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-ABSTRACT-

For some problems related with admissibility and definition of posterior
measure under partial prior information is necessary to solve the following--
question. Given a nonnegative bounded 4-measurable function f(8) and the —-
probability space (e, B3,£), where J is a sub-o-field of 4, under what con-
ditions does the integral equation é' f(e) de(e) = é fg(e) dg(e), Bel ,
where [* denotes the upper integral with respect to the sub-o-field 8, have
a solution f?(e) which does not depend on £?. Here E denotes a probability

Measure belonging to a class #. In this paper we give a solution to this

problem,
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1. INTRODUCTION.
Let us consider a statistical problem described by an observable sample Spat
(X, S.Pe), where the probability measures PB belong to the family ?={Pa. 6ed) .
Let us suppose that P<<v and v o-finite. Let f(x/8) be the density at xeX of&

Furthermore, let (@, 4) be the prior measurable space and let (©, 83,£) be the pri

information available, where 8 1is a sub-o-field of 4. Finally let us suppose

that f(x/8) is A-measurable but not OB-measurable in 8 for each xe X.

Under the above conditions, f(x/6) is not integrable with respect to the pr
bability measure £(.). A way to do inference in this situation is to define what
must be understood by "posterior measure", (see [6]).

On the other hand, if an A-measurable loss function L(6,d(x)) is given for
each decision deD and xe X, associated with the problem, it is not possible to
define a prior risk r(g,d) = EE{I L(8,d(x)) dPe(x]), because of the non-integrabl
lity of f L(8,d(x)) dPB(x) with respect to £(.). Following Kudo(1967), the appre
priate risk function (called here mean-max risk) can be defined as

r(8 ,&,d) = (s L(s,d(x)) dP,(x)) dg(e).

For some questions related with the admissibility of the minimum mean-max

risk decisions, and for making precise the definition of posterior measure under

be

s
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partial prior information as stated above, the following technical problem has to
te solved. For sake of brevity, we state it an abstract formulation.

Let © be an unspecified but fixed space, A a o-field of subsets of 6, and &8
a sub-0-field of A, on which we have defined a probability measure £. Let £(8)
be a bounded A-measurable and nonnegative function, and consider r( 8,§,f) =
/* £(8) d&(8). It can be shown (see Cano, Hernadndez and Moreno (1984)) that there
exists a B-measurable function f?(e-), well defined except for [(-measurable sets
of £-measure zero, solution of the following integral equation
(1) 5 t8e) ae(e) = s* £(0) ag(e), Be 8.

Bevas B

Now, if £ belong to a class # of probability measures defined on B,can we

define faB(a), independently of £e/# ?. If this can be done we shall say that the

transformation f(8) + fﬂ(e) defined by equation (1) is an upper-suf‘fiéient trans-

formation for the family #.

Some basic properties of that transformation are as follows:
W) 1f £(0) <k, then £f0) < K, a.s. (€).

(i1) (Bf(e))g= afg(a). a.s. (E), where a is a real constant.
(iii)

Given two functions f(8), g(6), then (f(e)+g(e))ff f‘f(ahgfte). a.s.(£).

(%) ‘It the funceions £(¢), gle) satisties £(8)>g(e), then fé?(e) > gg(e),a.s.(l;).

(v) EEI‘CB(G) = 1* f£(8) de(e).
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(vi) If f(8) is a B-measurable function, then f?(e) =sf(R)LiansiiE )
(vit)yert E?}(e) denotes the conditional expectation of f(8) respect to the sub-o.
field 8 (for which is necessary to suppose £ is defined on 4 ), then the

relation f?(e) > E?f(e) avst HE) i holdsy

The proof of these properties is omitted (see Cano (1983)).

2. UPPER-SUFFICIENCY FOR A SPECIAL PARTIAL INFORMATION.

Let us consider the measurable abstract space (0, 4), f(8) an A-measurable
function and the probability space (8,8 ,£), where B8 is a sub-o-field of A gene-
rated by a countable partition of ©. For this special B, it is obvious that

S '
(2) I f(8) d&(8) = L sup f£(8) £(B )
n .
6eB
n
where {Bn} is the partition gener?ting 8.

Assume the [-measurable functidn ﬁg(e) defined as

(3) fﬂ(ﬂ) = I sup f(8) I
aeBn n

(8).

This function satisfies the integral equation ! B(e) de(e) = é'f(a) dg(e), Beb
and consequently, f§(9)=fﬂ(e), a.s.(£). Furthermore, for any other probability
space (0, 8,n) it follows that fﬁ(ﬁ}:fﬂ(ﬂ). a.s.(n) holds. Hence we can find a
common version of {fg(e),CC H}, where # is the class of all probability measur®
on Q8. Furthermore, that common version is given by the expresion (3). Thus, tht

transformation defined by (1) is upper-sufficient for the family #.




e
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3. UPPER-SUFFICIENCY FOR A GENERAL PARTIAL INFORMATION.

Now , the problem is stated as follow. Let (0, 4) be a measurable space, and

(8,8 ,£) a probability space where B is an arbitrary sub-o-field of A. Let f(8)

be an A-measurable function. For getting a similar conclusion to that obtained

in section 2 we need some auxiliary lemmas.

From now on we denote by Pk an arbitrary partition of ©, i.e. {Bl,...,Bk},
where Bic B, 421050 “andl by S(Pk.f) the summation given.by
(4) (P ,f) = I sup £(8) E(B,).

0eB.
1

Let fk(B) be the simple function fk(e) = L sup f(8) IB (6) associated to P

’
8eB, i -
t 5

satisfying E.f,(8) = S(P,f).
Lemma 1.

Let {P_} be a sequence of finite partitions of ©, such that e is a refine-
ment of F’n_1 for all n:2, satisfying S(Pn.r)+ r*r(9) dg(8), (it can be shown that
such {Pn} always exist). Then the sequence of simple functions {fn(ﬂ)] associated
Yo (P } as above converge to a version fg(a) of f?(e). RS EE).

By definition (fn} is a nonincreasing sequence. Let £°(8) be its limit. Of course

f(8) is a B-measurable function. Furthermore, f£-(8) > £(8). Using the monotone
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convergence theorem and the property (iv) stated in section 1, the relations
(5) fEfaadadele)u vl b ET (0 deks) = S* £7(e) dee) > £* £(e) de(e)
BEH B B =B

hold for any Be 8. By the other hand, the inequality in the expression (5) abgw
turn to be in an equality when B=6. It follows that the inequality in expressin
(5) must be an equality for all Be 8. This terminates the proof of Lemma 1,
Lemma 2.

Let us consider f(6) and two arbitrary probability measures £, n on (e, 8.
Then there exists a function fgn{e) which coincides with f?(e) up‘to a £-equive

lence and with fﬁ(e) up to a n-equivalence.

Let {Pﬁznzl} be a sequence of partitions of © with elements in 8 such that ﬁ
is a refinement of Pi—l for all nz2, and satisfying S(Pi.f) + I*f(8) dele).
Let [P::nzl) be a sequence with analogous properties. By Lemma 1, the sequence
{fi(ﬁ):nzl} and (f;(ﬂ):nil} are convergent to some versions ?é%e}, ?ﬁ(e). respet
tively.

Now, let Pn be the smallest partition of © with elements in B such that the
o-field generated by Pn contains the o-fields generated by Pi and by Pg for e
nzl. Let {?n:nill be the sequence defined as above.

In that situation, the sequence of simple functions {fﬁn(a)} associated to{PJ
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converges to a common version of fge) and ff{a). hence result.

To extend the conclusion of the Lemma 2 to more that two measures, we use an
idea due to Speed (1976). We develop it in the next Lemma.

Let f’o be a countable family of probability measures on (@,83), and let f(8)
be an Ameasurable function. Then, there fexists a B -measurable function f@(e)
satisfying the relations
(6) B(e) = ré?(e). a.s. (),
for any £e f’o.

Proof:

Let us consider two arbitrary probability measures £, n belonging to PD' By

Lemma 2, we can take a common version ffn{e) satisfying

7 B
(7) fgn(e) rg(e). an.s.p fE)

n

(8 8
) r8 (o) an(B], a.s. (n).

let us consider the functions f;5(8) and £;"88) defined as

f;3(9)=sup inf ff{e); f;’8(8)=inf sup fB(e),
ol ol e

- where the sup and inf is taken in the class 7""0. That functions are [-measurable,

because of the countability of the class 7')0. Furthermore, by construction of ffn(e)

8

it follows that f
En

(B)tanE(a)' Thus we have the relations



22
(9) inf 18 () < sup inf fEB(e) < inf sup fEBn(a) =St ‘Sup i‘?nfa} < sup il
e R s [ g

On the other hand, from the expression (7) it follows that,

(10) i ©8 (0y'= &), 4346
- En £
Bl il

{11 sup f‘gn{e} = fE(e)' a.sh ek

n

Using (10) and (11) in (9) we conclude that
o R s i
Since £ is an arbitrary probability measure in the class 7"0; the version we seek
can be taken as f}?(a) = f;B(e) = f;'B(e) and Lemma 3 is proved.
Thus, the mapping f(8) -+ rg(a) given by expression (1) is upper-sufficient
for % With the help of this Lemma 3 and of the next Lemma due to Halmos and
Savage, we can show that this transformation is upper-sufficient for the family

of all probability measures on # wich are pu-continuous, where p is some o-fini-

te measure on &

Lemma 4 (Halmos and Savage, 1949).

Let P be a family of probability measures defined on (0,3 ) such that

P<<y , where u is o-finite. Then, there exists a countable family 7’0 cg

which is dense in P,

|
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Let P be a family of probability measures on £ which are p-continuous,
where u is some o-finite measure on 8. Let f(8) be a bounded nonnegative and
A -measurable function. Then there exists a version fg(e) such that the relations
B(e) = r?(e), a8, L€),
hold for all Ee P.
Since P <<y, with p o-finite we can take a countable subfamily P of P which is

0

dense in P . Let f‘?(a) be the QB-measurable version associated to Py defined as

in Lemma 3. Let n be an arbitrary probability measure belonging to P- PO' and

let P=f yin}. By L 3, th ist ion 3, (e) iated to P
1= ‘g uint. y Lemma 3, ere exists a version f_ (6) associate o

1

which satisfies
- B £2(0), a.s. (),
for all zef’l. It implies that
£8_(0) = €810}, a. 80 4E);
for all ge PO. Hence, it follows that
fﬂ(e) = f"?(e). a-s. o Gni.
Thus the version f?(e) associated with PO (dense in P ) is such that

é f,‘B(e) de(e) = rf(a) de(e), Bel,

f
B

£
°rall ge P . The proof of Theorem 1 is complete.
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