk—‘rl_s”‘fHkal(Qh) (s = 0,1) for @ = ¢w and the Scott-Zhang interpolant I,. Thus, f €
H*=1(Qy,) is actually sufficient.



Lemma 3. For all v, € Vh(k), there holds
lénvnllz20,) < Cprlonvn|m(ay)-
Proof. Let Qp = {¢, < 0}. By the Poincaré inequality,
[énvnllr2(q,) < Cdiam(ﬁh)|¢hvh|1{1(ﬁh)a
and diam(€;,) < diam(©). Moreover, thanks to [6, Lemma 3.4], it holds
||¢hUhHL2(Qh\§zh) < ‘|¢hvh||L2(Q£) < Ch|¢hvh|H1(Qg)»
where Q] is the domain occupied by the mesh 7,". We conclude noting 2 C QU Q. O

Proof of Theorem 1. There exists a function @ € H2(0,T; H*~1(,)), an extension of u to Qy,
such that

@l 20,0501 () < Cllulla20,75m%-1(0)- (5)

Let w} be the solution to our scheme, which we rewrite as

+1

n n n+1
; ¢h7th¢hvh+ah(¢hwh , Oron) — 0h2/ ¢h A(bnvn)
h

TeTF

— [ e - Y o2 / FHAGon)  (6)

Qn TeTr

for n > 1 while ¢w) should be replaced with uf) for n = 0.

For any time t € [0,T], introduce wy(+,t) = Wy € V,fk), as in Lemma 2, with f replaced by
f — Oyt evaluated at time t:

an(énWn, prvn) = / (f = Qi) prvn — oh® Y / (f = 0u) A(dnvn). (7)
KeTF
Let @} = wp(t,) and e} := ¢p(wl—a7) forn > 1 and €Y := ul) —ppw). Taking the difference

t
between (6) and (7) at time t,1, we get

/GZH S geon + anet dnon) = Y h2/"’h1 % A(gnon)
e— v a v g v
a, At hUh i€ >hh hUh

TeTF

m

+1 ~n+1
Z/Q ( antt ¢h wh)¢hvh— > on? / (8u”+1 hm) A(¢nvn).

TeTr

Taking v, = w ™' — @) ie. ¢pvp = €)', applying the equality

n+1 +1
12 (e ontl leh™ ) = Ierlza,) +len™ — eillza,)
llen ||L2(Qh) (en,en ™ )r2an) = 9 ’

and estimating the terms in the RHS by Cauchy-Schwarz and inverse inequalities

[Aeh ™ L2y < Ch72lley ™ 2 r)



we deduce that

(1)
(1)

+1 _ +1 _ —_———

len™ 12 ) = llenllza @, + llen™ = €illaq,) e en+1)_gh2/ A P
2At h\Cp s Ch Q}“ At h

~ ﬂ«)n+1 —om

<cfaarst o BT e, ©)
L2(Qh)
(I11)

Thanks to the coercivity lemma 1, the term (I) can be bounded from below by a|eZ+1|%{1(Qh).

We now use the Young inequality (with some € > 0) and the inverse inequality ||AeZ+1||L2(T) <
Crh e} ™ i1 (r) to bound the term (I1):

n oh? " " ecC? "
(I) = (I1) = aley ™ 3,y — 2e(AL? lep™t — ehH%z(Qg) - ?I|€h+1 %{1(95)
3 142 1 41 my2
> 10462 |H1(Q;L) - 2At”‘32 - eh”LZ(QEy (9)

where we have chosen € so that ecC7/2 = «/4 and then assumed oh?/(eAt) < 1. This will
allow us to control the negative term above by the similar positive term in (8), and leads to the
restriction At > ch? with ¢ = o/e.

We turn now to the RHS of (8), i.e. term (/I]). By triangle inequality

Sntl Sl
Hat,&/n-‘rl _ ¢h waLL — w;il < Hat,&/n-‘rl _ un+ —u"
At L2(20) At L2(9)
p|EEs T (10)
At At L2()

By Taylor’s theorem with integral remainder

() = ALY — A () — /t T ()t — t)dt

n

so that

1

an+1 _ ,&n

At

Haﬂln«Fl o

tnt1
/ Duii(t, ) (b — 1)t
tn

L2(Qp) At L2(Q)
< VAU Ol 222, 4001522 (0)) -
Differentiating —Au = f — dyu and (7) in time, we obtain thanks to Lemma 2,
~ . 1 -
10 (@(t) — dntin) ()l L2y < CRFT2((8ef — Ot) (8) | -1 (1)

Thus, for the second term in (10), we get by the last interpolation estimate:

an+l _ gn @t — L[
g, T :4,/ B,(alt, ) — dnn(t,))dt
At At ey A, L2(n)
Ch+z

< W”&f — Ol 21,y 1,4 s E 1 ()



Collecting these estimates and applying the Young inequality with some 6 > 0 and Poincaré
inequality from Lemma 3, we get

C _ h2]€+1 ~
(II1) < 5 (At”attu|%2(tn,tn+1;L2(Qh)) + Tt”atf - attu||%2(tn,tn+1;Hk1(Qh))>

5C% .
+ Tplethl %Il(ﬂh). (11)
Substituting (9) and (11) to (8) and taking & so that 6C% = «/2 yields
n+1 n
||€h+ H%Z(Qh) - ||eh||%2(9h) n @ nt1p2
2At g!h HN @)

9 h2k+1 )
<C (At|attu"LQ(tn,tn+1;L2(Qh)) + Tﬂatf - 6ttu||L2(t",tn+1;Hk‘1(Qh))) :

Multiplying this by 2At¢ and summing on n =0,..., N — 1, we get

N
||€;LVH%2(Q,L) + alt Z leq 3 )

n=1
< llenllZz(an) + COAL 0wl T2 0,112 () + P THIOF — Ot T2 (0 1emrn-1 (20 ))-

Thus, observing that the sum above can be stopped at any number n < N, we get

N 2
2
Jamax gz, + (At > |€Z|H1(m>>

n=1
- 1 -
< Cllepllrz@n) + C (AtHattU”L2(0,T;L2(Qh)) +hET2)|0, f - 5’ttu||L2(0,T;Hk—l(Qh))) .
Lemma 2 applied to —Au = f — J;u in  at times ¢, gives

| max @™ — ¢ty || 2,y < CRMTY2||f = Oviill e o7, 501 (n))

FRREE)

N 2
(At Z |a" — ¢h@ﬁ|§11(9h)> < CRF|f = dvtillcqo ), me-1(0m))-

n=1
In particular,
lenllrz(a,) < 1u® = upllrzn) + [u® = dr@) L2y
< [u® =gl 2o, + CRMFY2 | f = Bvill oo, 1, 101 () -

Combining this with the regularity of f and @, cf. (5), together with the bound |- ||¢(jo,77,.) <
C|l - [l 0,7y (with C depending on T') gives the announced result . O

3 Numerical experiments

In this section, we illustrate the performance of our approach on two test cases'. We have
implemented ¢-FEM in FEniCS [14], the codes of the simulations are available in the github
repository

1The experiments are executed on a laptop equipped with an Intel Core i7-12700H CPU and 32Gb of memory.
Moreover, for the first test case, we use the serial default solver of FEniCS. For the second test case, the GMRES
linear solver is used with hypre_amg as preconditioner.



Figure 1: Left: considered domain for the first test case. Center: a conforming mesh for the
standard FEM. Right: a uniform Cartesian mesh for ¢-FEM.

https://github.com/KVuillemot/PhiFEM_Heat_Equation

In our numerical simulations, if the expected convergence is of order C1h? + CoAt™, we will
fix At = h?/™ in such a way we only need to observe if the error is of order h? numerically.

Remark 4 (Norms for the simulations). To illustrate the convergence of the methods with the
simulations, since it is numerically complex to compute the error on the exact domain 2, we will
use the following formula

N
[leen, — umf||l22(0’T’Hé @) Yoo At mef IVun (s tn) = Vires(, tn) |2de
2 ~ N
lwrerlli 0.2, 13 2,) oo At [ [Vttres(., t)]?d

and
[[un — Uref||12<>o(o,T,L2(Q,ef)) __ MaXn=0,...N fgref(“h(wtn) = tUref(- 1)) da

tredlli 0,7,22 (0,00 MmaXn=0,....N fﬂref(u’f‘ef(" tn))?dx

)

where uy, denotes an approzimation of the L?-orthogonal projection of the solution on the refer-
ence mesh Qyer and urep the reference solution.

First test case : the source term is deduced from a manufactured solution and the
FEM solution is compared to this manufactured solution. For this case, we will consider
a simple smooth domain : the circle centered in (0,0), with radius 1 as represented in Fig. 1.
The level-set function is given using the equation of the circle, i.e. ¢(z,y) = —1 + 22 + 2. Its
approximation ¢y, will be the interpolation of ¢ with Py finite elements, except for Fig. 6 (right).
Moreover, we consider the manufactured solution given by u,er = cos (37 (22 + y?)) exp(z) sin(t)
so that uyer satisfies uer(t = 0) = ul; = 0 and uper = 0 on I’ x (0,7). Here, Quer = Q. We
represent the errors in [>(H') norm on Fig. 2 and in (°°(L?) norm on Fig. 3, both with P; and Py
finite elements (k = 1 and k = 2). Here, the numerical results fit well the theoretical convergence
order of Theorem 1 and behaves even better since we observe a convergence of orders two and
three for the [°°(L?) norm instead of 1.5 and 2.5 respectively. We remark that the theoretical
constraint At > ch? is not satisfied for the P? finite elements but it does not affect the practical
convergence. We also represent the [2(H?!) and [°°(L?) errors with respect to the computation
time (here, the computation time is the sum of time needed to assemble the finite element matrix
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Figure 2: First test case. (?(0,T; H'(Q)) relative errors with respect to h with P; elements and
At = h (left) and with Py elements and At = h? (right). Standard FEM (red squares) and
¢-FEM (blue dots), o = 1.
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Figure 3: First test case. [°°(0,T; L%(Q)) relative errors with respect to h with P; elements and
At = h? (left) and with Py elements and At = h3 (right). Standard FEM (red squares) and
¢-FEM (blue dots), o = 1.

and to solve the finite element systems at each time step, without the time used to construct the
meshes) in Fig. 4. We observe that in this case, ¢-FEM is significantly faster than a standard
FEM to obtain a solution with the same precision.

In Fig. 5 (left), we represent the [>(H') error and in Fig. 5 (right) the (°°(L?) error, both
with respect to o. This allows us to emphasize the influence of o on the stability of the errors
and validates our choice of ¢ =1 in the other simulations.

Finally, in Fig. 6, we justify our choice for the degree of interpolation of ¢ since in our theo-
retical result, Py is sufficient but we observe here that the error decreases for [ = 2. Furthermore,
in our previous paper [7], our theoretical results in the Neumann case hold true only for I > k+1.
Here, since the interpolation is exact from [ = 2 we do not need to compute highest degrees of
interpolation for the level-set function to compare the results.

Second test case : the source term is given and the FEM solution is compared to a
standard FEM solution on a very fine mesh. We now consider a more realistic test case
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Figure 6: First test case. [2(0,T; H'(Q2)) relative errors with respect to h for different values
of I, At = h (left) and [°°(0,T; L*(Q)) relative errors with respect to h for different values of [,
At = h? (right), both with P; elements and o = 1.

since we will apply some forces and consider the resulting distribution of heat in the considered

domain. More precisely, this time, we impose u = 0 on I' x (0,7, the initial condition is u® = 0
2 2 2

in Q and we define a source term given by f(z,y,2,t) = exp (—(w_’“) Hy;;%z) +Hemms)” ) for

each (z,y,z,t) € Qx (0,T), with (p1, 2, u3,00) = (0.2,0.3,—0.1,0.3). The final time is fixed to

T = 1. Moreover, for this test case, we will consider a more complex and 3D domain from [15],

given by

11
(x— )+ (y — yi)* + (2 — 21)°
gb(:c,y,z):x2+y2—|—22—r§—AZexp(— 02 )
k=0 0

with

2 2
(Zh, Uiy 25) = % (2003 <];7T) ,2sin ({;”) ,1) . 0<k<4,
(xbymzk):“)<2aﬁ<0“k‘*”‘*0”>72$H<C“k‘*”‘*wﬂ>,_1>, 5<k<9.

(xkvykazk) = (0,077'0) ’ k= ]-07
(xkaykazk) - (O 07 77”0) ) k= 11;

with rg = 0.6, 0 = 0.3 and A = 1.5. The resulting domain and meshes are given in Fig. 7.

Here, u.of denotes the solution of a classical finite element method on Q,¢ that is a very fine
conforming mesh. In this case, to be more precise, we introduce a partition of the interval [0, T]
into time steps 0 = t&¢f < #1¢f < ... < #3f = T with 7f = nAl and Aref = hf;/fm, where
hrof denotes the size of cells of Q.er. Then, in the numerical simulations each discretization is
(k = 1), and P, finite elements for the interpoléti’on ¢n of ¢ (I = 2). We compare here the
I2(H'), 1°°(L?) relative errors between the solution of the ¢-FEM scheme (4) and a standard
FEM. The numerical results fit well the theoretical convergence order announced in Theorem 1,
namely, order one for the [?(H') norm and order two for the [*°(L?) error.
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Figure 7: Left: considered domain for the second test case. Center: a conforming mesh for the
standard FEM. Right: a uniform Cartesian mesh for ¢-FEM.
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Figure 8: Second test case. [2(0,T; H'(2)) relative errors with respect to h with At = h (left)
and [°°(0, T; L?(€2)) relative errors with respect to h with At = h? (right), both with P; elements.

Standard FEM (red squares) and ¢-FEM (blue dots), o = 1.
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4 Conclusion

In the present work, we proposed a FEM scheme following the ¢-FEM paradigm to approx-
imate the solution of the heat equation and proved its convergence, which is optimal in the
12(0,T; H*(2)) norm and quasi-optimal in the (°°(0, T’; L?(2)) norm. We remark that, in com-
parison with [6], we need less regularity on the exact solution in the a priori error estimates.

A first advantage of the ¢-FEM paradigm is its ease of implementation. Indeed, it uses
standard shape functions contrary to the XFEM approach. Moreover, it uses standard integration
tools contrary to cutFEM needing an integration on the real boundary and some integrations on
cut cells.

A second interesting aspect of our approach is the computational time of the simulation. The
low cost (computational time) of ¢-FEM can be explained by the fact that the boundary of the
geometry in the classical finite element method is approximated by some linear functions while,
in the ¢-FEM paradigm, the boundary is taken into account thanks to the level set function ¢,
which can be of high degree without increasing the size of the finite element matrix.

In the mathematical analysis, we supposed that the boundary of the considered domain is
regular enough. The case of less regular domains will be the aim of future work.
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