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Abstract

In this work, we give a new definition of the fractal derivative and some theorems
and the integral of the new fractal derivative and some of the classical properties like
the fractal chain rule, new fractal integrals, fractal Laplace transform is obtained and
the action of fractal derivatives and integrals to each other are discussed. Finally, an
example is given to compare the stability of the fractional differential equation to the
new definition and other definitions (Hausdorff derivative, YANG derivative, and Caputo
derivative). Through comparison, it is indicated that the stretched exponential stability
shall serve as an alternative approach for characterizing the decaying patterns of the
non-integer order systems.
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1 Introduction

The fractional calculus [10, 11, 12] attracted many researches in the last and present centuries.
The impact of this fractional calculus in both pure and applied branches of science and
engineering started to increase substantially during the last two decades apparently. Many
researches started to deal with the discrete versions of this fractional calculus benefitting
from the theory of time scales (see [13, 14, 15, 16] and the references therein).

The Hausdorff derivative involving the fractal geometry with the Hausdorff measure,
proposed by Chinese mathematician Wen Chen [3, 4] has played an important role in the
treatment for the mathematical model for the anomalous diffusion process. The Hausdorff
integral was suggested in 2018 by Chen and coauthors to develop the three-dimensional
diffusion model for fractal porous media [6]. The Hausdorff calculus was used to the math-
ematical models in the real-world problems for the fractal power law [7]. As is known, the

∗Corresponding author: lakhlifasadek@gmail.com

1



Chen Hausdorff calculus is connected with the anomalous transport in porous media [8] and
the fractional calculus [9].

The Chen Hausdorff derivative of the function [3, 4] x(t) is defined as:

Cα(x)(t) = lim
z→t

x(z)− x(t)

zα − tα
, (1)

if x differentiable, then

Cα(x)(t) =
t1−α

α
x′(t).

In [17] we address the general derivatives:

Fα(x)(t) =
1

αeαt
x′(t).

New we present new fractal derivative of function x is defined as:

Fα(x)(t) = lim
h→t

x(h)− x(t)

ehα − etα
,

if x differentiable, then

Fα(x)(t) =
t1−α

αetα
x′(t).

They then proved the product rule, the fractional mean value theorem, and solved some

fractal differential equations where the fractal exponential function ee
tα

played an important
rule. While in case of well-known fractional calculus Mittag-Leffler functions generalized
exponential functions. In this article we continue to settle the basic definitions and concepts
of this new theory motivated by the fact that there are certain functions which do not have
Taylor power series representation or their Laplace transform cannot be calculated and so
forth, but will be possible to do so by the help of the theory of this fractal calculus.

The paper is organized as follows: In Section 2 the new fractal derivative and some
of the classical properties like the fractal chain rule, in 3 fractal integrals, and in 4 fractal
Laplace transform is obtained and the action of fractal derivatives and integrals to each other
are discussed. Finally, the example 4 is necessary for numerical comparison of the stability
behavior of the new fractal derivative equation, the Hausdorff derivative equation, and its
corresponding classical fractional-order (in the Caputo sense) equation.

2 The definition of new fractal derivative

Let us first define a truncated exponential function given by:

etk =
k∑
i=1

ti

i!
,

With the help of this definition, we will define another fractional derivative given below.

Definition 1. Let a function x : I ⊂ R −→ R. Then the fractal derivative Fαk of x of order
α ∈ (0, 1] is defined by:

Fαk (x)(t) = lim
h→t

x(h)− x(t)

eh
α

k − et
α

k

,

we say x a α-differentiable if Fαk (x)(t) exist for all t ∈ I.
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Now, it is easy to see that

Fα1 (x)(t) = lim
h→t

x(h)− x(t)

hα − tα
, (2)

and

Fα∞(x)(t) = lim
h→t

x(h)− x(t)

ehα − etα
, (3)

where the expression on the right-hand-side of (2) is the fractal derivative defined in (1) in
[3, 4], while the one on (3) is the α-fractal derivative defined in this paper. Furthermore, if
α = 1 the Equation (2) becomes the classical definition of the first derivative of a function x
at a point t. While, noting that eh

α
= 1 + h + O(ε2), we may also show that the Equation

(3) is equivalent to the classical definition of the first derivative of a function x.

Definition 2. Let a function x : I ⊂ R −→ R. Then the fractal derivative Fα of x of order
α ∈ (0, 1] is defined by:

Fα(x)(t) = lim
h→t

x(h)− x(t)

ehα − etα
.

We say x a α-differentiable if Fα(x)(t) exist for all t ∈ I.

Example 1. The fractal derivative of certain functions:

1. Fα(1) = 0.

2. Fα(tp) = p
αetα

tp−α.

3. Fα(ee
tα

) = 1.

4. Fα(eλe
tα

) = λeλe
tα

.

Remark 1. Let x α-differentiable, if α = 1, then x is differentiable.

Theorem 3. If a function x : I ⊂ R −→ R is α-differentiable at t0, α ∈ (0, 1], then x is
continuous at t0.

Proof. Since

x(h)− x(t0) =
x(h)− x(t0)

ehα − etα0
(eh

α − etα0 ).

Then,

lim
h→t0

[x(h)− x(t0)] = lim
h→t0

x(h)− x(t0)

ehα − etα0
lim
h→t0

(eh
α − etα0 ),

so
lim
h→t0

[x(h)− x(t0)] = Fα(x)(t0).0,

which implies that limh→t0 x(h) = x(t0), hence, x is continuous at t0.

The Fα satisfies all the properties in the following theorem.

Theorem 4. Let f and g are α-differentiable. We have,

1. Fα(af + bg) = aFα(f) + bFα(g), for all a, b ∈ R.

2. Fα(λ) = 0, for all constant functions f(x) = λ.
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3. Fα(fg)(t) = Fα(f)(t)g(t) + f(t)Fα(g)(t).

4. Fα
(
f
g

)
= Fα(f)(t)g(t)−Fα(g)(t)f(t)

g(t)2
.

Proof. Parts (1) through (2) follow directly from the definition. For (3): Now, for fixed t,

Fα(fg)(t) = lim
h→t

f(h)g(h)− f(t)g(t)

ehα − etα

= lim
h→t

f(h)g(h)− f(t)g(h) + f(t)g(h)− f(t)g(t)

ehα − etα

= lim
h→t

f(h)− f(t)

ehα − etα
g(h) + lim

h→t
f(t)

g(h)− g(t)

ehα − etα
= Fα(f)(t)g(h) + Fα(g)(t)f(t).

For (4): Now, for fixed t,

Fα(
f

g
)(t) = lim

h→t

f(h)
g(h) −

f(t)
g(t)

ehα − etα

= lim
h→t

f(h)g(t)−g(h)f(t)
g(h)g(t)

ehα − etα

= lim
h→t

f(h)g(t)− f(t)g(t) + f(t)g(t)− g(h)f(t)

g(h)g(t)(ehα − etα)

= lim
h→t

f(h)− f(t)

ehα − etα
g(t)

g(h)g(t)
− lim
h→t

f(t)

g(h)g(t)

g(h)− g(t)

ehα − etα
,

since f and g are α-differentiable so

Fα(
f

g
)(t) = Fα(f)(t)

g(t)

g(t)g(t)
− f(t)

g(t)g(t)
Fα(g)(t)

=
Fα(f)(t)g(t)− Fα(g)(t)f(t)

g(t)2
.

Theorem 5. (Fractal chain rule) Let f differentiable and g α-differentiable. We have,

Fα(fog)(t) = f ′(g(t))Fα(g)(t).

Proof.

Fα(fog)(t) = lim
h→t

f(g(h))− f(g(t))

ehα − etα

= lim
h→t

f(g(h))− f(g(t))

g(h)− g(t)

g(h)− g(t)

ehα − etα

= f ′(g(t))Fα(g)(t).

Lemma 6. Let a function x : R −→ R differentiable, then

Fα(x)(t) =
t1−α

αetα
x′(t).
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Proof. We have

Fα(x)(t) = lim
h→t

x(h)− x(t)

ehα − etα

= lim
h→t

x(h)− x(t)

h− t
lim
h→t

h− t
ehα − etα

= lim
h→t

x(h)− x(t)

h− t
1

limh→t
ehα−etα
h−t

= x′(t)
1

αtα−1etα
.

YANG in [17] generalized derivative with respect to another function is defined:

Fα(x)(t) =
1

h′(t)
x′(t), h′(t) > 0.

• The general derivative with respect to power-law function, denoted as [17] h(t) = tα, is
defined:

Fα(x)(t) =
1

αtα−1
x′(t).

• The general derivative with respect to exponential function (not, YANG derivative),
denoted as [17] h(t) = eαt, is defined:

Fα(x)(t) =
1

αeαt
x′(t).

Remark 2. 1. If α = 1, the YANG derivative Fα and new fractal derivative Fα coincide.

2. The Definition 1 equivalence the general derivative in [17] (h(t) = et
α

k ).

3 Fractal integral

When it comes to integration, the most important class of functions to define the integral is
the space of continuous functions.

Definition 7. Let α ∈ (0, 1],

Iα(f)(t) =

∫ t

0
αsα−1es

α
f(s)ds.

One of the nice results is the following.

Theorem 8.
FαIα(f)(t) = f(t),

for t, where f is any continuous function in the domain of Iα.
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Proof. Since f is continuous, then Iα(f)(t) is clearly differentiable. Hence,

Fα (Iα(f)) (t) =
1

αtα−1etα
d

dt
Iα(f)(t)

=
1

αtα−1etα
d

dt

∫ t

0
αsα−1es

α
f(s)ds

=
1

αtα−1etα
αtα−1et

α
f(t)

= f(t).

Theorem 9. Let f : R −→ R be differentiable and 0 < α ≤ 1. Then,

Iα(Fα(f)(t)) = f(t)− f(0).

Proof. we have

Iα(Fα(f)(t)) =

∫ t

0
αsα−1es

α
Fα(f)(s)ds.

=

∫ t

0
αsα−1es

α 1

αsα−1esα
f ′(s)ds

=

∫ t

0
f ′(s)ds

= f(t)− f(0).

4 The fractal Laplace transform

Definition 10. Let 0 < α ≤ 1 and f : R → R be real valued function. Then the fractal
Laplace transform of order α of f is defined by:

Lα{f(t)}(s) = Fα(s) = α

∫ ∞
0

e−se
tα

f(t)tα−1et
α
dt.

Theorem 11. Let 0 < α ≤ 1 and f : R→ R be differentiable real valued function. Then

Lα {Fα(f)(t)} (s) = sFα(s)− e−sf(0).

Proof. We have

Lα {Fα(f)(t)} (s) = α

∫ ∞
0

e−se
tα

Fα(f)(t)tα−1et
α
dt

= α

∫ ∞
0

e−se
tα 1

αtα−1etα
f ′(t)tα−1et

α
dt

=

∫ ∞
0

e−se
tα

f ′(t)dt

= [e−se
tα

f(t)]∞0 − αs
∫ ∞
0
−e−set

α

f(t)tα−1et
α
dt

= −e−sf(0) + sFα(s).
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The following lemma relates the fractal Laplace transform to the usual Laplace transform.

Lemma 12. Let f : R→ R be a function such that Lα{f(t)}(s) = Fα(s) exists. Then

Fα(s) = L{f((log(t))
1
α )}(s),

where L{g(t)}(s) =
∫∞
1 e−stg(t)dt.

Proof. The proof follows easily by setting u = et
α
.

Theorem 13. Let 0 < α ≤ 1. So, we have

1. Lα{1}(s) = e−s

s , s > 0.

2. Lα

{
ee
tα
}

(s) = e−s+1

s−1 , s > 1.

3. Lα{eλe
tα} = eλ−s

s−λ , s > λ.

Proof. From definition directly.

Proposition 14. 1. If the functions f and g are transformable, then there is the transform
of the sum and is equal to the sum of the transforms, that is:

Lα{f + g} = Lα{f}+ Lα{g}.

2. If the function f is transformable and λ is a real number, then there is the transform
of product of λ by f and is equal to product of λ by the transform of f , that is:

Lα{λf} = λLα{f}.

Proof. Taking into account the two previous propositions, we say that Lα is a linear operator.

Example 2. Consider the fractal initial value problem:

Fα(x)(t) = λx(t), x(0) = x0, t ≥ 0, (4)

the exact solution of this is x(t) = eλe
tα

e−λx0.

Proof. Applying the fractal Laplace Transform to both sides of equation (4), we get

Lα{Fα(x)(t)}(s) = Lα{λx(t)}(s),

from Theorem 11 and Proposition 14, we have

sFα(s)− e−sx0 = λFα(s).

Simplifying this we get

Fα(s) =
e−s

s− λ
x0. (5)

Taking the inverse fractal Laplace transform to (5), we get x(t) = eλe
tα

e−λx0. The solution of
(4), obtained from fractal Laplace transformation method, are shown in Figure 1 for different
values of α.
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Figure 1: Fractal Laplace solution of (5) for different values of α with λ = −1 and x0 = 1.

Example 3. Consider the system

Fα(x)(t) = Ax(t) + f(t), x(0) = x0, t ≥ 0, (6)

where x, f : [0, b) −→ Rn are vector functions and A is an n× n matrix. We use the fractal
fundamental exponential matrix to express the solution of fractal linear systems. The general
solution of the fractal nonhomogeneous system (6) is expressed by:

x(t) = eAe
tα

e−Ax0 + α

∫ t

0
eA(e

tα−esα )sα−1es
α
ds.

Example 4. In this example is necessary numerical comparisons of the stability behavior
of the new fractal derivative system, Hausdorff derivative system [1] and its corresponding
classical fractional-order (in the Caputo sense [2]) system. For the following one dimensional
dynamical system [1]:

Fα(x)(t) = −x(t), (7)

where α ∈ (0, 1] and x(t) : [0,∞)→ R. The equilibrium point of system (7) is x = 0. A com-
parison of the numerical solutions of system (7) and its corresponding system when replacing
the new fractal derivative Cα by Caputo derivative [2] and Chen Hausdorff derivative [3, 4]
is presented in Figure 2. From Figure 2, it is clear that the new fractal derivative system
converges to zero much faster than its corresponding fractional-order system.
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Figure 2: Comparisons of numerical solutions of new fractal derivative system and fractional-
order system when they have the same initial condition x(0) = 1 and parameter α =
{0.3, 0.5, 0.8, 1}.

5 Conclusion

In this work, we presented a new definition of the fractal derivative and some theorems
and the integral of the new fractal derivative. we obtained important results with respect
to the properties of the integer-order derivative. Through comparison, it is indicated that
the stretched exponential stability shall serve as an alternative approach for characterizing
the decaying patterns of the non-integer order systems. More specifically, our future works
will consider applications of the proposed new definition. We conclude the paper with the
following question, which has yet to be answered. What is the physical meaning or geometric
interpretation of the α-derivative?
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