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A unified approach of obstructions to small-time
local controllability for scalar-input systems

Karine Beauchard? Frédéric Marbach*

May 27, 2022

Abstract

We propose a unified approach to determine and prove obstructions to small-time local
controllability of scalar-input control systems. Our approach relies on a recent Magnus-type
representation formula of the state, a new Hall basis of the free Lie algebra over two generators
and an appropriate use of Sussmann’s infinite product to compute the Magnus expansion.

First, we recover the necessary conditions, due to Sussmann [19] and Stefani [18], concern-
ing the strongest obstruction at each even order of the control. We also recover our classifi-
cation of quadratic obstructions of [3], involving the regularity of the control, and Kawski’s
tight necessary condition of [11] concerning the second quadratic drift.

Then, we prove and generalize a conjecture of 1986 due to Kawski [10] on a new family
of loose necessary conditions, linked with quadratic drifts. In the particular case of the third
quadratic drift, we state and prove a tight necessary condition, which is new.

Eventually, as a further illustration of the approach, we derive an entirely new obstruction,
linked with a bracket of the sixth order with respect to the control and for which the functional
measuring the amplitude of the drift is not directly a Sobolev norm of the control.
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1 Introduction

1.1 Scalar-input control-affine systems

In this article, we consider an affine control system

(t) = folx(t)) +u(t) fr(z(t)) (1.1)

where the state z(t) lives in R? (d > 1), the control is a scalar input u(t) € R, fo and f; are vector
fields on RY, real analytic on a neighborhood of 0, such that fo(0) = 0. These assumptions are
valid for the whole article and will not be recalled in the statements. Nevertheless, the analyticity
assumption can be removed, and all our results hold assuming only finite regularity on the vector
fields, as we prove in Section 10.

For each t > 0 and u € L'((0,t); R), there exists a unique maximal mild solution to (1.1) with
initial data 0, which we will denote by z(-;u). We will consider either small enough controls or
small enough times so that this solution is defined up to time t¢.

1.2 Definitions of small-time local controllability

In this article, we study the small-time local controllability of system (1.1) in the sense of Defini-
tion 1.1 below, which requires the following notions.

For t > 0 and m € N, we consider the usual Sobolev space W™ (0,t) equipped with the
usual norm ||u||yym.eo = ||ul|pe + -+ + |u™]||z~. For j € N, we define by induction the iterated

primitives of u, denoted u; : (0,t) — R and defined by: uo :=w and u;11(t) = fot uj. We let
[ullw =100 := [l Lo (1.2)

For scalar-input systems such as (1.1), the W~ norm of the control is important because it is
an accurate measure of the size of the state (see Lemma 4.3 and [3, Lemma 20]).

Definition 1.1 (W"™>-STLC). Let m € [—1,00]. We say that system (1.1) is W™>-STLC
when, for every t,p > 0, there exists § = (t, p) > 0 such that, for every x* € B(0,0), there exists
w € W™(0,t) with ||ullwm.e < p, such that x(t;u) = z*.

Any positive answer to the STLC problem may be thought of as a nonlinear local open mapping
theorem, which underlines the deepness and intricacy of this problem, when the inverse mapping
theorem (or linear test, see [6, Section 3.1]) cannot be used.

The STLC notions used in the literature usually correspond to what we refer to as L>°-STLC
(i.e. m = 0 in Definition 1.1 above), where controls have to be arbitrarily small in L> norm (see
e.g. [6, Definition 3.2]]). Sometimes (see [18, 19]) authors investigate the p-bounded-STLC: p > 0
is fixed and system (1.1) is p-bounded-STLC if, for every ¢t > 0, there exists 6 > 0 such that, for
every z* € B(0,6), there exists u € L>(0,t) with ||ul]|p~ < p such that z(¢;u) = x*.

For any m € N*, p >0 and t € (0,1), |Jullw-1.00 < t|luljpe < [Jullwm.e thus

(W™*=-STLC) = (L®-STLC) = (p-bounded-STLC) = (W ~1>-STLC), (1.3)

where any reciprocal implication is false. See also [4] for a recent comparison of various control-
lability definitions. The interest of the W~1°°-STLC is that it is equivalent to the small-state
small-time local controllability for scalar-input systems (see [3, Section 8.2]).

In the excellent survey [14], Kawski recalls the known necessary conditions (see Theorems 3.1,
3.4 and 3.5 therein) and sufficient conditions (see Theorems 3.6 ad 3.7 therein) for L>-STLC.
Then, he explains, on clever examples, the obstacles a more complete theory has to overcome.
Kawski’s survey is at the root of the present article: our main results are generalizations to any
systems, of its observations on particular examples which will be recalled and discussed later in
the present article (see Sections 6.1, 7.1, 8.1 and 9.1).



1.3 Algebraic notations and Lie brackets

The STLC is closely related to the evaluations at 0 of the iterated Lie brackets of the vector fields
fo and f1. We therefore introduce the following definitions and notations.

Let X := {Xo, X1} be a set of two non commutative indeterminates.

Definition 1.2 (Free algebra). We consider A(X) the free algebra generated by X over the field
R, i.e. the unital associative algebra of polynomials of the indeterminates Xo and X1.

Definition 1.3 (Free Lie algebra). Within A(X) one can define the Lie bracket of two elements
as a,b] :== ab — ba. This operation is anti-symmetric and satisfies the Jacobi identity. Let L(X)
be the free Lie algebra generated by X over the field R, i.e. the smallest linear subspace of A(X)
containing X and stable by the Lie bracket [-,-].

Definition 1.4 (Iterated brackets). Let Br(X) be the free magma over X, or, more visually, the set
of iterated brackets of elements of X, defined by induction: Xy, X1 € Br(X) and if a,b € Br(X),
then the ordered pair (a,b) belongs to Br(X).

There is a natural evaluation mapping E from Br(X) to L(X) defined by induction by E(X;) :=
X; for i =0,1 and E((a,b)) := [E(a), E(b)]. Through this mapping, Br(X) spans L(X).

Definition 1.5 (Homogeneous layers within £(X)). For b € Br(X), ng(b) (respectively nq(b))
denotes the number of occurrences of the indeterminate Xo (resp. X1) in b. For A;, Ay C N,
Sa,(X) and Sa, a,(X) are the vector subspaces of L(X) defined by

Sa,(X) :=span{E(b); b € Br(X),n1(b) € 41}, (1.4)
S4,,4,(X) := span{E(b); b € Br(X),n1(b) € A1,no(b) € Ap}. (1.5)
(

Fori,j € N, we write* S;(X) and S; j(X) instead of Sg;y(X) and Sy ;3 (X).

Definition 1.6 (Bracket integration b0”). For b € Br(X) and v € N, we use the unconventional
short-hand b0” to denote the right-iterated bracket (- -- (b, Xg), ..., Xo), where Xo appears v times.

Definition 1.7 (Lie bracket of vector fields). For smooth vector fields f and g, we define

[f, 9] :== (Dg)f — (Df)g. (1.6)

Definition 1.8 (Evaluated Lie bracket). Let fo, fi be C* wvector fields on an open subset Q of RY.
For B € L(X), we define fg := A(B), where A : L(X) — C=(2;RY) is the unique homomorphism
of Lie algebras such that A(Xo) = fo and A(X1) = f1.

Owerloading this notation, we will write fy, instead of fuowy when b € Br(X). The vector field f,
18 obtained by replacing the indeterminates X; with the corresponding vector field f; in the formal
bracket b. For instance if b = (X1, (Xo,X1)) then f» = [f1,[fo, f1]] and if B = a1E(by) + -+ +
anE(by) € L(X) where by, ..., b, € Br(X) and a1,...,a, € R then fp = a1 fo, +- -+ anfs, -

Eventually, for a subset N of Br(X) we use the notation

N(£)(0) := span{f,(0);b € N} C R, (1.7)

All the known necessary conditions for STLC are stated in the following way. One focuses on
a “bad” bracket b € Br(X) and one identifies a subset N of Br(X) containing all the brackets
susceptible to neutralize b. Then the necessary condition for STLC is f(0) € N(f)(0).

This is linked with Krener’s fundamental result [15, Theorem 1], which states that, if two
control systems of the form (1.1) have linearly isomorphic brackets evaluated at 0, then they are
diffeomorphic. Thus the entire information about STLC is contained in the subset of R? made of
the evaluations at 0 of the Lie brackets of the vector fields fy and f;.

IThis choice is different from the usual choice in control theory where, for example, other authors most often
write S;(X) to denote what we refer to here as Spp ;7(X).



1.4 A new basis of the free Lie algebra

In this article, we construct a new basis of the free Lie algebra £(X), which is of the form E(B*),
where B* is a Hall set of Br(X) (see Definition 2.5). All our results are expressed within this basis.

The first elements of B* are given explicitly in the following statement. The main interest of B*
is the particular form of the associated coordinates of the second kind, which appear to be very
well suited for control results and functional analysis (see Section 3.3).

The basis B* answers, in some sense, the first open problem of [13]: “construct a basis for the
free Lie algebra such that the corresponding coordinates of the first kind have simple formulas” (see
also Remark 3.7 for more details).

Proposition 1.9. The first Xi-homogeneous layers By, := {b € B*;n1(b) = k} of our basis B* are

given by
By = {M.,}, (1.8)
By ={W;.}, (1.9)
Bs = {Pjru:j <k}, (1.10)
By ={Qjr1wid <k <1PULQE, . id <k}ULQ),.. ), (1.11)
B: ={Rjrimupij Sk <I<mPULRE, 15 <k}, (1.12)

where, implicitly, j, k,l,m € N*, u,v € N and we define successively

M, = X;0", (1.13)
Wi = (Mj—1, M;)0, (1.14)
Py = (My—1,W;,0)0", (1.15)
Qjktw = (Mi—1, P; 1,0)0", Qgﬂmy = (W, Wi)0”, Q% = (Wi, Wii1)0”,  (1.16)
Riktmw = (Mp—1,Qjk10)0", REy o o= (Wi, Piko)0” (1.17)

To lighten the notations, Wy, Pj i and Q;r,; will denote Wy o, Pj o and Qj k0.

1.5 Main results: old and new necessary conditions

First, we recover the necessary conditions for STLC, due to Sussmann [19, Proposition 6.3] (for
k =1) and Stefani [18, Theorem 1] (for k£ > 1), concerning the strongest obstruction at each even
order of the control, which were historically derived for the weaker p-bounded-STLC notion (recall
the chain (1.3)).

Theorem 1.10. If system (1.1) is W—1>°-STLC (or, equivalently, small-state-STLC), then

vk € N*,  adfi(fo)(0) € Spr,ar-17(f)(0)- (1.18)

Then we prove the following statement, that contains necessary condition for controllability on
all the quadratic Lie brackets Wy, for k € N*.

Theorem 1.11. Let m € N*. If system (1.1) is W™>-STLC, then

Vk e N*,  fw, (0) € Sp1x(k,m)p\ {23 (£)(0) (1.19)
where ol )
+m —

As particular cases, this result contains necessary conditions on Wy, for



o W2=3.°_STLC: fy, (0) € S1(f)(0), which is already proved in [3, Theorem 3],
e L>-STLC: fw,(0) € Sp1 2k—17\¢23(f)(0), which was conjectured in 1986 in [10, p. 63],
o W™m>_STLC with 1 < m < 2k — 4, which is a new result.

Moreover, it would be natural to expect that Theorem 1.11 holds for m = —1 with w(k, —1) := +oc.
We discuss this topic in Section 6.8.
For k € {2,3}, a careful analysis allows to refine the necessary condition of Theorem 1.11. In

particular, in the case m = 0, we prove the following results.

Theorem 1.12. If system (1.1) is L>°-STLC, then fw,(0) € N;(f)(0) for j = 1,2,3, where

N = Bj, (1.21)
Ny =Ny U{Py1,;v €N}, (1.22)
N3 = No U{Pr10, Quiiws Q112.0, Q) 0 Rit110,s Rg,l,lyﬂyy;l € N, u,v € N} (1.23)

The statement concerning Ws is proved by Kawski in [11, Theorem 1], using the Chen-Fliess
expansion and technical results from Stefani [18]. We propose a different strategy, that allows to
obtain similarly the condition concerning W3, which is new.

To go beyond quadratic phenomenons, we prove the following necessary condition linked with
a bracket of the sixth order with respect to the control, which is entirely new.

Theorem 1.13. If system (1.1) is L*°-STLC, then

faz,  (x(0) € span {fb(()); be Bf . b#add | (XO)} . (1.24)

Eventually, we explain in Section 10 why all these results, derived for real analytic vector fields,
remain valid without change for C* vector fields. More strikingly, we show that assuming only
finite regularity on fy and f; is sufficient to preserve the conclusions, provided that one gives the
appropriate meaning to the evaluations at 0 of the considered brackets (the brackets themselves
being undefined elsewhere).

1.6 Heuristic of the unified approach for obstructions to STLC

Our theorems are of the form
W™ STLC = f,(0) € N(f)(0) (1.25)
where m € [—1,00[, b € B* and A is a subset of B*. Our strategy consists in proving a drift of
x(t;u), along f,(0) when
fo(0) € N()(0) (1.26)
in the sense of Definition 1.15 below, which requires the following notion.

Definition 1.14 (Component along a vector parallel to a subspace). Let N be a vector subspace
of R and e € R\ N. We say that a linear form P : R? — R is a component along e parallel to
N when there exists a supplementary G of Re ® N in R? such that, for every x € R there exists
a unique (xn,xq) € N X G such that © = (Px)e + xn + z¢.



Definition 1.15 (Drift). Let b € B*, N C Br(X) and m € [—1,00]. We say that system (1.1)
has a drift along f,(0), parallel to N'(f)(0), in the regime t — 0 and ||u|jwm.ec — 0 when there
exists C > 0, B > 1 such that, for every e > 0, there exists t* = t*(e¢) > 0 such that, for every
t € (0,t*), there exists p = p(e, t) > 0 such that, for every u € W™ ((0,1); R) with ||ul|wm.~ < p,

Pr(t;u) > (1 - €)éo(t, u) — Cla(t; )|, (1.27)

where P gives a component along fo(0) parallel to N'(f)(0) and (§)pep+ are the coordinates of the
second type associated with B* (see Definition 2.9 and Proposition 3.6).

When &, is a positive definite coordinate, estimate (1.27) prevents x(t; ) from reaching targets
of the form 2* = —af,(0) with a > 0, because they satisfy Pz* = —a < —C|2*|?, when a is small
enough. Thus estimate (1.27) falsifies W™ *-STLC. It also proves that the unreachable space
contains locally a half-space because 5 > 1.

Remark 1.16. We will use the terminology “in the regime t — 0 and ||u||wm. — 07 in the sense
giwven in Definition 1.15. We will sometimes use the slightly different terminology “in the regime
(t, [|ullwm.=) = 07 to mean that the smallness assumption on u does not depend on T, i.e. in the
quantification above, p = p(e) does not depend on t.

The starting point of our strategy is an approximate representation formula, explained in
Section 4.3, that holds in the regime (¢, ||ully-1.) — 0,

2(tsu) = Zar(t, £,u)(0) + O (Jull i + 2t w)H77) (1.28)

where, for every M € N*, Zy(t, f,u) is an analytic vector field that belongs to Sy aq(f). By
applying the CBHD-formula to Sussmann’s infinite product representation formula, we obtain an
expression of Zy/ (T, f,u) of the form

Zu(T, fou) = Z & (t, u) fy + some cross products, (1.29)

beBEI,M]I

where the functionals &,(¢, u) are the coordinates of the second type associated with B* (see Defi-
nition 2.9 and Proposition 3.6). They do not depend on f and are explicitly given by an induction
relation on B*

We consider a bracket b € B* for which &, (¢, -) is positive definite, and a subset N of B*. We
assume (1.26) which allows to consider P : RY — R, a component along f,(0) parallel to N'(f)(0).
Then, for every M € N*,

Px(t;u) = &o(t,u) + Z & (t, u)Pfy(0) + P(cross products)
bEBF, oy \(NVU{b}) (1.30)
+ 0 (JJullff o+ ot w)] )
Now, we work in the regime (¢, ||u||ym.) — 0 for some given m € [—1, cof:
1. we choose M such that Hu||%flloo = 0(&p(t,u)) in the regime (¢, ||u|lpm.~) — 0,
2. we choose N as the set of b € B*\ {b} such that & # 0(£p) in the regime (¢, ||ul|wm.e) — 0,

3. we prove bounds on the cross products, of the form: cross products = o(&p (¢, u) + |2(t;u)])

and we conclude that
Px(t;u) = & (t, w) + o (Jz(t;u)| + & (¢, w)) . (1.31)



In the above method, all three steps rely on various interpolation inequalities.

The third step is the hardest, and is not guaranteed to work systematically. To bound the
cross products, we first prove that the assumption (1.26) implies vectorial relations among other
elements f;(0) for b € B*. Then, we prove that these vectorial relations entail what we call “closed-
loop estimates”, i.e. that some coordinates &,(t,u) for some particular b € B* involved in the cross
products can be estimated from |z(t;u)| and higher-order terms involving the control. This is a
key argument of the method.

1.7 Structure of the article

First, in Section 2, we recall the fundamental notion of formal differential equations set in the
algebra of formal series over X, which allows to model control systems of the form (1.1) in a way
which is independent of fy and f;. We give two important expansions of its solutions: Sussmann’s
infinite product based on coordinates of the second kind within a Hall basis, and our Magnus in
the interaction picture expansion. We explain how coordinates of the second kind can be used to
compute coefficients of the Magnus-type formula.

In Section 3, we introduce a new Hall set B* over {Xy, X1} which yields a Hall basis of £(X)
particularly well adapted to control problems, and provide explicit expressions and estimates of
these up to the fifth order in the control.

In Section 4, we explain how the formal results of Section 2 translate to system (1.1) driven by
analytic vector fields. We state key propositions which will be used as black-boxes in the proofs of
the main obstruction results.

We then turn to the proof of the main obstruction results. Each necessary condition for con-
trollability stated in the introduction is derived as a consequence of a more precise drift statement.

In Section 5, we prove Theorem 1.10.

In Section 6, we prove Theorem 1.11.

In Section 7, we prove Theorem 1.12 for the case j = 2.

In Section 8, we prove Theorem 1.12 for the case j = 3.

In Section 9, we prove Theorem 1.13.

Eventually, Section 10 removes the analyticity assumption used throughout the paper.

2 Tools from formal power series

In Section 2.1, we introduce the formal differential equation (2.1) whose solution x(t), is a formal
power series.

In Section 2.2, we recall the well-known notions of Hall sets and Hall bases, which yield bases
of £(X), with which one can express the solutions to (2.1).

In Section 2.3, we present an expansion due to Sussmann for the formal power series z(t) as
an (infinite) product of exponentials of the members of a Hall basis, multiplied by coefficients that
have simple expressions as iterated integrals, called coordinates of the second kind.

In Section 2.4, we recall a Magnus-type formula for the solution x(t), called “Magnus expan-
sion in the interaction picture”. It expresses the formal power series x(t) as the product of the
exponential of Xy with the exponential of a formal Lie series Z. (¢, X, u) € E(X ). This formal
Lie series Z5(t, X, u) can be expanded on any basis of the free Lie algebra £(X); the associated
coordinates are called coordinates of the pseudo first kind. We give an expression of Z. (¢, X, u) in
terms of coordinates of the second kind associated with a Hall set.



2.1 The formal differential equation

Fundamental in this project is the use of the formal differential equation

z(t) = z(t)(Xo + u(t) X1),
z(0)=1

The goal of this section is to define its solutions. This requires the following notions.

Definition 2.1 (Graded algebra). The free associative algebra A(X) (see Definition 1.2) can be
seen as a graded algebra:

AX) = @ A,(X), (2.2)

neN

where A, (X) is the finite-dimensional R-vector space spanned by monomials of degree n over X.
In particular Ag(X) =R and A;(X) = spang(X).

Definition 2.2 (Formal series). We consider the (unital associative) algebra .le\(X) of formal series
generated by A(X). An element a € .le\(X) is a sequence a = (an)neN written a =Y, _y n, where
an, € An(X) with, in particular, ag € R being its constant term.

We also define the Lie algebra of formal Lie series Z(X) as the Lie algebra of formal power
series a € VZ(X) for which a,, € L(X) for each n € N.

neN

Within the realm of formal series, one can define the operators exp and log. For instance, for
~ k
a € A(X) with ag = 0, exp(a) := > 7~ %7 is a well-defined formal series.

The equation (2.1) is set on A(X), driven by X + uX; where ¢t > 0 and u € L*((0,¢); R) and
associated with the initial data 1 € Ag(X). Its solutions are defined in the following way.

Definition 2.3 (Solution to a formal ODE). Let t > 0 and u € L*((0,t);R). The solution to
the formal ODE (2.1) is the formal-series valued function  : [0,t] — A(X), whose homogeneous
components x, : Ry — A, (X) are the unique continuous functions that satisfy, for every s > 0,
zo(s) =1 and, for every n € N*,

Zn(s) = /O i 1(5)(Xo + u(s)) X1) ds'. (2.3)

2.2 Hall sets and bases

We recall the notion of Hall sets and Hall bases. For more details on theses bases of L(X), we
refer to [5], [17, Chapter 4] or [21, Chapter 1].

Definition 2.4 (Length, left and right factors). For b € Br(X), |b| denotes the length of b. If
|b] > 1, b can be written in a unique way as b = (b, be), with by, by € Br(X). We use the notations
A(b) = b1 and p(b) = by, which define maps A, v : Br(X)\ X — Br(X).

Definition 2.5 (Hall set). A Hall set is a subset B of Br(X), totally ordered by a relation < and
such that

e X CB,
o forb=(b1,b2) € Br(X), b€ B iff bi,bs € B, by < ba and either by € X or A(bs) < by,
e for every by,bs € B such that (by,b2) € B, one has by < (b1, b2).

The main interest of Hall sets is that their images by E yield algebraic bases of £(X), called
Hall bases, as proved in [21, Corollary 1.1, Proposition 1.1 and Theorem 1.1].



Theorem 2.6 (Viennot). Let B C Br(X) be a Hall set. Then E(B) is a basis of L(X).

Remark 2.7. Historically, Hall sets where introduced by Marshall Hall in [8], based on ideas of
Philip Hall in [9]. In his historical narrower definition, the third condition in Definition 2.5 was
replaced by the stronger condition: for every by, by € B, by < by = |b1| < |ba|.

Two famous families of Hall sets are the Chen-Fox-Lyndon ones (see [21, p. 15-16]) whose
order stems from the lexicographic order on words and the historical length-compatible Hall sets,
for which by < by = |b1| < |ba|. Other examples, such as the Spitzer-Foata basis are studied in [2]
and [21, Chapter 1].

Definition 2.8 (Support). Let B be a Hall set of Br(X) and a € L(X). For b € B, we denote by
(a,b)p the coefficient along E(b) in the decomposition of a on the basis E(B). We define

suppg(a) := {b € B;{a,b)g # 0} . (2.4)
If A C L(X), we denote by suppg(A) := Usca suppg(a). We drop the subscripts B when there is
no possible confusion on which basis is used.

2.3 Sussmann’s infinite product

In this section, we present an expansion for the formal power series z(t) solution to (2.1) as a
product of exponentials of the members of a Hall set, multiplied by coefficients that have simple
expressions as iterated integrals, called coordinates of the second kind. This infinite product is an
extension to all Hall bases of Sussmann’s infinite product on length-compatible Hall bases [20],
suggested in [12] also proved in [1, Section 2.5].

Definition 2.9. Let B C Br(X) be a Hall set. The coordinates of the second kind associated
with B is the unique family (&)pes of functionals Ry x Li (Ry;R) — R defined by induction in
the following way: for everyt >0 and u € L*((0,t);R)

o {x,(tu) =t and Ex, (t,u) :== fgu =uq(t),

o forbe B\ X, there exists a unique couple (by,be) of elements of B such that by < by and a
unique mazimal integer m € N* such that b = ady’ (b2) and then

et ) = % /0 €7 (5, ), (5, u) ds. (2.5)

Theorem 2.10. Let B C Br(X) be a Hall set, t > 0 and u € L*((0,t);R). The solution to the
formal differential equation (2.1) satisfies,

+—
z(t) = Hegb(t’u)E(b). (2.6)
beB

Remark 2.11. In (2.6), the right-hand side is an infinite oriented product, indexed by elements
of B which are increasing towards the left (see [1, Section 2.5] for more precise definitions).

2.4 Magnus formula in interaction picture

The following result is proved in [1, Section 2.4].
Theorem 2.12. Fort € Ry and z* € A(X), the solution x to (2.1) satisfies

x(t) = 2" exp(tXo) exp (20 (t, X, 1)) (2.7)



where Z4(t, X, u) € /:'(X) Moreover, if B C Br(X) is a Hall set, there exists a unique family
(my)ves of functionals Ry x L (R, ) — R, called coordinates of the pseudo first kind associated

loc

with B, such that, for everyt >0 and u € L*((0,t); R),

Zoo(t, X u) = > my(t, u)E(D), (2.8)
beB

with, in particular, nx,(t,w) =0 and nx, (t, u) = ui (t).

Since we will work with truncated version of this expansion, we also introduce, for M € N*,
the notation Zp/(t, X, u) to denote the part of Z., (¢, X,U) living within A;(X) & --- & Ay (X),

so that one has
Zy(t, X, u) = Z m(t; u)E(b). (2.9)

One of the interest of the infinite product expansion is to provide an expression of Z. (¢, X, u)
and its coordinates of the pseudo-first kind in terms of the coordinates of the second kind.

Proposition 2.13. There ezists a family of elements F, (Y1, ...,Y,) € L({Y1,...,Y,}) forqg e N*
and h € (N*)9, such that, Fy ,(Y1,...,Yy) is of homogeneity h; with respect to'Y; for each i € [1,q]
and, for every Hall set B C Br(X) with Xo as mazimal element, t > 0 and u € L*((0,t); R),

hq
Zoo(t, X, u) = Y Gt u) - &y (8, u) Py n (b, -5 by). (2.10)
geN",he(N")*
by1>-->bseB\{Xo}

Equivalently, for every b € B, one has

ot u) = &(t,u) + 3 (b u) . & (b u) (Fyn(by, .. bg), b), (2.11)
q>2,he(N")?
b1>-“>bq€B\{X0}

where, for a € L(X), (a,b) denotes the coefficient on b within the decomposition of a on B.

Proof. We deduce from Theorems 2.10 and 2.12 and the maximality of X, that

(_
e 2o (X ,u) _ H oo (Hu)E(D) (2.12)
beB\{Xo}

Then (2.10) and (2.11) follow from the multivariate CBHD formula [1, Proposition 2.34]. Techni-
cally, this proposition is stated for finite products. Nevertheless, one can use the graded structure
of A(X) to reduce the proof to this finite setting. O

Remark 2.14. The elements Fy} are deeply linked with the CBHD formula and can be itera-
tively computed from its usual two-variables coefficients. At the first orders, one has for example
Fi,1y(Y1) = Y1 and Fy (1,1)(Y1,Y2) = §[Y1,Y2).

Equality (2.11) leads to the idea that, in some sense, at “leading order”, one has n, ~ &,
provided that one can estimate the appropriate cross products of the right-hand side.

Definition 2.15 (Trees). Given ¢ > 2 and by,...,b; € Br(X), we define F(by,...,b,) as the

vector subspace of L(X) spanned by Lie brackets of b1,...,b, involving each of these elements
exactly once. For example

]:(b1> b?) = R[bla b2]) (213)

F(b1,b2,b3) = Rlby, [b2, bs]] + R[[b1, ba], bs]. (2.14)

10



Proposition 2.16. Let B be a Hall set with Xy mazximal. Let b € B. There exits C' > 0 such that
the following property holds. Assume that there exists Z : R% X LL (R,) — R, such that, for all

qg>2,by>--->by € B such that b € supp F(b1,...,by), for evergl/oz €Ll (Ry) and t >0,

€6, (&, w) -+ &, (t, w)| < E(t, w). (2.15)
Then, for every u € Ll .(R}) and t > 0,

(8, w) — &t w)| < CE(t, u). (2.16)

Proof. This is a straightforward consequence of (2.11) and the fact that the sum in the right-
hand side of this equality is finite. Indeed, (F,(b1,...,bq),b) # 0 implies in particular that
halbi| + - - - 4 hglbg| = ||, so there is a finite number of possibilities for ¢, h and the b;. O

3 A new Hall basis of the free Lie algebra

In this section, we define our new basis of the free Lie algebra over two generators {Xo, X1},
designed for applications to control theory, and compute some of its elements.

Section 3.1 introduces our definition of a new Hall set, which we call B* and motivates its
interest for control problems. Section 3.2 gives an exhaustive description of the elements of B*
involving X; at most 5 times. Section 3.3 computes the associated coordinates of the second kind,
while Section 3.4 provides estimates of these coordinates.

3.1 Definition of B* and first properties

The main result of this paragraph is Theorem 3.3 which states the existence and uniqueness of our
basis B*. We start by introducing some notations and definitions which will make the presentation
more meaningful.

First, we define by induction a subset G of Br(X) be requiring that, Xy, X; € G and, for every
a,b € G with a # Xy, (a,b) € G. Heuristically, G is the subset of b € Br(X) for which X is never
the left factor of any sub-bracket within b. This leads to the following result.

Definition 3.1 (Germ). For any b € G\ {Xo}, there exists a unique couple (b*,13) € G x N such
that b = b*0", with b* = X1 or b* = (b1, be) with by # Xo and by # Xo. We call b* the germ of b
and we say that b is a germ when b =b* (i.e. v, =0). Let G* be the subset of G made of germs.

Definition 3.2 (Order for B*). We endow G with the following total order.
(B0) Xy is the mazimal element.

(B1) for a,be G\ {Xo}, a <b if and only if a* < b* or a* =b* and v, < vp.
(B2) for a*,b* € G*, a* < b* if and only if

o cither ny(a*) < nq(b*),
e ornyi(a*) =ni(b*) and A(a*) < A(b*),
e ornyi(a*) =n.(b*) and A(a*) = A(b*) and p(a®) < p(b*).

In other words, X7 is minimal, X, is maximal and, on G \ X, the order is the lexicographic
order on the quadruple b — (n1(b*), A(b*), p(b*), vp).

Theorem 3.3. There exists a unique Hall set B* C G C Br(X) associated with Definition 3.2.
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Proof. By [2, Section 1.4.2], it suffices to check that < is Hall order on G, i.e. a total order such
that, for every (a,b) € G\ X, a € G and a < (a,b).

Step 1: We prove that, for every a,b € G, if neither a < b nor b < a holds, then a = b. By
contradiction, let a and b be a pair, of minimal total length |a| + |b|, such that a # b, and neither
a < bmnor b < a. By (B0), a# Xo and b # Xy. By (B1), a* # b* (otherwise v, = v so a = b). By
(B2), nq1(a*) = n1(b*) and,

e either A\(a*) # A(b*), and these two brackets are an incomparable pair of shorter total length,

e or A(a*) = A(b*), but then u(a*) # u(b*) is an incomparable pair of shorter total length.

Step 2: We prove that, for every (a,b) € G\ X, a € G and a < (a,b). Let (a,b) € G\ X. Then
a € G by construction of G by induction. If b = Xy then a < (a,b) by (B1). If b # Xy, then
ni(a) < ni((a,b)) so a < (a,b) by (B2). O

Remark 3.4. In B*, X, is mazximal. This is similar to the fact that X would be mazximal in the
Chen-Fox-Lyndon basis associated with the order X1 < Xg on X. So B* shares some properties of
this basis (for example, the fact that b € B* = Vv € N,b0” € B*.

If b € B* is a germ, then, by (B2), u(b) < b, because ni(u(b)) < nq(b). This is similar to
the situation in length-compatible Hall sets where one always has pu(b) < b because |u(b)| < |b|. In
the Chen-Foz-Lyndon basis however, one has b < u(b). So B* shares some properties of length-
compatible Hall sets.

By analogy with (1.4) and (1.5), for Ay, Ag C N, we will also adopt the notations

h, = {beBhni(b) € Ai} and B, 4, = {b € B*;n1(b) € A1,n0(b) € Ao} (3.1)

3.2 Elements of B* up to the fifth order

The goal of this section is to prove Proposition 1.9, i.e. to determine the germs of Bﬁl 5] If b* is
such a germ, then, by Definition 2.5, for every v € N, b*0” € B* and, by (B1), for every v; < 15 € N
then b*0"* < b*0¥2.

Proof of Proposition 1.9. X, is the only possible germ in B}, which proves (1.8). Moreover, the
sequence (M), en is increasing

Yo <v, M,< M,. (3.2)
By Definition 2.5, any germ of By, 5 is of the form (a,b) where a,b € By, 4, and A(b) < a < b
By (B1), this implies that either a* = b* and then b = (a, Xo) so (a,b) = ad?(Xy), or a* < b* and
then b = b* and n4(a) < n1(b). We proceed by increasing homogeneity in X;.

e Germs of B: By Definition 2.5, for every j € N*, W;o belongs to B*. Indeed W;o =
adM]z_l(Xo) and M;_1 < Xy by (BO). These are the only elements of B3 that one may

construct by bracketing two elements of Bf. Moreover, by (B2), W, < Wy o when j < k,
thus, by (B1),
Vi<keN. VpeN, W;,<Wgp. (3.3)

e Germs of B3: By Definition 2.5, for j < k € N*,
Piko = (My—1,Wjo) = (Mg—1,(M;—1, Mj)) (3.4)
belongs to B*. Indeed, M,;_1 < Mi_1 < W, by (3.2) and (B2) because ni(M_1) <

n1(Wjo). These are the only elements of B} that one may construct by bracketing an
element of B} with an element of B3.
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e Germs of By in (B, B5): By Definition 2.5, for j < k <[ e N*,
Qjkp0 = (Mi—1, Pjko) = (My—1, (My—1,Wj,)) (3.5)

belongs to B* because W, ,, < Xo by (B0). These are the only elements of 5] that one may
construct by bracketing an element of B} with an element of Bj.

e Germs of By in (B5,B5): By Definition 2.5, for j < k € N* and u € N,

Q?‘,u,k,o = (Wju; Wio) = (Wi, (Mi—1, My)) (3.6)

belongs to B*. Indeed, Mj_1 < Wj, < Wy o by (B2) and (3.3). These are the only elements
of B} that one may construct by bracketing two elements of B3 having different germs.

For j e N* and p € N,
Q0 = Wi Wj1) = adiy,  (Xo) (3.7)

belongs to B*. Indeed, by (B0), W; , < Xo. These are the only elements of 5] that one may
construct by bracketing two elements of B3 having the same germ.

o Germs of Bf in (B, B}): By Definition 2.5, for j < k <[ < m € N*,
Rjkimo=Mpm-1,Qjk10) = (Mmn—1, M—1,Pjro0)) (3.8)

belongs to B*. Indeed, M;_; < Mp,—1 < Qj k1,0 by (3.2) and (B2). These are the only
elements of B that one may construct by bracketing an element of B} with an element
of Bj.

e Germs of Bf in (B3, B5): By Definition 2.5, for j, k,I € N* such that j <k and u € N,
RS 1o = Wi Pio) = (Wi, (My—1, W) (3.9)

belongs to B*. Indeed, My_1 < Wi, < Pjro by (B2). These are the only elements of B
one may construct by bracketing an element of 35 with an element of Bj.

This concludes the proof. O

3.3 Expressions of coordinates of the second kind up to the fifth order

In this paragraph, we give explicit expressions of the coordinates of the second kind, as defined in
Definition 2.9 associated with the elements of B* up to the fifth order in the control introduced in
Section 3.2. We start with the following lemma, which helps in visualizing the coordinates of the
second kind associated with the elements of Bﬁl,i’)]] listed in Proposition 1.9.

Lemma 3.5. Forb € B* and v € N*,

et = [ s uas (3.10)

Proof. This follows from Definition 2.9, the fact that B* satisfies (B0), and an induction argument
onveN. O
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Proposition 3.6. For every j <k <Il<m e N* u,veN, we have

t ot _ g
&m, (T, u) :/ : V;S) ui(s) ds = w11 (1), (3.11)
O .
1 [t (t—s)
b, ) = [ 5 as (3.12)
bt —s)
et = e [ (s as, (313)
O .
Lt —s)
EQj,lc,I,u(t’u) = Bj,k,l/ ( o ) ul(s)uk(s)U?(s) ds, (3'14)
0 .
71 t(t_s)u S(S_s/)u2 / / ?
EQ'},“,V (t,u) = g/o ” (/0 p uj(s’)ds" | ds, (3.15)
N A ) L A R C R LT PN R
ngwk’y(t,u) = Z/o ” </o i uj(s')ds ) ui,(s) ds, (3.16)
bt —s)
€60 =i [ (o)) (51 ) s, (317)
0 .
;i t(t—s) (s —s"H
£R§7k’l7“,y(t,u) = ka i ( — ) (/O ( m ) ui(s') ds') ug(s)u;(s)* ds, (3.18)
where j < k in (3.16) (only), and the coefficients are given by
1 1
Ok = §5j<k + 553':1@, (3.19)
1 1
Bied = ajklp<t + 7(2!)25j<k:l + g %=k=t, (3.20)

1 1 1
Vjkeodsm = Bjei0i<m + g5j=k=z=m + W5j<k<l=m + ﬁ(5j<k=l=m + 0j—k<i=m)- (3.21)

Proof. All these equalities follow directly from the application of Definition 2.9 to the elements of
Proposition 1.9. U

Remark 3.7. These simple explicit expressions of the coordinates of the second kind associated
with B*, together with formula (2.10), prove that we have constructed a basis of the free Lie algebra
L(X) on which 25 (t, X,u) has, in some sense, a simple expression. This is closely related to the
first open problem of [158]: “construct a basis for the free Lie algebra such that the corresponding
coordinates of the first kind have simple formulas”.

We observe in particular that, for every k € N*, the quadratic form Ew, 1is positive: this is
a key point for Theorem 1.11. The positivity of &g, . s a key point for the quartic necessary
conditions which we intend to study in a forthcoming work. Finally, one may expect that for any
germ b € B* such that & is a positive definite functional, a necessary condition for STLC of the
form (1.25) holds.

3.4 Estimates on the coordinates of the second kind up to the fifth order

We start with a rough estimate valid for all brackets of B*\ X, which will be mainly used to prove
convergence of the considered series. This statement follows from [1, Lemma 7.13] and is thus valid
within any Hall set such that X; < Xj. For self-containedness, we give a direct proof in the case
of B* in Appendix A.1.
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Proposition 3.8. For every k € N*, there exists ¢ = c(k) > 0 such that, for every b € B*\ {X1}
with n1(b) =k, t > 0 and u € L'((0,t); R),

Ct)lb‘
|o]!

—~

[&(t,u)| < 0 | 3 (3.22)

To prove our obstruction results, we need more accurate estimates on the coordinates of the
second type associated with Bff1 57, in terms of Sobolev norms of primitives of the control. This is
the goal the following statement, proved in Appendix A.2

Proposition 3.9. The following bounds hold.

1. Let p € [1,00] and jo € N*. There exists ¢ > 0 such that, for every j > jo, t > 0 and
u € LY(0,t);R), £:=|M;| > jo+ 1 and

—~

ct)? i 1
e (10 < G0 g (3.23)

2. Letp € [1,00] and jo € N*. There exists ¢ > 0 such that, for every j > jo, v >0, t >0 and
u € LY((0,t);R), £:= [W;| > 2jo + 1 and

~

—~

ct)
4

6w, (1 )| < St GO g |, (3.24)

3. Let p1,pa € [1,00] such that 1%1 + p% <1 and jo, ko € N*. There exists ¢ > 0 such that, for
every j > jo, k > ko with j <k, v >0,t>0 andu € L'((0,t);R), £ := |Pj .| > 2jo+ko+1
and

)t s 11

ep, ()] < & g.) £ AR T DL 55 g | 720 o | o2 (3.25)

4. Let p1,pa,p3 € [1,00] such that p% + p% + p% <1 and jo, ko, lo € N*. There exists ¢ > 0 such
that, for every j > jo, k > ko, | > lo with j <k <1, v >0,t >0 and u € L'((0,t);R),
l = |Qj)k)l’y| > 2jo + ko + 1o+ 1 and

ct)t (i _1_ 11
€y ()] < g.) ookt ot DL 5 755755 g 12, (kg | oo 1wt | zos.— (3.26)

5. Let p € [1,00] and jo € N*. There exists ¢ > 0 such that, for every j > jo, p,v € N, t > 0
and u € L*((0,t);R), £ := |Q?,u,v| > 450+ 3 and

()’ _z2
|§Q;,mu(t7u)| < Yl ¢ (4J0+3)t3 pH’U’jO”LILJQP' (327)

6. Let p1,p2 € [1,00] and jo, ko € N*. There exists ¢ > 0 such that, for every j > jo, k > ko,

with j <k, p,v >0, t> 0 and u € L'((0,t);R), £ := \ngﬁ > 2o + 2ko + 2 and
(ct)® _(9; 9-1_ 1
|§Q§-M.,(t’u)| <t (230 +2ko+ 242757 705 |1, (|2 0y [0k |2 205 - (3.28)

7. Let p1,pa,p3,p4 € [1,00] such that p%—l—%—i—%—i—% <1 and jo, ko, lg,mo € N*. There exists
c > 0 such that, for every j > jo, k > ko, l > 1lg, m > mg with j < k<I<m,v>0,t>0
and u € L*((0,t);R), £ :=|Rj k.1,mu| > 240 + ko + lo + mo + 1 and

211

14
() o totmot1) 1= 75 =75 =75~ 7
17 (3.29)

% [1wo | Zaw l1urg Nl o2 Nt [ 223 [ty [l s -

|§Rj,k,l,m,,u (t’ u)| S
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8. Let p,p1,p2 € [1,00] such that p% + p% < 1 and jo,ko,lyg € N*. There exists ¢ > 0 such
that, for every j > jo, k > ko, | > lo, with j < k, p,v >0, t > 0 and u € L'((0,t); R),

0= R, > 250+ ko + 20 + 2 and
(Ct)e —(2jo+ko+2l0+2) 42— 5~ pr — 15 2 9
|§R§ Kl V(t7 U)‘ < 7 t t° p p1 P2 Hujo ”szl ||Uk0 ”LPZ ||ul0 ||L2p- (330)

4 Toolbox for our approach to obstructions

In this section, we gather results of various nature as a toolbox for the sequel.

First, we recall elementary definitions and estimates for analytic vector fields in Section 4.1 and
introduce in Section 4.2 a notation O(-) which will be used heavily throughout the paper.

Then, we state in Section 4.3 the counterpart for system (1.1) of the formal expansion (2.7)
and give in Section 4.4 a sufficient condition to replace, in some sense, the coordinates of the
pseudo-first kind by those of the second kind in (2.8). We show nevertheless in Section 4.5 that
this simplification is not always valid.

Eventually, we recall in Section 4.6 the Gagliardo-Nirenberg interpolation inequalities, and state
straight-forward consequences of the Jacobi identity in Section 4.7.

4.1 Analytic estimates for vector fields

For a € N* and a multi-index o = (al,...,a%) € N%, we use the notations |a| := o' + -+ + a?,
9% == 92 -+ 92" and al := a'l---a®l. Then, the following estimate can be proved by iterating
27 (p + q)l < plg! < (p + q)! for every p,q €N,

Va e N Vo= (a!,...,a%) e N?, 27" Dlaljg]l <ol < |af! (4.1)

Definition 4.1 (Analytic vector fields, analytic norms). Let r,6 > 0. We define C*"(Bs; R?) the
space of real-analytic vector fields, defined on an open neighborhood of the ball centered at zero of
radius 0, equipped with the norm

b ler]
Al 2= 32 3 10 Fullooe - (4.2)

=1 qeNd
We denote by C¥(Bs; RY) the union of these spaces over r > 0.
The following classical result is proved, for instance in [1, Lemma 3.16].

Lemma 4.2 (Analytic estimate). Let r,6 > 0, r' := r/e, fo, fi € C*"(Bs;R?) and b € Br(X).
Then, f, € C" (Bs; R?) and

|b]
Al < 5001 - vy (20 (1)
where 171l = max{lloll, ;13 , }.

4.2 Regime for the notation O

Given two observables A(x,u) and B(x,u) of interest, we will write that A(z,u) = O(B(z,u))
when there exists C,p > 0 such that, for every t € (0,p), u € L'((0,¢); R) with ||Jully-1.~ < p
(recall definition (1.2)), then

|A(z(t;u),uw)| < CB(x(t;u), u). (4.4)
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Hence this notation refers to the regime (¢, ||u||y-1.0) — 0. As examples, one has t = O(1) and
|lui]] = O(1). A deeper result is the following estimate which states that, for scalar-input systems
of the form (1.1), the W~ norm of the control is an upper bound for the size of the sate.

Lemma 4.3. Let 7,0 > 0 and fo, fi € C*"(Bs; RY) with fo(0) = 0. Then
z(t;u) = O([lua [ o). (4.5)

Proof. This follows from [1, Proposition 7.2]. O

4.3 A new representation formula for ODEs

We recall the following recent approximate representation formula for the solution to (1.1).

Theorem 4.4. Let M € N*, 6,7 > 0 and fo, fi € C*"(Bs;RY) with fo(0) = 0. Then

2(tiw) = Zai(t, £,u)(0) + O (Jlua | 554 + fo(ts ) 97 ) (4.6)
where
Z]\/[(t7f> U’) = Z nb(t>u)fb7 (47)
bEBﬁl,M]l

where this sum converges absolutely in C*" (Bs; R%) for any r' € [r/e,r).

Proof. Equality (4.6) is the third item of [1, Proposition 8.2]. The absolute convergence in (4.7)
is proved in [1, Proposition 4.12] and relies on the fundamental observation that the structure
constants of Hall bases exhibit asymmetric geometric growth (see [2, Theorem 1.9]). O

4.4 A black-box estimate of cross products

All our obstruction results are based on considering a component [P of the state x(¢; u) along f(0)
for some “bad” bracket b, parallel to A(f)(0), where A/ is an appropriate subset of Br(X). By
(4.6), we would like to compute PZy; (¢, f,u)(0) and show that it behaves like & (¢, «). This requires
to bound uniformly the cross products appearing in (2.10). We will rely on the following results,
proved in Appendix A.3 and Appendix A.4.

Lemma 4.5. Let M € N*. Let 6,7 > 0 and fo, fi € C¥"(Bs;R?Y) with fo(0) = 0. There exists
p > 0 such that, for everyt € (0,p) and u € L*((0,t);R),

hq
Zu(t, fu) = E §1}}11 (tw) - & (6 ) fFy b (br,eby) (4.8)
g€EN* he(N*)?
b1>-->b,eB \{Xo}
hini(bi)+--hgni(bg)<M

where the sum converges absolutely in C*" (Bs; RY) for every r' € [r/e,r).

Proposition 4.6. Let M,L € N*. Let b € By, ,; and N C By, aqp with b ¢ N. Assume that

there exist ¢ > 0 and = : R x L{, (Ry) — Ry with E(t,u) = O(1) such that, for every t > 0 and
u € LY((0,t);R),

o for allb € By, \q such that b ¢ N U{b}, there exists o < L such that |b| > o and

(ct)l®l
B!

|§b(t7u)‘ S tiaE(Lu)a (49)



o for all ¢ > 2, by > --- > b, € B*\ {Xo} such that n1(b1) + -+ + ni(by) < M and
supp F(b1,...,by) ¢ N, there exists o1,...,04 < L and ay,...,0q € [0,1]7 with o :=
a1 + -+ ag > 1 such that, for each i € [1,4], |b;| > 0; and

(ct)lbi]
|bi!

b, (8 u)| < 7 (Bt u)™. (4.10)

Let 6,7 > 0 and fy, fi € C¥"(Bs;RY) with fo(0) = 0. If fo(0) & N(f)(0) and P is a component
along fo(0) parallel to N'(f)(0),

P2y (t, £,u)(0) = & (£, u) + O (E(t,u)) . (4.11)

4.5 Cross products are not negligible in general

The expression (2.11) of n, as &, plus a finite sum of cross products leads to the idea that one
could maybe replace the coordinates of the pseudo-first kind by those of the second kind in (4.6),
by absorbing the difference in the remainder terms which already appear in the right-hand side.
One could define

ZeetXou) = Y &(tu) (4.12)

bEBﬂl ]

and ask whether, in the regime (¢, ||u|ly-1.) — 0,
ure 1
a(tsu) = 25 (¢ £,u)(0) + O (llua |25 + ot w)] ) (4.13)
Such a formula would be very nice to prove positive and negative controllability results.

Estimate (4.13) is satisfied on particular systems for which the cross products are o(|z(t; u)]).
For instance, for the system

x.l — W,

l"g =T, (414)
s 1.2

I3 51517

we have z(t;u) = Z5"°(t, f,u)(0) = ui(t)er1 +us (t)62+f0 63 thus the estimate (4.13) is valid with
M = 2. Indeed, the difference (Z5 — Z5"°) (¢, f,u)(0) is proportlonal to uy(t)us(t)es = o(jz(t; u)|).

Unfortunately, estimate (4.13) is not valid in general. For instance, let us consider the system

S.Cliu,
.’tQ = + %(E%, (415)
Lt'gzl'll'g.
One has
t,2 t,2 t 2
U 1 U u
2t ) = wr (F)er + ug(t)—i—/ 1Y gy 4 Lua(t)? + ua(t) 71—/1@71 s (4.16)
) 2 o 2 o 2

and for every M > 3,

m(t, f,u)(0) = nx, (t,u)er +n(x, x,) (ts U)ez + nw, (t,u)ez —np, , (t u)es
= ui(ter + ( / - - *Ul Uz(t)> €2 (4.17)

— (/0 uzé—iuQ(t)/o uj) es.
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Thus we observe that

2(tu) — Zag(t, f,u)(0) = —%xl(t)ug(t)el + %uQ(t)xQ(t)eg,, (4.18)

which is indeed o(|z(t; u)|) in the regime (¢, ||u||y-1.) — 0. However,

1 t

sltsn) = 2570, 1,0)0) = (a0 + ) [ ) e (4.19)
0

Thus, for any u € L*((0,t); R) such that zo(t;u) = 0,

w{ts ) — ZE(t, £,u)(0) = —5 ( / t u) (4.20)

This relation falsifies (4.13) for M > 4. Tt also falsifies the validity of the estimate
w(tu) = 257 (L, f,u)(0) + oz (t; u)|) (4.21)
for nilpotent vector fields such that Spas41,007(f)(0) = {0}.

4.6 Interpolation inequalities
We recall below the Gagliardo-Nirenberg interpolation inequalities (see [7, 16]) used in this article.

Proposition 4.7. Let p,q,r,s € [1,400], j,l € N* and a € (0,1) such that

] 1 1 1-—
<o and :j—i-(—l)a—i— . (4.22)
! p r q
There exists C > 0 such that, for everyt >0 and ¢ € C*°([0,t];R),
. o 1_5_ 1
D7 ¢lle < CIID'|1 310l 10" + Ct7 =77 % (||| e (4.23)

Remark 4.8. For functions on bounded intervals, adding the lower-order term in the right-hand
side of (4.23) is mandatory (see [16, item 5, p. 126]). To obtain the dependency of the constant
on t > 0, one uses scaling arguments to work within a fized domain, say [0, 1].

4.7 A consequence of the Jacobi identity

The following straightforward consequences of the Jacobi identity will be useful to compute the
decomposition of brackets of two elements within B*.

Lemma 4.9. The following decompositions hold.

1. For any v € N and any a,b € L(X),

0,00 = 3~ <”,> (—1)” [a0”", )0~ (4.24)

14
v'=0

2. For any v € N*, there exist coefficients af € Z for 1 < 2j +1 < v, such that, for any
be L(X),
b,60"] = > a¥[b0’, 607 ]0r (4.25)
1<2j+1<v

Proof. The validity of (4.24) for any a,b can be proved by induction on v € N; the heredity relies

on the Jacobi identity and the binomial relation (”;1) + (5,111) = (%) forv/ =1,...,v—1. The

validity of (4.25) for any b can be proved by induction on v € N*; the Jacobi relation leads to
v—1 2

O

v __ Al
aj = ;g
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5 Sussmann’s and Stefani’s obstructions

The goal of this section is to give a new proof of Theorem 1.10, within the framework of the unified
approach proposed in this paper, as a consequence of the following more precise statement.

Theorem 5.1. Assume that (1.18) does not hold. Let k € N* such that
ad7y (f0)(0) ¢ Sp26-17(/)(0). (5.1)

Then system (1.1) has a drift along adfclf(fo)(O), parallel to Sp 2x-1)(f)(0), of amplitude & 42 (x,):
in the regime (¢, ||ully-1.) = 0.

5.1 Dominant part of the logarithm

Lemma 5.2. Let k € N* such that (5.1) holds. Let P be a component along adfclf(fo)(O), parallel
to S[[Lgk_l]](f)(o). Then

]PZZk(t7 fv U)(O) = gadg(kl (XO)(tvu) +0 (‘ul(t)|2k + tﬁ””l“%@k) . (52)

Proof. We intend to apply Proposition 4.6 with M <+ 2k, L « 2k + 2, b « adg(kl (Xo) and
N+ Bj o1,_17> so that (5.2) will follow from (4.11), for the appropriate choice of Z(¢,u). Let us
check that the required estimates are satisfied.

Step 1: Estimates of other coordinates of the second kind. Let b € BEL%]] such that b ¢ N U {b}.
Since N = By, 5,4}, one has ny(b) = 2k and ng(b) > 2. Hence [b] > 2k + 2. By (3.22) of
Proposition 3.8, estimate (4.9) holds with o = 2k + 2 and

2(t,u) = t]lu |75 (5.3)

Step 2: Estimates of cross products. Let ¢ > 2, by > --- > b, € B*\ {Xo} such that ny(b1) +-- -+
n1(bg) < 2k and supp F(b1,...,by) ¢ N.
For each i € [1, ¢],

e if b, = X, then
166, (8, w)| = [ur (2], (5-4)
so (4.10) holds with o; = 1 and a; = 1/(2k) = nq1(b;)/2k.

e otherwise, |b;| > 1+ n1(b;) and, by (3.22) of Proposition 3.8 and Holder’s inequality,

(ct)!
3!

&+

. n . ct [b:] e, 1 : i
§ 1= (B g 7250 < () t=i (t%‘ 1IIU1||2L]‘219) (5.5)

|€bi (t’u)| < Lri(by) = |
|b;]!

with o; = 1+n4(b;) and a; = ny(b;)/(2k). Since ¢ > 2, ny(b;) < 2k—1. Thus 1 —1> 1
and, assuming t < 1,

a1 1 ,

to 75 < 7T 75 (5.6)

Since N = Bj; 5j_1); one has ni(b1) +---+ni(by) =2k. Henceao=a1+---+ a4 =1. O
5.2 Vectorial relation

Lemma 5.3. Let k € N* such that (5.1) holds. Then, f1(0) # 0.

Proof. By contradiction, if f1(0) = 0, since fo(0) = 0, all iterated Lie brackets of fo and f; vanish
S0 adfff(fo)(o) =0 € Sp2r-17(f)(0) = {0}. O
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5.3 Closed-loop estimate
Lemma 5.4. Assume that f1(0) #0. Then,

[ur ()] = O (Je(t; w)| + [ua]l 1) - (5.7)

Proof. This estimate is proved in [1, Proposition 8.3]. For the sake of self-containedness, and as
an illustration of the approach used in the following sections, let us give another proof.

Let P be a component along f1(0), parallel to the null vector space {0}. By Proposition 4.6
with M <1, L+ 2, b+ X; and N < (), (4.11) entails that

PZ, (¢, f,u)(0) = ui (t) + O([Jun[[ 1)- (5.8)

Indeed, on the one hand, for every b € B} \ {X1}, by (3.23) with (p, jo) + (1,1), one has [b] > 2

and

(Ct)lb‘
[b]!

so (4.9) holds with o = 2 and Z(¢,u) = |luz| /1. On the other hand, we don’t need to estimate any

cross products because, when ¢ > 2 and by,...,b;, € B*\ {Xo}, n1(b1) +--- +ni1(by) > 1.
By Theorem 4.4 with M < 1,

[0 (t, u)| < £ lual| e, (5.9)

z(tyu) = Z1(t, f,u)(0) + O ([Jur |72 + |z(t;w)[?) . (5.10)

Then (5.7) follows from (5.8), (5.10) and the small-state estimate of Lemma 4.3. O

5.4 Interpolation inequality
Lemma 5.5. Fort >0 and u € L*((0,t);R),

|75, < |z flua | 75 (5.11)

5.5 Proof of the drift

Proof of Theorem 5.1. Let P be a component along adfc’f(fo)(O) parallel to Spi 2,-17(f)(0). By
Theorem 4.4,

w(tu) = Za(t, f,u)(0) + O (Hului’;ﬁl + |m(t;u)|1+ﬁ) (5.12)
and, by (5.2) and (2.5),
I !
PZon(t, f,u)(0) = = [ ui*+0 (Iul(t)lz’“ e IIullli’%k) : (5.13)
(2k)! Jo

Moreover, by the closed-loop estimate (5.7) and Hélder’s inequality,
ur (1)]% = O (|t ) ** + 2l | 752) - (5.14)

Gathering these equalities and (5.11) yields

! U%k e ! k
P : = 2 171 o 2 . 1+% ) 1
x(t;u) /0 k) +0 <(t =T 4 lug || )/0 ui” + |z (t; u)] k) (5.15)

This matches Definition 1.15 of a drift along adf:f (f0)(0), parallel to Spy 2,—17(f)(0), of amplitude
€adzr (x,)» in the regime (¢, [lully-1.) — 0. O
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6 Loose quadratic obstructions

We prove Theorem 1.11, as a consequence of the following more precise statement.

Theorem 6.1. Let m € N and k € N*. We assume k is the smallest integer for which

Jw,. (0) & St re,m)\ (23 (£)(0), (6.1)

where w(k,m) is defined in (1.20). Then system (1.1) has a drift along fw,(0), parallel to
St w23 (f)(0), in the regime t — 0 and |ul|ywm.~ — 0.

When m = 0, the drift actually holds in the (weaker) regime (¢, ||ul|L~) — 0 (see Remarks 1.16
and 6.6), where the smallness assumption on ||u|/;~ does not depend on .
6.1 A previous result on a prototype example

In [14, System (32)], Kawski considers the system

x'l =Uu
$.2 =1
(6.2)
T = Tp—1
Tpp1 = 23 — Aaf)
where A > 0. Written in the form (1.1), this system satisfies
Ju,_(0) =ej for j € [1,k], fw,(0) =2exq1, fadg(l(Xo)(O) = —Aplepta (6.3)

and f,(0) = 0 for any other b € B*. In [14, Proposition 5.1], Kawski proves that, if p > 2¥*! then
the system (6.2) is not L>°-STLC. This result can be recovered by applying Theorem 6.1 to system
(6.2) with m « 0. Indeed, p > 21 > 2k — 1 = 7 (k,0).

With respect to this previous result, Theorem 6.1 can be viewed as an improvement in the
following directions:

e any perturbation in By, _ is allowed (not only ad’ (Xo)),

e as correctly conjectured in [10, section 2.4, p. 63], the critical threshold for L>*-STLC is
proved to be 2k — 1 (instead of 2¥+1 — 1 obtained in [14, Proposition 5.1]),

e other regularity scales W™ for m > 0 are included.

6.2 Dominant part of the logarithm

Lemma 6.2. Let k € N*. Assume that k is the minimal value for which (6.1) holds. Let P be a
component along fw, (0), parallel to Spy x(k.m)p\{23 (f)(0). Then

PZr(em) (t, £, u)(0) = Ew, (1) + O ([(u, - - un) (8)] + tllugl|Z2) - (6.4)
Proof. By minimality of k, for every j € [1,k — 1],
Tw;(0) € SpaG.myn 23 (F)(0) C Spur(rmyp\ (23 (£)(0), (6.5)

since 7(-,m) is non-decreasing. Since S[i x(k,m)]\{2} 1S stable by right bracketing with Xy, one also
has

Jw;, (0) € Spr(emy\ 23 () (0), (6.6)
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for every j € [1,k — 1] and v > 0. Hence Sp1 x(k,m))\ {23 (f)(0) = N(f)(0) where
N =By w2y Y {Wiwsd € [,k — 1], v € N} (6.7)

We intend to apply Proposition 4.6 with M <+ w(k,m), L + 2k + 2, b + Wj and N as in (6.7),
so that (6.4) will follow from (4.11), for the appropriate choice of Z(¢,u). Let us check that the
required estimates are satisfied.

Step 1: Estimates of other coordinates of the second kind. Let b € Bﬁl ()] such that b ¢ NU{b}.

By definition (6.7), one necessarily has n;(b) = 2 and b = W, with either j > k or (j = k and
v > 1). By estimate (3.24) with (p, jo) < (1,%), (4.9) holds with o = 2k 4 2 and

E(t,u) == tl|ugl3s. (6.8)
Step 2: Estimates of other cross products. Let ¢ > 2, by > --- > b, € B* such that nq(b1) +--- +
n1(bg) < w(k,m) and supp F(by,...,by) ¢ N.
We start with preliminary estimates.
o If b, = M, for some j € [0,k — 1], by (3.11),

ol )
166, (, W) = Juja (D) = K U+ 1)l (1)) (6.9)
so (4.10) holds with o; = j + 1, ; = 1/2 and E(¢,u) = |(u1, . .., ur)(t)|*

o If b; = M, for j > k, by (3.23) (with (p, jo) < (2,%)), (4.10) holds with o, = k+1, a; =1/2
and Z(t, u) = tl|lugl|3..

Since supp F (b1, ...,bq) ¢ N, one has ¢ = 2 and by, by € B}. So the previous estimates apply and
a1 =ay=1/2s0 a1 +as=1. O
6.3 Vectorial relations

Lemma 6.3. Let k € N*, 7 : N* — N* be a non-decreasing map and ¥ : N* — N* be defined by
(k) = max{1; L@J} We assume that k is the minimal value for which (6.1) holds. Then,

1. the vectors far,(0), ..., far,_, (0) are linearly independent,
2. if 9(k) > 2, then span{ far, (0), ..., faz,_, (0)} N Sp2,90)7(f)(0) = {0}.

Proof. Let Hy := f3(0). Since fo(0) = 0, for any b € Br(X), fu,x,)(0) = Hofp(0). Thus, for each
A C N, the space Sa(f)(0) is stable by left multiplication by Hy. In particular, by minimality of &,
for each I € [1,k — 1] and v € N,

fwi, (0) = Hg fw, ,(0) € Span\ 23 (F)(0) C Sprri 23 (£)(0), (6.10)
where the last inclusion results from the monotony of 7. Thus,
Sa, 11,2621 (f)(0) € Sp1,= (k)1 (23 (1) (0). (6.11)

Proof of statement 1. By contradiction, assume that there exists (B, ..., Bk—1) € R¥\ {0} such
that ﬂOfMo (0) +-- +ﬂk—1ka,1 (O) =0, i.e. fB1 (O) = 0 where By := Bp_1My_1+ -+ BoMy. One
may assume that ;1 # 0; otherwise replace B; by ad];(vzl_K(Bl) where K = max{j;8; # 0}. By
linearity, one may assume f;_1 = 1. Then fg,(0) = 0 where

By = ad}, (Xo) = [My_1 + - + oMo, My + - + BoM1] = Wy, — Bs, (6.12)
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where Bz € SQ’[ILQIG,QH(X). Finally, by (6.11), fw,(0) = fg,(0) € S[l’ﬂ(k)]]\{g}(f)(()), which
contradicts (6.1).

Proof of statement 2. By contradiction, assume that ©(k) > 2 and that there exists b € Sz k)] (X)
and (Y0, ...,7k—1) € R¥\ {0} such that fp,(0) = 0 where By := v_1Mj_1 + -+ + 79 Mg + b. One
may assume 7y,_1 = 1; otherwise, replace By by adl)“(_ol_K(B4) where K = max{j;y; # 0} and
renormalize. Then fp,(0) = 0 where

B5 = ad234(X0) = [Mk_l =+ 4+ ’YOMO + b, Mk + -+ ’}/()Ml + [b, Xo”

(6.13)
€ Wi + So,1,26—21 (X) + S[3,20 ()7 (X)-

This fact and (6.11) contradict (6.1) because 20(k) < 7 (k). O

6.4 Closed-loop estimate

Lemma 6.4. Let k € N*, 7 : N* — N* be a non-decreasing map and ¥ : N* — N* be defined by
(k) = max{1; L@J} We assume that k is the minimal value for which (6.1) holds. Then,

(s ) ()] = Ol w)] + el + ¢ lluellz2) (6.14)
Proof. By Theorem 4.4 with M + ¥(k),
_1
w(ts0) = Zogo (t, £,0)(0) + O ([l [JS05, + ()50 ). (6.15)

Let ¢ € [0,k — 1]. By Lemma 6.3, we can consider P, a component along fu,(0), parallel to
N(£)(0) where N := ({Mo, ..., Mg—1} \ M;) U B, - We intend to apply Proposition 4.6 with
M «+ 9(k), L + k+1, b + M; and N as above, so that (4.11), for the appropriate choice of
E(t,u), will yield

PZ (e (b S u)(0) = i1 () + O (14 ]z ) (6.16)

Then, combining (6.15) and (6.16) concludes the proof of (6.14). Let us check that the required
estimates are satisfied.

Step 1: Estimates of other coordinates of the second kind. Let b € By, 4,y such that b ¢ N U{b}.
By choice of NV, one has necessarily nq(b) = 1. Then b = M; for j > k. Thus, by (3.23) (with
(p,jo) < (2,k)), |b] > k + 1 and (4.9) holds with o = k + 1 and Z(t, u) := £2 |ug| 2.

Step 2: Estimates of cross products. Let ¢ > 2, by > --- > by € B*\ {Xo} such that nqy(b1) +---+
n1(by) < ¥(k) and supp F(by,...,b,) ¢ N.
By construction of N, there is no such cross product term. O]

6.5 Interpolation inequality
Lemma 6.5. There exists C > 0 such that, for every t >0 and u € L*((0,t); R),
7(k,m)+1 7(k,m)+1— w(k,m — m(k,m)—1
a5 < € (el FE™ Pl e+ 7 Em 2 FE ) g, (607)
where p := (2m + 2k)/(m + 1) satisfies p < w(k,m) + 1.

Proof. By Proposition 4.7 with ¢ « ug, (p,q,7r,s) < (p,2,00,2), (4,1) + (k—1,m+ k), o <
(p —2)/p, we obtain

s < Cllut™ 722 unlF2 + CEPEEE g |17 (6.18)
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By Holder’s inequality,

7% < O 2, (6.19)
Moreover, by (1.20),
2k+m—1 2k +2m
k 1> — = — = 2
7T( ,m)+ - m+1 m+1 D, (6 0)

and this concludes the proof of (6.17), writing
kym)+1 _
a0 < a4 |, (6.21)
and |luq]|pe < ||lul|pee- O

6.6 Proof of the drift for m >0

Proof of Theorem 6.1. Let P be a component along f, (0) parallel to Spi r(x.m)p\ {23 (f)(0). Let
M :=7(k,m). Let ¥ := max{1; L%J} By Theorem 4.4,

2(tiu) = Zar(t, £,w)(0) + O (Jlur |5 + 2t )43 (6:22)
where, by (6.4) and (3.12),
PZu(t, f,u)(0) = ;/Ot ui 4+ O (|(ur, ... JuR) ()2 + t||uk||%2) . (6.23)
Moreover, by the closed-loop estimate (6.14),

|, ur) (@) = O (|t ) + ul755 + tuellZ:) - (6.24)

By definition of ¥, one has 2(¢ + 1) > w(k,m) + 1. Hence, in particular,

lua|75%7 = O (lua | 2 ) - (6.25)

Gathering these equalities and the interpolation estimate (6.17) yields
1 [t . _
Patti) = 5 [ b+ 0 ((t+ (1 6m I ulFED T fug B + o 0l (6:20)
0

This implies, in the sense of Definition 1.15, a drift along fw, (0), parallel to Spi x(k,m)\ {23 (f)(0),
of amplitude &y, , in the regime t — 0 and ||u||ym.« — 0 (the smallness assumption on the control
depends on the final time; see Remark 1.16). O

Remark 6.6. In the previous proof, when m = 0, one has w(k,m) + 1 — 2k = 0. Thus, in this
case, the smallness assumption on the control does not depend on the final time. The drift along
fw, (0) then holds in the regime (i, ||u|L=) — 0 (see Remark 1.16)).

When m > 0, the dependence on time of the smallness assumption on the control stems from
the second term in the right-hand side of the Gagliardo-Nirenberg inequality of Proposition 4.7.
For appropriate classes of functions, for instance ¢ € W™, the Gagliardo-Nirenberg inequality
holds without this second term. Thus, for controls u € Wy, the argument above proves a drift
in the regime (¢, [|ulym<) — 0.
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6.7 Optimality of the functional framework

With m = 0, the result of Theorem 6.1 does not hold for a different small-time local controllability
notion involving large enough controls in L* (instead of arbitrarily small controls in L*°). In this
sense, our result is optimal. To prove this claim, let us consider the following system (introduced
in [14, Example 5.1]):

(ﬁl =Uu

To =121 (6.27)

i3 =23 — xt.

Written in the form (1.1), this system satisfies

fag =e1, far (0) =€z, fw,(0) =2e3, fq,,,(0) = —2de; (6.28)

and f,(0) = 0 for any b € B* \ {Mo, M1,W5,Q1,11}. Thus fw,(0) € Si1(f)(0) and fw,(0) ¢
81,31 (f)(0). By Theorem 1.11, this system is not L>-STLC, i.e. locally controllable in small time
with -small controls. By Theorem 6.1, solutions associated to controls small in L°® cannot reach
in small time targets of the form —fes with 5 > 0.

In [14, p. 452], Kawski claims that this system is STLC with controls large enough in L*°.
Let us indeed construct explicit controls (large in L*°) achieving a motion along —es. Let ¢ €
C((0,1);R) \ {0} and A > 0 large enough such that

1 1
C = —/ ©? + AQ/ (@)t > 0. (6.29)
0 0

Let

t and v € L'((0,¢);R) be defined by u(s) := Ap” (s/t). Then uy(s) = Aty'(s/t) and
us(s)

0
At?¢(s/t). Thus

r) = [ g—ut= [ (a0 (2)) = (400 () ) as=-ewc. @an)

Therefore x(t;u) = —t5A%2Ces, so we have indeed achieved a motion along —e3. Standard argu-
ments using either tangent vectors or power series expansions then allow to prove that (6.27) is
indeed L>*-STLC (see e.g. [14, Appendix] or [6, Section 8.1]).

>

6.8 An extension to the case m = —1

As mentioned in Section 1.5, it would be natural to expect that Theorem 1.11 holds in the case
m = —1 with w(k, —1) := 4o0. This would correspond to the heuristic that, for k& € N* the bracket
Wy, is “bad” even for W—1>°-STLC, i.e. that it has to be neutralized by some other bracket (here,
such a statement would entail that it should be neutralized by a bracket outside of B5).

Up to our knowledge, this is an open problem. We give here a partial result in this direction,
under an extra nilpotency assumption. Indeed, we prove that, if f; is semi-nilpotent with respect
to fo (see below) and system (1.1) is W—1°°-STLC then

Vk € N*,  fw, (0) € Sp1,cop\ (23 (£)(0). (6.31)

Definition 6.7 (Semi-nilpotent family of vector fields). Let Q be an open subset of R%, fo, f1 €
C>®(Q;R?Y) and M € N*. We say that the vector field f; is semi-nilpotent of index M with respect
to fo when

Vb e Br(X),ni(b) =M= f, =0 on Q (6.32)

(every bracket of fo and fi involving M occurrences of f1 vanishes identically on Q) and M is the
smallest positive integer for which this property holds.

26



Theorem 6.8. Assume that fi is semi-nilpotent with respect to fo. If system (1.1) is W—hoo-
STLC, then, for every k € N*,
fwi (0) € Sp1oop 23 (£)(0). (6.33)

The proof follows the same steps as the proof of Theorem 6.1. A key point is that the truncated
formula (4.6) is replaced with the following one.

Proposition 6.9. Let M € N*, §,7 > 0 and fy, fi € C¥"(Bs;R?) with fo(0) = 0. Assume that f,
s semi-nilpotent of index M with respect to fy. Then

2(t;0) = Zat(t, £,0)(0) + O (| =t 0)). (6.3)
Proof. This follows from the third item of [1, Corollary 8.4]. O
Lemma 6.10. Let k € N* be the minimal value for which (6.33) fails. Then,

1. the vectors far,(0), ..., far,_, (0) are linearly independent,

2. span{fary (0), ., Fany_, (0)) N Spaeeg((0) = {0}.
Proof. The proof is exactly the same as in Lemma 6.3, with (k) = J(k) = +o0. O

Lemma 6.11. Let k € N*. Assume that f1 is semi-nilpotent with respect to fy and that k is the
minimal value for which (6.33) fails. Then,

(1, ) O = O (ot w)] + ¢ g 2 ) (6.35)

Proof. The proof is performed along the same lines as in Lemma 6.4. Instead of M = d(k), one
uses M such that f; is semi-nilpotent of index (M + 1) with respect to fo. One replaces (6.15) by
(6.34) and concludes as previously. O

Proof of Theorem 6.8. Let P be a component along fyy, (0) parallel to Spi oo 23 (f)(0). Let M €
N* be such that f; is semi-nilpotent of index (M + 1) with respect to fy (see Definition 6.7). By
Proposition 6.9,

w(t;u) = 2y (t, f,u)(0) + O (Jurll Lo 2t w)]) (6.36)
where, by (6.4) and (3.12),
Lt 2 2
PZy(t, fu)(0) = 5 R +0 (J(ur, - ur) (O + tlurl|z2) - (6.37)
Moreover, by the closed-loop estimate (6.35),
[(ug,. .. up)(t))> = O (\x(t; u)* + t||uk||2L2) . (6.38)
Gathering these equalities yields
1 [t
Pa(t;u) = 5/0 ujp + O (tlurl| 2z + llur]| L= |2(t;w)]) (6.39)
which prevents from reaching target states of the form a* = —¢ fyy, (0) for 6 > 0 small enough. [

7 Refined W5 obstruction

The goal of this section is to prove the case j = 2 in Theorem 1.12, as a consequence of the following
more precise statement.

Theorem 7.1. Assume that fw, (0) € N1(f)(0) and fw,(0) ¢ Na(f)(0). Then, system (1.1) has
a drift along fw,(0), parallel to Na(f)(0), in the regime (¢, ||u||L~) — 0.
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7.1 Limiting examples

A negative example. In Section 6.7, we recalled that system (6.27) is small-time locally controllable
with large enough controls in L>°, but not L°°-STLC in the sense of Definition 1.1. For this system,
one has 6 fw,(0) = —fq,,,(0) (and Q1,11 is the only bracket “compensating” Ws). But Q111
does not belong to the set s defined in (1.22) of brackets which can compensate Wy for L>°-STLC.
Hence, the fact that (6.27) is not L>°-STLC can be seen as an application of the case j = 2 of
Theorem 1.12.

A positive example. The following system, due to Jakubczyk, is known to be L*°-STLC since
[19, p. 711-712] (Sussmann’s proof involves controls with [Ju|lL~ < 1, but extends easily to any
bound on u; see also [3, Section 2.4.1] for another proof):

i‘l = u,
jfg =1, (71)

i3 =23 + 23,
Written in the form (1.1), this system satisfies

fMo (O) = €1, fMl (0) = €2, fW2 (0) = 2635 fP1,1(0) = 663 (72)

and f,(0) = 0 for any b € B* \ {Mo, My, Wy, Py 1}. Hence 3 fw,(0) = fp,,(0). Therefore, the fact
that this system is L>°-STLC implies that one must include P ; in the set N> defined in (1.22) of
brackets which can compensate Ws.

7.2 Dominant part of the logarithm

Lemma 7.2. Assume that fw,(0) € Ni(f)(0) and fw,(0) ¢ Na(f)(0). Let P be a component
along fw,(0), parallel to No(f)(0). Then

PZ3(t, f,u)(0) = &w, (£, u) + 0(\(“1’ uz) () + tllualze + lualZallullre + ||u1||i4>~ (7.3)

Proof. By assumption, fw,(0) € Ni(f)(0). Since N is stable by right bracketing with Xy,
fw.,(0) € Ni(f)(0) for every v > 0. Thus, since Ny C Na, Na(f)(0) = N(f)(0), where N is
defined as

N =N U{W, ;v € N}, (7.4)

where N is defined in (1.22). By assumption, fiy, (0) & Na(f)(0) = N (f)(0).

We intend to apply Proposition 4.6 with M < 3, L < 6, b < Wy and N as in (7.4), so that
(7.3) will follow from (4.11), for the appropriate choice of Z(¢,u). Let us check that the required
estimates are satisfied.

Step 1: Estimates of other coordinates of the second kind. Let b € B[[1 3] such that b ¢ N U {b}.
We investigate the different possibilities depending on nj(b).

e One cannot have ny(b) = 1 since B} C N,.

o If ny(b) =2, by (1.9) and (7.4), one has b = W;,, with either (j > 3) or (j =2 and v > 1).
Thus |b| > 6. By estimate (3.24) with (p, jo) + (1,2), (4.9) holds with ¢ = 6 and

S(t,u) = t|us2. (7.5)

e If ny(b) = 3, by (1.10) and (1.22), b = Pj 1, with k¥ > 2. Thus |b| > 5. By estimate (3.25)
with (p1, pa, jo, ko) < (2,2,1,2), (4.9) holds with o = 5 and

E(t,u) = [lua|[Zslluzl o (7.6)
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Step 2: Estimates of cross products. Let ¢ > 2, by > --- > b, € B*\ {Xo} such that nq(by) +---+
n1(bg) < 3 and supp F(by,...,by) ¢ N.

We start with preliminary estimates.
o If by = M, for some j € [0, 1], by (3.11),
G
|6, (8 w)| = [ (0)] = K PG+ Dl ()] (7.7)
so (4.10) holds with o; = j + 1, ; = 1/2 and Z(¢,u) = |(u1,u2)(t)|*.

o If b; = M, for j > 2, by (3.23) (with (p, jo) < (2,2)), (4.10) holds with o; = 3, a; = 1/2 and
E(t, u) = t]ua|3e.

e By (3.22), for each b; € B3, (4.10) holds with o; = 3, o = 1/2 and E(t, u) = t||uq [|]4.

Since n1(b1) + ---n1(by) < 3 and ¢ > 2, all the b; belong to Bj, 5j- Thanks to the preliminary

estimates, a = ¢/2 > 1. O

7.3 Vectorial relation

Lemma 7.3. Assume that fw,(0) € N1(f)(0) and fw,(0) ¢ Na2(f)(0). Then, the vectors f,(0)
and fur, (0) are linearly independent.

Proof. This statement is implied by the case k = 2 in Lemma 6.3. O

7.4 Closed-loop estimate
Lemma 7.4. Assume that fp,(0) and far, (0) are linearly independent. Then,
[t u2) (8)] = O (|t )| + w2 + ¢ |22 ) (7.8)

Proof. This statement is implied by the case k = 2 and w(k) = 2 in Lemma 6.4. O

7.5 Interpolation inequality
Lemma 7.5. There exists C > 0 such that, for every t >0 and u € L*((0,t); R),

lurllzs < CllullZoe luzll7- (7.9)

Proof. First, by Holders’ inequality |Jug||z2 < t2|u]|g~. Thus, (7.9) follows from Proposition 4.7
with ¢ < uz, (p,q,7,8) = (4,2,00,2), (j,1) = (1,2), v <= 1/2. a

7.6 Proof of the drift

Proof of Theorem 7.1. Let P be a component along fy, (0) parallel to N3(f)(0). By Theorem 4.4
with M + 3,

o(tiu) = Za(t, £,u)(0) + O (Jur s + ot 5) (7.10)
where, by (7.3) and (3.12),

1 t
P23t fu)(0) = 5 [ 13+ O(1(n,ua) OF + el + s s + s ). (71D
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Moreover, by the closed-loop estimate (7.8),
(w1, u2) () = O (Ja(tw)[* + Jualza + tlluzll72) - (7.12)

Gathering these equalities and the interpolation estimate (7.9) yields

1 t t
Px(t;u) = 5/0 ui + 0 ((t+ lul| Lo + Hu||2Loo) /0 u3 + x(t;u)|1+§> . (7.13)

This implies, in the sense of Definition 1.15, a drift along fu, (0), parallel to N5(f)(0), of amplitude
Ew,, in the regime (¢, ||ul|p~) — 0. O

8 Refined W3 obstruction

The goal of this section is to prove the case j = 3 of Theorem 1.12, as a consequence of the following
more precise statement.

Theorem 8.1. Assume that fy, (0) € N1(f)(0), fw,(0) € No(f)(0) and fw,(0) ¢ N5(f)(0). Then
system (1.1) has a drift along fw,(0), parallel to N5(f)(0), in the regime (¢, ||ul|p=) — 0.
8.1 Limiting example

As an introduction, we give an example partially highlighting the optimality of the condition
Jw,(0) € N3(f)(0). Indeed, in [14, Example 5.2], Kawski considers the system

i?l =Uu
e (8.1)
T3 = T2
iq =2} — af.
Written in the form (1.1), this system satisfies
fMo(O) = €1, fMl (0) = €2, f]VIQ (O) = €3, fWB (O) = 2ey, le,l,l(O) = —24ey (82)

and f,(0) = 0 for any b € B* \ {My, M1, Ma, W5, Q1.1,1}. Kawski proves that system (8.1) is L>°-
STLC. This implies that one must indeed include @1 1,1 in the set N3 defined in (1.23) of brackets
which can compensate Wj.

We expect that, for each bracket b € N3, an example similar to (8.1) can be constructed where
W3 is compensated by b and yields L>°-STLC.

8.2 Dominant part of the logarithm

Lemma 8.2. Under the assumptions of Theorem 8.1, let P be a component along fw,(0), parallel

to N5(f)(0). Then

P25 (¢, £,u)(0) = Ew, (t,0) + O (| (tr, wa, us) (1) + tllus|F2 + uall}s s
8.3
+ Nl s s e + e )

Proof. By assumption, fi,(0) € NV;(f)(0) for i = 1,2. Since N is stable by right bracketing with
Xo, fw,,(0) € Ni(f)(0) for every v > 0 and i = 1,2. Thus, since N1 C No C N3, N3(f)(0) =
N(f)(0), where

N(-NgU{WLV,WQ’V; VGN}, (84)
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and N3 is defined in (1.23). By assumption, fu,(0) ¢ N3(f)(0) = N(f)(0).

We intend to apply Proposition 4.6 with M < 5, L < 11, b < W3 and A as in (8.4) so that
(8.3) will follow from (4.11), for the appropriate choice of Z(¢,u) (corresponding to the quantities
within the O(+) in (8.3)). Let us check that the required estimates are satisfied.

Step 1: Estimates of other coordinates of the second kind. Let b € B[ 5 such that b ¢ NU{b}.
We investigate the different possibilities depending on ny(b).

e One cannot have ny(b) = 1 since B} C Njs.

e If nqy(b) = 2, by (1.9) and (8.4), one has b = W; , with either (j > 4) or (j = 3 and v > 1).
Thus |b| > 8. By estimate (3.24) with (p, jo) + (1,3), (4.9) holds with ¢ = 8 and

2(t, u) == t]|us]|. (8.5)

e If ny(b) = 3, by (1.10) and (1.23), b = Pj;, with 2 < j <[. Thus |b| > 7. By estimate (3.25)
with (p17p27j07 ko) — (3/2,37 2, 2), (49) holds with o = 7 and

E(t,u) = [Jug|3s. (8.6)

e If ny(b) =4, by (1.11) and (1.23), either

—b = Qjriy with j = k = 1,1 > 3, thus |b| > 7 and, by estimate (3.26) with
(pl,pg,pg,jo,ko,lo) «— (3,6,27 1, 1,3), (49) holds with ¢ = 7 and

E(t,u) = Juallgollusl e (8.7)

— b= Qj k1 with2 <k <[, thus |b| > 7 and, by estimate (3.26) with (p1, p2, p3, jo, ko, lo)
~(3,3,3,1,2,2), (4.9) holds with ¢ = 7 and

Et,u) = |lur[[FolluzlZs- (8.8)

~b=@" ., thus |b| > 8 and, by estimate (3.28) with (p1,p2.jo, ko) < (3,3/2,1,2),
(4.9) holds with o = 8 and

E(t, ) = tlur|Fe||usl|Zs- (8.9)

—b=qQ",, with j > 2, thus |b| > 11 and, by estimate (3.28) with (p,j0) + (3/2,2),

Jsbv
(4.9) holds with ¢ = 11 and
2(t,u) =13 ||lug|3s. (8.10)
e If ny(b) =5, by (1.12) and (1.23), either

— b= Rjk1m,p with m > 2, thus |b] > 7 and, by estimate (3.29) with
(p1, p2, 3, P4, Jo, ko, lo, mo) + (3,6,6,3,1,1,1,2), (4.9) holds with o = 7 and

E(t,u) = |Jua |70l luzl s (8.11)

— b= Rg’,k,l, o With 1 > 2, thus || > 9 and, by estimate (3.30) with (p, p1, p2, Jjo, ko, lo) <

(3/2,3.6,1.1,2), (4.9) holds with o = 9 and
Bt ) = 15 [|uy |36 uz 35 (8.12)
Step 2: Estimates of cross products. Let ¢ > 2, by > --- > by € B*\ {Xo} such that nq(by) +--- +

n1(bg) <5 and supp F(by,...,by) ¢ N.

We start with preliminary estimates.
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e By (3.22), for each b; € B* with ny(b;) <5, (4.10) holds with o; = nq(b;) + 1, a; = n1(b;)/6
and Z(0,u) = 19/ 091 3.

o If b; = M, for some j € [0,2], by (3.11),

ol )
(6. (8 w)| = Juja (B)] = ik UHED( + 1) ()] (8.13)
il!
so (4.10) holds with o; = j + 1, a; = 1/2 and Z(t,u) = |(ug, ua, uz)(t)|?.

o If b; = M, for j > 3, by (3.23) (with (p, jo) < (2,3)), (4.10) holds with o; =4, a; = 1/2 and
E(t, u) = t]us||2e.

We now consider the different possibilities, based on the condition nq(b1) + - - - 4+ n1(by) < 5.
e Case: at least two b; € Bf. Then, by the preliminary steps, « > 1/2+1/2 = 1.
e Case: q =3, by,by € BS, by € Bf. Then, by the preliminary steps, « =1/3+1/3+1/2 > 1.
e Case: q=2,b1 € 86374]], by € Bf. Then, by the preliminary steps, a« = ny(b1)/6 +1/2 > 1.

o Case: ¢ =2, by € B, by € Bf. Say by = W;, and by = M. If j = 1, by (4.24),
suppl(b1,b2] C {P1 o, k' > 1,0/ > 0} C N. So we can assume that j > 2. Then, by (3.24)
with (p, jo) < (3/2,2), (4.10) holds for by with oy =5, aq = 2/3 and Z(t, u) = t¥/2[jus]|3,.
By the preliminary steps, a; + ag =2/3+1/2 > 1.

o Case: q¢ = 2, bi,by € B5. Say by = Wj, and by = Wy .. If j = j/ = 1, by (4.25),
supplby, ba] C {Qi#’#,;,u,u’ >0} C M. So we can assume that j > 2. Then, by (3.24) with
(p,jo) < (3/2,2), (4.10) holds for by with o1 = 5, oy = 2/3 and Z(t,u) = t/2||us||3,. By
the preliminary steps, a3 + a2 =2/34+1/3 = 1.

o Case: q=2,b; € B}, by € B5. Say by = Pj, and by =W, ,. If j =k =1=1, by (4.25),
supp|b1, ba] C {R§71)17N,7V,} C N. So we can assume that [ > 2 (in which case ay = 2/3) or
k > 2. In the latter case, using (3.25) with (p1,p2,jo, ko) < (3,3,1,2), (4.10) holds for b,
with oy =5, oy = 2/3 and Z(t,u) = t1/2||u1||i6||u2||ié2. In both cases o + g > 1. O

8.3 Vectorial relations
Lemma 8.3. Under the assumptions of Theorem 8.1,
1. the vectors far,(0), far, (0), far,(0) are linearly independent,

2. span{ far, (0), far, (0), S, (0)} N span{ fwv, , (0);v € N} = {0}.

Proof. For j € {1,2}, N, is stable by right-bracketing with Xo. Thus N;(f)(0) is stable by left
multiplication by Hy := D f,(0) and the assumptions imply that

vie{l,2,veN,  fw,,(0) = Hgfw,(0) € N;(f)(0) C N3(£)(0). (8.14)
In particular, since Sy [1,47(X) = span{W; ,;j € {1,2},v € N,2j +v — 1 < 4},

So,11.41())(0) € N3(£)(0). (8.15)

Proof of statement 1. We assume there exists (3o, 31, 32) € R?\ {0} such that fp,(0) = 0 where
By = foMs + B1 My + BoMy. One may assume that S = 1; otherwise consider [Bj, Xp] or
[[B1, Xo], Xo] and renormalize. Then fp,(0) = 0 where

BQ = EJLd2B1 (Xo) = [Mg + BIMI + ﬁoMo, M3 + /BlMQ + ﬁOMl] S W3 + SQ,[[1,4]] (X) (816)
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and (8.15) leads to a contradiction with the assumption fuw,(0) & N3(f)(0).

Proof of statement 2. We assume there exists (yp,71,72) € R®\ {0} and W € span{W; ,;v > 0}
such that fp,(0) = 0 where By = v2Ms + v1 My + voMo + W. As previously, one may assume
v2 = 1. Then fp,(0) = 0 where

Bs = ady, (Xo) = [Ma + 11 My +v0Mo + W, Mz + 1 Ma + oMy + [W, Xo]]
€ W3 + Bs + By + Sa,11,41(X)

where Bg € span{[M;, W, ,];l € N,v € N} and B; € span{[Wi ,, W ,];v,n € N}. By (4.24),
supp B C {P1,,,;1 € N*,v € N} C N3. By (4.25), supp By C {QLW;M,Z/ € N} C N3. Together
with (8.15), this leads to a contradiction. O

(8.17)

8.4 Closed-loop estimate

Lemma 8.4. Under the assumptions of Theorem 8.1,
(1, uz,us) (8)] = O (ot w)] + o + uall 3 + ¢ )12 ) - (8.18)
Proof. By Theorem 4.4 with M + 2,
w(tw) = Z(t, £,u0)(0) + O (|lur 3o + [o(tsw) 1) (8.19)

Let ¢ € [0,2]. By Lemma 8.3, we can consider P, a component along fy, (0), parallel to N'(f)(0)
where N := ({ My, My, Ma}\ M;)U{W; ,;v € N}. We intend to apply Proposition 4.6 with M <+ 2,
L+ 5,b <« M; and N as above, so that (4.11), for the appropriate choice of Z(¢, ), will yield

PZ,(t, f,u)(0) = uisy (t) + O (|(u1,u2,u3)(t)|2 + t%HUSHLz) . (8.20)

Then, combining (8.19) and (8.20) concludes the proof of (8.18). Let us check that the required
estimates are satisfied.

Step 1: Estimates of other coordinates of the second kind. Let b € B 5 such that b ¢ N U{b}.

We investigate the different possibilities depending on ny (b).

e If ny(b) =1, then b = M; for j > 3. Thus, by (3.23) (with (p, jo) < (2,3)), |b| > 4 and (4.9)
holds with o = 4 and 2(t, u) := t2||ug||.2.

o If ny(b) =2, by (1.9) and definition of N, one has b = W}, with j > 2. Thus |b| > 5. By
estimate (3.24) with (p, jo) = (1,2), (4.9) holds with o = 5 and Z(¢, u) := |Jua||72.

Step 2: Estimates of cross products. Let ¢ > 2, by > --- > by € B*\ {Xo} such that nqi(by) +--- +
n1(bg) < 2 and supp F(by,...,by) ¢ N.

Thus ¢ = 2 and by = M, by = M, for some j1,j2 € N. By the preliminary estimates of Step 2
of the proof of Lemma 8.2, by and by satisfy (4.10) with Z(¢t,u) = |(u1, u2, u3)(t)[* + t||lus||2. and
a1 = Qg = 1/2 ]

8.5 Interpolation inequalities

Lemma 8.5. There exists C > 0 such that, for everyt > 0 and u € L*((0,t);R),
luals < Clulloo lus|22. (3:21)
lullge < Clluloe lusl|Z. (8.22)

Proof. First, by Holders’ inequality ||us||z2 < t2|[u]|~. Thus, (8.21) follows from Proposition 4.7
with ¢ < us, (p,q,7,8) + (3,2,00,2), (4,1) + (1,3), a + 1/3. Similarly, (8.22) follows from
Proposition 4.7 with ¢ < ug, (p,q,r,s) < (6,2,00,2), (4,1) < (2,3), a < 2/3. O
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8.6 Proof of the drift

Proof of Theorem 8.1. Let P be a component along fy, (0) parallel to N3(f)(0). By Theorem 4.4
with M < 5,

2(tiw) = Z5(t, £,0)(0) + O ([[ur s + [a(t:w)|+F). (8.23)
where, by (8.3) and (3.12),

1 t
P25t £.)(0) = 5 [ 03+ O|(ur,uz, ua) O + tus s + el
0

2 (8.24)
o+l e sl 2 + llua e )
Moreover, by the closed-loop estimate (8.18) and Holder’s inequality,
(ur, w2, ug) (D = O (ot w) 2 + tlun o + ¢ Jual| £ + 32 ) (8.25
Gathering these equalities and the interpolation estimates (8.21) and (8.22) yields
1 t t
Pmmozl/@+0(u+wmx+uma/ﬁé+umm”ﬂ. (8.26)
0 0
This implies, in the sense of Definition 1.15, a drift along fu, (0), parallel to N5(f)(0), of amplitude
Ews, in the regime (¢, ||ul|p~) — 0. O

9 An obstruction of the sixth order

The goal of this section is to prove Theorem 1.13, as a consequence of the following more precise
statement. In this section, we use the short-hand notation D for the following bracket of Bj:

D :=adp, , (Xo) (9.1)

and we introduce

Np = Bfj 71 \ {D}. (9.2)
Theorem 9.1. Assume that fp(0) ¢ Np(f)(0). Then system (1.1) has a drift along fp(0),
parallel to Np(f)(0), in the regime (¢, ||ul|p=) — 0.
9.1 Limiting examples

Let us give an example motivating the threshold 7 for this loose necessary condition. In [14,
Example 6.1], Kawski considers the systems

i’l =u,
To = X1
e (93)
Tr3 = T3,

iy = 2% —ab

for p € {7,8}. Written in the form (1.1), these systems satisfy
o (0) =er,  far,(0) =e2,  fp,,(0) =6es, [p(0) = T2e4, Jaaz,, (x0)(0) = —ples  (9.4)

and f,(0) = 0 for all b € B*\ {MO,Ml,PM,D,adIJDwl (Xo0)}. Thus, they feature a competition
between D and ad}; (Xo).

Kawski proves that this system is L>°-STLC for p = 7 (see [14, Claim 6.1]) but not L>*-STLC
for p = 8 (see [14, Claim 6.3]). This both motivates and is consistent with Theorem 1.13, which
can be seen as a generalization of Kawski’s negative claim.
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Remark 9.2. Theorem 1.18 is a “loose” condition, in the sense that we have not attempted to
separate, within B and B, which brackets can or cannot compensate for the drift. We expect that
our method can be adapted to perform such a distinction.

An interesting example is studied by Kawski in [14, Example 5.3];

il = u,
3'?2 =T
Y (9-5)
JJ3 — 331,

s 2 2.4
T4 = X3 — Xy,

which exhibits in B* a competition between D and ad?wl ad‘)l(l (Xo). Kawski proves that this systems
is L=-STLC.
Conversely, the system

i‘l = u,
i‘g =T
Y (9.6)
1‘3 — 1‘1,

iy = 23 + 2329

exhibits in B* a competition between D and adp, , aud‘;(1 (Xo) because faqp | add (x4)(0) = 144eq.
’ » 1
Using the estimates of the next paragraphs, one can prove that this system is not L*°-STLC. This

hints towards the fact that it is not necessary to include the bracket adp, , adg(l (Xo) (of B ) in the
list of brackets which can compensate D.
9.2 Algebraic preliminaries

To lighten the proof of the following paragraph, we start with algebraic preliminaries concerning
the decompositions on B* of some brackets of order 6, linked with cross products along D. We
use the trailing zero notation of Definition 1.6 and compute the decompositions of the considered
brackets on B* using Jacobi’s identity as many times as necessary (see [2, Section 2.1] for an
exposition and a more theoretical point of view on the classical recursive decomposition algorithm
on Hall bases).

For B € L£(X), we use the notation (B, D) to denote the coefficient of B along D in its
decomposition on B*.

9.2.1 Brackets of two elements

Lemma 9.3. Let a < b € B} such that ([a,b], D) # 0. Then a = P11 and b= P; ;0.

Proof. First ng(a) + no(b) = no(D) = 3. Thus a = P1; and b € {P1 10, Py 2}. Since (P11, P12) €
B* \ {D}, the conclusion follows. O

Lemma 9.4. Let a € B and b € B;. Then ([a,b],D) = 0.
Proof. First ng(a) + ng(b) = no(D) = 3. Since ng(b) > 1, no(a) € [0,2] so a € {W;, W;0}.
e Case a = W10. Then b= adgﬁ (Xo) and [a,b] = [VVl,aLd}l(1 (Xo)], which is in B*\ {D}.
e Case a = Wj. Then either,
— b=ad}, (X0)0 and

[a,b] = [W1,ady, (X0)]0 — [W10,ad, (Xo)], (9.7)

both terms being in B* \ {D}.

35



— b= (My,ad%, (Xo)) and [a,b] = [W1, [M1,ad%, (Xo)]], which is in B*\ {D}.
Hence, in all cases ([a,b], D) = 0. O
Lemma 9.5. Let a € B and b € B§, such that ([a,b],D) # 0. Then a =Xy and b = Ru1,1,1,1-
Proof. First ng(a) + no(b) = no(D) = 3. Since ng(b) > 1, no(a) € [0,2] so a € {X;1, My, Ms}.
o Case a = M,. Then b= ad%, (Xo) and [a,b] = [M>, ad%, (Xo)], which is in B*\ {D}.
e Case a = M;. Then either,
- b= adi}l (X0)0 and
[a,b] = [M,ad%, (X0)]0 — [Ms, ad%, (Xo)], (9.8)
both terms being in B* \ {D}.
— b= (Mi,adX, (Xo)) and [a,b] = ad},, ad, (Xo), which is in B*\ {D}.
— b= (Wi,ad%, (Xo)) and
[a,b] = [Wh, My, P1a]] — [P11, P1 2], (9.9)
both terms being in B* \ {D}.
e Case a = X;. Then either,
— b=ad}, (X0)0? and
[a,0] = adS, (X0)0? — 2[My, ad’, (Xo)] + [M2, adk, (Xo)], (9.10)
all terms being in B* \ {D}.
- b= (Ml,ad§(1 (X0))0 and
[a,b] = [W1,adk, (X0)]0 + [M1,ad%, (X0)]0 — ad}, adk, (Xo), (9.11)
all terms being in B* \ {D}.
- b= ad?wl ad_i);(l (Xp) and
[a,b] = 2[W1, [My, Py + ad}y, adk, (Xo) — [Pr1, Pral, (9.12)
all terms being in B* \ {D}.
— b= (Ma,ad¥, (Xo)) and
[a,b] = [W10,ad, (Xo)] + [M2,ad%, (Xo)], (9.13)
both terms being in B* \ {D}.
— b= (W1,ad%, (Xo))0 and
[a,b] = [W7,adX, (X0)]0 — (Wi, [My, Pya]] + [P, Pr o (9.14)
all terms being in B* \ {D}.
— b= (W10,ad%, (Xo)) and
[a,b] = =D + [Py,1, P1 o] + [W10, ad, (Xo)), (9.15)

so ([a,b], D) = —1.
b= (W, (M, Wq)) and

[a,b] = [P1.1, P1 o] + [Wh, [M1, ad%, (Xo)] (9.16)
both terms being in B* \ {D}.

Hence, the only case where ([a,b], D) = —1 # 0is a = X7 and b = (W0, ad§<1 (Xo)) = R§,1,1,1~ O
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9.2.2 Brackets of three elements
Lemma 9.6. For every a,b,c € B}, {[a,[b,c]], D) = 0.

Proof. By contradiction, assume that ([a, [b, c]], D) # 0. Then ng(a) + no(b) + ng(c) = 3. Thus
a=b=c=Wi,so|a,[bc]] =0. O

Lemma 9.7. Let a € Bf, b € B, ¢ € B} such that ([a, [b,c]], D) # 0 or ([[a,b],c], D) # 0. Then
a = X; and, either (b=W,0 and ¢ =P 1) or (b =Wy and ¢ = P, 10).

Proof. First ng(a) + no(b) + no(c) = 3.
First form: la,[b, c]].
e Case a = M;. Then b=W;, c= P and
[a,[b,c]] = —=[P11, P12] + [Wh, [ M1, P11]], (9.17)
both terms being in B* \ {D}.
o Case a = X;.

— Case b =W10. Then ¢ = P17 and ([a, [b,c]], D) = —1.
— Case b = Wj. Then either,
* ¢= P10 and ([a, [b,c]], D) = +1.
* ¢c= P o and [a,[b,c]] = [W1, [M, P11]] + [P11, P1,2] both terms being in B* \ {D}.
Second form: [[a,b], c].
e Case a = M;. Then b= Wj and ¢ = P11 and [[a,b],c] = —[Py,1, P1 2] which is in B*\ {D}.
e Case a = X;.

— Case b =W0. Then ¢ = Py ; and ([[a,b],c|, D) = —1.
— Case b = Wj. Then either
* ¢= P10 and ([[a,b],c],D) = 1.
* ¢= P 5 and [[a,b],c] = [P11,P1,2], which is in B*\ {D}.

This concludes the case disjunction. O

Lemma 9.8. Let a,b € Bf and ¢ € B} such that {[a,[b,c]],D) # 0, or ([[a,b],c]) # 0. Then
a=b= Xl-

Proof. First ng(a) + no(b) + ng(c) = 3.
First form: la,[b, c]] with a <b.
e Case a=b= M. Then ¢ = ad§(1 (Xo) and [a, [b,c]] = ad?wl ad;l(l (Xo), which is in B*\ {D}.
e Case a = X1, b= M,. Then c = adg(l (Xo) and
[a,[b, e} = W10, adX, (Xo)] + [Ma, adX, (Xo)], (9.18)
both terms being in B* \ {D}.
e Case a = X1, b= M;. Then either,
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—c= andéf1 (X0)0 and

[a, [b, c]] = [W1, ad’, (X0)]0 — [W10, adX, (Xo)] — [M2, ad%, (Xo)]

(9.19
— ad}, ady, (Xo) + [M1, ad%, (X0)]0, )
all terms being in B* \ {D}.
- c= (Ml,adf’;(l (Xo)) and
[a, [b, €]l = —=[Pr1, Pro] +2[Wh, [My, ad, (Xo)]] + ad}y, adk, (Xo), (9-20)

all terms being in B* \ {D}.

e Case a = b = X;. One may have ([a, [b, c]], D) # 0. Since the conclusion of the lemma does
not concern ¢, we do not need to study all possible cases.

Thus, the only case leading to a (possibly) nonzero value of {[a, [b,c]], D) is a = b= X;.

Second form: [[a,b], c] with a < b. Since ng(a) +no(b) <2, a = X3 and b = M;. Thus [a,b] = W;.
By Lemma 9.4, ([Wy, ], D) = 0.

Third form: la,[b,c]] with a > b. Then [a, [b, c]] = [[a,b],c] + [b, [a,c]] so the conclusions of the
previous forms apply. O
9.3 Dominant part of the logarithm

Lemma 9.9. Assume that fp(0) ¢ Np(f)(0). Let P be a component along fp(0) parallel to
Np(f)(0). Then

PZr(t, £,10)(0) = En(t,w) + O (Jur ()" + [, (£, w) 2 + g, o (£,

(9.21)
(g | (] + ).

Proof. We start with a preliminary estimate. By (3.22) and Holder’s inequality, there exists ¢ > 0
such that, for every ¢ <1, u € L'((0,%);R) and b € By, g \ {X1},
60(t, )| < cllun |12 (9.22)

By (4.7) and definition of P,
PZz(t, f,u)(0) = np(t, u). (9.23)

To apply Proposition 2.16, let us prove that, for every ¢ > 2, by > --- > b, € B* such that
D € supp F(b1,...,by), for every t > 0 and u € L'((0,¢);R), the estimate (2.15) holds, for an
appropriate choice of Z. We split cases depending on q.

Case g = 2.

e Case ni(b;) =5 and ni(be2) = 1. By Lemma 9.5, b; = R§,1,1,1 and bs = X; so (2.15) holds
with Z(t,u) := ‘ul(t)£R§.1,1 1(t7u)\.

e Case ny(b1) =4 and ny(by) = 2. By Lemma 9.4, D ¢ supp F(b1,b2) in this case.

e Case nq(b1) = 3 and nq(b2) = 3. By Lemma 9.3, by = P; 10 and by = P; ;1 so (2.15) holds
with E’(tvu) = ‘£P1‘1(t7u)§P1,10(tv U)|

Case ¢ = 3.
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e Case ni(b1) =4, n1(b2) =1, n1(b3) = 1. By Lemma 9.8, by = b3 = X;. Hence, using (9.22),
(2.15) holds with E(¢, u) = c|uq ()]?||u1||3s-

e Case nq(b1) = 3, n1(b2) = 2, ny1(bs) = 1. By Lemma 9.7, b3 = X7 and by € {Pi 1, P10}
Hence, using (9.22), (2.15) holds with Z(t,u) := clus (t)|||u1]|2s (|€p, . (t,w)| + |Ep, o(t, u)]).

e Case ny(b1) =2, ni(b2) = 2, n1(b3) = 2. By Lemma 9.6, D ¢ supp F (b1, bz, b3) in this case.

Case ¢ = 4.

e Case n1(by) = 3, ni(b2) = 1, n1(b3) = 1, n1(by) = 1. Counting the occurrences of Xy and
using (9.22) implies that either,
— by = by = X1, and (2.15) holds with Z(¢,u) = c||u || s |ui(t)]?.
— by = P11, bp = b3 = M; and by = X;, and thus (2.15) holds with E(t,u) :=
[€py, (& w)llu |76 ur (B)].

e Case n1(by) = 2, ni(ba) = 2, n1(b3) = 1, n1(by) = 1. Counting the occurrences of Xy and
using (9.22) implies that either,

— by = by =Wy, b3 = My and by = X; and D ¢ supp F (b1, bo, bs, bs). Indeed, a non-zero
bracket of Wy, W1y, M; and X; is either a bracket over (M7, Wi and (X3, W7)) or over
(X1, Wy and (M;,W7)). But such brackets have a vanishing coefficient along D by
Lemma 9.7.

- bl = W10, b2 = Wl, bg = b4 = Xl and (215) holds with E(t,u) = ||u1||‘ig|u1(t)|2.
Case q € {5,6}. Counting the occurrences of X implies that b,_1 = by = X;. Using (9.22) implies
that (2.15) holds with Z(¢,u) := (1 + ¢)*us (t)|*||u1[|$:* for some k € [2,5].

Conclusion. Gathering the previous estimates and using Young’s inequality proves (9.21). O

9.4 Vectorial relations

Lemma 9.10. Assume that fp(0) &€ Np(f)(0). Then
1. fx,(0) ¢ span{f,(0);b € By \ {X1}},
2 oy, (0) ¢ span{(0); b € By 1\ [P}

Proof. We proceed by contradiction.

First statement. Assume that fx,(0) = 37,5, @;fa,;(0) where a; € R and the sum is finite.

Hence fp,(0) = 0 where By := X1 — 3,5, a;M; € S1(X). Let By := adigs (x,)(Xo). Then
- 1

fB,(0) = 0. Moreover, by definition of By and Bz, one checks that By = D + B3 where B; €

span{b € Bf;no(b) > 4}. The equality fp(0) = —fp,(0) contradicts the assumption on fp(0).

Second statement. Assume that there exists By € span{b € By, 5p3na(b) < 3 or ng(b) > 1} such

that fp, ,(0) = fB,(0). Let By := P11 — By so that fp,(0) = 0. Then fp,(0) = 0 where

By = ad}, (Xo). Thus fp(0) = fp,(0) where Bs € span{b € By, ¢1im1(b) <5 or ng(b) = 4}, which
).

contradicts the assumption on fp( O
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9.5 Closed-loop estimates
Lemma 9.11. Assume that fp(0) &€ Np(f)(0). Then

fus ()] = O (et )] + llus]22) (9.24)
&P, (8 w)| = O (Ja(tu)| + [lua]|ze) - (9.25)
Proof. We rely on Lemma 9.10.
First estimate. By Theorem 4.4 with M «+ 1,
w(t;u) = Zi(t, f,u)(0) + O (Jlur|l 72 + |z(t;w)[F) . (9.26)

By Lemma 9.10, we can consider P, a component along f1(0), parallel to N(f)(0) where N :=
Bi \ {X1}. Hence PZ; (¢, f,u)(0) = uqy(¢). Thus (9.26) yields (9.24).

Second estimate. By Theorem 4.4 with M <+ 3,
2(ts0) = Z5(t, £,0)(0) + O (Il s + [o(ts )1 3). (9.27)

By Lemma 9.10, we can consider P, a component along fp, ,(0), parallel to N'(f)(0) where NV :=
Bﬁlﬁﬂ \ {P1,1}~ By (47),
]P)Z?)(t’ fv u) (0) ="nNpP (t7 u) (928)

We apply Proposition 2.16 (see below) to obtain

ey (6 ) = Epyy (E0) + O (lun(@)llJua |22 + fua (8)]*ua ]| 1) - (9.29)

Then (9.27), (9.28) and (9.29), combined with the previous estimate (9.24), yield (9.25).
Let us check the required conditions to obtain (9.29). Let ¢ > 2, by > --- > b, € B* such that
Py € supp F(b1,...,by). Since nq(Pi,1) =3 and no(Py,1) = 1, the only possibilities are

e ¢ =2,b =Wy, by = X1, in which case

tu2
6 (8060 1. 00] = (0] |5 < s (1) (9.30)
e ¢ =3, by = My, by = b3 = X1, in which case
60, (6 0)80, (6, )80, (6, 0)] = a1 () P sz (0)] < o () (931)

This concludes the proof of (9.29) by Proposition 2.16. O

9.6 Interpolation inequalities

Lemma 9.12. There exits C > 0 such that, for every t >0 and u € L'((0,t);R),

[ur]|7s < Ctlur ()F + Cllullfeén(t,w), (9.32)
|£P1,10(tau)|2 < thD(ta ’LL), (933)
€pe |, (6wl < Ctllun |2 l€p,, (1 1) + Ot ||uy || 226p (t,u)*. (9.34)

Proof. First estimate. By integration by parts,

/Ot ud = ul(t) /Ot w? —5/Otu(s)u;*(s) (/O u§> ds. (9.35)
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By Cauchy-Scwharz and Holder inequalities and (2.5), we obtain

5 1
lurllgs < 5 ur(®)Pllual[Zs + 30v2lful oo ur |25 €p (8, 1) 2, (9.36)
which proves (9.32) using Young’s inequality.

Second estimate. By (2.5), &p, 0 = [€p,, and {p = 5 [&3, | so (9.33) follows directly from the
Cauchy-Schwarz inequality.

Third estimate. By (2.5) and since R§,1,1,1 = (W10, P, 1), integration by parts yields

§R§ - 1 (t,u) / §W10§P1 L= Ewio(t)Ep, , ( / Ewiép,,. (9.37)

Then (9.34) follows by the Cauchy-Schwarz inequality and the estimates &w, (0)(¢) < tf|lui |7 and
Ewy (t) < [lual7 D

9.7 Proof of the drift

Proof of Theorem 9.1. Let P be a component along fp(0) parallel to Np(f)(0). By Theorem 4.4
with M « 7,

w(tsu) = Ze(t, £,w)(0) + O (JJur s + 2t ) H7) (9.38)

where PZ7(t, f,u)(0) satisfies (9.21). Combining the closed-loop estimate (9.24) and the interpo-
lation estimate (9.32), one obtains

luslzs = O (lz(t;w)® + JullZ=Ep(t ) - (9.39)
Substituting in the closed-loop estimate (9.24) yields

lur(0)]* = O (lx(t; w)|* + |lul|Z=En(t, u)) (9.40)
and in the closed-loop estimate (9.25) yields

[P, (tu)|* = O (Jo(t; ) + |ulli<En(t,u)) - (9-41)

Eventually, using (9.34) and Young’s inequality,

fn (s, ()] = O (16, (60 + e [E2 + s (O] + 16D (1, w)

, 5 (9.42)
= O (lz(t;w)[* + (¢ + [ulT<)sn(tw)) -
Gathering all these equalities in (9.21) and the interpolation estimate (9.33) yields
Pa(t;u) = En(tw) + O ((t+ ulfi) Ept.u) + ()] ). (9.43)

This implies, in the sense of Definition 1.15, a drift along fp(0), parallel to Np(f)(0), of amplitude
¢p, in the regime (¢, ||u||L~) — 0. O

10 Obstructions without analyticity
Except for this section, all our paper is written with an analyticity assumption on the vector fields fj
and f1. This allows to work with convergent series. However, as announced in the introduction, the

obstruction mechanisms on which our necessary conditions for controllability rely are sufficiently
robust to absorb an approximation scheme for non-analytic vector fields.
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Let § > 0. For smooth vector fields fy and f; in C*°(Bs; R?), one can still define all Lie brackets
fo € C°(Bs;RY) for b € Br(X). The arguments of the next paragraphs will prove that all the
statements of Section 1.5 remain true without any change under this (weaker) regularity setting.

Furthermore, even in a finite regularity setting, one can give a sense to some Lie brackets, once
evaluated at zero. This stems from the equilibrium assumption f5(0) = 0. More precisely, the
value of f3,(0) only depends on the coefficients of the Taylor expansion at 0 of fy up to order nq(b)
and of f1 up to order ny(b) — 1 (see Lemma 10.6 below). This leads to the following definition.

Definition 10.1. Let M € N*, § > 0, fo € CM(Bs;RY) with fo(0) = 0 and f1 € CM~(Bs; RY).
Let fo :=Tasfo (respectively f1 := Tar—1f1) be the truncated Taylor series at 0 of fo (resp. f1) of
order M (resp. M —1). For b € Br(X) with ny(b) € [1, M], we define f,(0) := f5(0).

With this notation, we will prove that the following corollaries of the main theorems of Sec-
tion 1.5 hold. As a rule of thumb, the theorems continue to hold as soon as the vector fields have
enough regularity for the involved Lie brackets to be defined as above. More rigorously, we assume
one extra derivative to be able to estimate the truncation error properly (see Lemma 10.7).

We make the blanket hypothesis that f,(0) = 0.

Corollary 10.2. Let M € N*. Assume that fo € CMTL, f1 € CM. If system (1.1) is W10
STLC, then, for every k € N* such that 2k < M,

ad3(£0)(0) € Spr,26-1)(£)(0). (10.1)

Corollary 10.3. Let M € N*. Assume that fo € CM+1, f; € CM. Let m € N*. If system (1.1) is
W _STLC, then, for every k € N* such that w(k,m) < M,

Jwi (0) € S me,my\2(£)(0), (10.2)
where 7(k, m) is defined in (1.20).

Corollary 10.4. Assume that system (1.1) is L¥-STLC. If fo € C* and f, € C3, then fuw,(0) €
Na(f)(0) (see (1.22)). If fo € CO and fy € C®, then fw,(0) € N3(f)(0) (see (1.23)).

Corollary 10.5. Assume that fo € C® and f; € C7. Then Theorem 1.13 holds.

All these corollaries follow form the main theorems and the approximation result Lemma 10.7.
One write x ~ Z, where & is the solution to a system driven by the truncated Taylor expansions
of fo and fi. For the & system, one can apply the drift results of the previous sections. Since
the truncation error is of the same size (or smaller than) as the error terms which were already
absorbed by the drift, the drift conclusion remains true on the state x.

10.1 Brackets at zero only depend on low-order Taylor coefficients

Lemma 10.6. Let M € N*, § > 0, fo € C(Bs;RY) with fo(0) = 0 and f; € C>(Bs;R%). Let
Jo := T fo (respectively fi := Tpy—1f1) be the truncated Taylor series at 0 of fo (resp. f1) of
order M (resp. M —1). For all b € Br(X) with ny(b) < M, f,(0) = f,(0).

Proof. Step 1: Notations and preliminary remarks. As in [3, Section 3.1], for two vector fields
g,h € COO(B(;;Rd) and k € N*, we write g =) h when the Taylor expansions of g and h at 0
are equal up to order k — 1. When k > 2, g =) g and h = ﬁ, straightforward computations
prove that [g,h] =[_y [QJAL]. When £ > 1, g(0) = 0, g =41y § and h = h, straightforward

computations prove that [g, h] =) [, 2], so that there is “no loss of derivative” in this weak sense.

Step 2: Computation of brackets. We now proceed by induction on n;(b) € [1, M], proving that,
for every b € BI‘(X) with 1 < nl(b) <M, fp =[M+1—n1(b)] fo-
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When ny(b) = 1, by symmetry, we can assume that b = X;0” for some v € N. Since f1 = fl,
iterating the previous remarks yields fx, o =z f x1ov, which gives the initialization.

Now let b € Br(X). By symmetry, we can assume that b = (b1, b2)0” for some v € N, with
b1, b2 # Xo. By the induction hypothesis f;, = [MA1—n1 (b)) fbl and fy, =[ar4+1-n (b2)] f;,2 Hence,

by the preliminary remark, fy, b,) =[r41-n] f(bl,b2) with n := 1 4+ maxnj(b1),n1(b2) < nyi(b).
And by the preliminary remark, bracketing with fy preserves this approximation level, so we have
proved that f, =(x11-n, ) fo-

Step 3: Evaluation at zero. When b = Xo, fo(0 ) fo(0). When b € Br(X) with 1 < mnq(b) < M,
we have proved that f, =[ar41-n,5)] fy so fr = fb and thus f,(0) = fb( ). O

10.2 Estimate of the approximation error

Lemma 10.7. Let M € N*, § > 0, fo € CMTY(Bs; R?) with fo(0) =0 and f1 € CM(Bs;R?). Let
fo := T fo (respectively fi := Tpa—1f1) be the truncated Taylor series at 0 of fo (resp. f1) of
order M (resp. M —1). Then

w(tyu) = (tyu) = O (lur | ifh + [ (1)), (10.3)

where &(t;u) denotes the solution with initial data 0 to

v = fo(®) +u(t) f1(2). (10.4)

Proof. Such an estimate is straightforward to prove when the right-hand side of (10.3) is replaced
by ||u||M"’1 To obtain an estimate involving only u;, we need to consider an appropriate “auxiliary
system” as in [1, Section 7] or [3, Section 6.3].

Step 1: Computations on the auxiliary system. Let ®; denote the flow of f;, which is well-defined

locally. We then introduce
y(tu) == C1(—ua(t), z(t;u)). (10.5)

This new unknown satisfies y(0;u) = 0 and

= (@1(=wr(t))+fo) (9), (10.6)

where @1 (—u1(t)). fo is the push-forward of the vector field fy by the diffeomorphism @4 (—u; (), -).
In particular, for v € R and p € R? small enough, (see e.g. [1, equation (3.54)], albeit with swapped
indexes),

M— 1’Uk . v (’U—’U/)M71 M
(@1 (v y ad 1 (fo)(p) + / W (q)l(_vl)*adfl (fo)) (p) dv’. (10.7)
k=0 0 ’
By Lemma 10.8 (with k «+— M) and Lemma 10.9 (with g < adj\cf(fo) and v < 0),
adg{ (fo)(¢) = adg (f0) (0) + O (Ipl). (10.8)
Moreover, since f; € C!,
(o) =0+ 0 (o] +Ip) (109)
and
@09 =1d+ 0 (lo] +Ip) (10.10)

Thus, combining the last three estimates proves that, for |v'| < |v]

(@1(—v")cad{ (f0)) (p) = ad}{ () + O (jol + o). (10.11)

—0,|p|—0
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Substituting in (10.7) and using Young’s inequality proves that

,_.

M—
Uk

M
(®1(—v o ad} (fo)(p) + ‘adj}f(fo)(o)Jr O (M + p/M*th). (10.12)
P M! v—0,|p|—0

Step 2: Gronwall estimate for the auziliary systems. We introduce similarly ¢(¢; u) usmg <I>1 (the
flow of fl) and fo Then the counterpart for (10.12) holds, mutatis mutandis, since fo and f1 are
smooth. Using these estimates, one obtains

T RO ki) W g
y—y—; o (ad1(f0)(y)—adfl(fo)(y)>+W(adfl(fo)(o)—adfl(fo)(0)> (10.13)

+ O (lua ()M 4 [y M+ 197 ).
For k = 0, since fo € CM* and fo = T fo,

foly) = fo(@) = fo(y) = fo(y) + fo(y) = fo(@) = O (ly™** + |y —al) - (10.14)
For k € [1, M — 1], one has
o, ()(4) = ot (o) (3) = o, () 9) — ot (o)) +act (o))~ ()D)
=0 (™" +ly —3),

where we used the estimate

ad, (fo)(p) = (Tar—radf, (fo))(p) + O(lp|™ "), (10.16)

which follows from Lemma 10.8 and Lemma 10.9 (with g + ad’;1 (fo) and v < M — k). Eventually,
we obtain

= 9=0(ly = g1+ lur (O + [y M+ g7 (10.17)

Moreover, from classical estimates |y| = O(||u1]|z1) and |§| = O(||u1]|r2) (see e.g. [3, Lemma 9]).
Thanks to Gronwall’s lemma, we conclude

y(t;w) = g(tu) = O (Jua |75 ) - (10.18)

Step 3: Conclusion. First, using similar estimates as above, one proves that

Oy (v,p) — ®1(v,p) = HO%HO (Ip|M+ + o M1 . (10.19)

(For example, one can bound the difference between the trajectories to 2 = fi(2), z(0) = p
and 2 = f1(%), 2(0) = p, at time v, using a Gronwall estimate, then apply Young’s inequality).
Therefore, we obtain

w— & =01(ui(t),y) — D1(ui(t), §) + D1 (ui(t), §) — d1(ui(t), §)

o (10.20)
=0 (ly— g1+ g™ + lua ()| M),

where we can use again the estimate § = O(||uy||11), which concludes the proof of (10.3). O

Lemma 10.8. Let M € N* and § > 0. Let fy € CMH1(Bs;RY) and f; € CM(Bs;RY). For each
k € [1, M], there exists hy € CM+1=%(Bs; R?) such that

adl}l(fo):—Dkfl'(f07f1,-~-,f1)+hk- (10.21)
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Proof. For k = 1, this holds with hy := Dfy - fi € CM. Then the general formula follows by
induction on k. O

Lemma 10.9. Let v € N and 6 > 0. Assume that g € C¥(Bs;R?) is of the form g = Afo + h
where A € C¥(Bs; M4(R)) and h € C*1(Bs;R%). Then, if fo(0) =0 and fo € C**1(Bs;RY),

9(p) = (Tug)(p) + pQO(Ip\”“), (10.22)

where T, g denotes the truncated Taylor series at 0 of g.

Proof. The claimed estimate is straightforward when g € C¥*!. In particular, by linearity, one can

assume that h = 0. When v = 0, A € C° so is locally bounded, and, since f, € C* with fo(0) = 0,

folp) = OO(|p\) and g(p) = A(p) fo(p) = OO(|p\). Then, one proceeds by induction. Assuming
p— p—

Lemma 10.9 holds for some v € N, let us prove it at step v + 1. Using Taylor’s formula

1
9(p) = 9(0) + / (Dg(sp))pds. (10.23)

Moreover, Dg = (DA)fo + A(Dfy), where DA € C¥, fo € C*™2, ADfy € C¥*1. In particular, the
induction assumption applies and

Dg(sp) = (T,(Dg))(sp) + pQO(\SP\”+1)- (10.24)

Combining both equalities yields
1
9(p) = 9(0) +/ (T.(Dg))(sp)pds + O (Ip]""?) = (Tu19)(p) + O (Ip|"*?), (10.25)
0 p—0 p—0

which concludes the proof. O

A Proofs of technical results and estimates

A.1 Universal rough estimate for coordinates of the second kind
Proof of Proposition 3.8. The proof is by induction on k € N*.

Case k = 1. Then b = X,0” for some v > 1 and |[b|] = v + 1. Thus, for every ¢ > 0 and
u € L'((0,1); R),

t t—s v—1 tufl 2 v+1 3
/ (7)1,61(8) ds| < ——;lluflzr < 2( ) t2{Ju || o1 (A1)
O .

[&(t, )| = -1 = w-1 (v+1)!

which gives the conclusion with ¢(1) := 4.

Case k > 2. To simplify notations, we write ¢ instead of ¢(k — 1) and, without loss of generality, we
assume that 1 < ¢(1) <--- < c¢(k—1) =c. Let b € B*\ {X1} with ny(b) = k. Then b = b*0” for
some v > 0 and there exists j € N*, mq,...,m; e N, m € Nand by > --->b; > X; € Bﬁlk—u]
such that b* = ady™ ...adgj,j ad’, (Xo). In particular, k = ny(b) = ny(b*) = mini(b1) +--- +
m;ni(b;) +m and |b| = mq|bi| + -+ m;|bj| + m+ v+ 1.

First, for each i € [1, 4], using the induction assumption and Holder’s inequality,

ct [b:] B _ 1 1 (bs
|€b1(t,u)| < (|b)|' ¢ 7L1(bz)(1+i)||u1||L}C(bz). (AZ)
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Thus, by (2.5),

, ) fb (s, 1) wrn(s)

&= (¢, u)| = R ds
Ct)1+m+z m;|bi]
t—(m+2m,;n1(bi))(1+ )||U ||m+2m in1(bi) (AS)
= Tllbi o[
2k+1Ct |b‘ B
< <|b|!)t ) g ||,

where we used [Juq[|T%n < tht’m(l*%)HulHTk and

J J
]! = <1 +m+ Zmﬂbi) L < 2 ! T [ (A.4)

i=1 i=1
which follows from (4.1) and the estimate my +---+m; < k.
Finally, if v > 1, using Lemma 3.5 and (4.1),

t v—1
(t-s)
it = | [ o (suas
tv (2k‘+1ct)\b*\ 3
S L (A.5)
(2k+2ct)|b\ B
<t
which gives the conclusion with c(k) := 2F+2c. O

A.2 Precise estimates of coordinates up to the fifth order

We start with an elementary estimate.
Lemma A.1. For every p € [1,00], jo < j € N*, t >0 and u € L'((0,t); R),

ti—Jo
m”ug‘o\\m. (A.6)
Proof. One can assume j > jo By definition, u; is the (j — jo)-th primitive of w;, vanishing
iteratively at zero, i.e.

l[ujl[zr <

wo) = [ )y, (A7)

Thus u; = g;_;,—1%*4j,, where @, is the extension of u;, from (0, t) to R by zero and g, (s) := s¥/v!
for s € (0,t) and 0 elsewhere, so that ||g, ||z = t**1/(v + 1)!. Hence, (A.6) follows from Young’s
convolution inequality. O

This leads to the following estimates.
Proof of Proposition 3.9. We prove the bounds one by one.
1. By (3.11), Holder’s inequality, (A.6) and (4.1),

_1
ar, (L )] < g lzx < € o
ti—Jo -1
Gogon’ Mealler (A%)

IN

j+1
< (jo + 1)! (2t)7 = (Go+1)41

(]+1)| ||u](JHLP7
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which proves (3.23) with ¢ := 2(jo + 1)! since |M;| = j + 1.
2. By (3.12), Hélder’s inequality, (A.6) and (4.1),

o v $2G—do) . |
Ew;, (u)| < Etl 7|72 < ;mtl o {Jwo |7 20
, (A.9)
< (2jo + 1)'7(2375)2]+V+1 £~ It D=5 ||y, |2
! P U Py
=T ) pollz?
which proves (3.24) with ¢ := 2%(2jy + 1)! since |W;,| = 2j + v + 1.
3. For (3.25), we proceed as in the second item, starting from (3.13).
4. For (3.26), we proceed as in the second item, starting from (3.14).
5. By (3.15) and (3.24), there exists ¢z > 0 such that
L] [*(t—s)
o, (0l = 5| [ g, s
v+1 W)l 4 2
< t (Cgt) Jim t_(2jo+1)t17%||uj0||%2p (AIO)
WD\ Wyl
2 . V2| W v+
< @t g,
W .l +v+1)!
using (4.1), which proves (3.27) with ¢ := 2%¢, since |Q5 , | = 2|W; |+ v + L.
6. By (3.16), (A.6) and (3.24), there exists c2 > 0 such that
L[ (t=s)" 2
t = - . d
s, (0l = 5| [ E 6w (o) ds
2
v (Cgt)le"“ Y - L -1 th—ko
S0 (Wyu|'t BIFDE T80 [y T ) 81 72 m”“koﬂmz’z
94 o )| Wil +2k+v+1
< (2ko + 1)! (2est) T
(IWjul + 2k +v+1)!
4 a1
X t_(2j0+2k0+2)t2 PLop2 ”ujo H%Ql’l ”uko Hizpz
(A.11)
using (4.1), which proves (3.27) with ¢ := 2%¢5(2ko +1)! since |Q§‘,p,k,u| =2|W; u|+2k+v+1.

7. For (3.29), we proceed as in the second item, starting from (3.17).
8. By (3.18), Holder’s inequality, (A.6), and (3.24), there exists ¢ > 0 such that

€ Rt (t,u)| = ajk

Gk, V!

t [ (cot)Winl _1 N S
V|<(2W)l e %iuzonizp)tl o
! !

(7 sl ) 2 gl A1
G=go)! ) (=Rt

/0 (t= s)“ng,u (s, u)uk(s)uf(s) ds

(2462)t|W1,#|+2j+k+u+1

(IWiul+2j+k+v+1)!

111
SRR (178 P VP P [

< (2jo + ko + 1)! —(2lo+2jo+ko—+2)
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using (4.1), which proves (3.30) with ¢ := 2%cy(2jjo + ko + 1)! since |R§',k,l,p,z/| = Wy ul+25+

kv + 1. O

A.3 Expression of the logarithm from coordinates of the second kind

Proof of Lemma 4.5. For M, ¢ € N*, t >0 and u € L'((0,t); R), let

Zy(t, Xu) = >t u)E(b). (A.13)
beB*
n1(b)<M,[b|<e
In particular, the sum in the right-hand side is finite since |{b € B*;|b| < £}| < 2¢. By identification
in (2.10), one has

hq
Z5,(t, X, u) = > E(tu) - €00 (6 ) Fyn (b, by). (A.14)
gEN* ,he(N*)4
by1>-->bseB*\{Xo}
hini(b1)+--hqni(bg)<M
ha|by|4--+hg|bg|<L

The sum in the right-hand side is finite since the constraints imply that ¢ < M, hy,...,hg < M

and |b1],...,]bg| < £. Applying the homomorphism of Lie algebras which sends Xy to fo and X;
to f1, we therefore obtain that
hq
> mtu)f= > Gt ) - &, (8,1) F5, 1 (br. ) (A.15)
beB* qeN* ,he(N*)4
n1(b)<M,[b]<L b1>-->b,eB*\{Xo}

hiny(by)+--hqni(by) <M
halby|+--4hglbg| <L

Moreover, by Theorem 4.4, the sum (4.7) converges absolutely in cv for every r' € [r/e,r). In
particular, Z4,(¢, f,u) — Zum(t, f,u) in C“" as ¢ — 4+00. Hence, to obtain (4.8), it is sufficient to
prove that it’s right-hand side converges absolutely in cor.

For each ¢ € N* and h € (N*)9, there exists a finite subset A C Br({Y71,...,Y,}) and coefficients
(@a)aca such that Fy ,(Y1,...,Y,) = > aqE(a). Let [|[Fy | := Y |ag|. Since the set of considered
g and h is finite, ||F, 1| < Cp for some uniform bound Cr > 0.

Then, by Lemma 4.2,

H’qu,h(blwwbq) ’

r

¢
9
< Cpe(t—1)! (M’) (A.16)
9 r

where £ := hq|bi|+- - - + hq|bg|. Moreover, by Proposition 3.8, there exists ¢ = ¢(M) > 0 such that,
for every b € B*\ {Xo},

6 (t,u)] < o (et) ™) (el | o)™ @, (A.17)
Thus, by (4.1),
hl hq (2M)£ N, N-
(€, (8 ) -+ &) (8 w)] < 5 (et) 0 (cllun[| ) ™ (A.18)

where £ := hi|b1]| + - - + hylbg| and N; := hyn;(b1) + - - + hgni(by).
Hence,

h h
> e 2w - 0 ) iy
gEN™ he(N*)¢
b1>-->b,eB*\{Xo}
hini(byr)+---hgni(bg)<M

L
< X e @l ()

9
geEN™ ,he(N*")1?
b1>--->bs€B8*\{Xo}
hlnl(b1)+-~~hqn1 (bq)SM

r!

(A.19)
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Since there are at most M choices for ¢, M™ choices for h and (2)™ choices for the b;, the sum
is bounded by

She rCr 91171l \*
>0 3 MMM @ ety e (2 ) (A20)
Ni=1(=N, "
and this sum is finite as soon as 4M9¢t ||| f|||, < 7. O

A.4 Black-box result for the dominant part of the logarithm

Proof of Proposition 4.6. The proof relies on the formula (4.8) of Lemma 4.5. Through the com-
ponent P along f;,(0) parallel to N'(f)(0), all the terms on which we have not made any assumption
vanish. It thus suffices to check that the estimates for the remaining ones can indeed be summed.
First, for ¢ = 1, using (4.9) and (4.3),

SRS (ct) ooy T 9llI£ll, \*
)R IACIED 3) SIS DN M
bEBfy AW o=14=0beBf; N
b#b b#b,|b|=¢ (A.21)
L +4+oo Y/
T 18ct || £l _
<7: T o

which converges provided that 18ct ||| f]||,, < 7, and is then bounded by CZ=(t, u) for an appropriate
constant depending on 7, ¢ and || f|,.
For ¢ > 2, we process similarly, using (A.16) and (4.10). O
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