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A unified approach of obstructions to small-time
local controllability for scalar-input systems

Karine Beauchard? Frédéric Marbach*

March 10, 2023

Abstract

We present a unified approach for determining and proving obstructions to small-time local
controllability of scalar-input control systems. Our approach views obstructions to controlla-
bility as resulting from interpolation inequalities between the functionals associated with the
formal Lie brackets of the system.

Using this approach, we give compact unified proofs of all known necessary conditions, we
prove a conjecture of 1986 due to Kawski, and we derive entirely new obstructions. Our work
doubles the number of previously-known necessary conditions, all established in the 1980s.
In particular, for the third quadratic bracket, we derive a new necessary condition which is
complementary to the Agrachev—Gamkrelidze sufficient ones.

We rely on a recent Magnus-type representation formula of the state, a new Hall basis of
the free Lie algebra over two generators, an appropriate use of Sussmann’s infinite product to
compute the Magnus expansion, and Gagliardo—Nirenberg interpolation inequalities.
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1 Introduction

1.1 Scalar-input control-affine systems

In this article, we consider an affine control system

o(t) = fo(z(t)) + u(t) fr(z(t)) (1.1)
where the state z(t) lives in R? (d > 1), the control is a scalar input u(t) € R, fo and f; are vector
fields on RY, real-analytic on a neighborhood of 0, such that fy(0) = 0. These assumptions are
valid for the whole article and will not be recalled in the statements. Nevertheless, the analyticity
assumption can be removed, and all our results hold assuming only finite regularity on the vector
fields, as we prove in Section 10.

For each t > 0 and u € L'((0,¢);R), there exists a unique maximal mild solution to (1.1) with
initial data 0, which we will denote by x(-;u). We will consider small enough controls and small
enough times so that this solution is defined up to time ¢.

1.2 Definitions of small-time local controllability

In this article, we study the small-time local controllability of system (1.1) in the sense of Defini-
tion 1.1 below, which requires the following notions.

For t > 0 and m € N, we consider the usual Sobolev space W™ (0,t) equipped with the
usual norm ||[u|ym.e = |[ul|pee + -+ + [[ul™)| . For j € N, we define by induction the iterated
primitives of u, denoted u; : (0,t) — R and defined by: uo := v and u;11(t) = f(f uj. We let

[uflw—1.00 = [Jua]| oo (1.2)

For scalar-input systems such as (1.1), the W~ norm of the control is important because it is
an accurate measure of the size of the state (see Lemma 4.3 and [5, Lemma 20]). For m € Z, we
use the notation [m, oo for [m, o) N Z.

Definition 1.1 (W"™>-STLC). Let m € [—1,00[. We say that system (1.1) is W™ *>-STLC
when, for every t,p > 0, there exists § = (t, p) > 0 such that, for every x* € B(0,0), there exists
u € W™((0,t); R) N L1((0,t); R) with ||ul|wm.~ < p, such that z(t;u) = z*.

Any positive answer to the STLC problem may be thought of as a nonlinear local open mapping
theorem, which underlines the deepness and intricacy of this problem, when the inverse mapping
theorem (or linear test, see [10, Section 3.1]) cannot be used.

The STLC notions used in the literature usually correspond to what we refer to as L>°-STLC
(i.e. m = 0 in Definition 1.1 above), where controls have to be arbitrarily small in L norm
(see e.g. [10, Definition 3.2] or STLC, in [18]). Sometimes (see [31, 32]) authors investigate the
p-bounded-STLC: p > 0 is fixed and system (1.1) is p-bounded-STLC if, for every ¢ > 0, there
exists > 0 such that, for every z* € B(0,d), there exists u € L>°(0,t) with ||ul]|r~ < p such that
x(t;u) = x*.

For any m € N*, p> 0 and ¢ € (0,1), ||ullpy-1.0 < t|ul|pe < |lullwm.e thus

(W™>°_STLC) = (L*-STLC) = (p-bounded-STLC) = (W~ 1*-STLC), (1.3)

where any reciprocal implication is false (see Appendix A.1). See also [7] for a recent comparison
of various controllability definitions. The interest of the W~1:>°-STLC is that it is equivalent to
the small-state small-time local controllability for scalar-input systems (see [5, Section 8.2]).

In the excellent survey [18], Kawski recalls the known necessary conditions (see Theorems 3.1,
3.4 and 3.5 therein) and sufficient conditions (see Theorems 3.6 ad 3.7 therein) for L>-STLC.
Then he explains, on clever examples, the obstacles that a more complete theory has to overcome.
Kawski’s survey is at the root of the present article: our main results are generalizations to any
systems, of its observations on particular examples which will be recalled and discussed later in
the present article (see Sections 6.1, 7.1, 8.1 and 9.1).



1.3 Algebraic notations and Lie brackets

The STLC is closely related to the evaluations at 0 of the iterated Lie brackets of the vector fields
fo and f1. We, therefore, introduce the following definitions and notations.

Let X := {Xo, X1} be a set of two non-commutative indeterminates.

Definition 1.2 (Free algebra). We consider A(X) the free algebra generated by X over the field
R, i.e. the unital associative algebra of polynomials of the indeterminates Xog and Xi.

Definition 1.3 (Free Lie algebra). Within A(X) one can define the Lie bracket of two elements
as a,b] :== ab — ba. This operation is anti-symmetric and satisfies the Jacobi identity. Let L(X)
be the free Lie algebra generated by X over the field R, i.e. the smallest linear subspace of A(X)
containing X and stable by the Lie bracket [-,-].

Definition 1.4 (Tterated brackets). Let Br(X) be the free magma over X, or, more visually, the set
of iterated brackets of elements of X, defined by induction: Xo, X1 € Br(X) and if a,b € Br(X),
then the ordered pair (a,b) belongs to Br(X).

There is a natural evaluation mapping E from Br(X) to L(X) defined by induction by E(X;) :=
X, fori=0,1 and E((a,b)) := [E(a),E(D)]. Through this mapping, Br(X) spans L(X).

Definition 1.5 (Homogeneous layers within £(X)). For b € Br(X), ng(b) (respectively nq(b))
denotes the number of occurrences of the indeterminate Xo (resp. X1) in b. For A1, A9 C N,
Sa,(X) and Sa, 4,(X) are the vector subspaces of L(X) defined by

S4,(X) := span{E(b); b € Br(X),n1(b) € A1}, (1.4)
Sa,,4,(X) :=span{E(b); b € Br(X),n1(b) € A1,n0(b) € Ap}. (1.5)
Fori,j € N, we write' S;(X) and S; ;(X) instead of S;(X) and Sgy 53(X).

Definition 1.6 (Bracket integration 0”). For b € Br(X) and v € N, we use the unconventional
short-hand b0 to denote the right-iterated bracket (--- (b, Xo), ..., Xo), where Xo appears v times.

Definition 1.7 (Lie bracket of vector fields). For smooth vector fields f and g, we define

[f.9] == (Dg)f — (Df)g. (1.6)

Definition 1.8 (Evaluated Lie bracket). Let fo, fi be C> wvector fields on an open subset 2 of R?
and f = {fo, f1}.

For B € L(X), we define fg := A(B), where A : L(X) — C®(Q;R?) is the unique homomor-
phism of Lie algebras such that A(Xg) = fo and A(Xy) = fi.

Owverloading this notation, we will write fy, instead of fuwy when b € Br(X). The vector field f,
18 obtained by replacing the indeterminates X; with the corresponding vector field f; in the formal
bracket b. For instance if b = (X1, (Xo,X1)) then f» = [f1,[fo, f1]] and if B = a1E(by) + -+ +
anE(by) € L(X) where by, ..., b, € Br(X) and a1,...,a, € R then fg =ai1fo, +-+ anfs, -

Eventually, for a subset N of Br(X) we use the notation

N(£)(0) := span{f,(0);b € N} C R, (1.7)

All the known necessary conditions for STLC are stated in the following way. One focuses on
a “bad” bracket b € Br(X) and one identifies a subset N of Br(X) containing all the brackets
susceptible to neutralize b. Then the necessary condition for STLC is f,(0) € N (f)(0).

This is linked with Krener’s fundamental result [24, Theorem 1], which states that, if two
control systems of the form (1.1) have linearly isomorphic brackets evaluated at 0, then they are
diffeomorphic. Thus the entire information about STLC is contained in the subset of R? made of
the evaluations at 0 of the Lie brackets of the vector fields fy and f;.

IThis choice is different from the usual choice in control theory where, for example, other authors most often
write S;(X) to denote what we refer to here as Spp ;7(X).



1.4 A new basis of the free Lie algebra

In this article, we construct a new basis of the free Lie algebra £(X), which is of the form E(B*),
where B* is a Hall set of Br(X) (see Definition 2.5). All our results are expressed using this basis.

The main interest of B* is the particular form of the associated coordinates of the second kind,
which appear to be very well suited for control results and functional analysis (see Section 3.3).
The basis B* answers, in some sense, the first open problem of [21]: “construct a basis for the free
Lie algebra such that the corresponding coordinates of the first kind have simple formulas” (see
also Remark 3.8 for more details).

In particular, a key point is that B* seems to allow to immediately guess from the structure of
a Lie bracket and/or from its associated coordinate of the second kind if this bracket will lead to
an obstruction or not. As noted by Kawski in [18, Section 4], such a feature (“splitting” bad and
good Lie brackets) is not satisfied by the usual length-compatible or Chen—Fox—Lyndon bases of
the free Lie algebra. We plan to investigate further this property of B* in a forthcoming paper.

The first elements of B* are given explicitly in the following statement.

Proposition 1.9. The first X1-homogeneous layers By := {b € B*;n1(b) = k} of our basis B* are
given by

By ={M,}, (1.8)
Bs ={Wj.}, (1.9)
Bi = {Pju.ij <k}, (1.10)
By = {Qjkid Sk <1FU{Q% 50 < k}U{Q .} (1.11)
B: ={Rjrimupij Sk <I<mPU{RE 15 <k}, (1.12)

where, implicitly, j, k,1,m € N*, u,v € N and we define (using the notation 0” of Definition 1.6),

M, = X0, (1.13)
Wi = (Mj—1, M;)0, (1.14)
P = (Mg—1,W;0)0, (1.15)
Qjktw = (Mi_1, Pix0)0”, Q= (Wi, Wi)0", Q) =W Wj,s1)0”,  (1.16)
Rk tmy = (Mp—1,Q;510)0",  REy o= (Wi, Piko)0”. (1.17)

To lighten the notations, Wy, Pj i and Q; 11 will denote Wy o, Pjro and Qj k10

We only write explicitly the elements B7 15]» Pecause notations for the elements of B[[G oo will
not be required in the sequel. Of course, the list could go further, albeit with increasing complexity.

One could also probably extend our construction of B* to the case of control systems with
multiple inputs. For such systems, one needs a basis of the free Lie algebra over {Xo, X1,..., X }.
Many such extended constructions could be proposed and the “correct” one might depend on the
intended applications. We discuss some key structural features of B* (which could be preserved
with multiple inputs) in Remark 3.5.

1.5 Main results: old and new necessary conditions

First, we recover (slightly improved versions of) the necessary conditions for STLC, due to Suss-
mann [32, Proposition 6.3] (for k¥ = 1) and Stefani [31, Theorem 1] (for k£ > 1), concerning the
strongest obstruction at each even order of the control, which were historically derived for the
stronger p-bounded-STLC notion (recall the implications (1.3)).

Theorem 1.10. If system (1.1) is W—1°-STLC (or, equivalently, small-state-STLC), then
Wk e N*,  adf (fo)(0) € Spr,2n-11(/)(0). (1.18)



Then we prove the following statement, that contains necessary condition for controllability on
all the quadratic Lie brackets Wy, for k € N*.

Theorem 1.11. Let m € N*. If system (1.1) is W™ >°-STLC, then

VE e N*,  fw,(0) € Spi xk,m\{2} (f)(0) (1.19)
where b 9
w(k,m):=1+ [m—&—l—‘ ) (1.20)

As particular cases, this result contains necessary conditions on Wy, for

o W2k=3_STLC: fw, (0) € S1(f)(0), which is already proved in [5, Theorem 3],

e L>-STLC: fw,(0) € Sp1 2k—17\¢23(f)(0), which was conjectured in 1986 in [17, p. 63],
o Wm>_STLC with 1 < m < 2k — 4, which is a new result.

Moreover, it would be natural to expect that Theorem 1.11 holds for m = —1 with = (k, —1) := +oc.
We discuss this topic in Section 6.8.

For k € {2,3}, a careful analysis allows to refine the necessary condition of Theorem 1.11. In
particular, in the case m = 0, we prove the following results.

Theorem 1.12. If system (1.1) is L>°-STLC, then fw,(0) € N;(f)(0) for j = 1,2,3, where

M = B}, (1.21)
NQ = Nl U {Pl,l,u;V c N}, (122)

Ns = No U{Priw, Quin Quiazw, @10y Q11 Q1 2y Ritaaw B 11,030 € N v € N} (1.23)

The statement concerning W is proved by Kawski in [19, Theorem 1], using the Chen—Fliess
expansion and technical results from Stefani [31]. We propose a different strategy, that allows us to
obtain similarly the condition concerning W3, which is new. Moreover, the lists A; are “minimal”
in the sense that, for any bracket in N, we exhibit a system where it restores STLC when in
competition with W;. In the hardest case j = 3, we prove these controllability results using
the Agrachev—Gambkrelidze sufficient condition of [1, Theorem 4], illustrating that, the necessary
condition fy,(0) € N3(f)(0) is somehow complementary to their sufficient conditions theory.

To go beyond quadratic phenomena, we prove the following necessary condition linked with a
bracket of the sixth order with respect to the control, which is entirely new.

Theorem 1.13. If system (1.1) is L>°-STLC, then

faa, | x(0) € span {fb(o); be Bfyp.b# add, | (XO)} . (1.24)

Throughout the paper, we will discuss the optimality of all these necessary conditions by
comparing them with the known sufficient conditions, including the ones due to Agrachev and
Gambkrelidze [1, Theorem 4] or Krastanov [23, Theorem 2.7]. In particular, let us already point out
that, due to their structure, all the brackets involved in the above-mentioned obstructions, namely
ad%é (Xo), Wi = ad?\/[,kl (Xo) and ad?gm (Xo) are indeed always seen as “bad” and required to be
compensated by such sufficient conditions (see Appendix A.2).

Eventually, we explain in Section 10 why all these results, derived for analytic vector fields,
remain valid without change for C* vector fields. More precisely, we show that assuming only
finite regularity on fo and f; is sufficient to preserve the conclusions, provided that one gives the
appropriate meaning to the evaluations at 0 of the considered brackets (the brackets themselves
being undefined elsewhere).



1.6 Heuristic of the unified approach for obstructions to STLC

Our theorems are of the form
W™ STLC = f,(0) € N(f)(0) (1.25)

where m € [—1,00[, b € B* and A is a subset of B*. Our strategy consists in proving a drift of

x(t;u), along f,(0) when
fo(0) 2 N()(0) (1.26)
in the sense of Definition 1.15 below, which requires the following notion.

Definition 1.14 (Component along a vector parallel to a subspace). Let N be a vector subspace
of R and e € RY\ N. We say that a linear form P : R? — R is a component along e parallel to N
when Pe =1 and N C kerP.

Definition 1.15 (Drift). Let b € B*, N C Br(X) and m € [—1,00[. We say that system (1.1)
has a drift along f,(0), parallel to N'(f)(0), in the regime ¢ — 0 and ||u||ym. — 0 when there
exists C' > 0, f > 1 such that, for every e > 0, there exists t* = t*(¢) > 0 such that, for every
t € (0,t*), there exists p = p(e,t) > 0 such that, for every u € W™>((0,t); R) N L((0,t); R) with
||U’||Wm‘°° < 12

Pz(t;u) > (1 — )& (t, u) — Cla(t;u)|?, (1.27)
where P gives a component along fe(0) parallel to N(f)(0) and (&)ven+ are the coordinates of the
second type associated with B* (see Definition 2.9 and Proposition 3.7).

When &g (t,-) takes only non-negative values, estimate (1.27) prevents z(t;u) from reaching
targets of the form z* = —afys(0) with 0 < a < 1, because this would entail —a = Pa* >
—C|2*|® = —CaP, which fails for a small enough, since 8 > 1. Thus, estimate (1.27) falsifies
Wm_STLC. It also proves that the unreachable set contains locally a half-space because 5 > 1.

Remark 1.16. We will use the terminology “in the regime t — 0 and ||ul|wm.. — 07 in the sense
giwen in Definition 1.15. We will sometimes use the slightly different terminology “in the regime
(t, [|ullwm.) — 07 to mean that the smallness assumption on u does not depend on t, i.e. in the
quantification above, p = p(e) does not depend on t.

The starting point of our strategy is an approximate representation formula, explained in
Section 4.3, that holds in the regime (¢, [|uly-1.) — 0,

w(ts0) = Zar(t, £,0)(0) + O (Jull i + 2t w)H37) (1.28)

where, for every M € N*, Zy/(t, f,u) is an analytic vector field that belongs to Spi aq(f). By
applying the CBHD-formula to Sussmann’s infinite product representation formula, we obtain an
expression of Zy (T, f,u) of the form

Zu(T, fou) = Z & (t, u) fr + some cross products, (1.29)

bEBE, o

where the functionals &, (¢, u) are the coordinates of the second type associated with B* (see Defi-
nition 2.9 and Proposition 3.7). They do not depend on f and are explicitly given by an induction
relation on B*.

We consider a bracket b € B* for which &(¢,-) is positive-definite (i.e. for every ¢t > 0 and
u € LY((0,¢);R) \ {0}, & (¢, u) > 0) and a subset N of B*. We assume (1.26) which allows to
consider P : R? — R, a component along f,(0) parallel to A'(f)(0). Then, for every M € N*,

Px(t;u) = &p(t,u) + Z & (t, u)Pfy(0) + P(cross products)
bEBLL A \NU{E}) (1.30)

1
+ 0 (JJullff o+ ot w)] )



Now, we work in the regime (¢, ||u||ym.) — 0 for some given m € [—1, cof:

1. we choose M such that Hu||%f11m = 0(&p(t,u)) in the regime (¢, ||u|lpm.~) — 0,

2. we choose N as the set of b € B*\ {b} such that & # o(£s) in the regime (¢, |u|lwm.«) — 0,
3. we prove bounds on the cross products, of the form: cross products = o(&p (¢, u) + |x(t;u)])

and we conclude that
Px(t;u) = &u(t,u) + o (|z(t; u)| + & (t,u)) . (1.31)

In the above method, all three steps rely on various interpolation inequalities.

The third step is the hardest, and is not guaranteed to work systematically. To bound the
cross products, we first prove that the assumption (1.26) implies vectorial relations among other
elements f;(0) for b € B*. Then, we prove that these vectorial relations entail what we call “closed-
loop estimates”, i.e. that some coordinates &,(t,u) for some particular b € B* involved in the cross
products can be estimated from |z(¢;w)| and higher-order terms involving the control. This is a
key argument of the method.

1.7 On the invariance by change of coordinates and feedbacks

As can be seen by inspection of Definition 1.1 (see also [5, Lemma 16] for the case m > 0), two
important classes of transformations preserve small-time local controllability.

First, real-analytic changes of coordinates in the state space. As recalled in Section 1.3, stating
conditions involving only Lie brackets evaluated at 0 automatically guarantees that our conditions
are coordinate-invariant, since the Lie brackets evaluated at 0 in the new coordinates are linearly
isomorphic to the ones in the old coordinates (see [24, Theorem 1] or also [3, Section 8.2]).

Second, static-state feedbacks (so particular classes of changes of coordinates for the couple
(2, u) which preserve the control-affine nature of the system), or even changes of time-scale (see [16,
Weak feedback equivalence]). As criticized by Lewis in [25], methods based on the identification
of vector fields with a free Lie algebra generally don’t embed the invariance under such feedback
transformations. To preserve such an invariance, other approaches are necessary, such as Agrachev
and Gambkrelidze’s “control of diffeomorphisms” [1, 2] or Lewis’ “tautological systems” [26, 27].

While some of the above necessary conditions are definitely not feedback-invariant (and we plan
to study this matter further in a forthcoming work), they still provide computationally checkable
necessary conditions, and provide a nice counterpoint to sufficient conditions such as [1, Theorem 4]
or [23, Theorem 2.7]. Moreover, some of them are feedback-invariant. Indeed, [8, Theorem 1]
implies that Theorem 1.10 and Theorem 1.12 for j = 1,2 are feedback-invariant.

1.8 Structure of the article

First, in Section 2, we recall the fundamental notion of formal differential equations set in the
algebra of formal series over X, which allows to model control systems of the form (1.1) in a way
which is independent of fy and f;. We give two important expansions of its solutions: Sussmann’s
infinite product based on coordinates of the second kind within a Hall basis, and our Magnus in
the interaction picture expansion. We explain how coordinates of the second kind can be used to
compute coefficients of the Magnus-type formula.

In Section 3, we introduce a new Hall set B* over {X(, X1} which yields a Hall basis of £(X)
particularly well adapted to control problems, and provide explicit expressions and estimates of
these up to the fifth order in the control.

In Section 4, we explain how the formal results of Section 2 translate to system (1.1) driven by
analytic vector fields. We state key propositions which will be used as black-boxes in the proofs of
the main obstruction results.



We then turn to the proof of the main obstruction results. Each necessary condition for con-
trollability stated in the introduction is derived as a consequence of a more precise drift statement.

In Section 5, we prove Theorem 1.10. In Section 6, we prove Theorem 1.11. In Section 7, we
prove Theorem 1.12 for the case j = 2. In Section 8, we prove Theorem 1.12 for the case j = 3. In
Section 9, we prove Theorem 1.13.

Eventually, in Section 10, we remove the analyticity assumption used throughout the paper.

2 Tools from formal power series

In Section 2.1, we introduce the formal differential equation (2.1) whose solution z(t), is a formal
power series.

In Section 2.2, we recall the well-known notions of Hall sets and Hall bases, which yield bases
of £(X), with which one can express the solutions to (2.1).

In Section 2.3, we present an expansion due to Sussmann for the formal power series x(t) as
an (infinite) product of exponentials of the members of a Hall basis, multiplied by coefficients that
have simple expressions as iterated integrals, called coordinates of the second kind.

In Section 2.4, we recall a Magnus-type formula for the solution x(t), called “Magnus expan-
sion in the interaction picture”. It expresses the formal power series x(t) as the product of the
exponential of X, with the exponential of a formal Lie series Zuo(t, X,u) € L£(X). This formal
Lie series Z(t, X, u) can be expanded on any basis of the free Lie algebra £(X); the associated
coordinates are called coordinates of the pseudo first kind. We give an expression of Z.(t, X, u) in
terms of coordinates of the second kind associated with a Hall set.

2.1 The formal differential equation

Fundamental in this project is the use of the formal differential equation

(2.1)

{a'c(t) — 2(t)(Xo +u(t)Xy),
z(0) = 1.

The goal of this section is to define its solutions. This requires the following notions.

Definition 2.1 (Graded algebra). The free associative algebra A(X) (see Definition 1.2) can be
seen as a graded algebra:

AX) = @ A,(X), (2.2)

neN

where A, (X) is the finite-dimensional R-vector space spanned by monomials of degree n over X.
In particular Ag(X) =R and A;(X) = spang(X).

Definition 2.2 (Formal series). We consider the (unital associative) algebra A(X) of formal series
generated by A(X). An element a € A(X) is a sequence a = (an)nen written a =3
apn, € A (X) with, in particular, ag € R being its constant term.

We also define the Lie algebra of formal Lie series E(X) as the Lie algebra of formal power
series a € A(X) for which a,, € L(X) for each n € N.

nen On, Where

Within the realm of formal series, one can define the operators exp and log. For instance, for
o~ k
a € A(X) with ag = 0, exp(a) := Y.~ % is a well-defined formal series.

The solutions to (2.1) are defined in the following way.



Definition 2.3 (Solution to a formal ODE). Let t > 0 and u € L'((0,t);R). The solution to

the formal ODE (2.1) is the formal-series valued function x : [0,t] — A(X), whose homogeneous
components x, : Ry — A, (X) are the unique continuous functions that satisfy, for every s > 0,
xo(s) = 1 and, for every n € N*,

T (s) = /OS Tn_1(8")(Xo +u(s')X1)ds'. (2.3)

2.2 Hall sets and bases

We recall the notion of Hall sets and Hall bases. For more details on theses bases of £(X), we
refer to [9], [29, Chapter 4] or [35, Chapter 1].

Definition 2.4 (Length, left and right factors). For b € Br(X), |b| denotes the length of b. If
|b| > 1, b can be written in a unique way as b = (b1,ba), with by, bs € Br(X). We use the notations
A(b) = by and p(b) = by, which define maps A\, v : Br(X) \ X — Br(X).

Definition 2.5 (Hall set). A Hall set is a subset B of Br(X), totally ordered by a relation < and
such that

e X CB,
o forb=(b1,bs) € Br(X), b€ B iff bi,bs € B, by < ba and either by € X or A(bs) < by,
o for every by, by € B such that (by,bs) € B, one has by < (b1,bs).

The main interest of Hall sets is that their images by E yield algebraic bases of £(X), called
Hall bases, as proved in [35, Corollary 1.1, Proposition 1.1 and Theorem 1.1].

Theorem 2.6 (Viennot). Let B C Br(X) be a Hall set. Then E(B) is a basis of L(X).

Remark 2.7. Historically, Hall sets were introduced by Marshall Hall in [12], based on ideas of
Philip Hall in [18]. In his historical narrower definition, the third condition in Definition 2.5 was
replaced by the stronger condition: for every by, by € B, by < by = |b1| < |ba|.

Two famous families of Hall sets are the Chen—Fox—Lyndon ones (see [35, p. 15-16]) whose
order stems from the lexicographic order on words and the historical length-compatible Hall sets,
for which by < by = |by| < |ba|. Other examples, such as the Spitzer—Foata basis are studied in [4]
and [35, Chapter 1].

Definition 2.8 (Support). Let B be a Hall set of Br(X) and a € L(X). For b € B, we denote by
(a,byp the coefficient of E(b) in the expansion of a on the basis E(B). We define

suppg(a) := {b € B;(a,b)p # 0} . (2.4)

If A C L(X), we denote by suppg(A) := Usca suppg(a). We drop the subscripts B when there is
no possible confusion on which basis is used.

2.3 Sussmann’s infinite product

In this section, we present an expansion for the formal power series z(t) solution to (2.1) as a
product of exponentials of the members of a Hall set, multiplied by coefficients that have simple
expressions as iterated integrals, called coordinates of the second kind. This infinite product is an
extension to all Hall bases of Sussmann’s infinite product on length-compatible Hall bases [33],
suggested in [20] also proved in [3, Section 2.5].

Definition 2.9. Let B C Br(X) be a Hall set. The coordinates of the second kind associated
with B is the unique family (&)pes of functionals Ry x Ll (Ry;R) — R defined by induction in
the following way: for everyt >0 and u € L*((0,t);R)



o ix,(tu) :=1t and Ex, (t,u) fOU—ul(t)

e forbe B\ X, there exists a unique couple (by,bs) of elements of B such that by < bs and a
unique mazimal integer m € N* such that b = ady; (b2) and then

&(t,u) / €7 (5, 0 (s, u) ds (2.5)

Theorem 2.10. Let B C Br(X) be a Hall set, t > 0 and u € L'((0,t);R). The solution to the
formal differential equation (2.1) satisfies,

%
2(t) = [[eert0r®. (2.6)
beB

Remark 2.11. In (2.6), the right-hand side is an infinite oriented product, indexed by elements
of B which are increasing towards the left (see [3, Section 2.5] for more precise definitions).

2.4 Magnus formula in interaction picture
The following result is proved in [3, Section 2.4].
Theorem 2.12. Fort € Ry, the solution x to (2.1) satisfies
x(t) = exp(tXo) exp (20 (t, X, 1)) (2.7)

where Z4(t, X, u) € /:'(X) Moreover, if B C Br(X) is a Hall set, there exists a unique family
(mb)ves of functionals Ry x Li (Ry) — R, called coordinates of the pseudo first kind associated
with B, such that, for everyt >0 and u € L*((0,t); R),

oo (t, X, u) Zm t,u) (2.8)
beB

with, in particular, nx,(t,w) =0 and nx, (t,u) = ui(t).

Since we will work with truncated version of this expansion, we also introduce, for M € N*, the
notation Zy (¢, X, u) to denote the canonical projection of Z (¢, X, u) onto A (X)®---® A (X),

so that one has
Zu(t, X,u) = Y m(t, W) (2.9)
n1(b)<M

One of the points of interest of the infinite product expansion is to provide an expression of
Z(t, X, u) and its coordinates of the pseudo-first kind in terms of the coordinates of the second
kind.

Proposition 2.13. There exists a family of elements Fy ,(Y1,...,Y,) € L{Y1,...,Y,}) forq € N*
and h € (N*)?, such that, Fop(Y1,...,Yy,) is of degree h; with respect to Y; for each i € [1,q] and,
for every Hall set B C Br(X) with Xy as mazimal element, t > 0 and u € L*((0,t); R),

Zoo(t, X, u) = § &t u).. gb (t,u)Eyn(byy. .. by). (2.10)
q€N”,he(N™)?
b1 >-->bseB\{Xo}

Equivalently, for every b € B, one has

m(t,u) = &(t,u) + 3 1 (tu) . & (b u)(Fyn(by, . bg),b), (2.11)
g>2,he(N™)?
b1>-“>bq€B\{X0}

where, for a € L(X), (a,b) denotes the coefficient of b in the expansion of a on B.
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Proof. We deduce from Theorems 2.10 and 2.12 and the maximality of X, that

H
eZoo(t:Xu) H S (tu)E() (2.12)
beB\{Xo}
Then (2.10) and (2.11) follow from the multivariate CBHD formula [3, Proposition 34]2. O

Remark 2.14. The elements Fy} are deeply linked with the CBHD formula and can be itera-
tively computed from its usual two-variables coefficients. At the first orders, one has for example
Fl,(l)(Yl) =Y and F2,(1,1)(Y17Y2) = %[YhYQ]~

Equality (2.11) leads to the idea that, in some sense, at “leading order”, one has n, ~ &,
provided that one can estimate the appropriate cross products of the right-hand side.

Definition 2.15 (F). Given ¢ > 2 and by, ...,b, € Br(X), we define F(b1,...,b,) as the vector
subspace of L(X) spanned by Lie brackets of b1,...,b, involving each of these elements exactly
once. For example

F (b, b2) = Rby, bo], (2.13)
F (b1, b2, b3) = R[by, [ba, b3]] + R[[b1, b2], b3], (2.14)

thanks to Jacobi’s identity [ba, [b1,bs]] = [[b2, b1], bs] + [b1, [b2, bs3]].

Proposition 2.16. Let B be a Hall set with Xy mazximal. Let b € B. There exits C' > 0 such that
the following property holds. Assume that there exists Z : R% X Li (R,) — R, such that, for all

loc

q>2,by > >b, € B such that b € supp F(by,...,b,), for every u € L{, (Ry) and t > 0,

€, (t,u) - -~ &, (t,u)| < E(t,u). (2.15)
Then, for every u € LL (R}) and t >0,

Proof. This is a straightforward consequence of (2.11) and the fact that the sum in the right-
hand side of this equality is finite. Indeed, (F,j(b1,...,bq),b) # 0 implies in particular that
halbi| + - - - 4 hglbg| = ||, so there is a finite number of possibilities for ¢, h and the b;. O

3 A new Hall basis of the free Lie algebra

In this section, we define our new basis of the free Lie algebra over two generators {Xg, X1},
designed for applications to control theory, and compute some of its elements.

In Section 3.1, we introduce our definition of a new Hall set, which we call B* and motivate
its interest for control problems. In Section 3.2, we give an exhaustive description of the elements
of B* involving X; at most 5 times. In Section 3.3, we compute the associated coordinates of the
second kind, while in Section 3.4, we provide estimates of these coordinates.

3.1 Definition of B* and first properties

The main result of this paragraph is Theorem 3.4 which states the existence and uniqueness of our
basis B*. We start by introducing some notations and definitions which will make the presentation
more meaningful.

First, we define by induction a subset G of Br(X) by requiring that, Xy, X; € G and, for every
a,b € G with a # Xy, (a,b) € G. Heuristically, G is the subset of b € Br(X) for which Xy is never
the left factor of any sub-bracket within b. This leads to the following definition.

2Technically, this proposition is stated for finite products. Nevertheless, one can use the graded structure of

A(X) to reduce the proof to this finite setting.
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Definition 3.1 (Germ). For any b € G\ {Xo}, there exists a unique couple (b*,15) € G x N such
that b = b*0">, with b* = Xy or b* = (b1, be) with by # X and by # Xy, where the notation 0¥ is
introduced in Definition 1.6. We call b* the germ of b and we say that b is a germ when b = b*
(i.e. vy =0). Let G* be the subset of G made of germs.

Example 3.2. Let b := ((X1, Xo), Xo) = X10%. The germ of b is X; and v, = 2. Hence b ¢ G.
However ¢ := (X1, (X1, Xo)) is a germ and c € G.

Definition 3.3 (Order for B*). We endow G with the following total order.
(B0) Xy is the mazimal element.
(B1) fora,be G\ {Xo}, a <bif and only if a* < b* or a* =b* and v, < vp.
(B2) for a*,b* € G*, a* < b* if and only if

o cither ny(a*) < nq(b*),

e orni(a*) =ni(b*) and A(a*) < A(b*),

e orni(a*) =n1(b*) and Ma*) = A\(b*) and p(a*) < pu(b*).

In other words, X7 is minimal, X, is maximal and, on G \ X, the order is the lexicographic
order on the quadruple b — (n1(b*), A(b*), p(0*), vp).

Theorem 3.4. There exists a unique Hall set B* C G C Br(X) associated with Definition 3.3.

Proof. By [4, Lemma 1.37], it suffices to check that < is a Hall order on G, i.e. a total order such
that, for every (a,b) € G\ X, a € G and a < (a,b).

Step 1. We prove that, for every a,b € G, if neither a < b nor b < a holds, then a = b. By
contradiction, let a and b be a pair, of minimal total length |a| + |b|, such that a # b, and neither
a < bnor b < a. By (B0), a # Xo and b # Xy. By (B1), a* # b* (otherwise v, = 15, s0 a = b). By
(B2), n1(a*) = n1(b*) and,

e either A\(a*) # A(b*), and these two brackets are an incomparable pair of shorter total length,

e or A(a*) = A(b*), but then u(a*) # u(b*) is an incomparable pair of shorter total length.

Step 2. We prove that, for every (a,b) € G\ X, a € G and a < (a,b). Let (a,b) € G\ X. Then
a € G by construction of G by induction. If b = X, then a < (a,b) by (B1). If b # X, then
ni(a) < ni((a,b)) so a < (a,b) by (B2). O

Remark 3.5. In B*, X, is maximal. This is similar to the fact that X would be mazximal in the
Chen—Fox—Lyndon basis associated with the order X1 < Xo on X. So B* shares some properties
of this basis (for example, the fact that b € B* = Vv € N, b0” € B*).

If b € B* is a germ, then, by (B2), u(b) < b, because ni(u(b)) < ni(b). This is similar to
the situation in length-compatible Hall sets where one always has pu(b) < b because |u(b)| < |b]. In
the Chen—Fox—Lyndon basis however, one has b < u(b). So B* shares some properties of length-
compatible Hall sets.

By analogy with (1.4) and (1.5), for Ay, Ag C N, we will also adopt the notations

h, = {beBni(b) € At} and Bj, 4, = {b € B*;n1(b) € A1,n0(b) € Ao} (3.1)
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3.2 Elements of B* up to the fifth order

The goal of this section is to prove Proposition 1.9, i.e. to determine the germs of Bﬁl 5] If b* is
such a germ, then, by Definition 2.5, for every v € N, b*0” € B* and, by (B1), for every v; < 15 € N
then b*0"* < b*0¥2.

Proof of Proposition 1.9. X, is the only possible germ in B}, which proves (1.8). Moreover, the
sequence (M,),en is increasing

Vv <v, M, < M,. (3.2)

By Definition 2.5, any germ of By, 5; is of the form (a,b) where a,b € B, 4, and A(b) < a <b.

By (B1), this implies that either a* = b* and then b = (a, Xo) so (a,b) = ad2(X,), or a* < b* and
then b = b* and nq(a) < n1(b). We proceed by increasing degree in Xj.

o Germs of B3: By Definition 2.5, for every j € N*, W, belongs to B*. Indeed W;o =

adez_l(Xo) and M;_, < Xy by (B0). These are the only elements of B3 that one may

construct by bracketing two elements of Bf. Moreover, by (B2), W, o < Wy o when j < k,
thus, by (B1),

Vji<keN. VueN, W, <Wgp. (3.3)
e Germs of B3: By Definition 2.5, for j < k € N*,
Pjko = (My—1,Wjo) = (My—1, (M;j—1, M;)) (3.4)

belongs to B*. Indeed, M;_y < M1 < W by (3.2) and (B2) because ni(My_1) <
n1(Wjo). These are the only elements of Bj that one may construct by bracketing an
element of BY with an element of B5.

e Germs of B} in (B3, B5): By Definition 2.5, for j < k <[ e N*,
Qjk0 = (Mi—1, Pjro) = (Mi—1, (Mg—1,Wj,0)) (3.5)

belongs to B* because W, < Xo by (B0). These are the only elements of B} that one may
construct by bracketing an element of B} with an element of B3.

e Germs of By in (Bj,B3): By Definition 2.5, for j < k € N* and u € N,

Q% o = Wy, W) = (W, (My—1, My)) (3.6)

belongs to B*. Indeed, M1 < W; , < Wy by (B2) and (3.3). These are the only elements
of B} that one may construct by bracketing two elements of 5 having different germs.

For j € N* and p € N,
Q0 = (Wi Wpg1) = adiy (Xo) (3.7)

o
belongs to B*. Indeed, by (BO0), W; , < Xo. These are the only elements of 5] that one may
construct by bracketing two elements of B3 having the same germ.

o Germs of Bf in (B, B}): By Definition 2.5, for j < k <[] < m € N*,
Rjkimo=Mn—1,Qjx10) = (Mp_1,(Mi—1,Pjr0)) (3.8)

belongs to B*. Indeed, M;_; < Mp,—1 < Qj k1,0 by (3.2) and (B2). These are the only
elements of B that one may construct by bracketing an element of B} with an element
of Bj.

e Germs of Bf in (B5,B%): By Definition 2.5, for j, k,I € N* such that j <k and u € N,

R o= (Wi Pino) = (Wi, (Mi—1,W;)) (3.9)

belongs to B*. Indeed, My_1 < Wi, < Pj o by (B2). These are the only elements of B
one may construct by bracketing an element of B3 with an element of 3.

This concludes the proof. O
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3.3 Expressions of coordinates of the second kind up to the fifth order

In this paragraph, we give explicit expressions of the coordinates of the second kind, as defined in
Definition 2.9 associated with the elements of B* up to the fifth order in the control introduced in
Section 3.2. We start with the following lemma, which helps in visualizing the coordinates of the
second kind associated with the elements of Bﬁs]} listed in Proposition 1.9.

Lemma 3.6. Forbec B* andv € N,

ot = [ s uas (3.10)

V!

Proof. By induction on v, this follows from Definition 2.9 and the fact that B* satisfies (B0). O

Proposition 3.7. For every j <k <l <m e N*, u,v e N, we have

= [ =L s 2w (.11
Ew, . (tu) = % /0 ‘ ;!S)Vu?(s) ds, (3.12)
éryun ) = ags [ o) s, (3.13)
€0y s (1) = B /O o ;!S)Vul(s)uk(s)u?(s) ds, (3.14)

or (t,u) = ;/Ot (t=s)” </05 (s - S/)#u?(s’)ds’>2 ds, (3.15)

V!

Gy 11l
b (bu)= i/ot (t —V!s)” (/0 (S‘uf')”ug(s')dsf) W2 (s) ds, (3.16)
ER; i mn (L) = Vj ke lim /Ot (t;i's)yum(s)ul(s)uk(s)u?(s) ds, (3.17)
Spe, (L) = “72’“/(: (¢ ’V!S)V </O (s Mf/)“u%(s')ds') wi(s)u;(s)2 ds, (3.18)
where j < k in (3.16) (only), and the coefficients are given by
Ok = %5j<k + %@':k, (3.19)
Bk = ke + ﬁ%@:l + %53':1@:1, (3.20)

1 1 1
Vikedym = Bk 101<m + aaj:kzl:m + W5j<k<l=m + ﬁ(5j<k=l=m + 0j—k<i=m)- (3.21)
Proof. 1t follows from the application of Definition 2.9 to the elements of Proposition 1.9. O

Remark 3.8. These simple explicit expressions of the coordinates of the second kind associated
with B*, together with formula (2.11), prove that we have constructed a basis of the free Lie algebra
L(X) in which Z.(t, X,u) has, in some sense, a simple expression. This is closely related to the
first open problem of [21]: “construct a basis for the free Lie algebra such that the corresponding
coordinates of the first kind have simple formulas”.

We observe in particular that, for every k € N*, the quadratic form &w, is positive-definite:
this is a key point for Theorem 1.11. The positivity of the values of §q, . , s a key point for the
quartic necessary conditions which we intend to study in a forthcoming work. Finally, one may
expect that for any germ b € B* such that &, is positive-definite, a necessary condition for STLC
of the form (1.25) holds.
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3.4 [Estimates on the coordinates of the second kind up to the fifth order

We start with a rough estimate valid for all brackets of B*\ X, which will be mainly used to prove
convergence of the considered series. This statement follows from [3, Lemma 156] and is thus valid
within any Hall set such that X; < Xj. For self-containedness, we give a direct proof in the case
of B* in Appendix A.3.

Proposition 3.9. For every k € N*, there exists ¢ = c(k) > 0 such that, for every b € B*\ {X1}
with ny(b) =k, t >0 and u € L' ((0,t); R),

& (t,u)| < =0 | 7 (3.22)

To prove our obstruction results, we need more accurate estimates on the coordinates of the
second type associated with Bﬁl 57, in terms of Sobolev norms of primitives of the control. This is
the goal the following statement, proved in Appendix A.4

Proposition 3.10. The following bounds hold.

1. Let p € [1,00] and jo € N*. There exists ¢ > 0 such that, for every j > jo, t > 0 and
€ L'((0,t);R), £ := |M;| > jo+ 1 and

ct £ (s _ 1
€, (t0)] < (e') £ G0 . (3.23)

2. Letp € [1,00] and jo € N*. There exists ¢ > 0 such that, for every j > jo, v >0, t >0 and
u € LY(0,t);R), £:= [W;,| > 2jo+ 1 and

~

—~

ct)" o _1
[€w., ()] < g,) £ g, | (3.24)

3. Let p1,pa € [1,00] such that p% + p% <1 and jo, ko € N*. There exists ¢ > 0 such that, for
every j > jo, k > ko with j <k, v >0,t>0 andu € L'((0,t);R), £ := |Pj x| > 2jo+ko+1
and

(ct)

7 t*(2j0+ko+1)t1_ﬁ

_1
2 gy | 720 ko || 2 (3.25)

|§Pj,k,u (t7 u)‘ <

4. Let p1,pa,p3 € [1,00] such that p% + p% + p% <1 and jo, ko, lo € N*. There exists ¢ > 0 such
that, for every j > jo, k > ko, | > lo with j <k <1, v >0,t >0 and u € L'((0,t);R),
l = |Qj,k,l71/| > 2jo + ko+1lp+1 and

)t 111
€0, (b)) < & E,) £~ @iothoHo D) 1= =355 12 g e g s (3.26)

5. Let p € [1,00] and jo € N*. There exists ¢ > 0 such that, for every j > jo, pt,v € N, t > 0

and u € L*((0,t);R), £ := |Q?%V| > 4jo + 3 and

—

) o _z2
i g o (3.27)

€y, (L)l <

6. Let p1,p2 € [1,00] and jo, ko € N*. There exists ¢ > 0 such that, for every j > jo, k > ko,
with j <k, p,v >0, t >0 and u € L((0,t);R), £:= Q% | > 2jo + 2ko + 2 and

ct)’ B 1 _ 1
()] < D=t 2h0+2) 23 =35 o 20 g 2o (3.28)

|§Q§',uykw i
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7. Let p1,p2,p3,pa € [1,00] such that p% + p% + p%’ + p%; <1 and jo, ko,lo, mo € N*. There exists
c > 0 such that, for every j > jo, k > ko, I > lg, m > mg with j < k<I<m,v>0,t>0
and u € L*((0,t);R), £:=|Rj k1.m.| > 2jo + ko + lo +mo + 1 and
¢

()" (2j0+ko+lo+mo+1) - — b — i~ L

1 (3.29)

% N[t 20 ko | o2 Nt || 2 1timg | o

|§Rj.k,l,m,u (ta u)| <

8. Let p,p1,p2 € [1,00] such that p% + p%‘ < 1 and jo,ko,lo € N*. There exists ¢ > 0 such

that, for every j > jo, k > ko, | > lo, with j < k, p,v >0, t > 0 and u € L'((0,t); R),

0= R, | > 250+ ko + 2o + 2 and
(Ct)e —(2jo+ko+2lp+2),2— L —L L 2 2
6 ()l < < 273555 2 Nk o N N3 (3.30)

4 Toolbox for our approach to obstructions

In this section, we gather results of various nature as a toolbox for the sequel.

First, we recall elementary definitions and estimates for analytic vector fields in Section 4.1 and
introduce in Section 4.2 a notation O(-) which will be used heavily throughout the paper.

Then, we state in Section 4.3 the counterpart for system (1.1) of the formal expansion (2.7)
and give in Section 4.4 a sufficient condition to replace, in some sense, the coordinates of the
pseudo-first kind by those of the second kind in (2.8). We show nevertheless in Section 4.5 that
this simplification is not always valid.

Eventually, we recall in Section 4.6 the Gagliardo—Nirenberg interpolation inequalities, and
state straight-forward consequences of the Jacobi identity in Section 4.7.

4.1 Analytic estimates for vector fields

For a € N* and a multi-index o = (al,...,a%) € N%, we use the notations |a| := a' + -+ + a?,
0% == 02, -~ 02, and al := a'l---a®L. Then, the following estimate can be proved by iterating
27D (p + q)l < plg! < (p + q)! for every p,q €N,

Va € N Va = (al,...,a%) e N?, 27 Dll|g)l <ol < |a]! (4.1)

Definition 4.1 (Analytic vector fields, analytic norms). Let § > 0 and Bs be the closed ball of
radius 8, centered at 0 € R%. For r > 0, we define C*"(Bs;R?) as the subspace of real-analytic
vector fields on an open neighborhood of Bs, for which the following norm is finite

b o]
AU 2= 32 3 10 Fullooe - (4.2)

=1 eN9

For each a real-analytic vector field f on a neighborhood of 0, there exist r,d > 0 such that
f €C¥"(Bs;RY) (see [22, Proposition 2.2.10)).

The following classical result is proved, for instance in [3, Lemma 80].

Lemma 4.2 (Analytic estimate). Let r,6 > 0, v’ := r/e, fo, [1 € C“"(Bs;R?) and b € Br(X).
Then, f, € C" (Bs; R?) and

|b]
Al < g6 -t (H20) (4.3

where ||| £l := max{{[|| folll,.; [1£[ll,-}-
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4.2 Regime for the notation O

Given two functions A(x,u) and B(x,u) of interest, we will write that A(z,u) = O(B(z,u)) when
there exists C,p > 0 such that, for every ¢t € (0,p), u € L*((0,t);R) with |July-1. < p (recall
definition (1.2)), then

|A(z(t;u),uw)| < CB(x(t;u), u). (4.4)

Hence this notation refers to the regime (¢, ||ul|y-1.0) — 0. As examples, one has t = O(1) and
|lui|| = O(1). A deeper result is the following estimate which states that, for scalar-input systems
of the form (1.1), the W ~1° norm of the control is an upper bound for the size of the sate.

Lemma 4.3. Let fo, f1 be analytic vector fields on a neighborhood of 0 with fo(0) = 0. Then
z(t;u) = O([lua [ <) (4.5)

Proof. This follows from [3, Proposition 145]. O

4.3 A new representation formula for ODEs

We recall the following recent approximate representation formula for the solution to (1.1).

Theorem 4.4. Let M € N*, 6,7 > 0 and fo, f1 € C*"(Bs;RY) with fo(0) = 0. Then

wlts ) = Zar(t, £,)(0) + O (Jur |55 + o w)| ) (4.6)
where
ZM(tva u) = Z nb(tvu)fba (47)
beBr

[1,M]
where this sum converges absolutely in C“”T/(Bg;Rd) for any r’ € [r/e,r).

Proof. Equality (4.6) is the third item of [3, Proposition 161]. The absolute convergence in (4.7)
is proved in [3, Proposition 103] and relies on the fundamental observation that the structure
constants of Hall bases exhibit asymmetric geometric growth (see [4, Theorem 1.9]). O

4.4 A black-box estimate of cross products

All our obstruction results are based on considering a component P of the state x(¢;u) along f5(0)
for some “bad” bracket b, parallel to A(f)(0), where A/ is an appropriate subset of Br(X). By
(4.6), we would like to compute PZy (¢, f,4)(0) and show that it behaves like &, (¢, u). This requires
to bound uniformly the cross products appearing in (2.10). We will rely on the following results,
proved in Appendix A.5 and Appendix A.6.

Lemma 4.5. Let M € N*. Let 5,7 > 0 and fo, fi € C*7(Bs;R?) with fo(0) = 0. There exists
p > 0 such that, for everyt € (0,p) and u € L*((0,t);R),

hq
ZM(tafa U) = Z é‘l’:ll (t,u) -..qu (t’u)qu,h(b11~~~7bq)’ (48)
qEN*, he(N*)
bi> > by €8\ [ Xo}
hini(b1)+--hgni(by)<M

where the sum converges absolutely in C*" (Bs; RY) for every r' € [r/e,r).

Proposition 4.6. Let M,L € N*. Let b € By, , and N C Bjy aqp with b ¢ N. Assume that
there exist ¢ > 0 and = : R x L (Ry) — Ry with E(t,u) = O(1) such that, for every t > 0 and
u € LY((0,t);R),
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o for allb € B, \q such thatb ¢ N U{b}, there exists o < L such that |b| > o and

|6t u)] < tE(t, u), (4.9)

o for all ¢ > 2, by > -+ > by € B*\ {Xo} such that ni(b1) + --- + ni(by) < M and
supp F(b1,...,by) ¢ N, there exists o1,...,04 < L and (a1,...,aq) € [0,1]7 with a :=
a1 + -+ ag > 1 such that, for each i € [1,4], |b;| > o; and

[bi
6t 0] < St G (4.10)

Let fo, f1 be analytic vector fields on a neighborhood of 0 with fo(0) = 0. If fu(0) € N(f)(0) and
P is a component along fy(0) parallel to N(f)(0),

P2y (t, f,u)(0) = & (t, u) + O (E(t, u)). (4.11)

4.5 Cross products are not negligible in general

The expression (2.11) of n, as & plus a finite sum of cross products leads to the idea that one
could maybe replace the coordinates of the pseudo-first kind by those of the second kind in (4.6),
by absorbing the difference in the remainder terms which already appear in the right-hand side.
One could define

Z0 Xou) = Y &t u)E (4.12)

beB], A

and ask whether, in the regime (¢, ||u|/y-1.) — 0,
a(tsu) = 25 (¢ £,u)(0) + O (|25 + ot w)] 77 ) (4.13)
Such a formula would be very nice to prove positive and negative controllability results.

Estimate (4.13) is satisfied on particular systems for which the cross products are o(|z(t; u)|).
For instance, for the system

T, =
By =21 (4.14)
l"3 %x%,

we have z(t;u) = Z5"(t, f,u)(0) = u (t)e1+uz (t)62+f0 63 thus the estimate (4.13) is valid with
M = 2. Indeed, the difference (25 — Z5"°) (¢, f,u)(0) is proportlonal to uy(t)us(t)es = o(|z(t;u)|).

Unfortunately, estimate (4.13) is not valid in general. For instance, let us consider the system

Cf,’l =Uu

. 1

By = a1 + a7 (4.15)
j?g = T1T2.

One has

2(t ) = wr (Ber + <u2(t)+/0t “j)eﬁ (; (t)2+u2(t)/0tuj—/0tu2u§) s (416)
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and for every M > 3,

Zm(t, f,u)(0) = nx, (t,w)er +1(x,,x,) (t, we + nw, (t, u)ea —np, , (t, u)es

()61+( /*Jr Fui(t)ua(t )> €2 (4.17)
—(/0 uzg 2u2(t)/0 “j)eg.

2(tu) — Zag(t, fu)(0) = —%xl(t)ug(t)eg + %uQ(t)xg(t)eg, (4.18)

Thus we observe that

which is indeed o(|z(t; u)|) in the regime (¢, |u||y-1.) — 0. However,

t
z(tiu) — Pure(t f,u)(0) = <;u2(t)2 + Zuz(t)A u%) es. (4.19)
Thus, for any u € L'((0,t); R) such that z(¢;u) = 0,
N
z(t;u) — ZV(, f,u)(0) = —i </0 uf) es. (4.20)

Since system (4.15) is L>°-STLC (for example thanks to Hermes’ sufficient condition of [14, Theo-
rem 3.2]), there exist controls u # 0 such that z(¢; u) = 0. For such controls, relation (4.20) falsifies
(4.13) for M > 4. It also falsifies the validity of the estimate

2(tu) = ZBC(E, £,)(0) + ol (t; w)]) (4.21)

for nilpotent vector fields such that Spas41,007(f)(0) = {0}.

4.6 Interpolation inequalities

We recall below the Gagliardo—Nirenberg interpolation inequalities (see [11, 28]) used in this article.

Proposition 4.7. Letp € [1,400[, ¢,7,8 € [1,400], 0 < j <l €N and o € (0,1) such that

—l.

1 1 1-—
<a and :j—|—<—l>a+ . (4.22)
p r q

There exzists C' > 0 such that, for every t > 0 and ¢ € C*([0,t];R),

ID?¢l|1» < CID'G|I 0]l + Ctr =775

(4.23)

Remark 4.8. For functions on bounded intervals, adding the lower-order term in the right-hand
side of (4.23) is mandatory (see [28, item 5, p. 126]). To obtain the dependency of the constant
ont > 0, one uses scaling arguments to work within a fized domain, say [0, 1].

4.7 A consequence of the Jacobi identity

The following straightforward consequences of the Jacobi identity will be useful to compute the
expansion of brackets of two elements of B* (see Definition 1.6 for the notation 0¥).

Lemma 4.9. Using the notation 0 of Definition 1.6, the following expansions hold.
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1. For any v € N and any a,b € L(X),

v - v I/l l// V*l//
[a,b0”] = 2(1/)(1) [a0”", b0 ™", (4.24)
2. For any v € N*, there exist coefficients o € Z for 1 < 2j+1 < v, such that, for any
be L(X),
b,b0"] = Y aX[b0?, 607 oY (4.25)
1<2j+1<v

Proof. The validity of (4.24) for any a,b can be proved by induction on v € N; the heredity relies
on the Jacobi identity and the binomial relation ("_1) + (”_1) = (Y) for v/ =1,...,v—1. The

v’ v —1
validity of (4.25) for any b can be proved by induction on v € N*; the Jacobi relation leads to
2

v __ v—1 __ _v—
aj = o a;y. O

5 Sussmann’s and Stefani’s obstructions

The goal of this section is to give a new proof of Theorem 1.10, within the framework of the unified
approach proposed in this paper, as a consequence of the following more precise statement.

Theorem 5.1. Assume that (1.18) does not hold. Let k € N* such that
ad?f(fo)(o) & Spi.2k-17(f)(0). (5.1)

Then system (1.1) has a drift along ad?«’f(fo)(()), parallel to Sp1 2k-17(f)(0), of amplitude €ad2 (X0)»
1
in the regime (¢, ||u|lw-1.) — 0.

5.1 Dominant part of the logarithm

Lemma 5.2. Let k € N* such that (5.1) holds. Let P be a component along ad?«’f(fo)(O), parallel
to Spi2k-17(f)(0). Then

PZok(t, f,u)(0) = &aazs (x0) (£ ) + O (\ul )" + tzk%luului’;k) . (5.2)

Proof. We intend to apply Proposition 4.6 with M <+ 2k, L « 2k + 2, b « adg(kl (Xo) and
N+ Bj o5,_17> so that (5.2) will follow from (4.11), for the appropriate choice of Z(¢,u). Let us
check that the required estimates are satisfied.

Step 1. Estimates of other coordinates of the second kind. Let b € Bf; o) such that b ¢ N U{b}.
Since N = By, 5,4}, one has n(b) = 2k and ng(b) > 2. Hence [b] > 2k + 2. By (3.22) of

Proposition 3.9, estimate (4.9) holds with o = 2k + 2 and (¢, u) = t[ju||2%,.

Step 2. Estimates of cross products. Let ¢ > 2, by > --- > by € B*\ {Xo} such that ny(by)+---+

n1(by) < 2k and supp F(b1,...,by) ¢ N.
For each i € [1, ¢q],

e if b, = X1, then
[6b. (8, w)| = [ur (B)]; (5-3)
so (4.10) holds with o; = 1 and oy = 1/(2k) = ny1(b;)/2k and Z(t,u) = |uy (¢)|**.
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e otherwise, |b;| > 1+ nq(b;) and, by (3.22) of Proposition 3.9 and Holder’s inequality,

(ct)l¥! = 1-n1(b:)
|b;]!

<+

by _ ()l o
ul”ZL,(l(b)i) < |b|' t— 7 (tai ||U1||2L]gk) (54)
ilt

|6, (¢, u)] <

with o; = 14+mn1(b;) and «; = nq(b;)/(2k). Since ¢ > 2, nq(b;) < 2k —1. Thus a% —-1> 2];—_1
and, assuming t < 1, '

1
£ g || 2 < 67T [fug || 25, (5.5)

so (4.10) holds with E(¢,u) = toE=T [|ug |25, .

Since N = BE[K1721<:71]]’ one has ny(b1) +--- +ni(by) = 2k. Hence a =g + -+ + a4 = 1. O

5.2 Vectorial relation
Lemma 5.3. Let k € N* such that (5.1) holds. Then, f1(0) # 0.

Proof. By contradiction, if f1(0) = 0, since fp(0) = 0, all iterated Lie brackets of fy and f; vanish
s0 ady (f0)(0) = 0 € St 217 (f)(0) = {0}. O

5.3 Closed-loop estimate
Lemma 5.4. Assume that f1(0) # 0. Then,

lur ()] = O (Je(t; w)| + ]| zr) - (5.6)

Proof. This estimate is proved in [3, Proposition 162]. For the sake of self-containedness, and as
an illustration of the approach used in the following sections, let us give another proof.

Let P be a component along f1(0), parallel to the null vector space {0}. By Proposition 4.6
with M <1, L+ 2, b+ X; and N < (), (4.11) entails that

PZ1(t, f,u)(0) = ui(t) + O(Jlusl|zr)- (5.7)

Indeed, on the one hand, for every b € By \ {X1}, by (3.23) with (p, jo) + (1,1), one has [b] > 2
and
(ct)!®l
[b]!
0 (4.9) holds with o = 2 and Z(¢,u) = ||u1[|z1. On the other hand, we don’t need to estimate any
cross products because, when ¢ > 2 and by,...,b; € B*\ {Xo}, n1(b1) +--- +ni1(by) > 1.
By Theorem 4.4 with M < 1,

|6 (t; u)| < £ lual| e, (5:8)

w(t) = Z1(t £,0)(0) + O (Jus][2: + (e ) ). (59)
Then (5.6) follows from (5.7), (5.9) and the small-state estimate of Lemma 4.3. O
5.4 Interpolation inequality

Lemma 5.5. Fort >0 and u € L*((0,t);R),

|75, < |z flua | 75 (5.10)
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5.5 Proof of the drift

Proof of Theorem 5.1. Let P be a component along adfc’f(fo)(O) parallel to Spi 2,-17(f)(0). By
Theorem 4.4,

2t ) = Zax(t, £,u)(0) + O (un |55, + fo(ts )|+ ) (5.11)
and, by (5.2) and (2.5),
1 .
P Zas(t, f,) (0) = W/o w40 (Jur ()P + 175 25, (5.12)

Moreover, by the closed-loop estimate (5.6) and Holder’s inequality,
ur (1)]% = O (| (t; ) ** + 25w [|751) - (5.13)

Gathering these equalities and (5.10) yields

t 2k t
Pa(t; u) = / 140 <(t + HulHLw) / w2 |t u)|1+21’c> . (5.14)
o (2k)! 0
This matches Definition 1.15 of a drift along ad2f(f0)(0), parallel to Sp1 2,—17(f)(0), of amplitude
€adzs (x,)» in the regime (¢, [Jully-1.0) — 0. O
1

6 New loose quadratic obstructions, conjectured by Kawski

We prove Theorem 1.11, as a consequence of the following more precise statement.

Theorem 6.1. Let m € N and k € N*. We assume k is the smallest integer for which

Jwi (0) & Sz (e,my\ (23 (1) (0), (6.1)

where w(k,m) is defined in (1.20). Then system (1.1) has a drift along fw,(0), parallel to
S[[Lﬂ(k,,n)]]\{g}(f)(()), in the regime t — 0 and ||u||ywm.c — 0.

When m = 0, the drift actually holds in the (weaker) regime (¢, ||ul|~) — 0 (see Remarks 1.16
and 6.6), where the smallness assumption on ||u||z~ does not depend on ¢.

6.1 A previous result on a prototype example

In [18, System (32)], Kawski considers the system

i‘l =Uu
To = X1

(6.2)
Tp = Tp—1

Bpe1 = x5 — Aaf,
where A > 0. Written in the form (1.1), this system satisfies
fMj,l(O) =e; for j € [LE], fw,(0) = 2ex41, fadg(l(Xg)(O) = —Apleki1 (6.3)

and f,(0) = 0 for any other b € B*. In [18, Proposition 5.1], Kawski proves that, if p > 2*+! then
the system (6.2) is not L>°-STLC. This result can be recovered by applying Theorem 6.1 to system
(6.2) with m < 0. Indeed, p > 2¥+! > 2k — 1 = 7(k, 0).

With respect to this previous result, Theorem 6.1 can be viewed as an improvement in the
following directions:
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e any perturbation in By, _ is allowed (not only ad% (Xo)),

e as correctly conjectured in [17, section 2.4, p. 63], the critical threshold for L*°-STLC is
proved to be 2k — 1 (instead of 28! — 1 obtained in [18, Proposition 5.1]),

e other regularity scales W for m > 0 are included.

6.2 Dominant part of the logarithm

Lemma 6.2. Let k € N*. Assume that k is the minimal value for which (6.1) holds. Let P be a
component along fw, (0), parallel to Sy x(k,m)p\{23 (f)(0). Then

P2 (m) (£, 1) (0) = Ew (8, 1) + O (|(ua, - upe) () + tul|72) - (6.4)

Proof. By minimality of k, for every j € [1,k — 1],

Tw; (0) € Sprim)n{23 (F)(0) C S xr,myp 23 (£)(0), (6.5)

since 7(-,m) is non-decreasing. Since S[1 x(x,m)]\{23(X) is stable by right bracketing with Xy, one
also has

Jw;. (0) € Sp1remypg23 ()(0), (6.6)
for every j € [1,k — 1] and v > 0. Hence Sp1 x(k,m)p\ {23 (f)(0) = N(f)(0) where

N =Bl ey Y {Wiwij € [1k —1],v € N} (6.7)

We intend to apply Proposition 4.6 with M <+ w(k,m), L + 2k + 2, b + Wj and N as in (6.7),
so that (6.4) will follow from (4.11), for the appropriate choice of Z(t,u). Let us check that the
required estimates are satisfied.

Step 1. Estimates of other coordinates of the second kind. Let b € By, . v such that b ¢ NU{b}.
By definition (6.7), one necessarily has n(b) = 2 and b = W, with either j > k or (j = k and
v > 1). By estimate (3.24) with (p, jo) < (1,%), (4.9) holds with o = 2k 4+ 2 and

E(t,u) = t]|ugl?s. (6.8)
Step 2. Estimates of other cross products. Let ¢ > 2, by > --- > by € B* such that ni(b1) +--- +
n1(bg) < w(k,m) and supp F(by,...,by) ¢ N.
We start with preliminary estimates.

o If b, = M, for some j € [0,k — 1], by (3.11),

[&b: (8, w)| = Juja (B)] = ;.f(j“)(j + Dl (8)] (6.9)

so (4.10) holds with o; = j + 1, a; = 1/2 and Z(t,u) = |(u1, ..., uk)(t)]>.

o If b; = M, for j > k, by (3.23) (with (p, jo) < (2,%)), (4.10) holds with o, = k+1, a; =1/2
and Z(t, u) = tl|lugl|3..

Since supp F (b1, ...,by) ¢ N, one has ¢ = 2 and by, by € B}. So the previous estimates apply and
a1 =ay=1/2s0 a; +as=1. O
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6.3 Vectorial relations

Lemma 6.3. Let k € N*, 7 : N* — N* be a non-decreasing map and ¥ : N* — N* be defined by
9(k) = max{1; L@J} Assume that k is the minimal value for which fw, (0) ¢ Sp1 xx)\s23(f)(0).
Then,

1. the vectors far,(0), ..., far,_, (0) are linearly independent,

2. if 9(k) > 2, then span{ far,(0), - .., far,_, (0)} N Sp2,000)7 (f)(0) = {0}.

Proof. Let Hy := f3(0). Since fo(0) = 0, for any b € Br(X), f,x,)(0) = Hofp(0). Thus, for each
A C N, the space Sa(f)(0) is stable by left multiplication by Hy. In particular, by minimality of k,
for each [ € [1,k — 1] and v € N,

Jwi, (0) = Hg fw, ,(0) € Spi=p\q23 (F)(0) C Sp1ripig23 (£)(0), (6.10)

where the last inclusion results from the monotony of 7. Thus,

So.11.2k—2](f)(0) C Spixr)p\g23 () (0). (6.11)

Step 1. Proof of statement 1. By contradiction, assume that there exists (3o, ..., Bx—1) € R¥\ {0}
such that 8o fu, (O) +o+ Br—1fm, (0) =0, 1ie. fB, (O) = 0 where By := Br_1My_1+- -+ BoMy.
One may assume that S;_1 # 0; otherwise replace B; by ad’j(_ol_K(Bl) where K = max{j; 5; # 0}.
By linearity, one may assume f;_1 = 1. Then fg,(0) = 0 where

By = ad} (Xo) = [My—1 + -+ + BoMo, My, + - - - + BoM:1] = Wy, — B, (6.12)
where By € Sy [125—2)(X). Finally, by (6.11), fw, (0) = [fB,(0) € Spi,x(e\123(f)(0), which
contradicts (6.1).

Step 2. Proof of statement 2. By contradiction, assume that J(k) > 2 and that there exists
B € Sp,00p(X) and (Y0, - ..,7k—1) € R"\ {0} such that fp,(0) = 0 where By := yp_1 M1 +
<o+ 4+ %My + B. One may assume vr_1 = 1; otherwise, replace By by ad’j{olfK(le) where
K = max{j;7; # 0} and renormalize. Then fp,(0) = 0 where

Bs = ad}, (Xo) = [My—1 + -+ oMo + B, My + -+ + oM + [B, X] (6.13)
€ Wi + S2, 11,2621 (X) + S[3,20(%)) (X)-

This fact and (6.11) contradict (6.1) because 29(k) < 7 (k). O

6.4 Closed-loop estimate

Lemma 6.4. Let k € N*, 7 : N* — N* be a non-decreasing map and ¥ : N* — N* be defined by
9(k) = max{1; L@J} Assume that k is the minimal value for which fw, (0) & Sp xmp 23 (f)(0).
Then,

(urs e u) O = O (lo(tsw)] + |90 + 6% 2 ) (6.14)
Proof. By Theorem 4.4 with M + ¥(k),
_L_
w(ts0) = Zogo (£, £,10)(0) + O ([l |JS0L + fo(ts )] 500 ) (6.15)

Let i € [0,k — 1]. By Lemma 6.3, we can consider P, a component along fa, (0), parallel to
N(£)(0) where N := ({Mo,...,My_1} \ M;)U Biy o(x))- We intend to apply Proposition 4.6 with
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M + 9(k), L + k+1, b + M; and N as above, so that (4.11), for the appropriate choice of
E(t,u), will yield

P2 (¢, £,u)(0) = w1 (t) + O (t% HukHLz) . (6.16)

Then, combining (6.15) and (6.16) concludes the proof of (6.14). Let us check that the required
estimates are satisfied.

Step 1. Estimates of other coordinates of the second kind. Let b € By, ,,; such that b ¢ NU{b}.
By choice of NV, one has necessarily nq(b) = 1. Then b = M; for j > k. Thus, by (3.23) (with
(p,jo) < (2,k)), |b] > k + 1 and (4.9) holds with o = k + 1 and Z(t, u) := £2 |ug| 2.

Step 2. Estimates of cross products. Let ¢ > 2, by > --- > b, € B*\ {Xo} such that ny(b1) +---+
n1(bg) < ¥(k) and supp F(by,...,b,) ¢ N.

By construction of N, there is no such cross product term. O
6.5 Interpolation inequality

Lemma 6.5. There exists C > 0 such that, for every t >0 and u € L*((0,t); R),
w(k,m)+1 7(k,m)+1— w(k,m — m(k,m)—1
a5 < € (™ P e+ 872 FE™ ) g F, (6.07)

where p := (2m + 2k)/(m + 1) satisfies p < w(k,m) + 1.

Proof. By Proposition 4.7 with ¢ + ug, (p,q,7,8) < (p,2,00,2), (4,1) + (k—1,m+ k), a +
(p — 2)/p, we obtain

urlfs < Cllu™ 22 lugl|F 2 + CEPFF5 [lug |12 (6.18)
By Hoélder’s inequality,
— 1 _ —
Jurl2? < ()@= oy 2, (6.19)
Moreover, by (1.20),
2k+m—1 2k +2m
k 1>— =" " = 6.20
wlh,m) +12 2 bz, (6.20)

and this concludes the proof of (6.17), writing
w(k,m)+1 w(k,m -
e Ity < e |24 |, (6.21)

and HulHLoc S t||u||Loo O

6.6 Proof of the drift for m >0

Proof of Theorem 6.1. Let P be a component along fy, (0) parallel to Sp r(x.m)p\ {23 (f)(0). Let
M :=7(k,m). Let 9 := max{1; L@J} By Theorem 4.4,

2(t;u) = Zar(t, £,0)(0) + O (Jlua |55 + [t )43 (6.22)

where, by (6.4) and (3.12),

IP’ZM(t,f,u)(O):%/O @+ 0 ((un, e ) (O + tlug] ). (6.23)

Moreover, by the closed-loop estimate (6.14),

|(ur, - un) (O = O (Jo(ts w)|® + lua [ 7557 + thuelZ2) - (6.24)
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By definition of 9, one has 2(¥ 4+ 1) > w(k,m) + 1. Hence, in particular,
ur 3552 = O (|15 - (6.25)

Gathering these equalities and the interpolation estimate (6.17) yields

1/t (o) —
Px(t;u):§/ wf + O (£ (1 e =20y o BT a2 (s w)| ) (6.26)
0

This implies, in the sense of Definition 1.15, a drift along f, (0), parallel to Spi x(k,m)\ {23 (f)(0),
of amplitude &w, , in the regime ¢ — 0 and ||u||ym..e — 0 (the smallness assumption on the control
depends on the final time; see Remark 1.16). O

Remark 6.6. In the previous proof, when m = 0, one has w(k,m) + 1 — 2k = 0. Thus, in this
case, the smallness assumption on the control does not depend on the final time. The drift along
fw, (0) then holds in the regime (t, ||u||L=) — O (see Remark 1.16).

When m > 0, the dependence on time of the smallness assumption on the control stems from
the second term in the right-hand side of the Gagliardo—Nirenberg inequality of Proposition 4.7.
For appropriate classes of functions, for instance ¢ € W™, the Gagliardo-Nirenberg inequality
holds without this second term. Thus, for controls u € Wy, the argument above proves a drift
in the regime (t, [|ulym.<) — 0.

6.7 Optimality of the functional framework

We illustrate the optimality of the functional framework given in Theorem 6.1 by an example in the
case m = 0 and k = 2. In this case, the condition fy,(0) € S¢1 33(f)(0) is necessary for L>°-STLC,
but not for a different small-time local controllability notion involving large enough controls in L>
(instead of arbitrarily small controls in L), called p-bounded-SLTC in Section 1.2. In this sense,
our result is optimal.

To prove this claim, let us consider the following system (introduced in [30, Example 5.2]):

i‘l =Uu
i?Q =T (627)

i3 =13 — 1t

Written in the form (1.1), this system satisfies
fMo = €1, fM1 (O) = €2, fW2 (O) = 2es, le,l,l (O) = —24e3 (628)

and f,(0) = 0 for any b € B* \ {My, M1,W2,Q1,11}. Thus fw,(0) € Si(f)(0) and fw,(0) ¢
S(1,31(f)(0). By Theorem 1.11, this system is not L>°-STLC, i.e. locally controllable in small time
with -small controls. By Theorem 6.1, solutions associated to controls small in L*° cannot reach
in small time targets of the form —ges with 8 > 0.

In [18, Example 5.1 and p. 452], Kawski claims that this system is STLC with controls large
enough in L. This can also be deduced from the arguments given in [30, Example 5.2] by a
scaling argument. Let us indeed construct explicit controls (large in L°) achieving a motion along
—es. Let ¢ € C°((0,1);R) \ {0} and A > 0 large enough such that

1 1
C = —/ ©? +A2/ (")t > 0. (6.29)
0 0

> 0 and u € L'((0,t);R) be defined by u(s) := A" (s/t). Then ui(s) = Aty¢'(s/t) and
= At?p(s/t). Thus

w) = [ g—ut= [ (a0 ()= (a0 () ) as=-ewc. @)
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Therefore z(t;u) = —t>A2Ces, so we have indeed achieved a motion along —e3z. Standard ar-
guments using either tangent vectors or power series expansions (see e.g. [18, Appendix] or [10,
Section 8.1]) then allow to prove that there exists p > 0 large enough such that (6.27) is indeed
p-bounded-STLC.

6.8 An extension to the case m = —1

As mentioned in Section 1.5, it would be natural to expect that Theorem 1.11 holds in the case
m = —1 with w(k, —1) := +o00. This would correspond to the heuristic that, for k € N*, the bracket
Wy, is “bad” even for W—1°-STLC, i.e. that it has to be neutralized by some other bracket (here,
such a statement would entail that it should be neutralized by a bracket outside of B3).

Up to our knowledge, this is an open problem. We give here a partial result in this direction,
under an extra nilpotency assumption. Indeed, we prove that, if f; is semi-nilpotent with respect
to fo (see below) and system (1.1) is W~1:*°-STLC then

Wk €N, fir, (0) € Spu 23 ()(0). (6.31)

Definition 6.7 (Semi-nilpotent family of vector fields). Let 2 be an open subset of R4, fo, f1 €
C>®(;RY) and M € N*. We say that the vector field fy is semi-nilpotent of index M with respect
to fo when

Vb € Br(X),ni1(b) =M = f, =0 on Q (6.32)

(every bracket of fo and f1 involving M occurrences of f1 vanishes identically on Q) and M is the
smallest positive integer for which this property holds.

Theorem 6.8. Assume that fi is semi-nilpotent with respect to fo. If system (1.1) is W 1.
STLC, then, for every k € N*,

fw,. (0) € S oo\ 23 (£)(0). (6.33)

The proof follows the same steps as the proof of Theorem 6.1. A key point is that the truncated
formula (4.6) is replaced with the following one.

Proposition 6.9. Let fo, fi1 be analytic vector fields on a neighborhood of 0 with fo(0) = 0.
Assume that f1 is semi-nilpotent of index M € N* with respect to fo. Then

w(t;u) = Za(t, f,u)(0) + O (Jlual pos |zt w)]) - (6.34)
Proof. This follows from the third item of [3, Corollary 163]. O
Lemma 6.10. Let k € N* be the minimal value for which (6.33) fails. Then,
1. the vectors far,(0),..., far._, (0) are linearly independent,
2. span{fuy (0)s - fan_, (0)} 1 St (HO) = {0,
Proof. The proof is exactly the same as in Lemma 6.3, with 7(k) = 9(k) = +o0. O

Lemma 6.11. Let k € N*. Assume that f1 is semi-nilpotent with respect to fo and that k is the
minimal value for which (6.33) fails. Then,

[(r, - ) (O = O (ot w)] + ¢ i 2 ) (6.35)

Proof. The proof is performed along the same lines as in Lemma 6.4. Instead of M = 9¥(k), one
uses M such that f; is semi-nilpotent of index (M + 1) with respect to fy. One replaces (6.15) by
(6.34) and concludes as previously. O
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Proof of Theorem 6.8. Let P be a component along fiy, (0) parallel to Spi oo 23 (f)(0). Let M €
N* be such that f; is semi-nilpotent of index (M + 1) with respect to fyo (see Definition 6.7). By
Proposition 6.9,

z(t;u) = Zu(t, f,u)(0) + O ([Jur ]| Lo [z (t;w)]) (6.36)

where, by (6.4) and (3.12),

P2yt f)(0) = 5 [ +0 (w1, wn) OF + thuc] ). (6:37)

Moreover, by the closed-loop estimate (6.35),
[(ut, .. ue) ()2 = O (|t )| + tlugl32) - (6.38)

Gathering these equalities yields

1 t
Pattin) = 5 [ i+ 0 (tlusle + s lot ) (6.39)
0

which prevents from reaching target states of the form a* = —¢ fyy, (0) for 6 > 0 small enough. [

Remark 6.12. Fquation (6.39) almost entails that there is “a drift along fw, (0) parallel to (f)(0),
in the regime (t,||ullw-1.0) — 07 in the sense of Definition 1.15. However, unlike the other
situations in this paper, we have not been able to obtain an error term of the form |z(t;u)|? for
some 3 > 1. Here, ||uy||pe|x(t;w)| is only o(|x(t;u)|) and it is not possible to use Young’s inequality
as in the other cases since one cannot absorb ||ui||p (event at a high power) by interpolation.
Hence, in the limit ||ui|lp — 0, the “ultimately unreachable” set contains a half-space. But,
for fized ||uyi||pe (even small) our proof does entail that the unreachable set contains locally a
half-space. Nevertheless, this prevents controllability as stated in Theorem 6.8.

7 Kawski’s refined W, obstruction

The goal of this section is to prove the case j = 2 in Theorem 1.12, as a consequence of the following
more precise statement.

Theorem 7.1. Assume that fw, (0) € N1(f)(0) and fw,(0) ¢ Na(f)(0). Then, system (1.1) has
a drift along fw,(0), parallel to Na(f)(0), in the regime (t,||ul| =) — 0.

7.1 Limiting examples

Let us illustrate that the set N3 defined in (1.22) of brackets which can compensate W must
include P, 1, for every v € N. As an illustration, we prove the following controllability results
using classical sufficient conditions due to Sussmann or Bianchini and Stefani because they are
simpler to apply. Nevertheless, the same results would follow from Agrachev and Gamkrelidze
conditions as in Section 8.1.

Limiting example for P; 1. Consider the system

jl‘l =Uu
i‘g =T (71)

i3 =23 + 3.
Written in the form (1.1), this system satisfies

fMo(O) = €1, fM1 (O) = €2, fP1,1,0 (O) = Ges, sz (0) = 2es3 (72)
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and fb(O) =0 for any be B* \ {Mo, ]\417 WQ, P1,1,0}~

This system was proposed by Jakubczyk and is known to be L>°-STLC since® [32, p. 711-712].
It also satisfies Sussmann’s S(#) condition (see [34, Theorem 7.3] or [10, Theorem 3.29]) for any
6 > 1/2 (see also [5, Section 2.4.1] for a short direct proof).

Limiting example for Py 1 ,. Let v € N*. We consider the system

S.Cl =Uu

Tp =11

.’i,'g = l'zl)’ (73)
-’i/‘3+i:x3+i—1 fOI‘iZl,...,U—l

B34y = T3 + Tz1p_1.
Written in the form (1.1), this system satisfies

fl\/fo (O) = €1, fMl (O) = €2, fpl,l,u (0) = 3!63+M for u= Ov s Vs fW2 (O) = 263+V (74)

and f;,(0) = 0 for any b € B* \ {Mo, M1, Wo, Py 1,5 1 € [0,v]}.

For v = 3, this system corresponds to [15, Example 2.4]. To prove that it is L>°-STLC, the
key point is to prove that fez = +6fp, , ,(0) are tangent vectors. Then, the L>-STLC follows
from the elementary remark that, if, for some b € B*, £f,(0) are tangent vectors, then so are
+f(4,x,)(0) (see [15, Theorem 6] or [6, claim P2]). As in the case v = 0, the fact that +e3 are
tangent vectors can be proved using oscillating controls or Sussmann’s S(6) condition with 8 > 1/2
as reformulated in [6, Theorem 2] by Bianchini and Stefani.

A non-controllable example involving Q11,1. In Section 6.7, we recalled that system (6.27) is
small-time locally controllable with large enough controls in L°°, but not L°>°-STLC in the sense
of Definition 1.1. For this system, one has 6 fi,(0) = —fg,,,(0) (and Q11,1 is the only bracket
“compensating” Wa). But Q1,11 does not belong to the set N3 defined in (1.22) of brackets which
can compensate W for L°-STLC. Hence, the fact that (6.27) is not L°°-STLC can be seen as an
application of the case 7 = 2 of Theorem 1.12.

7.2 Dominant part of the logarithm

Lemma 7.2. Assume that fw,(0) € Ni(f)(0) and fw,(0) ¢ Na(f)(0). Let P be a component
along fw,(0), parallel to Na(f)(0). Then

PZ5(t, f,u)(0) = &w, (£ u) + 0(\(% u2) () + tllualz> + lualZalluallz2 + ||ulll‘i4)- (7.5)

Proof. By assumption, fu,(0) € Ni(f)(0). Since N; is stable by right bracketing with X,
fw,., (0) € Ni(f)(0) for every v > 0. Thus, since N1 C Nz, Nao(f)(0) = N(f)(0), where N is
defined as

N =Ny U{Wy ;v € N}, (7.6)

where N> is defined in (1.22). By assumption, fuw, (0) & Na(f)(0) = N(f)(0).

We intend to apply Proposition 4.6 with M < 3, L < 6, b < W5 and AV as in (7.6), so that
(7.5) will follow from (4.11), for the appropriate choice of Z(¢,u). Let us check that the required
estimates are satisfied.

Step 1. Estimales of other coordinates of the second kind. Let b € B 5 such that b ¢ N U{b}.

We investigate the different possibilities depending on ny(b).

e One cannot have nj(b) = 1 since Bf C Na.

3Sussmann’s initial proof involves controls with ||u||Lee < 1, but extends easily to any bound on w.
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e If n1(b) = 2, by (1.9) and (7.6), one has b = W; , with either (j > 3) or (j = 2 and v > 1).
Thus |b] > 6. By estimate (3.24) with (p, jo) < (1,2), (4.9) holds with o = 6 and

E(t,u) = tl|ug||2.. (7.7)

o If ny(b) = 3, by (1.10) and (1.22), b = P}, with £ > 2. Thus |b| > 5. By estimate (3.25)
with (p1, pe, jo, ko) < (2,2,1,2), (4.9) holds with ¢ = 5 and

E(t,u) = [Jua|Zslluzl e (7.8)

Step 2. Estimates of cross products. Let ¢ > 2, by > --- > b, € B*\ {Xo} such that ny(b1)+---+
n1(bg) < 3 and supp F(by,...,by) ¢ N.

We start with preliminary estimates.

e If by = M, for some j € [0, 1], by (3.11),

il )
6,6, 0)] =ty ()] = Tt TFD (G 4+ 1)l (1) (79)

so (4.10) holds with o; = j + 1, ; = 1/2 and Z(¢,u) = |(u1,u2)(t)|*.

o If b; = M, for j > 2, by (3.23) (with (p, jo) < (2,2)), (4.10) holds with o; = 3, a; = 1/2 and
E(t, u) = t]ua|2e.

e By (3.22), for each b; € B3, (4.10) holds with o; = 3, o = 1/2 and E(t, u) = t||uq [|74.
Since n1(b1) + ---n1(by) < 3 and ¢ > 2, all the b; belong to By, 5. Thanks to the preliminary
estimates, a = ¢/2 > 1. O

7.3 Vectorial relation

Lemma 7.3. Assume that fw,(0) € N1(f)(0) and fw,(0) ¢ Na2(f)(0). Then, the vectors f,(0)
and far, (0) are linearly independent.

Proof. This statement is implied by the case k = 2 and 7(k) = 2 in Lemma 6.3. O

7.4 Closed-loop estimate
Lemma 7.4. Assume that fp,(0) and far, (0) are linearly independent. Then,
(1, u2) (O] = O (ot w)] + s I3z + 2 a2 ) (7.10)
Proof. This statement is implied by the case k = 2 and 7(k) = 2 in Lemma 6.4. O
7.5 Interpolation inequality
Lemma 7.5. There exists C > 0 such that, for every t >0 and u € L*((0,t); R),
lurlzs < Cllullfe luzllz= (7.11)

Proof. Inequality (7.11) follows from Proposition 4.7 with ¢ < us, (p,q,7,8) < (4,2,00,2), (4,1) +
(1,2), a < 1/2. The lower-order term in (4.23) is absorbed using the estimate ||uz][z2 < ¢3 ||| 1e~,
which stems from Hoélder’s inequality and the equality uq(t) = fg (t — s)u(s) ds. O
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7.6 Proof of the drift
Proof of Theorem 7.1. Let P be a component along fy, (0) parallel to Na(f)(0). By Theorem 4.4
with M « 3,

#(ts) = Z5(t, £,0)(0) + O (Jlur s + |o(t;w)|F5)) (7.12)

where, by (7.5) and (3.12),

1 t
P2y(t F)0) = § [ 3+ O(Jus ) OF + sl + o sl + ). (713)
0

Moreover, by the closed-loop estimate (7.10),
|(ur, u2)()]* = O (Ja(t;w)[* + [Jua 7 + tluallZ2) (7.14)

Gathering these equalities and the interpolation estimate (7.11) yields

I ¢ .
ot = [ 3 +0((t+ uliw) [+ ol 43 ). (7.15)
0 0

This implies, in the sense of Definition 1.15, a drift along fy, (0), parallel to N5 (f)(0), of amplitude
&w,, in the regime (¢, ||ul|pe~) — 0. O

8 New refined W3 obstruction

The goal of this section is to prove the case j = 3 of Theorem 1.12, as a consequence of the following
more precise statement.

Theorem 8.1. Assume that fw,(0) € N1(f)(0), fw,(0) € Na(f)(0) and fuw,(0) ¢ N3(f)(0).
Then there exist a linear form Py, : R? — R giving a component along fw,(0), another linear
formP:R? - R, C >0, 8> 1 such that, for every ¢ > 0, there exists t* = t*(g), p = p(e) > 0
such that for every t € (0,t*), u € L>((0,t),R) with ||u||p= < p,

(Pyw, + tP) z(t,u) > (1 — €)&w, (t,u) — Cla(t, u)|P. (8.1)

The conclusion (8.1) is not exactly a drift along fuw,(0), parallel to N3(f)(0), in the regime
(t, [|lull==) — 0, in the sense of Definition 1.15, because the left hand side of the inequality involves
a linear form P that may not give a component along fyy,(0). Nevertheless this result is still an
obstruction to L*°-STLC. Indeed, one may assume Py, and P are linearly independent, then by
considering e € R? such that Py,e = 1 and Pe = 0, estimate (8.1) prevents z(¢,u) from reaching
targets of the form #* = —ae with 0 < a < 1, because this would entail —a = (Pw, + tP)z(t,u) >
—C|2*|® = —Ca”, which fails for a small enough, because 8 > 1.

The proof of Theorem 8.1 is a slight variation of the unified approach as presented in Section 1.6,
in which closed-loop estimates are used not only for cross products of coordinates of the second
kind, but also for some coordinates of the second kind.

8.1 Limiting examples

We illustrate that the set N3 defined in (1.23) of brackets which can compensate W3 is “minimal”
in the following sense: for each bracket b of A3, we construct an example of an L*>°-STLC system
for which there is a competition between W3 and b. One has

N ={My, Priy, Qi Ria110 R0 03l €N v € NFU{Q111, Q) 0. Q) 1, Q) 0} (8.2)

The brackets of the first list can be considered as “good”, and those of the second list as “bad” in
senses detailed below. We treat both lists separately.
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8.1.1 Good-bad competitions

We consider the first list of (8.2). We skip the case of the M, since it is clear by the linear test
that any system with fy, (0) € S1(f)(0) is L>*-STLC. For all the other brackets, we will prove the
L>°-STLC property thanks to Agrachev and Gamkrelidze’s sufficient condition [1, Theorem 4], of
which we now recall a version well-suited to our setting.

Theorem 8.2. Let o € [0,1], r > 0 and II' C Br(X) such that II' generates a Lie algebra
Lie(IT') C £(X) with the following properties:

o II! is a set of free generators of Lie(IT'),
e for each b € Br(X) with ny(b) even and ng(b) odd, E(b) € Lie(IT').

For k € N* let TTF+1 .= [T}, T1¥] and T1°° := Ugen-11F. Fork € N* and m € ¥, let w(w) := |7|—ok.
Suppose that, for all k € N, and every m € 1K1 with ny (m) even and no() odd, and w(w) < r,

fx(0) € span{fr (0);7" € I™, w(n) < w(m)}. (8:3)
Assume moreover that
R% = S (f)(0) + span{ f (0); 7 € I, w(7) < r}. (8.4)
Then, the system is L>°-STLC.

To apply Theorem 8.2, the key point is thus to find a set II* and a parameter o € [0, 1] such
that the “good” brackets that one intends to use have a smaller weight w than the “bad” ones. All
the following examples will be handled with ¢ = 1 and the following choice of II*:

' := {ad?, ad}y, ad’¢ (Xo);do, 1,42 €N, (i, i1) & {1} x N*, (ig,41,42) ¢ {0} x {1} x N*}. (8.5)

By the elimination theorem [35, Proposition 1.1], IT! is a set of free generators of Lie(IT') and
L(X)=RX; ® RM; @ RM; @ Lie(II'). In particular, Lie(IT') contains E(b) for every b € Br(X)
of type (even, odd). We compute the associated weights for all brackets of interest with o = 1.

e Since W3 = zaud?\/[2 (Xo) € Y, w(W3) = |[W3| —1=6.

Forl € {1,2,3} and v € N, Py, = ady,_, ad3; (X0)0” € I, so w(Pyy,) =2+1 < 5.

For!>4and v eN, Py, = (adas, (XO)OZ*S,adiIO (X0))0” € T4 so w(Pyy,) = 4.

For v e N, Q1,12 = ada, ad?’wo(Xo)O” € ', so w(Q1,1,2,,) = 5.

For v € N, RLLLLV = ad?wo (XO)O" c H1+V, SO w(RLLLLV) =5.
e For u,v €N, Rﬁ’lyl’w, = (ad};, (X0)0#, ad}, (X0))0” € II2HH+ 5o W(Rﬁ,lyl,u,u) =5.

Hence, all these brackets have a smaller weight than W5. Moreover, Theorem 8.2 does not require
for them to be compensated. Indeed, the Ps and Rs have an odd n;. Moreover, no(Q1,1,2,,) = 2+v
and Q11,2 € " so Q1.1,2,0 is never simultaneously of type (even, odd) and inside T12k+1,

We now give the limiting examples of which the above argument proves the L>°-STLC. These
examples prove that the first list of (8.2) is minimal.
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Limiting example for P;;, with [ € {1,2,3}. Let v € N. If v = 0, we consider the system

x'lzu
.%"2:.’1?1
j?gzl‘g

&y = 2% + 23w

otherwise we consider the system

i?l =Uu

(ﬁg =1

{t3 = T2

Ty = x%xl

$4+M:I4+H—1 fOI‘p,Zl,...,l/—l
d — 2

Taqry = T3 + Ta4v—1-

Written in the form (1.1), these systems satisfy

f]\/fq‘,—1<0) =e¢; fori € H173H7 fPu,;L (0) = Ceqty for pe H(),V]]a fW:; (O) = 2€4+V7

where ¢ =6 if [ = 1 and ¢ = 2 otherwise, and f;(0) = 0 for any other b € B*.

Limiting example for P, ;, for | > 4. Let v € N. If v = 0, consider the system

j?lzu
jl‘i:l‘i_l fOI"iZQ,...,l

: 2 2
T4 = X3+ 277
otherwise we consider the system

:i:lzu

i’i:(Eifl fOYiZQ,...,l

B = 2ixy

Tigpi4p = Tlgp forp=1,...,v -1

Tif14v = m% + Ti4p-
Written in the form (1.1), these systems satisfy
S, (0) = e for i € [L,1], fp,,(0) =cery1qp for pe[0,v],  fu,(0) = 214140,

where ¢ =6 if [ = 1 and ¢ = 2 otherwise, and f,(0) = 0 for any other b € B*.

Limiting example for Q1 12,. Letv &€ N. If v =0, consider the system

$.1:’U,
Li?2:.271
.Z"g:.%‘g

. 2
T4 = 2x3 + sr:‘r{’xg
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otherwise we consider the system

i‘l =Uu
i?Q =
T3 =1
G (8.13)
Tyg = T{T2
Taqp = Taqp—1 forp=1,...,v—-1
¢4+l/ = .’E% + Tapp-1-
Written in the form (1.1), these systems satisfy
fai,(0) =e; fori=1,2,3 fq,,,, =2, for u=0,....,v fu,(0) =2e44,, (8.14)
and f3,(0) = 0 for any other b € B*.
Limiting example for Ry 1,1,. Letv & N. If v =0, we consider the system
Cbl =Uu
To =2
o (8.15)
€r3 = T2
Ty = x?,) + x‘?
otherwise we consider the system
(ﬁl =Uu
ig =X
T3 =2
S (8.16)
Ty = le
Tagpy = Tatp—1 forp=1,...,v—-1
:t4+u = .’E% + Tapp-1-

Written in the form (1.1), these systems satisfiy
S (0) = e fori=1,2,3, fr,,,,,(0)=>5lesy, for pc0,v], fu,(0)=2esy, (8.17)

and f,(0) = 0 for any other b € B*.

Limiting example for Rgal»lvllvl’. Let p,v € N. If v = 0, we consider the system

i‘l = U

Tg = X1

T (8.18)
Ty4 = Ty

i‘4+ul = Th4p' -1 for ,u’ = 1,...,u

Ty = 73 + 2iTasy
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otherwise we consider the system

9.3‘1 =Uu
5-52 =1
.’i‘g = T2
j?4 = 1‘%
) , (8.19)
Taqp = Taqp/—1 forpy =1,...,p
Ts4p = TiTasp
Topptr = Topputr/ —1 forv =1,...,v—1
Totptv = x% + T54ptv—1-
Written in the form (1.1), this system satisfies
f]\/li—l(o) =€ for i = 1a 25 37 fPl,l,;L’ (0) = 6€4+/L’ for ,U,/ € HO»HH7
L 8.20
Fat ()= —12(1)eq g for v €[00, fi (0) = 2eppin (8.20)
1,1, 0,0

and f,(0) = 0 for any other b € B*.

8.1.2 Bad-bad competitions

The second list of (8.2) consists of brackets which are associated with signed coordinates of the
second-kind. Hence, they restore controllability in competition with W3 only in situations where
both signed terms push the state in opposite directions. Such “bad-bad” competitions (see e.g.
[18, Section 5] for an introduction) are not handled by classicial sufficient conditions such as
[1, Theorem 4]. We present the straightforward case of (11,1 here, and postpone the examples
involving ngo, Q?,l and QRQ, for which the proofs are more intricate, to Appendix A.7.

Limiting example for ()1 1,;. We consider the system

i1 =Uu
e (8.21)
T3 = X2

2 4

T4 = x5 — X7.
Written in the form (1.1), this system satisfies

S, (0) =e1,  far, (0) =ea,  far,(0) =3, fuy(0) = 2eq, fo,,,(0) = —24ey (8.22)

and f;(0) = 0 for any b € B*\ {My, M1, My, Ws5,Q1,1,1}. In [18, Example 5.2], Kawski proves that
system (8.21) is L*°-STLC. This can also be proved using oscillating controls as in Section 6.7.

8.2 Dominant part of the logarithm

The following lemma is a little intricate due to the fact that the list (1.23) is minimal. If one only
wishes to prove an easier version with N3 < N3 U{Q1,1,1,., Q'i%l,}, the proof could be shorter.

Lemma 8.3. Let Nj := N3\ {Q}.Q},.Q},} i.c.,

Ny = {Mu,P1,l,u7Q1,1,17Q1,1,2,u7Rl,l,l,l,ng,l,Lu,u?l € N*, u,v € N}, (8.23)
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N = N\ {Q11.1} and Py, : RY — R be a component along fw,(0) parallel to N3(f)(0). Under
the assumptions of Theorem 8.1,

Py Z5(t, f,u)(0) = &ws (£, u) + O(tﬁws(hu) +lluallzs + [lurll7ollusll 2 + [lurl|Ze (5.24)
8.2

I,z us) (O + a8y, (1) + 'téq ().
where
e a=11if fw,(0) #0 and a = 0 otherwise,
o o/ =1if fo,,,(0) ¢ N3 (f)(0) and o’ = 0 otherwise.

Proof. For i € {1,2}, fw,(0) € N;(f)(0) and N is stable by right bracketing with X, thus
fw,., (0) € Ni(f)(0) for every v > 0. Since N1 C No C N then fuw,  (0) € N3(f)(0) for every
ie{l,2} and v € N.

When a = 0, i.e. fy,(0) = 0, then for } V(O) = 0 for every u,v € N because it is an iterated
bracket of the vector fields fy, and foy that vanish at 0, see (1.16).

When o’ =0, ie. fg,,,(0) € N3'(f)(0) then for every v € N, fq,,,,(0) € N3'(f)(0) because
Ny is stable by right bracketing with Xo, thus fq, ,,,(0) € N3(f)(0).

These remarks prove that Nj(f)(0) = N(f)(0) where

Né U {Wl,llv Wau, Q11,10 Qii7,ll,7l/;#7 v € N} when (a,a’) = (0,0),
NG U W, Wa,, Q.5 1, v € N} when (a,ad’) = (0,1),

Né U {Wl,ua W2,V7 Ql,l,l,w s,V € N} when ((l, a/) = (1>O)a
NFU{W1 ,,Wa s u,v € N} when (a,a’) = (1,1).

By assumption, fi,(0) ¢ Ns(f)(0), so fuw,(0) ¢ N (£)(0).

We intend to apply Proposition 4.6 with M < 5, L < 11, b + W3 and NV as in (8.25), so that
(8.24) will follow from (4.11), for the appropriate choice of Z(¢,u) (corresponding to the quantities
within the O(-) in (8.24)). Let us check that the required estimates are satisfied.

N = (8.25)

Step 1. Estimates of other coordinates of the second kind. Let b € B, 5 such that b ¢ N U{b}.
We investigate the different possibilities depending on ny(b).

e One cannot have nj(b) = 1 since Bf C Nj C N.

e If ny(b) =2, by (1.9) and (8.25), one has b = W, ,, with either (j > 4) or (j =3 and v > 1).
Thus |b| > 8. By estimate (3.24) with (p, jo) + (1,3), (4.9) holds with ¢ = 8 and

E(t,u) = tl|us||.. (8.26)

e If ny(b) = 3, by (1.10) and (8.25), b = P;;, with 2 < j <I. Thus |b| > 7. By estimate (3.25)
with (p1, pa, jo, ko) < (3/2,3,2,2), (4.9) holds with o = 7 and

E(t,u) = |lual3s. (8.27)

e If ny(b) =4, by (1.11) and (8.25), we are in one of the following cases.

—b=Q1,11,, with v > 1 and @’ =1 thus |b| > 6 and by estimate (3.26) with
(pl,pg,pg,jo,k(),lo) <— (2,4,47 1, 1, ), (49) holds with ¢ = 6 and

E(t,u) = d't|ui]|}s = d'41to, , , (t,u). (8.28)
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— b=Q1,1,,, with { > 3, thus |b] > 7 and, by estimate (3.26) with
(p1, P2, 3, Jo, ko, lo) < (3,6,2,1,1,3), (4.9) holds with ¢ = 7 and

2(t,u) = [Jur |36 ||usl| 2. (8.29)

— b= Qj k1, with 2 <k, thus |b] > 7 and, by estimate (3.26) with
(p17p27p3aj07 kOa lO) — (3737 3a la 27 2)7 (49) holds with o =7 and

E(t,u) = [Ju || FollualZe- (8.30)

~b=@" ., thus |b| > 8 and, by estimate (3.28) with (p1,p2.jo, ko) < (3,3/2,1,2),
(4.9) holds with o = 8 and

E(t,u) = tl|ua || FolluzlZs- (8.31)

- b= Q?%V and a = 1 thus |b| > 8 and, by estimate (3.27) with (p,jo) + (1,1), (4.9)

holds with ¢ = 7 and
E(t,u) = atllug ||z = dat&ly, (t,u). (8.32)
e If ny(b) =5, by (1.12) and (1.23), we are in one of the following cases.

— b= Rj k1m, with m > 2, thus |b] > 7 and, by estimate (3.29) with
(p1, P2, P3, P4, Jo, ko, lo, mo) < (3,6,6,3,1,1,1,2), (4.9) holds with o = 7 and

E(t, ) = Jualolluzl o (8.33)

— b= Rg',k,l,y,u with [ > 2, thus |b| > 9 and, by estimate (3.30) with (p, p1, p2, jo, ko, lo) +
(3/2,3,6,1,1,2), (4.9) holds with o = 9 and

—_ 5
2(t, ) = 18 ||un |7 w275 (8.34)

Step 2. Estimates of cross products. Let ¢ > 2, by > --- > by € B*\ {X} such that ny(by)+---+
n1(bg) <5 and supp F(by,...,by) ¢ N.

We start with preliminary estimates.

e By (3.22), for each b; € B* with ny(b;) <5, (4.10) holds with o; = ny(b;) + 1, ; = ny1(b;)/6
and Z(t, ) = 19/ 09 Juy 3.

o If by = M, for some j € [0,2], by (3.11),

6,8, 0)] = g1 (8] = Tt DG+ Dlug a0 (5.35)

so (4.10) holds with o; = j + 1, a; = 1/2 and Z(¢,u) = |(u1, u2, uz)(t)|?.

o If b = M; for j > 3, by (3.23) with (p,jo) + (2,3), (4.10) holds with o; = 4, o; = 1/2 and
E(t, u) = t]us||3e.

We now consider the different possibilities, based on the condition nq(by) + - -+ n1(bg) < 5.
e Case: at least two b; € Bf. Then, by the preliminary steps, « > 1/24+1/2 = 1.
o Case: ¢ =3, by,bs € By, by € Bf. Then, by the preliminary steps, « =1/3+1/3+1/2 > 1.

o Case: q=2,b € BEBA]]’ by € By. Then, by the preliminary steps, a =nq(b1)/6+1/2 > 1.
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o Case: ¢ =2, by € B3, bp € Bf. Say by = W;, and by = Mj}_;. One cannot have j =1
because, by (4.24), supp[bi, bo] would be contained in {P; s/, , k" > 1,/ > 0} C N. So
j > 2. Then, by (3.24) with (p, jo) «+ (3/2,2), (4.10) holds for b; with o1 =5, a3 = 2/3 and
E(t,u) = t'/2||lus||3 5. By the preliminary steps, a1 +az =2/3 +1/2 > 1.

o Case: g =2, by,by € B5. Say by = W;,, and by = Wy ..

— If j = j/ = 1, one cannot have a = 0 because, by (4.25), supp[by, b2] would be contained
in {Qii,;u,w;/iz v € N} C N, see (8.25). So a =1. By (3.24) with (p, jo) < (1,1), (4.10)
holds for o1 = 02 = 3 and E(t,u) = allu1]|7. = 4a&fy, (¢, u).

— If j > 2, then, by (3.24) with (p, jo) < (3/2,2), (4.10) holds for b; with o1 =5, oy = 2/3
and Z(t,u) = t1/2||uz||3 5. By the preliminary steps, a; + as = 2/3 +1/3 = 1.

o Case: q=2,by € B3, by € B5. Say by = Pj, and by = W ;. Onecannot have j =k =1=1
because, by (4.25), supplbs, b2] would be contained in {Rﬁ171717lt,7y,;u’,1/’ € N} ¢ N. Thus
[>2o0r k>2.

— If I > 2, using (3.24) with (p, jo) < (3/2,2), (4.10) holds for be with oy =5, Z(t,u) =
t1/2||ug||35 and as = 2/3. By the preliminary step aq +as = 1/2+2/3 > 1.

— If kK > 2, then using (3.25) with (p1,p2,jo, ko) < (3,3,1,2), (4.10) holds for b; with

o1 =5, a1 =2/3 and E(t,u) = t1/2||u1||ig||u2||i/32. By the preliminary step a; + ag =

2/34+1/2> 1. O

8.3 Vectorial relations

Lemma 8.4. Under the assumptions of Theorem 8.1,
1. the vectors far,(0), far, (0), far, (0) are linearly independent,

2. Zf fW1 (0) 7& 0 then fW1 (0) ¢ Span{fMo(O)vaVfl (0)7 sz (0)}

Proof. We have Ss 11,47(f)(0) € Na(f)(0) because So1.47(X) = span{Wj,;2j + v —1 < 4},
Jw, (0), fw, (0) € Na(£)(0) and N> is stable by right bracketing with X,. Thus, since No C N3,

So,q1.a1(£)(0) € N3 (£)(0). (.36)

Step 1. Proof of item 1. We assume there exists (B, 31, 32) € R3\ {0} such that fp,(0) = 0
where By = oMy + 1 M7 + BoMp. One may assume that S = 1; otherwise consider [By, Xo] or
[[B1, Xo], Xo] and renormalize. Then fp,(0) = 0 where

By = ad231 (Xo) = [Ma + 1My + BoMo, M3 + 1 Ms + Bo M| € W3 + S 11.47(X) (8.37)

and (8.36) leads to a contradiction with the assumption fu,(0) & N3(f)(0).

Step 2. Proof of item 2. Proceeding by contradiction, we assume that there exists (yo,71,72) €
R3 \ {0} such that fp,(0) = 0 where By = voMs + y1 M1 + yoMo + Wi. Let k = max{j €
{0,1,2};7; # 0}. Then fg,(0) = 0 where Bs = [B4027", B403~"] i.e.

Bs = [yMa+-+ + 70 Mo+ Wi, ¥ Ms+- -+ 70Ms_r+ Wis_w] =72 Ws+Q} .+ Bs+ By

(8.38)
where Bg € span{[M;, Wy ,|;l € N,v € N} and By € Sy 1 41(X). By (4.24), supp Bg C {P11,;1 €
N*,v € N} C N3. Together with (8.36), this leads to a contradiction. O
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8.4 Closed-loop estimates

Lemma 8.5. Under the assumptions of Theorem 8.1,
(1,2, wg) ()] = O (Ja(ts )| + el + NuzllFa + s | 2 (8.39)
and if fw,(0) # 0 then
6w, (t.) = O (Ja(t: )] + o + fall3a + £ s 1) (8.40)

Proof. By Theorem 4.4 with M <+ 2,

2(ts0) = Z5(t, £,0)(0) + O (Il e + [o(ts ) ). (8.41)

First case: fw,(0) = 0. Then fyw, ,(0) =0 for every v € N because it is an iterated bracket of
the vector fields fy, and fo that vanish at 0. Let i € [0,2] and P be a component along fz,(0)
parallel to N(f)(0) where N' = { My, My, M} \ {M;}. We have N(f)(0) = N(f)(0) for

N = {MQ,M],MQ, Wl,y;l/ S N} \ {Mz} (842)

because fyw, ,(0) = 0 for every v € N. We intend to apply Proposition 4.6 with M < 2, L < 5,
b < M, and N as above, so that (4.11), for the appropriate choice of Z(¢,u), will yield

PZa(t, f,u)(0) = uisa(t) + O (|(un, u, ug) OF + tF fus 2 + JusF) . (3.43)

Then, combining (8.41) and (8.43) concludes the proof of (8.39). Let us check that the required
estimates are satisfied.

Step 1. Estimates of other coordinates of the second kind. Let b € B[[l 9] such that b ¢ N U {b}.

o If ny(b , then by (1.8) and (8.42), b = M; for j > 3. Thus |b| > 4. By (3.23) with

(p, Jo) < ( 3), ( 9) holds with o = 4 and E(t, u) := 2 ||us]| 2.

(
)
o If ny(b) = y (1.9) and (8.42), b = W,, with j > 2. Thus |b] > 5. By (3.24) with
(p,jo) + (1, ) ( .9) holds with o = 5 and Z(¢, u) := |lua||3..

Step 2. Estimates of cross products. Let ¢ > 2, by > --- > b, € B*\ {Xo} such that ny(b1)+---+
n1(bg) < 2 and supp F(by,...,by) ¢ N.

Thus ¢ = 2 and by = Mj,, bo = M}, for some ji, jo € N. By the preliminary estimates of Step 2
of the proof of Lemma 8.3, by and by satisfy (4.10) with Z(¢t,u) = |(u1, u2, u3)(t)[* + t||us||2. and
ap =ag =1/2.

Second case: fw,(0) # 0. First, we apply Proposition 4.6 with M «+ 2, L «+ 5, b + W; and
N = {My, My, M5} so that (4.11), for the appropriate choice of Z, will yield

PZ5(t, £,u)(0) = €wa (1) + O (t€wa (1) + 8% s 12 + a3 + (ur, ua, us) (1)) (8.44)

where P is a component along fy, (0) parallel to A'(f)(0). The only difference in the estimates, with
respect to the first case above, concerns the estimate of coordinates of the second kind associated
with b € B3 such that b ¢ N U {b}: then b = W, , with (j,v) # (1,0) thus |b] > 4. By estimate
(3.24) with (p, jo) < (1,1), (4.9) holds with o = 4 and (¢, u) := t|ju1 |22 = 2t&w, (¢, u).

We deduce from (8.41) and (8.44) that

& (tu) = O (|t w)| + [ + ¢4 sl o2 + luall3 + (w1, uz, us) (1)) - (8.45)
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By Theorem 4.4 with M <+ 1,
z(t;u) = Z1(t, f,u)(0) + O (Hu1||%2 + |z (t; u)\Q) . (8.46)

Let 7 € [0,2]. By applying Proposition 4.6 with M <+ 1, L < 4, b < M; and N' = { My, M, M5} \
{M,}, and using (3.23) with (p, jo) < (2,3) to prove the only required estimate, we obtain

PZ1(t, £, u)(0) = w1 (1) + O (14 us |12 ) - (8.47)
We deduce from (8.46) and (8.47) that
(s us) ()] = O (Jot ] + ¢4 sl + 32 (3.48)

By incorporating (8.45) into (8.48) thanks to &w, (f,u) = 2||ui||2. one proves (8.39). And by
incorporating (8.39) into (8.45) one proves (8.41). O

Lemma 8.6. Under the assumptions of Theorem 8.1, if fo, ,,(0) € N3'(f)(0)

Ple(tvu) = §Q1,1,1(t7u) +0 (thl,l,l(t’u) + §W3(t7u) + ||U2||3Ls + |x(t’u)|%) (849)

where Pg, is a component along fq, ,,(0) parallel to (N3’ N By, 4)(f)(0).
Proof. By Theorem 4.4 with M + 4,

2(ti) = Za(t, £,0)(0) + O (Jlus s + ot )1 F) (8.50)

For i € {1,2}, fw,(0) € N;(f)(0) and N; is stable by right bracketing with X thus, for every
v eN, fw,,(0) € Ni(f)(0) € (V3" N By 4)(f)(0). Thus (N3 N By 45 )(0) = N(f)(0) where
N =W{n Bﬁl,ﬁlﬂ) U{Wi,,Ws,;v € N} ie.

N ={M, W1, Wa,,P11.,,Q112.,;l € N, u,veN} (8.51)

We intend to apply Proposition 4.6 with M <+ 4, L < 11, b +- Q1,11 and A as in (8.51), so that
(4.11), for the appropriate choice of Z(t, u), will yield

IP)QlZ4(t’ f’ U’)(O) = §Q1,1,1 (t7 u) =+ O(thl,l,l (tv U) + §W3 (t7 U) + HUQH%'g

(8.52)
+llualzollusll e + llurllge + |(ur, uz, us)(t)?).
All the needed estimates are contained in the proof of Lemma 8.3, except for

e be B} ie b=W;, with j > 3, for which |[b| > 7 and (3.24) with (p, jo) < (1,3) proves
that (4.9) holds with o = 7 and Z(¢, u) := |lug||3. = 28w, (¢, u),

e b= Q"  for which |b] > 7 and (3.27) with (p,jo) « (2,1) proves that (4.9) holds with

JssV
o ="7and Z(t,u) = t?|jug || 7. = A3¢q, , , (t,u),

e ¢ =2, by, by € B} for which |b;] > 3 and (3.24) with (p, jo) < (2, 1) proves that (4.10) holds
for o; =3, a; = 1/2 and E(t,u) = t[ju1 |74 = 4t€q, ., (t, u).

Then, using |ju1[|$s = O(t*||u1[|14), we deduce from (8.52) that
PQ124(ta fa u)(O) = 5@1,1,1 (tv u) + O(thl,l,l (tv ’LL) + gWJ (t7 U) =+ ||7,L2||i3 + |(u17 U2, Ug)(t)|2) (853)

Then, by combining (8.50), (8.53) and ||u1[|35 = O(t|lu1]|7.) we obtain

Ple(t7u) = £Q1,1,1(t’ u) +0 (thl,l,l(t7u) + £W3 (t7u) + ”uQ”%3 + |(’LL1,U2, U3)(t)|2 + |x(t,u)|

NE]
[y

Finally by incorporating (8.39) in the previous estimate we obtain (8.49). O

40



8.5 Interpolation inequalities
Lemma 8.7. There exists C > 0 such that, for every t > 0 and u € L*((0,t); R),

luallzs < Cllull oo lus]|Z, (8.55)
lurllfe < Cllullzeelus]|7- (8.56)

Proof. Inequality (8.55) follows from Proposition 4.7 with ¢ < wus, (p,q,7r,s) + (3,2,00,2),
(4,1) «+ (1,3), a « 1/3. Similarly, (8.56) follows from Proposition 4.7 with ¢ < us, (p,q,r,s) <
(6,2,00,2), (j,1) « (2,3), @ + 2/3. In both cases, the lower-order term in (4.23) is absorbed

using the estimate [lug|z2z < t2|u|/L~, which stems from Hélder’s inequality and the equality
t
us(t) = 3 [y (t — s)%u(s)ds. O

8.6 Proof of the drift

Proof of Theorem 8.1. In this proof, to lighten the notations, we write z and &, instead of x(t;u)
and &(t,u). By Theorem 4.4 with M < 5,

= Z5(t, f,u) (0) + O (Jlua e + JofF). (8.57)
We deduce from (8.57), (8.24), (8.39) and (8.40) that
Puvy = vy + O (16w, + il + a3 luall2 + s |G + a6, 0, +[218). (858)

We deduce from the above estimate (see Section 4.2) the existence of C, p > 0 such that, for every
t€(0,p), u € L*((0,t); R) with |Jullyy-1.. < p,

Puz + Ca'téq,, . = (1= Cw, — O (Iluzle + Jun e llus o2 + eallfe + Jo1?)  (8.59)
where, when a’ # 0, by (8.49),
€Quis < 2P+ C (s + lualfs + [l ). (8.60)
Thus
Puw,z + 200 tPg,a > (1 - 200)¢w, — 2C (Jlusl[fa + et lslluslle + u e + 21 (8.61)

Gathering this inequality and the interpolation estimates (8.55) and (8.56) yields

1 t t
(Pw, + 2Cd'tPg, )z > 5/ u%—C”((t—i—HuHLm)/ u§+|x|%) (8.62)
0 0

for some constant C’ independent of ¢ and u. O

9 New obstruction of the sixth order

The goal of this section is to prove Theorem 1.13, as a consequence of the following more precise
statement. In this section, we use the short-hand notation D for the following bracket of Bj:

D :=ad},  (Xo) (9.1)

and we introduce

Np = Bty \ {D}. (9.2)

Theorem 9.1. Assume that fp(0) ¢ Np(f)(0). Then system (1.1) has a drift along fp(0),
parallel to Np(f)(0), in the regime (¢, |u||L=) — 0.
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9.1 Limiting examples

Let us give an example motivating the threshold 7 for this loose necessary condition. In [18,
Example 6.1], Kawski considers the systems

£.C1 =Uu
.fg =T
2 (9.3)
Tr3 = 1‘1

x'4:x§fxg

for p € {7,8}. Written in the form (1.1), these systems satisfy
Imo(0) =er,  far,(0) =e2,  fp,,(0) =6es, [fp(0)=T2e4, Jaaz,, (x0)(0) = —ples  (9.4)

and f,(0) = 0 for all b € B*\ {M(),Ml,PLl,D,adjjgw1 (Xo0)}. Thus, they feature a competition
between D and ad}; (Xo).

Kawski proves that this system is L>°-STLC for p = 7 (see [18, Claim 6.1]) but not L>*-STLC
for p = 8 (see [18, Claim 6.3]). This both motivates and is consistent with Theorem 1.13, which
can be seen as a generalization of Kawski’s negative claim.

Remark 9.2. Theorem 1.13 is a “loose” condition, in the sense that we have not attempted to
separate, within Bg and B%, which brackets can or cannot compensate for the drift. It is possible
that our method could also be used to perform such a distinction.

An interesting example is studied by Kawski in [18, Example 5.5];

.%"1:’11
i‘2:$1
3 (9.5)
3 =3

oo 2 2.4
Ty = X3 — TZTq,

which exhibits in B* a competition between D and ad?wl ad;l(l (Xo). Kawski proves that this systems
is L=°-STLC.
Conversely, the system

.%"1 =Uu
i‘g =T
o (9.6)
T3 = Iy

iy = 23 + 237

exhibits in B* a competition between D and adp, , adé(l (Xo) because faqp, | adt (x4)(0) = 14deq.
’ ’ 1

Using the estimates of the next paragraphs, one can prove that this system is not L>°-STLC. This

hints towards the fact that it is not necessary to include the bracket adp, , adgﬁ (Xo) (of Bx) in the

list of brackets which can compensate D.

9.2 Algebraic preliminaries

To lighten the proof of the following paragraph, we start with algebraic preliminaries concerning

the expansions on B* of some brackets of order 6, linked with cross products along D. We use the

trailing zero notation of Definition 1.6 and compute the expansions of the considered brackets on

B* using Jacobi’s identity as many times as necessary (see [4, Section 2.1] for an exposition and a

more theoretical point of view on the classical recursive decomposition algorithm on Hall bases).
For B € L(X), (B, D) denotes the coeflicient of D in the expansion of B on B*.
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9.2.1 Brackets of two elements

Lemma 9.3. Let a < b € B} such that ([a,b], D) # 0. Then a = P11 and b= P; ;0.

Proof. First ng(a) + no(b) = no(D) = 3. Thus a = P1y and b € {P1 10, P 2}. Since (P11, P12) €
B* \ {D}, the conclusion follows. O

Lemma 9.4. Let a € By and b € Bj. Then ([a,b], D) = 0.
Proof. First ng(a) +no(b) = no(D) = 3. Since ng(b) > 1, no(a) € [0,2] so a € {W;, W10}.
e Case a = W;0. Then b = adg(l (Xo) and [a,b] = [0, ad‘;(l (Xo)], which is in B*\ {D}.
e Case a = Wj. Then either,
— b=ad¥,(X0)0 and

[a,b] = [W7,ad, (X0)]0 — [W70,ad, (Xo)], (9.7)

both terms being in B* \ {D}.
— b= (My,ad%, (Xo)) and [a,b] = [Wy, [M1, ad%, (Xo)]], which is in B*\ {D}.

Hence, in all cases ([a,b], D) = 0. O
Lemma 9.5. Let a € B} and b € B, such that ([a,b],D) #0. Then a =X, and b = Rﬁ,l,l,l‘
Proof. First ng(a) + no(b) = no(D) = 3. Since ng(b) > 1, ng(a) € [0,2] so a € {X1, My, Ms}.
e Case a = Ms. Then b= ad%, (Xo) and [a,b] = [M>,ad%, (Xo)], which is in B*\ {D}.
e Case a = M;. Then either,
— b= ad%, (Xo)0 and
a,b] = [My, ad, (X0)10 — [Ma,ad, (Xo)] 98)

both terms being in B* \ {D}.
— b= (M;,ad%, (Xo)) and [a,b] = ad},, adk, (Xo), which is in B*\ {D}.
— b= (Wy,ad%, (Xo)) and

[a,b] = [Wh, [M1, P11]] — [P11, P1o], (9.9)
both terms being in B* \ {D}.
e Case a = X;. Then either,
- b= ad5X1 (X0)0% and
[a,] = ad%, (X0)0? — 2[M;, adk, (Xo)] + [Ma, adX, (X)), (9.10)

all terms being in B* \ {D}.
- b= (Ml,ad§(1 (X0))0 and

[a,b] = [W1, ad, (X0)]0 + [M1,ad%, (X0)]0 — ad3, ad’, (Xo), (9.11)

all terms being in B* \ {D}.
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- b= ad?wl ad_?§(1 (Xp) and
[a, b] = 2[W1, [Mh Pl,l]] + ad?wl ad%h (X()) - [Pl,ly PLQ], (912)
all terms being in B* \ {D}.
— b= (Ma,ad¥, (Xo)) and
[a,b] = [W10,ad%, (Xo)] + [Ma, ad%, (Xo)], (9.13)
both terms being in B* \ {D}.
— b= (Wy,ad%, (Xo))0 and
[a,b] = [W1,adX, (X0)]0 — [Wi, [My, Pyl + [P, Py o (9.14)
all terms being in B* \ {D}.
— b= (W,0,ad%, (Xo)) and
[a,b] = —D + [Py 1, Py 2] + [W10, adY, (Xo)], (9.15)
so ([a,b], D) = —1.
— b= (W1, (M, W)) and
[a, b] = [Pl,la PLQ] =+ [Wl, [Ml, adi(l (Xo)} (916)
both terms being in B* \ {D}.

Hence, the only case where ([a,b], D) = —1 # 0is a = X7 and b = (W0, ad§<1 (Xo)) =R}, ,,. O

3Lyt

9.2.2 Brackets of three elements
Lemma 9.6. For every a,b,c € B, {([a,[b,c]], D) = 0.

Proof. By contradiction, assume that ([a, [b, c]], D) # 0. Then ng(a) + no(b) + no(c) = 3. Thus
a=b=c=Wi,so [a,b]] =0. O

Lemma 9.7. Let a € By, b € Bj, ¢ € B such that ([a, [b,c]], D) # 0 or {[[a,b],c], D) # 0. Then
a = X1 and, either (b=W10 and c= Py 1) or (b =W; and c = P110).

Proof. First ng(a) + no(b) + ng(c) = 3.
Step 1. First form: [a, [b,c]].
e Case a = M. Then b =W;, c= P and
la,[b,c]] = =[P11, P12] + W1, [My, Pr11]], (9.17)
both terms being in B* \ {D}.
e Case a = X;.

— Case b =W10. Then ¢ = Py 7 and ([a, [b,c]], D) = —1.
— Case b = W7y. Then either,
* ¢= P10 and ([a, [b,¢]], D) = +1.
* ¢c= P o and [a,[b,c]] = [W1, [Ma, P11]] + [P11, P1,2] both terms being in B* \ {D}.
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Step 2. Second form: [[a,b],c].
e Case a = M;. Then b=W; and ¢ = P11 and [[a,b],c] = —[Py,1, P1 2] which is in B*\ {D}.
e Case a = X;.

— Case b =W10. Then ¢ = Py 7 and ([[a,b],¢],D) = —1.
— Case b = Wy. Then either
% ¢= P10 and ([[a,b],c],D) = 1.
% ¢= P o and [[a,b],c] = [P11, P1,2], which is in B*\ {D}.

This concludes the case disjunction. O

Lemma 9.8. Let a,b € Bf and ¢ € B} such that {[a,[b,c]],D) # 0, or ([[a,b],c]) # 0. Then
a=b= Xl.

Proof. First ng(a) + no(b) + no(c) = 3.
Step 1. First form: [a,[b,c]] with a <b.

e Case a =b= M;. Then c = ad‘)l(l (Xo) and [a, [b,q]] = ad?wl ad‘;(l (Xo), which is in B*\ {D}.
e Case a = X1, b= M,. Then c = ad§(1 (Xo) and
[a, [b,¢]] = W10, ad’, (Xo)] + [Mo, ad¥, (Xo)], (9-18)
both terms being in B* \ {D}.
e Case a = X1, b = M;. Then either,
—c= ad§(1 (X0)0 and

[a, [b, c]] = [W1, ad, (X0)]0 — [W10, ad, (Xo)] — [M2, ad%, (Xo)]

(9.19)
— ad};, ady, (Xo) + [Mi,ad%, (X0)]0,
all terms being in B* \ {D}.
— C= (Ml, adil (Xo)) and
[a, [b,c]] = —[P1.1, P12] + 2[Wh, [My, ad%, (Xo)]] + ad},, ad, (Xo), (9.20)

all terms being in B* \ {D}.

e Case a = b = X;. One may have ([a, [b,c|], D) # 0. Since the conclusion of the lemma does
not concern ¢, we do not need to study all possible cases.

Thus, the only case leading to a (possibly) nonzero value of {[a, [b,c]], D) is a = b= X;.

Step 2. Second form: [[a,b],c] with a < b. Since ng(a) + ng(b) < 2, a = X; and b = M;. Thus
[a,b] = W;. By Lemma 9.4, ([W7,c], D) = 0.

Step 3. Third form: [a,[b,c]] with a > b. Then [a,[b,c]] = [[a,b], ] + [b, [a, ¢]] so the conclusions
of the previous forms apply. O
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9.3 Dominant part of the logarithm

Lemma 9.9. Assume that fp(0) ¢ Np(f)(0). Let P be a component along fp(0) parallel to
Np(£)(0). Then

BZe(t, f,u)(0) = €t u) + Ol (O] + I, . () + [ ot

(9.21)
(g | Gl + ).

Proof. We start with a preliminary estimate. By (3.22) and Hdélder’s inequality, there exists ¢ > 0
such that, for every t <1, u € L*((0,¢);R) and b € By 6 \ { X1},

16 (t, )] < effun |72, (9.22)
By (4.7) and definition of P,
PZz(t, f,u)(0) = np(t, u). (9.23)

To apply Proposition 2.16, let us prove that, for every ¢ > 2, by > --- > b, € B* such that
D € supp F(b1,...,by), for every t > 0 and u € L'((0,¢);R), the estimate (2.15) holds, for an
appropriate choice of Z. We split cases depending on q.

Step 1. Case q = 2.
e Case ni(b;) =5 and ny(be) = 1. By Lemma 9.5, b; = R§,1,1,1 and by = X; so (2.15) holds
with Z(¢,u) := \ul(t)fR{l . 1(Lu)\.
e Case ny(b1) =4 and ny(by) = 2. By Lemma 9.4, D ¢ supp F(b1,b2) in this case.
e Case nq(b1) = 3 and nq(b2) = 3. By Lemma 9.3, by = P; 10 and by = P; 1 so (2.15) holds
with E’(tvu) = ‘gpl,l(t7u)£Pl,10(t’ u)|
Step 2. Case ¢ = 3.

e Case ni(b1) =4, n1(b2) =1, n1(b3) = 1. By Lemma 9.8, by = b3 = X;. Hence, using (9.22),
(2.15) holds with E(¢, u) = cuq ()]?[|u1||3s-

e Case nl(bl) = 3, Tll(bg) = 2, Tll(bg) = 1. By Lemma 97, b3 = X1 and bl € {P171,P1,10}.
Hence, using (9.22), (2.15) holds with Z(¢,u) := c|uy (¢)|[lu1 |3 (|€p, . (¢, w)| + €, L0t w)])-

e Case ny(b1) =2, ni(be) = 2, nq(bs) = 2. By Lemma 9.6, D ¢ supp F (b1, ba, b3) in this case.

Step 3. Case q = 4.

e Case n1(by) = 3, ni(b2) = 1, n1(b3) = 1, n1(by) = 1. Counting the occurrences of Xy and
using (9.22) implies that either,
— by = by = X1, and (2.15) holds with Z(¢,u) = c||u || s |u1(t)]?.
— by = P13, by = b3 = M; and by = X;, and thus (2.15) holds with Z(t,u) =
€m0 2 (8wl [ [ur (8)]-

e Case n1(by) = 2, ni(ba) = 2, n1(b3) = 1, n1(by) = 1. Counting the occurrences of Xy and
using (9.22) implies that either,

— by = by =Wy, b3 = My and by = X7 and D ¢ supp F (b1, be, bs, by). Indeed, a non-zero
bracket of Wy, W1, M; and X; is either a bracket over (M7, Wi and (X3, W7)) or over
(X1, Wy and (M7, W;)). But such brackets have a vanishing coefficient along D by
Lemma 9.7.
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- bl = W10, b2 = Wl, b3 = b4 = X1 and (2.15) holds with E(t,u) = ||u1||‘is|u1(t)|2.
Step 4. Case q € {5,6}. Counting the occurrences of X, implies that by_; = by, = X;. Using
(9.22) implies that (2.15) holds with Z(t,u) := (1 + ¢)*|uy (t)\’“||ul||i§’c for some k € [2,5].

Step 5. Conclusion. Gathering the previous estimates and using Young’s inequality proves (9.21).
O

9.4 Vectorial relations

Lemma 9.10. Assume that fp(0) &€ Np(f)(0). Then
1. fx,(0) ¢ span{f,(0);b € B} \ {X1}},
2. fp,(0) & span{f,(0);b € Bf; 5 \ {P11}}

Proof. We proceed by contradiction.

Step 1. First statement. Assume that fx,(0) = >, a;jfa;(0) where a; € R and the sum is
finite. Hence fg,(0) = 0 where By := X1 — > 5, a;M; € S1(X). Let By := adzd%l(Xo)(Xo).
Then fp,(0) = 0. Moreover, by definition of By and Bs, one checks that B, = D + Bs where
Bs € span{b € B§;ng(b) > 4}. The equality fp(0) = —fp,(0) contradicts the assumption on
fp(0).

Step 2. Second statement. Assume that there exists By € span{b € By, 5:11(b) < 3 or ng(b) > 1}
such that fp, ,(0) = fp,(0). Let By := P11 — By so that fp,(0) = 0. Then fp,(0) = 0 where
By = adzB1 (Xo). Thus fp(0) = fpB,(0) where Bz € span{b € B[‘[‘lﬁﬂ;nl(b) < 5 or ng(b) > 4}, which
contradicts the assumption on fp(0). O

9.5 Closed-loop estimates
Lemma 9.11. Assume that fp(0) &€ Np(f)(0). Then
ur (1) = O (|z(t; w)| + [[ur]|72) . (9-24)
[€p, (tu)] = O (Ja(t;w)] + [lua|74) - (9.25)
Proof. We rely on Lemma 9.10.
Step 1. First estimate. By Theorem 4.4 with M + 1,
2(tiu) = 21t £,0)(0) + O (s [22 + [t 0) [141). (9.26)

By Lemma 9.10, we can consider P, a component along f1(0), parallel to A(f)(0) where N :=
By \ {X1}. Hence PZ(t, f,u)(0) = u1(t). Thus (9.26) yields (9.24).

Step 2. Second estimate. By Theorem 4.4 with M <« 3,
2(tu) = Za(t, £,u)(0) + O (Jlur I + [o(ts )+ (9:27)

By Lemma 9.10, we can consider P, a component along fp, , (0), parallel to N'(f)(0) where N :=
BE[(L?’]] \ {P1,1}~ By (47),

PZ:S(tafa u)(O) = 77P1,1(t7u)' (928)
We apply Proposition 2.16 (see below) to obtain
ey (tu) = Epyy (tu) + O (lun(O)[lua |22 + fur (8)]lua | 1) - (9:29)

Then (9.27), (9.28) and (9.29), combined with the previous estimate (9.24), yield (9.25).
Let us check the required conditions to obtain (9.29). Let ¢ > 2, by > --- > b, € B* such that
P11 € supp F(b1,...,by). Since nq(Py1,1) = 3 and ng(Py,1) = 1, the only possibilities are
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e ¢ =2,b =Wy, by = Xy, in which case

60080001 = s 0] |5 < o @) (9.30)

e ¢=3,b = My, bp = bz = X1, in which case
€00 (110060 (600604 (1, 0] = [ () Pz (8)] < Jun (D) 1. (9.31)
This concludes the proof of (9.29) by Proposition 2.16. O

9.6 Interpolation inequalities

Lemma 9.12. There exits C > 0 such that, for every t >0 and u € L*((0,t);R),

[ui]|7s < Ctlur ()F + Cllullfén(t,w), (9.32)
|§P1,10(t7u)|2 < 2t£D(t7u)v (933)
|£Rﬁ1 11 1(t7u)‘ < CtHu1”i2|£P1,1(t,u)| + Ct% ”ul”%sz(t, u)% (934)

Proof. Step 1. First estimate. By integration by parts,

/Ot uf = ub(t) /Ot ud — 5/075 u(s)ui(s) </OS ui’) ds. (9.35)

By Cauchy—Scwharz and Holder inequalities and (2.5), we obtain

g |36 < ¢85 fuy ()7 Jun |26 + 30V2|[ul| g Jus || 2:Ep (£, 1) 2, (9.36)
which proves (9.32) using Young’s inequality.

Step 2. Second estimate. By (2.5), £p, ;0 = [&p,, and &p = %f@“}%l,l so (9.33) follows directly
from the Cauchy—Schwarz inequality.

Step 8. Third estimate. By (2.5) and since R§,1,1,1 = (W10, Py 1), integration by parts yields

Epe  (t,u) /§W105P11 Ewro(t)ép, , (t /€W1§P11 (9.37)

1111

Then (9.34) follows by the Cauchy—Schwarz inequality and the estimates &w, (0)(¢t) < t[|lui||2. and
s (t) < [lua |7 O
9.7 Proof of the drift

Proof of Theorem 9.1. Let P be a component along fp(0) parallel to Np(f)(0). By Theorem 4.4
with M « 7,

w(tu) = Za(t, £,w)(0) + O (JJur s + 2t ) H) (9.38)

where PZ7(t, f,u)(0) satisfies (9.21). Combining the closed-loop estimate (9.24) and the interpo-
lation estimate (9.32), one obtains

lutllzs = O (Ja(t;w)® + ||ullf~En(tw)) - (9.39)
Substituting in the closed-loop estimate (9.24) yields

lur () = O (lx(t w)|* + |ull L En(t, u)) (9-40)
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and in the closed-loop estimate (9.25) yields
[€p, (8 w)? = O (|l2(t;w)|” + [[ullZe€n(t,u)) - (9.41)
Eventually, using (9.34) and Young’s inequality,

(s | ()] = O (1€, () + a3 + Jun ()] + (8, w)

, 5 (9.42)
= O (Ja(t;w)|* + (¢ + [[ul T )ED(t ) -
Gathering all these equalities in (9.21) and the interpolation estimate (9.33) yields
Pa(t;u) = En(tw) + O ((t+ ulli) Ep(t.u) + ()] ). (9.43)

This implies, in the sense of Definition 1.15, a drift along fp(0), parallel to Np(f)(0), of amplitude
&p, in the regime (¢, ||u||z=) — 0. O

10 Obstructions without analyticity

Except for this section, all our paper is written with an analyticity assumption on the vector fields fj
and f1. This allows to work with convergent series. However, as announced in the introduction, the
obstruction mechanisms on which our necessary conditions for controllability rely are sufficiently
robust to absorb an approximation scheme for non-analytic vector fields.

Let 0 > 0. For smooth vector fields fy and f; in C*°(Bj; R?), one can still define all Lie brackets
fo € C®(Bs;RY) for b € Br(X). The arguments of the next paragraphs will prove that all the
statements of Section 1.5 remain true without any change under this (weaker) regularity setting.

Furthermore, even in a finite regularity setting, one can give a sense to some Lie brackets, once
evaluated at zero. This stems from the equilibrium assumption fy(0) = 0. More precisely, the
value of f;,(0) only depends on the coefficients of the Taylor expansion at 0 of fo up to order nq(b)
and of fi up to order ny(b) — 1 (see Lemma 10.6 below). This leads to the following definition.

Definition 10.1. Let M € N*, § > 0, fo € CM(Bs;RY) with f5(0) = 0 and f1 € CM~1(Bs; R?).
Let fo := Tarfo (respectively f1 := Tprr—1f1) be the truncated Taylor series at 0 of fo (resp. f1) of
order M (resp. M —1). For b € Br(X) with n1(b) € [1, M], we define f,(0) := f,(0).

With this notation, we will prove that the following corollaries of the main theorems of Sec-
tion 1.5 hold. As a rule of thumb, the theorems continue to hold as soon as the vector fields have
enough regularity for the involved Lie brackets to be defined as above. More rigorously, we assume
one extra derivative to be able to estimate the truncation error properly (see Lemma 10.7).

We make the blanket hypothesis that fo(0) = 0.

Corollary 10.2. Let M € N*. Assume that fo € CM*T1, fi € CM. If system (1.1) is W10
STLC, then, for every k € N* such that 2k < M,

ad?¥ (f0)(0) € Spak-11(£)(0). (10.1)

Corollary 10.3. Let M € N*. Assume that fo € CM+1, f; € CM. Let m € N*. If system (1.1) is
W _STLC, then, for every k € N* such that w(k,m) < M,

Jwi (0) € S me,myp\2(£)(0), (10.2)
where w(k, m) is defined in (1.20).
Corollary 10.4. Assume that system (1.1) is L°-STLC. If fo € C* and f1 € C3, then fw,(0) €
No(£)(0) (see (1.22)). If fo € C® and fy € C3, then fw,(0) € N3(f)(0) (see (1.23)).
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Corollary 10.5. Assume that fo € C® and fi € C*. Then Theorem 1.13 holds.

All these corollaries follow form the main theorems and the approximation result Lemma 10.7.
One write x ~ Z, where & is the solution to a system driven by the truncated Taylor expansions
of fo and fi. For the & system, one can apply the drift results of the previous sections. Since
the truncation error is of the same size (or smaller than) as the error terms which were already
absorbed by the drift, the drift conclusion remains true on the state x.

10.1 Brackets at zero only depend on low-order Taylor coefficients

Lemma 10.6. Let M € N*, § > 0, fo € C(Bs;RY) with fo(0) = 0 and f; € C>(Bs;R%). Let
fo := T fo (respectively fi := Tpy—1f1) be the truncated Taylor series at 0 of fo (resp. f1) of
order M (resp. M —1). For all b € Br(X) with n1(b) < M, f,(0) = £,(0).

Proof. Step 1. Notations and preliminary remarks. As in [5, Section 3.1], for two vector fields
g,h € C®(Bs;R?) and k € N*, we write g =k h when the Taylor expansions of g and h at 0

are equal up to order k¥ —1. When k > 2, g =1 g and h = E, straightforward computations
prove that [g,h] =[_y [§,h]. When k > 1, g(0) = 0, g =e+1) 9 and h =y h, straightforward
computations prove that [g, h] =[x [J, ﬁ], so that there is “no loss of derivative” in this weak sense.

Step 2. Computation of brackets. We now proceed by induction on ny(b) € [1, M], proving that,
for every b € Br(X) with 1 <ny(b) < M, fo =(mr41-n1(5)] fo.

When n;(b) = 1, by symmetry, we can assume that b = X0 for some v € N. Since f1 = fh
iterating the previous remarks yields fx, o =z fx10v, which gives the initialization.

Now let b € Br(X). By symmetry, we can assume that b = (b, b2)0” for some v € N, with
b1,b2 # Xo. By the induction hypothesis f,, =[rr41-n, (1)) fb1 and fo, =[M+1—n1 (b)) sz. Hence,
by the preliminary remark, f, 5,) =[M+1-n] f(bl)bz) with n := 1 + maxnq(b1),n1(b2) < ny(b).
And by the preliminary remark, bracketing with fy preserves this approximation level, so we have
proved that f, =(ar41-n, ) fo-

Step 3. Evaluation at zero. When b = Xg, fo(0) = fo(0). When b € Br(X) with 1 < ny(b) < M,
we have proved that f, =(pr11-n, )] fo 50 fo =q) fo and thus f,(0) = f,(0). O

10.2 Estimate of the approximation error

Lemma 10.7. Let M € N*, § > 0, fo € CM+1(Bs;RY) with f5(0) = 0 and f; € CM(Bs;R?). Let
Jo := T fo (respectively f1 := Tpa—1f1) be the truncated Taylor series at 0 of fo (resp. f1) of
order M (resp. M —1). Then

a(t;u) — &(tw) = O (|l i + lua (M), (10.3)
where &(t;u) denotes the solution with initial data O to

&= fo(@) +ult) f(2). (10.4)

Proof. Such an estimate is straightforward to prove when the right-hand side of (10.3) is replaced
by ||u||2/[{"1 To obtain an estimate involving only u;, we need to consider an appropriate “auxiliary
system” as in [3, Section 7] or [5, Section 6.3].

Step 1. Computations on the auxiliary system. Let ®; denote the flow of fi, which is well-defined
locally. We then introduce
y(t;u) := Dy (—uq(t), 2(t; u)). (10.5)
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This new unknown satisfies y(0;u) = 0 and

¥ = (®1(—u1(t))«fo) (9), (10.6)

where ®1(—u1(t))« fo is the push-forward of the vector field fy by the diffeomorphism @4 (—u; (), -).
In particular, for v € R and p € R? small enough, (see e.g. [3, equation (169)], albeit with swapped
indexes),

M—1 Uk v (’U—U/)M_l M
@mwmwm=ggmmmmwwlUWIM(@&ww%mwwmw (10.7)

By Lemma 10.8 (with k <~ M) and Lemma 10.9 (with g « ad%(fo) and v + 0),

ad g (fo) (¢) = ad g (f0) () + O (Ipl). (10.8)
Moreover, since f; € C!,
Bi(0p) =0+ _ O (vl +p) (10.9)
and
Op@1(v,p)) " =1d+ O (o] +[p]). (10.10)

Thus, combining the last three estimates proves that, for |v'| < |v]

(@1~ ad} (f0)) () = ad} (S)O) + O (jo] +Ip). (10.11)

v—0,|p|—0
Substituting in (10.7) and using Young’s inequality proves that

M-

,_.

k M
adfl (fo)(p) + !ad%(fo)(OH O (M + p/M*th). (10.12)

v—0,|p|—0

<

(®1(=v

x>

k=0

Step 2. Gronwall estimate for the auziliary systems. We introduce similarly §(¢; u) usmg <I>1 (the
flow of fl) and fo Then the counterpart for (10.12) holds, mutatis mutandis, since fo and f1 are
smooth. Using these estimates, one obtains

A0 (o, o)) st (@) + 51 ()0 - G 0)) o
0 (1 5.
For k = 0, since fo € CM*1 and fo = T fo,
olw) — foi) = folv) — o) + o) — o3 = O (WM* +ly—3i) . (1010
For k € [1, M — 1], one has

ad’, (fo)(y) — ad® (/o)) = ad, (fo)(y) — ad’s (fo)y) + adk, (fo)(y) — ad (fo)(5)

ok (10.15)
=0 (lyl +ly—14l),

where we used the estimate

ad® (fo)(p) = (Tar—radk (fo))(p) + O(lp|M+1—%), (10.16)
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which follows from Lemma 10.8 and Lemma 10.9 (with g « ad’}1 (fo) and v < M — k). Eventually,
we obtain .
9=9=0(ly =gl + lur (&) + yMTE 4 [ (10.17)

Moreover, from classical estimates |y| = O(||u1]z1) and |§| = O(||u1||rr) (see e.g. [5, Lemma 9]).
Thanks to Grénwall’s lemma, we conclude

y(tiu) — 9(tu) = O (lug||Phih) - (10.18)

Step 3. Conclusion. First, using similar estimates as above, one proves that
Oi(v,p) — P1(v,p) = O (/M + M) (10.19)
v—0,|p|—0
(For example, one can bound the difference between the trajectories to z = fi(z), z(0) = p
and z = f1(2), 2(0) = p, at time v, using a Gronwall estimate, then apply Young’s inequality).
Therefore, we obtain

r—3=®(ui(t),y) — P1(ur(?),9) + P1(ur(?),9) — P1(us(t), 9)

e (10.20)
=0 (ly =g+ 191"+ ()YF1)
where we can use again the estimate § = O(||uy||11), which concludes the proof of (10.3). O

Lemma 10.8. Let M € N* and § > 0. Let fo € CM*+Y(Bs;R?) and f, € CM(Bs;RY). For each
k € [1, M], there exists hy € CMT1=F(Bs;RY) such that

a‘dl;1<f0):_Dkfl'(f()afla"'7f1)+hk- (1021)
Proof. For k = 1, this holds with hy := Dfy - fi € CM. Then the general formula follows by
induction on k. O

Lemma 10.9. Let v € N and 6 > 0. Assume that g € C¥(Bs;R?) is of the form g = Afo + h
where A € C¥(Bs; Mg(R)) and h € C*11(Bs;RY). Then, if fo(0) =0 and fo € C*T1(Bs; RY),

9(p) = (Tug)(p) + pQO(Ipl”“), (10.22)

where T,g denotes the truncated Taylor series at 0 of g.

Proof. The claimed estimate is straightforward when g € C¥*!. In particular, by linearity, one can

assume that h = 0. When v = 0, A € C° so is locally bounded, and, since f, € C! with fo(0) = 0,

folp) = OO(|p\) and g(p) = A(p) fo(p) = OO(|p\). Then, one proceeds by induction. Assuming
p— p—

Lemma 10.9 holds for some v € N, let us prove it at step v + 1. Using Taylor’s formula

a(p) = 9(0) + / (Dg(sp))pds. (10.23)

Moreover, Dg = (DA)fo + A(Dfy), where DA € C¥, fo € C*T2, ADfy € C**1. In particular, the
induction assumption applies and

Dy(sp) = (To(Dg))(sp) + O, (Ispl"*). (10:24)

Combining both equalities yields

9(p) = g(0) + /O (T, (Dg))(sp)pds + pQO(\pI”“) = (Tu119)(p) + pQO(Ipl””), (10.25)

which concludes the proof. O

52



A Proofs of technical results and estimates

A.1 On the differences between STLC definitions

In this paragraph, we prove the claim made in Section 1.2 concerning the invalidity of the three
reciprocal implications in (1.3). For k € {3,4,5}, consider the system

i‘l =Uu
j?g =T (Al)

i3 =22 — af.

Proposition A.1. The following results hold for system (A.1):
o Fork =3, itis L°-STLC but not WH>-STLC.
o Fork =4, it is not L>°-STLC, but there exists p > 0 such that it is p-bounded-STLC.
o Fork =5, it is W L°-STLC, but not p-bounded-STLC for any p > 0.

Proof. Step 1. Case k = 3. With k = 3, the L>®-STLC of system (A.1) follows from the same
arguments as for system (7.1) (with the opposite sign), studied in Section 7.1. The fact that it
is not W1H*°-STLC follows from Theorem 1.11 with m = 1 and k = 2 (or [5, Theorem 3]), which
states that fiy, (0) € S1(f)(0) is a necessary condition of WH*-STLC (see also [5, Section 2.3.3]).

Step 2. Case k = 4. Both claims are proved in Section 6.7 concerning system (6.27).

Step 3. Case k = 5. The fact that system (A.1) is W~1>°-STLC for k = 5 follows from Sussmann’s
S(0) condition* (see [34, Theorem 7.3] or [10, Theorem 3.29]) with § > 3/2 (here fu,(0) of type
(2,3) is compensated by fg, , ,,,(0) of type (5,1)). It can also be proved explicitly using oscillating
controls as in [5, Section 2.4.1] or Section 6.7.

Let p > 0. Let us prove that (A.1) is not p-bounded-STLC. Let u € L*°((0,7T);R) with
|lul]|Lee < p such that z1(T;u) =0,

T T T T
/ uf = —3/ uulugy < 3p / u‘ll/ ud | . (A.2)
0 0 0 0
T T
f
0

T
< lhalle [t <ol <95°T [ (A.3)
0 0
In particular, if T < 1/(9p?), one has x3(T;u) > 0 and the system is not controllable. O

Nl=

Thus

A.2 On the structure of “bad” brackets

In this paragraph, we prove the claim made in Section 1.5 that, due to the structure of the brackets
ad%fl (Xo), Wy and D := ad?;l L (Xo), they are always required to be compensated by the Agrachev—
Gamkrelidze sufficient condition of Theorem 8.2. Since they are of type (even, odd), this follows
from the following claims.

Lemma A.2. Let II' C Br(X) as in Theorem 8.2. Then Xo € IT'.
Lemma A.3. Let II' C Br(X) as in Theorem 8.2. Let k € N*. Then
B(ad¥ (Xo)) ¢ span{E(r);m € 1"} in  L(X). (A.4)

4Sussmann’s initial proof requires § < 1, but, if one is only interested in W—1°°-STLC, it is possible to work
with any 6 € [0, 4+00).
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Proof. By contradiction, assume that there exist r € N*, 71,..., 7. € I[I°'*® and aq,...,a, € R
such that E(ad%fl (Xo)) = auE(m) + -+ + oE(m,) in £(X). Thus, there exists 7 = m; € II°V"
such that ad%fl (Xo) € suppg. E(7). Since no(7) = 1 and no(7) = 2k, E(7) = iE(ad%é (Xo)). Since
E(r) # 0 and no(m) = 1, one has A\(r) = X; or u(r) = X;. Thus X; € II', and adg(kl(Xo) €
[1'+2k < 11°99 ] which contradicts the initial assumption since II' freely generates Lie(TI'). O

Lemma A.4. Let II' C Br(X) as in Theorem 8.2. Let k € N*. Then
E(Wy) ¢ span{E(7); 7 € II**"} in  L(X). (A.5)

Proof. By contradiction, let » € N*, 7y,..., 7. € II*¥*® and ay,...,a, € R such that E(W}) =
a1E(m) + - - + a,E(m,) in £(X). Thus, there exists 7 = m; € II°*°" such that W, € suppg. E().
Since W is a germ (see Definition 3.1), one cannot have A(7) = X or pu(m) = Xo. Thus ny(A(7)) =
ni(u(m)) = 1. This implies the existence of a unique I € [0,k — 1] and 7* € II' such that
B(r*) = £E(M;). Thus W}, € span{g(r);7 € I'*+2(+=0 c 11°44} which contradicts the initial
assumption since I1! freely generates Lie(TI!).

Lemma A.5. Let I1' C Br(X) as in Theorem 8.2. Then
E(D) ¢ span{E(n);® € II**"} in L(X). (A.6)

Proof. By contradiction, let r € N*, 7y,... 7. € I[I**® and «1,...,a, € R such that E(D) =
a1E(m) + -+ + a,E(m,) in £(X). Thus, there exists 7 = m; € II°V*" such that D € suppg. E().
Thus n1(7) = 6 and no(w) = 3. We write 7 = (a,b). Since D is a germ (see Definition 3.1) and
B* is stable by bracketting with Xy, one cannot have a = Xy or b = Xy. By symmetry, one can
assume 1 < nq(a) <nq(b) <5.

Step 1. Case ni(a) = 1 and nqy(b) = 5. If ng(a) > 1, up to decomposing a and b on B*, by
Lemma 9.5, D ¢ suppg. E((a,b)), which contradicts D € supg. E(7). Thus a = X; € II! and
! = {Xo, X1}. Hence D € span{g(n);7 € II? C 11°44} which contradicts the initial assumption
since II* freely generates Lie(II').

Step 2. Case ni(a) =2 and ny(b) = 4. Then, up to decomposing a and b on B*, by Lemma 9.4,
D ¢ suppg- E((a, b)), which contradicts D € supg. E(7). Hence this case doesn’t happen.

Step 3. Case ni(a) = n1(b) = 3. By symmetry, one can assume that ng(a) = 1 and ng(b) = 2.
Thus E(a) = £E(P11) and E(b) = £E(Py2) or E(b) = £E((P1,1, Xo)). Since (P11, P12) € B* and
D € suppg. E(m), we are in the second case, i.e. m = (Py 1, (P11, X0)) (or a permutation thereof).
In particular E(rr) = £E(D). Thus Py ; = A(7) (or a permutation thereof) belongs to II', and thus
7 € 113, which contradicts the initial assumption. O

A.3 Universal rough estimate for coordinates of the second kind

Proof of Proposition 3.9. The proof is by induction on k € N*.

Step 1. Case k = 1. Then b = X;0” for some v > 1 and |b] = v + 1. Thus, for every ¢ > 0 and
u € LH((0,1); R),

(Qt)u+1
(v+1)!

t v—1 v—1
(t—>s) t -2
/(; ul(s) ds| < (1/ — 1)' Hu]-HLI <2 t HU1HL1> (A7)

which gives the conclusion with ¢(1) := 4.

Step 2. Case k > 2. To simplify notations, we write ¢ instead of ¢(k — 1) and, without loss of
generality, we assume that 1 < ¢(1) < --- < ¢(k—1) = ¢. Let b € B*\ {X;} with ny(b) = k.
Then b = b*0” for some v > 0 and there exists j € N*, my,...,m; e N, m € Nand by > --- >
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b, > X; € Bﬁl j—17 such that b* = ad* ...adZ;j ad’y, (Xo). In particular, k = ni(b) = ni(b*) =
mini(b1) + - +myni(b;) + m and |b| = mq|bi| + - - -+ m;|bj| + m+ v + 1.
First, for each i € [1, ], using the induction assumption and Ho6lder’s inequality,

[bi |
|§b7(t,u)| < (|b)|b — ny(b; )(1+ )”’LL ||n1(b) (Ag)

Thus, by (2.5),

f;:ﬂ (s,u) u(s)

|€px (t, u)| = ds
m;! m!
1+m+> m;l|b;
Ct) Z | ‘ 7(m+2m1n1(b1))( )”U ”m-i-Zmlnl(b) (Ag)
- m'|b1|'m1 . |bj|!m3
(2k+1ct)|b\ -
< S,

where we used ||uq |74 < gramy=m(1+3) [|ug ||} and

[b]!

j i
<1 +m+ Zmi|bi> L < 221 T fba 1™ (A.10)

i=1 i=1

which follows from (4.1) and the estimate mq +--- +m; < k.
Finally, if v > 1, using Lemma 3.6 and (4.1),

ottt =| [ e as
< Z(QkJ'r;Clt')bt R || (A.11)
< O 0
which gives the conclusion with c(k) := 2F+2c. O

A.4 Precise estimates of coordinates up to the fifth order

We start with an elementary estimate.
Lemma A.6. For every p € [1,00], jo < j € N*, t >0 and u € L'((0,t); R),

ti—Jo
m”“gﬁ“m. (A.12)
Proof. One can assume j > jo By definition, u; is the (j — jo)-th primitive of w;, vanishing
iteratively at zero, i.e.

lujlle <

(= [T
wo) = [ (). (A13)

Thus u; = g;_j,—1*4j,, where 4, is the extension of u;, from (0, t) to R by zero and g, (s) := s¥/v!
for s € (0,t) and 0 elsewhere, so that | g,|z: = t*T/(v + 1)!. Hence, (A.12) follows from Young’s
convolution inequality. O

This leads to the following estimates.

55



Proof of Proposition 3.10. We prove the bounds one by one.
1. By (3.11), Holder’s inequality, (A.12) and (4.1),

_1
[Eag; (8, w)] < flugllpr < 677 [|ugl e
ti—Jo

-2
=Gt el (A1)
. (2t)j+1 _ (i 1—1
< 1)! ¢~ Got+1) Myp
— (]0+ ) (]+1)| p”uJOHL )
which proves (3.23) with ¢ := 2(jo + 1)! since |M;| = j + 1.
2. By (3.12), Holder’s inequality, (A.12) and (4.1),
o v 2G=do)
lEw,., (t,u)| < jfl P gl Fen < jﬁtl 7 [|wgo 7 20
v! v (j = jo)! (A.15)
< (2jo + 1)!Mt—(2jo+l)tl—%”u. 122,
- (27 +v+1)! JollL=r
which proves (3.24) with ¢ := 22(2jy + 1)! since |W, | =2j + v + 1.
3. For (3.25), we proceed as in the second item, starting from (3.13).
4. For (3.26), we proceed as in the second item, starting from (3.14).
5. By (3.15) and (3.24), there exists ¢z > 0 such that
L] [*(t—s)
o, (Ll = 5| [ e, (s
i cot) Wil ) 1 2
< : (( 21) ' 1~ (2do+1)41 117”“]'0”%21)) (A.16)
(+ DI W
2 V2| W v+
< (2 czt) (Wil t_(4j0+3)t37%||uj0|‘i2p
2[Wjul +v+1)!
using (4.1), which proves (3.27) with ¢ := 2%¢, since |Q% , | = 2|W; .| + v + L.
6. By (3.16), (A.12) and (3.24), there exists ¢ > 0 such that
LI [f(t—s)" 2
t = - . d
s, (0l = 5| [ E 6w (o) ds
2
tv (C2t)|Wj,u\ o 11 1 th—ko
< S (o e F s, ) 15 (G sl
24 t W ul+2k+v+1
< (2ko + 1) (2est) T
(Wil + 2k +v+1)!
X OIS |, [k
(A.17)
using (4.1), which proves (3.27) with ¢ := 2%¢5(2ko +1)! since |Q§%k’y| =2|W; u|+2k+v+1.

7. For (3.29), we proceed as in the second item, starting from (3.17).
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8. By (3.18), Holder’s inequality, (A.12), and (3.24), there exists co > 0 such that

t o\
‘fRﬁ',k,L,u,u(t’u” — Gk /0 : 1/!5) le,u(S,u)uk(s)uf(s) ds

tv )Wl L
vl (%t*””“)tlﬂulolliw) p-A-d
’ K

><< Pl ) B sl 1Y
— || Uy 2p w7 || Uk || LP
(G —go) " N ET ) (k= ko)t
(2462)t|Wl«H|+2j+k+U+l

(Wil +2j+k+v+1)!

11 1
X 1275995 g [ o 320 et oo

< (2jo + ko + 1)! —(2lo+2jo+ko+2)

using (4.1), which proves (3.30) with ¢ := 2%co(2j0 + ko + 1)! since |R§,k’l)u)y| =Wyl +2j+

kv +1. O

A.5 Expression of the logarithm from coordinates of the second kind

Proof of Lemma 4.5. For M,¢ € N*, t >0 and u € L'((0,t); R), let

Zyt,Xu) = > p(tu)E(b). (A.19)

beB*
n1(b)<M,|b|<L

In particular, the sum in the right-hand side is finite since |{b € B*;|b| < £}| < 2¢. By identification
in (2.10), one has

h‘q
Z8(t X, u) = > G (tu) - &7 (8, u)Fyn(by, - - by)- (A.20)
gEN* ,he(N*)1
b1 >-->bgeB*\{Xo}
hyny(by)+--hqni(bg) <M
hy|by|+-++hglbg| <L

The sum in the right-hand side is finite since the constraints imply that ¢ < M, hy,...,hg < M

and |b1],...,]bg| < £. Applying the homomorphism of Lie algebras which sends X, to fo and X;
to f1, we therefore obtain that
h‘l
Z nb(tvu)fb = Z gl’;ll (tau) o 'ébq (tau)qu,h(bl,.‘.7bq)- (AQI)
beB* q€N" he(N")4
n1(b)<M,[b|<L bi>-->bg€B*\{Xo}

hlnl(b1)+~-hqn1(bq)§M
hylby |+ 4hqlbg| <L

Moreover, by Theorem 4.4, the sum (4.7) converges absolutely in C*" for every r’ € [r/e,r). In
particular, Z%,(¢, f,u) = Zum(t, f,u) in C“r as ¢ — 4o00. Hence, to obtain (4.8), it is sufficient to
prove that it’s right-hand side converges absolutely in cor

For each ¢ € N* and h € (N*)9, there exists a finite subset A C Br({Y1,...,Y;}) and coefficients
(atg)aea such that Fyp,(Y1,...,Y,) =D auE(a). Let [|[Fy | := Y |ag|. Since the set of considered
q and h is finite, ||Fy ;| < Cp for some uniform bound Cr > 0.

Then, by Lemma 4.2,

9 ¢
N fEpnor il < CF%(E - 1! (W) (A.22)
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where £ := hq|bi|+- - - + hq|by|. Moreover, by Proposition 3.9, there exists ¢ = ¢(M) > 0 such that,
for every b € B*\ {Xo},
1
[t u)| < W(Ct)"U(b) (clfur | o)™ ®. (A.23)
Thus, by (4.1),
hy 2M £
2 ) ) < )
where ¢ := h1|b1| + -+ hq‘bq| and Ni = hlni(bl) + -+ hqnz(bq)
Hence,

(ct)™ (cllur | o)™ (A.24)

h h
Z H‘fbll (tu) - &0 (6 u) fry (b1, by)
gEN* he(N*)4
b1>-->bgeB*\{Xo}
hini(b1)+---hqni(bg) <M

r’

A2
’/‘CF ( 5)

<
- 9

4
(29 (ct) ™ (el | o) (9”'7{””)
¢EN* hE(N*)4
b1 >-->b,eB*\{Xo}
hini(b1)+--hgni(by)<M

Since there are at most M choices for ¢, M™ choices for h and (2) choices for the b;, the sum
is bounded by

She rCr 91171l \*
S0 3 MA@ R (M ) e o) (21D (A.26)
Ni=1(=N, "
and this sum is finite as soon as 4M9¢t ||| f|||, < 7. O

A.6 Black-box result for the dominant part of the logarithm

Proof of Proposition 4.6. Let r,6 > 0 such that fo, fi € C“"(Bs;R%). The proof relies on the
formula (4.8) of Lemma 4.5. Through the component P along f,(0) parallel to N(f)(0), all the
terms on which we have not made any assumption vanish. It thus suffices to check that the
estimates for the remaining ones can indeed be summed. First, for ¢ = 1, using (4.9) and (4.3),

L +oo ) , p
Z 1€ (L, WP fo(0)] < Z Z Z %fﬂg(t,u)gw — 1! (9|”rf||r)

bEBYy pp\WWN o=1L=0beB; pr)\N
b#b b£b, |b|=¢ (A.27)
L +oco l
T 18t [ £\ -
< 5:(t,u) E E <T’" t—°
o=1/{=0c

which converges provided that 18ct ||| f|||,, < 7, and is then bounded by CZ=(t, u) for an appropriate
constant depending on 7, ¢ and || f|,.-
For ¢ > 2, we proceed similarly, using (A.22) and (4.10). O

A.7 Bad-bad limiting examples involving W5 versus ()’

As announced in Section 8.1.2, in this paragraph, we give examples illustrating that one must
include @} o, @} ; and @} , in the list A5 of (1.23).
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Limiting example for Q?’O. Consider the system

i’l =Uu
Ty =14
T3 = T2 + .’L‘% (A.28)
.j34 = I3

@5 = 23 + 2227y,
Written in the form (1.1), this system satisfies

f]\/[F1 (0) = €; for i e [[1, 4H7 le (0) = 2eg, fW1,1 (0) = 2ey, (A 29)
bel,O (0) = —865, st (0) = 265 ’

and f,(0) = 0 for any other b € B*.

Proposition A.7. System (A.28) is L>=°-STLC (but not W1*°-STLC).

Proof. By Theorem 1.11, if a system is W1>°-STLC, then fy,(0) € S5(f)(0). Since this condition
is not satisfied by system (A.28), it is not W1**-STLC. We now prove that it is L>°-STLC.

Step 1. Computation of the state. Let us fix T > 0. Explicit integrations lead to 21 (T) = uy(T),
29(T) = us(T) and

T
24(T) = ug(T) + /0 (T — t)ui(t) dt, (A.30)

935(T)/0Tu§(t)dt/OT </0tu§(s)d5)

Step 2. Motions in the linear directions. Let i € [1,4]. By the usual linear theory, there exists
u* € L>=((0,T);R) such that, for a € [-1,1], z(T;au’) = ae; + O(a?).

2 T
dt + 2z4(T) / ul(t) dt.
0

Step 3. Motion in the easy quadratic direction +es. Take a non-zero function x € C¢°((0,7T);R),
normalized such that ||x™")|z2 = 1 and define, for a € [0, 1],

U, (@) == ax® — a2 ( / NG dt) @ — g2 ( / LT @y dt) . (A.31)

0 0

Using (A.30), one checks that 2(T,U.,(a)) = a’es5 + O(a?).

Step 4. Motion in the difficult quartic direction —es. In order to benefit from the quartic term,
we use oscillating controls. Let ¢ € C*°(R;R) be a fixed non-zero T-periodic function with ¢(0) =
¢'(0) = ¢”(0) = 0, (¢) = 0 and (¢*) = 1. Let x € C((0,T];R) such that x'(T) = x"(T) = 0 to
be chosen later. For a € [0, 1] small enough, we use controls of the form

us(t) = a'x(t) (1 + o((T — t)/a)) . (A.32)

In particular, u;(0) = u;(T) = 0 for ¢ = 1,2. Moreover, the map (a, x) — u is continuous from
[0,1] x C3([0, T); R) to L>°((0,T); R) and

[ull Lo = O (allxl[cs) - (A.33)
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Differentiating (A.32) twice yields
ui(t) = a'x"(t) (1 + (T = t)/a)) = 2a°X' ()¢ (T — t)/a) + a®x ()" (T = t)/a).  (A.34)
Hence, heuristically, u; ~ a?x¢”. Substituting in (A.30) and using a Riemann-Lebesgue type
argument (see Lemma A.10 in Appendix A.8 below) yields
T
5a(T) = a (Galx) + Fafa ). Gal) = X(T)+ (") [ 8 (A.35)
0

24(T) = a* (G4(x) + Fa(a,x)),  Ga(x) :=/0 X+ <(</>”)2>/0 (T —t)x*(t)dt  (A.36)

where F3 and Fy are C!' maps on [0,1] x C2((0,T];R) with F3(0,:) = F4(0,-) = 0. Similar
arguments prove that

T
25(T) = a* (Gs(x) + Fs(a, x)) + 224(T) / 2,
, (A.37)

T T ot
Gt = (a0 [ 3=t [ ([ ) a
where F5 is a C! map on [0,1] x C2((0,T]; R) with F5(0,-) = 0.

We now prove that there exists x* such that G3(x*) = Ga4(x*) = 0, G5(x*) < 0, and x
(G3(x), Ga(x)) is locally onto. More precisely, given 0 < 7 < 1, let x € C((0,7); 10, 1]) with
X=1on [27,T — 27], suppx C [r,T — 7], and h € C°([0,1]; [0, 1]) with A’ compactly supported
n (0,1) and h(0) = 1. We look for x under the form

X(t) = cox(t) +erh((T —1)/7) (A.38)
Let A := {(¢")?). Using the assumptions on ¢,

Gs(x)=c1 + Ach + O(7),

T2
Ga(x) = coT + Acg? + O(1), (A.39)
3
Gs(x) = ZC(Q)T — Azcé% + O(7).

At 7 = 0, one checks that, for ¢g = —2/(AT) and ¢ = —AcyT, G3 = G4 = 0 and G5 < 0. By
the implicit function theorem, there exists (¢, ¢, 7*) with 7* > 0, ¢ =~ ¢y and ¢} = ¢, such that
G3(x*) = G4(x*) = 0 and G5(x*) < 0. Moreover, since 9, (G3,G4)zy,e,,» = (1,0) + O(7) and
Do (G3,G4)jzo e+ = (0,=T), the C* map (co, ¢1) — (G3,G4a)(Xeo,er,r+) vanishes at (cj, ¢f) and its
differential is onto.

By the implicit function theorem, there thus exists a C* map a +— x, from [0, 1] to C2((0,T]; R)
such that G3(xa)+F3(a, xa) = Ga(xa)+Fi(a, xa) = 0, with G5(x0) < 0. Thus 2(T) = a®(Gs5(xa)+
Fs(a,xa))es = a®Gs(xo)es + O(a®), so one can move in the direction —es.

Step 5. Conclusion. Standard arguments using either tangent vectors or power series expansions
(see e.g. [18, Appendix] or [10, Section 8.1]) entail that (A.28) is L>°-STLC. O
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Limiting example for Q?}l. Consider the system

Ztl =Uu
Ty = a1 + :L'%
T = (A.40)
Ty = T3
T5 = x4
Tg = x% — 2%%1’5.
Written in the form (1.1), this system satisfies
Jn,_,(0) = e fori € [1,5],  fw,,(0) = 2eaq, for v € [0,3], (A.41)
fQ?,l(O) = —866, fW3 (0) = 266 ’

and f,(0) = 0 for any other b € B*.
Lemma A.8. System (A.40) is L>°-STLC.

Proof. Let us perform the (nonlinear) static-state-feedback transformation v(t) := u(t)(142x1(t)).
Then system (A.40) is mapped to a system which satisfies
faa,_,(0) = e for i € [1,5],  fw,(0) = 2es, fp, 5 = —4es,

A.42
f(M4,ad’§(1(X0))(0) = cpeg for k> 3 ( )

for some constant ¢ € R and f,(0) = 0 for every other b € B*. In particular, as (8.9) with [ = 5,
it mainly features a competition between W3 and P; 5, which was proved to be L*°-STLC in
Section 8.1 using Theorem 8.2. Let us check that we can indeed ignore the added brackets. For
k > 3, using the set IT! of (8.5), one has

(My,ad%, (Xo)) = ((adas, (Xo), Xo), ad%, (Xo)) € IT%. (A.43)

Thus w((M4,3bd]§(1 (X0))) = |(M4,ad'l§(1 (X0))]—3=3+k>6>5=w(P15). Hence, the system
after feedback is L>°-STLC, so (A.40) is L>-STLC. O

Limiting example for Q?z. Consider the system

i =u+2?

Ty =11

.fg = T2

.’j34 = I3 (A44)
3.3‘5 = X4

i’ﬁ =I5

iy = 23 + 203 26.

Unlike the previous examples, this system is not nilpotent. Nevertheless, written in the form (1.1),
it satisfies

fws(0) = 2e7, fq3 ,(0) = —8er,

A.45
Vb e NG\{Q o), fo(0) € Rey + -+ Reg. (4.45)

Hence, along the line e7, there is only a competition between Wj, Qb, and brackets outside of
N3, so that yield negligible contributions with respect to f u% It particular, it satisfies

Fw; (0) & (N3 \ {Q1 21)(H)(0). (A.46)
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Lemma A.9. System (A.44) is L>-STLC.

Proof. Let us perform the (nonlinear) static-state-feedback transformation v(t) := wu(t) + x3(¢).
Then system (A.44) is mapped to example (8.9) with [ = 6, featuring a competition between W3
and P ¢,0, which was proved to be L>°-STLC in Section 8.1. Hence (A.44) is L>°-STLC. O

A.8 A Riemann-Lebesgue type lemma
Lemma A.10. Let T > 0 and V := {h € C3([0,T];R); h(0) = h'(0) = h"(0) = 0} endowed with
its usual topology. Let § € C°(R;R) be a T-periodic function. The map

F:{(o,uxv SR,

(1, h) = [ RO((T — t)/7)dt (A.47)

admits a C extension to [0,1] x V which satisfies F(0,h) = (1/T) fOT QfOT h for every h € V.
Proof. Let 6y := 0. For k € N, we set Op11(t) := (¢t/T) fOT O — fot 0. In particular, for all k € N,
Ok11(0) = 0, O 41 is T-periodic and 0 | = (0)) — 0x. Integrating by parts in (A.47) yields

T T
F(r,h) = (0) | h+7[hor(T —t)/0)% — 7 / B ()01((T — t)/7) dt
(A.48)

:<e>/0 h_T/O W (802 (T — t)/7) dt.

Hence F admits a continuous extension setting F'(0, h) = (6) fOT h. Repeating the process twice,
T T
F(r,h) = (0) / h —1{0)h(T) + 72(02)0 (T) — 73 / R (#)05((T —t)/7) dt. (A.49)
0 0

This development with respect to 7 can be used to prove that F enjoys C! regularity up to 7 = 0,
since the 72 factor allows to absorb the derivative with respect to 7 of the last integral as 7 — 0. [
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