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Abstract

In this paper, we present an innovative sine-helical heat exchanger whose channel geometry
consists in a combination of a helically coiled geometry and a sine-wave geometry. Laminar flow is
considered in the present study, with the Reynolds numbers ranging from 100 to 1400. The flow
structure and the convective heat transfer in the novel heat exchanger are analyzed numerically
using the finite volume method. The results are compared to those obtained with a classical helically
coiled heat exchanger. It is shown that the periodic change of the centrifugal forces in the sine-
helical channel breaks the flow symmetry and leads to chaotic particle trajectories.

The effect of chaotic advection on the enhancement of mixing efficiency is evidenced. The
coefficient of variation of the outlet temperature in the sine-helical flow is decreased by about
100 % relative to that in the helical channel, highlighting thus a better temperature homogeneity.
Moreover, the thermal enhancement factor, measuring the convective heat transfer coefficient at
same pumping power, is also increased between 5.5 and 20.7% in the since-helical flow relative to
the helical channel. Consequently, the proposed novel heat exchanger is very promising for many
applications with laminar flow regimes.

Keywords: sine-helical flow; chaotic advection; heat transfer enhancement; streamwise vortices;
OpenFoam.

1. Introduction

Enhancement of the heat transfer in multifunctional heat exchangers/reactors has attracted
a lot of attention over the past decades. One of the passive methods to improve the convective
heat transfer within a fluid is to modify the parietal surfaces to generate complex flow structure.
Among the existing solutions, most of them use curved channels which are now ubiquitous in the
industrial operations thanks to their wide range of applications in heat transfer, chemical reaction,
filtration, separation or dispersion (see [70] for a detailed review).

In curved pipes and channels, the centrifugal forces lead to the generation of a secondary flow
structure consisting of counter-rotating streamwise vortices often called Dean cells [48, 35, 71]. The
pioneering theoretical analysis of the generation of such 2−vortex flows was conducted by Dean, for
fully developed flows in an infinitely long curved pipe of circular cross-section with small constant
curvature [21], and between two concentric cylinders with small constant curvature [22]. It was
found that flows in curved pipes and channels depend primarily on a single dimensionless number
called the Dean number. In the expression of the Dean number, denoted by De, two dimensionless
parameters appear: (1) the curvature ratio of the channel, which is also, in physical terms, the ratio
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1 INTRODUCTION

Nomenclature

v Velocity (m/s)
∆P Pressure drop (Pa)
a Square cross-section length (m)
c Constant coefficient (-)
cp Thermal capacity (J kg−1K−1)
Dh Hydraulic diameter (m)
De Dean number (–)
f Friction factor (-)
H Helicity (m s−2)
h Heat transfer coefficient (W m−2 K−1)
kf Fluid thermal conductivity

(W m−1 K−1)
l Parametrized channel length (m)
M Number of revolutions of the curve (-)
Nu Nusselt number (–)
P Pressure (Pa)
p Pitch of helix (m)
Pr Prandtl number (–)
R Radius of helix (m)
Re Reynolds number (–)
T Temperature (K)

Abbreviations
CoV Coefficient of variation
LMTD logarithmic mean temperature differ-

ence
Greek symbols
α Thermal diffusivity (m2 s−1)
ϵ Local curvature (–)
η Thermal enhancement factor (–)
κ Curvature of the curve (-)
λ Local ratio of torsion to curvature (–)
µ Dynamic viscosity (Pa s)
ρ Mass density (kg m−3)
σT Standard deviation of temperature

(K)
τ Torsion of the curve (-)
Subscripts
s Straight channel
w Wall
inlet Heat exchanger inlet
outlet Heat exchanger outlet
m Mean value
cell Element of the mesh

of the centrifugal force to the viscous force and (2) the Reynolds number based on the average
axial flow velocity [75, 10]. The Dean number reads:

De = Re
√

Dh

R
, (1)

where Re is the Reynolds number, Dh is the hydraulic diameter of the channel cross-section and
R is the radius of the curvature of the convex surface of the curved channel.

A flow instability, termed the Dean instability, may develop beyond a critical value of De, and
additional pairs of vortices appear near the concave wall [72, 9, 27]. At an even larger Dean number,
a 6− cell flow may be observed, with two pairs of Dean vortices [52]. The appearance of unstable
Dean vortices is observed for various cross-sections [55], where the values of De at which transition
occurs depend on the shape of the cross-section. In the present study, a square cross-section is
considered since it allows a heat transfer better than for circular cross-section, mainly because a
square duct has higher surface-to-volume ratio [58].

From the widely used curved channels, the helical ones are the most utilized. This is due to
their efficient mixing even at low Reynolds number their compactness in structure, and ease of
manufacture, all with a small increase in pressure drop. Helical coiled pipe flows are used in many
applications such as static mixers [35, 36, 51], heat exchangers [19, 73] [49] and chemical reactors
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1 INTRODUCTION

[41, 39]. Numerous studies, as e.g. those above cited, focus on the enhancement of the heat and
mass transfer phenomena in these devices owing to their good performances with relatively low
power consumption.
Meanwhile, the symmetric ordered flow structure in helically coiled flow and the relatively low
streamwise circulation power limit their ability to achieve high rates of convective heat transfer.
Thus, many studies are conducted in order to break the flow order and generate chaotic advection
[4, 56, 5]. Chaotic advection is a mechanism that, in laminar flows, allows the generation of complex
trajectories of fluid particles which then facilitate mixing [5, 67]. In 2D plane flows, to generate
chaotic advection, it is necessary that the velocity field is time dependent. In 3D flows, on the
other hand, the additional degree of freedom brought by the third dimension does not impose
this constraint of unsteadiness of the flow. In a conventional helical channel with a uniform low
curvature, the streamlines represented in the cross-section always have the same pattern, they trap
the fluid between them, which does not allow the transport of material perpendicular to these
streamlines frozen in space. This is no longer the case in a channel that has varying curvature
and/or torsion in the direction of flow, the streamlines shown in consecutive cross-sections evolve,
allowing the fluid paths to sample the entire cross-section and thus facilitate mixing and parietal
heat transfer in the case of a heat exchanger.

Chaotic advection has significant advantages in enhancing the heat transfer process with low
additional power consumption [44, 53, 35, 19]. This could be done for instance by using a contin-
uously twisted channel flow [40, 15], multiple S-type bends [16] or joined pipes of differing helical
radius in a series configuration [17]. Thus, by twisting two consecutive portions of the channel, the
separatrix between the Dean cells may be broken. Complex trajectories and chaotic advection of
particles [4, 5, 67] are then obtained, as shown numerically by Jones et al. in [40], and experimen-
tally by Le Guer and Peerhossaini in [44]. Numerous studies have then proven the effectiveness
of this geometry with twisted curved channels to improve mixing [12, 45, 35, 7, 77, 28, 26], heat
transfer [59, 53, 13, 1, 14, 46, 76] or reactive transfer [11]. Table 1 below summarizes important
and most recent works in the domain of chaotic heat exchangers and mixers.

In the present study, the novel sine-helical heat exchanger is presented. It is designed as a
channel geometry whose generating curve can be considered as a superimposition of a sine curve
on a helical curve whose modulations are in the axial direction of the helix. Such a chaotic exchanger
can be of interest for several applications, including those used to process fragile or temperature-
sensitive viscous products, such as food, biological or chemical products [19], and also for laminar
flow mixing applications such as those encountered in the chemical and pharmaceutical industries
[63]. The objective of the present work is to analyze numerically the flow patterns and heat transfer
in this novel sine-helical flow and to compare its thermal efficiency to those obtained for more
conventional channel flows in a helical duct and straight duct.
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2 COMPUTATIONAL DOMAINS AND NON-DIMENSIONAL
PARAMETERS

Incompressible Newtonian laminar flows with Reynolds number ranging from 100 to 1400 are
considered in this work. These values of the Reynolds number are lower than the critical one for
sustained turbulence in straight pipe. They are thus also lower than the critical value for a flow
in curved pipes since the curvature stabilizes the flow which thus increases the critical value of
the Reynolds number [3, 42]. The Navier-Stokes and energy equations governing the fluid flow and
heat transfer in the channels are thus solved without using any turbulence model.

The paper is organized as follows: In Section 2, we present the computational domain for the
new sine-helical channel flow with the mathematical formulation of the generating curve. Section 3
is devoted to the governing equations and the definition of the different performance parameters
used to compare the sine-helical channel with helical and straight channels. The results on flow
structure and heat transfer enhancement are discussed in Section 4, and concluding remarks and
perspectives are finally given in Section 5.

2. Computational domains and non-dimensional parameters

The channel geometries considered in the present study are obtained following the principle of
parallel curves (see e.g. [24]). This can be obtained by calculating the normal vector at each point
of the curve defined by the fundamental curve, to construct 4 daughter parallel curves that are
equidistant from the fundamental curve, and by ensuring that no twist will occur along the path.
This method of construction will make the tangent vector of the fundamental curve at any point
be the normal of the cross-section formed by the 4 points corresponding to the 4 daughter curves
at the same point. This building technique is clarified in Figure 1 which also clearly shows the
difference between the parallel curves and offset curves in 2D.

The sine-helical fundamental curve can be seen as a superimposition of an oscillating curve on
a standard helix, parameterized as

γ(R; θ) =

 x(θ) = R cos(θ),
y(θ) = R sin(θ),
z(θ) = pθ + cR sin(bθ),

(2)

where R is the radius of the helix, p is the vertical step or pitch, c is a coefficient associated with the
amplitude of the sine oscillations and b is related to the period Θ of the sine-function by b = 2π/Θ.
The number of revolutions of the sine-helical curve is designated by Msh which is related to θ as

0 ⩽ θ ⩽ 2πMsh. (3)

The parametrization of the generating sine-helical curve is denoted by γ(R; θ) as defined in (2).
Its unit tangent vector T⃗ (R; θ) = ∂θγ(R; θ) is

T⃗ (R; θ) =
1√

f(R; θ)

 −R sin(θ)
R cos(θ)

p+ cRb cos(bθ)

 , f(R; θ) = R2 + [p+ cRb cos(bθ)]2.

A unit normal vector can then be calculated as

N⃗(R; θ) =
1√

f(R; θ)

 [cRb cos(bθ) + p] sin(θ)
−[cRb cos(bθ) + p] cos(θ)

R

 .
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2 COMPUTATIONAL DOMAINS AND NON-DIMENSIONAL
PARAMETERS

Figure 1: (a) Difference between parallel curves and offset curves principle in 2D, and (b) explanation of how the
fundamental curve is the normal of the plane formed by 4 daughter curves constructed following the principle of
parallel curves.

As discussed above, we now parametrize four other curves (namely the daugther curves) as follows:

RSH1
(θ) = γ

(
R+

a

2
; θ
)
+

a

2
N⃗
(
R+

a

2
; θ
)
,

RSH2
(θ) = γ

(
R+

a

2
; θ
)
− a

2
N⃗
(
R+

a

2
; θ
)
, (4)

RSH3
(θ) = γ

(
R− a

2
; θ
)
+

a

2
N⃗
(
R− a

2
; θ
)
,

RSH4
(θ) = γ

(
R− a

2
; θ
)
− a

2
N⃗
(
R− a

2
; θ
)
.

These four curves are shown in Figure 1. The helical fundamental curve, with its 4 daughter helical
parallel curves are also considered in the following. They are parametrized by Eqs. (2) and (4),
by taking c = 0 (or equivalently with b = 0), with 0 ⩽ θ ⩽ 2πMh, where Mh is the number of
revolutions that was chosen to equalize the length of the fundamental helical curve with that of
the sine-helical one.

To compare the thermal and mixing performances of the channels corresponding to the previ-
ously described geometries, the generating curves must have the same length. For a parametrized
curves γ : η ∈ [a, b] 7→ (x(η), y(η), z(η)) ∈ R3, its length is

l =

∫ b

a

√
ẋ(η)2 + ẏ(η)2 + ż(η)2 dη. (5)
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2 COMPUTATIONAL DOMAINS AND NON-DIMENSIONAL
PARAMETERS

For the sine-helical channel, this is

lsine−helical =

∫ 2πMsh

0

√
cRb cos(bθ) [cRb cos(bθ) + 2p] +R2 + p2 dθ. (6)

The length of the helical channel is obtained by setting either c = 0 or b = 0 in (6) and is then

lhelical = 2πMh

√
R2 + p2. (7)

With Msh = 2 for the sine-helical channel, Mh = 2.631 for the helical channel, the two gener-
ating curves have the same length l = 66.5a. Here and from now on, a is the length of the side
of the square cross-section of the channels. The shapes of the two channels built according to the
method described in Figure 1 that are studied in this paper are shown in Figure 2. In addition

Figure 2: (a) The helical, and (b) the sine-helical channels, with the same square cross-section and the same length,
l = 66.5a. The parameters of the generating curves are: R = 4a, p = 0.3a, b = 4, c = 5/16, or c = 0 for the helical
channel.

to the helical and sine-helical channels, we are also going to consider a straight channel with the
same length.

Useful dimensionless numbers have been studied by Germano [31, 32] for flows in channels with
constant curvature and torsion. However, in the case of the sine-helical channel, both curvature
and torsion depend on the θ-angle. In order to identify relevant dimensionless parameters common
for the two channel geometries, we rather follow Gammack and Hydon [29], who studied the effects
of non-constant curvature and torsion on flows in pipes. Adapted to our geometries and notations,
the dimensionless parameters considered by these authors are

Re =
U0a

ν
, ε(θ̂) = aκ(θ), λ(θ̂) =

τ(θ)

κ(θ)
, where θ̂ =

θ

a
, (8)

where κ is the curvature, τ the torsion and U0 the cross-sectionally averaged velocity as the
curvature tends to zero. ε is the local curvature parameter and λ is the local ratio of torsion to
curvature.

For the sine-helical channel, the curvature and torsion are

κ(θ) =

√
−{c2b4R2[cos(bθ)]2 − [cos(bθ)]2R2b2c2 − c2b4R2 − 2 cos(bθ)Rbcp−R2 − p2}R2

{[cos(bθ)]2R2b2c2 + 2 cos(bθ)Rbcp+R2 + p2}3/2
, (9)
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2 COMPUTATIONAL DOMAINS AND NON-DIMENSIONAL
PARAMETERS

τ(θ) =
cRb3 cos(bθ)− cRb cos(bθ)− p

c2b4R2[cos(bθ)]2 − [cos(bθ)]2R2b2c2 − c2b4R2 − 2 cos(bθ)Rbcp−R2 − p2
. (10)

Note that κ and τ are periodic in variable θ with period Θ = 2π/b. Due to the complex dependence
of these functions on the geometrical channel parameters, we will only use numerically computed
maximum values of the functions ε, which is non-negative, and |λ|:

εsine−helical = max ε(θ̂), λsine−helical = max
∣∣∣λ(θ̂)∣∣∣ . (11)

For the helical channel, the curvature and torsion are κ = R/(R2 + p2) and τ = p/(R2 + p2),
and the dimensionless parameters are

εhelical =
aR

R2 + p2
, λhelical =

p

R
. (12)

Note that with p = 0 in the expression of εhelical, the curvature a/R that enters in the Dean number
expression De = Re

√
a/R for the flow in a curved pipe [21, 22] is retrieved. More generally,

εhelical =

(
De

Re

)2
1

1 + p2/R2
.

In addition, note that the expressions of εhelical and λhelical for the helical geometry are retrieved
if the sine-helical geometry reduces to the helical one, i.e. in the special case of c = 0 or b = 0.

For the parameter values considered in the sequel of this study, namely

a = 1 cm, R = 4a, p = 0.3a, b = 4,
c = 5

16 (sine-helical channel) or c = 0 (helical channel), (13)

the obtained dimensionless curvature and ratio of torsion to curvature are

εhelical = 0.2486, λhelical = 0.075,
εsine−helical = 1.264, λsine−helical = 18.825.

(14)

The dimensionless parameters from (8) are plotted in Figure 3.

0 0.2 0.4 0.6 0.8 1
0

0.5

1

s

ϵ

ϵSine−helical
ϵhelical

0 0.2 0.4 0.6 0.8 1

−20

−10

0

10

20

s

λ

λSine−helical

λhelical

Figure 3: The dimensionless parameters ε, (a), and λ, (b), for the sine-helical and the helical geometries. To compare
them, the parameters are rescaled as function of s = 2πM/θ̂ ∈ [0, 1], where M = Msh = 2 for the sine-helical channel.

Using parameters (14), the (dimensionless) torsion of the helix is

aτhelical = λhelicalεhelical ≈ 0.018.
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3 GOVERNING EQUATIONS AND RESEARCH METHOD

Note that ε can be written as ε = aκ(θ) = a/r(θ) where r(θ) is the (local) radius of curvature. For
the helical channel studied below, this gives εhelical ≈ 0.24. We recall that the Dean vortices are
solutions to the incompressible Navier-Stokes equation obtained when retaining only the leading
order for small dimensionless curvature, namely ε � 1. As a result, in our study, we do not expect
Dean vortices to appear in the helical channel since εhelical is not small enough even if the torsion
effects on the flow may be negligible. Owning to (14) and Figure 3, the parameters controlling the
flow in the sine-helical channel are function of θ̂ while they are constant for the helical channel.
Therefore, the sine-helical channel is going to exhibit complex flows compared to the helical channel.
This will be confirmed in the sequel by numerical simulations.

3. Governing equations and research method

3.1. Governing equations
We consider incompressible flows of a Newtonian viscous fluid with heat transfer. The fluid is

water and the flows are laminar, with the bulk Reynolds number Re defined in Eq. (8) ranging
from 100 to 1 400. The conservation equations for mass, momentum and energy, according to [54]
are

∇ · v = 0, (15)

∂tv + (v · ∇)v = −1

ϱ
∇p+ ν∇2v, (16)

∂tT +∇ · (vT ) = α∇2T, (17)

where ϱ, v, p and T are the density, the velocity, the pressure and the temperature; ν is the
kinematic viscosity and α is the thermal diffusivity (see Table 2).

3.2. Boundary conditions
For the three channels considered in the present study, a fully developed velocity profile is

imposed at the inlet. According to Delplace [23], considering the origin of the Cartesian coordinates
y and z at the centre of the square cross-section (zy plane), the velocity field of the fully established
laminar flow of a Newtonian liquid is such that

vx(y, z) =
16(∆P )a2

νLπ3

∞∑
n=1,3,5,..

(−1)
n−1
2

n3

[
1−

(
cosh

(
nπy
2a

)
cosh

(
nπ
2

) )] cos(nπz
a

)
, (18)

where l is the pipe length, a is the length of the side of the square cross-section, and the pressure
drop ∆P can be calculated from the desired average velocity vavg, using

vavg =
32(∆P )a2

νLπ4

∞∑
n=1,3,5,...

1

n4

[
1− 2

nπ
tanh

(nπ
2

)]
. (19)

At the outlet, the gradient velocity is set to zero. The no-slip condition is applied at the wall. The
same constant temperature is imposed along the wall, with Twall = Tmax = 323 K. At the inlet, the
temperature value is fixed, with Tinlet = Tmin = 293 K. At the outlet, the temperature gradient is
set to zero.

Density (ϱ) 1 000 kg m−3

Dynamic viscosity (µ = ϱν) 10−3 Pa s

Specific heat (cp) 4 207.1 W kg−1K−1

Thermal diffusivity (α) 1.4× 10−7 m2 s−1

Table 2: Fluid properties.
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3 GOVERNING EQUATIONS AND RESEARCH METHOD

3.3. Numerical schemes
We use the open source code OpenFOAM [38]. The numerical method is thus based on a finite-

volume formulation with co-located variable arrangement (for details on the schemes and algorithms
mentioned below, the interested reader is referred e.g. to [54]). First, to verify that the studied flows
are steady, simulations were done using the icoFoam solver of OpenFoam, devoted to incompressible
unsteady flows. Thus, the governing equations above listed are solved with their transient terms.
We have adapted the icoFoam solver in order to compute the temperature equation using the
velocity field obtained from the continuity and momentum equations. The time integration is done
with a combination of the Crank-Nicolson and the Euler implicit schemes, allowing both suitable
level of accuracy and positivity enforcement. At each time-step, the pressure and velocity fields
are calculated with the PISO algorithm. The interpolation of pressure and temperature at the cell
faces is linear. The convection terms are discretized using the upwind scheme. The diffusion term
is discretized by a second-order accurate scheme using Gauss linear corrected scheme.

After having verified that the considered flows are steady, we conducted the simulations with
the steady simpleFoam solver, which uses the SIMPLE algorithm in its steady version. The gov-
erning equations are then solved without the transient terms, which allows an important gain in
computation time. The interpolation of the pressure and the temperature, and the discretization of
the convection terms and the diffusion terms are the same as for the simulations with the transient
terms.

3.4. Grid generation and mesh sensitivity analysis
The three considered channels have the same length (see section 2). The meshes were generated

using Gmsh [33], using hexahedral elements, with a special attention paid to the near-wall refine-
ment to carefully compute the velocity and temperature field in this region with high gradients
(see Fig. 4). Simulations of the most complex geometry, namely the Sine-Helical channel, were
conducted for the highest Reynolds number Re = 1400 with several mesh densities and refined
until the relative difference between the values of the resulting overall Nusselt number for two
consecutive mesh densities did not exceed 2%, which is satisfactory according to recommendation
based on the GCI [62] algorithm as shown in table 3 . Finally, the mesh size is approximately the
same for all the considered geometries, with about 9× 106 cells for the finest mesh.

Mesh Size grid size (mm) Nu

coarse 1350646 0.37 43.8
medium 3856006 0.26 41.6

Fine 9550566 0.19 40.7
extrapolated value 40.28

GCI 1.3 %
order of convergence 4

Table 3: GCI analysis based on the Nusselt number and mesh size for the sine-helical channel.

3.5. Performance indicators for mixing and thermal exchanges
To compare the heat transfer efficiency in the different channel geometries, we consider widely

used mixing indicators that can be monitored along the channels. The first one is the mean tem-
perature of the fluid in a cross-section, which represents the energy extracted from the wall:

Tm =
1∑

cross−section AcellUcell

( ∑
cross−section

AcellUcellTcell

)
(20)

where the summation is over the cells of the cross-section under consideration, and Acell and Ucell

denotes the area and mean flow velocity of the intersection of a 3-D cell and of the cross-section
respectively.

page 10



3 GOVERNING EQUATIONS AND RESEARCH METHOD

Figure 4: Meshes of the sine-helical and helical channels with 8× 106 cells.
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4 RESULTS AND DISCUSSION

Another useful indicator is the standard deviation of the fluid temperature inside a cross-section,
which represents the level of homogenization of the temperature:

σT =

[
1∑

cross−section Acell

∑
cross−section

Acell (Tcell − Tm)
2

]1/2
. (21)

The coefficient of variation of the fluid temperature is then defined as the ratio of the standard
deviation to the mean temperature:

CoVT =
σT

Tm
. (22)

We also examine the overall Nusselt number, which characterizes the parietal heat transfer
along a channel:

Num =
1

l

∫ l

0

Nu(s) ds, (23)

where l is the length of the generating curve of the channel (see section 2), and Nu - defined in
(24) - is the local Nusselt number expressed with the duct hydraulic diameter, which is equal to
the side length a of the square cross-section in our case:

Nu =
ha

kf
, (24)

where h is the heat transfer coefficient calculated from the wall heat flux density Q and LMTD
such that h = Q/LMTD , with LMTD the logarithmic mean temperature difference between the
inlet and the outlet of a channel defined as :

LMTD =
Toutlet − Tinlet

log

(
Twall − Tinlet

Twall − Toutlet

) . (25)

We can define also the friction factor f that represents the pressure losses and defined as:

f =
2a∆p

ρlV 2
inlet

, (26)

where ∆p is the pressure difference between the inlet and the outlet and Vinlet is the average
velocity at the inlet.

To express the enhancement in heat transfer with the consideration of the pressure drop penalty,
we can define the thermohydraulic enhancement factor η according to Webb and Eckert [80] given
as

η =
Nu
Nus

fs
f

1/3

, (27)

where the index ”s” refers to results corresponding to the straight channel.

4. Results and discussion

4.1. Validation of the CFD model for straight and helical channels
In order to assess the accuracy of the used CFD solver, we have conducted hydrodynamic and

thermal simulations for carefully chosen test cases. The thermal simulations were compared to
well-known correlations given for heat transfer and friction factor.
First, we conducted a numerical simulation for a hydrodynamic flow in a 180◦ bent channel, a
generic geometry which presents secondary flows in the transverse plane of the channel. The results
obtained have been compared with the experimental ones of Hille et al. [37] for the same geometry.
The difference between the results is satisfactory (1.9 % difference on the maximum velocity).
Then, we conducted a simulation for laminar thermally and hydrodynamically fully developed flow
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4 RESULTS AND DISCUSSION

in a straight duct with square cross-section for a constant wall temperature. Results showed that
the local Nusselt number at the outlet of the channel was Nu = 3.01 which was in good agreement
with the literature (Nu = 2.976) [57].
Furthermore, we conducted a simulation for developing laminar flow inside a straight duct of square
section, with constant wall temperature boundary condition also. Friction factor extracted from
CFD results was plotted in figure 5, and compared to results from the correlation of Shah and
London [65], given by the equation :

f =
56.9

Re . (28)

Figure 5 showed that our results are in good agreement with this correlation.

0 500 1,000 1,500
0

0.2

0.4

0.6

Re

f

CFD present study
Shah and London correlation

Figure 5: Comparison of calculated friction factor for the straight pipe with developing laminar flow to that for Shah
and London [65].

Another tested application was the classical helical channel for which we made a comparison for
both Nusselt number and friction factor for a wide range of Reynolds number to well established
correlations. For Nusselt number comparison, we took correlations of Schmidt [64] and Acharya et
al. [2] which are summarized in table 4.
For the friction factor comparison, we took correlations of Manlapaz and Churchill [50], Srinivasan
et al. [68] and Prandtl [60] which are summarized in Table 5. It can be seen in Figure 6 that our
numerical results are in good agreement with these correlations for the evaluation of the Nusselt
number or the friction factor f , even for the higher considered values of the Reynolds number.

References Num correlations Conditions

Schmidt [64] 3.65 + 0.08

[
1 + 0.8

( a

2R

)0.9]
Pr1/3 Re

0.5+0.2903

( a

2R

)0.194

100 < Re < Rec

Acharyia et al. [2] 0.676
( a

R

)0.13
Re0.5 Pr0.21 Pr > 1

Table 4: Nusselt number correlations for helical channels with constant wall temperature. Rec is the critical Reynolds
number for transition to turbulent flow.
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References f/fs correlations Conditions

Manlapaz and Churchill [50]
√
1 +

(
1 + a/R

3

)2 ( De
88.33

)
De > 40

Srinivasan et al. [68] 0.419 De0.275 30 < De < 300
0.1125 De0.5 De > 300

Prandtl [60] 0.29 De0.36 De > 40

Table 5: Friction factor correlations for helical channels. fs is the friction factor for straight channel.
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Figure 6: Nusselt Number (left) and friction factor (right) correlations for the helical channel, compared to the CFD
results of the present study, as functions of the Reynolds number.

4.2. Flow structure and temperature distribution
In order to compare the flow and temperature fields in the helical and sine-helical channel

configurations, the secondary velocity fields and temperature fields were presented at the outlet of
the channel for the two configurations.

For better data visualization and to facilitate the analysis of the results, we define the local
coordinates system (x′, y′, z′) as shown in Figure 7. These coordinates are always directed relatively
to the active channel cross-section, such that x′ is always directed to the outer lateral wall of
the channel and y′ is always directing to the upper curved wall of the channel, both together
(x′, y′) establish a plane that is always perpendicular to the generating parametrized curve (see
Eqs. (2)), and z′ is always indicating the streamwise direction. Hence, V ′

x and V ′
y represent the

spanwise velocity components, and Vz′ is the streamwise component of the velocity vector in the
new coordinates system (x′, y′, z′).

The graphical representation of the vorticity, which is the curl of the velocity field, ∇×v, is not
the most appropriate approach here, because the vorticity generated by the presence of the walls
hinders the representation of the vortices far from the walls. For this reason, we prefer to consider
the helicity:

H = v · ∇ × v.

The helicity filters out the regions with low vorticity, as well as regions of high vorticity but
with low speed where the angle between the velocity and vorticity vectors is large (such as in
the boundary layer). By this way, we can differentiate between primary and secondary vortices
[47]. The helicity can be positive or negative, which signifies the direction of swirl of the vortex
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4 RESULTS AND DISCUSSION

Figure 7: Coordinate systems in a cross-section plane.

relative to the streamwise velocity, For positive values, it indicates anti-clockwise rotation where
negative values present clockwise rotation. In Figures 8 and 9, a vertical slice cuts the two channels
vertically in their middle. It cuts the sine-helical channel in 4 cross-sections, each far from the
inlet by a non-dimensional distance l, and all are given as l = {0.15625, 0.40625, 0.65625, 0.90625},
where the last value (l = 0.90625) corresponds to the magnified sine-helical cross-section. The
vertical slice cuts the helical channel in 6 cross-sections, that are far from the inlet by distances
l = {0, 0.19, 0.38, 0.57, 0.76, 0.95}, where the last value (l = 0.95) corresponds to the magnified
helical cross-section. In Figure 8, the contours of the helicity were shown at different cross-sections.
In the helical channel, the development of two Dean cells is clear, where two horizontal cores of
helicity with quite the same magnitude but opposite direction are the indicators of the two primary
vortices. For the sine-helical channel, the helicity is much more complex which is expected from
Figure 3. Indeed, several longitudinal vortex cells coexist and their respective shapes evolve along
the channel. This results is due to the continuous evolution of the direction of the centrifugal force
along the channel which promotes chaotic advection.

In Figure 9, we see that at different cross sections of the helical channel, better thermal mixing
occurs near the outer curved wall, due to the presence of Dean cells. However, the thermal mixing
is still limited inside the two main Dean vortices because the core of the vortices are colder.

For the sine-helical channel, the temperature patterns are quite homogeneous at the exit of
the channel, which is an indication of good thermal homogenization of the temperature scalar as
compared to what happens in the helical channel. This is due to the breaking of the symmetry of
those patterns observed in the helical case.
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4 RESULTS AND DISCUSSION

Figure 8: The contours of helicity field components in a vertical slice cutting half the (a) helical channel, and (b)
sine-helical channel, for Reynolds number Re = 300. The inlet is the top section.

From Figure 9, we notice first that the isotherms represent the two Deans cells very well and
that the homogenization of the fluid at the outlet is much greater in the sine-helical channel. In
addition, the temperature at the center is not too far from the wall temperature contrarily to the
helical channel for which important temperature gradients subsist in the cross-section at half the
channel length.
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Figure 9: Temperature fields in a vertical slice at half the channel length for, the helical channel (a) and sine-helical
channel (b) for Reynolds number Re = 300. The inlet flow is in the top section.

Figure 10: Module of the velocity field in a cylindrical slice coinciding with the curved plane passing through the
middle of (a) Helical channel, and (b) Sine-helical channel, for Reynolds number Re = 300. The black arrow indicates
the flow direction in each case.

From Figure 10, we observe that the flow reaches rapidly a hydrodynamically fully developed
state in the case of the helical configuration. This is not the case for the sine-helical configuration
for which the velocity field exhibits a strong periodic modulation along the channel, while the field
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appears to be periodic after each revolution .

Figure 11: Temperature field in a cylindrical slice coinciding with the curved plane passing through the middle of
(a) Helical channel and (b) Sine-helical channel, for Re = 300. The black arrow indicates to the flow direction in
each case.

It is clear from Figure 11-(a) that the thermal field reflects the presence of the Dean cells and
indicates also their shape preservation along the channel. On the contrary, in the case of the sine-
helical channel (see Figure 11-(b)), the thermal field homogenizes rather quickly along the channel.
This is due to the continuously variation of the velocity field along the channel.
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Figure 12: Temperature and velocity fields given in five different cross-sections along the sine-helical and the helical
channels and for Re = 300. On the velocity fields plots are superimposed the streamlines of the secondary flow in
the cross section. The five cross-section planes were chosen in a way that corresponds to the crests and troughs in
the sine-helical case.

Figure 12 presents the developments of the temperature and velocity fields for helical and sine-
helical channel at five equidistant streamwise locations, that are far from the inlet by an equal non
dimensional distance for the two channels, and given as l = {0.0935, 0.281, 0.46875, 0.656, 0.8435}.
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It shows the contours of stream-wise velocity (in addition with surface streamlines of the secondary
flow) and temperature at different cross-sections as the fluid moves from the inlet to the outlet of
the channel.
For the helical channel we clearly observe the development of the two Dean cells that are steady
along the channel.

The temperature patterns (left column) correspond very well to the shapes of the vortex cells
and the temperature homogenization is done slowly towards the core of the cells as we move forward
in the flow, colder fluid remains trapped inside the two symmetrical vortices. Finally gradients of
temperature are still important in the outlet section of the channel.
The much more perturbed transverse flow in the sine-helical channel leads to better mixing and
temperature homogenization. This appears well by comparing the temperature contours, and espe-
cially at position 5, where the temperature field is quite homogeneous in the whole cross-section. To
illustrate this, we can take a look at the streamlines. For the sine-helical channel, from position 1
to 5, as the cross-section planes goes from crest to trough and the reverse, the vortices change their
position and shape, leading to a redistribution of the velocities in the different cross-sections. This
is the phenomenon which induces the chaotic advection and that ensures the better mixing of the
scalar by creation of complex interwoven trajectories. The classical symmetrical cells encountered
in the helical channel does not exist in the sine-helical channel for which the curvature and torsion
of the canal changes periodically and are not small enough to ensure apparition of the so-called
Dean cells.

In order to see the effect of the Reynolds number on the temperature fields, we plot the di-
mensionless axial temperature profile along the central horizontal and vertical axis of the outlet
cross-section (x = 0 and y = 0) for the sine-helical and the helical channels. They are illustrated
in Figure 13 At the right column of this figure is plotted the temperature profile at the vertical
axis, and in the case of the helical geometry it shows two peaks with lower temperatures that
clearly reflects the presence of the Dean cells, where the temperature acts as a passive tracer. On
the contrary, for the sine-helical geometry the temperature profiles are very flat hence indicates a
good homogenization. This behavior is also observed along the horizontal axis, i.e. the temperature
profile in the sine-helical channel is more flat than the one in the helical channel.

4.3. Mixing indicators/coefficients
Figure 14 shows that for the whole studied range of the Reynolds number, Nusselt number

for the sine-helical channel was significantly higher than for the straight and helical channels.
However, the friction factor was larger in the sine-helical case for all Reynolds range. This can be
troublesome for some applications that require low pressure drops. In such a situation it might
be useful to attempt to minimise these losses through an optimisation study of the geometrical
parameters (amplitudes and wavelengths of sinusoidal disturbances).

The coefficient of variation of the temperature at the outlet section which is an important
indicator for the mixing, is shown in Figure 15. The mixing efficiency of the proposed chaotic
mixer is clearly evidenced.

In most applications, when designing a heat exchanger, it is not sufficient to study the Nusselt
number and ignore the pressure losses. Then, to get a clear global idea about the performance of
the exchanger, it is essential to make the comparison of the heat transfer efficiency for both helical
and sine-helical exchangers at constant pumping power. For this purpose, we use the thermal
enhancement factor η previously defined in 27, which is equivalent to calculate the ratio of the
heat exchanger convective heat transfer h to that obtained in a straight-pipe flow h0 at constant
pumping power [34]. Figure 15 shows the enhancement factor relative to a straight channel used
as reference. A significant enhancement in the performance is demonstrated by the chaotic heat
exchanger for all considered values of the Reynolds number.

As an example, the overall parietal Nusselt number for each of the two configuration of heat
exchangers of the same length is given in the table 6 for Re = 500.

For Re = 500, the sine-helical channel configuration gives an increase of the overall Nusselt
number of 31.12 % comparing to the helical channel configuration and of 323 % comparing to the
straight channel configuration. This already significant increase in the overall Nusselt number will
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Figure 13: Dimensionless temperature profiles at outlet center axis (horizontal axis at the left figure and vertical
axis at the right figure) for Reynolds number Re = 100, Re = 500 and Re = 1 000 for the sine-helical channel (in
red color) and the helical channel (in dashed-blue color). See Fig. 7.

be even greater as the Reynolds number grows up [25]. The sine-helical channel configuration also
gives better results in terms of the mean temperature (Tm increases) and its homogenization in the
cross section (CoVT decreases), that indicates its efficiency in mixing. However it has the largest
friction coefficient. As said above, it will be interesting in a future work, to consider a minimisation
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Figure 14: Friction factor f , and Nusselt number Num, as a function of Reynolds number for the three configurations.
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Figure 15: Coefficient of variation of the outlet temperature CoVT as a function of Reynolds number for the three
configurations. Enhancement factor η as a function of Reynolds number for the sine-helical, and helical channels
with respect to the straight channel.

Geometry Tm LMTD σT CoVT Num f

Straight 302.7 24.78 14.45 0.0477 5.303 0.113
Helical 314.6 16.94 4.408 0.0140 17.133 0.221

Sine-helical 317.3 14.54 2.577 0.0081 22.465 0.369

Table 6: Mixing and heat transfer indicators for all geometrical configurations for Reynolds number Re = 500:
mean temperature, logarithmic mean temperature difference, variance of temperature, coefficient of variation, mean
Nusselt number and friction factor.

of this coefficient by tuning the sine-helical geometry.

5. Conclusions and perspectives

The performance of the novel sine-helical heat exchanger was studied numerically in the lam-
inar regime, and compared to the classical helical one. The results showed that chaotic advection
enhanced the mixing and heat transfer inside the sine-helical channel by breaking the Dean cells
due to continuous change of the centrifugal force direction. This was noticed qualitatively from
the contours of the temperature and velocity fields, and quantitatively from the decrease in the
coefficient of variation of the outlet temperature in the sine-helical case by about 100% relative
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to that in the helical channel, with increase in the thermal enhancement factor between 5.5 and
20.7% in the since-helical flow relative to the helical channel.

The objective of this work is to propose a novel design for a heat exchanger combining the
helically coiled and sine wave geometries. The aim of this first work is to prove the sine-helical heat
exchanger effectiveness compared to a more traditional solution commonly used in the industry,
namely the helical heat exchanger. A more complete study will be undertaken for the same purpose
at different flow regimes in order to better describe the mechanism involved in the increase of mixing
and heat transfer. Also, as a future plan, the parametrized geometry will be optimized in order to
minimize pressure losses.

This innovative wavy channel geometry (the sine-helical one) is compact and opens new and
numerous perspectives for use in areas where heat or mass transfer needs to be more efficient,
particularly for applications where mixing is controlled and limited by a diffusion process. Its use
as a chemical reactor could also be beneficial, and since it is mathematically parametrized, it offers
potential for the search of optimal geometry for the design of innovative and highly efficient mixers,
heat exchangers and reactors.
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