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Abstract

We present a unified approach for determining and proving obstructions to small-time local
controllability of scalar-input control systems. Our approach views obstructions to controlla-
bility as resulting from interpolation inequalities between the functionals associated with the
formal Lie brackets of the system.

Using this approach, we give compact unified proofs of all known necessary conditions, we
prove a conjecture of 1986 due to Kawski, and we derive entirely new obstructions. Our work
doubles the number of previously-known necessary conditions, all established in the 1980s.
In particular, for the third quadratic bracket, we derive a new necessary condition which is
complementary to the Agrachev—Gamkrelidze sufficient ones.

We rely on a recent Magnus-type representation formula for the state, a new Hall basis of
the free Lie algebra over two generators, an appropriate use of Sussmann’s infinite product to
compute the Magnus expansion, and Gagliardo—Nirenberg interpolation inequalities.
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1 Introduction

1.1 Scalar-input control-affine systems

In this article, we consider an affine control system

&(t) = fo(a(t)) +u(t) fr(x(t)) (1.1)

where the state x(t) lives in R? (d > 1), the control is a scalar input u(t) € R, fy and f; are
vector fields on R?, analytic on a neighborhood of 0, such that f(0) = 0. These assumptions are
valid for the whole article and will not be recalled in the statements. Nevertheless, the analyticity
assumption can be removed, and all our results hold assuming only finite regularity on the vector
fields, as we prove in Section 11.

For each t > 0 and u € L'((0,);R), there exists a unique maximal mild solution to (1.1) with
initial data 0, which we will denote by x(-;u). We will consider small enough controls and small
enough times so that this solution is defined up to time ¢.

1.2 Definitions of small-time local controllability

In this article, we study the small-time local controllability of system (1.1) in the sense of Defini-
tion 1.1 below, which requires the following notions.

For t > 0 and m € N, we consider the usual Sobolev space W™ (0,t) equipped with the
usual norm ||ul|yym.e = ||ul|pe + - + u™]||L~. For j € N, we define by induction the iterated
primitives of u, denoted u; : (0,t) — R and defined by: u := w and u;11(t) = fot u;j. Forp € [1,00],
we let

lullw-rr = [lu Lo (1.2)
For scalar-input systems such as (1.1), the W~1°° norm of the control is important because it is
an accurate measure of the size of the state (see Lemma 4.3 and [5, Lemma 20]).
For m € Z, we use the notation [m, oco[ for [m,c0) N Z.

Definition 1.1 (W"™>-STLC). Let m € [—1,00[. We say that system (1.1) is W"™*>-STLC
when, for every t,p > 0, there exists § = (t, p) > 0 such that, for every x* € B(0,0), there exists
u € W ((0,t); R) N L1((0,); R) with ||ul|wm.~ < p, such that z(t;u) = z*.

Any positive answer to the STLC problem may be thought of as a nonlinear local open mapping
theorem, which underlines the deepness and intricacy of this problem, when the inverse mapping
theorem (or linear test, see [13, Section 3.1]) cannot be used.

STLC in the literature usually corresponds to what we refer to as L*°-STLC (i.e. m = 0
in Definition 1.1 above), where controls have to be arbitrarily small in L* norm (see e.g. [13,
Definition 3.2] or STLC, in [23]). Sometimes (see [40, 41]) authors investigate the p-bounded-
STLC: p > 0 is fixed and system (1.1) is p-bounded-STLC if, for every ¢ > 0, there exists § > 0
such that, for every «* € B(0,d), there exists u € L>(0,t) with ||u||p~ < p such that z(¢;u) = a*.

For any m € N*, p >0 and t € (0,1), |Jullw-1.00 < t|luljpe < [Jul|wm.e thus

(W™>_STLC) = (L*-STLC) = (p-bounded-STLC) = (W~ 1*-STLC), (1.3)

where any reciprocal implication is false (see Appendix A.1). See also [7] for a recent comparison
of various controllability definitions. The interest of the W—1>°-STLC is that it is equivalent to
the small-state small-time local controllability for scalar-input systems (see [5, Section 8.2]).

In the excellent survey [23], Kawski recalls the known necessary conditions (see Theorems 3.1,
3.4 and 3.5 therein) and sufficient conditions (see Theorems 3.6 ad 3.7 therein) for L>-STLC.
Then he explains, on clever examples, the obstacles that a more complete theory has to overcome.
Kawski’s survey is at the root of the present article: our main results are generalizations to any
systems, of its observations on particular examples which will be recalled and discussed later in
the present article (see Sections 6.1, 7.1, 8.1 and 9.1).



1.3 Algebraic notations and Lie brackets

The STLC is closely related to the evaluations at 0 of the iterated Lie brackets of the vector fields
fo and f1. We, therefore, introduce the following definitions and notations.

Let X := {Xo, X1} be a set of two non-commutative indeterminates.

Definition 1.2 (Free algebra). We consider A(X) the free algebra generated by X over the field
R, i.e. the unital associative algebra of polynomials of the indeterminates Xog and Xi.

Definition 1.3 (Free Lie algebra). Within A(X) one can define the Lie bracket of two elements
as a,b] :== ab — ba. This operation is anti-symmetric and satisfies the Jacobi identity. Let L(X)
be the free Lie algebra generated by X over the field R, i.e. the smallest linear subspace of A(X)
containing X and stable by the Lie bracket [-,-].

Definition 1.4 (Tterated brackets). Let Br(X) be the free magma over X, or, more visually, the set
of iterated brackets of elements of X, defined by induction: Xo, X1 € Br(X) and if a,b € Br(X),
then the ordered pair (a,b) belongs to Br(X).

There is a natural evaluation mapping E from Br(X) to L(X) defined by induction by E(X;) :=
X; fori=0,1 and E((a, b)) := [E(a),E(b)]. Through this mapping, Br(X) spans L(X).

Definition 1.5 (Homogeneous layers within £(X)). For b € Br(X), no(b) (respectively ni(b))
denotes the number of occurrences of the indeterminate Xy (resp. X1) in b. For Ay, Ay C N,
S4,(X) and Sa, 4,(X) are the vector subspaces of L(X) defined by

Sa,(X) :=span{E(b); b € Br(X),n1(b) € A1}, (1.4)
Sa,.40(X) :=span{E(b); b € Br(X),n1(b) € A1,n0(b) € Ao}. (1.5)
(

Fori,j € N, we write' S;(X) and S; j(X) instead of Sg;3(X) and Spiy ;3(X).

Definition 1.6 (Bracket integration b0”). For b € Br(X) and v € N, we use the unconventional
short-hand b0¥ to denote the right-iterated bracket (- -- (b, Xg), ..., Xo), where Xo appears v times.

Definition 1.7 (Lie bracket of vector fields). For smooth vector fields f and g, we define

[f,g] == (Dg)f — (Df)g. (1.6)

Definition 1.8 (Evaluated Lie bracket). Let fo, fi be C* wvector fields on an open subset 2 of R?
and f = {fo, f1}. For B € L(X), we define fg := A(B), where A : L(X) — C>®(;RY) is the
unique homomorphism of Lie algebras such that A(Xo) = fo and A(X1) = f1.

To simplify the notation, we will write fy instead of fup) when b € Br(X). The vector field fi,
1s obtained by replacing the indeterminates X; with the corresponding vector field f; in the formal
bracket b. For instance if b = (X1, (Xo, X1)) then fo = [f1,[fo, f1]] and if B = ayE(by) + -+ +
anE(by) € L(X) where by, ..., by, € Br(X) and as,...,a, € R then fp =aifo, +-- -+ anfs,-

Eventually, for a subset N of Br(X) we use the notation

N(£)(0) := span{f,(0);b € N} C R, (1.7)

All the known necessary conditions for STLC are stated in the following way. One focuses on
a “bad” bracket b € Br(X) and one identifies a subset N of Br(X) containing all the brackets
susceptible to neutralize b. Then the necessary condition for STLC is f(0) € N (f)(0).

This is linked with Krener’s fundamental result [29, Theorem 1], which states that, if two
control systems of the form (1.1) have linearly isomorphic brackets evaluated at 0, then they are
diffeomorphic. Thus the entire information about STLC is contained in the subset of R? made of
the evaluations at 0 of the Lie brackets of the vector fields fy and f;.

1Some authors use the notation S;(X) for what is referred to here as Sp1,a7 (X)-



1.4 A new basis of the free Lie algebra

In this article, we construct a new basis of the free Lie algebra £(X), which is of the form E(B*),
where B* is a Hall set of Br(X) (see Definition 2.6). All our results are expressed using this basis.
The main interest of B* is the particular form of the associated coordinates of the second kind,
which appear to be very well suited for control results and functional analysis (see Section 3.3).
In particular, a key point is that B* seems to allow to immediately guess from the structure of a
Lie bracket and/or from its associated coordinate of the second kind if this bracket will lead to
an obstruction or not. As noted by Kawski in [23, Section 4], such a feature (“splitting” bad and
good Lie brackets) is not satisfied by the usual length-compatible or Chen—Fox—Lyndon bases of
the free Lie algebra. We plan to investigate further this property of B* in a forthcoming paper.
The first elements of B* are given explicitly in the following statement.

Proposition 1.9. The first X;1-homogeneous layers By := {b € B*;n1(b) = k} of our basis B* are

By ={M,}, (1.8)
B; = {Wj,v}a (19)
Bg = {Pl,k,u;j S k}a (110)
By = {Qikrnii Sk <1FU{Q% 50 <k}U{Q) .} (1.11)
Bt = {Rjppmuij <k <U<myU{RL, i<k}, (1.12)

where, implicitly, j, k,1,m € N*, u,v € N and we define (using the notation 0¥ of Definition 1.6),

M, == X;0, (1.13)
Wi = (Mj—1, M;)0, (1.14)
Pjrw = (Mg—1,W;0)0", (1.15)
Qiktw = (M1, Pis0)0”, Qo= (Wi Wi)0”, @5, = (W, Wjui1)0”,  (1.16)
Rty = (Mm_1,Qjr10)0",  RE, o= (Wi, Piko)0”. (1.17)

To lighten the notations, Wj, P; 1 and Q; 1 will denote Wi, Pj o and Qj k10
Moreover, to avoid cluttering the formulas, all these symbols will indifferently denote either the
elements of Br(X) themselves or their evaluation by E in L(X) (recall Definition 1.4).

We only write explicitly the elements 8*1’5]], because notations for the elements of BEG’OO[ will
not be required in the sequel. Of course, the list could go further, albeit with increasing complexity.

One could also probably extend our construction of B* to the case of control systems with
multiple inputs. For such systems, one needs a basis of the free Lie algebra over {Xo, X1,..., X }.
Many such extended constructions could be proposed and the “correct” one might depend on the
intended applications. We discuss some key structural features of B* (which could be preserved
with multiple inputs) in Remark 3.5.

1.5 Main results: old and new necessary conditions

First, we recover (slightly improved versions of) the necessary conditions for STLC, due to Suss-
mann [41, Proposition 6.3] (for & = 1) and Stefani [40, Theorem 1] (for & > 1), concerning the
strongest obstruction at each even order of the control, which were historically derived for the
stronger p-bounded-STLC notion (recall the implications (1.3)).

Theorem 1.10. If system (1.1) is W—1°-STLC (or, equivalently, small-state-STLC), then

Vk € N*,  ad?¥(f0)(0) € Sp,26-17(£)(0). (1.18)



Then we prove the following necessary conditions for controllability on the Lie brackets W}, for
k € N* (see (1.14)), which we call “quadratic Lie brackets”, as they involve X; twice.

Theorem 1.11. Let m € [—1,00[. If system (1.1) is W™ >®-STLC, then

Vk € N*,  fw, (0) € Sprk,m)p\ (23 () (0) (1.19)
where ok 9
=1 — 1.2
wkm) = 1+ | 22 (1.20)

with the convention m(k,—1) = 400 and w(1,—1) = 1.
As particular cases, this result contains necessary conditions on Wy, for
e W1°°.STLC (small-state STLC), which is new and requires particular care (see Section 10),
e L>-STLC: fw,(0) € Sp12k—17\f23(f)(0), which was conjectured in 1986 in [22, p. 63],
o Wm>_STLC with 1 < m < 2k — 4, which is a new result,
o W2=3°_STLC: fw, (0) € S1(f)(0), which we had already proved in [5, Theorem 3].

An interest of condition (1.19) is that it illustrates that some kind of compensation on fyy, (0)
is necessary for controllability. We say that this condition is “loose” because we only focused on
obtaining the optimal threshold 7(k,m) (see Section 6.7), but, within Sps r(,m)(X), we did not
try to obtain the minimal list of brackets. Depending on one’s needs, our general approach can be
used to shrink this list. As an illustration, one has the following result.

Theorem 1.12. Let m € [—1,00[. If system (1.1) is W™>-STLC, then, for all k € N* such that
mw(k,m) > 3 (defined in (1.20)),

fwi.(0) € 51(£)(0) + Pr(f)(0) + Sta,m(re,m) (£)(0) (1.21)

where
Pr:={Pj1,, € B3;j <k} C B;. (1.22)

For k € {2,3}, a careful analysis allows to refine even more the necessary conditions of Theo-
rems 1.11 and 1.12. In particular, in the case m = 0, we prove the following results.

Theorem 1.13. If system (1.1) is L>°-STLC, then fw, (0) € Nx(f)(0) for k =1,2,3, where

N =B, (1.23)
NQ = Nl U {Pl,l,u;V S N}, (124)

N3 = No U{P110, Q11,1, Q2,0 Q)0 @11, Q)0 Rii11,0s RQ,LLM,V;Z e N, u,v € N} (1.25)

The statement concerning Ws is proved by Kawski in [24, Theorem 1], using the Chen—Fliess
expansion and technical results from Stefani [40]. We propose a different strategy, that allows us to
obtain similarly the condition concerning W3, which is new. Moreover, the lists N}, are “minimal”
in the sense that, for any bracket in N}, we exhibit a system where it restores STLC when in
competition with Wj. In the hardest case k = 3, we prove these controllability results using
the Agrachev—Gamkrelidze sufficient condition of [1, Theorem 4], illustrating that, the necessary
condition fw,(0) € N3(f)(0) is somehow complementary to their sufficient conditions theory.

To go beyond necessary conditions involving quadratic Lie brackets, we prove the following new
necessary condition linked with a bracket of the sixth order with respect to the control.



Theorem 1.14. If system (1.1) is L*°-STLC, then

fadﬁ)l 1(Xo)(o) € span {fb(0)§ be By q:b# ad?ﬁ,l(Xo)} . (1.26)

Throughout the paper, we will discuss the optimality of all these necessary conditions by
comparing them with the known sufficient conditions, including the ones due to Agrachev and
Gambkrelidze [1, Theorem 4] or Krastanov [28, Theorem 2.7]. In particular, let us already point out
that, due to their structure, all the brackets involved in the above-mentioned obstructions, namely
ad%é (Xo), Wi = ad?\/[,ﬁl (Xo) and ad?gl ,(Xo) are indeed always seen as “bad” and required to be
compensated by such sufficient conditions (see Appendix A.2).

Eventually, we explain in Section 11 why all these results, derived for analytic vector fields,
remain valid without change for C* vector fields. More precisely, we show that assuming only
finite regularity on fo and f; is sufficient to preserve the conclusions, provided that one gives the
appropriate meaning to the evaluations at 0 of the considered brackets (the brackets themselves
being undefined elsewhere).

1.6 Our unified approach of obstructions

We provide a general overview of the approach that we use in this paper to conjecture and prove
necessary conditions of STLC. We claim that the method is fairly general: it already allowed us
to recover all known or conjectured obstructions, and prove multiple new ones.

1.6.1 An interpretation of obstructions to STLC as drifts

Our results are of the form: W >°-STLC = f,(0) € N(f)(0), where m € [—1,00[, b € B* and N
is a subset of B*. We prove these results by contraposition, starting from the assumption

f6(0)  N(£)(0). (1.27)

Our strategy consists in proving that, when (1.27) holds, the state z(t;u) “drifts” along f,(0), in
the sense of Definition 1.16 below, which requires the following notion.

Definition 1.15 (Component). Let N be a vector subspace of R and e € R?\ N. We say that a
linear form P : R — R is a component along e parallel to N when Pe =1 and N C ker P.

Definition 1.16 (Drift). Let b € B*, N C Br(X) and m € [—1,00[. We say that system (1.1)
has a drift along f,(0), parallel to N (f)(0), as (¢, ||ul]jwm.~) — 0 when there exists C > 0 and
B > 1 such that, for every e > 0, there exists p > 0 such that, for every t € (0,p) and every
u € Wm™oo((0,t);R) N LY((0,¢); R) with ||ullwm.~ < p,

Pa(t;u) > (1 —e)ép(t,u) — C|x(t;u)\’3, (1.28)

where P gives a component along f,(0) parallel to N'(f)(0) and (&)pep+ are the coordinates of the
second kind associated with B* (see Definition 2.10 and Proposition 3.7).

Lemma 1.17. Let b € B*, N C Br(X) and m € [—1,00[. Assume that &, (t,u) > 0 for all u €
LY((0,t); R) and that system (1.1) has a drift along fs(0), parallel to N'(f)(0), as (¢, ||u|wm.«) — 0.
Then system (1.1) is not W™>-STLC.

Proof. For small enough times and controls, when &, > 0, estimate (1.28) prevents x(t;u) from
reaching targets of the form z* = —af,(0) with 0 < a < 1, because this would entail —a = Pz* >
—Cla*|# = —C|fe(0)|?a”, which fails for a small enough, since 8 > 1. Thus, estimate (1.28) comes
into contradiction with W™ *°-STLC. Indeed, Definition 1.1 requires that, even for arbitrarily
small times and controls, one may reach a whole neighborhood of 0. O



Remark 1.18. To deny STLC, it is sufficient (as is done in the previous proof), to negate the
possibility of reaching locally a half line R* f,(0). Nevertheless, since § > 1, when & > 0, esti-
mate (1.28) actually also implies that the unreachable set contains locally a whole half-space.

This property is quite satisfactory as it somehow complements the fact that most known suf-
ficient conditions for STLC yield a locally convexr reachable set. More precisely, these conditions
rely on “variations” or “tangent vector”, and it is known that the set of such tangent vectors is
almost convex [23, Lemma 2.3].

This motivates our definition of drifts, which therefore entails not only a lack of STLC but
also a description of the unreachable space. A weaker definition, such as Definition 10.1, replacing
C|z|? by e|z| would not yield such a precise conclusion.

Example 1.19. To illustrate the definitions, consider the system
(bl =Uu
j,‘g =T (129)
T3 = x% — :c% — m:{’ — 4z 29.

Written in the form (1.1), this system satisfies

fX1 (0) = €1, fM1 (0) = €3, fW1 (0) = 2635 sz (O) = _2637 fP1,1(0) = _663 (130)

and f»(0) = 0 for any other b € B*. Therefore, it does not satisfy Sussmann’s necessary condition
(case k =1 of (1.18)) which requires that fw, (0) € S1(f)(0) .
Using the notations uy and ug of Section 1.2 for the first and second primitive of u, explicit
integrations lead to x1(t) = uq(t), x2(t) = ua(t) and
t
0

t t
r3(t) = [ ui— / uj — / ui — 23 (t). (1.31)
0 0

Here, P : x +— a3 is a component along fw, (0), parallel to Rey + Rez = S1(f)(0).
Moreover, since &w, (t,u) = %fg u? (see (3.12)), one has, by Poincaré’s inequality

Pz(t) > (1 —t* — |lui L) w, (t,u) — 23(2). (1.32)

Therefore, this estimate indeed matches (1.28) provided that both the time and the control are
small enough. One also checks that the |x(t;u)|? term is required, reflecting the fact that changes
of coordinates in the state-space can locally bend the unreachable set.

In Example 1.19, proving the presence of the drift is easy as the system is explicitly integrable.
To prove our results in a general setting, we will rely on the following more robust approach.

1.6.2 A recent approximate representation formula for the state

Unlike historical proofs which all rely on Chen’s expansion (see Remark 2.4), the starting point of
our strategy is a recent approximate representation formula, introduced in [3] and explained more
precisely in Section 4.3, which states that, as (¢, ||u]y-1.) — 0,

2(ti) = Zp,an (£ 0) (0) + O (Jul i s + o)1), (1.33)
where, for M € N*, Zpy (¢, f,u) is an analytic vector field belonging to Spi ap(f) and given by
2t fou) = Z no(t, ) fo, (1.34)

beBr

[1,nM]

where the 7, are functionals of ¢t and u, which we call “coordinates of the pseudo-first kind” (see
Remark 2.15) and the infinite sum converges (in the sense of analytic functions).

A remarkable feature of (1.33)-(1.34) is that, when computing the state z(¢;u) as almost
Zn1,m1(t, f,u)(0), each term ny(t,u) f(0) of the series decouples:




e on one side, a scalar n(t,u) € R, which carries the time and control dependency, but in a
universal (i.e. system-independent) way,

e on the other side, a vector f,(0) € R?, which encodes the algebraic and geometric dependency
on the system, in a coordinate-independent way, as only Lie brackets of fy, f1 are involved.

A technical drawback of (1.34) is that, unlike the coordinates of the second kind &, associated
with Sussmann’s infinite product expansion (see Section 2.3), the functionals 7, are not given by
nice explicit expressions. Our insight to deal with this difficulty is to rely on the heuristic that,
somehow, n, &~ & (see Proposition 2.19 for a statement, and Section 4.5 for limits to this belief).
Since both sets of coordinates are linked by iterated applications of the usual Campbell-Baker—
Hausdorff formula, for each b € B*, the difference n, — &, is given by a sum of products of the form
v, (t,u) - &, (t,u) (for some ¢ > 2 and other lower-order b;’s) which we call “cross terms”.

Hence, we work with the formula

Zpant fw)0) = Y &Eu 00+ Y (nltu) — &(tu) f(0). (1.35)

beBr beBr

[1,M] [1,M]

cross terms

1.6.3 An heuristic to conjecture drifts
Our formula can be used to conjecture necessary conditions for STLC in the following way.

1. One starts by considering a bracket b € B* for which &, (¢, -) is positive-definite (i.e. for every
t>0and u € L'((0,¢);R) \ {0}, & (¢,u) > 0). The identification of such candidate “bad”
brackets is particularly easy within B* (see Section 3.3) and part of the reasons for which we
believe that this basis is well adapted to control theory.

2. One also fixes a regularity index m € [—1, co[ (one can think m = 0 if one is mostly interested
in the usual notion of L>*-STLC).

3. One then determines M € N* large enough such that the main remainder of (1.33) will satisfy
el s < Ml =™ @ ot ). (1.36)

Heuristically, this is an interpolation inequality, bounding the W~1M*1 norm between the
stronger norm ||ul|ywm.« and the term &p(¢,u) which plays the role of the weaker norm.
Choosing M larger makes (1.36) easier to prove as it requires even less coercivity from &g.
See (6.17) or (9.32) for examples of such interpolation inequalities.

4. One then determines A" as the set of b € By, ,\{b} such that & # o(&) as (, [Ju[lwm ) = 0.
N can be interpreted as the set of ¢ neutmlzzmg brackets whose coordinate would be strong
enough (from a functional analysis point of view) to counterbalance the coercivity of £, and
could lead to restoring STLC (see e.g. Section 8.1 for detailed examples in the case b = W3).

Eventually, the heuristic is that fs(0) € N(f)(0) will be a necessary condition for W™>°-STLC.
Indeed, by contraposition, if one assumes (1.27), this allows to consider P : R? — R, a component
along f,(0) parallel to N'(f)(0). Then, using Section 1.6.2,

Pr(tiu) =&(tLu) +O( Y [&ELWPHO)) +0( D |m — &) (L w)Pf(0)])
bGBELM]] beBEl,I\/{]]
bgNU{b} bEN (1.37)

+ O(Hu”%irllzvud) + O(|x(t;u)|1+ﬁ)

In this formula, within the big O remainders, the intuition is that



e the first term should be bounded by £ (¢, u) thanks to the choice of A in Item 4 above (such
sums are estimated in Proposition 4.5),

e the second term should be negligible if the intuition 7, & &, is valid (such sums are estimated
in Proposition 4.6),

e the third term is bounded by €& (¢, u) thanks to the choice of M in Item 3 above and (1.36),
e the fourth term is part of the definition of a drift in (1.28),

therefore establishing the presence of a drift as in Definition 1.16.

1.6.4 Arguments used in the proofs

From a technical point of view, the most painful task is to estimate the cross terms involved
in (1.37), i.e. in the differences |, — &/ for b € By \ N (including |ns — &p|). To obtain these
estimates, the proofs of this paper share a common structure and involve (to various degrees of
complexity) the following ingredients of different natures.

Geometric arguments. To bound the cross terms, we prove that assumption (1.27) implies
what we call “vectorial relations” involving other elements f;(0) for b € B*. Then, we prove that
these vectorial relations entail what we call “closed-loop estimates”, i.e. that some coordinates
&, (t,u) for some particular b; € B* involved in the cross terms can be estimated from |z(t; u)| and
higher-order terms involving the control. This is a key argument of the method. The essence of
closed-loop estimates can be spotted implicitly in previous literature: for example [40, Lemma 3.2]
is a (slightly less general) version of Lemma 5.4, while [24, p. 148] uses a static-state feedback to
guarantee that u(t) = 0.

Analysis arguments. Almost all estimates involve interpolation inequalities. As this paper
mostly concerns quadratic obstructions to controllability, most of the proofs rely on the usual
Gagliardo—Nirenberg interpolation inequalities of Section 4.6. Nevertheless, in the sextic case, we
need the new unusual interpolation inequalities of Section 9.6. When working on other obstructions,
it is likely that many new interpolation inequalities will be required, such as the ones we derived
(for this purpose) in [35].

Algebraic arguments. The previous arguments might be insufficient to bound some cross terms
&b, (t,u) - &, (t,u). In the Baker-Campbell-Hausdorff formula, these products are coefficients of
Lie brackets such as [[b1, bs], [b2, b3]] involving each b; exactly once. Luckily, in such cases, we
are able to prove that the decomposition in B* of these Lie brackets is contained in A/, so that
these cross terms are not involved in (1.37). Such arguments are purely algebraic computations
in B*, and totally independent from any system or functional analysis. They are for example of
paramount importance in Section 6.8 or Section 9.2.

1.6.5 The low-regularity case m = —1

For m = —1 and some choices of b, estimate (1.36) may fail (even for arbitrarily large M) and then
the remainder ||u\|%f11 w41 in the representation formula (1.33) cannot be absorbed. We developed
an extension of our method which encompasses this difficult low-regularity case (see Section 10),
and relies on “embedded semi-nilpotent systems”.




1.7 On the invariance by change of coordinates and feedbacks

As can be seen by inspection of Definition 1.1 (see also [5, Lemma 16] for the case m > 0), two
important classes of transformations preserve small-time local controllability.

First, analytic changes of coordinates in the state space. As recalled in Section 1.3, stating
conditions involving only Lie brackets evaluated at 0 automatically guarantees that our conditions
are coordinate-invariant, since the Lie brackets evaluated at 0 in the new coordinates are linearly
isomorphic to the ones in the old coordinates (see [29, Theorem 1] or also [3, Section 8.2]).

Second, static-state feedbacks (so particular classes of changes of coordinates for the couple
(z,u) which preserve the control-affine nature of the system), or even changes of time-scale (see [20,
Weak feedback equivalence]). As criticized by Lewis in [31], methods based on the identification
of vector fields with a free Lie algebra generally don’t embed the invariance under such feedback
transformations. To preserve such an invariance, other approaches are necessary, such as Agrachev
and Gamkrelidze’s “control of diffeomorphisms” [1, 2] or Lewis’ “tautological systems” [32, 33].

While some of the above necessary conditions are definitely not feedback-invariant (and we plan
to study this difficult and very interesting matter further in a forthcoming work), they still pro-
vide computationally checkable necessary conditions, and provide a nice counterpoint to sufficient
conditions such as [1, Theorem 4] or [28, Theorem 2.7]. Moreover, some of them are feedback-
invariant. Indeed, [9, Theorem 1] implies that Theorem 1.10 and Theorem 1.13 for k = 1,2 are
feedback-invariant.

1.8 Structure of the article

This paper is organized in three parts:

e First, we introduce the tools required to use our unified approach.

— In Section 2, we recall the notion of formal differential equations set in the algebra of
formal series over X, which allows to model (1.1) independently on f; and f.

— In Section 3, we introduce a new Hall set B* over { Xy, X;} which yields a Hall basis of
L(X) particularly well adapted to control problems.

— In Section 4, we explain how the formal results of Section 2 translate to system (1.1)
driven by analytic vector fields. We formulate useful black-box estimates.

e Then, we implement the method to prove all results of Section 1.5.

— In Section 5, we prove Theorem 1.10.

— In Section 6, we prove Theorems 1.11 and 1.12 for m > 0.
— In Section 7, we prove Theorem 1.13 for Ws.

— In Section 8, we prove Theorem 1.13 for Wj.

— In Section 9, we prove Theorem 1.14.
e Eventually, we describe two extensions of our method.

— In Section 10, we study the notion of embedded semi-nilpotent systems, which we use
to prove Theorems 1.11 and 1.12 in the low-regularity case m = —1.

— In Section 11, we remove the analyticity assumption used throughout the paper.
2 Tools from formal power series
In Section 2.1, we introduce the formal differential equation (2.1) whose solution x(t), is a formal
power series. In Section 2.2, we recall the well-known notions of Hall sets, which yield bases

of £(X), within which one can express the solutions to (2.1). In Sections 2.3 to 2.6, we present
formulas which allow to compute these solutions within such bases.
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2.1 The formal differential equation

Fundamental in this project is the use of the formal differential equation

(1) = 2(1)(Xo + u(t) X)), o

z(0) = 1. ’

Although this equation is linear, a classical linearization principle (see [3, Section 4.1]) allows to

recast the study of nonlinear ODEs such as (1.1) driven by vector fields to this setting. A key
benefit of this abstract formulation is that it is now independent on fy and f;.

The goal of this section is to define the solutions to (2.1). This requires the following notions.

Definition 2.1 (Graded algebra). The free associative algebra A(X) (see Definition 1.2) can be
seen as a graded algebra:

AX) = @ A,(X), (2.2)

neN

where A, (X) is the finite-dimensional R-vector space spanned by monomials of degree n over X.
In particular Ao(X) =R and A;(X) = spang(X).

Definition 2.2 (Formal series). We consider the (unital associative) algebra A(X) of formal series
generated by A(X). An element a € A(X) is a sequence a = (an)nen written a = 3.
an, € An(X) with, in particular, ag € R being its constant term.

We also define the Lie algebra of formal Lie series E(X) as the Lie algebra of formal power
series a € A(X) for which a, € L(X) for each n € N.

nen @n, Where

Within the realm of formal series, one can define the operators exp and log. For instance, for
a € A(X) with ag =0, exp(a) := > ro, ‘ZC—T is a well-defined formal series.

The solutions to (2.1) are defined in the following way.

Definition 2.3 (Solution to (2.1)). Let t > 0 and u € L*((0,t);R). The solution to the formal
differential equation (2.1) is the formal-series valued function x : [0,t] — .Z(X), whose homoge-
neous components x, : Ry — A, (X) are the unique continuous functions that satisfy, for every
$ >0, z9(s) =1 and, for every n € N*,

2o (s) = /os Tp-1(s")(Xo + u(s")X1) ds'. (2.3)

Iterating the integral formula (2.3) yields the following power series expansion, known as the
Chen series (introduced in [11, 12]), which is the most direct way to compute the solution to (2.1):

z(t)= Y </0tuw) w, (2.4)

weX*

where the sum ranges over all elements w of X*, the free monoid over X (i.e. non-commutative

monomials built as products of Xy and X;), and fot u,, 1s a notation for a coefficient which can be
computed recursively (see [3, Section 2.2] for a gentle introduction).

Remark 2.4. Although this expansion is the one which was used to prove all known necessary
conditions (in [24, 40, 41]), we will not use it in this paper. Indeed, although it enjoys nice
convergence properties when substituting Xo and X with analytic vector fields fo and f1 (see [3,
Section 5]), it is not expressed in the Lie algebra E(X) but in the whole algebra /Al(X) This makes
it, in our opinion, difficult to use to conjecture and prove more complex obstructions such as our
new results stated in Section 1.5.
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2.2 Hall sets and bases

We recall the notion of Hall sets and Hall bases. For more details on theses bases of L(X), we
refer to [10], [38, Chapter 4] or [44, Chapter 1].

Definition 2.5 (Length, left and right factors). For b € Br(X), |b| denotes the length of b. If
|b] > 1, b can be written in a unique way as b = (b, bz), with by, by € Br(X). We use the notations
A(b) = by and p(b) = by, which define maps A\, pv: Br(X)\ X — Br(X).

Definition 2.6 (Hall set). A Hall set is a subset B of Br(X), totally ordered by a relation < and
such that

e X CB,
o for b= (b1,bs) € Br(X), b€ B iff bi,by € B, by < ba and either by € X or A(bs) < by,
o for every by, by € B such that (by,bs) € B, one has by < (b1,bs).

The main interest of Hall sets is that their images by E (recall Definition 1.4) yield algebraic
bases of L(X), called Hall bases, as proved in [44, Corollary 1.1, Proposition 1.1 and Theorem 1.1].

Theorem 2.7 (Viennot). Let B C Br(X) be a Hall set. Then E(B) is a basis of L(X).

Remark 2.8. Historically, Hall sets were introduced by Marshall Hall in [16], based on ideas of
Philip Hall in [17]. In his historical narrower definition, the third condition in Definition 2.6 was
replaced by the stronger condition: for every by, by € B, by < by = |b1| < |ba|.

Two famous families of Hall sets are the Chen—Foz—Lyndon ones (see [44, p. 15-16]) whose
order stems from the lexicographic order on words and the historical length-compatible Hall sets,
for which by < by = |b1| < |ba|. Other examples, such as the Spitzer—Foata basis are studied in [4]
and [44, Chapter 1].

We define in Section 3 below our new Hall set B*, which combines important features of the
Chen—Fox—Lyndon and length-compatible ones (see Remark 3.5) as well as new ones.

Definition 2.9 (Support). Let B be a Hall set of Br(X) and a € L(X). For b € B, we denote by
(a,byp the coefficient of E(b) in the expansion of a on the basis E(B). We define

suppg(a) := {b € B; (a,b)g # 0} . (2.5)

For a € Br(X), suppg(a) := suppg(E(a)). If A C Br(X), we let suppg(A) := Ugeca suppg(a). We
drop the subscripts B when there is no possible confusion on which basis is used.

2.3 Sussmann’s infinite product expansion

We present an expansion for the formal power series x(t) solution to (2.1) as a product of expo-
nentials of the elements of a Hall set, multiplied by coefficients that have simple expressions.

This infinite product is an extension to all Hall sets of Sussmann’s infinite product on length-
compatible Hall sets [42], suggested in [25] and proved in [3, Section 2.5].

Definition 2.10. Let B C Br(X) be a Hall set. The coordinates of the second kind associated
with B is the unique family (&)pep of functionals Ry x L (Ry;R) — R defined by induction in
the following way: for everyt >0 and u € L*((0,t);R)

o ix,(tu) :=1t and Ex, (t,u) := fotu = uy (),

e forbe B\ X, there exists a unique couple (by,bs) of elements of B such that by < bs and a
unique mazimal integer m € N* such that b = ady’ (b2) and then

Gt = [ G ) ds (26)
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Theorem 2.11. Let B C Br(X) be a Hall set, t > 0 and u € L'((0,t);R). The solution to the
formal differential equation (2.1) satisfies,

(_
a(t) = [ Jestm=®, (2.7)
beB

Remark 2.12. In (2.7), the right-hand side is an infinite oriented product, indexed by elements
of B which are increasing towards the left (see [3, Section 2.5] for more precise definitions).
Outside of the length-compatible case, Hall sets can have infinite segments, i.e. for some fized
b1 < by € B, there might exist an infinite number of b € B such that by < b < by. Hence, one must
be careful when defining and interpreting the product (2.7).
This situation occurs for our basis B*, in which X1 < M, < W for allv > 0 (see Section 3.1).

Hence, in this basis
:L'(t) — ol Xo ... €€W1 Wi .. €€Mz M2 €y M1efx1X1' (28)

2.4 Magnus expansion in the usual setting

Let us mention the following classical expansion, due to Magnus [34], to contrast it with our variant
of the next subsection. Multiple proofs of the following result are known (see [3, Section 2.3]).

Theorem 2.13. Fort > 0 and u € L*((0,t);R), the solution x to (2.1) satisfies
x(t) = exp (Z[[Loo[[(t, X, u)) (2.9)

where Zy o[ (t, X, u) € E(X) Moreover, if B C Br(X) is a Hall set, there exists a unique family
(Co)ven of functionals Ry x L (Ry) — R, called coordinates of the first kind associated with B,
such that
Z[[Loo[[(taX’ u) = ZCb(t7u)E(b)’ (2.10)
beB

with, in particular, (x,(t,u) =t and Cx, (t,u) = uy(t).

This expansion is naturally well-suited for truncations with respect to the total length of the
involved brackets. When substituting the formal indeterminates Xy and X; with vector fields f
and f1, such truncations lead to error estimates of the form O(t*+1) (see e.g. [3, Proposition 93]).

As explained in (1.36), our method to prove obstructions requires error estimates scaling like
powers of the control, which can be absorbed by interpolation. Hence, we will not use expansion
(2.9), but rather the one described in the following paragraph, which naturally yields such error
estimates. Another approach could be to try to sum infinite subseries of (2.10) (say all terms with
n1(b) < M), but there are convergence issues associated with such an approach, even for analytic
vector fields (see [3, Proposition 138]). These convergence issues do not occur for our expansion
presented below (see Theorem 4.4).

2.5 Our formal expansion

We present another expansion for the formal power series z(t) solution to (2.1), which we recently
developed for control theory in [3, Section 2.4], for which we proved the following result. This
expansion is the one at the root of the current work.

Theorem 2.14. Fort > 0 and u € L*((0,t);R), the solution x to (2.1) satisfies

z(t) = exp(tXo) exp (21,00 (t, X, ) , (2.11)
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where 2 oo (t, X, u) € E(X) Moreover, if B C Br(X) is a Hall set, there exists a unique family
(mb)ven of functionals Ry x L (R;) — R, called coordinates of the pseudo-first kind associated
with B, such that
Z[[l,oo[[(tha u) = an(t,u)E(b)a (212)
beB

with, in particular, nx,(t,w) =0 and nx, (t,u) = ui(t).

Remark 2.15. In [3, Section 2.4], we named this expansion “Magnus expansion in the interaction
picture”. Indeed, the interaction picture is a representation used in quantum mechanics when the
dynamics can be written as the sum of a time-independent part, which can be solved exactly, and
a time-dependent perturbation. It corresponds to factoring out the e!X° part of the dynamics.

As in [8, Section 2.4.2], we call the ny, coordinates of the pseudo-first kind. This is our own
wording to denote that these coordinates are somewhere in between those of the first kind (used in
(2.10)) and those of the second kind (used in (2.7)), but much closer to the former. First kind and
second kind are well established names [8, II1.4.3].

Since we will work with truncated version of this expansion, we also introduce, for M € N*, the
notation Zy; arp(t, X, u) to denote the canonical projection of Zp; (¢, X, u) onto A1 (X) @ --- @
Apr(X), so that one has

ZuantEXu) = > m(t u)E(b). (2.13)

These truncations still contain an infinite number of terms (since ng(b) is unbounded). However,

when substituting Xy and X; with analytic vector fields fy and fi, then enjoy nice convergence
properties (see Theorem 4.4).

2.6 Computing coordinates of the pseudo-first kind

Unlike coordinates of the second kind, which enjoy the nice explicit recursive integral expres-
sion (2.6), no such formula is known for the coordinates of the first kind or pseudo-first kind. Our
viewpoint in this work is to compute the latter from those of the second kind, by means of the
Campbell-Baker-Hausdorff formula, leading to formula (2.15) and estimate (2.20).

Proposition 2.16. There ezists a family of elements Fy ,(Y1,...,Yy) € L({Y1,...,Y,}) forqg e N*
and h € (N*)?, such that, Fy,(Y1,...,Yq) is of degree h; with respect to'Y; for each i € [1,q] and,
for every Hall set B C Br(X) with Xo as mazimal element, t > 0 and u € L*((0,t); R),

hq
2100 (t, X, u) = Y G (tw) o & (8, u) Py n(ba, -, by). (2.14)
q€N" ,he(N")4
by>->bge€B\{Xo}

Equivalently, for every b € B, one has

m(t,u) = E(t,u) + > E(tu) . & (b ) (Fyn (b, ... bg), b)s. (2.15)
q>2,he(N¥)?
by1>-->bseB\{Xo}

Proof. We deduce from Theorems 2.11 and 2.13 and the maximality of Xy (see also (2.8)) that

H
ez[[1>90|[(trxvu) — H efb(t,u)E(b). (216)
beB\{Xo}
Then (2.14) and (2.15) follow from the multivariate CBHD formula [3, Proposition 34]2. O

2Technically, this proposition is stated for finite products. Nevertheless, one can use the graded structure of

A(X) to reduce the proof to this finite setting.
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Remark 2.17. The elements Fy; are deeply linked with the CBHD formula and can be it-
eratively computed from its usual two-variables coefficients. One has for example for ¢ = 1,
Fiay() = Y1, for q = 2, Foq1y(Y1,Y2) = 31, Ya], Fo0(Y1,Y2) = V1, V1, Y2]], and
for q =3, F31,11)(Y1,Y2,Y3) = i[Yl, [Ya2,Y3]] (see [3, Proposition 34] for more details).

Equality (2.15) leads to the idea that, in some sense, one has 1, = &, provided that one can
estimate the appropriate cross terms of the right-hand side.

Definition 2.18 (F). Given ¢ > 2 and by, ...,b; € Br(X), we define F(b1,...,by) as the subset

of Br(X) of brackets of b1, ..., by involving each of these elements exactly once. For example
F(b1,b2) = {(b1,b2), (b2,b1)}, (2.17)
]:(bl, b27 b3) = {(bl, (bg, b?,))7 ((bl, bg), bg), ...and 10 others}. (218)

Proposition 2.19. Let B be a Hall set with Xg mazimal. Let b € B. There exists Cy, > 0 such
that the following property holds. Assume that there exists = : RY X L}OC(RQ — Ry such that, for

all g > 2, by > -+ > b, € B\ {Xo} such that b € supp F(by,...,b,), for every u € Ll (R}) and
t>0,

|Ep, (t,u) - -~ &, (t,u)| < E(t,u). (2.19)
Then, for every u € L (R4) and t >0,

|77b(t7 u) - gb(tv u)| < CbE(ta U). (220)

Proof. This is a straightforward consequence of (2.15) and the fact that the sum in the right-
hand side of this equality is finite. Indeed, (Fj (b1,...,bq),b)s # 0 implies in particular that
halbi| + - - - 4 hglbg| = ||, so there is a finite number of possibilities for ¢, h and the b;. O

3 A new Hall basis of the free Lie algebra

In this section, we define our new basis of the free Lie algebra over two generators {Xo, X1},
designed for applications to control theory, and compute some of its elements.

In Section 3.1, we introduce our definition of a new Hall set, which we call B* and motivate
its interest for control problems. In Section 3.2, we give an exhaustive description of the elements
of B* involving X; at most 5 times. In Section 3.3, we compute the associated coordinates of the
second kind, while in Section 3.4, we provide estimates of these coordinates.

3.1 Definition of B* and first properties

The main result of this paragraph is Theorem 3.4 which states the existence and uniqueness of our
basis B*. We start by introducing some notations and definitions which will make the presentation
more meaningful.

First, we define by induction a subset G of Br(X) by requiring that, Xy, X; € G and, for every
a,b € G with a # Xy, (a,b) € G. Heuristically, G is the subset of b € Br(X) for which X is never
the left factor of any sub-bracket within b. This leads to the following definition.

Definition 3.1 (Germ). For any b € G\ {Xo}, there exists a unique couple (b*,14) € G x N such
that b = b*0", with b* = X1 or b* = (b1, be) with by # Xy and by # X, where the notation 0¥ is
introduced in Definition 1.6. We call b* the germ of b and we say that b is a germ when b = b*
(i.e. vy =0). Let G* be the subset of G made of germs.

Example 3.2. Let b := ((X1,X0), Xo) = X102. Then b € G, the germ of b is X1 and v, = 2.
Hence b ¢ G*. However ¢ := (X1, (X1, X0)) € G and c is a germ.

Definition 3.3 (Order for B*). We endow G with the following total order.
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(B0) Xq is the mazimal element.
(B1) for a,be G\ {Xo}, a <bif and only if a* < b* or a* =b* and v, < vp.
(B2) for a*,b* € G*, a* < b* if and only if

e cither ny(a*) < ni(b*),
o orni(a*) =ni(b*) and A(a*) < A(D*),
e orny(a*) =ny(b*) and A(a*) = A(b*) and p(a*) < p(b*).

In other words, X; is minimal, X, is maximal and, on G \ X, the order is the lexicographic
order on the quadruple b — (n1(b*), A(b*), u(b*), ).

Theorem 3.4. There exists a unique Hall set B* C G C Br(X) associated with Definition 3.3.

Proof. By [4, Lemma 1.37], it suffices to check that < is a Hall order on G, i.e. a total order such
that, for every (a,b) € G\ X, a € G and a < (a,b).

Step 1: We prove that, for every a,b € G, if neither a < b nor b < a holds, then a = b. By
contradiction, let @ and b be a pair, of minimal total length |a| + |b|, such that a # b, and neither
a < bmnor b < a. By (B0), a# Xy and b # Xy. By (B1), a* # b* (otherwise v, = v so a = b). By
(B2), ni(a”) = n1(b*) and,

e cither A\(a*) # A(b*), and these two brackets are an incomparable pair of shorter total length,

e or A(a*) = A(b*), but then u(a*) # u(b*) is an incomparable pair of shorter total length.

Step 2: We prove that, for every (a,b) € G\ X, a € G and a < (a,b). Let (a,b) € G\ X. Then
a € G by construction of G by induction. If b = Xy then a < (a,b) by (B1). If b # Xy, then
ni(a) < ni((a,b)) so a < (a,b) by (B2). O

Remark 3.5. In B*, X, is mazimal. This is similar to the fact that X would be mazximal in the
Chen—Fox—Lyndon basis associated with the order X1 < Xo on X. So B* shares some properties
of this basis (for example, the fact that b € B* = Vv € N, b0 € B*).

If b € B* is a germ, then, by (B2), u(b) < b, because ni(u(b)) < ny(b). This is similar to
the situation in length-compatible Hall sets where one always has pu(b) < b because |u(b)| < |b|. In
the Chen—Fox—Lyndon basis however, one has b < u(b). So B* shares some properties of length-
compatible Hall sets.

By analogy with (1.4) and (1.5), for A1, Ag C N, we will also adopt the notations

B:h = {b S B*,’I’Ll(b) € Al} and 8217140 = {b S B*,nl(b) S Al,no(b) S Ao} (31)

3.2 Elements of B* up to the fifth order

The goal of this section is to prove Proposition 1.9, i.e. to determine the germs of B[ﬁ 5]
If b* is such a germ, then, by Definition 2.6, for every v € N, b*0” € B* and, by (B1), for every
v1 < vp € N then b*0"* < b*0¥2.

Proof of Proposition 1.9. X; is the only possible germ in B}, which proves (1.8). Moreover, the
sequence (M, ), en is increasing

Yo <v, M,<M,. (3.2)
By Definition 2.6, any germ of Bﬁ2 5] is of the form (a,b) where a,b € Bﬁl nE and A\(b) < a < b.
By (B1), this implies that either a* = b* and then b = (a, Xo) so (a,b) = ad?(X,), or a* < b* and
then b = b* and nq(a) < n1(b). We proceed by increasing degree in Xj.
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e Germs of B5: By Definition 2.6, for every j € N*, W, belongs to B*. Indeed W, =
adp2  (Xo) and Mj—1 < Xo by (B0). These are the only elements of B that one may

construct by bracketing two elements of Bf. Moreover, by (B2), W, < Wy when j < k,
thus, by (B1),
Vi<keN. VpeN, W, <Wgp. (3.3)

o Germs of B3: By Definition 2.6, for j < k € N*,
Pjko = (My—1,Wjo) = (My—1, (M;-1, M;)) (3.4)

belongs to B*. Indeed, M;_y < M1 < W by (3.2) and (B2) because ni(My_1) <
n1(Wjo). These are the only elements of B} that one may construct by bracketing an
element of B} with an element of B3.

o Germs of By in (B, B5): By Definition 2.6, for j < k <[ € N*,
Qj k10 = (Mi—1, Pjko) = (My—1, (Mi—1,Wj,)) (3.5)

belongs to B* because Mj_1 < M;_1 < P;j by (3.2) and (B2). These are the only elements
of B} that one may construct by bracketing an element of B} with an element of Bj.

o Germs of Bj in (B3, B5): By Definition 2.6, for j < k € N* and p € N,

Q% o = (Wi Wio) = (W, (Mi—1, M) (3.6)

belongs to B*. Indeed, My_1 < W; , < Wy by (B2) and (3.3). These are the only elements
of B} that one may construct by bracketing two elements of B3 having different germs.

For j e N* and p € N,
Q;,u,o = (ij Wj,u—&-l) = ad%/vj,,b (Xo) (3.7)

belongs to B*. Indeed, by (B0), W; , < Xo. These are the only elements of B} that one may
construct by bracketing two elements of B5 having the same germ.

o Germs of Bf in (B}, B}): By Definition 2.6, for j < k <[ < m € N¥,
Rjkimo= Mpm-1,Qjk10) = (Mmn-1, M—1,Pjro0)) (3.8)

belongs to B*. Indeed, M;—1 < Mpy—1 < Qj k0 by (3.2) and (B2). These are the only
elements of B that one may construct by bracketing an element of B} with an element
of Bj.

o Germs of Bf in (B3, B%): By Definition 2.6, for j,k,! € N* such that j <k and p € N,
RE 0= Wi Pino) = (Wi, (My—1,W;)) (3.9)

belongs to B*. Indeed, My_1 < Wi, < Pj o by (B2). These are the only elements of B
one may construct by bracketing an element of B3 with an element of 3.

This concludes the proof. O

3.3 Expressions of coordinates of the second kind up to the fifth order

In this paragraph, we give explicit expressions of the coordinates of the second kind, as defined in
Definition 2.10 associated with the elements of B* up to the fifth order in the control introduced
in Section 3.2. We start with the following lemma, which helps in visualizing the coordinates of
the second kind associated with the elements of BELS]] listed in Proposition 1.9.
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Lemma 3.6. Forbe B* andv € N,

et = [ s uas (3.10)

Proof. By induction on v, this follows from Definition 2.10 and the fact that B* satisfies (B0). O

Proposition 3.7. For every j <k <l <m e N* u v e N, we have

t ot _ g
€, (8, u) :/ : V;S) u(s) ds = uy41(t), (3.11)
0 .
1 [t (t—s)
.t =5 [P as (3.12)
tt—s)
et = e [ (o) as, (313)
0 .
Lt —s)
ng,k,l,u(t’u) = ﬂj,k,l/ ( o ) ul(s)uk(s)U?(s) ds, (3'14)
0 .
71 t(t_s)u S(S_s/)u2 / / ?
EQ'},M,V (t,u) = g/o ” (/0 o uj(s")ds > ds, (3.15)
I A ) L R C R LT PN R
fQ;“:kW(t,u) = Z/o i </0 i uj(s')ds ) ui(s) ds, (3.16)
bt —s)
€00 =i [ (o)) (51 s) s, (317)
0 .
;i t(t—s) (s —s"H
bt | () = %@/0 ( . ) (/O ( - " 28 ds') wr(s)uy(s)>ds,  (3.18)
where j < k in (3.16) (only), and the coefficients are given by
1 1
Qg = §5j<k + Q%’:/ﬁ (3.19)
1 1
Bi ke = 0 kOk<t + W5j<k:l + Iéj:k:b (3.20)

1 1 1
Vit lom = Bk, 101<m + §5j=k=z=m + W5j<k<l=m + 2,73,(5j<k=l=m + 0j—k<i=m)- (3.21)

Proof. Tt follows from the application of Definition 2.10 to the elements of Proposition 1.9. O

Remark 3.8. In [26], motivated by questions of control theory, Kawski formulated the following
open problem: “construct a basis for the free Lie algebra such that the corresponding coordinates
of the first kind have simple formulas”. In this paper, we follow a slightly different approach:
we construct the basis B*, whose coordinates of the second kind have particularly nice explicit
expressions, and we use these to obtain controllability results by bounding the differences ny — &
(the cross terms), even though formula (2.20) for these differences is quite messy.

A key strength of the basis B* is that it is easy to visualize if a given coordinate of the second
kind is positive-definite, and will lead to an obstruction to STLC. We observe in particular that,
for every k € N*, the quadratic form Ew, is positive-definite: this is a key point for Theorem 1.11.
The positivity of the values of §q, ... s a key point for the quartic necessary conditions which we
intend to study in a forthcoming work. Finally, one may expect that for any germ b € B* such
that &, is positive-definite, a necessary condition for W™ >-STLC of the form f(0) € N(f)(0)
holds, at least for m large enough. As an example, the lie bracket D := ad?;l’l(XO) € B* studied in

Section 9 is associated with £p(t,u) == = fot(fos u3)?ds > 0 and indeed leads to an obstruction.
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3.4 [Estimates on the coordinates of the second kind up to the fifth order

We start with a rough estimate valid for all brackets of B*\ X, which will be mainly used to prove
convergence of the considered series. This statement follows from [3, Lemma 156] and is thus valid
within any Hall set such that X; < Xj. For self-containedness, we give a direct proof in the case
of B* in Appendix A.3.

Proposition 3.9. For every k € N*, there exists ¢ = c(k) > 0 such that, for every b € B*\ {X1}
with ny(b) =k, t >0 and u € L' ((0,t); R),

& (t,u)| < =0 | 7 (3.22)

To prove our obstruction results, we need more accurate estimates on the coordinates of the
second kind associated with Bﬁl 5] in terms of Sobolev norms of primitives of the control. This is
the goal of the following statement, proved in Appendix A.4

Proposition 3.10. The following bounds hold.

1. Let p € [1,00] and jo € N*. There exists ¢ > 0 such that, for every j > jo, t > 0 and
€ L'((0,t);R), £ := |M;| > jo+ 1 and

ct £ (s _ 1
€, (t0)] < (e') £ G0 . (3.23)

2. Letp € [1,00] and jo € N*. There exists ¢ > 0 such that, for every j > jo, v >0, t >0 and
u € LY(0,t);R), £:= [W;,| > 2jo+ 1 and

~

—~

ct)" o _1
[€w., ()] < g,) £ g, | (3.24)

3. Let p1,pa € [1,00] such that p% + p% <1 and jo, ko € N*. There exists ¢ > 0 such that, for
every j > jo, k > ko with j <k, v >0,t>0 andu € L'((0,t);R), £ := |Pj x| > 2jo+ko+1
and

(ct)

7 t*(2j0+ko+1)t1_ﬁ

_1
2 gy | 720 ko || 2 (3.25)

|§Pj,k,u (t7 u)‘ <

4. Let p1,pa,p3 € [1,00] such that p% + p% + p% <1 and jo, ko, lo € N*. There exists ¢ > 0 such
that, for every j > jo, k > ko, | > lo with j <k <1, v >0,t >0 and u € L'((0,t);R),
l = |Qj,k,l71/| > 2jo + ko+1lp+1 and

)t 111
€0, (b)) < & E,) £~ @iothoHo D) 1= =355 12 g e g s (3.26)

5. Let p € [1,00] and jo € N*. There exists ¢ > 0 such that, for every j > jo, pt,v € N, t > 0

and u € L*((0,t);R), £ := |Q?%V| > 4jo + 3 and

—

) o _z2
i g o (3.27)

€y, (L)l <

6. Let p1,p2 € [1,00] and jo, ko € N*. There exists ¢ > 0 such that, for every j > jo, k > ko,
with j <k, p,v >0, t >0 and u € L((0,t);R), £:= Q% | > 2jo + 2ko + 2 and

ct)’ B 1 _ 1
()] < D=t 2h0+2) 23 =35 o 20 g 2o (3.28)

|§Q§',uykw i

19



7. Let p1,p2,p3,pa € [1,00] such that p% + p% + p%’ + p%; <1 and jo, ko,lo, mo € N*. There exists
c > 0 such that, for every j > jo, k > ko, I > lg, m > mg with j < k<I<m,v>0,t>0
and u € L*((0,t);R), £:=|Rj k1.m.| > 2jo + ko + lo +mo + 1 and
¢

()" (2j0+ko+lo+mo+1) - — b — i~ L

1 (3.29)

% N[t 20 ko | o2 Nt || 2 1timg | o

|§Rj.k,l,m,u (ta u)| <

8. Let p,p1,p2 € [1,00] such that p% + p%‘ < 1 and jo,ko,lo € N*. There exists ¢ > 0 such

that, for every j > jo, k > ko, | > lo, with j < k, p,v >0, t > 0 and u € L'((0,t); R),

0= R, | > 250+ ko + 2o + 2 and
(Ct)e —(2jo+ko+2lp+2),2— L —L L 2 2
6 ()l < < 273555 2 Nk o N N3 (3.30)

4 Toolbox for our approach to obstructions

In this section, we gather results of various nature as a toolbox for the sequel.

First, we recall elementary definitions and estimates for analytic vector fields in Section 4.1 and
introduce in Section 4.2 a notation O(-) which will be used heavily throughout the paper.

Then, we state in Section 4.3 the counterpart for system (1.1) of the formal expansion (2.11)
and give in Section 4.4 a sufficient condition to replace, in some sense, the coordinates of the
pseudo-first kind by those of the second kind in (2.12). We show nevertheless in Section 4.5 that
this simplification is not always valid.

Eventually, we recall in Section 4.6 the Gagliardo—Nirenberg interpolation inequalities, and
state straight-forward consequences of the Jacobi identity in Section 4.7.

4.1 Analytic estimates for vector fields

For a € N* and a multi-index a = (a!,...,a%) € N%, we use the notations |a| := a + -+ + a¢,
0% := 092" ...92" and ol := a!l---a9l. Then, the following estimate can be proved by iterating
27D (p + q)l < plg! < (p + q)! for every p,q €N,

Va € N Va = (al,...,a%) e N?, 27 Dll|g)l <ol < |a]! (4.1)

Definition 4.1 (Analytic vector fields, analytic norms). Let § > 0 and Bs be the closed ball of
radius §, centered at 0 € RY. For r > 0, we define C*"(Bs; R?) as the subspace of analytic vector
fields on an open neighborhood of Bg, for which the following norm is finite

b o]
AU 2= 32 3 10 Fulloe - (4.2)

=1 qeN9

For each a analytic vector field f on a neighborhood of 0, there exist r,0 > 0 such that f €
C¥"(Bs; R?) (see [27, Proposition 2.2.10]).

The following classical result is proved, for instance in [3, Lemma 80].

Lemma 4.2 (Analytic estimate). Let r,6 > 0, v’ :=r/e, fo, f1 € C“"(Bs;R?) and b € Br(X).
Then, f, € C" (Bs; R?) and

|b]
Al < g6 -t (H20) (4.3

where ||| £l := max{{[|| folll,.; [1£[ll,-}-
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4.2 Implicit limit for the big O notation

Given two functions A(x,u) and B(x,u) of interest, we will write that A(z,u) = O(B(z,u)) when
there exists C,p > 0 such that, for every ¢t € (0,p), u € L*((0,t);R) with |July-1. < p (recall
definition (1.2)), then

|A(z(t;u),uw)| < CB(x(t;u), u). (4.4)

Hence, throughout this paper, this notation refers to the implicit limit (¢, ||u|ly-1.0) — 0.

As examples, one has t = O(1) and |Ju;|| = O(1). A deeper result is the following estimate
which states that, for scalar-input systems of the form (1.1), the W~=1° norm of the control is an
upper bound for the size of the sate.

Lemma 4.3. Let fo, fi be analytic vector fields on a neighborhood of 0 with fo(0) = 0. Then
z(t;u) = O([lua [ =) (4.5)

Proof. This follows from [3, Proposition 145]. O

4.3 A new representation formula for ODEs

As stated in Section 1.6.2, our proofs rely on the following recent representation formula, which is
the counterpart of the formal expansion (2.11) for solutions to nonlinear ODEs of the form (1.1)
involving analytic vector fields.

Theorem 4.4. Let M € N*, 6,7 > 0 and fo, fi € C*"(Bs;RY) with fo(0) = 0. Then

2(t;) = Zpan (4 £0)(0) + O (lua |55 + fat ) 7)) (4.6)
where
2t fru) = Z no(t, ) fo, (4.7)
beBr

[1,M]
where this infinite sum converges absolutely in C<" (Bs;RY) for any r' € [r/e,r).

Proof. Equality (4.6) is the third item of [3, Proposition 161]. The absolute convergence in (4.7)
is proved in [3, Proposition 103] and relies on the fundamental observation that the structure
constants of Hall bases exhibit “asymmetric geometric growth” (see [4, Theorem 1.9]). O

4.4 Black-box estimates for infinite sums and cross terms

In order to carry out the program sketched in Section 1.6.3, we will need to estimate infinite sums
of terms of the form 7y f;, (say for b ranging over £ C B*). We state below two important black-box
estimates to deal with such sums. Proposition 4.5 deals with sums of the main terms ), o & fp
and Proposition 4.6 deals with the associated cross terms 3, ¢ (n5 — &) fy (in particular, it can
be seen as a uniformly summed version of Proposition 2.19, which involved a constant depending
on b). In the sequel, we will only rely on the “packaged” version given by Corollary 4.7.

The statements are quite technical since bounding such infinite sums requires a lot of uniformity
in the assumptions. We postpone the proofs to Appendix A.5.

Proposition 4.5 (Estimate of main terms). Let M,L € N*. Let £ C By - Assume that there
exist ¢ > 0, and a functional = : R} x Li _(Ry) — Ry such that the following holds:

loc

o for allb € &, there exists an exponent o < min{L, |b|},
such that, for all t > 0 and u € L*((0,t);R),

(ct)l?!
[bf!

|€b(t7u)‘ < tiaE(tu)' (48)
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Let 6,7 > 0 and fo, f1 € C*"(Bs;R?). Then, for any v’ € [r/e,r),

> lies(t, w) folll, = OE(E w)). (4.9)
be&
Proposition 4.6 (Estimate of cross terms). Let M,L € N*. Let £ C B, ay- Assume that there
exist ¢ > 0, and Z: R x L{ (Ry) = Ry with Z(t,u) = O(1) such that the following holds:
o forallq>2, by >--->b, € B\ {Xo} such that supp F(b1,...,by) NE # 0, there exist

O1y...,0¢ < L with o; < |b;] and (aq,...,a4) € [0,1]7 with o := a1 + -+ + a4 > 1,
such that, for allt >0 and u € L'((0,t);R),

(ct)lb:]
|bs|!

&, (£, u)] < 7 (E(E u)™ (4.10)

Let 6,7 > 0 and fo, f1 € C*"(Bs;R?). Then, for any v’ € [r/e,r),

D Ml = &) (& w folll,, = OE(E, w)). (4.11)
beg&
Corollary 4.7. Let M,L € N*. Let b € By, and N C By, app with b ¢ N. Assume that there
exist ¢ > 0 and a functional = : R x Ll (Ry) = Ry with E(t,u) = O(1) such that

e the assumption of Proposition 4.5 holds for £ = BE[(LM]] \ (NMU{b}),
e the assumption of Proposition 4.6 holds for € = BELM]] \ N

Let fo, f1 be analytic vector fields on a neighborhood of 0. If f4(0) &€ N'(f)(0) and P is a component
along fy(0) parallel to N'(f)(0), then

PZp g, f,u)(0) = So(t, u) + O (E(t,w)) .- (4.12)

Proof. This is a direct consequence of the definition (4.7) of Zy; ;) and the above propositions. [

4.5 Cross terms are not negligible in general

The expression (2.15) of n;, as & plus a finite sum of cross terms leads to the idea that one could
maybe replace the coordinates of the pseudo-first kind by those of the second kind in (4.6), by
absorbing the difference in the remainder terms which already appear in the right-hand side. One
could define

ZRN 6 Xou) = Y &t w)E(b) (4.13)

bEBELM]]

and ask whether the estimate (4.6) holds when Zpy pq(t, f,u)(0) is replaced by Z[‘[)E\Z]] (t, f,u)(0).
The following example gives a negative answer to this question, which motivates the introduction
of appropriate techniques (sketched in Section 1.6.4) to deal with the cross terms.

Proposition 4.8. The estimate

altsw) = 205 (6 £, w)(0) + O (Jun |25 + (s w)] 4 ) (4.14)
1s false with M = 4 for the system
{tl =Uu
iy = x1 + sa} (4.15)
i?g = —X1T9.
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Proof. Step 1: Computation of Zfﬁﬁ(t,f, u)(0). Let fo, f1 : R® — R? be defined by fo(z) =

(v1 + 22 /2)es — x122e3 and fi(z) := e;. Elementary computations prove that, for every j € N*
and v € N,

if j =0,
(1420 L e () =(L0)
XI1)€o9 — XT9€ 1 =1, . .
fagy () =4 ) ) e e fw, (@) = —zres  if (,v) = (1,1),  (4.16)
5T7€3 if j =2, .
s 0 otherwise
0 if j >3,

fp, 2 (x) = e3 and fy(z) = 0 for any other b € By, ;5. Thus

fx,(0) = e, far, (0) = fw, (0) = ea, fp,(0) = es, (4.17)

and f;(0) = 0 for any other b € By, 4 Using Proposition 3.7, we obtain

Zfﬁfﬂ (t’ fv u)(O) = §X1 (t7u)el + (§M1 + §W1)(ta u)€2 + §P1,2 (t7u)e3
¢ u%) bo? (4.18)
= t t — —e3.
Ul()€1+(u2()+/0 9 62+/0U22€3

Step 2: Computation of x(t;u) — Z[ﬁﬁi (t, f,u)(0). By solving explicitly the system and using an
integration by parts, one obtains

2(tu) = uy (Hey + <u2(t) + /Ot ”;) es + (—;uQ(t)Q — us(t) t“; + /t uﬂj) e (4.19)

0 0
thus .
w(tiu) — 2Bt £,u)(0) = f%ug(w (uQ(t) + /0 u§> 5. (4.20)
In particular, for any u € L'((0,t); R) such that x5(¢;u) = 0, one has
1/,
stti) - 2S00 = ¢ ([ at) e (4.21)

Step 3: We prove that, for everyt >0 and u € L*(0,t) with uq(t) =0,

2

t t
/|u1|5§3”UHL°° (/ u?) : (4.22)
0 0

Using an integration by parts, we obtain

/Ot = /Ot 2luf = -3 /Ot (/0 u%) () (1) un (7)| dr < 3Jul| o (/Ot u§>2. (4.23)

Step 4: Conclusion. Working by contradiction we assume there exists C, p > 0 such that, for every
t € (0,p) and u € LY(0,t) with |lui||z~ < p,

2t w) = 255t £, w)(0)] < C (a3 + 2wl ). (4.24)

Then, by Step 2, for every t € (0,p) and u € L'(0,t) such that ||u]|L~ < p and z2(t;u) = 0, one
has

1 t 2 6

5 </0 u§> < C (Jullfe + ot w) ) (4.25)
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System (4.15) is L>°-STLC (for example thanks to Hermes’ sufficient condition of [18, Theorem
3.2]). In particular, for every ¢ > 0 there exists ¢ € (0,¢) and u € L*(0,t) \ {0} with [Ju|p~ <€
such that x(t;u) = 0 and then (4.25) and (4.22) prove

1 t 2 t t 2
3 </0 u%) < C’/O lui|> < 3Ce </0 uf) (4.26)

which gives a contradiction when ¢ is small enough, precisely € < p, €2 < p and 24Ce < 1. O

4.6 Interpolation inequalities
We recall below the Gagliardo—Nirenberg interpolation inequalities (see [15, 36]) used in this article.

Proposition 4.9. Let p,q,r,s € [1,400], 0< j <l €N and o € (0,1) such that

~l

1 1 1-
<a and :j+<—l)a+ <. (4.27)
P r q

There exists C' > 0 such that, for everyt >0 and ¢ € C*>([0,t];R),

, B L
D) » < C||D'||E0 ||l 17 + Ctr 7=

9|

Remark 4.10. For functions on bounded intervals, adding the lower-order term in the right-hand
side of (4.28) is mandatory (see [36, item 5, p. 126]). To obtain the dependency of the constant
ont > 0, one uses scaling arguments to work within a fized domain, say [0, 1].

Le. (4.28)

4.7 A consequence of the Jacobi identity

The following straightforward consequences of the Jacobi identity will be useful to compute the
expansion of brackets of two elements of B* (see Definition 1.6 for the notation 07).

Lemma 4.11. Using the notation 0” of Definition 1.6, the following expansions hold.
1. For any v € N and any a,b € L(X),

v - v l// l/l V*l//
[a,b0"] = 2)(”/)(—1) [a0”", b]0V V. (4.29)
2. For any v € N*, there exist coefficients o € Z for 1 < 2j 4+ 1 < v, such that, for any
be L(X),
b,00"] = Y a¥[b0?, 607 oY (4.30)
1<2j+1<v

Proof. The validity of (4.29) for any a,b can be proved by induction on v € N; the heredity relies
on the Jacobi identity and the binomial relation (”;1) + (”_1) = (y”,) for v/ =1,...,v—1. The

v —1
validity of (4.30) for any b can be proved by induction on v € N*; the Jacobi relation leads to
v . v—1 v—2
af = o) —ajy. O

5 Sussmann’s and Stefani’s obstructions

The goal of this section is to give a new proof of Theorem 1.10, within the framework of the unified
approach proposed in this paper, as a consequence of the following more precise statement.

Theorem 5.1. Assume that (1.18) does not hold. Let k € N* such that
ad?f(fo)(@ ¢ S{[l,2k71]](f)(0>- (5.1)
Then system (1.1) has a drift along ad?cf(fo)(O), parallel to Sy 21,—17(f)(0), as (¢, [[ullw-1,) — 0.
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5.1 Dominant part of the logarithm

Lemma 5.2. Let k € N* such that (5.1) holds. Let P be a component along ad?f(fo)(O), parallel
to Sp12k-17(f)(0). Then

PZq1,a1 (6 £,10)(0) = Eaags (3 () + O (Jua (B + 4777 flun | 351 ) (5.2)

Proof. We intend to apply Corollary 4.7 with M <« 2k, L <+ 2k + 2, b + ad%é (Xo) and NV
B[, oj,_17> SO that (5.2) will follow from (4.12), for the appropriate choice of Z(¢,u). Let us check
that the required estimates are satisfied.

Step 1: Estimates of other coordinates of the second kind. Let b € Bf, 5, such that b ¢ N U{b}.

Since N = By o5 —1p» one has ny(b) = 2k and ng(b) > 2. Hence |b| > 2k + 2. By (3.22) of
Proposition 3.9, estimate (4.8) holds with o = 2k + 2 and (¢, u) = t|ju1||2%,.
Step 2: Estimates of cross terms. Let ¢ > 2, by > --- > b, € B*\ {Xo} such that nq(b1) +--- +
n1(bg) < 2k and supp F(b1,...,by) ¢ N.

For each ¢ € [1,4],

e if b; = X3, then

[6b: (8, w)| = [ua (B)], (5:3)
50 (4.10) holds with o; = 1 and «; = 1/(2k) = n1(b;)/2k and Z(t,u) = |u(t)|?*.

e otherwise, |b;| > 1+ n1(b;) and, by (3.22) of Proposition 3.9 and Hélder’s inequality,

(ct)l¥!
|b;]!

~~

o X
t_l_nl(bl)Huln 1(bi) <( ) o (t"‘i 1||u1||%]gk) (5'4)

|€bi (t7u)| g Ln1(by) — |b|'
il

with o; = 14+mn4(b;) and «; = nq(b;)/(2k). Since ¢ > 2, ny(b;) < 2k — 1. Thus a% -1> 55
and, assuming ¢t < 1,

1 1

£ 75 < 677 [ ) 75 (5.5)

so (4.10) holds with Z(t,u) = {7R=T ||u1||%]§k

Since N = Bﬁl,qu]]v one has ny(b1) +---+ni(by) = 2k. Hence a = a1 +--- + a5 = 1. O

5.2 Vectorial relation

Lemma 5.3. Let k € N* such that (5.1) holds. Then, f1(0) # 0.

Proof. By contradiction, if f1(0) = 0, since fo(0) = 0, all iterated Lie brackets of fo and f; vanish
S0 ad?f(fo)(o) =0 € Sp2r-17(f)(0) = {0}. O

5.3 Closed-loop estimate
Lemma 5.4. Assume that f1(0) # 0. Then,

lur(B)] = O (Je(t; w)| + [uaflzr) - (5.6)

Proof. This estimate is proved in [3, Proposition 162]. For the sake of self-containedness, and as
an illustration of the approach used in the following sections, let us give another proof.

Let P be a component along f1(0), parallel to the null vector space {0}. By Corollary 4.7 with
M+ 1, L+ 2,b+ X; and N « 0, (4.12) entails that

PZ(t, f,u)(0) = u1(t) + O(|lua| £1)- (5.7)
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Indeed, on the one hand, for every b € Bf \ {X1}, by (3.23) with (p, jo) < (1,1), one has |b| > 2
and
(ct)l?!
[bf!
so (4.8) holds with o = 2 and Z(t,u) = |Ju1]|r:. On the other hand, we don’t need to estimate any
cross terms because, when ¢ > 2 and by,...,by € B*\ {Xo}, n1(b1) + -+ ni(bg) > 1.
By Theorem 4.4 with M + 1,

& (¢ u)| < t|lua |, (5.8)

z(t;u) = Z1(t, fu)(0) + O (|72 + |zt w) ) . (5.9)

Then (5.6) follows from (5.7), (5.9) and the small-state estimate of Lemma 4.3. O

5.4 Interpolation inequality

Lemma 5.5. Fort >0 and u € L*((0,t);R),

1755 < Nz |5 (5.10)

5.5 Proof of the presence of the drift

Proof of Theorem 5.1. Let P be a component along ad?f(fo)(O) parallel to Spi 2,—17(f)(0). By
Theorem 4.4,

#(tw) = 2oy (1 £,0)(0) + O (un |25 + fa(ts )15 (5.11)

and, by (5.2) and (2.6),

1 t L
PZqy 261 (t, f,u)(0) = w/o ui" +0 (|u1(t)|2k + 12T ||U1||2L]3k> - (5.12)

Moreover, by the closed-loop estimate (5.6) and Holder’s inequality,
ur (1)]% = O (| (t; ) ** + 25w [|751) - (5.13)

Gathering these equalities and (5.10) yields

" udt ST "ok 145
ot = [ b+ 0 (175 4 fulos) [ 4l ) a9

which establishes the presence of drift, in the sense of Definition 1.16, along ad?cf (f0)(0), parallel
to Spi2k-17(f)(0), as (&, [lullw-1.) = 0. 0

6 New loose quadratic obstructions, conjectured by Kawski

We start by proving Theorem 1.11 when m € N, as a consequence of the following more precise
statement (the proof of Theorem 1.11 for m = —1 will be done in Section 10). The case k =1 is
already covered by Theorem 5.1 so we can assume without loss of generality in this section that
k > 2 (hence w(k,m) > 2, by (1.20)).

Theorem 6.1. Let m € N and k > 2. We assume k is the smallest integer for which

where w(k,m) is defined in (1.20). Then system (1.1) has a drift along fw,(0), parallel to

— 7(k,0)—7(k,
Stk (2) (1)(0), as (47 |uflwm.) = 0 where o = TEploxlm)
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Remark 6.2. When m > 0, the smallness assumption on the control in Theorem 6.1 depends on t.
See Remark 6.7 for a comment on the source of this dependency. For erxample, with k = 2 and
m =1, one gets a limit of the form (t,t7||ullw1.-) — 0. One checks that Lemma 1.17 still holds
for such limits, so that Theorem 6.1 indeed denies W™ *°-STLC in the sense of Definition 1.1.
This time-dependency is not technical (see [5, Section 2.4.4] for a counter-example).

6.1 A previous result on a prototype example

In [23, System (32)], Kawski considers the system

j?l =Uu
Ifg =1
(6.2)
T = Tp—1
Ept1 = T3 — Axf,
where A > 0. Written in the form (1.1), this system satisfies
fMj—l(O) =€j fOI‘j € [[Lk]]a fWk (O) = 2ep41, fadl)j(1 (Xg)(o) = _)‘p!ek-i-l (63)

and f,(0) = 0 for any other b € B*. In [23, Proposition 5.1], Kawski proves that, if p > 2*+! then
the system (6.2) is not L>°-STLC. This result can be recovered by applying Theorem 6.1 to system
(6.2) with m < 0. Indeed, p > 2¥+! > 2k — 1 = 7(k, 0).

With respect to this previous result, Theorem 6.1 can be viewed as an improvement in the
following directions:

e any perturbation in By, _ is allowed (not only ad’ (Xo)),

e as correctly conjectured in [22, section 2.4, p. 63], the critical threshold for L>*-STLC is
proved to be 2k — 1 (instead of 287! — 1 obtained in [23, Proposition 5.1]),

e other regularity scales W for m > 0 are included.

6.2 Dominant part of the logarithm

Lemma 6.3. Let m € N and k > 2. Assume that k is the minimal value for which (6.1) holds.
Let P be a component along fw, (0), parallel to Spi rkmp\ 23 (f)(0). Then

PZ(1 (i, my) (£ £, ) (0) = Ew (1) + O ([(uny - un) (67 + tlluf72) - (6.4)
Proof. By minimality of k, for every j € [1,k — 1],
fw;(0) € Spr(myng2y (F)(0) C Spar(e,mypy 23 (£)(0), (6.5)

since (-, m) is non-decreasing. Since S[1 x(x,m)]\ {23 (X) is stable by right bracketing with Xy, one
also has

fw; . (0) € Spm(emyn 23 (£)(0), (6.6)
for every j € [1,k — 1] and v > 0. Hence Spy (k,m)]\ {2} (f)(0) = N'(f)(0) where

N = BELTF(]C,M)]]\{Q} U {Wj,lM,] c [[1, k — 1H7 IS N} . (67)

We intend to apply Corollary 4.7 with M + w(k,m), L < 2k + 2, b + Wy and N as in (6.7),
so that (6.4) will follow from (4.12), for the appropriate choice of Z(¢,u). Let us check that the
required estimates are satisfied.

Step 1: Estimates of other coordinates of the second kind. Let b € By, . .y such that b ¢ NU{b}.
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By definition (6.7), one necessarily has nq(b) = 2 and b = W, with either j > k or (j = k and
v > 1). By estimate (3.24) with (p, jo) < (1, %), (4.8) holds with o = 2k + 2 and

E(t,u) = tlug 72 (6.8)

Step 2: Estimates of other cross terms. Let ¢ > 2, by > --- > b, € B* such that ny(by) +--- +
n1(bg) < w(k, m) and supp F(b1,...,by) ¢ N.
We start with preliminary estimates.

e If b, = M, for some j € [0,k — 1], by (3.11),

il
bl
so (4.10) holds with o; = j + 1, ; = 1/2 and Z(¢,u) = |(u1, . .., ur)(t)|*

o Ifb; = M; for j > k, by (3.23) (with (p, jo) < (2, %)), (4.10) holds with o; =k +1, o; = 1/2
and Z(t,u) = t|lug3..

[6b: (8, 0)| = |uj 1 (D)) I 1) g (8)] (6.9)

Since supp F (b1, ...,bq) ¢ N, one has ¢ = 2 and by, by € B}. So the previous estimates apply and
ap=as=1/280 a1 + ay = 1. O

6.3 Vectorial relations

Lemma 6.4. Let k € N*, 7 : N* — [1,00] be a non-decreasing map and ¥ : N* — [1,00] be
defined by 9(k) = max{l; L@J}, with the convention ¥(k) = +oco when 7(k) = +oco. Assume
that k is the minimal value for which fw, (0) € Sy x)\q23 (f)(0). Then,

1. the vectors far,(0), ..., far,_, (0) are linearly independent,

2. Zfﬂ(k) 2 27 then Span{fMo (0)7 LN} ka—l (0)} N S[[Z,ﬂ(k)]] (f) (0) = {0}

Proof. Let Hy := f3(0). Since fo(0) = 0, for any b € Br(X), f,x,)(0) = Hofp(0). Thus, for each
A C N, the space Sa(f)(0) is stable by left multiplication by Hy. In particular, by minimality of k,
for each [ € [1,k — 1] and v € N,

Jw., (0) = H{ fw, 0 (0) € Sprr@pvgz (F)(0) € Sparop 23 ()(0), (6.10)
where the last inclusion results from the monotony of 7. Thus,
So. 11,2621 (f)(0) C Sz (23 (£)(0). (6.11)

Step 1: Proof of statement 1. By contradiction, assume that there exists (B, ..., Br_1) € R¥\ {0}
such that BOfMo (0) +--- +ﬁk,1ka_1 (O) =0, i.e. fBl (0) = 0 where By := Bp_1My_1+ -+ BoMy.
One may assume that 8x_1 # 0; otherwise replace By by ad?{olfK(Bl) where K = max{j; 8; # 0}.
By linearity, one may assume S;_1 = 1. Then fp,(0) = 0 where

By = ady, (Xo) = [My_1 + - + oMo, My + - + BoMy] = Wy, — Bs, (6.12)

where Bz € SQ’[ILQ;C,QH(X). Finally, by (6.11), fw,(0) = fg,(0) € S[l’ﬂ(k)]]\{g}(f)(()), which
contradicts (6.1).

Step 2: Proof of statement 2. By contradiction, assume that ¥(k) > 2 and that there exists
B € Sp.oa(X) and (y0,...,7k—1) € R¥\ {0} such that fp,(0) = 0 where By := 1 My_1 +

<o+ 4+ %My + B. One may assume vr_1 = 1; otherwise, replace By by ad’}{olfK(Bé;) where
K = max{j;7; # 0} and renormalize. Then fp,(0) = 0 where

Bs = ad234(X0) = [Mk;71 +-+ Mo+ B, My + -+ M + [BvXOH
€ Wi + So, 11,2621 (X) + S[3,20 (87 (X)-
This fact and (6.11) contradict (6.1) because 20(k) < 7 (k). O

(6.13)
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6.4 Closed-loop estimate

Lemma 6.5. Let k € N*, 7 : N* — N* be a non-decreasing map and ¥ : N* — N* be defined by
9(k) = max{1; L@J} Assume that k is the minimal value for which fw, (0) ¢ Sp1 xx)\s23(f)(0).
Then,

Yv(k 1
(s ) ()] = Ol w)] + el U0 + ¥ lluellz2) (6.14)

Proof. By Theorem 4.4 with M + ¥(k),

1
w(ts0) = Zpon(t £,10)0) + O (Jua[JU0 + ()] 50 ). (6.15)
Let i € [0,k—1]. By Lemma 6.4, we can consider PP, a component along fy, (0), parallel to N'(f)(0)
where N := ({Mo, ..., Mg_1}\ M;)U Bjy s(x))- We intend to apply Corollary 4.7 with M < 9(k),

L+ k+1,b+ M; and NV as above, so that (4.12), for the appropriate choice of Z(¢, u), will yield

PZp, 001 (t £, w)(0) = wiga (8) + O (¥ ugllz2) (6.16)

Then, combining (6.15) and (6.16) concludes the proof of (6.14). Let us check that the required
estimates are satisfied.
Step 1: Estimates of other coordinates of the second kind. Let b € By ), such that b ¢ NU{b}.
By choice of NV, one has necessarily nq(b) = 1. Then b = M; for j > k. Thus, by (3.23) (with
(p,jo) < (2,k)), |b| > k + 1 and (4.8) holds with o = k + 1 and Z(t, u) := t2 ||ug| 2.
Step 2: Estimates of cross terms. Let ¢ > 2, by > --- > b, € B*\ {Xo} such that nq(by) +--- +
n1(bg) < V(k) and supp F(bi,...,by) ¢ N.
By construction of A/, there is no such cross term. O

6.5 Interpolation inequality

Lemma 6.6. Let m € N, k > 2 and 7 := w(k,m) > 2 as in (1.20). There exists C > 0 such that,
for every t > 0 and u € L*((0,t);R),

el < € (Il 2 ullfym e + 2l T2 k3, (6.17)

where p := (2m + 2k)/(m + 1) satisfies p < 7+ 1.

Proof. By Proposition 4.9 with ¢ + ug, (p,q,7,8) < (p,2,00,2), (4,1) + (k—1,m+ k), o +
(p — 2)/p, we obtain

|, < Cllu™ |52 a2 + CE P2 a7 (6.18)
By Holder’s inequality,
— 1 _ —
huellfz? < (=2 72, (6.19)
Moreover, by (1.20),
2k +m —1 2k +2m
k 1> - = = 2
wlhm)+12 EEMCL JBAE (6.20

and this concludes the proof of (6.17), writing
|72 < |5 P a2 (6.21)

and |Juy||pe < tl|ullpe- O
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6.6 Proof of the presence of the drift for m > 0

Proof of Theorem 6.1. Let P be a component along fyy, (0) parallel to Sy r(x.m)p\ {23 (f)(0). Let
M = n(k,m). Let ¥ := max{l; LMJ} By Theorem 4.4,

2(t;u) = Zpan (4 £0)(0) + O (| 5L + ot )97, (6:22)

where, by (6.4) and (3.12),

PZpmy(t, f,u)(0) = %/O i+ O ([(u, ) (O + tllue]72) - (6.23)

Moreover, by the closed-loop estimate (6.14),

[(u, . ue) () = O (|2t u)? + [Ju |

2002 4 tfug)22) - (6.24)
By definition of ¢, one has 2(¢ + 1) > w(k,m) + 1. Hence, in particular,
lurl[ 3553 = O (|lua |l 15 - (6.25)

Gathering these equalities and the interpolation estimate (6.17) yields

1/t () — L
Pa(t; u) = 5/ ui+o((t+(1+t”<k7m>+1—2k)||u|\w(’i;,m> 1) HukHQL2+|x(t;u)|1+W). (6.26)
0

This implies, in the sense of Definition 1.16, a drift along fw, (0), parallel to Sy x(k,m)\ {23 (f)(0),

—« 2k—1—m(k,m 7(k,0)—7m(k,m
as (t,t~*||ul|wm.) — 0 where a = W(k)m)(_l ) — (Tr(,zm)(_l ), O

Remark 6.7. When m = 0, the smallness assumption on the control does not depend on the final
time t (because « = 0). When m > 0, the dependence on time of the smallness assumption on the
control stems from the second term in the right-hand side of the Gagliardo—Nirenberg inequality
of Proposition 4.9. For appropriate classes of functions, for instance ¢ € W™, the Gagliardo-
Nirenberg inequality holds without this second term. Thus, for controls u € Wi"™, the argument
above proves a drift as (, ||ul|ym>) — 0.

6.7 Optimality of the functional framework

We illustrate the optimality of the functional framework given in Theorem 6.1 by an example in the
case m = 0 and k = 2. In this case, the condition fu,(0) € S¢1 33(f)(0) is necessary for L>°-STLC,
but not for a different small-time local controllability notion involving large enough controls in L>
(instead of arbitrarily small controls in L), called p-bounded-SLTC in Section 1.2. In this sense,
our result is optimal.

To prove this claim, let us consider the following system (introduced in [39, Example 5.2]):

=u
iy = 11 (6.27)

i3 =13 — xt.

Written in the form (1.1), this system satisfies

fMo = e, fIMl (0) = €2, sz (0) = 2637 fQ1,1‘1(0) = 72463 (628)

and f,(0) = 0 for any b € B* \ {Mo, M1,W3,Q1,11}. Thus fw,(0) € Si1(f)(0) and fw,(0) ¢
81,31 (f)(0). By Theorem 1.11, this system is not L>°-STLC, i.e. locally controllable in small time
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with Loo-small controls. By Theorem 6.1, solutions associated to controls small in L° cannot
reach in small time targets of the form —fBes with g > 0.

In [23, Example 5.1 and p. 452], Kawski claims that this system is STLC with controls large
enough in L*. This can also be deduced from the arguments given in [39, Example 5.2] by a
scaling argument. Let us indeed construct explicit controls (large in L°) achieving a motion along
—e3. Let ¢ € C°((0,1);R) \ {0} and A > 0 large enough such that

1 1
C:= —/ o+ AQ/ (") > 0. (6.29)
0 0

Let

t > 0 and u € L*((0,t);R) be defined by u(s) := A¢” (s/t). Then ui(s) = Aty'(s/t) and
uz(s) =

At?¢(s/t). Thus

w = [g—ut= [ (a0 (2)) - (a0 (2)) ) as=—eac. @)

Therefore z(t;u) = —t>A2Ces, so we have indeed achieved a motion along —esz. Standard ar-
guments using either tangent vectors or power series expansions (see e.g. [23, Appendix] or [13,
Section 8.1]) then allow to prove that there exists p > 0 large enough such that (6.27) is indeed
p-bounded-STLC.

6.8 A coarse screening of cubic brackets

Theorem 1.12 for m € N is a corollary of the following more precise statement.

Theorem 6.8. Let m € N and k € N* with w(k,m) > 3. We assume k 1is the smallest integer for
which

fwo(0) & (Bf UPLU By nmy ) (5)(0), (6.31)
where Py, is defined in (1.22). Then system (1.1) has a drift along fw, (0), parallel to the subspace
(Bi UPL UB}, ) (D(0), as (1,6 [ullwn.) = 0 where o = TE0-ntkm),

Theorem 6.8 follows from the same strategy as Theorem 6.1, presented in Sections 6.2 to 6.6.
We explain below how to adapt Sections 6.2 to 6.4 in order to conclude with the same Sections 6.5
and 6.6. We will make repeated use of the following algebraic result.

Lemma 6.9 (Algebraic preliminaries). Let j, k € N*.
1. If j <k, then (My_1,W;) = P; ), € B*.
2. If j > k, then supp[My_1, W;] C{Pjr ;5" < j}.
3. If v € N, then supp[My_1, W, ] C{Pjr i <j}.

Proof. For Item 2, let b € supp[Mjy_1, W;]. Since B} spans S3(X), b = Pjs j,» with j* <k € N*
and v/ € N. On the one hand ny(b) = 25’ + k' — 2+ 1" > 3j' — 2. On the other hand [M}_,, W;] €
S3 ky2j—2(X), where k+2j —2 <3j — 3. Thus 35’ —2<3j—3so0 j <j.

Thanks to (4.29), Item 3 follows from Items 1 and 2. O

Lemma 6.10 (Dominant part of the logarithm). Under the assumptions of Theorem 6.8, let P be
a component along fw, (0), parallel to the subspace (Bf UPrUB[y (1 1)) (f)(0). Then (6.4) holds.
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Proof. We follow the proof of Lemma 6.3. By minimality of k, for every j < k,

fw,(0) € (BY UP; U Bty sy ) (N(0) € (BY UPLU By ) (HO), (632)

since j — P; and j — m(j,m) are non-decreasing. Since B} U Py U BE[‘4 x(kym)] 18 stable by right
bracketing with X, one also has

fw,.,0) € (Bf UPLU By nimy ) (£)(0), (6.33)
for every j < k and v > 0. Hence (B} UPy U B[, .. ) (f)(0) = N(f)(0) where
N =Bl UWLUPLUB ey and - Wi = {W 55 < k}. (6.34)

Step 1: Estimates of other coordinates of the second kind. Let b € By, _ . .y such that b ¢ NU{b}.
The only case which is not already treated in the proof of Lemma 6.3 is b = P;;, with j > k.
Then (3.25) (with (p1, p2, jo, ko) (1,00, k, k)) proves (4.8) with o = 3k+1 and Z(t; u) = t[jugl|?..
Indeed, |Jug||32||ukllLe < t|ukl/?: when |lui]joo <1 and k > 2.

Step 2: Estimates of other cross terms. Let ¢ > 2, by > --- > b, € B* such that ni(by) +--- +
n1(bg) < w(k, m) and supp F(b1,...,by) ¢ N. The only cases which are not already treated in the
proof of Lemma 6.3 are

o ¢ =3 and by, by, b3 € By, then (4.10) holds with a1 = ag = a3 = 1/2 (see the preliminary
estimates in the Step 2 of the proof of Lemma 6.3),

o =2, by = Vle’l,17 by = M]ﬁ,l and Supp[bl,bg] N {sz’k%y;jg > k} 75 0.
In this last case, (4.10) holds for ¢ = 2 with as = 1/2 (see the preliminary estimates in the
Step 2 of the proof of Lemma 6.3). By Lemma 6.9, j; > k, thus (3.24) (with (p,jo) < (1,k))
proves that (4.10) holds for i = 1 with o1 = 2k + 1, a3 = 1/2 and Z(t,u) = t[jugl/3.. Indeed,
|url|22 < VE[|uk|lpz when [ug|lp <1 and k > 2. O
Lemma 6.11 (Vectorial relations). Under the assumptions of Theorem 6.8,

1. the vectors far,(0),..., far._, (0) are linearly independent,

2. if 9(k) > 2, then span{ fas, (0), ..., far,_, (0)} N (W + Sp3,0007) (f)(0) = {0},
where V(k) is defined in Lemma 6.5 and Wy, = {W; ,;j < k} as in (6.34).
Proof. We adapt the proof of Lemma 6.4. For Item 1, one replaces (6.11) by

Sa,2h-21(£)(0) € (Bf UPLUBf ity ) (H(0). (6.35)
For Ttem 2, B is assumed to belong to Wy, + S[3.9(x)j(X) thus, by Lemma 6.9,

By = ad}, (Xo) = [My—1 + - +v0Mo + B, My + -+ + 7M1 + [B, Xo]
€ Wi + S2. 11,2621 (X) + Pk + Spa,20()7 (X)),

yielding the same contradiction as in the proof of Lemma 6.4. O

(6.36)

Lemma 6.12 (Closed-loop estimates). Under the assumptions of Theorem 6.8, one has (6.14).

Proof. We adapt the proof of Lemma 6.5 with N := ({My, ..., Mr_1}\ M;) UW, U BEB,&(k)]]‘

Step 1: Estimates of other coordinates of the second kind. Let b € By ;) such that b ¢ N U{b}.
The only case which is not treated in the proof of Lemma 6.5 is b = W;,, with j > k. Then (3.24)
with (p, jo) < (1, k) proves that (4.8) holds with o = (2k + 1) and E(¢,u) = ||ug||2. < Vt||ukl| 2.
Step 2: Estimates of cross terms. Let ¢ > 2, by > --- > by € B*\ {Xo} such that ni(b1) +--- +
n1(bg) < 9(k) and supp F(b1,...,by) ¢ N. Then ¢ = 2, by, by € Bf and supp[by, bo] N{W, ;5 >
k} # 0. One may assume by = My with £ > k and then (4.10) holds with o; = k+ 1, a; = 1 and
2(tu) = Vil 2. O
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7 Kawski’s refined W5 obstruction

The goal of this section is to prove the case £k = 2 in Theorem 1.13, as a consequence of the
following more precise statement.

Theorem 7.1. Assume that fw, (0) € N1(f)(0) and fw,(0) & Na(f)(0). Then, system (1.1) has
a drift along fw,(0), parallel to Na(f)(0), as (¢, ||ul|r=) — 0.

7.1 Limiting examples

Let us illustrate that the set Ny defined in (1.24) of brackets which can compensate Wy must
include P, 1, for every v € N. As an illustration, we prove the following controllability results
using classical sufficient conditions due to Sussmann or Bianchini and Stefani because they are
simpler to apply. Nevertheless, the same results would follow from Agrachev and Gamkrelidze
conditions as in Section 8.1.

Limiting example for P; 1. Consider the system
i?l =Uu
o =11 (7.1)
i3 =23 + 3.
Written in the form (1.1), this system satisfies
fMo(O) = €1, fMl (0) = €2, fP1,1,0 (0) = 6es, fWZ (0) = 2e3 (72)

and fb(O) =0 for any be B* \ {Mo, M17 WQ, P1,1,0}~

This system was proposed by Jakubczyk and is known to be L>-STLC since® [41, p. 711-712].
It also satisfies Sussmann’s S(0) condition (see [43, Theorem 7.3] or [13, Theorem 3.29]) for any
6 > 1/2 (see also [5, Section 2.4.1] for a short direct proof).

Limiting example for P; 1, . Let v € N*. We consider the system

Cil‘l =Uu
j?g = T
$3+i:x3+i71 fOfizl,...7V—1

B34y = 23 + Typp_1.
Written in the form (1.1), this system satisfies
I (0) =e1,  far,(0) =e2,  fp,,(0)=3lesy, for p=0,...,v, fw,(0)=2e3,, (7.4)

and f,(0) = 0 for any b € B* \ {My, M1, Wa, P11 ;1 € [0, 0]}

For v = 3, this system corresponds to [19, Example 2.4]. To prove that it is L>°-STLC, the
key point is to prove that +e3 = +6fp, , ,(0) are tangent vectors. Then, the L>*-STLC follows
from the elementary remark that, if, for some b € B*, £f,(0) are tangent vectors, then so are
+f1,x,)(0) (see [19, Theorem 6] or [6, claim P2]). As in the case v = 0, the fact that +e3 are
tangent vectors can be proved using oscillating controls or Sussmann’s S() condition with § > 1/2
as reformulated in [6, Theorem 2] by Bianchini and Stefani.

A non-controllable example involving Q11,1. In Section 6.7, we recalled that system (6.27) is
small-time locally controllable with large enough controls in L°°, but not L°>°-STLC in the sense
of Definition 1.1. For this system, one has 6 fi,(0) = —fg,,,(0) (and Q11,1 is the only bracket
“compensating” Wa). But Q1,11 does not belong to the set N5 defined in (1.24) of brackets which
can compensate Wy for L°-STLC. Hence, the fact that (6.27) is not L>°-STLC can be seen as an
application of the case 7 = 2 of Theorem 1.13.

3Sussmann’s initial proof involves controls with ||u||Lee < 1, but extends easily to any bound on w.
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7.2 Dominant part of the logarithm

Lemma 7.2. Assume that fw,(0) € N1(f)(0) and fw,(0) ¢ Na(f)(0). Let P be a component
along fw,(0), parallel to Na(f)(0). Then

PZp a1 (t, f,u)(0) = &w, (8 u) + 0(|(U1aU2)(ﬁ)|2 +tlualZe + [lunl|Zs uzll L2 + ||U1||i4)- (7.5)

Proof. By assumption, fu,(0) € Ni(f)(0). Since N; is stable by right bracketing with X,
fw,, (0) € N1(f)(0) for every v > 0. Thus, since N1 C Nz, Nao(f)(0) = N(f)(0), where N is
defined as

N = Ng @] {WL,,; Ve N}7 (76)

where N is defined in (1.24). By assumption, fiy, (0) & Na(f)(0) = N(f)(0).

We intend to apply Corollary 4.7 with M <+ 3, L < 6, b + W, and N as in (7.6), so that
(7.5) will follow from (4.12), for the appropriate choice of Z(¢,u). Let us check that the required
estimates are satisfied.

Step 1: Estimates of other coordinates of the second kind. Let b € B, 5 such that b ¢ N U{b}.

We investigate the different possibilities depending on ny(b).
e One cannot have ni(b) = 1 since By C Ns.

o If nqy(b) = 2, by (1.9) and (7.6), one has b = W; , with either (j > 3) or (j = 2 and v > 1).
Thus |b] > 6. By estimate (3.24) with (p, jo) + (1,2), (4.8) holds with ¢ = 6 and

E(t,u) = t|lug||3e. (7.7)

o If ny(b) = 3, by (1.10) and (1.24), b = P, with k¥ > 2. Thus |b| > 5. By estimate (3.25)
with (p1, pa, jo, ko) < (2,2,1,2), (4.8) holds with o = 5 and

E(t ) = Jua]|Zsfluzl o (7.8)

Step 2: Estimates of cross terms. Let ¢ > 2, by > --- > b, € B*\ {Xo} such that nq(by) +--- +
n1(bg) < 3 and supp F(by,...,by) ¢ N.

We start with preliminary estimates.

e If b, = M, for some j € [0,1], by (3.11),

ol )
[§b: (8 w)| = [u1(B)] = K UG+ D)l ()] (7.9)

so (4.10) holds with o; = j + 1, a; = 1/2 and Z(t,u) = |(u1,uz2)(t)[>.

o If b; = M, for j > 2, by (3.23) (with (p, jo) < (2,2)), (4.10) holds with o, = 3, a; = 1/2 and
2(t,u) = tlluz|2..

e By (3.22), for each b; € B3, (4.10) holds with o; = 3, o; = 1/2 and Z(t, u) = t||uq [|34.

Since ny(b1) + -+ n1(bg) < 3 and ¢ > 2, all the b; belong to B, 5. Thanks to the preliminary
estimates, a = ¢/2 > 1. O

7.3 Vectorial relation

Lemma 7.3. Assume that fw,(0) € N1(f)(0) and fw,(0) ¢ Nao(f)(0). Then, the vectors f,(0)
and far, (0) are linearly independent.

Proof. This statement is implied by the case k = 2 and w(k) = 2 in Lemma 6.4. O
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7.4 Closed-loop estimate
Lemma 7.4. Assume that fp,(0) and far, (0) are linearly independent. Then,

(1, u2) (O] = O (ot w)] + s I3z + 2 a2 ) (7.10)

Proof. This statement is implied by the case k = 2 and w(k) = 2 in Lemma 6.5. O

7.5 Interpolation inequality
Lemma 7.5. There exists C > 0 such that, for every t >0 and u € L*((0,t); R),
lurlza < Cllullfe luzllz=. (7.11)

Proof. Inequality (7.11) follows from Proposition 4.9 with ¢ < us, (p,q,7,8) < (4,2,00,2), (4,1) <
(1,2), a < 1/2. The lower-order term in (4.28) is absorbed using the estimate ||uz][z2 < ¢3 ||ul|1e~,
which stems from Hoélder’s inequality and the equality uq(t) = fg (t — s)u(s) ds. O

7.6 Proof of the presence of the drift

Proof of Theorem 7.1. Let P be a component along fy, (0) parallel to N3(f)(0). By Theorem 4.4
with M + 3,

#(t0) = Zp (8 £0)(0) + O (a1 + ()] 1) (7.12)

where, by (7.5) and (3.12),

1 t
PZpa(t fu)(0) = 5 [ 3+ Ol ) OF + thualfs + o [Falluale + o [52). (713

Moreover, by the closed-loop estimate (7.10),
(w1, u2) (O = O (Ja(t;w)[* + Jualza + tlluzll72) - (7.14)

Gathering these equalities and the interpolation estimate (7.11) yields

1/t t )
Px(t;u) = 5/ u3 + O ((t + ||uHLoo)/ u3 + |x(t;u)|1+3) . (7.15)
0 0

This implies a drift along fw,(0), parallel to Na3(f)(0), as (¢, ||ul|z=) — 0, in the sense of Defini-
tion 1.16. 0

8 New refined W5 obstruction

The goal of this section is to prove the case k = 3 of Theorem 1.13, as a consequence of the
following more precise statement.

Theorem 8.1. Assume that fu,(0) € N1(f)(0), fw,(0) € Na(f)(0) and fw,(0) ¢ N5(f)(0).
Then there exist a linear form Py, : R? — R giving a component along fw,(0), another linear
formP:R? = R, C >0, 8> 1 such that, for every ¢ > 0, there exists p = p(c) > 0 such that for
every t € (0,p) and u € L>((0,t),R) with |ju L~ < p,

(Pw, + tP)a(tiu) > (1 - £)éw, (t,u) — Cla(t:w)|’. (8.1)
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The conclusion (8.1) is not exactly a drift*® along fy, (0), parallel to N3(f)(0), as (¢, ||u||p=) —
0, in the sense of Definition 1.16, because the left-hand side of the inequality involves a linear form
P, := Py, + ¢P that may not give a component along fi,(0). Nevertheless this result is still an
obstruction to L>*-STLC. Indeed, one may assume Py, and P are linearly independent, then by
considering e € R? such that Py,e = 1 and Pe = 0, estimate (8.1) prevents (¢;u) from reaching
targets of the form z* = —ae with 0 < a < 1, because this would entail —a = (Pw, + tP)x(t; u) >
—C|z*|? = —Ca”, which fails for a small enough, because 8 > 1.

The proof of Theorem 8.1 is a slight variation of the unified approach as presented in Sec-
tion 1.6.4, in which closed-loop estimates are used not only for cross terms of coordinates of the
second kind, but also for some coordinates of the second kind.

8.1 Limiting examples

We illustrate that the set N3 defined in (1.25) of brackets which can compensate W3 is “minimal”
in the following sense: for each bracket b of N3, we construct an example of an L>*°-STLC system
for which there is a competition between W3 and b. One has

Na={My, Priy,Quiow Rinanw R 11,0 €N v € NFU{Q111,Q 0, Q0 1,Q0 5} (8:2)

The brackets of the first list can be considered as “good”, and those of the second list as “bad” in
senses detailed below. We treat both lists separately.

8.1.1 Good-bad competitions

We consider the first list of (8.2). We skip the case of the M, since it is clear by the linear test that
any system with fy, (0) € S1(f)(0) and S;(f)(0) = R? is L>®-STLC. For all the other brackets,
we will prove the L>°-STLC property thanks to Agrachev and Gamkrelidze’s sufficient condition
[1, Theorem 4], of which we now recall a version well-suited to our setting.

Theorem 8.2. Let o € [0,1], r > 0 and II' C Br(X) such that II' generates a Lie algebra
Lie(IT') C £(X) with the following properties:

o II!' is a set of free generators of Lie(IT'),
e for each b € Br(X) with ny(b) even and no(b) odd, E(b) € Lie(IT!).

Fork € N* let ITF*+1 := [II}, T1¥] and I1°° := Ugen<11F. Fork € N* and m € ¥, let w(w) := |7|—ok.
Suppose that, for all k € N, and every m € Ik with ny () even and no() odd, and w(w) < r,

f7(0) € span{ fr (0); 7" € I, w(n’) < w(m)}. (8.3)
Assume moreover that
R? = S1(£)(0) + span{ f(0); m € 1, w(7) <1} (8.4)
Then, the system is L>°-STLC.

To apply Theorem 8.2, the key point is thus to find a set II' and a parameter o € [0, 1] such
that the “good” brackets that one intends to use have a smaller weight w than the “bad” ones. All
the following examples will be handled with ¢ = 1 and the following choice of IT!:

' = {ad’?, ad}y, ad'y (Xo)ido,i1,i2 € N, (io,i1) & {1} x N*, (io,i1,i2) ¢ {0} x {1} x N*}. (8.5)

By the elimination theorem [44, Proposition 1.1], II' is a set of free generators of Lie(II') and
L(X)=RX; ® RM; & RM; @ Lie(TI'). In particular, Lie(II') contains E(b) for every b € Br(X)
of type (even, odd). We compute the associated weights for all brackets of interest with o = 1.

40ne can see (8.1) as a particular case of a “weak drift” as (t,||u||L<) — 0 in the sense of Definition 10.1 of
Section 10.
5This is not a technical limitation. See Section 8.7.
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Since W3 = ad},, (Xo) € II', w(W3) = [Ws3| — 1 = 6.

For v e N, Q1,12 = ad, ad‘;’\/[O(XO)O” e ', so w(Q1,1,2,) = 5.

For v € N, R17111~,11V = ad?’wo (Xo)OV S H1+V, SO W(Rl,l,l,l,u) = 5.

o For p,v €N, R}, ,, = (ad3, (Xo)0#, ad%,, (X0))0¥ € 24+ so w(R )

Forle€{1,2,3} and v €N, P, ;, =adp, , ad?\/[O(XO)O” el sow(Pry,)=2+1<5.

Forl>4and v €N, P, = (ada, (X0)0' 3, ad}y, (X0))0” € T4, so w(Pry,) = 4.

=5.

Hence, all these brackets have a smaller weight than W5. Moreover, Theorem 8.2 does not require
for them to be compensated. Indeed, the Ps and Rs have an odd ny. Moreover, ng(Q1,1,2,,) = 2+v
and Q11,2 € I+ so Q11,20 is never simultaneously of type (even, odd) and inside [12k+1,

We now provide limiting examples of systems, whose L>°-STLC can be established by the above

argument. These examples prove that the first list of (8.2) is minimal.

Limiting example for P;;, with [ € {1,2,3}. Let v € N. For v = 0, we consider the system

j:l:u
{fgzl‘l
T3 = X2

iy = 2% + 23w

while for v > 0 we consider the system

fCl =Uu

ig =X

T3 = To

i‘4 = $%:L‘l

Tagp = Tatp—1 forp=1,...,v—1
. _ .2

Toty = T3+ Tapp—1.

Written in the form (1.1), these systems satisfy

Jni_,(0) = e fori € [1,3],  fp,,(0) = ceay, for p e [0,v], fw,(0) = 2e44.,

where ¢ =6 if [ = 1 and ¢ = 2 otherwise, and f,(0) = 0 for any other b € B*.

Limiting example for P, ;, for | > 4. Let v € N. For v = 0, consider the system

jfl =Uu
jfi:-ri—l fOI‘iZQ,...,l
; 2 2
T4 = X3+ 277
while for v > 0 we consider the system
j?l =Uu
ii:xi,l fOYiZQ,...,l
; 2
T4 = xia
Tigfi4p = Tlgp forp=1,...,v—-1

. 2
Ti414y = T3 + Tito-
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Written in the form (1.1), these systems satisfy

fMi—l(O) =e; forie€ [[17 l]], fpl,l,ﬂ/ (0) = Cel4+1+p for ne [[Oa Vﬂv fVVS (0) = 2el+1+u7

where ¢ =6 if | = 1 and ¢ = 2 otherwise, and f;,(0) = 0 for any other b € B*.

Limiting example for Q;12,. Let v € N. For v = 0, we consider the system

jslzu
igzl‘l
T3 = o

iy = 2% + 231y

while for v > 0 we consider the system

{tl =Uu

ig =X

T3 = To

i‘4 = :1:':131'2

Tagp = Tagp—1 forp=1,...,v—1
. _ .2

Toty = T35+ Tapp—1.

Written in the form (1.1), these systems satisfy
Sn,(0) = e fori=1,2,3 fo,,,, =2, for p=0,....,v fu,(0) = 2e44,,

and f,(0) = 0 for any other b € B*.

Limiting example for R; 1 1,1,. Letv € N. For v =0, we consider the system

x’lzu
iQZQZl
.’bgzmg

iy = 2% + 23

while for v > 0 we consider the system

il =Uu

jZ‘Q =T

T3 = T

{ﬁ4 = .’t?

Tagp = Tagp—1 forup=1,...,v—-1
; _ .2

Toty = T35 + Ta4v—1-

Written in the form (1.1), these systems satisfiy

fu,,(0) = e for i =1,2,3,  fr,,,,,(0)=>5lesy, for pe[0,v], fw,(0)=2esy,

and f,(0) = 0 for any other b € B*.
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Limiting example for R§,1,1,M,u- Let p1,v € N. For v = 0, we consider the system

:i?l =Uu
l"g =T
T3 =1a
c (8.18)
Ty = T7
Eagpr = Taqp—1 for /' =1,...,u
T54p = T3 + 21Tt
while for v > 0 we consider the system
.i‘l =Uu
j?Q =
T3 = T
i’4 = :L'?
) ) (8.19)
Tagp = Tt —1 forp/ =1,...,u
T34 = T3 Tatp
T5pptv’ = Tspptr'—1 forv' =1,...,v—1
E5ppty = T3+ Tspppv-1.
Written in the form (1.1), this system satisfies
fr (0) = fori=1,2,3, fp | ,(0)=6esq, for p' € [0, 4], (5.20)
8.20

fR“ (0) = —12(=1)"es4 s for S [0,v],  fw,(0) = 2e54 40

1,1,1,p,07

and f3,(0) = 0 for any other b € B*.

8.1.2 Bad-bad competitions

The second list of (8.2) consists of brackets which are associated with sign-definite coordinates
of the second-kind. Hence, they restore controllability in competition with W3 only in situations
where both sign-definite terms push the state in opposite directions. Such “bad-bad” competitions
(see e.g. [23, Section 5] for an introduction) are not handled by classicial sufficient conditions such
as [1, Theorem 4]. We present the straightforward case of Q1,11 here, and postpone the examples
involving Q?yo, Q‘i,l and Q}Q, for which the proofs are more intricate, to Appendix A.6.

Limiting example for ()1 1,;. We consider the system

i?l =Uu
e (8.21)
T3 = XTg

iy =2} —af.

Written in the form (1.1), this system satisfies

o (0) =e1,  far,(0) =e2,  far,(0) =e3,  fu,(0) =264, fq,,,(0) = —24ey (8.22)

and f;(0) = 0 for any b € B*\ { My, M1, Ma,W5,Q1.11}. In [23, Example 5.2], Kawski proves that
system (8.21) is L*>°-STLC. This can also be proved using oscillating controls as in Section 6.7.
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8.2 Dominant part of the logarithm

The following lemma is a little intricate due to the fact that the list (1.25) is minimal. If one only
wishes to prove an easier version with N5 < N3 U{Q111,., Q'i%l,}, the proof could be shorter.

Lemma 8.3. Let Nj := N3\ {Q}1,Q},.Q},} i.e.,
Nj ={My, Priy, Qa1 Qi Ritanw, Ry, € N v € NJ, (8:23)

N = NI\ {Q1.11} and Py, : RY — R be a component along fw,(0) parallel to Ni(f)(0). Under
the assumptions of Theorem 8.1,

Pw, 251 (t £, u)(0) = Ew, (8 u) + O(tﬁws(tau) +lluallzs + llurllzellusll 22 + [lual|Ze (.24)

I, uz,us) (O + a8y, (1) + 'téq ., ().
where
o a=1if fw,(0) #0 and a = 0 otherwise,
o d =1if fg,,.(0) ¢ NJ(f)(0) and o’ = 0 otherwise.

Proof. For i € {1,2}, fw,(0) € N;(f)(0) and N is stable by right bracketing with X, thus
fw,,(0) € N;i(f)(0) for every v > 0. Since N1 C Np C N3 then fyw, ,(0) € N3(f)(0) for every
i€{1,2} and v € N.

When a = 0, i.e. fw,(0) =0, then fqs . (0) = 0 for every p,v € N because it is an iterated
bracket of the vector fields fy, and fj that vanish at 0, see (1.16).

When o' =0, ie. fo,,,(0) € NJ(f)(0) then for every v € N, fo, ,,,(0) € N3'(f)(0) because
Ny is stable by right bracketing with Xo, thus fg, ., (0) € N3(f)(0).

These remarks prove that N4(£)(0) = N'(f)(0) where

Né U {Wl,ua W2,1/7 Ql,l,l,uv Qii,u,m 2204 € N} When (aa a/) = (070)7
NG U AW, Wa,, Q. 5 1, v € N} when (a,ad’) = (0,1),
NFU{W, ,, W, Q111,0,5 v € N} when (a,a’) = (1,0),
NGU{W; ,,Wa s u,v € N} when (a,a’) = (1,1).

By assumption, fu,(0) & N3(f)(0), so fuw,(0) &€ N(f)(0).

We intend to apply Corollary 4.7 with M <+ 5, L < 11, b < W3 and N as in (8.25), so that
(8.24) will follow from (4.12), for the appropriate choice of Z(¢,u) (corresponding to the quantities
within the O(+) in (8.24)). Let us check that the required estimates are satisfied.

Step 1: Estimates of other coordinates of the second kind. Let b € B, 5 such that b ¢ N U{b}.

We investigate the different possibilities depending on nq(b).

N = (8.25)

e One cannot have n;(b) = 1 since Bf C Nj C V.

If n1(b) = 2, by (1.9) and (8.25), one has b = W, ,, with either (j > 4) or (j =3 and v > 1).
Thus |b| > 8. By estimate (3.24) with (p, jo) + (1,3), (4.8) holds with ¢ = 8 and

E(t,u) = tl|us||.. (8.26)

If ny (b) = 3, by (1.10) and (8.25), b = P;;, with 2 < j <[. Thus |b| > 7. By estimate (3.25)
with (p1, p2, jo, ko) < (3/2,3,2,2), (4.8) holds with ¢ = 7 and

E(t,u) = ||lug|3s. (8.27)

If ny(b) = 4, by (1.11) and (8.25), we are in one of the following cases.
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—b=Q1,11,, with v >1 and @’ =1 thus |b| > 6 and by estimate (3.26) with
(pl,pg,pg,jo, k‘o, lo) <— (2,4,47 1, 1, 1), (48) holds with ¢ = 6 and

E(t,u) == d't|ui]|}a = /4o, , , (t,u). (8.28)
— b=Q1,1,,, with { > 3, thus |b] > 7 and, by estimate (3.26) with
(p17p27p3aj07 kOa lO) — (37 67 27 17 1a 3)7 (48) holds with o = 7 and
Bt u) = [[ua]|Felus| L2 (8.29)
— b= Qj k1, with 2 <k, thus |b] > 7 and, by estimate (3.26) with
(p17p27p3a.j07 kOa lO) — (3737 3a la 27 2)7 (48) holds with o =7 and
Et,u) = |lur|[FellualZs- (8.30)

~b=Q" ., thus |b| > 8 and, by estimate (3.28) with (p1,p2,jo, ko) < (3,3/2,1,2),
(4.8) holds with o = 8 and

E(t,u) = tlua]|ZolluzlZs- (8.31)

- b= Q?%V and a = 1 thus |b| > 8 and, by estimate (3.27) with (p, jo) + (1,1), (4.8)
holds with o = 7 and
E(t,u) = atlluy||72 = dat&y, (t,u). (8.32)

e If ny(b) =5, by (1.12) and (1.25), we are in one of the following cases.

— b= R j1,m, with m > 2, thus |b] > 7 and, by estimate (3.29) with
(pl,pg,pg,p4,j0, ko, l(),m()) — (37 6, 6, 3, 1, 17 1, 2), (48) holds with ¢ = 7 and

E(t,u) = |lu|7olluzll s (8.33)

- b= R§7k7l,“/y with { > 2, thus |b| > 9 and, by estimate (3.30) with (p, p1,p2, jo, ko, lo) <
3/2,3,6,1,1,2), (4.8) holds with o =9 and

— 5
E(t, u) =t fJua|[Fe fluz||7s- (8.34)

Step 2: Estimates of cross terms. Let ¢ > 2, by > --- > b, € B*\ {Xo} such that nq(b1) +--- +

n1(bg) <5 and supp F(by,...,by) ¢ N.

We start with preliminary estimates.

e By (3.22), for each b; € B* with nq(b;) <5, (4.10) holds with o; = ny(b;) + 1, a; = n1(b;)/6
and Z(t,u) = 19720 .

e If b, = M, for some j € [0,2], by (3.11),

bl

= Wf““)(j + D)y (t)] (8.35)

[6b: (8, w)| = [uj 1 (D))

so (4.10) holds with o; = j + 1, a; = 1/2 and Z(t,u) = |(u1, uz, us)(t)|*.

o If b, = M, for j > 3, by (3.23) with (p, jo) < (2,3), (4.10) holds with o; =4, a; = 1/2 and
E(t,u) = t]lus||7.-

We now consider the different possibilities, based on the condition nq(b1) + - - - 4+ n1(by) < 5.
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e Case: at least two b; € Bf. Then, by the preliminary steps, « > 1/2+1/2 = 1.
e Case: q =3, by,by € B}, by € B}. Then, by the preliminary steps, « =1/3+1/3+1/2 > 1.
e Case: q=2,b € BE3,4]]’ by € Bt. Then, by the preliminary steps, a« = ny(b1)/6+1/2 > 1.

o Case: ¢ =2, b; € B3, bp € Bf. Say by = W, and by = My_;. One cannot have j = 1
because, by (4.29), supp[bi, bo] would be contained in {P; s/, , k" > 1,/ > 0} C N. So
j > 2. Then, by (3.24) with (p, jo) + (3/2,2), (4.10) holds for b; with o3 =5, @y = 2/3 and
E(t,u) = t'/2||lus||3 5. By the preliminary steps, a1 +az =2/3 +1/2 > 1.

o Case: ¢ =2, b1,by € B5. Say by = W;, and by = W/ ..

— If j = j/ =1, one cannot have a = 0 because, by (4.30), supp[b;, b2] would be contained
in {Q?,wy,ﬂ;u', v € N} C N, see (8.25). Soa = 1. By (3.24) with (p, jo) < (1,1), (4.10)
holds for 01 = 02 = 3 and E(t,u) = allu1]|7. = 4a&jy, (¢, u).

— If j > 2, then, by (3.24) with (p, jo) < (3/2,2), (4.10) holds for b; with o1 =5, ay = 2/3
and Z(t,u) = t'/2||uz||3 5. By the preliminary steps, a; + as = 2/3 +1/3 = 1.

o Case: q=2,by € B3, by € B5. Say by = Pj, and by = W, ;. Onecannot have j =k =1=1
because, by (4.30), supp|[b1, ba] would be contained in {Rg,l,lw’w’;“l”/ € N} ¢ N. Thus
l>2o0r k>2.

— If I > 2, using (3.24) with (p, jo) < (3/2,2), (4.10) holds for be with oy =5, Z(t,u) =
t1/2||uz||35 and as = 2/3. By the preliminary step aq +as = 1/2+2/3 > 1.

— If & > 2, then using (3.25) with (p1, p2, jo, ko) + (3,3,1,2), (4.10) holds for b; with
o1 =5, a1 =2/3 and E(t,u) = t1/2||u1||9i6||u2||i/32. By the preliminary step o + ag =
2/3+1/2 > 1. O

8.3 Vectorial relations
Lemma 8.4. Under the assumptions of Theorem 8.1,
1. the vectors far,(0), far, (0), far,(0) are linearly independent,

2. Zf fW1 (0) 7é 0 then le(O) ¢ Span{fMo(O)7fM1 (0)7 fMZ(O)}

Proof. We have S 11,47(f)(0) € Na(f)(0) because So1.4)(X) = span{Wj,;2j + v — 1 < 4},
Jw, (0), fw, (0) € Na(f)(0) and N> is stable by right bracketing with X,. Thus, since No C N3,

S2,11,41 ()(0) € N3(f)(0). (8.36)

Step 1: Proof of Item 1. We assume there exists (8o, 31, 82) € R3\ {0} such that fp, (0) = 0
where By = B2 My + 1My + BoMp. One may assume that 53 = 1; otherwise consider [By, Xo] or
[[B1, Xo], Xo] and renormalize. Then fp,(0) = 0 where

By = ady;, (Xo) = [Ma + Bi M + BoMo, Mz + B Mo + BoMi] € W3 + So [1,47(X) (8.37)

and (8.36) leads to a contradiction with the assumption fu,(0) ¢ N3(f)(0).

Step 2: Proof of Item 2. Proceeding by contradiction, we assume that there exists (yo,71,72) €
R3 \ {0} such that fp,(0) = 0 where By = oMy + v1 My + yoMy + Wi. Let K = max{j €
{0,1,2};7; # 0}. Then fp,(0) = 0 where B; = [B4027", B403 "] i.e.

Bs = [veMa+ - +y0Mo_ + Wi, YuMs+ -+ 90 Ms_ + Wi s_] = 72 W3 +Qli,2—n + Bs + Bz

(8.38)
where Bg € span{[M;, Wy ,];l € N,v € N} and B; € Sy 1 43(X). By (4.29), supp Bs C {P1,1,,;1 €
N* v € N} C N3. Together with (8.36), this leads to a contradiction. O
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8.4 Closed-loop estimates

Lemma 8.5. Under the assumptions of Theorem 8.1,
(ur,uzus)(0)] = O (|t w)] + [ + l[uzllf + ¢ sl ) (8.39)
and if fw,(0) # 0 then
i (tw) = O (Ja(tw)| + e[ + ualle + ¢ us]|2) (8.40)

Proof. By Theorem 4.4 with M <+ 2,
2(t;0) = Zpap(t, £,10)(0) + O (s + ol w)]+E) (8.41)

First case: fw,(0) = 0. Then fy, ,(0) =0 for every v € N because it is an iterated bracket of
the vector fields fy, and fo that vanish at 0. Let i € [0,2] and P be a component along fys,(0)
parallel to N (f)(0) where N' = { My, My, Mo} \ {M;}. We have N (f)(0) = N(£)(0) for

N = {Mo,MhMg, Wl,u;l/ S N} \ {MZ} (842)

because fw, ,(0) = 0 for every v € N. We intend to apply Corollary 4.7 with M < 2, L < 5,
b < M; and N as above, so that (4.12), for the appropriate choice of Z(¢,u), will yield

PZp121(t £, ) (0) = w1 () + O (I(un, ua, us) () + ¢ Juslle + Jua3) . (8.43)

Then, combining (8.41) and (8.43) concludes the proof of (8.39). Let us check that the required
estimates are satisfied.
Step 1: Estimates of other coordinates of the second kind. Let b € B 55 such that b ¢ N U{b}.

o If ny(b , then by (1.8) and (8.42), b = M; for j > 3. Thus |b| > 4. By (3.23) with

(p, jo) < ( 3), (4.8) holds with o = 4 and Z(t, u) := ¢ ||us| 2.

(
)
o If ni(b) = y (1.9) and (8.42), b = W,, with j > 2. Thus |b] > 5. By (3.24) with
(p,jo) < (1, ) ( 8) holds with o = 5 and Z(¢t,u) := ||uQH2L2

Step 2: Estimates of cross terms. Let ¢ > 2, by > --- > by € B*\ {Xo} such that ni(b1) +--- +
n1(bg) < 2 and supp F(by,...,by) ¢ N.

Thus ¢ = 2 and by = M, by = M, for some j1, 72 € N. By the preliminary estimates of Step 2
of the proof of Lemma 8.3, by and by satisfy (4.10) with Z(t,u) = |(u1, u2,us)(t)|* + t|jus||3. and
a1 = (g = 1/2
Second case: fw,(0) # 0. First, we apply Corollary 4.7 with M «+ 2, L + 5, b «+ W; and
N = {My, My, M5} so that (4.12), for the appropriate choice of Z, will yield

PZ{1,21 (¢, £,0)(0) = i () + O (16w (6, 0) + sz + [z 32 + [(ur, v, ug) (D7) (8.44)

where P is a component along fy, (0) parallel to A'(f)(0). The only difference in the estimates, with
respect to the first case above, concerns the estimate of coordinates of the second kind associated
with b € B3 such that b ¢ N U {b}: then b = W, , with (j,v) # (1,0) thus |b] > 4. By estimate
(3.24) with (p, jo) < (1,1), (4.8) holds with o = 4 and (¢, u) := t[ju1 |22 = 2t&w, (¢, u).

We deduce from (8.41) and (8.44) that

& (tu) = O (|t )| + [ + ¢4 sl o2 + luall3 + (1, 2, us) (1)) - (8.45)
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By Theorem 4.4 with M <+ 1,
z(tyu) = Z1(t, fu)(0) + O (Jur |72 + |z(t;w)]?) - (8.46)
Let ¢ € [0,2]. By applying Corollary 4.7 with M < 1, L + 4, b + M; and N' = { My, My, Mo} \
{M;}, and using (3.23) with (p, jo) < (2, 3) to prove the only required estimate, we obtain
P2y (t, f,u)(0) = uiss(t) + O (t% Hu3||Lz> . (8.47)
We deduce from (8.46) and (8.47) that
(ur, uz,ug) (8)] = O (Jao(tsw)] + ¢ s 2 + a3 ) - (8.48)

By incorporating (8.45) into (8.48) thanks to &w, (t,u) = 2||ug||2, one proves (8.39). And by
incorporating (8.39) into (8.45) one proves (8.41). O

Lemma 8.6. Under the assumptions of Theorem 8.1, if fq, , ,(0) & N3'(f)(0)

Ple(t; u) = §Q1,1,1(t7u) +0 (thl,l,l(t’u) + gWs(t’u) + ||u2||%3 + |x(t7u)|g) (849)

where Pq, is a component along fq, , ,(0) parallel to (N3' N By ;1)(£)(0).
Proof. By Theorem 4.4 with M <+ 4,

2(tsu) = Zqa(t f,0)(0) + O (Jllfs + fo(t ) 1) (8.50)

For i € {1,2}, fw,(0) € N;(f)(0) and N; is stable by right bracketing with Xy thus, for every
v e N, fir,, (0) € Ni(£)(0) © (N7 1Bl ) (£)0). Thus (VY 1 By £)(0) = N(£)(0) where
N = (Né/ n Bﬁl’4ﬂ) U {Wl’y’ Wgyl,; IS N} i.e.

N - {Mm WI,DWQ,lM Pl,l.,le,l,Q,u, ;l S N*?/‘l’7 Ve N} (851)

We intend to apply Corollary 4.7 with M <« 4, L + 11, b + Q111 and N as in (8.51), so that
(4.12), for the appropriate choice of Z(¢,u), will yield

PQ, 211,41t £,u)(0) = €qu 1., (t,0) + Oty 1 (8 w) + &y (8 0) + [z (8.52)
+ lJur | Z6lluslze + lualZe + [(ur, uz, us)(t)]?).
All the needed estimates are contained in the proof of Lemma 8.3, except for
e be B} ie b=W,;, with j > 3, for which |b] > 7 and (3.24) with (p, jo) < (1,3) proves
that (4.8) holds with o = 7 and E(¢,u) := |luz||2. = 28w, (£, u),

e b= Q% , for which |b] > 7 and (3.27) with (p,jo) ¢ (2,1) proves that (4.8) holds with

Jskv
o ="7and Z(t,u) = t?|ug|| 7. = Mg, , , (t,u),

e g =2, by, by € B} for which |b;] > 3 and (3.24) with (p,jo) + (2,1) proves that (4.10) holds
for o; =3, a; = 1/2 and E(t,u) = t|ju1||74 = 4t€q, , , (t,u).

Then, using |ju1[|$s = O(t*||lu1]|14), we deduce from (8.52) that

]Ple[[lA]] (ta fa U)(O) = 5@1,1,1(t7u) + O(thl,l,l(t7u) + fws(t,u) + ”u?”%?’ + |(U1,UQ,U3)(t)|2).
(8.53)

Then, by combining (8.50), (8.53) and ||u1[|35 = O(t|lu1]|74) we obtain
5
Pyt ) = €y 1. (1, 10) + O (16gu 1 (6 10) + s (b ) + luzlls + |(un, uz, ug) ()2 + ot w)] ).
5

(8.54)
Finally by incorporating (8.39) in the previous estimate we obtain (8.49). O
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8.5 Interpolation inequalities
Lemma 8.7. There exists C > 0 such that, for every t > 0 and u € L*((0,t); R),

luzllzs < Cllull oo fus] |7, (8.55)
lunllfe < Cllullzeelus]|Z- (8.56)

Proof. Inequality (8.55) follows from Proposition 4.9 with ¢ < wus, (p,q,7r,s) < (3,2,00,2),
(4,1) « (1,3), a < 1/3. Similarly, (8.56) follows from Proposition 4.9 with ¢ « us, (p,q,r,s) +
(6,2,00,2), (4,1) < (2,3), @ <+ 2/3. In both cases, the lower-order term in (4.28) is absorbed

using the estimate [lug||z2 < t2|u||z~, which stems from Hélder’s inequality and the equality
t
us(t) = 5 [ (t — s)%u(s) ds. O

8.6 Proof of the presence of the drift

Proof of Theorem 8.1. In this proof, to lighten the notations, we write z and &, instead of x(t; u)
and &(t,u). By Theorem 4.4 with M < 5,

2= Zpusp(t £,0)(0) + O (Jlua s + o] +F) . (8.57)
We deduce from (8.57), (8.24), (8.39) and (8.40) that
Pw,z = &w, + 0(t€w3 +lluzllZs + lluslZollusllzz + luillZe +a'téqy ., + \xlg) (8.58)

We deduce from the above estimate (see Section 4.2) the existence of C, p > 0 such that, for every
t € (0,p), u € LY((0,t);R) with ||ullpy-1.0 < p,

Pw,z + Ca'téq,,, 2 (1= Ct)w, — C(IIUzII%a + llunllzollusllzz + fuallzs + \xlg) (8.59)
where, when a’ # 0, by (8.49),
€Quas < 2Pz + C (s + luslfs + [l 7). (8.60)
Thus
Py, + 2CdtPq,x > (1 — 2Ct)éw, — 20(||u2|\i3 + 8o llusll 2 + lual|§e + |:c|%). (8.61)

Gathering this inequality and the interpolation estimates (8.55) and (8.56) yields

1 t t
(Pw, + 2Cd'tPg, )z > 5/ u%—C’((t—i—HuHLm)/ u§+|x|%) (8.62)
0 0

for some constant C’ independent of ¢ and u. O

8.7 A comment on the time-dependent drift direction

As already stated, the conclusion (8.1) is not exactly a drift in the sense of Definition 1.16, since
the left-hand side of the inequality involves a time-dependent component P; that may not give
a component exactly along fy,(0). This is not a technical limitation of our approach, since this
phenomenon does occur. Consider the system

i‘l =Uu
(ﬁg =
i3 = X2 (863)

iy =2t + 23

Ts :x§ — x4.
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One can check that this system satisfies the assumptions of Theorem 8.1. Moreover, by Hermes’
condition [18, Theorem 3.2], the subsystem (1,22, 3, z4) is L°°-STLC. However, using oscillating
controls as in Section 6.7, one can prove that there is no drift along fy,(0) = 2es, parallel to
N3(f)(0) =Reg + -+ + Reyq as (¢, ||ul|p=) — 0. Heuristically, the proof of Theorem 8.1 considers
the quantity y(t; u) := x5(t; u)+tx4(¢; u) to obtain a drift in a direction which tends towards fy, (0).
Another way to look at this system is to consider z(¢;u) := x5(t; u) + 24(¢; u). One computes

z(t;u) = /0 (1= (t—s))uj(s)ds + /0 (1 +uz(s)(1 — (t — s))ui(s)ds. (8.64)

() > (1—e) ( / u + / u3) (8.65)

so there somehow is a strong composite drift in the (fixed) direction e4 + e5.

Hence, as (t, ||ul|r~) — 0,

9 New obstruction of the sixth order

The goal of this section is to prove Theorem 1.14, as a consequence of the following more precise
statement. In this section, we use the short-hand notation D for the following bracket of Bg:

D :=adp,, (Xo) (9.1)

and we introduce

Np = By 71 \ {D}- (9.2)
Theorem 9.1. Assume that fp(0) ¢ Np(f)(0). Then system (1.1) has a drift along fp(0),
parallel to Np(f)(0), as (¢, ||ul/r=) — 0.
9.1 Limiting examples

Let us give an example motivating the threshold 7 for this necessary condition. In [23, Example
6.1], Kawski considers the systems

i’l =Uu
.I"Q =T
2 (9.3)
r3 = l‘l

@y = 2% — ab

for p € {7,8}. Written in the form (1.1), these systems satisfy
fa(0) = er, fuy(0) = e, fp,,(0) =6es,  fp(0) =T2es,  faar, (x)(0) = —ples  (9.4)

and f,(0) = 0 for all b € B*\ {M07M1,P1)1,D,ad’]’w1 (X0)}. Thus, they feature a competition
between D and ady, (Xo).

Kawski proves that this system is L>°-STLC for p = 7 (see [23, Claim 6.1]) but not L>*°-STLC
for p = 8 (see [23, Claim 6.3]). This both motivates and is consistent with Theorem 1.14, which
can be seen as a generalization of Kawski’s negative claim.

Remark 9.2. As Theorem 1.11, Theorem 1.1/ is a loose condition, in the sense that we have not
attempted to separate, within B and BZ, which brackets can or cannot compensate for the drift.
It is possible that our method could also be used to perform such a distinction.
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An interesting example is studied by Kawski in [23, Example 5.5];

i‘l =Uu
9'32 =
2o (9.5)
T3 = Ty

o 2 2.4
.’1:4—:,63_"1/'21'17

which exhibits in B* a competition between D and ad?wl adflgf1 (Xo). Kawski proves that this systems
is L*°-STLC.
Conversely, the system

1“1 =Uu
j?Q =1
T3 = Iy

iy = 2% + 237}

exhibits in B* a competition between D and adp, , ad§(1 (Xo) because faqp | adt (x4)(0) = 144eq.
Using the estimates of the next paragraphs, one can prove that this system is nm% L*>*-STLC. This
hints towards the fact that it is not necessary to include the bracket adp, , ad%h (Xo) (of Bx) in the
list of brackets which can compensate D.

9.2 Algebraic preliminaries

To lighten the proof of the following paragraph, we start with algebraic preliminaries concerning

the expansions on B* of some brackets of order 6, linked with cross terms along D. We use the

trailing zero notation of Definition 1.6 and compute the expansions of the considered brackets on

B* using Jacobi’s identity as many times as necessary (see [4, Section 2.1] for an exposition and a

more theoretical point of view on the classical recursive decomposition algorithm on Hall bases).
For B € L(X), (B, D) denotes the coefficient of D in the expansion of B on B*.

9.2.1 Brackets of two elements

Lemma 9.3. Let a < b € B} such that ([a,b], D) #0. Then a = P11 and b= P; ;0.

Proof. First ng(a) + no(b) = no(D) = 3. Thus a = P11 and b € {P1 10, P 2}. Since (P11, P12) €
B*\ {D}, the conclusion follows. O

Lemma 9.4. Let a € By and b € Bf. Then ([a,b], D) = 0.

Proof. First ng(a) + no(b) = no(D) = 3. Since ng(b) > 1, no(a) € [0,2] so a € {W;, W;0}.
o Case a = W;0. Then b = adﬁ(1 (Xo) and [a,b] = [W;0, ad§(1 (Xo)], which is in B*\ {D}.
e Case a = Wy. Then either,

— b=ad¥,(Xo)0 and
[aa b] = [le adl)l(l (XO)]O - [W10, adﬁ(l (XO)L (9.7)

both terms being in B* \ {D}.
— b= (My,ad%, (Xo)) and [a,b] = [Wy, [M, ad%, (Xo)]], which is in B*\ {D}.

Hence, in all cases ([a,b], D) = 0. O

Lemma 9.5. Let a € B} and b € B, such that ([a,b],D) # 0. Then a =X, and b = R§,1,1¢1-
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Proof. First ng(a) + no(b) = no(D) = 3. Since ng(b) > 1, ng(a) € [0,2] so a € {X71, My, Ms}.
e Case a = M,. Then b= ad%, (Xo) and [a,b] = [M>, ad%, (Xo)], which is in B*\ {D}.
e Case a = M;. Then either,
— b=ad}, (X0)0 and
a,b] = (M1, ad, (Xo)l0 — [Mz, ad, (Xo)) (95)
both terms being in B* \ {D}.
— b= (M, adﬁ(l (Xo)) and [a,b] = ad?\/h ad§<1 (Xo), which is in B*\ {D}.
— b= (Wy,ad%, (Xo)) and
[a,b] = [Wh,[Mi, P1a]] — [Pi1, Pi2), (9.9)
both terms being in B* \ {D}.
e Case a = X;. Then either,
— b=ad%,(X0)0? and
[a,b] = ad%, (X0)0? — 2[M], ad5X1 (Xo)] + [M2,ad%, (Xo)], (9.10)

all terms being in B* \ {D}.
— b= (My,ad¥, (X0))0 and

[a,b] = [W7, ad%(1 (X0)]0 + [Mq, adi1 (X0)]0 — ad?wl adﬁgl (Xo), (9.11)

all terms being in B* \ {D}.
— b= ad},, ad, (Xo) and

la, b] = 2[Wy, [My, Py 1]] + ad3,, ady, (Xo) — [Pi1, Pr o], (9.12)

all terms being in B* \ {D}.
- b= (Mg,adf;l (Xo)) and

[a,b] = [W10,ad, (Xo)] + [M2,ad%, (Xo)], (9.13)

both terms being in B* \ {D}.
— b= (Wi,ad%, (Xo))0 and

[a,b] = [W1,adk, (X0)]0 — [Wi, [My, Pya]] + [P, Py o (9.14)

all terms being in B* \ {D}.
— b= (W10,ad%, (Xo)) and

[a,b] = =D + [Py 1, Py 2] + [W10, ad, (Xo)], (9.15)

so ([a,b], D) = —1.
- b: (Wl,(Ml,Wl)) and

[a,8] = [Pr1, Pro] + W, [M1, ad, (Xo)] (9.16)
both terms being in B* \ {D}.

Hence, the only case where ([a,b], D) = —1 # 0is a = X7 and b = (W0, ad§<1 (Xo)) = R§,1,1,1~ O
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9.2.2 Brackets of three elements
Lemma 9.6. For every a,b,c € B}, {[a,[b,c]], D) = 0.

Proof. By contradiction, assume that ([a, [b, c]], D) # 0. Then ng(a) + no(b) + ng(c) = 3. Thus
a=b=c=Wi,so|a,[bc]] =0. O

Lemma 9.7. Let a € Bf, b € B, ¢ € B} such that ([a, [b,c]], D) # 0 or ([[a,b],c], D) # 0. Then
a = X; and, either (b=W,0 and ¢ =P 1) or (b =Wy and ¢ = P, 10).

Proof. First ng(a) + no(b) + no(c) = 3.
Step 1: First form: [a,[b, c]].

e Case a = M. Then b=W;, c= P ; and
[a,[b,c]] = —=[P1,1, P1 2] + [W1, [M1, P14]], (9.17)
both terms being in B* \ {D}.
o Case a = X;.

— Case b =W10. Then ¢ = P17 and ([a, [b,c]], D) = —1.
— Case b = W;. Then either,
* ¢= P10 and ([a, [b,c]], D) = +1.
* ¢c= P o and [a,[b,c]] = [W1, [M1, P11]] + [P11, P1,2] both terms being in B* \ {D}.
Step 2: Second form: [[a,b],c].
e Case a = M;. Then b=Wj and ¢ = P11 and [[a,b],c] = —[Py,1, P1 2] which is in B*\ {D}.
e Casea= X;.

— Case b = W10. Then ¢ = Py and ([[a,b],c], D) = —1.
— Case b = Wj. Then either
* ¢= P10 and ([[a,b],c],D) = 1.
* ¢= P o and [[a,b],c] = [P11, P1,2], which is in B*\ {D}.

This concludes the case disjunction. O

Lemma 9.8. Let a,b € Bf and ¢ € B} such that {[a,[b,c]],D) # 0, or {[[a,b],c]) # 0. Then
a=b= Xl.

Proof. First ng(a) + no(b) + ng(c) = 3.
Step 1: First form: [a,[b, c]] with a <b.

e Case a=b= M. Then ¢ = ad§(1 (Xo) and [a, [b,c]] = ad?\/h adj“xl (Xo), which is in B*\ {D}.
o Case a = X1, b= M,. Then ¢ = adé(l (Xo) and
[a, [b, ] = [W10,adX, (Xo)] + [M2, ad%, (Xo)], (9.18)
both terms being in B* \ {D}.
e Case a = Xy, b = M. Then either,
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—c= andéf1 (X0)0 and

[a, [b, c]] = [W1, ad’, (X0)]0 — [W10, adX, (Xo)] — [M2, ad%, (Xo)]

(9.19
— ad}, ady, (Xo) + [M1, ad%, (X0)]0, )
all terms being in B* \ {D}.
- c= (Ml,adf’;(l (Xo)) and
[a, [b, €]l = —=[Pr1, Pro] +2[Wh, [My, ad, (Xo)]] + ad}y, adk, (Xo), (9-20)

all terms being in B* \ {D}.

e Case a = b = X;. One may have ([a, [b, c]], D) # 0. Since the conclusion of the lemma does
not concern ¢, we do not need to study all possible cases.

Thus, the only case leading to a (possibly) nonzero value of {[a, [b,c]], D) is a = b= X;.

Step 2: Second form: [[a,b],c] with a < b. Since ng(a) + no(b) < 2, a = X; and b = M;. Thus
[a,b] = Wi. By Lemma 9.4, ([W1,¢|, D) = 0.

Step 8: Third form: [a,[b,c]] with a > b. Then [a, [b, c]] = [[a, b], ] + [, [a, c]] so the conclusions of
the previous forms apply. O
9.3 Dominant part of the logarithm

Lemma 9.9. Assume that fp(0) ¢ Np(f)(0). Let P be a component along fp(0) parallel to
Np(f)(0). Then

PZp 71, f,u)(0) = Ep(t,u) + 0<Iul(t)l4 +1€p, (8w + [€py L0t u)?

(9.21)
(s | ()] + ).

Proof. We start with a preliminary estimate. By (3.22) and Holder’s inequality, there exists ¢ > 0
such that, for every ¢ <1, u € L'((0,);R) and b € By, g \ {X1},
60(t, )] < cllun ]| 13- (9.22)

By (4.7) and definition of P,
IP)ZHL?]] (tv f» u) (0) =1T1D (t7 ’LL) (923)

To apply Proposition 2.19, let us prove that, for every ¢ > 2, by > --- > b, € B* such that
D € supp F(b1,...,by), for every t > 0 and u € L'((0,¢);R), the estimate (2.19) holds, for an
appropriate choice of Z. We split cases depending on q.

Step 1: Case q = 2.

e Case ni(b;) =5 and n;i(be) = 1. By Lemma 9.5, b; = R§,1,1,1 and ba = X; so (2.19) holds
with Z(¢, u) := ‘ul(t)§R§.1,1.1(t’u)"

e Case ni(b1) =4 and ny(by) = 2. By Lemma 9.4, D ¢ supp F (b1, bs) in this case.

e Case n1(b1) = 3 and n1(b2) = 3. By Lemma 9.3, by = P; 10 and by = P; ;1 so (2.19) holds
with E(t,u) == ‘§P1,1(t’u)§P1,10(t’ ).

Step 2: Case q = 3.
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e Case ni(b1) =4, n1(b2) =1, n1(b3) = 1. By Lemma 9.8, by = b3 = X;. Hence, using (9.22),
(2.19) holds with E(¢, u) := c|uq ()]?[|u1||3s-

o Case nq(b1) = 3, n1(b2) = 2, n1(bs) = 1. By Lemma 9.7, b3 = X7 and by € {Pi1,P110}.
Hence, using (9.22), (2.19) holds with Z(t,u) := clus (t)|||u1||2s (|€p, , (t,w)| + |Ep, o(t, u)]).

e Case ny(b1) =2, ni(b2) = 2, n1(b3) = 2. By Lemma 9.6, D ¢ supp F (b1, bz, b3) in this case.

Step 3: Case g = 4.

e Case n1(by) = 3, ni(b2) = 1, n1(b3) = 1, n1(by) = 1. Counting the occurrences of Xy and
using (9.22) implies that either,
— by = by = X1, and (2.19) holds with Z(¢,u) = c||u || s |ui(t)]?.
— by = P11, bp = b3 = M; and by = X;, and thus (2.19) holds with E(¢,u) :=
[€py, (& w)llua |7 e ua (B)].

e Case n1(by) = 2, ni(b2) = 2, n1(b3) = 1, n1(by) = 1. Counting the occurrences of Xy and
using (9.22) implies that either,

— by = by =Wy, b3 = My and by = X; and D ¢ supp F (b1, bo, bs, by). Indeed, a non-zero
bracket of Wy, W1y, M; and X; is either a bracket over (M7, Wi and (X7, W7)) or over
(X1, Wy and (My,W7)). But such brackets have a vanishing coefficient along D by
Lemma 9.7.

- bl = W10, b2 = Wl, bg = b4 = Xl and (219) holds with E(t,u) = ||u1||‘ig|u1(t)|2.

Step 4: Case ¢ € {5,6}. Counting the occurrences of Xy implies that b,_1 = by = X;. Using
(9.22) implies that (2.19) holds with Z(t,u) := (1 + ¢)*|uy (t)\’“||ul||i§’c for some k € [2,5].

Step 5: Conclusion. Gathering the previous estimates and using Young’s inequality proves (9.21).
O

9.4 Vectorial relations

Lemma 9.10. Assume that fp(0) ¢ Np(f)(0). Then
1. fx,(0) & span{f,(0); b € By \ {X1}},
2. fr,,(0) ¢ span{fu(0):b € Bty \ {Pri)).
Proof. We proceed by contradiction.
Step 1: First statement. Assume that fx,(0) = 37,5, a;fum;(0) where a; € R and the sum is
finite. Hence fp,(0) = 0 where By := X3 — Zj>1 a;M; € S1(X). Let By := adid% (XO)(XO)-
- 1

Then fp,(0) = 0. Moreover, by definition of By and Bs, one checks that B, = D + Bs where
Bs € span{b € B§;ng(b) > 4}. The equality fp(0) = —fp,(0) contradicts the assumption on

fp(0).

Step 2: Second statement. Assume that there exists By € span{b € B; 53 n1(b) < 3 or ng(b) > 1}
such that fp, ,(0) = fp,(0). Let By := P11 — By so that fp,(0) = 0. Then fp,(0) = 0 where
By = ad2B1 (Xo). Thus fp(0) = fpB,(0) where Bz € span{b € B[‘[‘mﬂ;nl(b) < 5 or ng(b) > 4}, which
contradicts the assumption on fp(0). O
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9.5 Closed-loop estimates
Lemma 9.11. Assume that fp(0) &€ Np(f)(0). Then

ur ()] = O (Ja(t; w)] + [lualZ2) (9.24)
[€p, (tu)] = O (Ja(tw)] + [lus|74) - (9.25)

Proof. We rely on Lemma 9.10.
Step 1: First estimate. By Theorem 4.4 with M <+ 1,

(t;u) = Z1(t, £,u)(0) + O ([JusllZ> + |z(t;w)['F) . (9.26)

By Lemma 9.10, we can consider P, a component along f1(0), parallel to N'(f)(0) where N :=
By \ {X1}. Hence PZ(t, f,u)(0) = uy(t). Thus (9.26) yields (9.24).

Step 2: Second estimate. By Theorem 4.4 with M <« 3,
e(t;u) = Zpag(t, £u)(0) + O ([l [5e + () ). (9.27)

By Lemma 9.10, we can consider P, a component along fp, , (0), parallel to N'(f)(0) where N :=
BE[(L?’]] \ {P1,1}~ By (47),
PZp 31t f,u)(0) = np, , (£, w). (9.28)

We apply Proposition 2.19 (see below) to obtain

ey (tu) = Epy (w) + O (Jur ()] [JuallZe + Jua () [lufl ) - (9-29)
Then (9.27), (9.28) and (9.29), combined with the previous estimate (9.24), yield (9.25).

Let us check the required conditions to obtain (9.29). Let ¢ > 2, by > --- > b, € B* such that
Py € supp F(b1,...,by). Since nq(Pi,1) = 3 and no(Py,1) = 1, the only possibilities are

e q=2 b =Wy, bs = Xy, in which case
! up 2
1€, (£, u)&p, (T, u)| = Iul(lﬁ)l/0 < < [ @lllua]lze. (9.30)

e ¢ =3,by = My, by = b3 = X1, in which case
[0, (1) Eb, (8, )by (¢, w)| = [ua () *uz(B)] < Jur (8)*[un || 1 (9.31)

This concludes the proof of (9.29) by Proposition 2.19. O

9.6 Interpolation inequalities

Lemma 9.12. There exits C > 0 such that, for everyt >0 and u € L'((0,t); R),

[ur]|3s < Ctlus (8)° + Cllull & (t,w), (9.32)
[€p, 0 (t,w)[* < 2t€p(t, ), (9.33)
€pe ()] < Ot |alép, , ()] + Ct s |2:€n (8, 0. (9.34)

Proof. Step 1: First estimate. By integration by parts,

/Ot I /Ot 3 —5/Otu(s)u;1<s) (/O u§> ds. (9.35)
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By Cauchy—Schwarz and Holder inequalities and (2.6), we obtain

ot |36 < €8 fur ()2 [lur |36 + 30V2|[ul| L [Jua || £€p (£, u) %, (9.36)
which proves (9.32) using Young’s inequality.

Step 2: Second estimate. By (2.6), &p, 0 = [&py, and Ep = § [€F, | so (9.33) follows directly
from the Cauchy—Schwarz inequality.

Step 3: Third estimate. By (2.6) and since R§,1,1,1 = (W10, Py 1), integration by parts yields

pe, (Bu) / Ewi0€p, = Ewro(D)€p, 4 ( / Ewip, - (9.37)
Then (9.34) follows by the Cauchy—Schwarz inequality and the estimates &, (0)(t) < t[|lu1||3. and
&w, (1) < |l <

Remark 9.13. Estimate (9.32) is not exactly of the form (1.36) since it involves a “boundary
term” t|uy (t)|3. In our context, this boundary term is harmless since it will immediately be absorbed
thanks to the closed-loop estimate (9.24). Moreover, it is likely that (9.32) also holds without this
additional term, up to a slightly more complex proof.

9.7 Proof of the presence of the drift

Proof of Theorem 9.1. Let P be a component along fp(0) parallel to Np(f)(0). By Theorem 4.4
with M + 7,

2(t;0) = Zpap (1 £,0)(0) + O (|35 + fo(ts ) 44, (9:38)

where P2y 71(t, f,u)(0) satisfies (9.21). Combining the closed-loop estimate (9.24) and the inter-
polation estimate (9.32), one obtains

lutllzs = O (Ja(t;w)® + ||ulli~Epn(tw)) - (9.39)
Substituting in the closed-loop estimate (9.24) yields
lur (®)[* = O (Jz(tw)|* + ||ullL<E€p(t, u)) (9.40)

and in the closed-loop estimate (9.25) yields

[€p, (8 w)* = O (lz(t; ) + lullZEn(t,u)) - (9.41)

Eventually, using (9.34) and Young’s inequality,

fur (s ()] = O (16, (60 + e [E2 + s ()] + 16D (8, w)

, \ (9.42)
= O (lz(t;w)[* + (¢ + [ullZ<)sn(tw)) -
Gathering all these equalities in (9.21) and the interpolation estimate (9.33) yields
Px(t;u) = Ep(t,u) + O ((t +ull) Ep(t,u) + Ix(t;u>|1+%) : (9.43)

This implies a drift along fp(0), parallel to Np(f)(0), as (¢, ||u]|r<) — 0, in the sense of Defini-
tion 1.16. O

53



10 Embedded semi-nilpotent systems and the m = —1 case

As announced in Section 1.6.5, for m = —1 and particular choices of b, estimate (1.36) may
fail (even for arbitrarily large M) and then the remainder ||u||%'f11 w41 in the representation for-
mula (1.33) cannot be absorbed by interpolation. This is for example the case for Theorem 1.11
with m = —1 and k > 2. In this section, we describe extensions of our unified approach which
can be used to deal with such cases, and in particular we use them to prove Theorem 1.11 and
Theorem 1.12 for m = —1 and k& > 2.

First, we present a general methodology relying on the notion of “weak drifts” (Section 10.1),
which are a slightly weaker version of Definition 1.16. We show in Section 10.3 that our general
strategy entails weak drifts for semi-nilpotent vector fields (see Section 10.2), because they satisfy
an approximate representation formula without the remainder term Hu||%f11 w41, see (10.6). Then,
using an argument of embedded semi-nilpotent system (see Section 10.4), we extend the weak drift
conclusion to systems that do not satisfy the semi-nilpotency assumption (see Section 10.5).

Eventually, in Section 10.6, we prove that one can also work even more precisely and prove
drifts in the strong sense of Definition 1.16 even when m = —1.

10.1 Weak drifts

We start with the following weaker version of Definition 1.16.

Definition 10.1 (Weak drift). Let b € B* and N' C Br(X). We say that system (1.1) has a weak
drift along fe(0), parallel to N(f)(0), as (¢, ||ullw-1.) — 0 when, for every e > 0, there exists
p = p(g) > 0 such that, for every t € (0, p) and every u € L'((0,t);R) with ||ully-1. < p,

Pa(tu) > (1 - )6t u) — elaltu)| (10.1)

where P gives a component along f5(0) parallel to N'(£)(0) and (&)pep+ are the coordinates of the
second kind associated with B* (see Definition 2.10 and Proposition 3.7).

For instance, the conclusion of Theorem 8.1 can be interpreted as a weak drift along fuw,(0),
parallel to N3(f)(0), as (¢, |Jul|ze) — 0.

A drift, in the strong sense of Definition 1.16, implies a weak drift in the sense of Definition 10.1.
The reciprocal may not be true. Nevertheless, a weak drift is sufficient to prevent STLC, and one
can prove the following lemma as Lemma 1.17.

Lemma 10.2. Let b € B* and N C Br(X). Assume that &p(t,
that system (1.1) has a weak drift along fs(0), parallel to N(
system (1.1) is not W—1>°_STLC.

u) >0 for all u € L*((0,t); R) and
)(0), as (¢, ||ullw-1.0) = 0. Then

Estimate (10.1) proves that, in the limit (¢, ||u|/y-1,00) — 0, the “ultimately unreachable” set
contains a half space. But for ¢ and ||u|y-1. fixed (even small), estimate (10.1) only guarantees
that the unreachable set contains a convex cone, which is slightly weaker than Definition 1.16 as
commented in Remark 1.18.

10.2 Semi-nilpotent systems and their representation formula

As sketched in Section 1.6.5, our methodology for m = —1 relies on the notion of “semi-nilpotent”
systems, which enjoy the representation formula (10.6) below.

Definition 10.3 (Semi-nilpotent family of vector fields). Let  be an open subset of R?, fo, f1 €
C>® (% RY) and M € N*. We say that the vector field f; is semi-nilpotent (resp. semi-nilpotent at
zero) of index M with respect to fo when

Vb € Br(X),n1(b) > M = f, =0 on Q (10.2)
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(resp. Vb € Br(X),n1(b) > M = f,(0) = 0) (10.3)
and M is the smallest positive integer for which this property holds®.

Clearly, the semi-nilpotency implies the semi-nilpotency at zero. The converse is true for
analytic vector fields under the Lie algebra rank condition at 0, as stated in Corollary 10.5 below.

Lemma 10.4. Let Q C R? be a connected open neighborhood of 0, fo, f1 € C¥(;RY). Let T be
an ideal of L(X). Assume that L(f)(0) = R? and that, for every B € I, f5(0) = 0.
Then, for every B € Z, fg =0 on (.

Proof. Step 1: We prove that, if f € C*(;R?) and g1, ..., g4 € C°(Q;R?) satisfy span{g;(0);i €
[1,d]} = R? and

Vn € N,Vil,...,in e [[].,d]]n7 [ginﬂ[gin—w"‘?[gil’f]"']](0) :0, (104)

then f = 0 on ). Since () is connected and f is analytic, it is sufficient to prove that, for every
n € N, its n-th differential vanishes at zero: D™ f(0) = 0. We work by induction on n € N. The
initialization for n = 0 holds. Let n € N* and assume D* f(0) = 0 for k =0,...,n — 1. Then, for
every i1,...,i, € [1,d]™, by expanding the iterated Lie brackets

D" f(0) - (9:,(0),---,9i,(0)) = g [Gin_rs -5 (9015 f1- - ]](0) = 0. (10.5)
This implies D" f(0) = 0 because span{g;(0);i € [1,d]} = R%.
Step 2: Proof of Corollary 10.5. By the Lie algebra rank condition there exist by, ..., bq € Br(X)
such that span{fy,(0);i € [1,d]} = R% Let B € Z. We prove that fz = 0 on Q by applying

Step 1. Indeed, for n € N and iy, ... ,i, € [1,d]", we have [fy, ,...,[fs, ,fB]---](0) = fB(0) =0,
where B :=[b; ,...[b;,,B]---] € T since Z is an ideal of £(X). O

Corollary 10.5. Let Q C R be a connected open neighborhood of 0, fo, fi € C¥(%;RY) and
M e N*. If L(f)(0) = R? and f, is semi-nilpotent at zero of index M with respect to fo, then fi
1s semi-nilpotent of index M with respect to fy.

Proof. This follows from Lemma 10.4 applied with the ideal 7 = Spas oo (X). O

Proposition 10.6. Let fy, f1 be analytic vector fields on a neighborhood of 0 with fy(0) =0 and
M € N*. Assume that L(f)(0) = R% and f, is semi-nilpotent at zero of index M + 1 with respect
to fo. Then

z(t;u) = Zp,m (6 f,w)(0) + O (lua [l oo [z (8 w)]) - (10.6)

Proof. By Corollary 10.5, f; is semi-nilpotent of index M + 1 with respect to f; on a neighborhood
of 0. Then, the third item of [3, Corollary 163] gives the estimate. O

10.3 Weak quadratic drift for semi-nilpotent systems

We now prove that, thanks to the modified representation formula (10.6), one can prove Theo-
rems 1.11 and 1.12 for m = —1 and k > 2 for such semi-nilpotent systems.

Theorem 10.7. Let k > 2. Assume” that L(f)(0) = R?, f; is semi-nilpotent at zero with respect
to fo and k is the minimal value for which fw, (0) & Sn=\123(f)(0). Then system (1.1) has a weak
drift along fw, (0), parallel to Sn-\(2}(f)(0), as (¢, |ullw-1.) — 0.

The proof is the same as the one of Theorem 6.1, merely replacing (4.6) by (10.6) everywhere.
In particular, this yields the following closed-loop estimate.

6Condition (10.2) is equivalent to its variant with only n1(b) = M, as can be checked by writing any bracket
with ny(b) > M as a left-nested one by Jacobi’s identity. This does not hold for condition (10.3).
7This assumption is not restrictive as one can always work within the integral manifold generated by fo and fi.
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Lemma 10.8. Under the assumptions of Theorem 10.7,
[ty ) O] = O (ot w)] + ¢ g 2 ) (10.7)

Proof. The proof is performed along the same lines as in Lemma 6.5. Instead of M = ¥(k), one
uses M such that f; is semi-nilpotent of index (M + 1) with respect to fo. One replaces (6.15)
by (10.6) and concludes as previously. Note that the vectorial relations of Lemma 6.4 hold with
(k) = V(k) = oc. O

Proof of Theorem 10.7. Let P be a component along fy, (0) parallel to Sy-\(21(f)(0). Let M € N*
be such that f; is semi-nilpotent of index (M + 1) with respect to fo (see Definition 10.3). By
Proposition 10.6,

z(t;w) = Zpay(t f,u)(0) + O ([[ua | o< |2t w)1) (10.8)
where, by (6.4) and (3.12),

t
PZan(t £.)0) = 5 [ 6+ 0 (e ) (O + Huls). (10.9)

Gathering (10.8) and (10.7) yields

1 t
Pa(t;u) = 5/ ui + O (tukll7e + [lurl| 2 |t w)l) | (10.10)
0

proving the presence of the weak drift. O

Theorem 10.9. Let k > 2. Assume” that L(f)(0) = R?, fi is semi-nilpotent at zero with respect
to fo and k is the minimal value for which fw, (0) & (Bf UPx U B[, )(f)(0). Then system (1.1)
has a weak drift along fw, (0), parallel to (Bf UPx U B[, )(f)(0), as (¢, [|ulw-1.) = 0.

Proof. The proof follows the same steps as the proof of Theorem 6.8, the truncated formula (4.6)
being replaced by (10.6). Let P be a component along fw, (0) parallel to (BT UP, U B[, 1)(f)(0).
Let M € N* be such that f; is semi-nilpotent of index (M + 1) with respect to fo (see Defini-
tion 10.3). The dominant part of the logarithm satisfies (10.9). The proof of the vectorial relations
in Section 6.8 holds with 7(k) = V(k) = oo, which proves the closed-loop estimate (10.7). Thus,
the proof ends as above. O

10.4 Embedded semi-nilpotent systems

In this section, we explain how to extract from a possibly rich large system, smaller parts of which
the controllability may be easier to analyze. Our motivation is to extract from a large system a
semi-nilpotent one to which we can apply the results of the previous subsection. We apply this
idea in the next subsection.

Definition 10.10. Let fo, f1 be analytic vector fields in a neighborhood of 0 € RY. Let r € [0,d]
and go, g1 be analytic vector fields in a neighborhood of 0 € R". We say that the smaller system
¥ = go(y) + ug1(y) is embedded in the larger system = = fo(z) + ufi(x) when there exist an open
neighborhood Y, (resp. Q) of 0 in R? (resp. R") and an analytic map X : Q, — €, with A(0) = 0
such that

Vi € {0,1},Vz € Q,, DX(z)fj(z) = gj(A(z)). (10.11)

In this case, their evaluated Lie brackets satisfy
Vb € Br(X), av(0) = DA(0) f(0) (10.12)

and for every T > 0 and u € L*(0,T) such that z([0, T];u) C Q. then y(t;u) = XNz (t;u)) on [0,T).
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Equality (10.11) corresponds to the notion of A-related fields (see [30, Page 182]) and im-
plies that, for every b € Br(X), g, and f, are also A-related (see [30, Proposition 8.30]), which
entails (10.12). The equality y = A(z) along trajectories follows from the chain rule and (10.11).

Moreover, by Krener’s result [29, Theorem 1}, given go, g1, the existence of (€2, Q,, A) is equiv-
alent to the existence of a linear map L : R? — R" such that, for all b € Br(X), g,(0) = Lf,(0) (in
which case, one has L = DA(0)).

We now proceed in the converse direction, and derive a sufficient condition on such a linear
map L to guarantee the existence of go, g1 satisfying g»(0) = Lf,(0) for all b € Br(X).

Proposition 10.11. Let fo, fi be analytic vector fields in a neighborhood of 0 € R%. Let T be an
ideal of L(X) and r := codim(Z(f)(0)). Then there exists an embedded system (go, g1, \) set on R”
such that ker DA(0) = Z(£)(0).

Remark 10.12. If V, and V; denote the following linear maps
Vy:be LX) gy(0) € R, Viibe L(X) = f,(0) € RY (10.13)

then ker(Vy) = ker(Vy) +Z. In particular, if T = Spp,0op(X) for some n € N* then gy is semi-
nilpotent at zero with respect to gg.

Remark 10.13. Proposition 10.11 only provides a sufficient condition on ker DA(0) for the ex-
istence of an embedded system, which is however not necessary as illustrated by the following
example.

Consider on R? the system @ = (u,x1,23) and on R? the system § = (u,y?). One has y(t,u) =
AMz(t;w)) with AM(z) = (x1,23). Hence ker DA(0) = Res. By contradiction, consider T an ideal
of L(X) such that ker DA(0) = Z(f)(0). Take b € T such that f,(0) = es. Expanding b on B*,
b= agXo+ a1 X +,8[X1,X0] —|—’Y[X1, [X1,X0]] + 5[[X1, Xo], Xo] + B where B is a sum of brackets
of length at least 4. Since f,(0) = ea, oy =v =0 and 8 = 1. Since T is an ideal, [X1,b] € T so
f[Xl,b] (0) € ker D)\(O) But f[Xl,b] (0) = ez + €3 SO D)\(O)f[Xl,b] (0) =e€3 7& 0.

It could be interesting to derive a necessary and sufficient condition for the existence of an
embedded system. Such a result might be linked with the theory of realization of control systems

(see e.g. [14, 21, 37]).

Our proof of Proposition 10.11 is inspired by the one of [29, Theorem 1]. It relies on the
following classical expansion, proved for instance in [3, Lemma 90, item 3].

Lemma 10.14. Let § > 0, fo, fi € C*(Bas, R?) and ®o(t,p) := etfo(p) the flow associated with
fo- If t is small enough then, for each p € By,

+oo Lk
(@p@o(t.p) " f1 (Do(t.p) = D % ad}, (f1)(p)- (10.14)
k=0

Proof of Proposition 10.11. By the assumptions on fo, f1 and Z there exist by,...bq € L(X) such
that the vectors fp,(0) form a basis of R? for 1 < i < d and a basis of Z(f)(0) with b; € Z for
r < i < d. (One can assume that 1 <r < d, since A\ = 0 works when r = 0 and A\ = Id works when
r=d.)

For s = (s1,...,84) € R? small enough, let

F(s) = e®tfra ... e1u(0). (10.15)

Since fo, f1 are analytic near 0, F' is an analytic map on a neighborhood of 0. Moreover, since the
fv,(0) are a basis of R%, F'is a local diffeomorphism of R? around 0. Let P : s = (s1,...,84) € R% —
(s1,.-+,84,0,...,0) € RY Then A(z) := PF~!(z) defines an analytic map A on a neighborhood
of 0 in R?, taking values in R™ x {0} C R?, such that A\(0) = 0.
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In the rest of this proof, we will implicitly consider s,z € R¢ small enough for the formu-
las/statements to hold. We write s’ := (s1,..., ;).
Step 1: We introduce vectors h;(s) € R? and a linear map Q(s") : RY — R? such that:.

V1<i<d, Q(s)hi(s)=eidi<, and ker(Q(s")) = Z(f)(0). (10.16)

For 1 < i < d, we introduce the flow ®; associated with f;,, i.e. ®;(t,p) = €'/ (p), the linear map
Li(s) : R* = R and the vector h;(s) € R? defined by

Li(s) == 0,®; (s, ¥~ rim1 es1F01(0)) (10.17)

hi(s) i= Lu(s) ™" -+ Li(s) ™ fo, (€500 - ¥ 01 (0)) . (10.18)

These vectors are analytic functions of s such that h;(0) = f,(0). For 1 <4 <r, then only depend
on s’ = (s1,...,8.), thus may be denoted h;(s").

The family (h;(s"))1<i<, is linearly independent and in direct sum with the vector space
Z(f)(0) = span{h;(0);r < i < d} thus one may consider the linear map Q(s’) : R? — R? such that

Q(s)hi(s) =e; for 1 <i<r and ker(Q(s")) =Z(f)(0). (10.19)

To end Step 1, it remains to prove that, for every r < i < d, h;(s) € ker(Q(s’)). By Lemma 10.14,

too k1 ki
S{" -8, .
hi(s) = Y Hadfs ~adl! (f5,)(0). (10.20)
k1,...,k;=0

For r <i < d, b; € T and T is an ideal of £(X) thus, for every k € N, b := ad;? ---ad}' (b;) € T
and f,(0) € Z(f)(0) = ker(Q(s')).

Step 2: We prove that DX(z) = Q(s")L1(s)™*... Lq(s)"!.. Since both sides are linear maps on
R?, it suffices to check that they coincide on a basis of R?. Since the vectors —( ) = f»,(0) for

1 < i < d form a basis of R%, then so do the vectors a—F( ) for s small enough. Using successively
the definitions of F' and h;, Step 1, the definition of P and the chain rule in A, one obtains

1 OF - , B 0P - oF
B, (s) = Q(s")hi(s) = eibi<r = Bs, (s) = D)\(F(S))asi

Q(s")Ly(s)™" ... La(s)~ (s).  (10.21)

This ends Step 2, which, together with Step 1 proves DA(0) = Q(0) and ker(DA(0)) = Z(f)(0).
Step 3: We prove that, for j € {0,1}, DX(x)f;(z) depends only on A(x) or equivalently on s’ =
(s1,-..,8). Using Step 2 and Lemma 10.14

DX(z)fi(x) = Q(s")L1(s)™ ... La(s) " (€ fy, . .. 1 (0))

+oo k1 . k}d

S
=Q(s) S adb - adb (£,)(0)
m;k:d:o Fate- Kl foa (10.22)
too Skl e Skr
= 3 SR i) ©) = 50

Indeed any term involving k; > 0 for r < ¢ < d vanishes because b; € Z thus adllfl1 e adbk;’ (X;) el
by the ideal property, and fadkl_“adkd(X‘)(O) € Z(£)(0) = ker(Q(s)). O
by by i
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10.5 Drift: from semi-nilpotent systems to all systems

We now explain how embedded semi-nilpotent systems can be used to prove drift results.

Lemma 10.15. Let b € B* and N' C Br(X). With the notations of Definition 10.10, if y = go+ug;
has a weak drift along gu(0), parallel to N (g)(0), as (¢, ||ullw-1.0) — 0, then & = fo + ufi has a
weak drift along fu(0) parallel to N (f)(0) as (¢, ||ullw-1.e) = 0.

Proof. By Lemma 4.3, there exist r, p; > 0 such that, for every t € (0,p;) and u € L'(0,t) with
l|lu||y—1. < p1 then x(t;u) € Bga(0,7) C Q. The map A is C! thus locally Lipschitz: there exists
C > 1 such that, for every = € Bga(0,7), |\(z)| < Clz|.

Let € > 0. The weak drift assumption on § = go + ug1 gives py € (0, p1) such that, for every
t € (0,p2) and u € L(0,t) with |Ju|y -1, < p2 then

Py(tiu) > (1- 55 ) €oltiu) — 5 ly(tiu)l. (10.23)
Since A is of class C2, by Lemma 4.3
y(t;u) = Na(t;u) = DAO0)z(t;u) + O (Jz(t;u)]?) - (10.24)

Thus there exists p3 € (0, p2) such that, for every ¢ € (0, p3) and u € L'(0,t) with ||ul|y-1.~ < p3
then

PDAO)a(tiu) = Py(tiw) — Sla(tiu)] = (1- 5= ) oltu) — 5= MA@ w)] - Sfa(tu)]
> (1= 9ot u) — elatsw)]

Finally, PDX(0) is a projection on f;(0) parallel to N'(f)(0) because PDA(0) fo(0) = Pgy(0) = 1
and for all b € N(X), PDX(0)f,(0) = Pg,(0) = 0. O

Definition 10.16. Let H be a boolean property on subsets of L(X). We say that H is X;-truncable
when there exists n € N* such that, for every vectorial subspace F' of L(X) such that F satisfies H
then F' + Spp oo (X) satisfies H.

Lemma 10.17. For subsets F' of L(X), any finite boolean combination of conditions of the form
(E+ Spg,00) N F # 0 with E C L(X) and g € N* is X, -truncable.

Proof. Let F be a vector subspace of £(X). First, we consider the case of a single such condition.
We claim that, for every n > ¢,

(E + S[[q,oo[[) NnE 7£ 0 < (E + S[[q)oo[[(X)) n (F + S[[npo[[(X)) 75 . (10.25)

Indeed, = holds because 0 € Sy, oo[(X). For <=, if e € E, B € Spg.o0[(X), f € F, B" € S[p 001 (X)
and e + B = f+ B’ then f =e+ B — B’ € (E + S[g,001(X)) N F because n > q.

The same equivalence follows easily for a boolean combination of such elementary conditions,
by taking for n the maximum value of the q. O

Proposition 10.18. Let H be an Xi-truncable property. We assume that for every d € N*, fo, f1
analytic vector fields on a neighborhood of 0 in R such that fi is semi-nilpotent at zero with
respect to fo and ker(b € L(X) = f,(0) € RY) satisfies H, system (1.1) has a weak drift along
f6(0), parallel to N(f)(0), as (¢, ||ulp-1.0) — 0.

Then, the same conclusion holds without the semi-nilpotency assumption.

Proof. Let d € N*, fo, f1 analytic vector fields on a neighborhood of 0 in R? such that ker(V})
satisfies H, where V; : b € L(X) — f,(0) € R%. Let n € N* be given by Definition 10.16. By
Proposition 10.11 applied with Z = S, o[ (X), we obtain an embedded system (go, g1, A) for which
g1 is semi-nilpotent with respect to go (see Remark 10.12). Moreover, the kernel of the linear map
Vyibe L(X) — gb(0) is ker(Vy) = ker(Vy) 4 Spn,o0p(X) thus it satisfies the property H. Hence
the result follows from Lemma 10.15. O
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All the necessary conditions for W~1:**-STLC proved in this article take the form of conditions
of Lemma 10.17 with F' = ker(V):

o fw,(0) & Sne\123(f)(0) corresponds to E' = Wy, + S1(X) and ¢ = 3,
e fw,(0) ¢ (Bf UPLU By, OO[[)(f)(()) corresponds to E = Wy, + S1(X) + span(Py) and g = 4.

In particular, this entails that the results of Section 10.3 prove Theorems 1.11 and 1.12 for
m = —1 and k > 2 without the semi-nilpotency assumption.

10.6 Drift or weak drift?

The notions of weak drift, semi-nilpotent vector fields, and X;-truncable properties are very con-
venient because they provide a systematic way to generalize our unified approach to the case
m = —1. In this section, we show that, for Theorems 1.11 and 1.12 for m = —1 and k > 2, one
can actually cleverly manipulate the representation formula to obtain (strong) drifts. Of course,
as done in Lemma 10.15 for weak drifts, one can transfer a drift from an embedded system to the
large system.

Lemma 10.19. Let b € B* and N C Br(X). With the notations of Definition 10.10, if y = go+ug;
has a drift along gy(0), parallel to N (g)(0), as (¢, ||u]lw-1.0c) = 0, then & = fo + ufi has a drift
along fy(0) parallel to N'(f)(0) as (¢, ||ully-1.) — 0.

Theorem 10.20. Let k > 2. Assume” that L(f)(0) = R? and that k is the minimal value for
which fw, (0) & (Bf UPr UB[, )(f)(0). Then system (1.1) has a drift along fw, (0), parallel to

(Bf U P, U B, (1)), as (& ullw-s.<) — 0.
Proof. Recalling Wy, = {W, ,;j < k} of (6.34) and P, = {P}1,,;j < k} of (1.22), let
T := span Wy, + span Py, + S|4, o0 (X)- (10.26)

Using Lemma 6.9, one checks that Z is an ideal of £(X). Let (go, g1, ) be the embedded system
associated with Z given by Proposition 10.11. In particular, since £(f)(0) = R%, L(g)(0) = R"
where 7 := codimZ(f)(0). By Lemma 10.4, for every B € Z, gg = 0 in a neighborhood of 0 € R".
Since Sp4,00[(X) C Z, g1 is semi-nilpotent of index at most 4 with respect to go (in the sense of
(10.2)). By [3, Corollary 122], the solution to § = go(y) + ug:1(y) satisfies

y(t;u) = (exp Zq,3)(t, g,u))(0) (10.27)
where
Z[[l 3]] t y g, U Zuz gm; + Z nw;,. t u)gWJ , T Z np;.. (t7u)ng,z,u' (1028)
k<j,vEN k<j<l,veN

Using that k < j, we obtain® from Propositions 4.5 and 4.6 that

121,31(t g5 w)ller = O ([, - - un ()] + [Jur| ) - (10.29)

Since k is assumed to be minimal, one proves as in Lemma 6.10 that fy, (0) ¢ N(f)(0) where
N := 51(X) +Z. Since ker(V,) = ker(Vy) +Z (see Remark 10.12), one checks that

gw,.(0) & (BT U P U B, o1)(9)(0) (10.30)

8To avoid repeating once more similar arguments, we skip here the verification of the assumptions of these black-
box estimates, which can be carried out as in Section 6. Moreover, Propositions 4.5 and 4.6 conclude to analytic
estimates, which of course entail C! estimates.
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and that k is the minimal such integer. In particular, by Lemma 10.8,
(s ()] = Oyt )] + ¢ g 2). (10.31)
From (10.27), we derive that (see [3, Lemma 160])

y(t;u) = Zp137(t,9,u)(0) + O ([ 211,31 (8 g, w)ller [yt w)]) - (10.32)

Thus, by (10.31) and (10.29),

y(t;u) = Zp syt 9,u)(0) + O ((ly (6 w)| + [lukllL2)[y(E w)l) - (10.33)

Let P denote a component along gy, (0) parallel to (87 U Py U Bj, C>o[[)(g) (0). The same arguments
as in Lemma 6.10 prove that

P2 57(t, g,u)(0) = Ew, (t,w) + O (|(ur, - . ue) (0] + tllurl|72) - (10.34)

Thus

1 t
Py(t;u) = 5/0 i + O(tllurllZs + |(ur, - un @) + ly(tw)* + ly(t w)lllurle2).  (10.35)

Using (10.31) once more and writing

y(tswllunllze = O (llunliz + ly(w)?) (10.36)

proves the presence of a drift along gw, (0), parallel to (BfUPkUB*Al,OOH)(g) (0) as (¢, ||Jully-1.) = 0,
in the strong sense of Definition 1.16. This concludes the proof by Lemma 10.19. O

11 Obstructions without analyticity

Except for this section, all our paper is written with an analyticity assumption on the vector fields fj
and f1. This allows to work with convergent series. However, as announced in the introduction, the
obstruction mechanisms on which our necessary conditions for controllability rely are sufficiently
robust to absorb an approximation scheme for non-analytic vector fields.

Let 6 > 0. For smooth vector fields fy and f; in C*°(Bjs; R?), one can still define all Lie brackets
fo € C(Bs;RY) for b € Br(X). The arguments of the next paragraphs will prove that all® the
statements of Section 1.5 remain true without any change under this (weaker) regularity setting.

Furthermore, even in a finite regularity setting, one can give a sense to some Lie brackets, once
evaluated at zero. This stems from the equilibrium assumption f3(0) = 0. More precisely, the
value of f;,(0) only depends on the coefficients of the Taylor expansion at 0 of fo up to order nq(b)
and of fi up to order ny(b) — 1 (see Lemma 11.6 below). This leads to the following definition.

Definition 11.1. Let M € N*, § > 0, fo € CM(Bs;RY) with f5(0) = 0 and f1 € CM~1(Bs; R?).
Let fo := Tasfo (respectively fi := Tar—1f1) be the truncated Taylor series at 0 of fo (resp. f1) of
order M (resp. M —1). For b € Br(X) with ny(b) € [1, M], we define f,(0) := f5(0).

With this notation, we will prove that the following corollaries of the main theorems of Sec-
tion 1.5 hold. As a rule of thumb, the theorems continue to hold as soon as the vector fields have
enough regularity for the involved Lie brackets to be defined as above. More rigorously, we assume
one extra derivative to be able to estimate the truncation error properly (see Lemma 11.7).

We make the blanket hypothesis that f(0) = 0.

9The only exception is the case m = —1 of Theorem 1.11 which is not included in Corollary 11.3.
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Corollary 11.2. Let M € N*. Assume that fo € CM*L f; € CM. If system (1.1) is W—1oo-
STLC, then, for every k € N* such that 2k < M,

ad? (0)(0) € Sp1 2111 ()(0). (1L.1)

Corollary 11.3. Let M € N*. Assume that fo € CM+1, fi € CM. Let m € N. If system (1.1) is
W _STLC, then, for every k € N* such that w(k,m) < M,

fwi (0) € Stz (e,myp (23 (£)(0), (11.2)
where w(k, m) is defined in (1.20), or, more precisely when ww(k,m) > 3, (1.21) holds.

Corollary 11.4. Assume that system (1.1) is L=°-STLC. If fo € C* and f1 € C3, then fw,(0) €
No(£)(0) (see (1.24)). If fo € C® and fy € C5, then fw,(0) € N3(f)(0) (see (1.25)).

Corollary 11.5. Assume that fo € C® and f1 € C7. Then Theorem 1.1} holds.

All these corollaries follow form the main theorems and the approximation result Lemma 11.7.
One writes x =~ &, where & is the solution to a system driven by the truncated Taylor expansions
of fo and fi. For the & system, one can apply the drift results of the previous sections. Since
the truncation error is of the same size as (or smaller than) the error terms which were already
absorbed by the drift, the drift conclusion remains true on the state x.

11.1 Brackets at zero only depend on low-order Taylor coefficients

Lemma 11.6. Let M € N*, § > 0, fo € C®(Bs;RY) with fo(0) = 0 and fi € C*°(Bs;R?). Let
fo == Tufo (respectively fi = Trr—1f1) be the truncated Taylor series at 0 of fo (resp. f1) of
order M (resp. M —1). For all b € Br(X) with ny(b) < M, f,(0) = £,(0).

Proof. Step 1: Notations and preliminary remarks. As in [5, Section 3.1], for two vector fields
g,h € C®(Bs;R?) and k € N*, we write g =[x h when the Taylor expansions of g and h at 0
are equal up to order k — 1. When k > 2, g =) g and h = fz, straightforward computations
prove that [g,h] =[_q [QJ:L]. When k£ > 1, g(0) = 0, g =p41] § and h = h, straightforward
computations prove that [g, h] =) [J, fl], so that there is “no loss of derivative” in this weak sense.

Step 2: Computation of brackets. We now proceed by induction on nj(b) € [1, M], proving that,
for every b € Br(X) with 1 <ny(b) < M, fo =(m41-n, (b)) fo.

When n;(b) = 1, by symmetry, we can assume that b = X;0” for some v € N. Since f; = fl,
iterating the previous remarks yields fx, o =z fx10v, which gives the initialization.

Now let b € Br(X). By symmetry, we can assume that b = (b, b2)0” for some v € N, with
b1,b2 # Xo. By the induction hypothesis f;, = [M+1-na (b1)] fb1 and fo, =[M+1-n1 (b)) sz Hence,
by the preliminary remark, f, 5,) =[m+1-n] f(bl,bQ) with n := 1 + maxnq(b1),n1(b2) < nq(b).
And by the preliminary remark, bracketing with fy preserves this approximation level, so we have
proved that f, =(nr41-n, 1)) fo-

Step 3: Evaluation at zero. When b = Xo, fo(0 ) f0(0). When b € Br(X) with 1 < ny(b) < M,
we have proved that f, = [M+1—n1(b)] fb so fy = fb and thus f,(0) = fb(O). L]

11.2 Estimate of the approximation error

Lemma 11.7. Let M € N*, § > 0, fo € CM*Y(Bs;R?) with fo(0) = 0 and f; € CM(Bs;RY). Let
fo := T fo (respectively fi := Tpar—1f1) be the truncated Taylor series at 0 of fo (resp. f1) of
order M (resp. M —1). Then

z(tiu) — 2(tu) = O (Jurl| Pofl + lua ()M, (11.3)
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where &(t;u) denotes the solution with initial data O to

b= fo(@) +u(t) f1(2). (11.4)

Proof. Such an estimate is straightforward to prove when the right-hand side of (11.3) is replaced
by [Jul] L1+1 To obtain an estimate involving only u1, we need to consider an appropriate “auxiliary
system” as in [3, Section 7] or [5, Section 6.3].

Step 1: Computations on the auxiliary system. Let ®; denote the flow of f;, which is well-defined

locally. We then introduce
y(ts0) = By (—ur (), 2(t; ). (11.5)

This new unknown satisfies y(0;u) = 0 and

= (P1(=ua(t))«fo) (9), (11.6)

where @1 (—u1(t))«fo is the push-forward of the vector field fo by the diffeomorphism ®;(—uq(t), ).
In particular, for v € R and p € R? small enough, (see e.g. [3, equation (169)], albeit with swapped
indexes),

M— 111k v (’U—U/)M_l
(@1(—v)« f Z &l df1 (fo)(p) + / W (<I>1(—v’)*ad%(f0)) (p) dv'. (11.7)
k=0 0 ’

By Lemma 11.8 (with k <~ M) and Lemma 11.9 (with g « adj\cf(fo) and v + 0),

adg (fo) (¢) = adg (f0) () + O (Ipl). (11.8)
Moreover, since f; € C!,
i(v,p) =0+ O (o] +1pl) (11.9)
v—0,|p|—0
and
(@p®1(v,p) " =Id+ O (ju|+p]). (11.10)

v—0,|p|—0

Thus, combining the last three estimates proves that, for |v/| < |v]

(@1~ aa}! (f0)) (p) = ad} (fo)(0) + (vl + IpD. (11.11)

v—0, Ipl

Substituting in (11.7) and using Young’s inequality proves that

H

M—
Uk M

(®1(~v T 845 G0 0) + 5 s ()@ + O (oM 4 [pM ). (11.12)

—0,|p|—
=0 v=0,|p|

Step 2: Gronwall estimate for the auziliary systems. We introduce similarly §(¢; w) usmg <I>1 (the
flow of f1) and fo. Then the counterpart for (11.12) holds, mutatis mutandis, since fo and f; are
smooth. Using these estimates, one obtains

o k k (F (A up! M M}
i—i= 32 O (adh (1)) — s, (o)) + T (s (£0)(0) — ) () 0))

k=0 M (11.13)
+ O (Jur ()M 4 [y 4 gV
For k = 0, since fo € CM*1 and fo = Ty fo,
foly) = fo(@) = foly) = fo(y) + folw) = fo(@) = O (ly/™*" + |y —3l) - (11.14)
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For k € [1,M — 1], one has

ad¥, (fo)(y) — ad’ (fo)(9) = ad}, (fo)(y) — ad’; (fo)(y) +ad} (fo)(y) —adf, (fo)(9)

otk (11.15)
=0 (|yl +ly—1l),

where we used the estimate
ad’, (fo)(p) = (Tar—x adf, (f0))(p) + O(|p|™ %), (11.16)

which follows from Lemma 11.8 and Lemma 11.9 (with g ad];c1 (fo) and v <~ M — k). Eventually,
we obtain )
§—19=0(ly =gl + [ () + [yM 1+ |5V 1) (11.17)

Moreover, from classical estimates |y| = O(||u1||z:) and |§] = O(||u1]|z1) (see e.g. [5, Lemma 9]).
Thanks to Gronwall’s lemma, we conclude

y(t;u) — g(tu) = O (JJur|| 25 - (11.18)

Step 8: Conclusion. First, using similar estimates as above, one proves that

(I)l(vvp) - @1(’0,[)) = O (|p|M+1 + |v|M+1) . (1119)
v—0,|p|—0
(For example, one can bound the difference between the trajectories to z = fi(z), z(0) = p

and 3 = fl(é), 2(0) = p, at time v, using a Gronwall estimate, then apply Young’s inequality).
Therefore, we obtain

r—3 =0 (ui(t),y) — Pr(ur(?),9) + P1(us(t),9) — P1(us(t), )

e (11.20)
=0 (ly =9l + g™ + Jua () M)

where we can use again the estimate § = O(||u1||z1), which concludes the proof of (11.3). O

Lemma 11.8. Let M € N* and § > 0. Let fy € CMH1(Bs;RY) and f; € CM(Bs;RY). For each
k € [1, M], there exists hy € CM+1=%(Bs; R?) such that

ad’}l(fo):_Dkfl'(f07f17"'afl)+hk- (1121)
Proof. For k = 1, this holds with hy := Dfy - fi € CM. Then the general formula follows by
induction on k. O

Lemma 11.9. Let v € N and § > 0. Assume that g € C¥(Bs;R?) is of the form g = Afy + h
where A € C¥(Bs; Mg(R)) and h € C*1(Bs;R%). Then, if fo(0) =0 and fy € C*1(Bs;RY),

9(p) = (Tug)(p) + O (1pl"*), (11.22)

where T, g denotes the truncated Taylor series at 0 of g.

Proof. The claimed estimate is straightforward when g € C¥*!. In particular, by linearity, one can

assume that h = 0. When v = 0, A € C° so is locally bounded, and, since fy € C! with fo(0) = 0,

folp) = OO(|p\) and g(p) = A(p) fo(p) = OO(|p\). Then, one proceeds by induction. Assuming
p— p—

Lemma 11.9 holds for some v € N, let us prove it at step v + 1. Using Taylor’s formula

g(p)=g(0)+/0 (Dg(sp))pds. (11.23)
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Moreover, Dg = (DA)fo + A(Dfy), where DA € C¥, fo € C*™2, ADfy € C¥*1. In particular, the
induction assumption applies and

Dy(sp) = (T, (Dg))(sp) + O (Ispl"*). (11.24)

Combining both equalities yields

1
9(p) = 9(0) + /O (T, (Dg))(sp)pds + pgo(\pl”“) = (Tus19)(p) + pQO(Ipl””), (11.25)

which concludes the proof. O

A  Proofs of technical results and estimates

A.1 On the differences between STLC definitions

In this paragraph, we prove the claim made in Section 1.2 concerning the invalidity of the three
reciprocal implications in (1.3). For k € {3,4,5}, consider the system

jf1 =Uu
i’Q =1 (Al)

i3 = a3 —2b.

Proposition A.1. The following results hold for system (A.1):
e Fork =3, it is L°-STLC but not WH>°-STLC.
o For k=4, it is not L>°-STLC, but there exists p > 0 such that it is p-bounded-STLC.
e For k=5, it is W L>°-STLC, but not p-bounded-STLC for any p > 0.

Proof. Step 1: Case k = 3. With k = 3, the L>*-STLC of system (A.1) follows from the same
arguments as for system (7.1) (with the opposite sign), studied in Section 7.1. The fact that it
is not W1H>°-STLC follows from Theorem 1.11 with m = 1 and k = 2 (or [5, Theorem 3]), which
states that fiy, (0) € S1(f)(0) is a necessary condition of WH*-STLC (see also [5, Section 2.3.3]).

Step 2: Case k = 4. Both claims are proved in Section 6.7 concerning system (6.27).

Step 3: Case k = 5. The fact that system (A.1) is W~1°-STLC for k = 5 follows from Sussmann’s
S(0) condition'® (see [43, Theorem 7.3] or [13, Theorem 3.29]) with 6 > 3/2 (here fu,(0) of type
(2,3) is compensated by fg, , ,,,(0) of type (5,1)). It can also be proved explicitly using oscillating
controls as in [5, Section 2.4.1] or Section 6.7.

Let p > 0. Let us prove that (A.1) is not p-bounded-STLC. Let u € L*°((0,7T);R) with
lul]|zee < p such that z1(T;u) =0,

T T T T z
/ uf = —3/ uudug < 3p / u‘f/ ud | . (A.2)
0 0 0 0
T T
v
0

T
<l [t <ol <957 [ b (A3)

0 0
In particular, if T < 1/(9p?), one has x3(T;u) > 0 and the system is not controllable. O

Thus

10Sussmann’s initial proof requires § < 1, but, if one is only interested in W—1°°-STLC, it is possible to work
with any 6 € [0, 4+00).
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A.2 On the structure of “bad” brackets

In this paragraph, we prove the claim made in Section 1.5 that, due to the structure of the brackets
adg(kl (Xo), Wy and D := ad?oly (Xo), they are always required to be compensated by the Agrachev—
Gambkrelidze sufficient condition of Theorem 8.2. Since they are of type (even, odd), this follows
from the following claims.

Lemma A.2. Let IT' C Br(X) as in Theorem 8.2. Then X, € IT'.
Lemma A.3. Let IT' C Br(X) as in Theorem 8.2. Let k € N*. Then

E(ad%f1 (Xo)) ¢ span{E(m);m € II*"}  in  L(X). (A.4)
Proof. By contradiction, assume that there exist r € N*, 71,... 7. € I[I°°" and «ay,...,a, € R

such that E(adg(k1 (Xo)) = auE(m1) + -+ + oE(m,) in £(X). Thus, there exists 7 = m; € II°V"
such that adg(kl (Xo) € suppg. E(7). Since ng(7) = 1 and no(7) = 2k, E(7) = :I:E(ad%f1 (Xo)). Since
BE(m) # 0 and no(r) = 1, one has A\(m) = X; or u(r) = X;. Thus X; € I, and adi(kl(Xo) €
[1'+2k < T1°99 which contradicts the initial assumption since II! freely generates Lie(TI!). O

Lemma A.4. Let IT' C Br(X) as in Theorem 8.2. Let k € N*. Then

(S

E(Wy) ¢ span{E(n);m € II*V*"} in  L(X). (A.5)
Proof. By contradiction, let r € N*, 7rq,... 7, € II***® and «4,...,a, € R such that E(W}) =
a1E(m) + -+ + aE(m,) in £(X). Thus, there exists m = m; € II°*°™ such that W}, € suppg. E(7).
Since W, is a germ (see Definition 3.1), one cannot have A(m) = X or p(m) = Xo. Thus ny(A(7)) =
n1(u(w)) = 1. This implies the existence of a unique [ € [0,k — 1] and 7* € II' such that
B(m*) = +B(M;). Thus W}, € span{g(n);7 € II'+2¢+=0 < [°44} which contradicts the initial
assumption since I1! freely generates Lie(II!). O

Lemma A.5. Let II' C Br(X) as in Theorem 8.2. Then
E(D) ¢ span{E(r);m € II*'*"} in L(X). (A.6)

Proof. By contradiction, let r € N*, 7y, ... .7, € II**" and «1,...,a, € R such that E(D) =
a1E(m1) + -+ - 4+ ap-E(m,) in L£(X). Thus, there exists m = m; € II**" such that D € suppg. E().
Thus ni(7) = 6 and no(m) = 3. We write 7 = (a,b). Since D is a germ (see Definition 3.1) and
B* is stable by bracketting with Xy, one cannot have a = Xy or b = Xy. By symmetry, one can
assume 1 < nj(a) <nq(b) <5.

Step 1: Case ni(a) = 1 and n1(b) = 5. If ng(a) > 1, up to decomposing a and b on B*, by
Lemma 9.5, D ¢ suppg. E((a,b)), which contradicts D € supg. E(7). Thus a = X; € II' and
! = {Xo, X1}. Hence D € span{E(n);7 € II? C I1°94} which contradicts the initial assumption
since IT* freely generates Lie(II').

Step 2: Case ny(a) = 2 and nq1(b) = 4. Then, up to decomposing a and b on B*, by Lemma 9.4,
D ¢ suppg- E((a, b)), which contradicts D € supg. E(7). Hence this case doesn’t happen.

Step 3: Case ny(a) = ni(b) = 3. By symmetry, one can assume that ng(a) = 1 and ngy(b) = 2.
Thus E(a) = £E(P11) and E(b) = £E(Py2) or E(b) = £E((P1,1, Xo)). Since (P11, P12) € B* and
D € suppg. E(m), we are in the second case, i.e. m = (Py 1, (P11, Xo)) (or a permutation thereof).
In particular E(m) = £E(D). Thus P;; = A(7) (or a permutation thereof) belongs to IT', and thus
7 € I3, which contradicts the initial assumption. O
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A.3 Universal rough estimate for coordinates of the second kind

Proof of Proposition 3.9. The proof is by induction on k € N*.
Step 1: Case k = 1. Then b = X,0¥ for some v > 1 and |b| = v + 1. Thus, for every ¢ > 0 and
u € L1((0,t);R),

t t—s v—1 tl/—l 2% v+1
|€p(t, u)| = / Qul(s) ds| < ——||ur||p: < 2( ) t72HU1HL1, (A7)
0

(v—1)! - (v—-1) (rv+1)!

which gives the conclusion with ¢(1) := 4.

Step 2: Case k > 2. To simplify notations, we write ¢ instead of ¢(k — 1) and, without loss of
generality, we assume that 1 < ¢(1) < --- < ¢(k—1) = ¢. Let b € B*\ {X;} with ny(b) = k.
Then b = b*0” for some v > 0 and there exists j € N*, m;,...,m; e N, m € Nand by > --- >
bj > Xy € By 4y such that b = ady™! ...adZ;j ad’, (Xo). In particular, k = ny(b) = n1(b*) =
m1n1(b1) +---+mjn1(bj) +m and |b‘ = ml\b1| + - +mj|bj| +m4+v+1.

First, for each i € [1, j], using the induction assumption and Holder’s inequality,

/\

[b: |
ct) - ny(b:)(1+% )||U1||Ee(b7) (A.8)

|§b1‘, (tvu)| < |bz|

Thus, by (2.6),

5 CRORTAL
60 (£, )| = b, ( )ul(s)ds
m;! m!
1+m m;|b;
Ct) +m432 mi b —(m+3> mina (b:)) (14 )”u ||m+2m in1(bi) (A.9)
= ml|by [l - ]by|Im
ok+1p) 107
< &t—(wk)”ul”izk’
Lt
where we used [Juy |7, < £1+7¢~ (4 E) [y |7 and
J . J
b*|! = (1 +m+ mi|bi|> P < (Gt T [ (A.10)
i=1 i=1
which follows from (4.1) and the estimate m +mq +--- +m; < k.
Finally, if v > 1, using Lemma 3.6 and (4.1),
t v—1
(t—>s)
t = & d
el = | [ e (s uas
nz (2k+1ct)\b*\ B
< ﬁTt | (A.11)
(2k+26t)|b\ B
s 9l |7,
which gives the conclusion with c(k) := 2F+2c. O

A.4 Precise estimates of coordinates up to the fifth order

We start with an elementary estimate.
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Lemma A.6. For every p € [1,00], jo <j € N*, t >0 and u € L'((0,t); R),

tJ—Jo
[[ujllzr < m||“joHLP~ (A.12)

Proof. One can assume j > jo By definition, u; is the (j — jo)-th primitive of wj, vanishing
iteratively at zero, i.e.

(oo [Tl
wio) = [ = () a (A13)

Thus u; = g;_j,—1*4j,, where 4, is the extension of u;, from (0,t) to R by zero and g, (s) := s¥/v!
for s € (0,t) and 0 elsewhere, so that | g, |z = t*T1/(v + 1)!. Hence, (A.12) follows from Young’s
convolution inequality. O

This leads to the following estimates.
Proof of Proposition 3.10. We prove the bounds one by one.
1. By (3.11), Holder’s inequality, (A.12) and (4.1),

_1
[Eag; (8, w)] < flugllpr <677 [|ugl e
ti—Jo

1—1
Smt 7 [|wjo || 2o (A.14)
RO
S(]o-i-l)!(jJ)rl)'t GotDE=5 [l || o

which proves (3.23) with ¢ := 2(jo + 1)! since |M;| = j + 1.
2. By (3.12), Holder’s inequality, (A.12) and (4.1),

o vo20—do)
[Ew,., (t, u)| < ;tl 7 [lugl 7 < ;mtl 7 o [ 220
' ' ' , Al5
< (240 + 1)'Mt*(2j0+1)t1_%|\u- 12, ( )
ST r 1) JollLzr:
which proves (3.24) with ¢ := 22(2jy + 1)! since |W, | =2j + v + 1.
3. For (3.25), we proceed as in the second item, starting from (3.13).
4. For (3.26), we proceed as in the second item, starting from (3.14).
5. By (3.15) and (3.24), there exists ¢ > 0 such that
L] [*(t—s)
o, (ol = 5| [ e, (s
v+1 [W;,ul . 2
< t ((CZt) 4~ (2jo+1)1-3 ||uj0||2sz> (A.16)
(v+ 1) Wipl!
2 2|W; | +r+1 )
< (2 CQt) g t_(4'70+3)t3_% ”ujo H%ﬂp
Wyl v+ 1]
using (4.1), which proves (3.27) with ¢ := 22¢; since |Q5HV| =2[W, | +v+1
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6. By (3.16), (A.12) and (3.24), there exists ¢z > 0 such that

1
€t ()l =3

Jimskv 2

2
tY (Cgt)le*“‘ —(25041),1— L 2 1—L tkiko
< (S @ g, ) 75 (G sl

(24C2t)\Wj wlH2k+v+1

(|Wjul +2k+v+ )
—(2jo+2ko+2) 42—

v!

/0 (t- S)Vfwjyu (s, u)uz(s)ds

IN

(2ko + 1)!

11 2 2
X t Pl P2 ||u]U HLZpl ||uk;0HL2P2

(A.17)

using (4.1), which proves (3.27) with ¢ := 2%¢5(2ko+1)! since |Q* 2\Wj u|+2k+v+1.

Itk 1/|
7. For (3.29), we proceed as in the second item, starting from (3.17).

8. By (3.18), Holder’s inequality, (A.12), and (3.24), there exists ca > 0 such that
t—s

[ e s mpnonis) as
0 !

v Wil
t* (Wt‘<21°+l’t1iulo||%2p) e

v! “[l,#“
X t " || Hl/ 2 tk - H ” ( 1 )
(] jo) Usj, 2p1 (k L ) Uk || LP2

(24co)t!Winl+25+k+v+1
(‘VVlu| +2j+k+v+1)

_1_ 1 _ 1
s 275085 g 2 o [ 2o a5

‘gRg,k,L,u.u (ta u)l = QK

—(2lo+2jo+ko+2)

IN

(2o + ko + 1)!

using (4.1), which proves (3.30) with ¢ := 2%co(24jo + ko + 1)! since |RJ ket = Wil +25+
kv + 1. O

A.5 Black-box estimates for the dominant part of the logarithm
We prove Propositions 4.5 and 4.6 of Section 4.4.

Proof of Proposition 4.5. We have, using (4.8), (4.3) and |{b € B*; |b| = ¢}| < 2¢,

L +oo ) ’
St folll, <D0 Z (CZ) t*"E(t,u)g(e — 1) <9|”f”)
be& o=1/¢= Ulb‘ ga(b)_g (Alg)
P i (18t [IfIL N -
< 5:@,@2% (r> .

which converges provided that 18ct ||| f]||,, < 7, and is then bounded by CZ=(¢, u) for an appropriate
constant C' depending on , ¢ and ||| f||[,. (independent of ¢ for ¢t < 1, e.g. when 18c¢t ||| f|||,. < r/2). O

The proof of Proposition 4.6 relies on the following algebraic lemmas.

Lemma A.7. Let M € N*. There exists C1(M) > 0 such that, for all a € Br(B*) and b € Bpy

(@), e | < el DI (A.20)

where T denotes the canonical morphism of magmas from Br(Br(X)) to Br(X). For example, when
a= (X1, M) € Br(B*), |a|g- =2, and 1(a) = (X1, (X1, X)) € Br(X) with |1(a)] = 3.
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Proof. For B € L(X), let |B|| := 3 cp. (B, ¢)p+|. By [4, Theorem 1.9], there exists C1(M) >0
such that, for all by, by € B* with ’I’Ll(bl) + ’I’Ll(bg) <M,

b1, balll < G371, (A-21)
Let us prove by induction on |a|g+ > 1 that, when n;(1(a)) < M,
1(a)|| < Cl(\a\ts**l)\l(a)\. (A.22)

The case |a|g = 1 is trivial since then (1(a),b)p« € {0,1}. The case |a|g+ = 2 is exactly (A.21).
Now if |a|g« > 2, a = (a1, az) with a1, as € Br(B*), where, by the induction assumption

B(1(a;)) = Y afe(c) where Y |ag| < Cflvlsr el (A.23)

ceB*

Then, using (A.21) once more,
@< D7 aitllast]ler. o] | < oot THHoele TN (A24)
c1,c2€EB*
proving (A.22). Eventually, when (1(a),b)g« # 0, n1(1(a)) = n1(b) < M and |1(a)| = |b] so that
(A.20) follows from (A.22). O

Lemma A.8. Let M € N*. There exists a constant Cpyr > 0 such that, for every q > 2, h € (N*)4,
by <+ <bg € B* and b € B \pq

[(Fyn(b1, - bg), )i+ | < CY. (A.25)

Proof. By homogeneity, (Fy n(b1,...,bq),b)5« # 0 entails that
hini(by) + -+ + hgna(by) = n1(b) < M, (A.26)
halbi| 4 -+ 4 hqlbg| = |b]. (A.27)

For each ¢ > 2 and h € (N*)9, there exists a finite subset A C Br({Y1,...,Y,}) and coefficients
(0tq)aca such that Fyp(Y1,...,Y;) = > aqE(a). By (A.26), the set of considered g and h is finite,
so there exists a constant Cr(M) > 0 (depending only on M) such that > |a,| < Cp. Let a € A
of homogeneity hq, ..., hy with respect to Y1, ...,Y,. In particular |a| = > h; < M by (A.26). By
Lemma A.7,

{a(by, ... by),b)ss| < Ce=DIEl < MIEI (A.28)
where a(by, ..., b,;) denotes the image of a through the homomorphism of Lie algebras sending Y;
to b; € L(X). Eventually, we conclude that (A.25) holds with Cjs := CrCM. O

Proof of Proposition 4.6. By Proposition 2.16, for b € Bﬁl M

1 h‘q
my(t,u) — &t u) = > Gt ) - &y (8, u) (Fyn(br, -, bg), D)o (A.29)
g>2,he(N")1
by>->bg€B*\{Xo}
When (F, (b1, ...,by),b) 5= # 0, there are at most M choices for ¢, M™ choices for h and (2lbhM
choices for the b; (since |{c € B*;|c| < £}] < 2%). Hence, using (A.25), (4.1), (4.10) and = = O(1),
we obtain
bl M min{qL,[b|} ( X |(ct)|b‘
MoM|b M—1)b —oo
[ (tw) = &t w)| < MMRMPICY S T ST 2 ot EGw
¢=1 o=l (A.30)
[b]
< (Dut)
bl
where o}, := min{ML, |b|} and Dj; > 0, and the summations over b € £ follows exactly as in the
proof of Proposition 4.5 above. O

v E(t, u),
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A.6 Bad-bad limiting examples involving W5 versus Q°

As announced in Section 8.1.2, in this paragraph, we give examples illustrating that one must
include @}, @} ; and QY , in the list N3 of (1.25).

Limiting example for Qﬁ)o. Consider the system

i’l =Uu
Ty =14
T3 = T2 + l‘% (A.31)
i",4 = I3

@5 = 23 + 2027y,
Written in the form (1.1), this system satisfies

f]\/[F1 (0) =e¢; fori e [[1, 4H7 le (0) = 2eg, fW1,1 (0) = 2ey, (A 32)
fap ,(0) = —8es,  fw,(0) = 2e5 '
and f,(0) = 0 for any other b € B*.

Proposition A.9. System (A.31) is L>=°-STLC (but not WH*°-STLC).

Proof. By Theorem 1.11, if a system is W1>°-STLC, then fy,(0) € S5(f)(0). Since this condition
is not satisfied by system (A.31), it is not W1**-STLC. We now prove that it is L>°-STLC.

Step 1: Computation of the state. Let us fix T > 0. Explicit integrations lead to z1(T) = uy(T),
22(T) = ua(T) and

23(T) = us(T) + /0 W2(8) dt,

T
24(T) = ug(T) + /O (T — t)ui(t) dt, (A.33)

x5(T)_/OTu§(t)dt/OT </0tu§(s)ds)

Step 2: Motions in the linear directions. Let ¢ € [1,4]. By the usual linear theory, there exists
a' € L*((0,7);R) such that, for a € [-1,1], z(T; ai’) = ae; + O(a?).

2 T
dt + 224(T) / u(t) dt.
0

Step 3: Motion in the easy quadratic direction +e5. Take a non-zero function x € C°((0,7);R),
normalized such that ||x™")| ;2 = 1 and define, for a € [0, 1],

T T
U, (a) == ax® — a2 ( /0 (@2 (0) dt) @ — g2 ( /O (T — ) (®2(1) dt) . (A.34)

Using (A.33), one checks that z(T, U, (a)) = ae5 + O(a®).

Step 4: Motion in the difficult quartic direction —es. In order to benefit from the quartic term,
we use oscillating controls. Let ¢ € C°(R;R) be a fixed non-zero T-periodic function with ¢(0) =
¢'(0) = ¢”(0) = 0, (¢) = 0 and (¢*) = 1. Let x € C((0,T];R) such that x'(T) = x"(T) = 0 to
be chosen later. For a € [0, 1] small enough, we use controls of the form

us(t) = a'x(t) (1 + o((T — t)/a)) . (A.35)
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In particular, u;(0) = u;(T) = 0 for ¢ = 1,2. Moreover, the map (a, x) — u is continuous from
[0,1] x C3([0, T); R) to L>°((0,T); R) and

[ull e = O (allxllcs) - (A.36)
Differentiating (A.35) twice yields
ur(t) = a'x"(t) 1+ ¢((T — t)/a)) = 22°X ()¢ (T — 1) /a) + a®x(t)¢" (T —t)/a).  (A.37)

Hence, heuristically, u; ~ a®x¢”. Substituting in (A.33) and using a Riemann-Lebesgue-type
argument (see Lemma A.12 in Appendix A.7 below) yields

55(T) = a* (Gs(x) + Fa(ax).  Gs(x) = x(T) + {(#")?) / % (A.38)

T T
24(T) = a* (Ga(x) + Fa(a, X)), Ga(x) = / X+ <(¢”)2>/ (T — t)x*(t) dt (A.39)
0 0

where F3 and Fj are C!' maps on [0,1] x C2((0,T];R) with F5(0,-) = F4(0,-) = 0. Similar
arguments prove that

T
£5(T) = a® (Gs(x) + Fa(a, x)) + 224(T) / 2,
0 ) (A.40)

Gs(x) = (1 + 6)%) / (6 / ' ( / t x2) at

where Fy is a C! map on [0,1] x C2((0,T]; R) with F5(0,-) = 0.

We now prove that there exists x* such that Gs(x*) = Ga(x*) = 0, G5(x*) < 0, and x —
(G3(x),Ga(x)) is locally onto. More precisely, given 0 < 7 < 1, let x € C°((0,7);[0,1]) with
X=1on [27,T — 27|, suppx C [r,T — 7], and h € C2°([0,1];[0, 1]) with k' compactly supported
in (0,1) and h(0) = 1. We look for x under the form

X(t) = cox(t) + 1 h((T — t)/7) (A.41)
Let A := {(¢")?). Using the assumptions on ¢,

Gs(x)=c + Ach + O(7),

T2
Ga(x) =0T + Ac%7 + O(7), (A.42)
T3
Gs(x) = gch — A2c§? + O(7).

At 7 = 0, one checks that, for ¢g = —2/(AT) and ¢, = —AéT, G3 = G4 = 0 and G5 < 0. By
the implicit function theorem, there exists (¢, ¢, 7*) with 7* > 0, ¢ &~ & and ¢} = ¢ such that
G3(x*) = Ga4(x*) = 0 and G5(x*) < 0. Moreover, since 0., (G3,G4)|z.e, = (1,0) + O(7) and
Deo (G3,G4) 5o, = (0,=T), the CT map (co, c1) = (G3,G4)(Xeo,er,r+) vanishes at (cj, ¢f) and its
differential is onto.

By the implicit function theorem, there thus exists a C! map a — x, from [0, 1] to C2((0,T]; R)
such that G3(Xa)+F3(aa Xa) = G4(Xa)+F4(av Xa) = 0, with G5(X0) < 0. Thus x(T) = as(G5(Xa)+
Fs(a, xa))es = a®Gs(xo)es + O(a?), so one can move in the direction —es.

Step 5: Conclusion. Standard arguments using either tangent vectors or power series expansions
(see e.g. [23, Appendix] or [13, Section 8.1]) entail that (A.31) is L>°-STLC. O
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Limiting example for Q?}l. Consider the system

Ztl =Uu
Ty = a1 + :L'%
T = (A.43)
Ty = T3
T5 = x4
Tg = x% — 2%%1’5.
Written in the form (1.1), this system satisfies
Jn,_,(0) = e fori € [1,5],  fw,,(0) = 2eaq, for v € [0,3], (A.44)
fQ?,l(O) = —866, fW3 (0) = 266 ’

and f,(0) = 0 for any other b € B*.
Lemma A.10. System (A.43) is L>°-STLC.

Proof. Let us perform the (nonlinear) static-state-feedback transformation v(t) := u(t)(142x1(t)).
Then system (A.43) is mapped to a system which satisfies
faa,_,(0) = e for i € [1,5],  fw,(0) = 2es, fp, 5 = —4es,

A45
f(M4,ad’§(1(X0))(0) = cpeg for k> 3 ( )

for some constant ¢ € R and f,(0) = 0 for every other b € B*. In particular, as (8.9) with [ = 5,
it mainly features a competition between W3 and P; 5, which was proved to be L*°-STLC in
Section 8.1 using Theorem 8.2. Let us check that we can indeed ignore the added brackets. For
k > 3, using the set IT! of (8.5), one has

(My,ad%, (Xo)) = ((adas, (Xo), Xo), ad%, (Xo)) € IT%. (A.46)

Thus w((M4,3bd]§(1 (X0))) = |(M4,ad'l§(1 (X0))]—3=3+k>6>5=w(P15). Hence, the system
after feedback is L>°-STLC, so (A.43) is L*°-STLC. O

Limiting example for Q?z. Consider the system

i =u+2?

Ty =11

.fg = T2

.’j34 = I3 (A47)
3.3‘5 = X4

i’ﬁ =I5

iy = 23 + 203 26.

Unlike the previous examples, this system is not nilpotent. Nevertheless, written in the form (1.1),
it satisfies

fws(0) = 2e7, fq3 ,(0) = —8er,

A.48
Vb e NG\{Q o), fo(0) € Rey + -+ Reg. (4.45)

Hence, along the line e7, there is only a competition between Wj, Qb, and brackets outside of
N3, so that yield negligible contributions with respect to f u% It particular, it satisfies

Fw; (0) & (N3 \ {Q1 21)(H)(0). (A.49)
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Lemma A.11. System (A.47) is L>°-STLC.

Proof. Let us perform the (nonlinear) static-state-feedback transformation v(t) := wu(t) + 23 (t).
Then system (A.47) is mapped to example (8.9) with [ = 6, featuring a competition between W3
and P ¢,0, which was proved to be L>°-STLC in Section 8.1. Hence (A.47) is L>°-STLC. O

A.7 A Riemann—Lebesgue-type lemma

Lemma A.12. Let T > 0 and V := {h € C3([0,T];R); h(0) = h'(0) = h"(0) = 0} endowed with
its usual topology. Let 0 € C°(R;R) be a T-periodic function. The map

F:{(o,uxv SR, (A50)

(nh) e o OO —1)/7)dt
admits a C extension to [0,1] x V which satisfies F(0,h) = (1/T) fOT 9f0T h for every h € V.

Proof. Let 6y := 0. For k € N, we set Op11(t) := (¢t/T) fOT O — fot 0). In particular, for all k € N,
0x+1(0) = 0, Oy is T-periodic and 0} | = (0x) — Or. Integrating by parts in (A.50) yields

T T
F(r,h) = (0) / h+7[h6 (T —t)/7))& — 7'/ R (#)0,((T —t)/7)dt
0 0 (A.51)

:<9>/0 h—T/O W (06, (T — £)/7) dt.

Hence F' admits a continuous extension setting F'(0,h) = (6) fOT h. Repeating the process twice,

F(r,h) = (6) /O h — (0R(T) + 72 (02 (T) — 73 /0 B ()05 (T — £)/7) dt. (A.52)

This development with respect to 7 can be used to prove that F enjoys C! regularity up to 7 = 0,
since the 72 factor allows to absorb the derivative with respect to 7 of the last integral as 7 — 0. [

Acknowledgments

The authors wish to express their gratitude to Matthias Kawski for writing the enlightening sur-
vey [23], which inspired many of the results of this work, as recalled in the various examples given
for each obstruction. We also thank three referees who provided many suggestions to improve the
overall presentation of the results and method.

The authors acknowledge support from grants ANR-20-CE40-0009 and ANR-11-LABX-0020,
as well as from the Fondation Simone et Cino Del Duca — Institut de France.

Data sharing not applicable to this article as no datasets were generated or analysed during
the current study.

References

[1] Andrei Agrachev and Revaz Gamkrelidze. Local controllability and semigroups of diffeomor-
phisms. Acta Applicandae Mathematica, 32:1-57, 1993.

[2] Andrei Agrachev and Revaz Gamkrelidze. Local controllability for families of diffeomorphisms.
Systems & control letters, 20(1):67-76, 1993.

74



[3]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

Karine Beauchard, Jérémy Le Borgne, and Frédéric Marbach. On expansions for nonlinear
systems, error estimates and convergence issues. Comptes Rendus. Mathématique, 361:97-189,
2023.

Karine Beauchard, Jérémy Le Borgne, and Frédéric Marbach. Growth of structure constants
of free Lie algebras relative to Hall bases. Journal of Algebra, 612:281-378, 2022.

Karine Beauchard and Frédéric Marbach. Quadratic obstructions to small-time local control-
lability for scalar-input systems. J. Differential Equations, 264(5):3704-3774, 2018.

Rosa Maria Bianchini and Gianna Stefani. Sufficient conditions of local controllability. In
1986 25th IEEE Conference on Decision and Control, pages 967-970. IEEE, 1986.

Ugo Boscain, Daniele Cannarsa, Valentina Franceschi, and Mario Sigalotti. Local controlla-
bility does imply global controllability. arXiv preprint arXiv:2110.06631, 2021.

Nicolas Bourbaki. Elements of mathematics. Lie groups and Lie algebras. Part I: Chapters
1-3. English translation. Springer, 1975.

Roger Brockett. Feedback invariants for nonlinear systems. IFAC Proceedings Volumes,
11(1):1115-1120, 1978.

Bill Casselman. Free Lie algebras. https://secure.math.ubc.ca/~cass/research/pdf/
Free.pdf, 2020. Last accessed 2021-07-17.

Kuo-Tsai Chen. Iterated integrals and exponential homomorphisms. Proc. London Math. Soc.
(8), 4:502-512, 1954.

Kuo-Tsai Chen. Integration of paths, geometric invariants and a generalized Baker-Hausdorff
formula. Ann. Math. (2), 65:163-178, 1957.

Jean-Michel Coron. Control and nonlinearity, volume 136. Providence, RI: American Mathe-
matical Society (AMS), 2007.

Michel Fliess. Réalisation locale des systemes non linéaires, algebres de Lie filtrées transitives
et séries génératrices non commutatives. Inventiones mathematicae, 71(3):521-537, 1983.

Emilio Gagliardo. Ulteriori proprieta di alcune classi di funzioni in piu variabili. Ric. Mat.,
8:24-51, 1959.

Marshall Hall. A basis for free Lie rings and higher commutators in free groups. Proc. Am.
Math. Soc., 1:575-581, 1950.

Philip Hall. A contribution to the theory of groups of prime-power order. Proc. Lond. Math.
Soc. (2), 36:29-95, 1933.

Henry Hermes. Control systems which generate decomposable Lie algebras. Journal of Dif-
ferential Equations, 44(2):166-187, 1982.

Henry Hermes and Matthias Kawski. Local controllability of a single input, affine system.
Nonlinear analysis and applications, 109:235-248, 1987.

Bronislaw Jakubczyk. Equivalence and invariants of nonlinear control systems. Nonlinear
controllability and optimal control, Lect. Workshop, New Brunswick/NJ (USA) 1987, Pure
Appl. Math., Marcel Dekker 133, 177-218, 1990.

Bronislaw Jakubczyk. Convergence of power series along vector fields and their commutators;
a Cartan-Kéhler type theorem. In Annales Polonici Mathematici, volume 74, pages 117-132.
Polska Akademia Nauk. Instytut Matematyczny PAN, 2000.

(0]


https://secure.math.ubc.ca/~cass/research/pdf/Free.pdf
https://secure.math.ubc.ca/~cass/research/pdf/Free.pdf

[22]

Matthias Kawski. Nilpotent Lie algebras of vectorfields and local controllability of nonlinear
systems. ProQuest LLC, Ann Arbor, MI, 1986. Thesis (Ph.D.)-University of Colorado at
Boulder.

Matthias Kawski. High-order small-time local controllability. In Nonlinear controllability and
optimal control, pages 431-467. Routledge, 1987.

Matthias Kawski. A necessary condition for local controllability. Contemporary Mathematics,
68:143-155, 1987.

Matthias Kawski. Controllability via chronological calculus. In Proceedings of the IEEE
Conference on Decision and Control, volume 3, pages 2920-2925. IEEE, 1999.

Matthias Kawski. Bases for Lie algebras and a continuous CBH formula. In Unsolved Problems
in Mathematical Systems and Control Theory, volume 9781400826155, pages 97-102. Princeton
University Press, April 2009.

Steven Krantz and Harold Parks. A primer of real analytic functions. Springer Science &
Business Media, 2002.

Mikhail Krastanov. A sufficient condition for small-time local controllability. SIAM Journal
on Control and Optimization, 48(4):2296-2322, 2009.

Arthur Krener. On the equivalence of control systems and the linearization of nonlinear
systems. SIAM J. Control, 11:670-676, 1973.

John Lee. Smooth manifolds. Springer, 2012.

Andrew Lewis. Fundamental problems in geometric control theory. In 2012 IEEE 51st IEEE
Conference on Decision and Control (CDC), pages 7511-7516. IEEE, 2012.

Andrew Lewis. Tautological control systems. In 53rd IEEE Conference on Decision and
Control, pages 4832-4837. IEEE, 2014.

Andrew Lewis. Linearisation of tautological control systems. Journal of Geometric Mechanics,
8(1):99-138, 2016.

Wilhelm Magnus. On the exponential solution of differential equations for a linear operator.
Comm. Pure Appl. Math., 7:649-673, 1954.

Frédéric Marbach. A family of interpolation inequalities involving products of low-order deriva-
tives. arXiv:2306.06668, 2023.

Louis Nirenberg. On elliptic partial differential equations. Ann. Scuola Norm. Sup. Pisa (3),
13:115-162, 1959.

Christophe Reutenauer. The local realization of generating series of finite Lie rank. In Algebraic
and Geometric Methods In Nonlinear Control Theory, pages 33—43. Springer, 1986.

Christophe Reutenauer. Free Lie algebras. Oxford: Clarendon Press, 1993.

Gianna Stefani. Polynomial approximations to control systems and local controllability. In
1985 24th IEEFE conference on decision and control, pages 33-38. IEEE, 1985.

Gianna Stefani. On the local controllability of a scalar-input control system. In Theory and
applications of nonlinear control systems (Stockholm, 1985), pages 167-179. North-Holland,
Amsterdam, 1986.

76



[41] Héctor Sussmann. Lie brackets and local controllability: a sufficient condition for scalar-input
systems. SIAM J. Control Optim., 21(5):686-713, 1983.

[42] Héctor Sussmann. A product expansion for the Chen series. In Theory and applications
of nonlinear control systems (Stockholm, 1985), pages 323-335. North-Holland, Amsterdam,
1986.

[43] Héctor Sussmann. A general theorem on local controllability. SIAM J. Control Optim.,
25(1):158-194, 1987.

[44] Gérard Viennot. Algébres de Lie libres et monoides libres, volume 691 of Lecture Notes in
Mathematics. Springer, Berlin, 1978. Bases des algebres de Lie libres et factorisations des
monoides libres.

7



	Introduction
	Scalar-input control-affine systems
	Definitions of small-time local controllability
	Algebraic notations and Lie brackets
	A new basis of the free Lie algebra
	Main results: old and new necessary conditions
	Our unified approach of obstructions
	On the invariance by change of coordinates and feedbacks
	Structure of the article

	Tools from formal power series
	The formal differential equation
	Hall sets and bases
	Sussmann's infinite product expansion
	Magnus expansion in the usual setting
	Our formal expansion
	Computing coordinates of the pseudo-first kind

	A new Hall basis of the free Lie algebra
	Definition of B* and first properties
	Elements of B* up to the fifth order
	Expressions of coordinates of the second kind up to the fifth order
	Estimates on the coordinates of the second kind up to the fifth order

	Toolbox for our approach to obstructions
	Analytic estimates for vector fields
	Implicit limit for the big O notation
	A new representation formula for ODEs
	Black-box estimates for infinite sums and cross terms
	Cross terms are not negligible in general
	Interpolation inequalities
	A consequence of the Jacobi identity

	Sussmann's and Stefani's obstructions
	Dominant part of the logarithm
	Vectorial relation
	Closed-loop estimate
	Interpolation inequality
	Proof of the presence of the drift

	New loose quadratic obstructions, conjectured by Kawski
	A previous result on a prototype example
	Dominant part of the logarithm
	Vectorial relations
	Closed-loop estimate
	Interpolation inequality
	Proof of the presence of the drift for m >= 0
	Optimality of the functional framework
	A coarse screening of cubic brackets

	Kawski's refined W2 obstruction
	Limiting examples
	Dominant part of the logarithm
	Vectorial relation
	Closed-loop estimate
	Interpolation inequality
	Proof of the presence of the drift

	New refined W3 obstruction
	Limiting examples
	Dominant part of the logarithm
	Vectorial relations
	Closed-loop estimates
	Interpolation inequalities
	Proof of the presence of the drift
	A comment on the time-dependent drift direction

	New obstruction of the sixth order
	Limiting examples
	Algebraic preliminaries
	Dominant part of the logarithm
	Vectorial relations
	Closed-loop estimates
	Interpolation inequalities
	Proof of the presence of the drift

	Embedded semi-nilpotent systems and the m=-1 case
	Weak drifts
	Semi-nilpotent systems and their representation formula
	Weak quadratic drift for semi-nilpotent systems
	Embedded semi-nilpotent systems
	Drift: from semi-nilpotent systems to all systems
	Drift or weak drift?

	Obstructions without analyticity
	Brackets at zero only depend on low-order Taylor coefficients
	Estimate of the approximation error

	Proofs of technical results and estimates
	On the differences between STLC definitions
	On the structure of ``bad'' brackets
	Universal rough estimate for coordinates of the second kind
	Precise estimates of coordinates up to the fifth order
	Black-box estimates for the dominant part of the logarithm
	Bad-bad limiting examples involving W3 vs Qb
	A Riemann–Lebesgue-type lemma


