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Mass leakage at boundaries can be a critical issue for reliability of the lattice Boltzmann
(LB) method based on Cartesian grids. Despite numerous work based on the LB method,
the intrinsic macroscopic mechanisms causing mass leakage are still not fully charac-
terised, but are essential to improve the mass conservation of LB simulations. In this paper,
an original theoretical investigation of mass leakage at boundaries is proposed within the
general LB framework. It is demonstrated that the mass leakage originates from the in-
trinsic deficiency of the wall-cut LB links at boundary nodes in recovering macroscopic
momenta. From a mesoscopic-level definition, i.e. the net loss of distribution functions
during the streaming process, the local mass leakage at individual boundary nodes and its
averaged value along smooth boundaries are mathematically expressed using macroscopic
variables. The local mass leakage is shown to be dominated by terms proportional to the
tangential momentum component. In contrast, the averaged mass leakage is shown to be
contributed from various terms including the boundary curvature, the tangential momen-
tum, and the gradients of density, momentum and momentum flux. Meanwhile, amplitude
of the averaged mass leakage is theoretically estimated to be proportional to the local grid
spacing, based on which a first-order accurate correction scheme is proposed. In addition,
both the local and averaged mass leakage are demonstrated to be significantly dependent
on boundary orientation with respect to the grid. The proposed theoretical analysis is
assessed by performing numerical experiments. Two-dimensional weakly compressible
flows through straight and curved moving channels are considered to estimate each term
appearing in the theoretical analysis. The numerical results are in very good agreement
with the proposed analysis, and the proposed mass correction scheme based on the av-
eraged mass leakage effectively cures the mass leakage problems in the considered test

cases.
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I. INTRODUCTION

During the last three decades, the lattice Boltzmann (LB) method has received a growing inter-
est as an alternative computational fluid dynamic (CFD) tool, and it is nowadays widely applied
in various problems!=. Compared to the conventional CFD techniques the LB method is praised
for its linear convective term, simple parallel implementation and high computational efficiency
for unsteady flow simulations. However, since the LB method is usually implemented on Carte-
sian grids, the stair-wise Cartesian grid boundaries (defined by “boundary nodes") near curved
and/or inclined solid walls raise challenges for accurate boundary treatments. Especially, the mass
conservation (or inversely the mass leakage minimization) at boundary nodes is of fundamental
importance to guarantee reliable and accurate solutions, in particular in internal flows, but it is still

not fully understood and requires to be theoretically addressed.

Despite the stair-wise distribution of boundary nodes, various boundary treatments have been
developed within the LB framework. The simplest and most commonly used boundary method is
the bounce-back (BB) scheme in which the distribution functions streaming towards boundaries
are directly returned to the boundaries node along the reversed directions to mimic particles col-
lision dynamics on non-slip interfaces*. Although this method is simple to implement for arbi-
trary geometries and satisfies the mass conservation well, it has a zero-order accuracy for pressure
and first-order accuracy for velocity only when non-aligned boundaries involved’=, while the LB

10,11

method itself is of second-order accurate . To develop more accurate boundary treatments,

Chen et al.'? proposed an extrapolation scheme to reconstruct the unknown distribution functions

directly from their neighbouring counterparts. Filipova and Hanel'3

proposed a scheme to recon-
struct the unknown distribution functions from macroscopic variables and their gradients, which
are extrapolated from those known in the fluid domain. These two schemes are expected to ex-
hibit a second-order accuracy, but suffer from numerical instability in some situations due to the
extrapolation operations. The extrapolation-caused instability was cured by Mei et al.'* by ad-
justing the extrapolation stencil properly. Later, Bouzidi ef al.'> proposed a second-order accurate
method which avoids extrapolation by combining the bounce-back concept with interpolation.
This is achieved by extending the interpolation stencil for a prescribed LB link reversely to the
fluid domain when a node in the non-fluid region is required. The scheme was further improved

by Ginzburg and d‘Humieres!® who proposed a more general framework from which a third-order

accurate multi-reflection scheme was derived. These schemes have been demonstrated to be ap-
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parently more accurate than the BB method. However, except in some special cases (e.g. simple
steady Stokes flow simulations where the LB process is purely linear’-17-18), the mass conservation
is generally compromised by the applied interpolation or extrapolation operations'®-2.

Apart from the above mentioned schemes focusing on the reconstruction of the unknown distri-
bution functions, there is another kind of boundary treatment relying on the use of an external body
force tuned to enforce some constrains on the macroscopic quantities. Following the seminal work
on immersed boundary method by Peskin?!, many variants and improvements have been proposed
and extensively applied within the LB framework, e.g.?*?3. Usually, this boundary strategy uses
lattice nodes in non-fluid regions so that the streaming process can be implemented without sens-
ing the boundaries. On the one hand this feature is very favourable for moving and/or deformable
boundary interfaces, but on the other hand it allows for local non-physical information leakage,
e.g. mass and momentum, to the non-fluid regions.

Many research efforts have been devoted to studying the mass leakage in LB simulations. Con-
ceptually, the LB method relies on the preservation of conservativity, i.e. preserving the zeroth
and first-order moments of the distribution function to recover density and momentum, along with
the associated collision invariants to recover the correct macroscopic mass and momentum con-
servation equations.

Ginzburg & d’Humieres’ proposed a local second order accurate boundary (LSOB) treatment
reconstructing unknown distribution functions from macroscopic variables and their gradients ac-
cording to Chapman-Enskog analysis up to second order. In the analysis of simple Stokes flows
(Reynolds number much less than unit), including the Couette and Poiseuille flow, using linear
LB simulations, the LSOB method gave exact results without mass leakage. Meanwhile, the lo-
cal mass leakage along aligned boundaries was analysed to be linearly dependant on the normal
momentum as well its high order (>2) normal gradients. In a more general background beyond
Stokes flow, Lallemand and Luo!® pointed out that interpolation during the reconstruction of un-
known distribution functions could lead to a breakdown of mass conservation, thus yielding mass
leakage. To avoid interpolation-related issues, Kao and Yang?* proposed an interpolation-free

t13

scheme based on the grid refinement concept’” without refining the grid in practice. However,

this scheme still does not guarantee mass conservation®.

Rohde et al.?° observed mass leak-
age in LB simulations applying finite-volume flux techniques at moving boundaries. Bao et al.?’
observed apparent mass leakage in simulating flow through a U-shaped tube using interpolation-

based boundary methods, and proposed a scheme to enforce mass conservation by directly ad-
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TABLE I. Examples of mass leakage observation using the BGK lattice Boltzmann model. “FH" refers
to the method proposed by Filipova and Hanel'?, “MLS" refers to the boundary treatment proposed by
Mei et al.'4, “IPF" refers to the interpolation-free method proposed by Kao and Yang?*, “NEE" is short
for “Non-equilibrium extrapolation”, “Bouzidi" refers to the schemes proposed by Bouzidi et al.'3, “ZY"
refers to the scheme proposed by Zhao and Yong??, “LSOB" refers to the scheme proposed by Ginzburg’,

and “MR" refers to the scheme proposed by Ginzburg and d‘Humieres'®.

Ref. Boundary methods Configurations
Bao et al.”’ FH, MLS U-shaped channel
Oulaid&Zhang!"  Density extrapolation Aligned boundaries
Sanjeevi et al.? IPF Aligned boundaries, sharp corners
Feng&Lim?° NEE Aligned boundaries , sharp corners
Yu et al.?® MLS, Bouzidi, ZY Aligned boundaries
Ginzburg et al.”-17-18 LSOB, MR Straight channel, curved bounaries

justing local density values. Similar mass correction schemes are also proposed and tested by
other researchers?®2°. There are also some mass-conservative strategies specifically valid for flat
walls aligned with coordinate axes'!?83%, Especially, Feng and Lim?° reported that mass leak-
age around sharp boundary corners is much more significant than along aligned walls in their LB
simulations. In addition, it was reported that mass leakage in LB simulations of Stokes flow is so

3132 which is

low that local mass correction is not necessary and even harmful in some situations
consistent with the observation that mass leakage is more significant at high Reynolds numbers
and/or at moving boundaries?>. More recently, Ginzburg!’ proposed to include mass sources in
the multi-reflection boundary scheme within a two-relaxation-time LB framework, and it was suc-
cessfully applied to achieve mass balance across interfaces in advection-diffusion and Stokes flow
simulations. Besides, within the same LB framework, a uniform normal mass flux was demon-
strated to outperform a uniform mass-source in advection-diffusion simulations!8. Some examples
of mass leakage observation are summarised in Table I. Apparently, the observed mass leakage
is supposed to depends on many factors, such as the boundary orientation, the Reynolds number
value and specific flow characteristics. However, mechanisms responsible for the mass leakage at

boundaries within the LB framework are still not clearly and rigorously characterised, which is the

motivation of this paper.
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This paper is focused on macroscopic mechanisms of mass leakage in LB simulations. Firstly,
some basic characteristics of the LB method are presented in §II. Secondly, the mass leakage is
defined as the net loss of distribution functions from a mesoscopic view in §III. Thirdly, local mass
leakage at individual boundary nodes is mathematically expressed using macroscopic variables in
§IV. Based on the local mass leakage analysis, averaged mass leakage over smooth boundaries
is theoretically investigated in §V. After that, a mass correction scheme based on the averaged
mass leakage is proposed in § VI. To validate the proposed theoretical analysis and assess the mass
correction scheme, numerical experiments dealing with two-dimensional flows through straight
and curved channels with moving boundaries are simulated using an in-house LB solver in § VIIL.

Finally, some conclusions are drawn in §VIIL.

II. FUNDAMENTALS OF THE LB METHOD

As a fundamental basis to study mass leakage in LB simulations, some key features of the LB
method are reminded with an emphasis on the mass conservation issue in this section. The LB
method models fluid dynamics by considering a finite set of discrete velocities e; and distribution
functions f; defined at a mesoscopic level. Specifically, the distribution functions are assumed to
obey a set of coupled advection-relaxation partial differential equations, which can be interpreted
as a discretisation in space, time and velocity space of the original continuous Boltzmann equation
in kinetic theory. The relaxation term is a model of the exact collision term that appears in the
Boltzmann equation, stemming from the idea that the net statistical effect of collisions is to drive
the flow toward thermodynamic equilibrium.

Generally, the LB method can be formulated as follows:

fi(x,t) — fi(x —eAt,t — Ar) = Li(f — f¢9) (D

where At is the time step, f and f? are vectors containing f; (x — e;At,t — At) and the equi-
librium distribution functions f;, respectively, and /; is a scalar collision function of f — f¢4 for
fi- Each component of e; is equal to either O or ¢ with ¢ = Ax/At and Ax being the grid spacing.
The left-hand side of Eq. (1) originates in a Lagrangian implementation of the linear convective
streaming process, while the right-hand side is generally a nonlinear collision process (might also
be linear when the physics is linear, e.g. advection-diffusion Stokes flow). By selecting adequate

collision operator ¢;, Eq. (1) is able to recover the classic single-relaxation-time (SRT)*, the
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multiple-relaxation-times (MRT)>>, and the regularised (RLB)?® LB methods. The most widely
applied definition of fl.eq is a truncated polynomial expansion of the original Maxwell-Boltzmann
equilibrium distribution function, i.e.
2
eiru  (e-u)” u-u

eq
/i Pt 2c 2c?

N

+0(Md’)|. 2)

where ; is the i

weighting factor, c; is the lattice sound speed, p = Y. f;, u =Y. fie;/p, and
,Ma is the local Mach number ||ul|/c;. It should be noticed that ¢;/c is a tunable parameter de-
pending on the lattice configuration as well as the adopted discrete velocities (e.g., ¢s/c = \/Lg for
regular lattices using the D2Q9 model)'®37. By using terms up to the first-order in fieq (i.e. without
non-linear terms in Eq. (2)) the LB method could restore to linear advection-diffusion equations.
Considering that mass leakage in this kind of linear LB processes has been well analysed by
Ginzburg’, and demonstrated to be fully avoidable by choosing proper high order accurate bound-
ary treatments in simple Stokes flow simulations’!”, hereafter this paper will be focused on more
general and complex situation. Usually, by using terms up to second-order in fl.eq, the LB method
is sufficient to recover the low-Mach weakly compressible Navier-Stokes equations®. The higher
order terms, e.g. O(Ma®) in Eq. (2), can be used to account for thermal and compressible effect®8.
Particularly, the LB equation (1) can be directly restored to the macroscopic mass equation by
taking its zeroth moment, i.e.,

0p/dt+V-(pu)=0. 3)

However, it should be pointed out that this restoration is based on a complete stream process,
i.e., all the neighbouring nodes are within the fluid domain, thus not taking boundary conditions
into consideration. In addition, as discussed in the introduction, the reported boundary treatments
within LB framework are not designed to directly satisfy the mass equation but are more likely
focused on the boundary velocity condition. Consequently, mass leakage usually occurs along
boundaries and cannot be directly described by the macroscopic mass equation.

To unveil the macroscopic mechanisms of mass leakage, it is important to express the non-
equilibrium parts of the distribution functions, f* = f; — fq, as functions of their macroscopically
determined equilibrium counterparts ffq. By applying Taylor’s series expansion, the LB equation
(1) can be rewritten as:

Df AtD*f

—J == J 2 _i ne 4
D + > D2 + O(At )—Atf(f ) 4)

7
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where f"¢ = f — f°, D/Dr is a diagonal matrix spanned by material derivative operators,
e.g. d/dt+e; vy along e;, and £ is a matrix that contains all the linear collision operators /;.

Applying D/Dt to both sides of Eq. (4), one obtains:

D’f 1 Df"e\ M Df
W‘E‘f( D )‘——WW) )

Substituting f = £+ f"¢ and Eq. (5) into Eq. (4), the non-equilibrium part can be expressed

as follows

fre =ML <Dg:q) + At (,z + 21d> ( g:e) +0(A?) (6)

where Id is the identity matrix. Applying D /Dt to both sides of this equation, it comes:

Dfne B B DZfeq ane )
S =AM ( ~ )+At (,z +21d)( ~ )—i—O(At) (7

Now substituting Eq. (7) into Eq. (6), one obtains:

fre=ag! ( J eq) +0(A?) (8)

This relation shows that f"¢ contains time-dependent informations. Based on Eq. (8), f can be

expressed as a function of f¢9 :

__ pe ne __ pe —1 D-feq
F=F4 = Ut n (Dt

) +O(Ar?) )

where f¢¢ is explicitly determined by p and u through Eq. (2). According to Eq. (8), amplitude
of the non-equilibrium distribution functions f"¢ scales as O(Ar =5~ f ), which is consistent with the
widely used Chapman-Enskog analysis>>. Noticeably, external body force is not included from Eq.
(1) to (9) because its effect on mass leakage can be directly expressed by the change of f¢¢ due
to the induced change of pu. This is reasonable considering that the LB simulations have been
verified to be insensitive to the adopted external force models>’

At boundary nodes, reconstruction of f using Eq. (9) represents a second-order accurate
boundary treatment. The mass leakage analysis presented hereafter is related to second-order

accurate boundary treatments based on this equation in 2D.
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III. DEFINITIONS OF MASS LEAKAGE

The mass leakage at boundaries in LB simulations is defined in this subsection. For the sake
of convenience, a discrete velocity together with the associated distribution function is referred to
as a LB link hereafter, and a fluid lattice node with wall-cut LB links is referred to as a boundary
node (e.g. node B| shown in Fig. 1(a)).

Following the widely applied conception*®, the mass leakage is defined as the difference
between the sum of the distribution functions streaming out from the fluid domain ( e.g. f1 and f3
in Fig. 1(a)) and that of those streaming into the fluid domain (e.g. f> and f; Fig. 1(a)). In addition,
the normal mass flux due to the movement of the boundary should be deducted. Consequently, the

local mass leakage per time unit per area unit can be defined as

E@) == Y (i)~ filate]+pU-n (10

x+eAteS
where x is the coordinate vector of a boundary node, D is the number of spatial dimensions
(D = 2 here), S is the solid side of the boundary, f; and f; corresponds to discrete velocities in
opposite directions, i.e. e; and —e;, respectively, p,, and U are the fluid density and velocity at
the projection of  onto the boundary, n is the unit normal vector (pointing to the fluid side) at
the projection point, Ax is the local grid spacing, and AS is the projection area of a lattice on the

boundary. Clearly, the mass leakage E defined in Eq. (10) is a density flux. Actually, it can be

considered as an approximation to the conventional density flux loss (—pu+ p,,U) - n:

AxP
E(x)= mﬁelgtes [fi(®) = fi(x +eidt)] +pU -m
AxP
o AT . 1
ASAtZl."flSlgn(el n)+p,U-n (1)

z—Zfie,wfrH—pwUﬂn: (—pu+pU)-n

It should be noticed that Eq. (11) is an effective but not the unique measurement of the potential
mass leakage, for example, at a steady flow state the density at + — Ar could be directly used to
determine the mass leakage as p(r — At) — Y, fi(¢). By implicitly included this measurement as
a correction source term within a two-relaxation-time LB framework, Ginzburg*® proposed a LB
scheme successfully reproducing the Poiseuille flow without mass leakage. Apparently, the steady

state intended measurement is not suitable for general LB simulations as concerned in this paper.

9
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FIG. 1. Sketches of the streaming process at boundary nodes considering a D2Q9 lattice: (a) boundary
nodes with LB links irregularly cut by a general smooth boundary and (b) boundary nodes with LB links

regularly cut by an aligned planar boundary. Nodes in the solid area, e.g. G1, are not necessary.

Based on the local mass leakage at individual boundary nodes defined in Eq. (10), the averaged

mass leakage over a smooth boundary can be now expressed as:

E= () EAS)/Y AS (12)

where the summation is conducted over all the involved boundary nodes.

IV. LOCAL MASS LEAKAGE AT INDIVIDUAL BOUNDARY NODES

Based on the fundamentals of the LB method presented in §II, the local mass leakage at indi-
vidual boundary nodes defined by Eq. (10) is now theoretically expressed in terms of macroscopic
variables in this section. Firstly, mass leakage at boundary nodes with LB links regularly cut by
aligned planar boundaries (referred to as “regular boundary nodes", see Fig. 1(b)) is analysed in
§IV A. Based on that, mass leakage at boundary nodes with LB links irregularly cut by general
smooth boundaries (referred to as “irregular boundary nodes", see Fig. 2(a)-(c)) is considered in

SIV A.

A. Regular boundary nodes

Due to the symmetry of wall-cut LB links at a regular boundary node, the zero and first order

moments of the links can be directly expressed by macroscopic variables. Hence, regular boundary
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nodes are an ideal starting point to express the mass leakage by macroscopic variables.
By applying the symmetry of the wall-cut LB links at regular boundary nodes, the mass leakage

can be expressed as (see Appendix A for details):

E(x) %—pum-l—%c&mp—l-A?xam(pum)—l-%xV-(pu) 03
o n(pi2) + 5 - (puags)] +p,U
where the sub-index m indicates components along the symmetry axis of the wall-cut LB links
(referred to as “main direction" with a unit vector n,, pointing to the fluid domain). It is worth
noticing that pu,, is the major part of the momentum recovered by the wall-cut LB links, and
expression (13) is accurate without requiring n,, = 1 and will be used for irregular boundary
nodes in the next subsection.

Considering that n,, = n is satisfied for aligned boundaries, Eq. (13) can be further simplified

as:

Ax Ax Ax Ax
E(x) = (? —Aw) o)+ cdup + 5V - (pu) + 0, +V - ()] (14)

where Aw is the wall distance (Aw < Ax), and d, and u, are the normal gradient and velocity
components, respectively.

The last relation (14) clearly shows that the mass leakage along aligned boundaries mainly
arises from the normal gradient of density p, normal momentum pu,, and the corresponding
kinetic energy pu,%, as well as the divergence of the momentum V - (pu) (compressibility effect)
and the normal momentum flux V- (pu,u). Moreover, amplitude of the mass leakage is in the
order of O(Ax). As a consequence, in the case of weakly compressible flows with fixed non-slip
boundaries, all the terms in Eq. (14) are all supposed to be negligibly small, as is the resultant
local mass leakage. It should be noticed that this conclusion does not conflict with the reported
mass leakage along aligned boundaries'!? because they adopted an external force at boundary

nodes, thus yielding a significant d,(pu,) in Eq. (14).

B. Irregular boundary nodes

The mass leakage at irregular boundary nodes is now addressed. The analysis is conducted by

approximating irregular boundary nodes as regular ones, and then estimating the mass leakage by

11



262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

applying the analysis proposed for regular nodes in §IV A.

S

1 #@TT?#lT%y

(a) No irregular cells (b) Partial with irregular cells (c) Irregular cells at 8 = 45°

FIG. 2. Irregular boundary nodes at a smooth boundary. The symbols are the same with those in Fig. 1(a).
Lattice cells with boundary going through two perpendicular edges, e.g. B in (b) and C (c), are referred to as
“irregular cells". Three typical cases are illustrated: boundary node irregularly cut with the cut-links similar
to those cut by aligned boundaries in Fig. 1(b), without irregular cells involved (a); part of the boundary
nodes are involved with irregular cells (b); and all boundary nodes are involved with irregular cells when a

straight boundary is inclined at 45° (c),

Firstly, some basic characteristics of irregular boundary nodes are emphasised. As shown in
Fig. 2(a)-(c), irregular boundary nodes are distinguished by an angle deviation 0 (0° < 6 < 45°)
between n and the coordinate axes. Noticeably, when the boundary goes through two perpendic-
ular edges of a lattice cell (referred to as “irregular cell", e.g. the one containing B and C shown
in Fig. 2(b)-(c)), the cut links change rapidly by every node. For a well resolved smooth boundary
wall (without sharp corners) in 2D, irregular cells always occur in pairs (e.g. B and C), with three
irregular boundary nodes (e.g. By, B, and Bj3) involved.

For irregular boundary nodes not associated with irregular cells ( e.g. B; shown in Fig. 2(a)),
they can be directly approximated as regular boundary nodes because the cut links are exactly the
same as those cut by aligned boundaries (see B; shown in Fig. 1(b) and Fig. 2(a)). The main
difference is that the main direction n,, of the approximated regular boundary node is different
from the local normal vector n. By applying Eq. (13), the mass leakage can be estimated as (see

Appendix B):

p—uu)” (15)

E(x) ==+ pu,tan 6 + O(Axc||Vp||) + O (Ax||V(pu)||) + O [Ax”v( .

N
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where u; is the tangential velocity component.

For irregular boundary nodes associated with irregular cell pairs, they can be approximated as
regular boundary nodes through two kinds of operations. Firstly, the links between neighbouring
boundary nodes could be treated as virtual cut links without causing extra net mass leakage. For
example, as shown in Fig. 2(a), by considering the virtually cut links e5 and eg between B, and
B3, the node B3 can be treated as an approximated regular boundary node with a horizontal main
direction. Secondly, wall-cut LB links at one boundary node can be shifted to its neighbouring
boundary nodes to complete the remained approximation to regular boundary nodes. For example,
as shown in Fig. 2(a), by shifting the cut links e3 and e4 at By to B, the total cut links, including
the virtual es and eg, exactly approximate B, as two regular boundary nodes with different main
directions (one is horizontal and the other is vertical). Mass leakage at the approximated regular

node pairs, e.g. those at B, as analysed, can be estimated by Eq. (13) as (see Appendix B):

E(x) =pu,tan(+£6 F45°) + O(Axc||Vp||) + O (Ax||V(pu)||) + O {MM

} (16)
s

Clearly, relations (15) and (16) shows that the mass leakage at both kinds of irregular boundary
nodes are dominated by terms proportional to pu,. Recalling Eq. (13), it can be concluded that the
dominating terms in Egs. (15) and (16) are due to pu,, # p,,U - when n # n,,, indicating that the
mass leakage is mainly caused by the intrinsic deficiency of the wall-cut LB links in recovering the
momenta. Meanwhile, these terms depends on the boundary orientation significantly. Particularly,
for 8 — 0, only the first kind of irregular boundary nodes emerges, and the dominating term
pustan @ — 0; For 6 — 45°, only the second kind of irregular boundary nodes emerges, and the

dominating term pu, tan(+60 F45°) — 0.

To this point it should be pointed out that, from Eq. (13) to (16), the potential significant
mass leakage o pu; is inevitable for general non-aligned boundaries because it originates from
the intrinsic deficiency of the incomplete distribution functions at boundary nodes in restoring the
momentum vector properly. In addition, the dependence of mass leakage on different boundary
treatments is supposed to be included in the potentially different coefficients before the qualitative
terms (e.g. O(Axc||Vp]||)), and this can be expected to holds for the corresponding averaged mass

leakage discussed in the followed §V.
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V. AVERAGED MASS LEAKAGE OVER SMOOTH BOUNDARIES
A. Estimates of the averaged mass leakage

Based on the estimates for local mass leakage at individual boundary nodes derived in §IV, the
averaged mass leakage over smooth boundaries is analysed in this section.

Firstly, for aligned boundaries, regular boundary nodes are uniformly distributed, and the av-
eraged mass leakage is exactly the same as the local value at an individual node given by Eq.
(14).

Secondly, for 45° inclined boundaries, all the boundary nodes are associated with irregular

cells, and the mass leakage can be estimated by Eq. (16) taking 8 = 45°, i.e.

£ = 0(Axe|Vp]) + 0 (Ax||V (pun)]) + O [mw] a7

Cs

Finally, for general smooth boundaries, the boundary nodes can be decomposed into a series of
serrated cells (see Fig. 3(a)-(d)), and the overall averaged mass leakage can be estimated from that
of the serrated cells. Specifically, a general serrated cell can be deemed as a linear supperposition
of four basic types, and so is the averaged mass leakage.

Figures 3(a)-(d) display the four basic kinds of serrated cells, i.e. an ideal serrated cell with the
two sawtooth tip nodes exactly on a planar boundary (see Fig. 3(a)), an ideal serrated cell shifted
from the planar solid boundary by a distance As (see Fig. 3(b)), an ideal serrated cell rotated from
the planar boundary by an angle of A8 (see Fig. 3(c)), and an ideal serrated cell with the sawtooth
tip nodes on a boundary with a curvature radius R, (see Fig. 3(d)).

By combining the local mass leakage (Egs. (15) and (16)), the definition of averaged mass
leakage (Eq. (12)) and the geometry relationships shown in Fig. 3(a)-(d), the averaged mass
leakage of an ideal serrated cell, and those caused by As, A8 and R, are estimated as (see Appendix

C for details):

Exe =0(Axc|[Vpl|) + 0 (Ax [V (pu)]]) + 0 [MM]

(18)
Ax Ax
Ep :Asc?n(pun), Eprg = puy tanAQ = O(putf), ERC =0 (pH’U,HR—)

It should be noted that Exg, Erg and Eg, are not just for a local serrated cell, but have taken
the whole smooth boundary into consideration (see Appendix C). Consequently, the resultant

averaged mass leakage for smooth boundaries can be estimated as the sum of Eq. (18):
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FIG. 3. Sketches of serrated cells including boundary nodes between two successive “sawtooth tips" (e.g. A
and C ). Four basic types are shown: an ideal serrated cell with the two sawtooth tips (A and C) on a planar
boundary (a), an ideal serrated cell shifted from a planar boundary by As (b), an ideal serrated cell deviating
from a planar boundary by an angle of A0 (c), and an ideal serrated cell with the sawtooth tips on a curved
boundary. AC is a real (solid) or virtual (dashed) planar boundary. 6 is the minimal angle between AC and
the coordinate axes. u; and u,, are the tangential and normal velocity components, respectively. In (d), R is
the local boundary curvature, ¢ is angle corresponding to the arc Az‘, and A is angle between AC and the

local tangential direction.

[V(puw)|

N

5= 0(pu )+ 0 (pllul ) + OlaxeVpl) + O (&x [V (pu)]) +0 A

} (19)
¢

As shown by this relation, the averaged mass leakage mainly originates in several sources,
including the tangential momentum pu;, the boundary curvature and the momentum pw /R, and
the gradients of density p, momentum pu and momentum flux tensor puw. Moreover, all the
terms are proportional to the grid spacing O(Ax), indicating that the averaged mass leakage can
be reduced by refining grids. In addition, it should be noticed that all the terms appearing in Eq.
(19) are significantly dependent on the boundary orientation. For example, the first term caused

by A6 is zero when the boundary is inclined at 8 = arctan with N =1,2,3---, e.g. 8 =45°

15



340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

corresponding to N = 1.

Physically, moving boundaries induce significant velocities at boundary nodes, and high
Reynolds numbers are associated with strong gradients near the boundaries. According to Eq.
(19), these two situations are expected to induce significant averaged mass leakage, which is

consistent with the previous observations reported in%>.

B. Examples on two academic cases: Poiseuille and Taylor-Couette flows

The above expressions for mass leakage can be used to analyse the behaviour of mass leakage
in simple flow configurations, for which analytical solutions are available. Hereafter, averaged
mass leakage along boundaries for steady laminar Poiseuille flow and Taylor-Couette flow are
estimated thanks to Eq. (19).

For Poiseuille flow, considering Vp =0, u,, =0, dyu; = 0 and V - (pu) = 0, the averaged mass

leakage along the straight walls can be expressed as:

E=0(p ") + 0 (Axpayu) + 0 <Ax””f—a””f> (20)

Cs
For the steady laminar weakly compressible Taylor-Couette flow with a static outer cylinder
(pressure gradient offseted by external body force), one has Vp =0, u, =0 and V- (pu) =~ 0, and

the averaged mass leakage along the curved inner wall can be expressed as:

2
E=0(AxpQ)+0 (Axprlg ) 2D

Cs
where the reference length L in Eq. (19) is represented by the inner radius ry, and Q is the

angular velocity of the inner cylinder.

VI. A FIRST-ORDER ACCURATE MASS CORRECTION SCHEMES

Corresponding to the local and averaged mass leakage estimates, there are two mass correction
schemes, i.e. the local mass correction (LMC) scheme and the averaged mass correction (AMC)
scheme.

With the LMC, the local mass leakage is used to satisfy mass conservation by applying a cor-

rection as:
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x+e;AteS

where E is defined in Eq. (10). For static or tangentially moving boundaries (i.e. U - n), this
scheme complies with the way of mass conservation of the well-known bounce-back method, has
been used by Sanjeevi e al.>>, and is similar to most of the reported mass correction schemes?’~2°,
According to the analysis in §IV, the local mass leakage could be proportional to the tangential
velocity amplitude, and thus the LMC scheme adds a zero-order perturbation to the solution of
density.

In contrast, the averaged mass leakage is promising to facilitate a first-order accurate correction

scheme because it has an amplitude in the order of O(Ax). With the AMC, the mass correction can

formulated as:

_ AZ‘ASE _ ZQ Zw+eiAt€S [fl (CIS) B fl_(w + eiAt)] AfAS Z(pwU . ’I’LAS) (23)

ap(@) =35 Yo AS ToAS &

where E is defined in Eq. (12), and Q represents a concerned boundary. It should be noticed
that Ap () is implied locally, but the AMC only provide a global mass conservation, which is
consistent with local mass flux correction proposed by Ginzburg!”’. The two schemes will be

compared in the followed § VII.

VII. NUMERICAL VALIDATION ON THE CHANNEL AND TAYLOR-COUETTE
FLOWS

A preliminary validation of the proposed scaling laws for the mass leakage error is achieved
by performing 2D simulations of two academic flows with straight and curved boundaries, e.g.
the Poiseuille flow and the Taylor-Couette flow, respectively. Meanwhile, the influence of mass
leakage on the numerical solutions as well as the effectiveness of the LMC and AMC schemes are
investigated. Without loss of generality, the multiple-relaxation-times (MRT) LB method together
with a second-order accurate immersed boundary method will be used for the validation.

An in-house C/C++ solver?? applying the LB method based on multi-block Cartesian grids is
used to perform the simulations until otherwise specified. In this solver, the multiple-relaxation-
times (MRT)*” method together with the D2Q9 lattice is used for two-dimensional simulations.

The no-slip boundary condition is implemented by an interpolation-based scheme similar to the
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one discussed in Ref.!3-38. In this approach, as shown in Fig. 4, the macroscopic variables (p and
u) at a boundary node are reconstructed from quadratic interpolation using a stencil including the
six nearest fluid domain nodes (the projection point on the boundary is also used for w). Then, the
equilibrium parts of the distribution functions are calculated based on the obtained macroscopic
variables, while the non-equilibrium parts are the averaged values of those at the neighbouring

fluid domain nodes. All the considered simulations are converged to steady states.

¢ Projection point
® Boundary node
/ B Interpolation stencil

FIG. 4. Sketch of the interpolation based IB method. For interpolation of velocity, the projection point is

also used.

A. The Poiseuille flow through straight channels with variously inclined and translating

boundaries

To validate our analysis of mass leakage at planar wall boundaries (§IV A-IV B), the laminar
steady Poiseuille flow through straight channels inclined at different angles are simulated. Both
walls of the channel are set to move in translation to emphasised the role of the tangential velocity
(uy) on the mass leakage. As shown in Fig. 5, A is the half height of the channel, L is the channel
length (L/h = 80), and a prescribed parabolic velocity profile is imposed at inlet on the left bound-
ary. A reference velocity (U, ) is chosen to satisfy a low Reynolds number Re = Uy rh/V = 25
and Mach number Ma = U,.r/cs = 0.0866. The flow is driven by an external body force. A
minimum grid spacing Ax/h = 0.025 is applied unless otherwise specified.

The averaged mass leakage for the Poiseuille flow is estimated by Eq. (20). Since the serrated

cell at the lower and upper walls (denoted by indices / and u, respectively) are rotational symmet-
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rical by 180°, the tangential velocity u; in Eq. (20) is in opposite signs to estimate their averaged
mass leakage. Therefore, E; — E, is supposed to be contributed by the linear terms O(p ut%) and
O(Axp d,uy), and the net mass leakage E; + E,, is supposed to be contributed by the non-linear term
O(Axpu;d,u; /c5) as well as the coupling between the linear terms and the asymmetrical geometry

uncertainties (e.g. As in Eq. (18) could be different for the two walls).

L
2h
= -
— -
— %
//:
E—
?: /U:
/ .
; Horizontal

FIG. 5. Sketch of the Poiseuille flow through a straight channel inclined at 6. Uj, is the translating velocity

of both walls.

1. Effect of geometry orientation

To investigate the mass leakage dependence on geometry orientation, the Poiseuille flow with
tangentially moving walls inclined from 6 = 0° to 45° by an increment of 5° is simulated. A finite
boundary velocity U, = 0.5U,,y is enforced to provide significant velocity at the boundary nodes.

To illustrate and validate the numerical solution, grid distribution at 8 = 30° and streamwise
velocity profiles (at x/L = 0.5) at different 6 are shown in Fig. 6(a) and (b), respectively. It
can be observed the multi-block grid refinement has no spurious effect on the solution, making it
possible to measure boundary-condition-based errors in a clean way. The velocity profiles shown
in Fig. 6(b) with 6 = 0°, 20° and 45° correspond to an aligned boundary (§IV A), a general
irregularly-oriented boundary and a 45° inclined boundary (§1V B), respectively. It is seen that
the solved velocity profiles exhibit good agreement with the theoretical results, indicating that the
flow is well reproduced by the solver. All the Poiseuille flow in the rest of this paper are accurately
simulated similarly unless further specified.

Fig. 7(a) displays the local mass leakage amplitude |E|,,, at each wall as a function of the

inclined angle 6. As can be observed, |E|uqy at the two walls varies significantly with 6 in a
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FIG. 6. Grid distribution at 8 = 30° (a) and streamwise velocity profile at different 0 (b).

similar manner. Specifically, |E |4 approaches zero at & = 0° and 45°, and hold a significant
amplitude around 0.2pU,.r with a decreasing trend over 5° < 6 < 20° and an increasing trend
over 30° < 6 < 40°. These observations can be well explained by the theoretical analysis of local
mass leakage in §IV B, i.e. the dominating terms is zero at 0° (pu,tan8 = 0 in Eq. (15)) and 45°
(pu;tan(45° — 6) = 0 in Eq. (16)), and otherwise |E |,y is dominated by a U-shaped function
determined by max[pu, tan 0, pu, tan(45° — 0)].

Fig. 7(b) shows the averaged mass leakage E as a function of 6. The linear part |E; — E,|
approaches zero at 8 = 0° and 45°, and displays significant oscillations over 0° < 6 < 45°. This
indicates that |E; — E,| is dominated by the term O(put%) which is zero at tan@ = 1/N, e.g.
0°, 26.6° and 45° (see §V). In contrast, the net mass leakage E; + E, generally increases with
0, indicating that the term O(Axpu,d,u;) has a positive reliance on 6. The observable average

f_46

mass leakage is consistent with the analysis in Ref.” that the non-linear terms in the equilibrium

definition of distribution functions cause unavoidable mass leakage.

2. Effect of tangential velocity

To emphasise the effect of tangential velocity on the mass leakage, simulations with the walls
translating at a finite tangential velocity U, varying from O to 0.5U,.s are performed in this sub-
section. The normal gradient of tangential velocity d,u; is set to be constant so that i, is the sole
changing variable in Eq. (20). In addition, to clarify effect of the angle bias A0, i.e. the term
O(pu,%) in Eq. (20), configurations at 0 = arctan% (=~ 26.6°, A8 = 0) and 8 = 30° (AO #0) are

simulated and compared.
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FIG. 7. Mass leakage as a function of the inclined angle 0. The sub-indices / and u indicate the lower and
E|nax is the local mass leakage amplitude. In (b), E; — E, and E; + E,,

upper walls, respectively. In (a),
correspond to the averaged mass leakage due to the linear terms in Eq. (20) and the net averaged mass
leakage, respectively.
452 Fig. 8(a) and (b) display the mass leakage as functions of U for 8 = arctan% and 30°, respec-
a3 tively. As can be observed, for both values of 6, the local amplitude |E|,,,, at both walls is almost
asa  proportional to the boundary velocity U, which can be related to the dominating terms o pu;
s in Egs. (15) and (16). Meanwhile, the net mass leakage E; + E, in both figures exhibits similar
a6 linear dependence versus Up, which can be explained by the nonlinear term O(Axpu;d,u;) in Eq.

sz (20). The main difference between the two figures is that E; — E, remains almost unchanged about
ss 3% 1077 pUyer for 6 = arctan% (Fig. 8(a)), while that shows a significant linear dependence on U,

aso for @ = 30° (Fig. 8(a)). This clearly confirms the effect of A@ is definitely well estimated by the

wo  term O(pu,5Y).

w1 3. Effect of velocity gradient
262 To measure the effect of velocity gradient on the mass leakage, simulations with the maximum
a3 relative incoming velocity uyq — U), varying from O to Uy, are now performed. Without loss of

a4 generality, the solid walls are set to move tangentially at Uy, /U,y = 0.5 so that d,u; is the sole

ses changing variable in Eq. (20). 6 = arctan% is chosen to vanish the term O(pu,Ax) in Eq. (20),

ass and thus to avoid the uncertainty induced by A6.
Figure 9(a) and (b) display the computed streamwise velocity profiles and the mass leakage over

467
ass 0 < (Umax — Up)/Urer < 1, respectively. As shown in Fig. 9(a), profiles of the relative streamwise
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FIG. 8. Mass leakage at 6 = arctan0.5 (a) and 6 = 30° (b) for 0 < Uy, /U,y < 0.5. The sub-indices / and u

indicate the lower and upper walls, respectively.

velocity (u — Uy) is well reproduced as expected. For the mass leakage shown in Fig. 9(b), the local
amplitude |E |4y at both walls exhibits linear dependence on d,u; with a small amplitude variation
(2%). This is consistent with that d,u; only emerges linearly in minor terms in Egs. (15) and (16).
Comparatively, the linear averaged mass leakage E; — E, is almost proportional to d,u;, which
could be attributed to the linear term O(Axpd,u,) in Eq. (20). Differently, the net mass leakage
E;+E, is well described by a parabolic curve, which can be explained by the considerable increase
of u; due to dyu, in the nonlinear term O(Axpu,d,u, ). By taking this increment into consideration,
the nonlinear term is changed to O[Axp (u; + Awd,u; ) dyu|, including eventually a quadratic term
for significant d,u, (the relative increase of u; at (umax — Up)/Urer = 1 reaches a considerable

amplitude of about 10%U} in Fig. 9(a)).

4. Effect of grid spacing Ax

To examine effect of Ax on the mass leakage, simulations using four different grid spacings
near the solid walls, i.e. Ax/h =0.025,0.0125, 0.00625 and 0.0003125, are performed. Without
loss of generality, Uy, is taken equal to 0.5U,.r, and the channel is inclined at 6 = 30° to include
all the terms in Eq. (20).

Figure 10 displays the mass leakage as functions of Ax. The local amplitude of the mass
leakage |E |;nqx at both walls is slightly affected (1%) in a linear way, which can be attributed to the
Axd,u,-related terms in Egs. (15) and (16). Meanwhile, the averaged mass leakage at both walls

exhibits a general linear growth versus Ax with some observable deviations. This can be deemed
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upper walls, respectively.

s as reasonable validation of E o Ax (Eq. (20)) considering that refining the grid could generate

g0 substantial uncertainties to the boundary node distribution, e.g. As and A0 in Eq. (18).

a0 5. Effect of mass leakage on wall-modelled turbulent flow through straight channel

491 As demonstrated above (§VII A 1-VII A 4), mass leakage in the laminar Poiseuille flow simula-
02 tions is well predicted by the proposed theory, but the amplitude is too low (0.01%) to significantly
a03  impact the solution. Thus, to emphasise the effect of mass leakage, a wall-modelled RANS simu-

404 lation of turbulent flow at Re = 5 x 104(Rem,, ~ 2000) 1s performed. At steady state, this solution

23



495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

518

518

519

520

521

522

524

525

526

is similar with the Poiseuille flow in terms of mass leakage estimate, i.e. still described by Egs.
(15), (16) and (20). Moreover, the velocity and its gradients at the boundary nodes are supposed to
be large enough to involve a significant mass leakage. Finally, the use of wall function increases
the sensitivity of the solution to the boundary treatment. Without loss of generality, the channel is
inclined at 6 = 30° with L/h = 200, and a uniform grid spacing Ax/h = 0.05 is used. Instead of a
parabolic velocity profile at the inlet, a uniform inlet velocity is imposed.

The simulation is conducted using the ProLB software®® in 2D by extending one layer of grid
along the third axis with periodic setup. In ProLLB, the D3Q19 LB model is solved for the fluid
dynamics by applying the hybrid recursively regularised strategy>®. The one-equation Spalart-
Allmaras turbulence model is used to model the turbulence in the fluid domain, and the power-law
wall function*® is adopted to model the near-wall turbulence effect. Meanwhile, an interpolation-
based second-order accurate immersed boundary treatment is applied to implement the non-slip
boundary condition. Similar to the boundary treatment used for the above laminar simulations, the
macroscopic variables are interpolated from the Lagrangian boundary points and the neighbouring
fluid domain nodes. Differently, the non-equilibrium distribution functions are reconstructed from
the macroscopic gradient information®3.

Fig. 11(a) and (b) display the local mass leakage and sectional mass flux variation, respectively.
As can be observed, without mass correction, the local mass leakage varies significantly with
an amplitude about two orders higher than the averaged values. This observation can be well
explained by the proposed theory ( Egs. (15), (16) and (19) ). Meanwhile, the sectional mass flux
shown Fig. 11(b) exhibits a loss up to 1.3%, and the AMC scheme apparently outperforms the
LMC scheme in controlling the mass flux loss.

Fig. 12(a)-(b) display the friction coefficient and sectional velocity profile, respectively. As
can be observed, without mass correction, the mass leakage causes significant error to the solution,
e.g. the flow symmetry is ruined and both the friction and streamwise velocity significantly deviate
from the reference data. Notably, these problems are well cured by the AMC scheme, while the

LMC scheme leads to worse result.

B. Taylor-Couette flow

In order to validate the proposed theoretical analysis of mass leakage on curved boundaries, the

steady laminar Taylor-Couette flow is considered. The boundary set up is shown in Fig. 13(a). The
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FIG. 12. Friction coefficient (a) and sectional velocity profiles (b). The DNS data reported by Hoyas*® is

used as reference data.

inner and outer cylinders’ radii are denoted as r| and r,, respectively. The inner cylinder rotates
clockwise at an angular velocity Q. The half channel height, i.e. h = (r, —r1)/2, is used as the
reference length. A reference value of angular velocity Q,.r is defined as Re = Q,.¢h/v = 50.
Accordingly, a reference velocity is defined as U,y = Q.rh. A volumic forcing term equal to
pu? /r (with r being the local radial distance) is used to ensure negligible density gradients. The
minimum grid spacing is fixed at Ax/h = 0.02 unless otherwise specified. The generated multi-

block grid is shown in Fig. 13(b).

The averaged mass leakage is assumed to be described by Eq. (21). Due to the symmetry of the
geometry setup, the serrated cells are symmetrically distributed around every line inclined at 0° or

45°. Therefore, the linear averaged mass leakage (denoted as Ej, corresponding to O(AxpQ) in
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Eq. (21)) is evaluated as the difference between two adjacent 45° arcs. In contrast, the net mass

leakage of a 90° arc is denoted as Ey;, corresponding to O(Axpr;Q?) in (21).

(a) Geometry sketch (b) Grid distribution

FIG. 13. Sketch of Taylor-Couette flow through a circular channel (a) and the adopted grid distribution (b).

1. Effect of boundary curvature

To validate effect of boundary curvature on the mass leakage, simulations with r| ranging from
h to 6h are performed in this subsection. The angular velocity is set as = Q.

Figure 14(a), (b) and (c) display the computed velocity profiles, the local and averaged mass
leakage, respectively. As shown in Fig. 9(a), profiles of the relative velocity (u — Qr;) agree well
with the analytical solutions. All the Taylor-Couette flow in the rest of this paper is accurately
reproduced similarly without showing. For the mass leakage shown in Fig. 14(b)-(c), the local
amplitude |E|;4 is almost proportional to r. Considering r; is proportional to the tangential ve-
locity u; = Qry and Q is fixed, this observation can be explained by the leading terms (< pu;) in
Egs. (15) and (16). Meanwhile, the linear averaged mass leakage E; exhibits significant oscilla-
tions without an obvious increasing or decreasing trend. The oscillations can be attributed to the
substantial uncertainties associated with the boundary node distribution caused by the change of
geometry configuration. The unclear trend is consistent with the term O(pAxQ) (see Eq. (21))

which is independent of ;. In contrast, the net averaged mass leakage Ey; shown in Fig. 14(c) is

26



553

554

555

556

557

558

559

560

561

562

" .'.' P
/'{ /’){'
o //
# !,r"‘
& v ‘
f‘//
e
o
-~ — r/h=1
ST r /=15
- r/h=2
e r/h=3
3 s Theoretical
% —05 1 15 2 25 3
u-Qr)/u, .

(a) Velocity profiles

2 ! T T ! ! - 0.5 T T T T T
] S— S U SO S B Op~=zog N
T | x5 —_
~ | g T-0.5F- b e N A T e
Q. | | | =
i Lpmmee P P =%
| | ’ ~
_ | e D Gl
R L =
- 0.5F--- R e e AR A | I S SRR R S VA R
g 1.5
% 1 23 4 5 6 20 i 2 3 4 5 6
r/h r/h
(b) Local mass leakage (c) Averaged mass leakage

FIG. 14. Velocity profiles (a), local mass leakage (b) and averaged mass leakage (c) for 1 <r;/h <6.

almost proportional to r{ /h, which can be well explained by the term O(Axr;Q?/c,) in Eq. (21).

2. Effect of angular velocity

To quantify effect of the angular velocity on the mass leakage, simulations with Q ranging from
0.125Q,. ¢ to &, are performed with r| = 2h.

Figure 15(a) and (b) display the local and averaged mass leakage over 0.125 < Q/Q,.; < 1,
respectively. As can be observed, the local amplitude |E |4 (Fig. 15(a)) and the linear averaged
mass leakage E; (Fig. 15(b)) are almost proportional to Q. The former can be well explained
by the leading error terms (o< pu;) in Egs. (15) and (16), and the later is consistent with the term
O (AxpQ) in Eq. (21). In contrast, the net averaged mass leakage Eyz shown in Fig. 15(b) is

almost proportional to 2, which is consistent with the term O (Axp r QZ) in Eq. (21).
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FIG. 15. Local (a) and averaged mass leakage (b) for 0.125 < Q/Q,,.r < 1.
3. Effect of grid spacing Ax

In order to measure the effect of grid spacing Ax on the mass leakage, simulations are performed
considering five different values of Ax at the wall, i.e. Ax/h =0.04,0.02,0.01,0.005 and 0.0025.
r1 and Q are set equal to & and Q. ¢, respectively.

Figure 16(a) and (b) display the local and averaged mass leakage over 0.0025 < Ax/h < 0.04,
respectively. As can be observed, the local amplitude |E|,,, (Fig. 16(a)) is slightly affected within
2%, which is consistent with Egs. (15) and (16) where the Ax-related terms are of relatively minor
amplitude. In contrast, the net mass leakage Ey; (Fig. 16(b)) is almost proportional to Ax, and
the linear averaged mass leakage E; (Fig. 16(b)) exhibits a similar trend with some oscillations.
Considering the substantial uncertainties associated with boundary node distribution caused by
the grid refinement, behaviours of both Ey; and E; reasonably validate the theoretical prediction

E =< Ax (Eq. (21)).

4. Effect of mass leakage on the solution

To emphasise the effect of mass leakage on the simulation of Taylor-Couette flow, a case with-
out body force using a uniform coarse grid spacing Ax/h = 0.1 is conducted. The body force is
cancelled to clarify the influence on the pressure estimate. Other parameters are set as: | = h and
Q=2Q,7.

Fig. 17(a) and (b) display the local mass leakage along the inner cylinder and time history of

the total mass M, respectively. As shown in Fig. 17(a), the local mass leakage varies significantly
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FIG. 17. Local mass leakage (a) and history of total mass (b). In (b), My is the total mass at t = 0, “NMC"

is short for “no mass correction".

with an amplitude comparable to pU,., but the negative averaged value has an amplitude about
three order lower than pU,.r. These observations can be well explained by the proposed theory
( Egs. (15), (16) and (21) ). Consistent with the negative average mass leakage in Fig. 17(a),
without mass correction, the total mass M within the circular channel increases linearly with time,
to an increment of 17% at Uy st /h = 600. In contrast, both the local and averaged schemes are
effective to remove the total mass leakage.

Fig. 18(a) displays the pressure coefficient profile at x/h = 0. As can be observed, without
mass correction, a significant shift of pressure is produced due to the significant mass increment
shown in Fig. 17(b). In contrast, both the local and averaged correction schemes successfully

remove the pressure shift. However, the AMC scheme performances much better than the LMC
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scheme in terms of accuracy and smoothness. The superiority of the averaged scheme is further

corroborated by the pressure coefficient contours shown in Fig. 18(b) and (c).

VIII. CONCLUSIONS

In this paper, mass leakage within the general lattice Boltzmann framework is theoretically
analysed for boundary treatments of at least second-order accuracy. The local mass leakage, de-
fined from a mesoscopic viewpoint, is theoretically approximated using macroscopic variables at

regular (aligned boundaries) and irregular boundary nodes. Based on that, the averaged mass leak-
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age over smooth boundaries is mathematically estimated from that of a basic serrated structure of

boundary nodes.

The present theoretical results show that the mass leakage in LB simulations originates from the
deficiency of the wall-cut links in recovering momenta at the boundary nodes. Unexpectedly, from
the macroscopic point of view, the local mass leakage at individual boundary nodes is dominated
by terms proportional to the tangential momentum (i.e. pu;). In contrast, the averaged mass
leakage involves several different terms related to the tangential momentum pu;, product of the
boundary curvature and the momentum pu /R, and the gradients of density p, momentum pw and
momentum flux tensor puw. Moreover, the present analysis shows its amplitude is proportional
to the local grid spacing. Based on that, a mass correction scheme is proposed. Besides, both the
local and averaged mass leakage significantly depends on the boundary orientation. Particularly,

the mass leakage at fixed no-slip aligned boundaries is negligibly small.

The good agreement between the proposed theoretical estimates and numerical results extracted
from the simulations of the two-dimensional weakly compressible flows through moving straight
and curved channels provides a preliminary validation of the theory. In addition, the numerical
results show that LB solutions can be significantly impacted by mass leakage. However, the av-
eraged mass correction scheme designed from the present theoretical analysis performs well in

curing the mass leakage problems in the considered cases.

The theoretical analysis proposed in this paper unveils the basic mechanisms of mass leakage
in the LB framework. However, its validity is limited to 2D flow academic configurations and its
validation in more complex situations as well as its extension to 3D still requires future research
efforts as its validation. In addition, the complex dependance of the evitable local mass leakage
on local flow characteristics indicates that it might be necessary to includes specific characteristic
like “steady flow" into the configuration of boundary treatments as preliminarily demonstrated by

Ginzburg & d’Humigres’#6-30,
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sz Appendix A: Local mass leakage at regular boundary nodes

N
<

628 Theoretically, mass leakage defined by Eq. (10) can be decomposed into three parts by splitting

620 f into then equilibrium f¢¢ and non-equilibrium f"¢ parts, i.e.

N
©

E(z) =E%“(z)+ E"(z)+ p,U 10 (AD)
631 with
AxP
E9a) = Y @)~ [ @+ eit)]
ASAr = ! !
x+e;AteS
632 AP (A2)
E™(x) =—— Z (/7 () — f7 (z+ eiAr)]
ASAr x+e;AteS l l
633 It should be noted that f;** could contribute to mass leakage during the stream process (involv-

3¢ 1ng two neighbouring nodes) despite that its zero and first order moments are theoretically zero at
635 a given node.

636 Applying the definition of fl.eq given by Eq. (2), the equilibrium error part E¢¢ can be expanded

637  dS:
AxP pei-u pei-u eq 2
Eeq(m) :m m_H;AtES |:20)l C% + 2At0),~e,~V . % — Atei : Vfl + O(At >:|
AxP { pe;-u pe;i-u
o6 - 20;—— + Atwie; - v/ —Atwiei'vp+0(At2)} (A3)
s, 5 U0 3
AxP . V(pe:-u)? .V .
R M L ()
AS T+e;AteS 2c§ 2¢5

630 Clearly, Eq. (A3) shows that high-order terms O(pMa") in ffq could induce a mass leakage
es0 that scales as O (Ma”flp ||Vu||) Without loss of generality, in the rest of this paper, Ma-related
es1 high-order terms, e.g. O(Ma?), will be neglected because their effect can be inferred from those of
sz O(Ma) and O(Ma?). Hence, by omitting the high-order terms O (Ma?p || Vu||) and O(Af?), Eq.
sa3  (A3) simplifies as:

E“z) =~ ) 2mipelzu —Atwie;-\7p +Am)i€i'Vpelzu
ASAt x+eAteS Cs €
644 ' 5 (A4)
AP y o8 Viplei )] ei-Vipu-u)
AS T+e;AteS l ZC? l ZC%
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As illustrated in Fig. 1(b), at a boundary node along an aligned boundary, the wall-cut LB links
is symmetrical around an axis, e.g. the mth axis, with a unit vector n,, pointing to the fluid side
(referred to as “main direction"). Accordingly, all wall-cut links share a non-zero mth velocity
component e; ; = +c, and the other components e; ;,, are symmetrically distributed among —c,0
and c¢. Considering the symmetry of wall-cut links and AS = AxP~!, the linear terms of u on the

right-hand side of Eq. (A4) can be evaluated as:

( AxP ( pe;- ) ( —cpum)
_ 20 =C @; = —Pup
ASAt m+e,ZAt€S cs l_zi cs
AxP Ax & Ax
— (Atwye;-7p) =— —CW;OpP) = ——COupP
ASAt :I:+e,ZAl€S 2 l; 6
AxP ( pe; - u)
— Atwie; -~/ = (AS5)
ASAt w+e§les c?
Q e? Iulpum e?.0i(pu;
g Z ; i,m (p ) +Ax o; i,j J(p .I)
2 c2 : c2
i=1 N x+e;AteS, j#m S
Ax Ax Ax Ax
= jam(Pum) + gaj(P”j) = ?am(P”m) + FV' (pu)

\

where d,, = n,, -V, u,, = u-n,,, j denotes the axis perpendicular to the main direction (or the
mth axis), Q is the number of the discrete velocities (e.g. Q =9 for the D2Q9 model), and the

following relations hold:

es.
2 2 2 2 L,J
€ =c", c5=c/3, Zwic_zzl

€m -Nny=—c for z+eAresS (A6)

2 0 2 2
es. e, c
. L,] . L] s
2 ) @i~ 2 2| o 2| =2
| TH+eAtEeS, j#m N i=1 s

In the last relation of Eq. (A6), compared to the denominator, the nominator does not include

the discrete velocities perpendicular to the main direction, e.g. the links between B and B; in Fig.
1(b). The relations in Eq. (A6) are valid for the D2QS5 and D2Q9 models as well as D3Q19 and
D3Q27 models when the solution is invariant along the third axis. Equation (AS) demonstrates
that the wall-cut LB links at a regular boundary node are only able to restore velocity and gradient
components along the main direction, while the other components are completely omitted. Still,

by applying Eq. (A6), the non-linear terms in Eq. (A4) can simplified as:
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a7y {wiei-wpwi-u)z]_w,ei-wpu-u)}

2¢t l 2¢2

0 —ce%m&m(pugn) ei,meiz j
Z[“”‘ | PA L (O 9ne)+ Oi(punt)
x+e;AreS, j#m s
Q
663 — Z a)l 262

Ax

2

Ax [dulpuz) | I (pu3) + 0j(Pumit;)  O(ptty, + pu3)
) C

Ax

2

(AT)

2¢? c? 2¢? 2¢?

_Ax [n(pi) | 9i(puni)
3c2 6¢2

A pi2) 9 ()]

664 Consequently, by substituting Eqs. (AS5) and (A7) into Eq. (A3), the mass leakage directly

ess induced by f¢? can be expressed as:

Ax Ax Ax Ax
o E(x) = =Pty +-=COnp + S On(pttn) + =V - (u) + - [On(pup) + V- (pumw)] - (A8)

667 The mass leakage due to the non-equilibrium distribution function, i.e. E" in Eq. (A2), is now
ses analysed. Still considering regular boundary nodes along aligned boundaries (AS = AxP~1), by

eso applying the symmetry of discrete velocities, it can be rewritten as:

Q Ax
E(@) ==} leinfi* @) -5 ) [f“(@+edr)—f* ()]
i=1 xr+e;AteS
670 D ne D2 ne (A9)
"e(x "e(x
=—Ax ) let( )-l—At ];tz( )+0(Az2)
xr+e;AteS
671 Now using Eq. (8), one obtains :
B DZ eq (
672 E”e(a:) :—CA)C2 Z 02 12—2U+0(M3) (AlO)
xr+e;AteS '

673 Substituting Egs. (A8) and (A10) into Eq. (A1) and omitting high order terms, the resultant

e7a mass leakage is dominated by E?, and can therefore be expressed as:

Ax Ax Ax
E(x) ~—pupy+ ?Camp + ?Hm(pum) + ZV (pu)
675 Ax (A11)
+ 2210 (pup) + V- (punw)] + puU -
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s7s Appendix B: Local mass leakage at irregular boundary nodes

677 As depicted in §1V, irregular boundary nodes can be classified into two kinds regarding whether
e7s they are associated with irregular cells. Their mass leakage are analysed separately now.

679 For irregular boundary nodes not associated with irregular cells ( e.g. B; shown in Fig. 2(a)),
eso they can be directly approximated as regular boundary nodes because the cut links are exactly the
es1  same as those cut by aligned boundaries (see B; shown in Fig. 1(b) and Fig. 2(a)). The main
es2 difference is that the main direction n,, of the approximated regular boundary node is different

es3 from the local normal vector n, i.e.

684 N, = cosyn —sinyn, (B1)

685 where 7 is the angle rotating from n to n,, anti-clockwise, and n; is the tangential unit vector.

ess By substituting Eq. (B1) into Eq. (A11), the mass leakage can be estimated as:

AxP—1 Axconp  Axdy(puy,
E(z,y) = ity + 5P A0 (Pn)
AS 6 3 (B2)

687 AXV ) Ax

ST D pud) + V- ()] pU
688 which can be simplified as:

Axc
689 E(w7Y) = puttaHY+ ?(an —tan}/é?t)p +E¥h +Eexp +Ediv (B3)
690 with
( Axsin Axsin(2
B == 2510, pn) + dn(pu)) ~ S 20, ) + )
Axsin®

oL 20y (ptat) + 9n (i)

691 B4)
cos(27y) Axcos®y ) 3 ) (
Eex - —A n n — |On -
o= |2 s o)+ 0, ) — a3 )
sin’ y 1 Axcos’y
E.. = V. b v -
\ div =AX (3005 Y + 6¢cos }/) (pu)+ 4c [P (utn = tan yuu Ju]

692 where AS = AP~lxcos y and 9,, = cos Y9, — sinyd; are applied, u, = w-n, u; = w-n,, and E,

03 E,yp and Ey;, are the mass leakages associated with fluid shear rate, expansion rate and divergence
04 Of the involved first- and second-order momentum, respectively. Geometrically, 7 is related to the

sos angle 6 as Yy = +0, and thus —45° < y < 45°. Substituting ¥ = +0 into Eq. (A11), it becomes:
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E(x) ==+ pu; tan 6 + O(Axc||Vp||) + O (Ax ||V (pw)|)) + O {mw} (BS)

¢

For irregular boundary nodes associated with irregular cell pairs, they can be approximated as
regular boundary nodes through two kinds of operations. Firstly, the links between neighbouring
boundary nodes could be treated as virtual cut links without causing extra net mass leakage. For
example, as shown in Fig. 2(a), by considering the virtually cut links e5 and eg between B, and
B3, the node B3 can be treated as an approximated regular boundary node with a horizontal main
direction. Secondly, wall-cut LB links at one boundary node can be shifted to its neighbouring
boundary node to complete the remained approximation to regular boundary node. For example,
as shown in Fig. 2(a), by shifting the cut links e3 and e4 at By to B, the total cut links, including
the virtual es and eg, exactly approximate B, as two regular boundary nodes with different main
directions (one is horizontal and the other is vertical). Mass leakage at the approximated regular
node pairs, e.g. those at B, as analysed, can be estimated by Eq. (B3) with ¥ being +6 and
+6 F90°, respectively, i.e.

E(x,£0)AxP 1 cos 0 + E(x,£60 F90°)AxP ! cos(4:0 F90°)
AxP~1cos 6 + AxP—1 cos(£60 F90°)

E(x)=
(B6)

N

=pu; tan(+6 T45°) + O(Axc||Vp||) + O (Ax||V(pu)||) + O {AXHV(PUU)H}

In addition, using shifted links to derive Eq. (B3) requires extra mass leakage correction terms.

The required correction for shifting f; from x + e;At to x can be expressed as:

AXD AXD e
B As'ei-ijnLO(sz) = A_Sei'vquJrO(sz)

where the expression of f by f°? (Eq. (9)) has been used. Omitting the high order term
O(cAx?) and applying the analysis of e;- V£ given in Egs. (A3) to (A8), Eq. (B7) can be

rewritten as:

Ey() =0(Axc]| Vo) + 0 (Ax |V (pu)]) + O [MM] (B3)

N

Since all the terms in Eq. (B8) have been included in Eq. (B6), Eq. (B6) adequately describes

the resultant mass leakage at the irregular boundary nodes associated with irregular cells.
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Appendix C: Averaged mass leakage over smooth boundaries

As described in §V, the averaged mass leakage over general smooth boundaries can estimated

from those of four basic kinds of serrated cells (see Fig. 3(a)-(d)), and they are quantified now.

Firstly, mass leakage of an ideal serrated cell is quantified by considering the one shown in Fig.
3(a) without loss of generality. Apparently, the averaged process is conducted over the boundary
nodes along AB (excluding A) and the one at C. According to the analysis proposed in §1V B, the
irregular boundary node at B and C can be approximated as two regular ones with a horizontal
and vertical main directions, respectively, and those along AB (except B) can be approximated as
regular ones with a vertical main direction. Accordingly, their mass leakage can be estimated by
Eq. (B3) with y being equal to 90° — 6 and —0, respectively. Consequently, the averaged mass

leakage of an ideal serrated cell can be expressed as:

. _ AscE(zc) +Y4_plAspE(zp)]
|AC]|

-1 8 t 8 t
_ purtan(90° — 6)Axsin 6 N Pl [P”t+ byt A+ <5 ”AX} tan(—6)Axcos 6
IAC]| |AC]|

V(puu
+0<Axc|er|r>+0<Axr|v<pu>u>+o[Ax_” c >”] o
ap”z+tan_19+lapu,
dy 2 ox
Vuu)

Cs

=puy(cosOsinO® —cosOsinH) — { }AxcosGsinG

+0(Axe]|Vp]) + 0 (Ax [V (pu)]) + 0 [ } Lo(ad)

~o(areVpl) -+ 0 ax |V (pu) + 0 |ar 2]
s

where the macroscopic variables are evaluated at C, and the terms in the order of O(Ax?) are
omitted.

Secondly, extra mass leakage of a serrated cell (see Fig. 3(b)) induced by a non-zero distance
shift As (As < v/DAx) is estimated. As shown in Fig. 3(b), As causes a uniform wall distance
increase to the boundary nodes, e.g. ¢ = m’c + Asm, but does not affect n and the main direc-
tions of the approximated regular boundary nodes. Therefore, As could directly modify the term
Awa,(puy,), and its influence on the other terms appearing in Eq. (Cl) is the order of O(Ax?).

Consequently, the extra mass leakage caused by As can be expressed as:

37



739

740

741

742

743

744

745

746

747

748

749

750

751

752

753

754

755

757

758

Egc.s = Asdy(puy) (C2)

Thirdly, extra mass leakage of a rotated serrated cell caused by an angle deviation A6 (see Fig.
3(c)) is quantified. The mass leakage can be estimated based on the virtual ideal serrated cell ABC

with the normal velocity of the virtual boundary AC being:

Combined Eq. (C3) with Eq. (C1), the mass leakage of a rotated serrated cell can be expressed

as:

(Esc,i - p”n,V) HACH

E cr —
o |AC|| cos AB

+pwU-n
(C4)

—putanad + 0(axc| Vpl) + O(ax [V (pu]) + 0 ar T 21

N

Since the angle deviation AO may vary significantly for each serrated cell, it is necessary to
estimate averaged mass leakage of cascaded rotated serrated cells.

Firstly, two cascaded serrated cells are considered. As shown in Fig. 19(a), averaged mass

leakage of two cascaded serrated cells can be estimated from those of each cells (see Eq. (C4)) as:

1AA"] 1

T=EC tan A0 ||AA’||(tan A6 + tan AH,)
|AA"]| !

T=%A tan AB, ||AA’||(tanAB; +tan AO,)

+O(Axc||Vpl)) + O (Ax||V(pu)|) + O [AXHV(PUU)H]

Esc,Zrt - (put tan A6, ) |

— (pus tanAB,)|

(C5)

N

—olae|Vpl)+0 ax |V (pu) + 0 [ar ]

Interestingly, the averaged mass leakage of two cascaded serrated cells share a same formula
with that of an ideal serrated cell (see Eq. (C1)). This similarity is important because it indicates
that the mass leakage of two cascaded cells with an angle deviation can be directly described
by that of a rotated cell given by Eq. (C4). Based on that, three cascaded serrated cells can be
decomposed into one rotated serrated cell and two cascaded serrated cells with an angle deviation,

and the total mass leakage is given by Eq. (C5). Recursively, a series of cascaded serrated cells

with an angle deviation A8 (see Fig. 19(b)) can be estimated thanks to Eq. (C5).
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Considering that the distance between the starting and ending “sawtooth" tip nodes (e.g. the
“Start" and “End" points in Fig. 19(b)) could be comparable with the macroscopic reference length
L, tanA@ can scales like O(Ax/L), and the averaged mass leakage of a series of cascaded rotated

serrated cells can be estimated as:

N

Ax \%
Eieni =0 (Tpu,) 1 0(Axe]|Vp])) + O (Ax |V (pu)) + O {Ax”(’zﬂ] (6)

Comparing Eq. (C6) to Eq. (C1), the extra mass leakage term caused by A0 can be expressed

as:

Ax
Eyp = Ese i — Esc = pustanAQ = O(pu,f) (C7)
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(a) Two cascaded serrated cells (b) A serious of cascaded cells

FIG. 19. Sketches of cascaded serrated cells at a smooth boundary: two cascaded serrated cells (a) and a

serious of cascaded serrated cells (b).

Finally, the mass leakage caused by boundary curvature is analysed. As shown in Fig. 3(d),
R, is the local curvature radius, @ is the angle corresponding to the arc AAC, and Ag is the angle
from the virtual planar boundary AC to the tangential direction at a point on the curved boundary
(positive if clockwise measured).

Before going further, two basic geometrical relationships are derived. First, 6 and ¢ are related

as:

. Ax
AC|| =2R sin— = C8
lAcl <M = Sing (5

Second, to avoid another intersection point (except A) between the curved boundary and the

grid line AB, R, is constrained to be:
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|AC]| : ) Ax Ax
<2R. = sinf > = sin— < de~O0(/—= c9
e sing = 2Re = sin 2 [op- = sing <[ op-and @~ 027 (©
777 where ||AC|| = SiAnxe and 2R sin § = SiAnxe are used.
778 Based on Egs. (C8) and (C9), the extra mass leakage of a serrated cell caused by boundary cur-

779 vature can be estimated in a way similar to the mass leakage of an ideal serrated cell (see Eq. (C1)).
780 As a matter of fact, the extra mass leakage can be attributed to the associated velocity disturbances.
71 Along a curved boundary, the tangential and normal (relative to the virtual planar boundary, e.g.
782 AC shown in Fig. 3(d)) velocity disturbances at a boundary node due to the boundary curvature

7s3 can be estimated as:

784 Auy = u; (coSAQ — 1) —u, sSinAQ,  Au, = u; SinAQ + up (cosA@ — 1) (C10)

785 where u; and u,, are the tangential and normal velocity components relative to the curved bound-
786 ary, respectively. Applying Eq. C10, the mass leakage can be expressed as:
E(wc)ASC + ZIB;:A E(ZBP)ASP

787 Esc,c = R © = Esc,ct + Esc,cn (Cl 1)
c

788 with

_ pAu;cos OAx — y@n 10 5 Ay, sin OAx

n=1

Esc,ct - R ® )
780 o (C12)
—pAuy, sin OAx — Y0 p Au, cos OAx
Esc,cn = RC(P
790 where Ej. ., and Ej ., are the mass leakage caused by the tangential and normal velocity dis-

701 turbances, respectively, and terms in the order of O(Ax?) are omitted. Substituting Eq. (C10) into
792 Eq. (C12), one obtains :

E. . P [t (cos § — 1) — u, sin§] cos OAX — }fﬁ;l % p[u; (cos A@ — 1) — u, sinA@] sin GA)C7
’ RC(P
B, — —plursinF + u,(cos § — 1)]sin OAx — fogl 9 p[u; sinA@ + u, (cos Ag — 1)] cos OAx
’ Rc(p
793 (C13)

794 In Eq. (C13), the angle variation A@ can be approximated as:

nAxcos 0

795 A(p R
c

¢
- (C14)
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Substituting %f =2sinf sin% (Eq. (C8)) and sin% % + 0(%3) into the above expression, it

comes :
3
Ag ~ 2nsin9cosesin§ - g — [nsin(20) — 1] g n 0(%) (C15)
Now substituting (C15) along with sin§ = 2 + 0(%3), cos¥=1- %2 + 0(‘1’%), sinAQ = Ap +
O(A@?) and cosA@ = 1 — A@? /2 + O(A@?) into Eq. (C12), the mass leakages Eqc ¢t and Eg o, can
be simplified as:
Ax AX3/2
Eccct =—u,cos@ (1 +sin” 6 — sin O cos 9) — +u cos’ 0 +O0(uy—=)
' R, 4R, R3/2
Ar Ar A3/ ¢ (C16)
~ .3 3 2
Egc.cn ~ — puy (sin” 6 +cos” ) R + pu, cos 94Rc + O(punW)

o . 3/2 o
Consequently, by omitting the terms in the order of 0(?:3—/2), the dominating parts of the total

mass leakage caused by boundary curvature can be estimated as:

Ax Ax Ax
Esc7c = Lsc,ct ‘|‘Esc,cn ~ 0 (putR—) +0 (punR—> =0 (p”’U,HR—) (C17)
c ¢ c

Notably, the above analysis of averaged mass leakage is derived from the mesoscopic view to
the macroscopic view, and thus is generally valid for LB simulation. Whereas, it should be noticed
that it is not the only way to quantify the averaged mass flux. For example, Ginzburg’ proposed an
exact computation of mass leakage in inclined channel Stokes flow based on distribution functions
reconstructed by Chapman-Enskog analysis up to second order, and it has been already exemplified

analytically for stair-wise boundaries.
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