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L' solution to scalar BSDEs with logarithmic sub-linear growth
generators*

Shengjun Fan*,  Ying Hu**,  Shanjian Tang!

Abstract

By developing the test function method and combining the localization technique, we prove existence
of an L! solution to a one-dimensional backward stochastic differential equation (BSDE for short) with
L! terminal condition when the generator g has a one-sided linear growth in the first unknown variable
y and a logarithmic sub-linear growth in the second unknown variable z, which improves some existing
results. A new idea to study existence of an adapted solution to a BSDE is given. When the generator g
additionally satisfies a one-sided Osgood condition in y and a logarithmic uniform continuity condition
in z, we further establish a comparison theorem for the L' solutions to the above BSDEs, which yields

immediately the uniqueness of the solution.

Keywords: Backward stochastic differential equation, L' solution, Existence and uniqueness,

Logarithmic sub-linear growth generator, Comparison theorem.

2010 MSC: 60H10

1. Introduction

Fix a positive integer d and a real number T' > 0. For a,b € R, define a A b := min{a, b}, a™ :=
max{a,0} and a~ := —min{a, 0}, and sgn(x) := 1,50 — 1z<o with 14 being the indicator function of
set A. Let (Q2, F,P) be a complete probability space with augmented filtration (F;)¢cjo,7] generated by
a d-dimensional standard Brownian motion (Bj)icjo,r]- For each p > 0, denote by LP the collection
of all Fp-measurable real-valued random variables & satisfying E[|€|P] < +oo, LP the collection of all

(Ft)-adapted real-valued processes (Xt);epo,r] satisfying

T p %/\1
1X |l = {E (/ |Xt|dt> H < +o0,
0

SP the collection of (F;)-adapted continuous real-valued processes (Y;):e[o, 1) satisfying

LAl
1Y ||sp := (E[ sup |Ytp]> < 400,
€[0T
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and MP the collection of all (F;)-adapted R!'*“-valued processes (Zt)iefo, ) satisfying

11
P

T p/2
1Z|lmr = E (/ Zt|2dt> < +o0.
0

Recall that an (F3)-adapted real-valued process (X¢):eo,7) belongs to class (D) if the {X; : 7€ X7} isa
family of uniformly integrable random variables, where Y1 represents the collection of all (F;)-stopping

times 7 taking values in [0, T]. The equality and inequality between random elements are stood in P—a.s..

We study the following scalar backward stochastic differential equation (BSDE for short):

T T
Y;=¢ +/ 9(s,Ys, Zs)ds — / ZsdBs, te€[0,T], (1.1)
t t

where £ is an Fp-measurable real-valued random variable called the terminal condition, the function
(called the generator)
glw, t,y,2) : @ x [0,T] x R x R4 5 R

is (Ft)-adapted for each (y,z), and the pair of processes (Y, Z)icjo,r] taking values in R x R4 ig
called the adapted solution of (1.1), which is (F;)-adapted such that P — a.s., t — Y; is continuous,
t s |g(t, Yy, Zi)| + | Z:|? is integrable, and verifies (1.1).

Throughout the paper, we always suppose that 8 > 0 and ~,c > 0 are three given nonnegative
constants, and (f;)efo,) is a given (F;)-adapted nonnegative process. By BSDE(¢, g), we mean the
BSDE with terminal condition £ and generator g. For narrative convenience, let a > 0 and the generator

g satisfy the following growth condition:
l9(w,t,y,2)] < fel@)| + Blyl + 71217 (w,t,y,2) € 2 x [0,T] x R x R (1.2)

In the case of & € (0,1), a =1, @ € (1,2), @ = 2 and « > 2, it is usually called that the generator g has
a linear growth in y, and a sub-linear, linear, sub-quadratic, quadratic and super-quadratic growth in z
respectively. The following existence results are well known and classical. For the case of a € (0,1), it
follows from [1, 8] that if (¢, f.) € L' x £, then BSDE(¢, g) admits a solution (Y3, Z;)¢e[o,7] such that Y.
belongs to class (D) and (Y-, Z.) € 8P x MP for each p € (0,1). For the case of & =1, if (&, f.) € LP x LP
for some p > 1, then BSDE({, g) admits a solution (Y., Z.) € 8P x MP, see e.g. [18, 7, 16, 1, 13] for
more details. For the case of a = 2, by [15] we know that if (£, f.) is bounded, then BSDE(¢, g) admits a
solution (Y%, Z;)seqo, 1) such that Y. is a bounded process and Z. € M?2. For the case of o > 2, it follows
from [5] that even if (§, f.) is bounded, BSDE(&, g) may not admit a solution.

When the generator g satisfies (1.2) with a = 2, [2] gave a general existence result on an adapted
solution to BSDE(E, g), which weakens the boundedness condition on (, f.) in [15] to a certain exponential
moment condition. To the best of our knowledge, this is the first work investigating the weakest possible
integrability condition on (§, f.) for existence of an adapted solution to BSDE(E, g) when the generator
g has a certain growth condition on both unknown variables. In this spirit, [14] and [9] studied the same
problem in the case that the generator g satisfies (1.2) with @ = 1 by applying the dual representation of
solution to BSDE with convex generator used in [7, 19] and utilizing the test function method respectively.
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Very recently, the case that the generator g satisfies (1.2) with a € (1,2) was tracked in [10], and the
case that the generator g satisfies (1.2) with |z|| In |z||* instead of |z|* was dealt with in [12], where g has
a super-linear growth in z. We would like to especially mention that in some of known results mentioned

above, the generator g can be allowed to have a one-sided linear growth in y.

Generally speaking, more assumptions are required in order to obtain the uniqueness and the com-
parison theorem of solutions of scalar BSDEs. In particular, when the generator g is of a linear growth in
z, it is additionally supposed that g satisfies a one-sided Osgood condition in y and a uniform continuity
condition in z to obtain the desired results (see [7, 8, 4, 14, 17] for details, where Gronwall’s inequality,
Bihari’s inequality and Girsanov’s transform are usually used as important tools). And, when the gener-
ator g has a super-linear, sub-quadratic or quadratic growth in z, some extended convexity (concavity)
assumptions of the generator ¢ in (y, z) are added to get the uniqueness or the comparison theorem (see
[3, 6, 8, 11, 10, 12] for more details, where the 6 difference method and the a priori estimate technique
usually play the key roles in the proof). In addition, we would like to mention that under the condition
that the generator g satisfies (1.2) with v € (0, 1), if g further satisfies a one-sided Osgood condition in
y and a uniform continuity condition with a sub-linear growth condition in z, then the uniqueness and

the comparison theorem of solutions of scalar BSDEs hold, see [1] and [8] for details.

In this paper, we put forward a new idea to study existence of an adapted solution to BSDE(E, g).
More specially, the following question is the starting point of this paper. That is, if only (&, f.) € L* x £!
is satisfied, then what growth conditions (as weakest as possible) of the generator g in (y, z) can ensure
existence of the adapted solution to BSDE(E, g)? As mentioned before, [1] gave an answer of this problem
where the generator g has a linear growth in y and a sub-linear growth in z, i.e., g satisfies (1.2) with
a € (0,1). Then, a question naturally arises: can we find some weaker conditions? This paper gives an
affirmative answer of this question. Roughly speaking, by utilizing the localization technique put forward
initially in [2], we prove that BSDE(¢, g) admits a solution (Y3, Z;)c[o,7] such that Y. belongs to class
(D) and (Y, Z.) € 8P x MP for each p € (0,1) when (£, f.) € L' x £ and the generator g has a one-sided
linear growth in y and a logarithmic sub-linear growth in z, see Theorem 2.1 in Section 2. It is a key step
in the proof to search for a suitable test function (see Proposition 3.3 in Section 3) to apply Itd’s formula
and then obtain the desired a priori bound on the first parts of adapted solutions to the approached
BSDEs. Before that, we need to prove an important technical inequality, see Proposition 3.2 in Section 3.
Furthermore, by using the same a priori estimate technique as above and combining Theorem 2.1 in [8], we
establish a comparison theorem for the adapted L' solutions to the previous BSDEs when the generator
g additionally satisfies a one-sided Osgood condition in y and a logarithmic uniform continuity condition

in z, which naturally yields the uniqueness of the L' solution, see Proposition 2.5 in Section 2.

The rest of this paper is organized as follows. In next section we state the main result, and in section
3 we prove it.
2. Statement of main result

Let us first introduce the following assumptions on the generator g.
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(H1) dP x dt — a.e., g(w,t,-,-) is continuous.

(H2) ¢ has a one-sided linear growth in y and a logarithmic sub-linear growth in z, i.e., there exists a
constant A € (1/2,1] that dP x dt — a.e., for each (y,2) € R x R*4

7|z

sgn(y)g(w,t,y,2) < fi(w) + Bly + (In(e + |2])»

(H3) g has a general growth in (y,z), i.e., there exists a continuous nondecreasing function h(-) :

[0, +00) — [0, +00) with h(0) = 0 such that dP x dt — a.e., for each (y,2) € R x R*9,
l9(w, t,y, 2)| < fe(w) + A(yl) + cl2*.

(H4) g satisfies a one-sided Osgood condition in y, i.e., there exists a continuous, nondecreasing and
concave function p(-) : [0,+00) — [0,400) with p(0) = 0, p(u) > 0 for u > 0, and [, % = 400
such that dP x dt — a.e., for each (y1,%2,2) € R x R x RX9,

sgn(yr — y2)(g(w, t,y1, 2) — g(w, t, 41, 2)) < p(|ly1 — y2).

(H5) g satisfies a logarithmic uniformly continuity condition in z, i.e., there exists a nondecreasing
continuous function x(+) : [0,400) — [0, +00) with linear growth and x(0) = 0 such that dP x dt —

a.e., for each (y, 21, z2) € R x R1X4 x R1xd,

|21 — 2o
(U7t7 y % - w)t7 ) & S K ’
l9(w, t,y,21) — g(w, t,y, 22)] ((ln(e+|21 - 22[))*

where the constant A € (1/2,1] is the same as in (H2).

The following existence and uniqueness theorem is the main result of this paper.

Theorem 2.1. Let the terminal condition & € L' and the generator g satisfy (H1)-(H3) with f. € L.
Then BSDE(E, g) admits a solution (Yi, Zi)¢ejo,r) such that Y. belongs to class (D) and (Y., Z.) € SP x MP
for each p € (0,1). And, there exists a constant C > 0 depending only on (8,v, A\, T) such that

T
€] +/0 frdt

Moreover, if g also satisfies assumptions (H4) and (H5), then the solution (Y., Z.) such that Y. belongs

t
m|gm|+/ fuds < CE Fl+c teloT]. (2.3)
0

to class (D) is unique.

Remark 2.2. With respect to Theorem 2.1, we make the following several remarks.

(i) It is not hard to verify that for each o € (0, 1), there exists a constant k, > 0 depending only on «

such that for each z € R'*?,

2|
C<kyt —mr.
A= ket e D

This means that for the one-dimensional case, (H2) is weaker than the sub-linear growth assumption
(H6) used in [1], and then Theorem 2.1 improves the corresponding existence result of [1].
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(i) Note that for each X\ > 1 and z € R'*9,

2| ||
(In(e + [2])* = In(e +[2])°

Therefore, the constant A appearing in assumption (H2) can take values in (1/2,+00). However,

it is still open whether Theorem 2.1 holds still when « € (0,1/2].

(i4i) It is not hard to verify that the constant e appearing in (H2) and (H5) can be replaced with any
constant bigger than one. And, it is clear that if g satisfies assumption (H5), then it is uniformly

continuous in z. In addition, it can be proved that assumptions (H3)-(H5) imply (H2).

In the sequel, we give two examples to which Theorem 2.1 applies, but no existing results could.

Example 2.3. For each (w,t,y,z) € Q x [0,T] x R x RY*?_ define

|z| sin |z

. Bi(w) — 2 o 2
g(w7t,y,2) =€ —|—6 yCOS |Z| + (1H(6+ ‘Z|))2/3 |Z‘ Sgn(y)

1t is easy to check that this g satisfies (H1)-(HS3) with
fo=eP 41, =0, v=1, A=2/3, c=1 and h(u) ="

It then follows from Theorem 2.1 that for each § € L', BSDE(E, g) admits an adapted solution (Yy, Zi)ejo,m)
such that Y. belongs to class (D) and (Y., Z.) € S x MP for each p € (0,1).

Example 2.4. For each (w,t,y,2) € Q x [0,T] x R x R4 define

g(w,t =B 1, ! (—EL
ot 02) = B+ 7Ly + 1)+ () + VL

where

l(u) :==u|lnu|locy<e +1_(e)(u—1(g)), ue (0,400)

with € > 0 being sufficiently small. Note that if F(-) : [0,+00) — [0,400) is a nondecreasing concave
function with F(0) =0, then for each 0 < x <y, by letting k := z/y € (0,1) we have

Fly)-F(z) = F(y)—Flky+(1-Fk)-0)
< F(y) - (kF(y) + (1 - k)F(0))
= (1-k)F(y)+ kF(0)
< F((1-Fky+k-0)=F(y— ),

and then for each x1,2x2 > 0,

|[F(z1) — F(22)| < F(lz1 — 22]).

With the above observation, it is not very hard to verify that for each x1,x9 > 0,

du

[1(x1) — I(z2)| <I(Jx1 — 22]) and —— = +00,
o+ U(u)
T s |21 — 3]

In(e +z1) In(e+ x)
5

~ In(e + |z1 — z2|)



and

| Tl_ /*1,2|§ /xl_x2|<2<\/ ‘$1—$2‘ + |x1_$2| )

In(e + |21 — x2|)  In(e+ |x1 — 22])
Thus, it can be checked that this g satisfies assumptions (H1)-(H5) with
=B 42 B=1,v=2 A=1, c=2, h(u) =v®+u, p(u) =1(u) and s(u) = l(u) + u + 2\/u.

It then follows from Theorem 2.1 that for each & € L', BSDE(E,g) admits a unique adapted solution
(Yi, Zt)rejo,r) such that Y. belongs to class (D) and (Y., Z.) € SP x MP for each p € (0,1).

The following proposition establishes a comparison result for the L' solutions of two BSDEs, which

naturally yields the uniqueness part of Theorem 2.1.

Proposition 2.5. Let £ and &' be two terminal conditions, g and g' be two generators, and (Yy, Zt)eejo,1]
and (Y{, Z})ep0,m) be respectively an adapted solution to BSDE({,g) and BSDE(',g'). Assume that g
(resp. g') satisfies assumptions (H4)-(H5), and (Y. —Y/)T belongs to class (D). If € < & and

ly,svy (9(6Y), 2)) — ' (Y, Z;)) <0 (vesp. Ly,svy (9(t,Ye, Zi) — ¢'(8,Y4, Z4)) < 0), (2.4)

then for each t € [0,T], we have Y; <Y].

3. Proof of main result
We first introduce the following technical lemma.
Lemma 3.1. For each z > 0, we have
(e+x)In(e+z) > 2z (3.5)

and

(e+x)? —2zln(e +x) > e. (3.6)

Proof. Let f(z) :== (e+z)In(e + ) — 2z, x € [0,400). A simple calculate gives
f'(z)=In(e+z)—1>0, z>0.

Then, (3.5) follows since f(z) > f(0) = e > 0 for each « > 0.

In order to prove (3.6), we let h(z) := (e + x)? — 2zIn(e + z) — e, x € [0,+00). A simple calculate

gives that for each x > 0,

2z
B (z) = 2 ~ 21 -
() =2c +2) ~ 2l +2) ~ o
and
2 2 4
W'(z) =2 — e )
etz (e+x)? e

Hence, for each z > 0 we have
h'(z) >h(0)=2e—-2>0
6



and then
h(x) > h(0) =€* —e > 0,

which yields the desired inequality (3.6). O

By virtue of the above lemma we can prove the following key inequality.

Proposition 3.2. For each x,y > 0 and X € [0,1], it holds that

Yy 22 1,
Wt = mleran® 27 (3.7)

Proof. The conclusion is obvious in the case of A = 0. Let us prove the case of A € (0,1]. For (z,y) €

[0,4+00) x [0,400), define the function
2xy 42
. 2
T@w) = V" e g * e+ )™

, (3.8)

" 2 412 X
- (yame+mv) T e+ o)™ nle+y)>

Clearly, in order to prove (3.7), it suffices to prove that f(x,y) > 0 for each z,y > 0. By (3.8) it is

obvious when y > x, hence we only need to prove that f(z,y) > 0 for each x € (0,400) and y € [0, x].

Now, fix arbitrarily = € (0,+00) and let f(y) := f(z,y), y € [0,2]. Then we have

B B - 2 2A\zxy
PW=2 " Wiy " et

y €10, z] (3.9)
and in view of (3.5),
. _ 20z 22z (eln(e +y) — (A + 1)y)
PO = 2 e 9P T (et y)2in(e + )
2Xz [(e+y)In(e +y) +eln(e +y) — (A + 1)y]
(e + y)2(In(e + y)) 2
22z [(e+y)In(e +y) — 2y]
(e +y)?(In(e +y))*+2

- 2+ (3.10)

>

>0, yel0,z].

The previous inequality (3.10) means that f is a strictly convex function on [0, #]. Furthermore, noticing
by (3.9) that f/(0) = —2x < 0 and

_ B 2 22
FO=2 " v oy * er o+ o)

>0,

we deduce that there exists a unique yo € (0, ) such that f’(yo) = 0 and
f@y) = f) = f(vo) = f(z,00), y € [0,2]. (3.11)

In the sequel, let
x

YT e+ y)N

Then, y; € (0,z/2) and it follows from (3.9), (3.12) and (3.5) that

- x 2z 2 zy1
Fl) = let ) (et ) | (e+ynnle+p)
x [2Ay1 — (e + y1) In(e + y1)]
(e +y1)In(e +y1)) M
x[2y1 — (e +y1) In(e + y1)]
(e +y1)(In(e +y1))*
7

(3.12)
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Therefore, y; < yo and then it follows from (3.11) and (3.8) that

f(xay) > f(xay())

472 z?

2
(yo - (In(e + yo)V) + (In(e +2))2*  (In(e +yg))2* (3.13)
42 22
(et )2 ety Y€ [0, 2].

Finally, by (3.6) we can deduce that
(e+91)*" = 2anle+ ) 2 (e +0)* — 2y (e +31) > e
It follows from the last inequality and (3.12) that
2% In(e +y1) > In(e 4 21 (In(e + 1)) = In(e + z),

which means that

4(In(e 4+ 1)) > (In(e + z))**. (3.14)

Combining (3.13) and (3.14) yields that f(xz,y) > 0 for each x € (0,+00) and y € [0,z], which is the

desired assertion. O

Now, we fix arbitrarily A € (1/2,1] and search for a positive, continuous, strictly increasing and

strictly convex function ¢(s,z) : [0,T] x [0, 4+00) — (0, +00) satisfying

1
~802(5,2)0 — 0u(5:0) ey + a4 05, 2) 20,

(s,2,2) € [0,T] x [0, +00) x R1*4,

(3.15)

where and hereafter, ¢;(-,) denotes the first-order partial derivative of ¢(-,-) with respect to the first
variable, and ¢, (-, ") and ¢, (-, ) respectively the first-order and second order partial derivative of ¢(-,-)

with respect to the second variable. Observe from (3.7) that

~u(50) e g+ e )P

(Ine +]2))*

_ P8, 1) 2| 1.
‘d’f"""(s’x)( bon(s,2) (mle 4 2P T 2 '2>

Hence, it is sufficient for the function ¢(-,-) to satisfy that for each (s,z) € [0,T] x [0, +00),

— Bou(s,x)x — 272(]% <ln (e + m»m + ¢s(s,z) > 0. (3.16)

In the sequel, we choose the following test function

o(s,z) = (k+ x) <1 ~ L

Frap ) o () € 0TI [0 420



to explicitly solve the inequality (3.16), where § is a positive constant to be assigned, s :

is a nondecreasing and continuous differentiable function to be assigned and

2 26

First of all, a simple computation gives that for each (s,z) € [0,T] x [0, +00),

9ols2) = [1 " (n(k iL ) (1 N ln(k:(:- x))] s > 0,

0 o+1
e = et (L i)

and
1

bs(s,2) = (k+ ) (1 - (ln(k+x))5) wh > 0.

Combining (3.17) and the last three inequalities yields that for (s,z) € [0,T] x [0, +00),

1
s < ¢x(s,x) < ps,

2
Ofhs dpts
STk o) = %80 S GG T
and
Buls,2) = 5k + 2

It follows from (3.18), (3.19) and (3.17) that
7¢x(57 1')
Gaa(s, ) —
Substituting (3.18)-(3.21) into the left hand side of (3.16) we can deduce that

~Sos(s. ) — 22 LI (1 (o4 M))A +ou(5.2)

2923 1

T -

2(k+x)(1nlzk+ac))6+l (In(e + k + x))2*
2

la(k +2)(In(k +2)°t >k + 2.

_/B(k + x),us

(k + ) g

[\

> (k+ ) { <B + ﬂ(ln(k + :@)‘”””) s + 1ug] . (s,2) €[0,T] x [0, +00).

) 2

Thus, if we pick § = 2\ — 1 and

primen o (3 ) e o (54 220) ] sctom

then (3.16) and then (3.15) holds.

In conclusion, we have the following proposition on the test function.

Proposition 3.3. Let A € (1/2,1] and

2 20 —1
ko::exp<—|—4)\+ >
22 —1 Ay

For (s,z) € 0,T] x [0, 4+00), define

0, +00)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)



(s, 2) = (ko + ) (1 - W) exp {2 (5 + 2;”_2 1) s] . (3.23)

Then, the test function ¢(-,-) satisfies that for each (s,x,z) € [0,T] x [0, +00) x R1X4,

z 1
= B, 08 = a(o,8) G s + G an(m )+ n(5,2) 20, (3.24)

The following Proposition 3.4 establishes an important a priori estimate for the solution to a BSDE.

Proposition 3.4. Assume that £ is a terminal condition, g is a generator satisfying assumption (H2),
and (Ys, Zt)iejo,1) 15 a solution of BSDE(, g). If the process |Y.| + fo fsds belongs to class (D), then
there exists a constant C' > 0 depending only on (8,7, \,T) such that for each t € [0,T),

T
€]+ /O fdt| 7

t
Yl < | +/ fuds < CE e (3.25)
0

Proof. Define
t
Y; = Y] +/ fsds and Z;:= Zisgn(Y;), te€[0,T).
0

It6-Tanaka’s formula yields

T T T
A / (sgu(Y2)g(s, Ye, Zo) — f) ds — / Z,dB, - / dL,, te0,T),
t t t

where L. is the local time of Y. at 0. Now, let the function ¢(-,-) be defined in (3.23) and apply

It6-Tanaka’s formula to the process (s, Y;) to deduce, in view of (H2),

dp(s,Ys) = pr(s,YS)(—Sgn(YS)g(s,YS,Zs)—l—fs)ds—i—gow(s,?s)stBs

_ 1 _ _ _
+(pa:(87 Y;)dLs + §¢xz(8,}/;)|zs|2d8 + 305(37}/5)(:13

Y

_ Z, 1 _ _
{— (8, Ys) <BIYSI + (ln(e7+|Z|))*> + isogg:,;(S,Ys)lZsl2 + ps(s,Ys)|ds

+¢.(s,Ys)Z,dBs, s€0,T).

Then, in view of |Y;| < Y, by Proposition 3.3 we have

do(s,Ys) > ¢.(s,Ys)ZsdBs, s€[0,T], (3.26)

which means that ¢(s,Y;) is a local submartingale.

For each n > 1 and ¢ € [0, T, define the following stopping time
7t = inf {s €[t,T): o(s,Ys) +/ [0 (r, }7})]2 |Z,|?dr > n} AT
t

with the convention that inf ) = +o0o. It follows from the definition of 7} and (3.26) that for each n > 1
and ¢ € [0, 77,
(t,Yy) <E[o(ry, Yoo )| F] - (3.27)

n

On the other hand, observe from (3.23) and (3.22) that

%(ko +1z) < p(s,x) < ki(ko + ), (s,z)€]0,T]x[0,+00), (3.28)
10



where kg is defined in (3.22) and

ky=exp |28+ P (3.29)
1:=exp 1 . :
Combining (3.27) and (3.28) yields that for each n > 1 and ¢ € [0, 7],
1 _ _ _ _
5 (ko + Y1) < p(t, Y1) <E [p(my, Ve )| Fi] < BB [ (ko + Yro)| 2] -

Since Y. belongs to class (D) and 7¢ — T as n — oo for each t € [0,T], by sending n to infinity in the

last inequality we deduce that
Y; < 2kiko + 2k E[Y7|Fy] — ko, t€[0,T],
which is the desired assertion. O
Before proving Theorem 2.1, we introduce the following proposition, which is a direct corollary of
Proposition 3.8 in [12].
Proposition 3.5. Assume that the generator g satisfies assumption (H2) and (Y, Zt)iejo,) 5 a solution

of BSDE(,g). If |Y.| + fo fsds € SP for p >0, then Z. € MY for each q € (0,p).

Proof of Theorem 2.1. For positive integers n,p > 1, let
P i=¢TAn—¢ Ap and  g"P(w,t,y,2) =gt (w,ty,2) An—g (w,t,y,2) Ap.

As the terminal condition £™? is bounded and ¢g™? is a bounded generator, it follows from [15] that
BSDE(£™P, g™P) admits a maximal bounded solution (Y."*, Z™?) such that Y. is bounded and Z""* €
M?2. Tt is not hard to verify that g™P satisfies assumption (H2) with f. A (n V p) instead of f. It then
follows from Proposition 3.4 that there exists a constant C' > 0 depending only on (8,7, A, T) such that
for each t € [0,T] and n,p > 1,

t
e < e [ A el
0
T
< CE |+ [ 1in Vol R +C (3.30)
0
T

< CE |g|+/ fdt| 7| +C.

0

It follows from Theorem 2.3 in [8] that Y."? is nondecreasing in n and non-increasing in p. Then, in view
of (3.30) and assumptions (H1) and (H3), by using the localization technique put forward initially in [2]
we deduce that there exists an (F;)-adapted process (Zy);cjo, 7] such that (Y. := inf, sup, Y%, Z.) is a
solution to BSDE(¢, g). Furthermore, by letting n and p to infinity in (3.30) yields the desired inequality
(2.3), and then the process Y. belongs to class (D).

Let us further show that (Y., Z.) € S? x MP for each p € (0,1). Indeed, in view of (2.3), it follows

P
)+

from Lemma 6.1 in [1] that for each p € (0,1),

¢ P
sup (|Yt| +/ fsds> ] < (20)? ll (IE
te[0,T] 0 1—p

11

T
E €+ /0 fuds

< +o00,




which means that Y. € SP for each p € (0,1), and then by Proposition 3.5, Z. € MP? for each p € (0,1).

Thus, the existence part of Theorem 2.1 is proved.
The uniqueness part is a direct corollary of Proposition 2.5, which will be proved below. The proof

of Theorem 2.1 is then complete. O

Proof of Proposition 2.5. We only prove the case that the generator g satisfies assumptions (H4)-(H5),
and dP x dt — a.e.,
Lysyy (9(t,Y/, Zy) — g'(.YY, Z})) < 0. (3.31)

The other case can be proved in the same way. Without loss of generality, we always assume that the

function p(-) in assumption (H4) and the function x(-) in assumption (H5) verify that for each « > 0,
plr) <Ax+ A and k(z) < Az + A, (3.32)

where A > 0 is a universal constant.

Define Y. :=Y. — Y’ and Z. := Z. — Z'. Then, (Y., Z.) verifies

T T
Yt = € - 5/ =+ / (9(57}/57 Ze) - g/(‘Sv}/S/a Z;)) ds — / stBsa t e [OaT] (333)
t t
Let
i}; = }”/.t_;,_ + 2At and Zt = ]-Y,£>0ZAt7 te [O,T]

Ito-Tanaka’s formula yields

T T T
Y, = Yr +/ (1§, 20 (9(s, Y5, Zy) — g(s,Y!, Z))) — 2A> ds —/ Z,dB, —/ dLs, t€0,T],
t s t t
where L. is the local time of Y. at 0.

Furthermore, in view of assumptions (H4) and (H5) of the generator g together with (3.31) and (3.32),

we have dP x ds — a.e.,

Ly oo (9(s.Ys, Zs) —g'(s,Y{, Z()) — 24

y Lso

. Zy|
<p(YN)+1¢ _ Kk |—SA —2A
= P( s ) Y:>0 ((1H(€+|Z9|)))‘> (334)
R 1o | Zs 5 7
gAYj—kALU < AY, LZSJ
(In(e + [ Z,))* (In(e + | Z,)*

Let the function ¢(-,-) be defined in Proposition 3.3 with A instead of 8 and + in (3.22) and (3.23). In
view of (3.34), applying It6-Tanaka’s formula to the process ¢(s,Y,) yields that

do(s,Ys) = _SDI(&?S) (1}75>0 (9(s,Ys, Zs) — g(5, Y4, Z)) — 2A) ds + @z (s, ?S)stBs

- 1 - -
+¢q(s,Ys)dLs + §<pm(s, YS)|Z5\2ds + ps(s,Ys)ds

Y

o (45 AlZ| L g y
— Pz (S, Y; AYS + + 5 Pzx S7Ys Zs + Ps\S, YS ds
o )< <1n<e+|zs|>>k> geel Tl )

—|—<p$(s,§~/s)ZSst, s €1[0,T).
12



Then, by (3.24) in Proposition 3.3 with A instead of 8 and v we have

dcp(s,ffs) > gom(sJ}S)stBs, s €[0,7T).

With the last inequality in hand, noticing that Y. belongs to class (D) and using a same argument as

that in the proof of Proposition 3.4 we deduce that for each t € [0,T],

Y; < 2kiko + 2k E[Y7|Fi] — ko,

where the constants ko and ky are defined respectively in (3.22) and (3.29) with A instead of 8 and ~.

Then, we have for each ¢ € [0, 77,

(Y = Y{) T + 24t < 2kiko + 2k1 (B[(€ — &)F|Fi] + 24T) — ko < 2k1ko + 44k, T,

which means that (Y. —Y’)" is a bounded process.

Finally, in view of assumptions (H4)-(H5) of g, £ < ¢ and (3.31) together with the fact that (Y. —Y’)™

is a bounded process, we can apply Theorem 2.1 in [8] to obtain the desired assertion. O
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